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Abstract. The anomaly cancellation is a basic property of the Standard
Model, crucial for its consistence. We consider a lattice chiral gauge theory
of massless Wilson fermions interacting with a non-compact massive U (1)
field coupled with left- and right-handed fermions in four dimensions. We
prove in the infinite volume limit, for weak coupling and inverse lattice
step of the order of boson mass, that the anomaly vanishes up to sub-
leading corrections and under the same condition as in the continuum.
The proof is based on a combination of exact Renormalization Group,
non-perturbative decay bounds of correlations and lattice symmetries.

1. Introduction and Main Results

1.1. Chiral Gauge Theory

The perturbative consistence (renormalizability) of the Standard Model relies
on the vanishing of the anomalies, achieved under certain algebraic conditions
[1] severely constraining the elementary particles charges and providing a par-
tial explanation of the charge quantization. In order to go beyond a purely
perturbative framework in terms of diverging series [2], one needs a lattice
formulation with functional integrals with cut-off much higher than the exper-
iments scale; due to triviality [3,4], the cut-off cannot be completely removed,
at least in the electroweak sector, and hence, the theory can be seen as an
effective one.

One expects a relation between the perturbative renormalizability prop-
erties and the size of the cut-off. The electroweak theory is renormalizable [5, 6]
so that a construction up to exponentially large cut-off could be in principle
possible, and such cut-off is much higher than the scales of experiments. How-
ever, this requires as a crucial prerequisite that the anomalies cancel, at least
to a certain extent. This rises the natural question: does the anomaly cancel
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at a non-perturbative level with finite lattice, under the same condition as in
the continuum?

In the continuum, the cancellation is based on compensations at every or-
der [7] based on dimensional regularizations and symmetries, but finite lattice
cut-off produce corrections and the question is if they cancel or not. Jaco-
bian arguments are used to support vanishing of higher-order contributions to
anomalies but are essentially one loop results, as shown in [8]. Topological ar-
guments explain the anomaly cancellation on a lattice [9] with classical gauge
fields, but in the quantum case they work only at lowest order (one loop). The
cancellation would be obtained if a non-perturbative regulator for lattice chiral
gauge theories could be found, but this is a long-standing unsolved problem
and only order by order results are known [10,11].

We consider a lattice chiral gauge theory, given by 2N massless fermions
in four dimensions, labelled by an index i = 1,...,2N; we also define the
indices i, = 1,...,N and io = N 4+ 1,...,2N. If the gamma matrices are

(01 (0 o (T 0

and o’ﬁ = (00, i0), af = (09, —i0),

I I (I R B

the formal continuum action is given by the following expression:

/dxFW,FW,

+ Z / d.l? wzl L,z M( + )\Qll )wi_l,L,z + wZ,R,wafaﬂw;,L,w}

Z / dzx 12 R,x ,u ( + AQZz )dji;,R,z + wit,L,zO—/ﬁ/aﬂ/wi;,L,z} (3)

with o = (0,1,2,3) and F,, = 9, A, — 9, A,. Note that the R fermions of kind
71 and the L fermions of kind i decouple and are fictitious, non-interacting
degrees of freedom, which are convenient to introduce in view of the lattice
regularization, see e.g. [12-14]. The total current coupled to A,, is

:ZQH 7.1Lm n 11Lz+ZQ12w12Rx ,LL lg,Rr (4)
i1
and the axial and vector part of the current is
1 . . 1 - .
=52 Qiwia Gt =5 Qiidjia (5)
i i

with gil = 751'2 =1, j,u,i,m = wi,z%&td]i,ma jz,i,z = wi,m’)’57ywi,m and wi,m =
(w;L7w,1/);R7w), Vix = (wi_L,w7wZR,w)ryO' Note the chiral nature of the theory,
as in the current the fermion with different chiralities has different charges.
An example of chiral theory is obtained setting @;, = 0; in such a case one
is describing N fermions with the same chirality interacting with a gauge
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field. A physically more important example is given by the U(1) sector of the
Standard Model with no Higgs and massless fermions; in this case N = 4,
i1 = (v1,e1,u1,dy) are the left-handed components and is = (va,ea, us, ds)
the right-handed of the leptons and quarks. A formal application of Noether
theorem with classical fermions and bosons says that the invariance under
phase and chiral symmetry, implying the current conservation 9, j}: = 0. If the
fermions are quantum (and the bosons classical), the conservation of current is
reflected in Ward identities, and it turns out that anomalies generically break
the conservation of jgjm unless

N N
>R -> Q) =0 (6)

i1=1 ig=1

In the elecroweak sector, the physical values Q,, = Qe, = —1, Qu, = Qq, =
1/3, Qu, =0, Qe, = =2, Qu, = 4/3, Qu, = —2/3 verify (6), if Q are the hy-
percharges and an index for the three colours of quarks is added. Remarkably
the hyperchrges (and therefore the charges) are constrained to physical values
by purely quantum effects. The question is therefore if in a lattice regulariza-
tion of (3) and considering A,, a quantum field, the chiral current is conserved
under the same condition (6) at a non-perturbative level.

1.2. The Lattice Chiral Gauge Theory
The lattice chiral gauge theory is defined by its generating function

eWV(T7,0) :/p(dA)/p(dqp)ev(w’A,JHVc(¢)+B(J"’»w)+(w,¢) (7)

where A, , : A - R, A =[0,L]*NaZ* L =Ka, K €Ne, pn=0,1,23 an
orthonormal basis, A, . = Ay zire, (periodic boundary conditions) and the
bosonic integration is

P(d4) = [H [TdAue|e 5™ (8)
zeA n=0
with
2
SG—Q4Z|: 1L,V ;tl/.’,t+ 9 A A +( 5)(duA ) (9)

is the action of a non-compact lattice U(1) gauge field with a gauge fixing and
a mass term, F, , = d, A, — d, A, and dy A, = a Y (Apztena — Apz), Na is
the normalization. The bosonic simple expectation

EA(Am,acl---Aum:cn) = /P(dA)Am,xr"Aumwn (10)

is expressed by the Wick rule with covariance

etk(z—y) 5,0

A il
+ 11
9w (@, y) = 0p 74 § :| 2+ M2 (5“’ (1—¢)|o|? +M2> (11)
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with o, (k) = (e*»* —1)a™!, k = 27n/L, n € N* and k € [~ /a,7/a)*. The
bosonic truncated expectation

n

a\r

is expressed by the Wick rule restricted to the connected terms.
We denote by wz s, the Grassmann variables, with ¢ = 1,..,2N the par-
ticle index; s = L, R the chiral index; anti-periodic boundary conditions are

imposed and
{wz s,z w;;,s’,m’} = {w;,rs,x’ w;’,s’,x’} = {wits,x’ 1/}1'7,5’,93’} =0 (13)
We define % sx = % >k eiik‘”@j’[&k, with ’(Z)\Z-i’&k another set of Grassmann

variable, k = 27/L(n + 1/2), n € N* and k € [-7/a,n/a)*. The fermionic
Gaussian measure is defined as, i =1,..,2N, s= L, R

EX(F;---F) = log / P(dA) et (12)

A=0

P H d¢2 s, z z s, e_SF (14)

1,8,%

where N, a normalization and, if %,w = (¢z T x7¢z Ra)

2N
1 4 _ _
F = % z; a Z |‘Z(w;,rz70’yﬂwi,x+eua - w;,rs,x—&-eua’yo’yﬂwi,x)
i= z m

+ r(w;,rmlyowijr—}-e“a + w;fm—i-eﬂapyoql)itx - w:mpyowz,x)‘| (15)

We can write therefore

o + E
2a§ : § :[2 : § : i,5,20 zbl—&-euaiqpi,s,:};ﬁ-e“ao—p i,s,w)

x n s=L,R
+ — — + -
+r(¢i,L,xwi,R,m+eua + wi,L,:cheHad]i,R,a: - wi,L,xwi,R,w

A Vi Larena T Vi Rare,a¥iLe — ¢;,FR,MZL@)] (16)
The fermionic simple expectation
SV ti0) = [ PRI, T, (1)
is expressed by the anticommutative Wick rule with covariance
9! (x,y) = /P(dw)wi,x%,y = % > ekemg (k) (18)
k

with

-1
Gik = (Z ivoyua ' sin(k,a) +a” ’Y()’I“Z 1—cosk a)) (19)

o
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The interaction is

(A%D, J) =Wi(4,¢, )+V2( 0, J)

