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Abstract. We provide a new construction of infraparticle states in the
massless Nelson model. The approximating sequence of our infraparticle
state does not involve any infrared cut-offs. Its derivative w.r.t. the time
parameter t is given by a simple explicit formula. The convergence of
this sequence as t — oo to a nonzero limit is then obtained by the Cook
method combined with stationary phase estimates. To apply the latter
technique, we exploit recent results on regularity of ground states in the
massless Nelson model, which hold in the low coupling regime.
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1. Introduction

The massless Nelson model is a time-honoured theoretical laboratory for the
infrared aspects of QED. One of its variants, which we consider in this work,
describes one non-relativistic massive particle (‘the electron’), interacting with
massless scalar bosons (‘the photons’). The coupling between the electrons and
photons is chosen in such a way that the model exhibits the infraparticle prob-
lem, i.e. it does not contain physical states describing the electron in empty
space. In other words, the electron is always encircled by an ever larger halo
of ever softer photons, and it is a challenge to mathematically describe the
resulting composite object, usually called an infraparticle. Two milestones in
rigorous understanding of this problem are works of Frohlich [19,21] and Pizzo
[32,33]. The latter two papers actually give a complete discussion of the in-
fraparticle in the Nelson model and of its collisions with (hard) photons. Also
collisions of an infraparticle with a Wigner-type particle (‘an atom’) in a Nelson
model with two massive particles are under control [17]. However, scattering
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of several infraparticles appears steeply difficult in the conventional approach
from [33], as discussed in detail in [17, Introduction]. One reason is that the
approximating sequence of the infraparticle state from [33] and the proof of its
convergence are technically quite intricate, which may be due to limited spec-
tral information on the model available back then. Given intervening advances
in spectral theory [1,15,16], we revisit the subject and propose a simpler ap-
proximating sequence of the infraparticle in the Nelson model. Its convergence
to a non-trivial limit is relatively straightforward, given the currently available
spectral ingredients. Needless to say, our discussion above only touched upon
the broad topic of spectral and scattering theory in non-relativistic QED, see
e.g. [3,6,8,9,13,18,36], and no systematic review is attempted here.

To explain our construction, let us recall the definition of the Nelson
model. The Hilbert space of the model is H = L?(R2;F), where F is the
symmetric Fock space over L?(R?). For introductory material on the theory
of Fock spaces, we refer the reader to [34, Sect. X.7]. Thus, we will treat ¢ € H
as F-valued square-integrable functions {¢(z)}.ers, whose scalar product has
the form

(Wor, o) = / 0 (1 (), Ya(a)) 7 (1.1)

The creation and annihilation operators on F are denoted by a®(f), f €
L%(R}), and their sharp variants by k +— a®*) (k). We will also occasionally
write

O(f) :=a"(—if) +a(—if). (1.2)
The Hamiltonian of the Nelson model has the form
—iV )2 ;
H— %+Hf+a(%)+a (v2). (1.3)
Here, z and —iV, are the position and momentum operators on L?(R3),
(H¢, Pr) = (dT'(]k|),dT’(k)) denote the energy-momentum operators of
non-interacting photons and v, (k) = v(k)e~*'* where v(k) := )\% and

[A] € (0,X] is the coupling constant, whose maximal value Ag will be suf-
ficiently small but nonzero. Here, x, € C§°(R3) is a smooth approximate
characteristic function of the ball of radius x = 1.! We choose this function
rotation invariant, supported in the ball of radius x and equal to one on a ball
of a slightly smaller radius (1 —¢¢)r for some 0 < g9 < 1. By the Kato-Rellich
theorem, H is a self-adjoint operator on D(3(—iV,)?+ Hg). This elementary
observation dates back to [30], for a textbook discussion in a similar model we
refer to [36, Sect. 13.3]. The origin of the infrared problem lies in the fact that
v(k)/|k| ¢ L*(R}), as will be recalled later in Sect. 2.

Recalling that the model is translation invariant, we denote by {H,} crs
the usual fibre Hamiltonians acting on the fibre Fock space Fg, satisfying

57
H =1I* </ d3pHp> I, II=Fetre, (1.4)

L Although k = 1, it is convenient to keep it in the notation.
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where F' is the Fourier transform in the z variable. In our construction of
infraparticle scattering states we will identify the fibre Fock space Fg with the
physical Fock space F which is the reason for the appearance of the unitary
IT explicitly in formula (1.8). After this identification, the fibre Hamiltonians
are the following self-adjoint operators on D(P? + H¢) C F

1
H, := i(p—Pf)Q—&-Hfﬁ—a*(v)—Fa(v), p € R3. (1.5)
We denote the infimum of the spectrum of H, by E,. One manifestation of the
infraparticle problem is that £, is not an eigenvalue. This has been established
in considerable generality in [11,21,32]. For p € S, where

S:={p e R’||p|<1/3} (1.6)

and A sufficiently small we know in addition from [1] that p — E, is real
analytic and |VE,| < 1/2 for p € S (cf. Lemma 3.1). It is also well-known that
the modified Hamiltonian H)', obtained from H,, by the Bogolubov transfor-
mation
(K 1
_\Xu(k)

(k) — a (k) = f,(k), fp(k) = Vo TR ex VEp)’ek =k/|k|,

(1.7)

is self-adjoint on D(Pf2+Hf) and [, is its eigenvalue at the bottom of the spec-
trum corresponding to an eigenvector ¢, [32]. (Its phase is chosen in the follow-
ing in accordance with [15, Definition 5.2].) Such a change in the character of
E,, is possible because f, ¢ L*(R?), and hence, the Bogolubov transformation
(1.7) is not unitarily implementable.