Vi( —G4Z ,uzsm ;Llsx—i_o;zsmG;,i,s]
T _
%(Aa 1/% J) = 50’4 Z [wifL,xH:,i,zwi,R,rJre“a (20)

+ - + + -
+ wi,L,ane“aHu,i,a:wi,R,:r + Q/Ji,R,mHu,i,acwi,L,ere“a
+ — —
+wi,R7w+euaH,u,i,$1/}i,L7w} (21)
with

G:t (x) _ a—l(: e:FiaQ'i()\bi.sAu,z"FJ“,w) . _1)

2,8 -

+ _ =1/ FiaQ;J,,
Hﬂw—a (e e — 1)
+ —
Ou,i,s,a: - d)z s,T u 1,8 a:+e“a
1
— o + S —_
Ou,i,s,a: - _§¢i7s,aj+e“aau 1,8,% (22)

with, if 4y =1, N and i = N +1,...,2N
biy,p = biy R = 1 biy,r = bi,, =0 (23)
and : eTiOAQiAL (@) . ,FiAQiaA,(x) 3 (AQi)%a® g} ,(0,0)

The mass counterterm is
4 + _
Ve = Za via Z i, L, Vi iRz T wi,R,wwi,L,m) (24)
Finally, the source term is

— 42 5 ;5 -5 2:
B—CL Jp,atj;z,z ],u,m ElESQ]ZzS 1,8 ,u T,1,8
H,z

with €;, = —&;,, =l and e, = —egp = 1. v; and ng are parameters to be fixed
by the renormlization conditions, see below.

Remark. The term proportional to r in Sg (16) is called Wilson term. If r = 0,
the fermionic propagator g;j has, in the L — oo limit, several poles; this
has the effect that the low energy behaviour of the lattice theory would not
correspond to the continuum target theory (3); the presence of the Wilson
term 7 # 0 has the effect that only the physical pole k = 0 is present but the
chiral symmetry is broken [15].

1.3. Physical observables

The fermionic 2-point function is
A 0 5
Siss(@,y) = ——Wa(J, T, d)|o (25)
¢z s za¢i,s’,y
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and the Fourier transform is

SA, o (k —a4ZSm (z,0)e " (26)

The vertex functions are
83
8‘]# Zaqﬁ:r s za¢;,s,y

I (zmy) = W(J, J%, ¢)o

83
o (2 m,y) = —W(J, T, )0 (27)
#, 0.5 067} , 005,
The Fourier transform is
Fﬁl S(k,p) = a4Za4Ze*lpz ’kyfﬁz <(2,0,7) (28)

and similarly is defined T°% (k,p). The three current vector VVV and axial

nyi's
AV'V correlations are:

63WA GSWA
HA — . H5 —
/_Ll/p(z’y7x) 8Ju,za(]u7yajp7l-‘0a ;Lup(’z’y’x) 8J37zajy7yajp,x|0
(29)
and
o, ,(p1.p2) = a“z Z s (0., @)
13 ,(p1,p2) = a* Z Z e PV IS (0,y, 7) (30)

1.4. Ward Identities

The correlations are connected by relations known as Ward identities. They
can be obtained by performing the change of variables

+ + +iQiay
qibi,s,w - wi,sme Qe (31)

with o, is a function on aZ*, with the periodicity of A. Let Q()*,¢™) be
a monomial in the Grassmann variables and Q. (1,4 ™) be the monomial
obtained performing the replacement (31) in Q(v™,4 ™). It holds that

/ H d,(/J:_s xd¢z S,x Q(¢+ - / H d% S, z z 8, Qa(w+7¢_) .

1,8,T 1,8,%

(32)
as both the left-hand side and the right-hand side of (32) are zero unless
the same Grassmann field appears once in the monomial; hence, the fields
wl s.z» Vis o come in pairs and the a dependence cancels. By linearity of the
Grassmann integration, the property (32) implies the following identity, valid
for any function f on the finite Grassmann algebra:

[T avtotvr, | 1) = [ | T aetotvn | 1w). @)

ZSCE ZSZ
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with f, (%) the function obtained from f(¢), after the transformation (31).
We apply now (33) to (7); the phase in the non-local terms can be exactly
compensated by modifying J, that is we get

W(J,J%, ¢) = W(J +dua, J°, ') (34)

where J + d,« is a shorthand for J, , + d,a; and €'?¢ is a shorthand for
eFiQiaz gk . 1y dlfferentlatmg, we get the Ward identities (WT)

lsm’

ZUM HV1, ,I/n(pl’ 7pn) =0 p=p1+.pn
Zaﬂ uzskp) Ql( zqs( ) Sz/\ss(k+p))

Zoy (pOIES (p1p2) = > 0p(p2)IES (p1p2) =0 (35)
p

Remark. The above Ward identities represent the conservation of the vector
part of the current coupled to the gauge field A,; in particular, the first is the
lattice counterpart of 0, < jT VgV ghV >p=0, see (5).

1.5. Main result
Our main result is the following, denoting by limy_, SA

1,8,8
the other correlations.

Theorem 1.1. Let us fitr =1 and Ma > 1. There exists Mg, C' independent on
L,a,M such that, for |\ < Ao(Ma), it is possible to find v;, Z?, continuous
functions in \ such that

(1) The limits L — oo Of 53}5,5’(]{) ,uz s(k p) Fii\ s(k p) ,u,t/p(plap2)

(k) and similarly

% (kp)
5,A - : A _ il s\
o0 p(P1,p2) exist and limy o S} (k) = oo and limg ;.o Fi,i(k) esl
il s
where e, = —eg = 1.

(2) The AVV correlation verifies

Z ou(pr + p2)IL, , 5 (p1,p2)

n
1 f
=2 e 5 zouP)on(p?) [Z Q-2 ah
8% i1 2

+ Tp,g(plap2)

(36)
with |r(p1,p2)| < Ca’p*?, p = max(|p1|,|p2|) and ¥ = 1/2.

Remarks.

(1) The correlations are written in the form of expansions which are conver-
gent in the limit of infinite volume, provided that the lattice cut-off is
smaller than the boson mass.

(2) The counterterms v; are chosen so that the fermions remain massless
in the presence of interactions; the parameters Zﬁs are fixed so that
the charge associated with the vector and axial current are the same, a
condition present also at a perturbative level [7].
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(3) Under the condition [Zil 3 > i 2] = 0 we have M Uu(P)ﬁﬁ,u,a

i ia
p,0

servation of the chiral current in the sense of correlations and up to
subdominant terms for momenta far from the cut-off. The vanishing of
the anomaly, obtained up to now only at a purely perturbative level, is
proved with a finite lattice cut-off, even if the cut-off breaks important
symmetries [15] on which the perturbative cancellation was based, like
the Lorentz or the chiral one, and excluding non-perturbative effects. The
anomaly cancellation condition is the same as in the continuum case. The
lattice regularization plays an essential role; with momentum one a much
weaker result holds [16].

(4) Anomalies are strongly connected with transport properties in condensed
matter [17-19], and we use indeed techniques recently developed for the
proof of universality properties in metals to the anomaly cancellation
on a lattice [20-29]. Such methods have their roots in the Gallavotti
tree expansion [30], the Battle-Brydges—Federbush formula [31] and the
Gawedzki-Kupiainen-Lesniewski formula [32,33] (see e.g. [34] for an in-
troduction).

(p1,p2) =0and 3_ oy, (p)ﬁ5’A (p1,p2) = O(a’p**+?) expressing the con-

1.6. Future Perspectives

We have constructed the theory assuming that 1/a < (Ao/|A|)M, that is the
cut-off is smaller than the boson mass and we have established (36) for generic
values of the coupling. In this regime after the integration of the A, the the-
ory have scaling dimension D = 4 + n — 3n% /2 if n is the order and n, the
number of fields. This requires that the “effective coupling” \?/M? times the
energy cut-off must be not too large so that the expansions are convergent.
In order to reach higher cut-off one notes that the boson propagator (11) is
composed by two terms: one which behaves as O(1/k?) for k* >> M? and
the other which is O(1) for k% >> M?. If the second term does not contribute
the scaling dimension improves and it corresponds to a renormalizable theory
D =4 —3nY/2 —n?, so in principle one can consider cut-offs higher than M
and up to an exponentially large values |A\?loga| < eg. In order to have that
the second term does not contribute full gauge invariance (broken in our case
by the mass and gauge fixing term) is not necessarily required but is sufficient
the gauge invariance in the external fields, expressed in the form of Ward iden-
tities. It is indeed known that renormalizability is preserved in QED, at the
perturbative level, even if a mass is added to photon, see e.g. [35,36]; if one
restricts to gauge-invariant observables, the contribution of the not-decaying
term of the propagator is vanishing as a consequence of the current conserva-
tion. To get exponentially high cut-off in d = 4, QED at a non-perturbative
level is technically demanding, as it would require a simultaneous decomposi-
tion in the bosons and fermions, but the analogous statement can be rigorously
proven in d = 2 vector models [37].
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In the absence of the Wilson term r = 0, we get the conservation of the
chiral current in the form of a WI glven by the first of (35), if II,, ,,, ... ., is ob-
tained replacing J,, in G Ljos with b;, sJ/wc As a consequence, the averages of in-

variant observables are ¢ independent. This  follows  from
9 [ P(dA) [[T];.c.. dz/;j:s,mdz/)i_,s’I]O =0, with O(A, ) invariant; indeed,

o [ Pan) [ |T] dut,advi,.| O

ZS(E

1 ~ > 7 _
- ﬁZagguly ) / P(dA)A, ,A, _, / I @i, .dvi..| O
p

ZS(E

(37)

from which we get, using that A\u,p = §fp%
’ P, =P

~A ~A 1~A 82
Tl (DO D0 7 [ Py

p'—p

/ Hdwlsw 1,8,T O(A+jvw)|0 (38)

ZSI

By noting that 9(g4)~! = —(g*)~ 18§AA(AA) and 9¢g* is proportional to
7,0, by using 9o [ P(dA) [[[], ,. L AU LAY, JO(A + da,¢)|o = 0; then,
0:W is vanishing. Therefore, if 7 = 0 in the average of invariant observables
one can set £ = 0 and the theory is perturbatively renormalizable. One expects
to be able to reach exponentially high cut-off.

The Wilson term r # 0, physically necessary to avoid fermion doubling
[15], breaks the WI and the conservation of chiral current for generic values
of the charges, according to (36). Therefore generically the theory is non-
renormalizable at scales greater than M and one cannot expect in general to be
able to reach exponentially high cut-offs. However, choosing the charges so that
>, @ —>;, Q3] = 0 the contribution of the non-decaying term vanishes up
to subdomlnant terms making possible in principle to reach exponentially high
cut-offs. The anomaly cancellation for 1/a < M is therefore a prerequisite for
reaching higher cut-offs. In the case of the U(1) sector of the Standard Model,
one has also to introduce an Higgs boson to generate the fermion mass; one
can distinguish a region higher than the boson mass generated by the Higgs,
where the second term of the boson propagator does not contribute due to the
anomaly cancellation and the WI; and a lower one, when the infinite volume
limit can be taken using the infrared freedom of QED and the massive nature
of weak forces. Further challenging problems arise considering the anomaly
associated to the SU(2) sector.
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2. Proof of Theorem 1.1

In the following, we denote by C or by C7,Cs.. generic A, L, a-independent
constants. We integrate the bosonic variables A, in (7), obtaining

Vi) =log [ P(da)e 4 (39)

where, by (12)

Ve ,(/), — a4z Z —zasQiJH,w _ )OZsz

T j,e=%

7,8jaQi.Ju._$,
J 37
+Z EpIDY [107n, e

1s-

HTp g, | j=1
HsS

- —"gzg(: eiflbil,slkthAMvﬁ 5 'eiE"b":'ersn)\aQ'inAﬂ"ndrn :)

ceny e

which can be rewritten as, if * = @1, ..,Tn, & = 11,0y, b = b1y -eny o, =

my,..,Mp
J) _ a4z Z a—l (e—iasQiJH,I _ )O/isz

T d,e=%

oo oo 1
SDID DD DD D
n!

n=2m=0 1o ®n E,4,1,8,M

Zj mj=m

n

1107 o ) Jiy))™ | Hum (2,850, p,5,m) — (40)

=1
with
0" (j0=,Q0 )™
n! m;!

5;1;( eiflbil,sl AaQi ALy TS eié‘nbin,sn /\an‘nAun,xn)

(41)

Hy (2, 6,1, 1, 8,m) =

and ||Hp,m|| = L™4a*™ sup cipsm Doy, o [Homl-
Z]. mi=m

Lemma 2.1. The kernels in (40) the following bound, for n > 2, m < 3 and
uniformly in L

| Hp | < CMa™ G730 =mIN (1N /(M) 1) (42)
Proof of Lemma 2.1. We write the truncated expectations in (41) by the Battle—

Brydges—Federbush formula, see e.g. Theorem 3.1 in [31] (for completeness a
sketch of the proof is in Appendix 1), n > 2
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53"( ie1biy, 59 AQiq Apy, w1 elsnbmn spAaQi, A ;Ln,mn)
Z H g#;u/ (25,20 )/de(De_V(X;E)» (43)
TET , {j,j'}eT

where X = ((z1,€1,%1, 41,51, M1); -5 (T Eny bny tny Sny M), Ty is the set of

connected tree graphs on {1,2,...,n}, the product H{i’j}eT runs over the
edges of the tree graph T,

~A A

Gy (T Tj7) = NaPejbi, o, Qi ejrbi, s, Qiyr Gy, (T, 5), (44)

V(X;t) is obtained by taking a sequence of convex linear combinations, with
parameters ¢, of the energies V(Y) of suitable subsets Y C X, defined as

2 2 A
V(Y) = Z A €j€j’bij,szijbij/,Sj/Qijla’ gl—‘j».uj’(xj’xj/)
JJ'eyYy
2

Ea Z Abij,s;Qijag; Ay, (25) (45)

jey

and dpp(t) is a probability measure, whose explicit form is recalled in the
Appendix 1. We use the bounds

gt (@ )y = a4Z|gW zy)| SCM™ gl (z,y)] <Ca™  (46)

so that

{7.3"}eT

Moreover, V(Y) is stable, that is

V) =E| | D Abi, Qi agiAy, (z)| | =0 (48)

JEY

hence V(X;t) > 0 and e~V (Xt) < 1 s0 that [dpr(t)e”V X < 1 therefore

[ Hnml| < o3 Z I o, (@ zmh
TeT, {j,j'}eT
< Cnainer Z (aM—1)2(n71) (49)
=73 nl

TET ),

and finally using that ) ;. 1 < Cfn! by Cayley’ formula [40] we finally get
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[[Hpml| < Cg‘a*”+m(aM71)z<n71)
= Cga,—(4—3n_m)N(|/\|/(Ma))2(n—1) (50)
U

After the integration of A,, the generating function can be written as a
Grassmann integral:

WUI"9) /P(d¢)ev(N*l’<¢»JvJ5v¢) (51)

with
VNI, J. 0%, 6) = Vi, )+ Va(u, )+ Ve(0) +B(°, )+ (1, 0) - (52)
The fermionic propagator is massless, that is it has a power law decay at large
distances, and this requires a multiscale analysis based on Wilson Renormal-

ization Group.

We introduce parameters v > 1 and N € N such that! 4V = 7/(16a);
moreover, we introduce f(t);RT — R a C* non-decreasing function = 0 for

0<t<yN"land =1 for t > ~+V; we define also yn(t) = 1 — f(t) which is
therefore non-vanishing for ¢ < 4. We introduce the propagator

N 1 ik(z—vy) 7 ~
o V(@) = 25 30N f(| k) (k) (53)
k

with |k —&'|r the distance on the 4-dimensional torus [—m/a, 7/a)*. Therefore,
for any K € N we have

Ck
L+ (yMH e — yl5) "
where |z — y|5 is the distance on the [—~L,L)* torus. The above bound is
derived by (discrete) integration by parts, see e.g. §3.3 of [34], using that? in

the support of f(|k|r) one has >° (1 — cos kpa)?/a* > C/a? and the volume

of the support of f is < C/a*.
We can write therefore, using the addition property of Gaussian Grass-
mann integrals, see e.g. §2.4 of [34]

ew(‘]"]5’¢) _ /P(dw(SN))/P(dw(N+1))eV(N+1)(w(SN)+¢(N+1),J7J57¢)

16N (@, y)| < PNHD

7

(54)

_ /p(d¢(SN>)ev<N>(¢<SN>,J,J5,¢> (55)

1 Any choice for 4V ensuring that in the support of 1 — fdoes not include the doubled poles,
that is the poles of g(k) with r = 0 different from k = 0, could be done.