After these preparations we are ready to define the approximating se-
quences of the infraparticle states. Motivation for this formula is given in
Sect. 2, and in Conclusions, we relate it to the Faddeev—Kulish approach. For
any h € C§°(R?) supported in S and any time parameter ¢ € R, we set

wt (x) = ethe—iPr-x
« 1
(2m)3/2

A(p, 3, 1) = /d3kfp(k)2sin(\k|t —kea), (1.9)

/d3pei(pm—Ept)ei'y(p,z,t)h(p)W(fp(e—i|k\t+ik~z _ 1)>¢p7 (18)

where W(g) := e (97909 g € [2(R}), is a Weyl operator on F. It is well-
defined for g(k) := f,(k)(e~IFIt+= 1) for any (¢, ) € R, This is due to the
fact that [e~"Flt+HR2 1| < |k|(|z|+|t|) and hence k s f, (k) (e HFIt+Fz 1) js
square integrable, unlike f,, cf. Lemma E.1. The integral in (1.8) is well-defined
as a Bochner integral in F, since S 3 p — ¢, is Holder continuous in norm
by [32] (which can also be seen by [15, formulas (1.8), (A.4) and Corollary
5.6] combined with Lemma C.3 below). This integral belongs to L*(R3; F) by
Lemma 4.5. Our main result is the following:
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Theorem 1.1. There is such Ag > 0 that the following holds: For any t € R,
the vector vy given by (1.8) belongs to L*(R2; F). The derivative Oy ewists
in norm in L*(R3; F), and we have

atwt(l‘) _ ethefiPrz
1 i(p-x— 2 x,t) . —1 ik-x
XW /dspe G Ept)e (@ 7t)’VYint(p73:7t)h‘(p)vv(fp(e s - 1))¢P7
(1.10)

where Ying(p, z,t) = 2 [ d®k f,(k)*(|k| — k - VE,) cos(|k|t — k - ) is rapidly
decreasing in the region |x|/t <1 (cf. Lemma 4.7). Furthermore,

/ 4t 1|9rte e < oo, (1.11)
0

hence ¥+ = limy_,o ¢ exists in the norm of L?*(R3;F). For h # 0 and
[A| € (0, o] sufficiently small, ¥+ # 0. Analogous statements hold for incoming
scattering states.

The most remarkable part of the theorem is the explicit formula for 1),
given in (1.10). It can be anticipated by formal computations on F noting the
key relation

T(p,x,t)" (=iVy — P) T(p,,t) = =iV, — 5",
T(p,xﬂf) = W(fp(e_i‘k‘t—”k.x - 1))ei7(p,;c,t)7

where P}V is obtained from P; via the Bogolubov transformation (1.7). Rela-
tion (1.12) allows to reconstruct H}' in front of ¢, and make use of H}' ¢, =
E,¢p. It dictates our choice of the phase v, and it is noteworthy that the re-
sulting vins enjoys a rapid decay in t in the physical region of velocities of the
electron. This coincidence suggests that our approximating vector (1.8) cap-
tures optimally the asymptotic dynamics of the Nelson model in the infrared
regime. The decay of 7, is the driving force of our convergence argument
based on the Cook method [10,35]. It also allows for a simple proof of non-
triviality of the limit for small |A|.

Given formula (1.10) and the above remarks, it may seem very easy
to prove the theorem. But it should be kept in mind that estimate (1.11)
must hold in the norm of L?(R2;F), which involves the integral over the
whole space, cf. formula (1.1). To control this integral, we use the stationary
phase method, which generates derivatives w.r.t. p up to the second order (cf.
Lemma 4.1). Since differentiability of p +— ¢, is not settled, we have to ap-
proximate ¢, with ¢, ,, which come from the Nelson model with an infrared
cut-off ¢ > 0 in the interaction. The function p — ¢, , is differentiable, and
its derivatives up to the second order have only a mild infrared divergence of
the form

(1.12)

108 ¢p.ollz < co™0, |a] =0,1,2, (1.13)

where ), > 0 tends to zero with Ay — 0. This estimate, and similar bounds
for the wave functions of ¢, ., rely on technical advances from [15,16]. Thus, at
our present level of understanding, we can eliminate the infrared cut-off from
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the formulation of Theorem 1.1, but not from its proof. As mentioned above,
to eliminate the cut-off also from the proof it seems necessary to establish
differentiability of p — ¢,. For some ideas in this direction, we refer to [15,
formula (1.9)] and a cancellation of infrared singularities conjectured in this
formula.

This paper is organized as follows: In Sect. 2, we provide motivation for
our infraparticle ansatz (1.8). In Sect. 3, we give some technical information,
in particular about the model with infrared cut-off. Section 4 is devoted to the
proof of Theorem 1.1. In Conclusions, we provide a brief comparison of our
infraparticle states with the Faddeev—Kulish approach. More technical parts
of the discussion are postponed to Appendices.

2. Motivation for the Infraparticle Ansatz (1.8)

The fibre decomposition and the associated transformation, both seen in (1.4),
are due to Lee, Low and Pines [27] and have been used ever since. We find
it convenient to phrase that transformation as a superposition instead. To
convey the quite trivial idea, let us first consider the simpler case of functions
¥ € L*(R,), which can be written as ¥ = (27)%/2 [ dp ¥,, where ¥, = ¥, ()
is Up(x) = \i/peip‘”. While ¥ +— U is the Fourier transform, the integral itself
is a superposition of improper elements of L?(R,). The former transformation
is more precise, the latter is closer to physical intuition because it displays ¥
as the superposition of plane waves.
In the case of H = L?(R,;F), the decomposition of ¥ € H is

U= (zw)-?’/?/ d*p Wy, (2.1)
R3

where ¥, is an improper element of H. It is singled out by its character y —

e~ ¥ (in the sense of representation theory) of the (abelian) translation group

67iP.y7 P=—iV, + Pfs

e PV, = TPy, (2.2)

An informal expression for ¥, is provided by the Wigner projection onto the
isotypical component associated with the character:

U, = (2m) 732 /dSy e~ iPye PV = (277)73/2/d3y e PPy, (2.3)
Indeed, by [d®pe™¥ = (27)35(y), we have
(277)*3/2/d3p\1/,, = /db’ya(y)e*ip‘yqf =U. (2.4)

Let us also note that ¥, 7€” L?(R3; F) takes values ¥, (z) in F for z € R3.
They are related to one another by
Vp(w —y) = (eI )(2) = (e PTIIVE, ) (2) = eIV (2)
(2.5)
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because Pr acts on F alone. In particular, setting x to zero and then renaming
y to —x, we get

W, (z) = P~ Peg (0). (2.6)
For a rigorous treatment, it is better to restate (2.1) as a unitary map
IT:H — LRy F), ¥ (I,0)eps. (2.7)
This is achieved by evaluation at, say, z =0
I, = v,(0). (2.8)
By (2.1), (2.6) the inverse map of IT, i.e. II™ : (¥,,(0)),egs — ¥ is

U = (2m)73/2 / dp ety (0). (2.9)
We note that (2.3) can also be written as
U,(z) = (277)_3/2/d3y ePYe Y (1 — y) (2.10)
because of (e~ VW) (x) = e YW (2 — y). Thus
IL,v =9,(00) = (277)_3/2/d3a: e T PTy () (2.11)
by the substitution y =: —z, which is possible because = has been disposed of

by setting x = 0 first. We conclude that I1,¥ = F (et ).