2The bound (54)follows from the presence of the Wilson term; if » = 0 a power law is found
due to the presence of poles in the support of f(k)
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Y (N+1) VN+1)
vy = + / + _< YN
T N+1
Evir V 5J€+\1 EN
V(N+l) V(N+l)

FIGURE 1. Graphical representation of (56); the
first term  represents &k (VN*D) the  second
185 (VWA yINHD) and so on

where
=1
V(N)(Q/](SN):‘L J57¢) = Z EEI’I\;+1(V(N+1>(¢(SN)
n=1""
AN T8, )5 VNI (SN (VD 775 6))

(56)
and &, is the truncated expectation with respect to the integration
P(dypN+1D) (Fig. 1).

Using the linearity of the truncated expectations, one gets, if v = ¢, s,
i3

VN ((EN)| g 75 p) = q#llatlorm) Z Wz(a]?]zi,m@vyaél)

T,Y,2,7

la Iy
<N,e; = B
H w%‘ﬂ‘] 7?9.7‘ H (iby;,ij,sj Jﬂjﬁzj
j=1 j=1 j=1
(57)

with ¢ = £, and ij is Jy; or J;Z’j for 3 = (0,1). Note that the W) are
a series in the kernels H,, ,,,. In the [, = 0 case (the presence of ¢ briefly
discussed in the Appendix 2) calling Wl(ﬁim = VVl(aN%, we define ||VVZ(Z)H =
L=t supy a*tHim S W) (2 )

ZL,Z |

Lemma 2.2. The kernels in (55) verify, for |A\| < X\o(Ma), |v;| < C(|A|/(Ma))?,
Ao, C, Cy independent on a, L, N, 1 < 2,m < 3, |d| is the distance between any
coordinate in x,z

strr (N
[ W)l < CiyPY (58)
with D =4 —31/2 —m — s.
Proof of Lemma 2.2. We rewrite VV+1) (52) in a more compact way as

YN+ _ Z@(SNH)(P)j(p)W(NH)(p) (59)
P
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with P set of field labels and §:(P) = [T p ) 0 1y T (P) = TLyep Tty

We get therefore, inserting (59) in (56) if P = Q1 UQ2...UQ,

v<”)(w<NJJ>—Z > Z PEV(P)

Ex i @Y (PL/Q)s N (P /Qn)) f[ WD (p) J ()

i=1

(60)

We use the Gawedzki-Kupiainen-Lesniewski [32,33] (a sketch of the proof is
in Appendix 1; see also (see e.g. §A.3 of [38], §2 of [34] or Appendix D of [39])

E TV (Py); s PN (P,))
= I ) [ar@ac¥ o o

T€Tn {i,j}€T

where 7,, denotes the set of all the ‘spanning trees’ on xp,, ..., xp,, that is a set
of lines which becomes a tree graph on {1,2,..., s} if one contracts in a point
all the point in xp = Usepx(f), the product H{m}eT runs over the unordered
edges of the T', t = {t; +» € [0,1],1 < 4,7 < s}, dPp(t) is a probability measure
(whose form is specified in the Appendix 1) with support on a set of ¢ such

that ¢; 7 = w; - uy for some family of vectors u; € R® of unit norm and

GN*TLT(t)isa (n — s+ 1) x (n — s + 1) matrix, whose elements are given by

GZJ{,;,T =t Z/g(NH)(xij,yi/j/) such that if =< u; ® A J(VfH) , B(](\;H)) >
ij ’

then the matrix element can be written as a scalar product

GN+LT (N+1) (N+1)

ij,i'j! :<U2®A (fl;)7Ul/®B +l) >
_(N+1) N+1)
(i) 73 Z Borinm (62)

w1thA(](Vfgl = U5 /TN R)gN (k) and BUTEY) = e fN(k)g™N (k).

The determinants are bounded by the G’mm ~Hadamard inequality, see
e.g. §2 of [34], stating that, if M is a square matrix with elements M;; of the
form M;; =< A;, Bj >, where A;, B; are vectors in a Hilbert space with scalar

product < -,- >, then [det M| <[], < A;, A; >3< B;, B; >2. Therefore,
| det GN+1,T| < Clzi |P’i|,_y3NEi[|Pi|7(n71))/2] (63)

We get, setting |P;| = n,, [Qi| =1, 0 < I, < ngy,m; =m, 1 =)l and
||z|*g N T () |y < Coy=N7e

mi=Yerh ¥ % Mty

T niseenn Uy
2l 7l
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Z CSV—N((n—l)—&-s)ClZi ni,y?,N[Zi(m—l,-)/Z—(n—l)]

(64)

[TIw™ (e
i=1

and ) por < n!Cg" " see e.g. Lemma A3.3 of [38], Lemma 2.4 of [34] or
Lemma D.4 of [34], so that

Wi I <ZCG > 2

N1, Mn Uy, 0y,
L=l

Z n; ni!

s

v Y

74N(n71),nys 3N Y (ni—1;)/2 [ v

1

-
Il

[H(|)\|/Ma)max(z(ni/g_l)al—mi)

%

Note that >, [(C5)" *105”(” l),] (2C5)™ we get

Wil < 3 Canemem o

n=1

ZO |>\‘/M max(?( i/2—1),1— ml)]

As 3. m; =m < 3 the sum over n; is bounded by

T[> er

so that for A small enough

)max(Z(ni/Zfl),lfmi)

< CE(JA/Ma)?mn=31 (66)

W < AN E3mmc

1+ i cy ()\|/Ma)2("_3)]

n=4
< Cl,yN(4—3l/2—m) (67)

O

In order to integrate fP(dw(SN))eV(N)(w(SN)J’JS) (55), we need to take
into account the presence of terms with positive or negative scaling dimension
D =4—3l/2—m, as can be read from (58).

In order to do that, we extract from V™) the terms with non-negative
dimension. This is done defining an £ (localization) linear operation acting on
the kernels of Wl]\jn (the Fourier transform of Wl{\fn in (55)) in the following

way; LW, (k) = W, (k) for (n,m) # (2,0),(2,1) and

sink,a

ngo(k) = Wgo(o)

0 W2 0( ) ‘CWQIYl(k7k +p) = WQIYL#(O,O)
(68)
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We write therefore

eW(J.7°,0) :/P(dw(gN))eLV(N)(w(SN),J,J5)+RV(N)(1/J(SN),J,J5) (69)

with R = 1 — £ (renormalization) and RV is equal to (87) with W)
replaced by RWZ(m), the R operation produce an improvement in the bound,
see e.g. §4.2 of [34]; for instance, RWQNO(]C) admits, by interpolation, a bound
similar to the one for WZNO(]C) times a factor O(y~2Y) due to the derivatives
and an extra O(y2"), with h the scale associated with the external fields due
to the k2. Hence, the R operation produces on such terms an improvement
O(ny(h_N )). In coordinate space, the action consists in producing a derivative
in the external field and a “zero”, that is the difference of two coordinates, see,
e.g. §3 of [22].
Using symmetry considerations, see Appendix 3, we get

VM (1,7 =t Y [nNs AN WL i he + U R Vi)

x 7,8

+ZNZSU ,ll}zer szez

7J
+Z15N‘]Mivwzsz % zsz+€551 zsN ¢zsz uwzszjl

with e, = —eg =1, gﬁ = _gig =1, nMs’i'y_N = ﬁV\QJYO(O), ZN,si = 8M/W72JYO(O)
and Z;{S,N = ng(0,0), 22871\, = Wé}'l(o,()), respectively, with J and .J°.