The understanding of the ansatz (1.8) benefits from a comparison with
the van Hove model. Compared to the Nelson model, the (dynamical) electron
is replaced by an external source. More formally, the Hilbert space is F and
the Hamiltonian is

= /dSkW(/f)(a*(k) — f(k))(a(k) — f(K)). (2.12)

We observe that it resembles (1.3) once x and V,, are omitted and w(k) = |k|
(though up to zero point energy irrelevantly differing by [ d®*kw(k)|f(k)[?).
Regarding f, let us first assume that f € L?(R}) and comment on the physical
choice f(k) = —v(k)/|k| ¢ L*(R}) later on.
The free Hamiltonian Hy, corresponding to f = 0, and the Weyl operators
W(g) (g€ L*(R})) satisfy:
W (g1)W (g2) = e~ ™92 (g1 + go), (2.13)
e MW (g) = W(e " g)e o, (2.14)
moreover, Hy is unitarily equivalent to the Hamiltonian
H=W(f)HoW(-[), (2.15)
since f € L*(R}) and thus W (f) well-defined. In particular, W (f)Q is the
ground state of H:

HW(f) = E W (f)Q (2.16)
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with Fy = 0 for the above choice of zero point energy. Equations (2.13, 2.14)
imply the identities:

e — omHLSmWON Y (1 — =) f)e~Ho, (2.17)
et (g) = 62i1m(f,(1fe‘““)g>W(e*itwg)e*“H, (2.18)

Using (2.17), we get
e~ IH Q) = B0 o —ilfsin(w D) (1 — i) £)Q, (2.19)

which describes the evolution of the bare vacuum 2. Somewhat more sugges-
tively, it is restated as

efitHQ _ efitEo 672i<f,sin(w t)f) W(_efitwf)W(f)Q' (220)

In this guise, it describes the approach of the unperturbed vacuum 2 to
the perturbed ground state W(f)Q as t — +oo (up to a numerical factor
e’%”f“g). In fact, we note that e f — 0 weakly in L*(R}) as t — oo,
whence W (e % f) — e~ 2If13 in the weak topology? of operators on F. The
decreased norm can be attributed to photons lost at infinity in R3.

Equation (2.18), when applied to ¥ € F, states that out of the tra-
jectory e~"H WU another one can be obtained by adding a coherent bunch of
freely moving bosons by means of W (e~%“g); in fact up to phase, the trajec-
tory e *H W (g)W results. For example, we can choose ¥ = W (f), i.e. the
perturbed ground state, in which case

e_ZtHW(g)W(f)Q _ e2i1m<f,(1—€7“w)g)W(e_itwg)e_itEOW(f)Q. (221)

For ¢ = —f, we simply recover (2.20). The unperturbed ground state 2 is
referred to as bare and the perturbed one W (f)Q then arises in the same
picture by the dressing transformation W(f). In its own “infrared” picture
the perturbed ground state is still given by (2, because the Weyl operator
intertwines exactly between H and Hj.

The origin of the infrared problem, which arises when f ¢ L?(RR}), is now
manifest: So to speak, the ground state W (f)€2 in (2.16) leaves the Fock space
F. While U = W () is not well-defined, a trajectory in F can be defined via
(2.21), provided that g+ f € L*(R}). To this end, the pair of Weyl operators
seen there or in (2.20) should be merged to one, as done in (2.19). Then, by
restating (2.21) for g + f = 0 as follows

O- eitHefitEoeiIm<f,e*“°’f>W((l — e ) N (2.22)

we note a similar structure as in our infraparticle vector (1.8).

These conclusions can be transposed to the Nelson model, which fibre-
wise resembles the van Hove model of coupling f(k) = —v(k)/|k| ¢ L*(R3).

—itw

) 2 a —itw
2We use that W (e v f) = e~z lIFl3ga™ (7" ) g—ale £ in terms of quadratic forms
on the dense domain of finite particle vectors from F. Now, the claim follows from the
Riemann-Lebesgue lemma and the uniform boundedness of ¢ — W (e™% f).
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In the Nelson model, the ground state of H)' of total momentum p is ¢, in its
own (infrared) picture,

H;‘;/V¢p = Epdp. (2.23)

That state is perturbatively close to, but no longer identical to €2, because no
Weyl operator removes the interaction terms in (1.3) exactly.
In the bare picture that state is W(— f,,)¢,, where

fo(k) = —%. (2.24)

Since f, ¢ L?(R3}), this vector is not well-defined (in contrast to ¢,).
Collecting fibres, cf. (2.9), we obtain (still not well-defined) states on the
mass shell p — F,,

o(x) = (2m)~3/2 / & h(p) PP T (— )6, (2.25)
where the support of h is contained in the set S, cf. (1.6). Its trajectory
dr=e Mg is

o) = (2m) )2 / B h(p)d e B Py (_p g (2.26)
The goal is to add a bunch of photons to ¢; in a way that is simple and explicit,

though not strictly compatibly with e=*#* as in (2.18), and yet in such a way
that:

e unlike (2.26), the resulting state U, = W4 (x) lies in H,
e the addition is asymptotically compatible with dynamics, in the sense
that the limit

Jim My, = ot (2.27)

exists. That in fact means that e~*#%¢)+ has U, as its explicit asymptote.

In line with (2.18), its interpretation and its use for g = —f, we modify (2.26)
to

U, (x) = (27_(_)73/2/d3ph(p)62i’7/W(efiwtfp)ei(p-mept)e*in-ww(_fp)qsp’

(2.28)

where the phase 4 = §(z, p, t) is going to be chosen in a moment. By

eI (g) = W (e R eg)e i (2.29)

cf. (2.13), (2.14), we get

U, (z) = (27_(,)73/2/d3ph(p)em"?/ei(pmept)efin-zW(ei(k-szt)fp)W(ifp)gbp.
(2.30)

Now, we choose the phase by comparing (2.30) with (2.21). We recall (2.21)

W (@)W () = e HEo2im{f Q=T 0w (et g w (e, (2.31)
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and make substitutions g — eik'“"fp, f — —fp. This suggests

5/ — Im<fp, _(1 _ e—i(wt—k.z))fp> — Im(fp, e—i(wt—km)fp>
= —(fp,sin(wt — k- x) fp). (2.32)
Finally, we merge the Weyl operators in (2.30),
W (e R D AW (= f,) = e TW(=(1 = e @R o p) 0 (2.33)

We note that the argument of the last Weyl operator lies in Lz(Ri) for each
x, and we obtain from (2.30)

\Ijt(l‘) — (27_[_)73/2 /d3ph(p)ei:yei(p-szpt)efin-zW(_(1 _ efi(wtfkm))fp)(ép.

(2.34)

The result is similar but not identical to (1.8): The phases (1.9) and (2.32) have
opposite signs. The first phase is so chosen to make identity (1.12) possible.
For comparison, had the same choice been made for the (exactly solvable)
van Hove model, then the approximant to e~ Q would not be e~*# Q) itself,
in the form of the r.h.s. of (2.19), but e~ 27e~#H Q) leading to ¥y = e~ 217Q
as a counterpart to (1.8). By ¥ — 0 (¢t — o00), we still have ¢y — Q, but
Oy = —2i(07) Y = 1int ¥4 with Fing = 2(fp, weos(wt) fp), in line with (1.10).

3. Preliminaries

Recall that {H),},cgs are the fibre Hamiltonians (1.5) and let {Hp },ecrs be
their counterparts at an infrared cut-off 0 < ¢ < k. This means that the form
factor v, defined below (1.3), is replaced with v given by

o,k k
v (k) := Ao ) )( )
V2[k|
Here, X(o,x)(k) = 15, (k)xx(k), B, is the complement of the ball of radius o
and 1, is the characteristic function of a set A. We remark that {H), 5 },crs
act on a dense domain in F, that is, no infrared cut-off is introduced on the

Fock space. We will work in the range of parameters for which the technical
results of [15-17] hold. That is,

Al < Ao, 0 €(0,hy], peS:={p eR’|]p|<1/3}, (3.2)

where Ao is sufficiently small and 0 < k), < k. As the fibre Hamiltonians
H,, H, , are bounded from below, we can define

E,:=info(H,), E,,:=info(H,,), (3.3)

(3.1)

where o denotes the spectrum. (Occasionally, we will write EI(,’\), E,(,’\U) etc. if the
dependence on A will play a role.) E, enters our definition of the infraparticle
state (1.10), and our analysis relies on the following result:

Lemma 3.1 [1]. The function SxBx, > (p,A) — EZ()A) is real-analytic and non-

constant. It satisfies \V,,E,(,)‘)\ < 1/2 and its Hessian matric in the p-variable
is bounded from below for p € S by a positive constant, uniformly in A.
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We recall that the modified Hamiltonians H,’ are obtained from H,, by
the Bogolubov transformation (1.7) and their ground states are denoted ¢,,.
Similarly, the modified Hamiltonians H)), are obtained from H), , by the trans-
formation

a®) — a®) — - X[Uﬁ)(k) 1
(k) (k) fpwd(k% fp,a(k) . >\ 2‘k| |k“(1 er VEPJ)
(3.4)

and their ground states are denoted ¢, ,. Both ¢, and ¢, , are in the domain
of any power of H; (cf. Lemma C.3) and in addition ¢, , are in the domain of
any power of the number operator N := dI'(1), cf. Lemma C.2. For a choice
of the phases of ¢, ¢, » as in [15, Definition 5.2], the following estimate holds

H(Hf)z(¢17 - (bp,o’)ll]: < 001/53 pe 57 te N07 (35)

provided that Ao > 0 is readjusted for each ¢. It is well-known for £ = 0 [32],
[17, Corollary 5.6 (a)] and for ¢ € N, it is shown in Appendix C. We will also
need the following lemma:

Lemma 3.2. Fiz (1,¢> € No. Then, there exists o >0 and a positive function
[0, Ao] 2 No = 6,\9 s.t. limy, o0y, = 0 with the following property: For
any fized Mo € [—Xo, Ao] and all o € (0, ky,],

C
|H{' N2 020,07 < - o la| =0,1,2. (3.6)

The constant c is independent of p,o, X within the restrictions (3.2) but may
depend on {1, 0s.

In Appendix B, we show how to extract the proof of Lemma 3.2 from [15,16].
We remark that Lemma 3.1, bound (3.5), and Lemma 3.2 are the technical
basis for our discussion in the next section.

We remark that a possible dependence of the constants ¢ in (3.6) and
(3.5) on £, 01,05 does not cause complications, because it suffices to consider
£,01,0; < L for some finite L fixed throughout the proof. This can be seen
from the discussion below (4.55) and from the proof of Lemma 4.4.

Notation. As we will discuss only outgoing scattering states, we set t > 1. We
denote by ¢ numerical constants which may change from line to line. These
constants are independent of o, p, A, t, x within the assumed restrictions, but
may depend on h, A\g, €9, where gy was defined below (1.3). The functions
denoted \g — 6y, are positive and satisfy limy,—o 6y, = 0. They are inde-
pendent of o, p within the assumed restrictions but may depend on ¢q. These
functions may change from line to line.

4. Infraparticle States

The goal of this section is to provide a proof of Theorem 1.1. Our main tool
will be the stationary phase method. The estimates suitable for our purposes
are stated in the following lemma, which is proven in Appendix D.
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Lemma 4.1. Let p — g(p) € F be weakly infinitely differentiable on some
dense domain and compactly supported in S. Let ¢y be s.t. |[VE,| < co <1 for
p € suppg. Then, for any 0 <e <1/2,

2\ 1/2
</|/< B /d?»pez(m—Ept)g(P) ) <c Z sup ||3§g(p)||f,
x|/t<co

F ‘a|§2Pa|m|§Cot
(4.1)
24 1/2
</ B /d?)pei(p-a:prt)g(p) )
] /t=>co F
—1/24¢€ 1 [
cave s (Gt le) @

| <2
The function g above may depend on (x,t).

Lemma 4.1 immediately gives the following estimate

‘ 2\ 1/2
(/dgfb /d3p ez(p~w—Ept)g(p) )
‘F

1
< ct'/? sup <
,Z pr \(T+ 27

which will be useful for analysing vectors (1.8) at finite ¢. Like in Lemma 4.1,
the function g may depend on (z,t). We note that we cannot apply (4.3) or
Lemma 4.1 directly to the infraparticle vector (1.8), since differentiability of
p — @, is out of control. In the course of our discussion, we will approximate
¢p With ¢, , in a suitable manner, which will introduce an z-dependence of
g.

||agg<p>||f), (4.3)

As a first step of our analysis, we compute and estimate derivatives of
e Prt) oyt p,a, t. The following is a result of a straightforward computa-
tion:

Dy Pt) — iv(pat); / B £, (k2| cos(klt —k-a),  (4.4)
D, eV PTt) — _eir(pait); / a3k f,(k)*k; cos(|k|t — k - x), (4.5)
Oy, 0y, VP = _eir(pmt) / A3k f,(k)?k; cos(|k|t — k - x)
X /dSkfp(k)% cos(|k|t — k- x) (4.6)
—e”(p’x’t)z’/d?’kfp(k)Qk:ikj sin(|klt —k-z).  (4.7)

Now, we estimate the above expressions together with their derivatives w.r.t.
p.
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Lemma 4.2. The following bounds hold
000f P < e(1+log(1 +t + |2]))?, (4.8)
0008 PmR | < (1 +log(1 +t + |z]))?, (4.9)

forlal|p] <2, £< 1.