It is possible to include the marginal quadratic terms in the fermionic
Gaussian integration in the following way

P(dy(SN)) i oo Zneia’ T ol bl = Py (@p(SN) (70)

where 0 is the discrete derivative and

§(<N)( (Z 707# ~lisin(k,a)

—1
+a" 'Y Z —cosk a) (71)

N 0 Zn i (k)1
10T\ Zy g (k)T 0

~N _ O iZN7L7i(k’)CTj
V= (z‘ZN,R,i(k)aj 0 (72)

with Zn (k) = 1—|—X;\,1(k)zN’5’i, and we set Zn s = 1+ 2n,5,:. We can write
therefore

5
(I,T7,0)

:/PZ (dw(SN))eEV(N)(mw(gm7J,J5)+RV(N)(\/E¢(SN),JVJs) (73)
N
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(L+R)VN) (L+R) (VI
V1D = e+ - + (l: 4 R)V(VH
&y (L+RWVN g1 &o
(L+R)VWN) (L+R)VWN)

FIGURE 2. Graphical representation of (78); the first
term represent £x((L + R)VN+D), the second 1L ((L +
R)VWNHD: (£ + R)VV+D) and so on

where we have rescaled the fields writing

EV(N)( V Zva J7 JS)
=a' Z Z [VN,s,i’YN ZN,L,iZN,R,i(wiL,xiﬁ;RJ + Q/JIR,M;L@)

+ZZJS N H’l’/wz s,x ;L/(/)z s,z + ESEZZ’L s, NJ5 1,8 mo—zw;s,z (74)

with vn s.i\/ZN,LiZN,Ri = TN,s,; and Z{{S’N/Zi,s,N = ZiJ,S,]w Z} o Nl Zi s N =
Zi s, N-

We choose xn(t) = xo(y~Vt) with xo(t); RT — R a C°° non-increasing
function = 1 for 0 <t <~ ! and = 0 for ¢t > 1; we write

N
Z M) fat) = xo(v ") = xo(y " E) (75)

h=—o00

with f5,(¢) with support in 4"~ <t < 4"*1 We can write yn(t) = xn_1(t) +
fn(t) and
g =" = 5= V) + 3 (k) (76)

K2

with §(N) (k) given by (71) with xn(k) replaced by fy(k) and Z; s n(k) re-

K3
placed Z; s n. We write therefore

VIO — [ Py (@SN [ Py (@)
6EV(N)(\/ZNw(SN),J,J5)+RV(N)(\/ZNw(SN),J,Js)
- / Py (dyp (SN =10V TV VAT (77)
where

1,
=> —&x TV LRy ey () 4 Ry (V) (78)

with VY given by (60); a graphical representation is shown in Fig.2. Using
more compact notation

N-1) _ Z HEN-D(P)J(PYW N1 (P) (79)



1064 V. Mastropietro Ann. Henri Poincaré

YN+

REG, VN

FIGURE 3. Graphical representation of some term in(80)

By using the linearity of the truncated expectations and expressing RV ™V
by (56) we can write, calling ET(V;.5V) = ST(V'n) (78) as, see Fig. 3

yN-1 Z 5T V<N>+Z RET (VD m)in)  (80)

From (80), we see that WV =1 is a function of WWN*Y vy, Zn 74, Z3;.
The procedure can be iterated in a similar way writing
Py (d'SND) = Py 1 (dpSND) Py (dp ™) (81)

and VIN-D = cy(N=1 4 RV (N=1) with £ acting on the kernels W&~ ag
(68), so that, after modifying the wave function renormalization and rescaling,
we get to

[ Pras(@ <2 [ (™)
LV Zn SN )+ RV (/2 SV ,°) (82)
Therefore, after integrating in the same way (V=1 p(N=2) 4)(h+1)

V(I,T°,0) :/th’((w(ﬁh))eV"“(x/ZT,w‘Sh’),J,ﬁ) (83)

with Py, (di(=M)) with propagator

§l(<h) (nyofyﬂ “Lisin(k,a)

—1
*“hz (1 —coskya ) (84)

~h _ 0 Zn1i(k)I
Zn r,i(k)I 0

~h 0 iZh7L’i(]€>Uj
A (_iZh,R,i(k)Uj 0 (85)

LYN(\/Zpp, J, J%)
= a4 Z Z |:Vh’s’yh Zth’iZthvi (Qb;,rL,a:win,w + w;,LR,:rw;L,a:)
x 1,8

and
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J
+Zzsh‘]ﬂxwzsx uwz’sac+53€1 z‘5,sh uaﬂl}zsz 1 zsz] (86)

and ﬁnally, if b= Q, s, L My é
VD (B,

Za4z+4m ZZWl(h Y(z,2,7) qu;f,bz,,lsfj H T | (87)

Jj=1
and
w2Vl = supa4l+4m2\w<h Yz, z2)| (88)

The v}, ; is a relevant running coupling constant representing the the renormal-
ization of the mass of the fermion of type i; Zy ;s = (Zki.s, Zi s Z,gwi’s) are
the marginal couplings and represent, respectively, the wave function renor-
malization of the fermion of type ¢ and chirality s, and the renormalization
of the current and of the axial current. By construction, W1 is a func-
tion of the kernels W+ in VN+1 and of the running coupling constants
UN, ZN, -y Vn, Zp; moreover, the running coupling constants verify recursive

equations of the form
Vh—1,i = YVh,i + ﬁl},byi(l/]v, ey Uny W(N+1))

Znvis = s + B JUNL 2Ny vpy Zp, WD) (89)

As should be clear from the previous pictures, the W" and the 8" can be
conveniently represented in terms as a sum of labelled trees, called Gallavotti
trees, see Fig. 4, defined in the following way (for details, see, e.g. §3 of [34]).

Let us consider the family of all trees which can be constructed by joining
a point r, the root, with an ordered set of n > 1 points, the endpoints of
the wunlabelled tree, so that r is not a branching point. n will be called the
order of the unlabelled tree and the branching points will be called the non-
trivial vertices. The unlabelled trees are partially ordered from the root to the
endpoints in the natural way; we shall use the symbol < to denote the partial

=
A

<

/
Vo / /‘<\

hy N N+1

FIGURE 4. A Gallavotti tree
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order. The number of unlabelled trees is < 4™, see, e.g. §2.1 of [34]. The set of
labelled (or Gallavotti) trees 7Ty, are defined adding the above labels

(1) We associate a label h < N —1 with the root and we introduce a family of
vertical lines, labelled by an integer taking values in [h, N 4 1] intersecting
all the non-trivial vertices, the endpoints and other points called trivial
vertices. The set of the vertices v of 7 will be the union of the endpoints,
the trivial vertices and the non-trivial vertices. The scale label is h, and,
if v1 and v9 are two vertices and vy < vg, then h,, < hy,. S, is the number
of subtrees with root v. Moreover, there is only one vertex immediately
following the root, which will be denoted vy and cannot be an endpoint;
its scale is h + 1. N

(2) To the end-points v of scale, h, < N is associated LV (*); there is the
constraint that the vertex v’ immediately preceding v, that is h, = h,—1
is non-trivial (as RL = 0). The end-points with h, < N can be of type v
or Z.

(3) To the end-points v of scale h, = N + 1 is associated one of the terms in
YV (N+1)

(4) Among the end-points, one distinguish between the normal ones, associ-
ated with terms not containing J,,, ij, whose number is . = n — m, and
the others which are called special.

(5) There is an R operation associated with each vertex except the end-
points and vy; if the tree contributes to RV", it is associated R while if
it contributes to (3 is associated £ and s,, > 2.

(6) A subtree with root at scale k is called trivial if contains only the root
and an endpoint of scale k + 1

The effective potential can be written as:

V(2 S 300 =30 N VI V2 S %) (90)

n=1 TETh’n

where, if vg is the first vertex of 7 and 71,..,7,, are the subtrees of 7 with
root vy, V") is defined inductively by the relation, h < N — 1

—1)8vt1
VO, Zp 0, g = C 15) €
[V( (71, V2R S, 3, )5 s VO (g /2P, JS} (91)

where 5,? is the truncated expectation with propagator gi(h) and
e if 7; is non-trivial V" (7;, /Zp(SM | J, J5) = RV (15, /Zpap(SM) | T, J9)
e if 7 is trivial it is equal to one of the terms in LV if h < N, or to the
one of the terms in VWV if b = N.