Proof. We see from (4.4)—(4.7) that the derivatives w.r.t. x, ¢t produce expres-
sions which are uniformly bounded in z,¢ due to the additional factors k;, |k|,
which regularize the singularity of f7 at |k| = 0. Hence, it suffices to study the
expression

D, O, er(pmt) Oy, (e”(p’””’t)i@p,;y(p, 2,t))
= @2t) (iapj'y(p, T, t)) (iapﬂ(p, T, t))
+e P9, 9, y(p, 2, t). (4.10)
Making use of (E.4), we obtain

|00, €7D | < o1+ log(1 + ¢ + |2]))?, (4.11)

where the dependence of ¢ on parameters is as discussed in Sect. 3. This
concludes the proof. O

As a next step of our discussion, we compute derivatives of the following
auxiliary vector

Jt,2)(p) = W(fpm(t,x))¢p, m(t,x) == u(t,z) — 1, wu(t,x):= g iklttika
(4.12)

w.r.t. (t,z) up to the second order. We will abbreviate m := m(t,z),u =
u(t, x).

Lemma 4.3. The function (t,z) = G0y (p) is infinitely often partially differ-
entiable in the norm of F and the following formulas hold

ity (p) = W(fom)i(®(fp0m) + Im(fym, f0ym)) ey, (4.13)
O 31,0 (p) = W (fym) (B(f,0m) + Im(fym, £,0im)) "6,
+W (f,m)i(@(f,07m) + Im(fym, f,07m)) ¢,  (4.14)
O, 0(t,2)(P) = W (fm)i(®(fp0z,m) + Im(fym, fp0p,m)) by, (4.15)
02,02, 91,2)(p) = W (fpm)i(P(fp0;m) + Tm(fym, fp0r,m))
Xi(®(fp0z,m) + Im(fym, f,0.,m)) 0,
+ W(fpm)i(q)(fpaxj Oz, m) + Im(f0z,m, f,02,m)
+Im(fym, f,05,05,m))dp, (4.16)
where ®(F) := a*(—iF) + a(—iF), F € L*(R}), as defined in (1.2).

Proof. We note that, by Lemma C.3, ¢, belongs to D(Hf) for any ¢ € N.
We observe that for any fixed (¢, ) the function f,m(t,z) € L%(R}), and it is
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infinitely often differentiable in (¢, z) in the norm of L2 (R3}) (see Appendix A).
For the first derivative w.r.t. x;, this follows from

m(t,x + (Az)ie;) = m(t,x) + (Az);(0z, m)(t, x)
1
+(Ax)§/ ds(1—5) (02, m)(t,x + s(Ax)e;),  (4.17)
0
and the fact that |k|~'0% m(t,x) is bounded in k for any ¢ € Ny. For higher
derivatives, we simply replace m with 3ﬁim in (4.17). The arguments regard-
ing the derivatives w.r.t. ¢ are analogous. Thus, we can compute the deriva-

tives using Lemma A.2, which gives the formulas from the statement of the
lemma. U

Now, we analyse the regularized variants of the vectors from (4.12)
gf’t’x)(p) = W(fpm(t,x))@,,a. (4.18)
We note the following fact:

Lemma 4.4. There hold the bounds
(1 +log(1+ |z| +t))3

185059 o) (D)l 7 < € i : (4.19)
anBao (1 +log(1 + [z| +1))*
185 0737, ) (@)l 7 < ¢ : , (4.20)
g°ro

for l,|al,|8] <2 and o € (0,k),]. The x and t derivatives exist in the norm
of F. The deriwatives w.r.t. p exist in the weak sense on the domain of finite
particle vectors with compactly supported wave functions (cf. [34, p. 208]). The
bound (4.20) still holds if Bf is replaced with Hg, Py ;, Pf%i or Og, Pr ;.

Proof. We consider only (4.20) for |a| = 2,|8| = 2 as the remaining cases are
analogous and simpler. To handle the resulting expressions, it is convenient to
define, for s — F§ as in Lemma A.2,

B,(F) := ®(9,F,) + Im(F,, 8, Fy). (4.21)

Using this notation and recalling (4.16), we can write
axj amig?t,z)(p) = W(fpm) {Z&)IJ (fpmﬁ(i):rl (fpm) + iazj iwi(fpm)}(bp,tf

= W(fpm)POImmﬂ?j (fpm)¢p,av (422)

where in the last step we denoted the expression in curly brackets by the
symbol Poly, ., (fpm) to further abbreviate the notation. Now, we compute
the first derivative w.r.t. momentum. We recall that these derivatives must
only exist weakly on the domain of finite particle vectors, i.e. after taking a
scalar product with such vectors. This will control the unbounded operators
acting on ¢, , below and, in particular, allow us to differentiate p — ¢, , in
(4.25) below. In this sense, we compute:

817;8931896@.@6@) (p) = W(fpm)izf)p;(fpm)POImi,xj (frm)dp.o (4.23)
+ W (fpm)0p. (Poly, o, (fym))dp.o (4.24)
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+ W (fpm)Poly, o, (fm)0p. dp.o- (4.25)

Now, we compute the respective contributions to 81,5 Op. 0z, O, gg’t ) (p): (4.23)
gives

apj (I/I/'(fprn)lgf)l’7 (fpm)POIIi,I]‘ (fpm)¢p,a)

=W(f,m) i&)p; (fpm)izlgpg (fpm)Poly, o, (fym)dp o (4.26)
+ W (fym) iy, (@, (fym)Poly, o, (fym))bp.o (4.27)
+ W (fym)i®y, (fpm)POls, o, (f511)0p. Gp.o- (4.28)

From (4.24), we obtain
By, (W (fm) 0. Pols, o (fpm)bp.) = W (fpm)i®y, (fpm) D, Pols, o, (fpm)bp.o
+W(fym) Op, Op, (Pole, u, (fpm)) dp,o
+W(fym) Op.Poly, 4, (fpm)(‘)pj Gp.o-
(4.29)
From (4.25), we get
Oy, (W (fpym)Poly, 4, (fym)0p. bpo) = W(fpm) 261,2 (fpm) Poly, o, (fom)0p. ¢p o
+ W (fpm) Op. (Poly, o, (fpm)) Op, Pp,o
+W (fpm) Poly, 4, (fpm)a,,z_a,,} bp.o-
(4.30)

To estimate these expressions, we recall from Lemma 3.2 that ;¢ » are in
the domain of any power of N and ||N£8;“¢p,a||;c < ¢go™%0. Thus making use
of the number bounds (A.2), we have

18p; By, 02,97, 2 @I < Pol((lfpmlla. || fpda,mll2. | fpde, B, mil2)o~ %0, (4.31)

Here Pol is a certain polynomial in the specified norms, which also includes

e} w(k
|05 fpml|2. We recall, however, that f,(k) := )\i‘/% \k|(1—elk»VEp)7

tives of f, w.r.t. p only change the behaviour of this function in the angular
variable ej but not in the |k|-variable. As our estimates are insensitive to the
angular behaviour, we omitted these derivatives in the notation in (4.31). We
have

thus deriva-

| fomllz < eA (1 +log(1 + |z| + )2, (| £p0e,mll2 < e|Al, || £p02,0z,mll2 < ¢lA],
(4.32)

where the first inequality follows from Lemma E.3 and the last two follow
directly from the definition of f, in (1.7), since m(t,z) := e !IFlt+ike 1 By
inspection, we see that Pol is at most of the sixth order in || fym||2 (cf. (4.26)),
which concludes the proof of estimates (4.19), (4.20).

As for the last statement of the lemma, the case of Hy, Pt ;, P, is covered
by the fact that the derivatives w.r.t. p should exist only weakly on vectors
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which belong to domains of these operators. After computing these derivatives,
one pulls Hy, P ;, Pf%i to the right through the Weyl operator according to

HiW (fym) = W{(fym)(Hr + a”(|k|fym) + a([k| fym) + |Hk|1/2fpm||g)7
(4.33)
for which we refer to [12, eq. (3.20) and Prop. 3.11]. Next one applies Lem-
mas 3.2 and A.1. The case of P;;0;, requires more consideration as the deriv-
ative w.r.t. «; should exist in the norm of F. To check that Pr ;W (fym)dp o

is partially differentiable w.r.t.  in the norm of F, we write, analogously to
(4.33),

PeiW (fom)dp,o = W(fpm)(Pri + a” (ki fom) + a(ki fym) + (fp ki fp)) bp,o

(4.34)

and refer to Lemma A.2. By a computation, we obtain
axipf,iw(fpm)¢p,a = Pf,iami (W(fpm))¢p,oa (4'35)
where 0, (W( fpm)) is the explicit formula from Lemma A.2, and then proceed
as in the discussion of Hy, P ;, Pf%i above. O

Now, we are ready to analyse the infraparticle vector (1.8).

Lemma 4.5. There is such Ao > 0 that for any |A| € (0, o] and t € R, the
integral®

Wi(a) = [ @pee B ORGW (fym(t, )8, (430)
has the following properties:
(a) U, € L?>(R3; F).
(b) W, is differentiable in t in the norm of L*(R2; F) and
WV, (z) = /dsp ei(p'I_EW”( — By + 10¢y(p, x, t) + iIm(fpm, fpatm))
X em(p’w't)h(p)W(fI[n’l’L)d)p
+/d3p ei(p'w_E”t)ei’Y(p'z’t)h(p)W(fpm)(a*(fpatm) —a(fpOrm))op.
(4.37)

Proof. As for (a), to prove that z — W.(z) is square integrable, we intend
to apply Lemma 4.1. However, we lack information about the differentiability
of p — ¢,. To circumvent this problem, we introduce an z-dependent cut-off
or = K, /(1 + |z])M, where M is sufficiently large but fixed. We insert into
(4.36)

¢P = (¢p - Qsp,oz) + (bp,am (4.38)

and obtain
\I/t(x) _ /dSp ei(p~:c—Ept)ei'y(p,x,t)h(p)w(fpm) (q/)p _ (bp’%) + \Ifi“ (x)
(4.39)

3 This Uy (x) differs from the one defined in (2.30) by the factor (2r)~3/2e~ Pz,
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Here, ¥7" () is given by (4.36) with ¢, replaced with ¢, ,, . Concerning the
first term on the r.h.s. of (4.39), we have by (3.5)

) . ' 1/5
H /ddp ez(p-szpt)elV(P,I,t)h(p)W(fpm) (qsp — ¢p7‘7z)

‘ c(kxy)
5 (L4 |z)M/s
(4.40)

Thus, this term is manifestly in L?(R3; F) for 2M /5 > 3. As for the last term
on the r.h.s. of (4.39), estimate (4.3) gives

o 1 3 AO 2
[T |3 < ct?/? 2 Spuf ((1 e Haﬁ(emp’x’t)g(i;z) (p))||f), (4.41)
laf<2 &

The expression on the r.h.s. above is finite for any fixed ¢ by Lemmas 4.2, 4.4,
provided 0y, of Lemma 4.4 satisfies Mdy, < 1/2. This concludes the proof of
part (a).

Part (b) is a straightforward computation, provided we can show differ-
entiability in the norm of L?(R3;F). To this end, we use the Taylor theorem
(cf. formula (4.17))

/ d3p ei(p-m*Ept)ei’Y(p@J)h(p)

o (W2 M) W) g1, ),

= At/d3pei(P-xprt)ei'y(p,z,t)h(p)

X/O ds (1 — $){2W (fym(7, )| r=t4sat } bp- (4.42)

Now, we obtain from Lemma A.3 that (4.42) tends to zero with At — 0 in
the norm of L?(R3;F). Differentiability in the norm of L?*(R2;F) of other
ingredients of (4.36) can be shown by analogous and simpler arguments. Now,
formula (4.37) follows by an application of Lemma A.2. O

Lemma 4.6. The vectors ¥, € L*(R3;F), t € R, defined in (4.36) have the
following properties:

(a) Wy is in the domain of Py, P¢;, Hy and the following formula holds
(Hf\:[jt)(x) — / d3p ei(p-szpt) ei’Y(pyl’,t)h(p)W(fpm)

x (HY' + a* ([k| fyu) + a([k| fyu)
+(fps [ fp) — 2Re(fp, [kl fpu)) dp- (4.43)
(b) W, is in the domain of —i0y,, (—i0y,)?, —i0y, Prsi and the following for-
maula holds
(<its, = Pri)* V() = / d*p PO I h(p)W (fym) (pi — P 6.
(4.44)
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(c) Wy is in the domain of (a*(v) + a(v)) and the following formula holds
(a*(v) + a(v))Pe(z) = /d?’p ei(p"”_EPt)e”(p’x’t)h(p)W(fpm)
x((a"(v) +a(v))" + 2Re(fyu, v))¢p, (4.45)
where (a*(v) + a(v))V = a*(v) + a(v) — 2(fp,v) in accordance with (1.7).