We can write therefore the kernels in (87) as

W( ) (z,2) Z Z Wl (1,2, 2) (92)

n=17€Ty n
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It is also convenient to write
7;%71 = %{n U 7;12@ (93)

with Thln is the subset of 7}, containing all the trees with only end-points

associated with £LV*, while Th%n contains the trees with at least one end-point
associated with VN*1. We define

Wl(mxzv ZZVVlmeZV) (94)

n=1rc7;}

h,n

with i = 1,2 and V[/l(}:,z = Wl(h) +Win 2(0) A gimilar decomposition can be done

for
DD D1 Co N R N 1 C)) (95)

n=lre7?2 n=lre72
In this case by the compact support of the propagator only trees contributing
to ’]fn are present; the contribution from 7' are “chain graphs” and the

localization corresponds in momentum space to setting k& = 0, and g"(0) = 0.
Finally, we can write

N
Hia%ﬂ - Z %V p T Z 7;471/ P (96)
h=—o00 h=—o00
with HZL vp = Dmel ZTGT’:-,” W{s(7). The following lemma holds, see Ap-
pendix 2.

Lemma 2.3. There exists a constant £ such that, for |Zi| < es(aM)2,

max(|vn|, ..., v, (A Ma)? < € than if m < 3, d is the distance between
any two coordinate

| |d‘9WlJ;£:) | < Cl+m,y(4—(3/2)l—m—s)h,y19j(h—N)Emax(l/2—1,1) (97)

with 91 = 0 and Y2 = 9 for a constant 9 = 1/2; moreover,
182 < ey? ) |BE] < ey ) (98)

The bound is proven showing the convergence of the expansion in v, A
under a smallness condition which is independent from h. Note that if we
perform a multiscale integration setting £ = 0 then the condition would be
that A < g5, with e going to zero a h — —oo. The bound is similar to the one
in Lemma 1.2, with the same “dimensional” factor ~(*4=(3/2)i=m)h

A crucial point is that the contributions from trees 72, that is the terms
obtained by the contraction of the irrelevant terms, have a gain 77/*=N) with
respect to the dimensional bounds. This fact, and the bound (98) with Z;,_; =

1+ Zg:h B implies
12— 1|<Ce |2 00— 2| < Cey?=M) (99)
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that is the wave function and the vertex renormalization is bounded uniformly
in h. In addition, we can rewrite (100) as

N
Vho1i=7"" <VN,i + Z Wkﬁ,(,f?> (100)
k=h

We consider the system

vhorg =y = AR (101)

k<h

We can regard the right side of (101) as a function of the whole sequence
Vi, which we can denote by v = {vp}r<ny so that (101) can be read as
a fixed point equation v = T'(v) on the Banach space of sequences v such
that ||v|| = supp<y 7'*F M| < CA2(Ma)~2. By a standard proof, see, e.g.
Appendix A5 of [41], it is possible to prove that there is a choice of v; such
that the sequence is bounded for any A. With this choice

lun| < CyP=Ne (102)

This means that the v, ; is bounded so that the condition required in Lemma 2.3
is fulfilled; moreover, it is an easy consequence of the Proof of Lemma 2.3 and of
(102) that the limit L — oo can be taken; the proof is standard, see Appendix
E of [41]. Finally, we can choose Z?, = 1+ O(e) so that

z? =7/ (103)

1,8,— i,8,—00

We finally to apply the above results and get bounds for the three current
function. By (96) and the bound (97) with | = 0,m = 3,5 = 0, we get

N
<C > <Cy (104)

1 hzfoo

Z Hh,uup € yvo)

h=—00

hence the Fourier transform ﬁi (P15 P2) is continuous; in addition (97) with
l=0,m=3,s=14+9/2and j =2

N
So (Jal 2 4y ) I3 (2 y,0)

h=—00

<C Z A2 D (=N) By

h=—o00

(105)

N 5,2
hence ), II) e

Note that thfoo HZ L o
verifying (102), which by the above argument is again differentiable. We remain
then with the contribution from trees with three end points associated with

75,77, 77. We can write the propagator as

has continuous derivative.

has a part from trees containing vy, end-points

fu((k okl
g (2,y) = 8s L4Z IFlz) Vol (@) (106)

—wsk
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where r"(z,y) is defined by the above equation as the difference; one can verify,
again by integration by parts, that for any K

3(h+1) Ck
Z K h41
hoiss L+ (Y e = ylz
Ck
K
L+ (v — yl5)

The above decomposition says that the lattice propagator is equal to the con-
tinuum one up to a term with a similar decay with an extra v"~~. Again the
contribution of such terms is differentiable and finally we can replace the Zj,
terms in Z,]y:foo !

Igzss( Y < B

|7‘(h) (x,y)| < ,73(h+1),yh—N

7,8,8"

(107)

with Z_., up again to differentiable terms, by (99).

h,p,v,p
In conclusion, we get, see Fig. 5
W p0 (p1,p2) =115, , ,(P1,p2) + Ry po (P1,D2) (108)

Wltha p=nr +p27

~ z7 z7

Ha p7p2 EESQZ 70018 70025 70018

'qu’(l hZI; Z—OOZSZ—OOZSZ—OOZS
ha,h3
/ Tfhl( )ZU“ : fhz i fhs (ZU;)
(2m)4 iosky Z(ku + pﬂ) Vios (k + p#)

(109)

(108) says that the Fourier transform of the 3-current correlation can be de-
composed in the sum of two terms; the first ﬁz oo (p1, p2) is continuous and is a
sum of triangle graphs equal to the its analogue in the non-interacting continu-
ous case with momentum regularization, with vertex and wave function renor-
malizations depending on the species and chirality. The second ﬁmp’a (p1,p2)
is a complicate series of terms which is differentiable.

The renormalizations in HZ o »(p1,p2) are, however, the same appearing
in the 2-point and vertex correlations so that we can use the Ward identities;
we can write, see Appendix 2

S;o(k) = - ( ! +r1(k)> (110)

(’LO’ka‘u) Zi,s,—oo
and
. 1 Z 1
Cis(k,p) = == 5 (ioy, + 12k, p)) 77—~ (111)
o (io5 Ky )Zfs, o " (105, (ky =+ pu))

with |r1 (k)| < C(alk|)? and |ra,,.(k,p)| < C(alk|)? with |p| < |K|.
By inserting (110), (111) in the Ward identities (35), we get exact rela-
tions between the wave and vertex renormalizations, that is
ZJ

soets o 112
Zfoo#,s ( )
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SN S S

FIGURE 5. Graphical representation of (108)

Note the crucial fact that the contribution from the terms r; ,, coming from
the trees 72, is subleading. In conclusion, we get

o~

I, 0= Tupo+ Rupo (113)

Hips0

with R with Holder continuous derivative and

= x(k)  x(k+p) x(k+p?)
L p.o(P1,12) &Q; / Tr=—==7.7s v Yo
Z ' R N S A
(114)
Note that I, ,,(p1,p2) is the anomaly for non-interacting relativistic con-

tinuum fermions with a momentum regularization which violates the vector
current conservation, see [29], §3.6 for the explicit computation

Z(pl,u +p2,M)Iu,1/,o = Tpl,apzﬁsaﬁua
m
R 03
Zpl,u-[,u,v,a = %pl,apzﬁgaﬁua (115)

.0, We have that 7%”7,,70 has
not a simple explicit expression, being expressed in terms of a convergent
series depending on all the lattice and interaction details. However, we use the
differentiability of 7/@“, p,o(P1,p2) to expand it at first order obtaining, again up
to O(a? |ﬁ|2+19) corrections, using the Ward identity

67T2 (Z&z@ )pl aP2,8E€aBuc +Zp1’/< HVU(O ())
+ 3 pay 8”” (0 0)) —0

a=1,2 p
This implies that

up to O(a?|p|>*?) corrections. In contrast to 1,

Rywo(0,0) =0 (116)

and

Ry 1 .
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MRy 1 _
#(070) = WsVﬂﬂa (Z 51Q?> (117)

Ip1,8

Finally, using such values we get

- (5,6Q3)
Z(PL# + p2,H)H27V,J(p17p2) = Z #m@pzﬁsaﬁw
1 a,B

7/?\, V.o 7% v,o
+3 (P + P2 ( (0,0)pa s + o <o,o>p1,ﬁ> (118)
w8 8;025 8p15

) s

and the second term in the r.h.s. is

1 . _
~ G2 (Pt P2p) > (—1)"Paserppo (Z 61@?)

a=1,2
1 ~ )3
Zﬁpmm,,@&u@w Z&‘Qi (119)
i

which implies Theorem 1.1 O
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3. Appendix 1: Truncated Expectations
3.1. The Brydges—Battle-Federbush Formula

The starting point is the formula

Ea (H eiaia"A“*(Ii)> = e_% Lig Eisja"’o‘jgﬁi‘“j (@32;) (120)
i=1
Let us define

eiv =e -2 Z] jlex J i’ (121)
with X = (1,2,..,n) and 3, jex Viy = 2,<; Vi Vig = Vig and Viy = (Vi +
Vji)/2.