Proof. We start with some computations on F which are justified by
Lemma A.2. Since W(fpm) ¢p is in the domain of Hy, we can write for any
fixed ¢

Hey(2) = / d*p e P Ep) V2 () HeW ((fym) ¢y

_ / @ o= Eat) G0 O () (f,m)
x (He+a* (|k| fym)+a([k| fym) + [k fyml[3) ép
. / @ o= Eat) G0 O () (f,m)
X (HY + a* (|| fyu) + a(|k| fpu)
+(fp: |kl fp) — 2Re(fp, [E| fyu)) dp. (4.46)

where we made use of HY = Hy — a*(|k|f,) — a(|k|f,) + [[|E[*2fol13  (cf.
formula (4.33)) and

- H|k|1/2fp||§ + |||k|1/2fpm||g = <fpa |k‘fp> - 2R6<fp, |k|fpu> (4-47)

Analogously, we obtain for £ € {1, 2},

(Peo)Wy(z) = / @ p 05D 0 by ()T (fm)

X(wa,z + a*(kifpu)+a(kifpu)+<fpv szp> - 2Re<fp, kifpu>)£¢p~
(4.48)

Furthermore, we can exchange —i0,, with the p-integral defining ¥,. In fact,
similarly as in (4.42), we write

/d3p ei(p'z—Ept)eiv(p,w,t)h(p) (W(fpm(t, T+ (AmZA)ei)) B W(fpm(ta IE))

—aziW(fpmu,x)))asp



190 V. Beaud et al. Ann. Henri Poincaré
= (Aaﬂi)/d?’p ei(p-w*Ept)eiv(p,x,t)h(p)

1
v / ds (1= $){O2W (fym(t, ")) st s(arenre, } (4.49)
0
and make use of Lemma A.3 to take the limit Az; — 0. Thus, we can write
—i0,,U4(x) = /d3pei(”'x‘E””e”(”’z’”h(p)
X (pi + axi'Y(pa xz, t) + Im<fpma fpazim>)w(fpm)¢p
+ / d3p ei(pw—Ept)ei’y(p,x,t)h(p)
x(a* (ki fyu) + alk; fou)) dp. (4.50)
Combining the above computations, we also obtain
—10y, Pr i Uy ()
_ /d3p ei(p-z_Ept)em(p,z,t)h(p) (pi + 0p,v(p, 1) + Im(fpm, fpawim>)
XW(fpm) (Pf,iJFa* (kifpm)Jra(kifpm) + <fpm7 szpm>)¢p
+ / d3p ei(p‘x—Ept)ei'y(p,x,t)h(p)W(fpm)

X (Pf7i+a* (ki fym)+a(k; fym) + (fym, kifpm>)
x(a* (ki fpu) + a(ki fyu))dp = Pri(—i0z,) V(). (4.51)

Thus, we get from (4.48) and (4.50)
(=10, — Pi) V() = /d3p 6i(p'w*EPt)ei7(p’I’t)h(p)W(fpm)
X (= B+ pi 4+ 0w,y (0, 2, t) + I ( fym, fp0u,m) = (fp, kifp)
+2Re(fp., ki fyu)) dp
= / d*p ' P ED) P2 (VW (fom) (pi — PY) by (4.52)
where we used that

Im(fpm, fpOz,m) — (fp, kifp) + 2Re(fp, kifpu)
= Re(fp, kifyu) = =0z, 7(p, x, t). (4.53)

By iteration of (4.52), we get
- i(p-x— i z, w )¢
(=0, — Pra) Wy(x) = / dp !B PO B ()W (fym) (pi — PRY) -
(4.54)

We remark that at the level of formal computations, relations (4.52), (4.54)
can also be obtained from (1.12). Finally, we obtain
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(@”(v) + a(v))¥i(z) = /dgpei(”*E”t)em(p’w’”h(P)W(fpm)((a*(v) +a(v))"
+ 2Re(fpu, v)o,p. (4.55)

One can see, by analogous arguments as in the proof of Lemma 4.5 (a), that all
vectors above are in L?(R2; F): First, we apply the shift (4.39) and estimate
the term involving ¢, — ¢, », with the help of the bound (3.5). The presence
of Hf in (3.5) allows us to control both Pr; and the creation and annihilation
operators acting on ¢, — ¢, as for example in the case of (4.51). To the
latter operators, we apply the energy bounds (A.3) and note that all the re-
sulting || - ||,-norms are finite. Next, we study the term proportional to ¢, .,
using Lemma 4.1. Staying with the case of (4.51), we can rewrite the relevant
vector as { Pt (=10, V{* (2'))|s =z foxers and estimate the r.h.s. of (4.3) using
Lemmas 4.2, 4.4. In particular, the last part of Lemma 4.4 plays a role here,
since estimate (4.3) gives

{Pri (=00, 7" (27)) o/ =o }oers |

1 N .
S Ct1/2 Z sup ((”810;({895462’}/(17,:5 7t)Pf,ig(th/)(p>}|w’—a:>H]") .

2, T
(4.56)
From (4.54), (4.51) we also obtain that {(—id,,)?W;(z)},ers is in L2(R2; F).
This concludes the proof. O

Proof of Theorem 1.1. We recall that ¢ (z) := Weime*ipf'zlllt(x) as seen

in (1.8). By Lemma 4.5, t — W, is differentiable in the norm in L?(R2;F).
Next, by applying the Stone theorem to e'’*, we obtain the differentiability of
t + 1), in the norm of L?(R3; F), provided that the vector {e ~1*W,(z)} ,cps €
L?(R3; F) is in the domain of H. This is easily checked using Lemma 4.6. In
particular, to verify that this vector is in the domain of (—iV,)?, we apply the
Stone theorem to z — e~ **'* and use that ¥, is in the domain of Pf2. Now,
we compute

1 iHt . —iPp-x 1 i —iPpx
O () = We HiHeT W (2) + (271_)3/26 ftemtH 9,0, (x)
1 it —ippa (1, .
= W@ Hte=iFt z(i(—zvz — Pr)?Wy(z) + He Wy ()

(@ () + a(v)) T(z) — z'ath))

1 2 —iPp-x i(p-x— 2 z,t) .
= (27[-)3/26 Hte i /d3p€ (P Ept)E g 7t)lryiﬂt(p7'CE,t)h’(p)VV(fP/rn)QSZN

(4.57)

where in the last step we made use of the formulas in Lemmas 4.5, 4.6, the
fact that H}' ¢, = E,¢,, and of the relations