The connected part e~V ¥)| (corresponding to the truncated expecta-

tion) verify
e VO =N T e ™Mir (122)
T Yenm

where 7 are the partitions of X, that is Y7,Y5, ... with YUY, U .. = X.
If X; = {1}, we can define

Wx(Xi3t1) = Zfl (123)
where £ = (j,7') is a pair of elements j,j’ € X and t1(I) = ¢; if [ crosses the

boundary of X; (9X1), that is if it connect 1 with j # 1; ¢1(¢) = 1 otherwise.
More explicitly,

Wx(X1,t1) =Vii+t z Vig+ Z Viewr

k>2 2<k<k!
=t | Vi + E Vi + E Vi, ke
k>2 2<k<k/

+(1—-t1) (Vi1 + Z Vie k!
2<k<k’
= 0 V(X)+ (1 —t) (V(X1) + V(X/X1)) (124)
We get Wx(X1,0) = V(X;1) + V(X/X1), that is if ¢; = 0 X is disconnected
from the rest. Therefore, using that W (X1,t1) = > 5o Vi = D>y, Vi, we
can write -

e VO = / dt19re=Wx(Xut) 4 o= Wx(X1,0) (125)
0
and
1
e*V(X) — / dtl ZVL]@eiWX(XI’tl) + e*V(Xl)efv(X/Xl) (126)
0 E>2

We have therefore expressed e~V (X) as the sum of two terms; in the first
there is a bond (1,k) between X; and the rest is found, in the second X is
decoupled. If n = 2, the first term is the connected part.
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If n # 2, we further decompose the first term in the r.h.s of (126); we
write Xo = {1,k} and

1
/ dt, Z VLke—WX(Xhh)

0 k>2
/ dtl ZVI k/ dtgatze_wx(xl’xz;tl’tQ)
k>2
1
- / dty Y V3 pe” V(XX 0) (127)
0 E>2
where
Wx (X1, Xo,t1,t2) = (1 — t2) [Wx, (X1, t1) + V(X/X2)] + t2Wx (X1, 1)
(128)
and for X5 = (1,2)
Wx (X1, Xo,t1,t2) = Vi1 + Voo +tits Z Vik+tiVig
k>3
+io Z Vo + Z Vi ket (129)
k>3 3<k<k!

Suppose that X = {1,2,3} and X = {1, 2}, then Wx, (X1, Xo,t1,t2) = Vi1 +
Voo +titaViz +11Vig +t2Vo 3 + V33 and

1 1 1
/ dt1Vy ge”Wx(Xat) — / dt1V1,2/ dta(t1 Vi3 + Vaz)e” WX (X Xaitit)
0 0 0

1
+ |:/ dt]V])Qe_sz(Xl;tl)] e~ VI(X/X2) (130)
0

and the first term is connected; similar expressions for X5 = {1, 3}.
Proceeding in this way

G DD IS

r=1X,CX X1,., Xr_1 T

Z / dtl / dt’r 1 H Hk ltk WXT(Xl"ﬂXT—l;tlv"vtT—l)

wer o
e*V(X/XJ (131)

[Iv

LeT

where X7 C X5 C ...X,_1 are sets such that |X;| =4, T is a tree composed by
r — 1 lines £ = (4, 5') such that all the boundaries X}, are intersected at least
by a line £ = (j,j'),

Wx (X1, Xpstr, oo te) = 3 ta(Dt2(l) .. £ (D)V] (132)

with t;(I) = t; if [ crosses 0X; and t;(I) = 1 otherwise, n(l) is the max over
k such that ! crosses 0X. For instance, in the case (130) the trees are I =
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( ) ZQ = (2 3) so that tl(ll) = tl, tl(lQ) ]. t
lQ = (]. 3) so that tl(ll) = tl and tl(lQ) = tl,tg( )
We can reverse the sum over 17" and X

202 = 2 X (133)

T X1,..,Xr1 X1, X1 T

( ) = tQ; and ll = (1,2),

where in the Lh.s. the sets have to be compatible with T'. If n/(¢) is the minimal

Mimite® _
tn n ()

Z /dt1 /dtr 1 (0) - tney—1 = 1 (134)

k such that ¢ crosses X we have
Lemma 2.3 in [34]

n' () - - - tn(ey—1 and, see, e.g.

.....

fmtedT

By calling

dp(t) = Z [T te() (135)
X1, X tn()
fza:edT
we get
e V|, Vi dtd £)ee X b oyt Ve 136
tdpr(t) (136)
T leer

where ¢ € X means j,j’ € (1,..,n).

3.2. The Gawedzki-Kupiainen-Lesniewski Formula

We can write the simple expectations as
& (B(P)..b / Hdnw 5.0t Vit (137)

with V;; = ZIP 3] Zz/ ‘177»167]g(a:l],x2/]/)na7 ., and 77”» is a set of Grassmann

variables. Again, we can write e~ 25 Vii' as in (131) obtaining

&7 (B(P)...d(Py)) = (138)

J Tantyani, 32| TT v

leT
with V, = Y75, ni’jg(mij,mifj/)n;j, ¢ = (j,j). For each tree T, we divide
the 7 in the ones appearing in 7', called 7, and the rest, called 7 so that, if
> vexs tnr(e)-tny—1Ve = V(t) + V(t) with V() obtained setting 7 =0

er (¢(p1) (P ) Z[HW]/ dtdpr(t /Hdn”dm] —V)  (140)

T LleT

/ dtde Zeextn'm---tn(z)ﬂVe (139)

and [[dn;;di; e VO = detGr with Gr with elements ty(j j+)...tn(jjn-1
g(xij, xirjr). Fixed T we can relabel the X so that t;..t;_1 = ujuj; with
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Uy = V1, Uj = tjquj—1 +vj4/1 — t§71 with v; orthonormal, and wjus = tq,
ujug = tits, usug = ty and so on.

4. Appendix 2: Proof of Lemma 2.3

The proof is a generalization of the Proof of Lemma 2.2 adapted to the tree
structure. We define P, as the set of field labels of the external fields of v and
if vy,..., v, are the s, vertices immediately following v, we denote by Q,, the
intersection of P, and P,,. This definition implies that P, = U;Q,,. The union
of the subsets P,,\Q,, are the internal fields of v. The set of all P,, v € T is
called P, and the set of all P, with v € 7; is called P;. From (91) we get, if

Ny, is the number of coordinate

V(s Za4n”° Wi ) | IT V2w | |T1760)
Ty fEPy, f

(141)
By definition, we have a truncated expectation associated with each v in the
tree 7 non-associated with an end-point; we can write each of them by the
Gawedzki-Kupiainen—Lesniewski formula. The R operation is applied and by
an iterative procedure one can show that the number of zeros associated with
propagators of T" and the derivative on the fields is bounded by a constant; see
e.g. §3 of [22].

The bound is obtained using the Gram bound for the determinant; to each
vertex is therefore associated a spanning tree T, which is used to perform the
sum over the coordinate difference, and T' = U, T,,. The sum over coordinates
of the propagators in 7" and the estimates of the determinants give a factor
AR (50=1) 43/ 200 (35 1Po; |=IPo]) " if G is the number of subtrees with root v.
The renormalization produces a factor [[, 2o (ho=hu) §g produced by the
R operation and z, = 2 if |P,|] = 2 and there are no J fields, z, = 1 if
|P,| = 2 and there is a single J field, z, = 0 otherwise. To the end points
not v, Z is with 4 ¢ fields and j J fields is associated by lemma 2.1 a factor
A (A=300/2=0)N (N#0/2(g M)?~ ) with (4 — 3i,/2 — j,) < 0 and 4, > 4 and
(aM)?~% < (aM)~2. We get therefore

S DIESTERS ol | R e

Tug T vnote.p.

3/ 2R (2 [ Py | = Pol) [H ,sz(hvhruf)]
H 7(4_3iv/2_jv)N [ H ,-yhv‘| €'ﬁ

v e.p. not v,Z ve.p. v

(142)
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By using that

D (hy = h)(so = 1) = (hy — hu) Zm —

)

> (hy—h) <Z|Pm
=> (hy—h sz — P, (143)

where m%7 is the number of end-points following v with i 1 fields and j J
fields, we get

3| Py il
a0 S W r (20,) | < LY~ n[-a+ 250l (3i2- ami)]
Log
11 { oviE, Pvi|—Pw<4+3'§“zi,j<3i/24>miﬂj+zv><hvhm}
v not e.p. Sv
l H 7(4—3i1,/2—j,,)N] [ H ’}/h”‘|
v e.p. not v vep. v
We use now that
thm. myd H VZ (hy—hy H ’y (144)

v not e.p. v e.p.
where v* is the first non-trivial vertex following v; this implies

,yhziyj(:}i/2—4)mig H 7Zm.(31'/2—4)m%'ud'(h,l,—hv/)

v not e.p.
_ H ,Yh,l,*(Biy/Qfﬁl) H ,.y*hv (145)
v e.p not v vep. v
so that
S\Puo\ . _
a4n,,,0 Z |WT,P,T (xvg) | < L4 [ 4+ ] H ,yhux (31,0/2—4)€n
Tog v e.p not v
]. Sy 3| Py
I {S'CEH |Pui||P07(4+3§’+zu><hvhq,/>}
v not e.p. vr

l H /7(4_37;'0/2_3'1/)N‘| (146)

v e.p. not v

Finally, we use the relation

-

v e.p. v e.p.
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hzmgmvo H ™ iy (ho—ho)gmy? (147)

v not e.p.

e

v e.p.

and using that Z jmbI =n! we finally get (j, = 0 if v is a v-e.p.)

3| Py
[ a2l ,{0] -

at™0 Y " |Wep 1 (zug) | < Ly en

Tyq

11 { Ty 1Puy = 1P~ (—4 25 ) (o )}
Sp!

vnot e.p.

|: H 7(43iv/2jv)(th*):|

v e.p. not v,Z

In conclusion,

a0 N |Wep 1 (%) | < Ly~ Mo Cme®

Ty

v e.p. not;v,Z

1 dg(hg—h., (4=3i4 /2= ) (N—hys)
[H,ﬂ( >H o -

(148)

;| — | Po] # 0, 0 is the
vertex in V immediately preceding v or the root; d, = —4 + @ +nd + 2,.
Finally, the number of addenda in ) ;... is bounded by [T, s,! OXiZa [P =1 Po]
see e.g. §2.1 of [38]. In order to bound the sums over the scale labels and P,
we first use the inequality

]:[,y—dfy(hv o [HV 3(h m} lHW—S'P] (149)

where v are the non-trivial vertices, and v’

is the non-trivial vertex immediately
preceding v or the root. The factors ’y’%(h@’hﬁ’) in the r.h.s. allow to bound
the sums over the scale labels by C™ and ) p [ [ 7_3‘{4:)3' < O™, see §3.7 of of
[34].

Let us consider the improvement of the bound. If 7* is the set of trees
with at least an end-point not of v, Z type then, for 0 < ¢ < 1

Z Za4nv0 Z |WT,P,T (xvo) ‘ < L4,y(47(3/2)lfm)h,.yﬁ(th)gmax(l/Zf1,1)
T€T* P, T Toq

(150)
To prove (150), let be ¥ the non-trivial vertex following an end-point not of
v, Z type; hence, we can rewrite in (148)

[Hv—dqj(hﬁ—hil)] — [HV_(dﬁ_ﬂ)(hi_ha/)] ,yﬂ(h—hf)) (151)



1078 V. Mastropietro Ann. Henri Poincaré

and

’_Y'ﬂ(h—hf,) H 7(4_3iv/2_j1))(N_hv*) S r}/ﬂ(h_N) (152)

v e.p. not v,Z

as [[, e.p. not v.Z A(A=800/2=50)(N=ho) < 4=0(N=h3) a5 there is at least an end-
point not v, Z. Noting that dy — 4 > 0 one can perform the sum as above, and
the same bound is obtained with an extra v?("=N), U

In the presence of a ¢ term, there is a new relevant coupling proportional
to ¢, whose local part is vanishing again by the compact support of the
propagator. We can compare the bound from the one of a term of the effective
potential with [ = 2 with two v end-points. On each tree there is a vertex with
scale h which is the root of the subtree to which belong both the end-points
associated with (¢¢); there is an integral missing giving an extra factor y** and
a v~ 2" from the lack of the v end-points. There is a decay factor proportional
to x — y at scale 4" and, from the trees belonging to 7*, an extra v?("—N).
see e.g. §3.D of [25]. A similar argument holds for the vertex function. Finally
the proof of the L — oo limit is an easy corollary of the Proof of Lemma 2.3,
see e.g. Appendix D of [25].

5. Appendix 3: Symmetries

By symmetry, there are no quadratic contributions with i’ # ¢. There is invari-
ance under the transformation 1/),:58 — sswg o1, Jx Ax — Ji Ak invariant, if
, s

k is equal to k with kg, k1 replaced with —kq, —k1 and ko, k3 invariant. As j =
(2,3) o10jo1 = —0j hence 3=, sin kil o0y — 3y sinkjr ool =
>k sin ka/;,jsogwk_ and for j = 0,1 01001 = 0; hence ), sin kjﬂ),—:s(fo’(/)k_ —
Dok Sink]"l,[}isa'la'jo’lrd}g_,s = > ,sin ka/;,isajl/),zs; and ), cos kjw,:CLaoz/),;R —
> L — COS ki@/i alooolwir Similarly there is invariance under the transfor-
mation wk s 551/)~ 02, Jk Ay — Ji, A invariant, if k is equal to k with kg, ko
replaced with —kq, —k’z and k1, ks invariant. As 090,02 = —0o; j = (1,3) hence
>k sin k:ﬂ/}k’soﬂ/)hs — >, sin kﬂ¢%,5010301¢é,s =), sin kﬂ/},isamﬁk_ and for
Jj =0,2 02009 = 0; hence ), sin kjwlj’saow,; — 3y, sin kjwi,salajalwg,s =
Zk sinkj¢,:80j¢,;5; and Zk COS k‘j’(ﬂ;—’LU(ﬂﬁ;R — — Ek COS ki¢£L010001ng
We can write ), k2¢£sA2wis = >, kolaoo + byo1 + ¢po0 + djo3]. We
apply the first transformation to ), k2¢1:s¢1;s(a‘70 + boy + cog + dos) —
> kgwgal(aao + boy + coa + da3)01¢£ = -2 k2¢;is¢;;5(a00 + boy —
coy — doz)o1v, hence a = b = 0. Now we apply the second transforma-
tion then ), kz’(/JZrS’(/J;SUQ(CO'Q + dog)oy — =, 21/}5 ’(/J: (coy — dos) =
Sk 2¢~ ¥ (cop—dos) henced = 0. Then -, kgw A¢~ = zk kabiy ooty

and the geeral relation follows from isotropy. Proceedlng in a similar way with
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the terms with different chirality >, kggwg LoV =~ Yok kggwg ;020

hence b = 0.

Finally by the first tranformation ), w; LV, rlaog+boy +cogy+dos) —
Yok w%Lm(aao—l—bol—i—cog—&—dag)alwiR => w;L(aao—f—bUl—cag—dag,)alw];R
so that ¢ = d = 0; by the second Y, ¢ ; 1, p(aco+bo2) — >, ngag(aao +

b01)021/)iR = Jiag(aao — bal)agz/}];R; hence, b = 0.
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