<fp7 |k|fp> - 2Re<fp7 ‘k|fpu> + 8t'7(p7m’t) + Im<fpm’ fpatm> =0,
2Re<fpu(t,33),v> = Yint (pvx?t)v

(4.58)
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where v was defined below (1.3). To show (1.11), we proceed similarly as
in the proof of Lemma 4.5: We choose a (¢, z)-dependent cut-off as follows:
Oty = ka/(1+t+ |z[)M where M € N is fixed. We make a shift ¢, =
(Pp = Pp.oy) T Ppoo(.., and insert it into the formula for the norm of 91y

10¢3be ]l <

1 . .
(2m)3/2 { / dp e E=EnD NPT D i (p, 2, 1)h(p)
™

XW(fp(e—ilk\twLikq; — 1) (¢pp — %,ou,m))}

zeR3II'H
1

+ (271')3/2

XW(fp(e_ilk‘tJrikm - 1))¢pvf’(t,z) }

{ /ddp ei(pAz_Ept)6i7(p’z’t)i’yint(p7 z, t)h(p)

(4.59)

z€R3 H.
We note that by (3.5) the term involving (¢, — ¢p.0(,,,) is integrable in ¢ in
the norm of L?(R2; F) for M sufficiently large. Our strategy to estimate the
second term on the r.h.s. of (4.59) is to combine Lemmas 4.1, 4.7 and 3.2. In

our case, g of Lemma 4.1 has the form

g(t,;c)(p) = eiv(p’w’t)ifyint (paxat)h(p)w(fp(eiilk‘tduk.z - 1))¢p70(t,z)' (460)
We rewrite this expression as follows:

Aa‘(tym)

9ty (p) = €7 PP iy (p, 2, R(P)IS (),

2o ilkfttika (4.61)
g(t,x) (p) = W(fp(e - 1))¢p,a-
First, we note that by Lemma 4.7, for ¢y as in Lemma 4.1,
0%t (0, 2, 1)| < IAIQ% for |z|/t <eo <1, (4.62)
c
105 e (p, 7, )] < NP2 [log ()] for ||/t > co, (4.63)

and |a| = 0,1, 2. Furthermore, we have by Lemma 4.2
00T P 0| < (1 +log(1 + ¢+ |z))?. (4.64)
Given (4.62)—(4.64), Lemmas 4.1 and 4.4, for any 0 < ¢ < 1/2, we can choose
Ao so small, that
c

[0l < |/\\2t3/T_E (4.65)

which concludes the proof of (1.11). Hence, by the Cook method [10], we obtain
the existence of the limit .
To see that 1T # 0 under the specified conditions, we write

1O = 16 e — / at 19 |, (4.66)

where we included the dependence on A\ explicitly in the notation. We recall
that all constants in our discussion are uniformly bounded in |A| € (0, \g].
Thus, by estimate (4.65), the second term on the r.h.s. of (4.66) tends to zero

as A — 0. So it suffices to show that ||1/Jt(i)OHH is bounded from below uniformly
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in A from some neighbourhood of zero. We collect the relevant ingredients:
First, we recall that by [15, formula (5.2)]

65V — Qllr < elA*. (4.67)
Furthermore, we obtain from (4.32), (E.4)
LAY (e I — 1) |5 <efA[(1 + Tog(L + ¢ + [«])) /2,

) (4.68)
[v(p, @, t)] <c[A[7(1 + log(1 + ¢ + [x)).
Considering the above, we have
A
(@)
= o | e e OO W (e 1)) (4.69)
v
- oy [ tpereen e W (e - D)6 - 0) - (470)
™
1 ) ) )
+7(27T)3/2 /d3p e"p'“e”m@’x’o)h(p) (W(fzg’\)(elk'”” -1))-1)Q  (4.71)
1 ip-x [ iv™ (p,x
+7(27r)3/2 /dgpep (™ (p,2,0) _ 1)h(p)Q (4.72)
1 3 ip-xT
+(27r)3/2/d pePTh(p)§d. (4.73)

Thus, it is manifest from estimates (4.68), (4.67), combined with an argument
as in (A.9) that

N(@) = (F7'R) ()2 + O(IAVA(1 + log(1 + [z]))), (4.74)

where F is the Fourier transform and we have ||O(|A|Y/4(1 +log(1+ |z|))|lF <
e A\[Y4(141og(1+|z])). Clearly, we can write for any compact subset A C R3

1/2
16 e > ( /A d3x\|¢§iz(x>|\2f)

> (/Ad3x|(F1h)(x)2)l/2 —c|)\|1/4(/Ad3m(1+log(1+|m))2)1/2.
(4.75)

For any A intersecting with the support of F~'h, the first term in the second
line of (4.75) is positive and independent of A. As the second term tends to
zero as A — 0, this concludes the proof. O

It remains to prove the following estimates.
Lemma 4.7. Consider the expression
Yint (D, T, 1) 1= 2/d3k fo(k)?(|k| — k- VE,)cos(|k|t —k-z).  (4.76)

The following bounds hold:
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(a) Fiz some( < co < 1. For any M € N, there exists a constant cpy, uniform
mnpées, st

sup  riae (p. 7, 8)] < A2 M (4.77)
(lz|/t)<co

(b) For allp € S and (t,x) € R*
¢
[Yint (p, 2, )| < |)\|2¥\log t]. (4.78)

Analogous estimates hold if we replace p — f,(k)*(|k| — k- VE,) in (4.76) by
its arbitrary derivatives w.r.t. p.

Proof. Proceeding to spherical coordinates d*k = dS2(ey)|k|?d|k|, we have

Yint (P, @, ) :/dQ(ek)/O dlk| f(|k|, er, p) cos(|k|t(1 — eg - V)), o

L QXN(k')z 1
f(\ki|,e;€,p) T |)‘| 2 (1—6k'VEp)7

where we set v := x/t. We suppose that |v| < ¢p < 1 and consider part (a) of
the lemma. By integrating by parts w.r.t. |k| and exploiting that sine vanishes
at zero, we obtain

Yint (P, @, 1) = f/dﬂ(ek)/om d\k|8|k‘f(|k|,ek,p)msin(|k|t(1 —ex-v)).
(4.80)

Now, we can continue integrating by parts, exploiting that 9| f vanishes in
a fixed neighbourhood of zero due to our assumptions on y, (1.3). The fact
that (1 — ey - v) is never zero in this case gives the claim.

Proceeding to (b), we suppose that |v| > ¢y > 0 as the case |[v|] < ¢q is
settled by (a). We choose the third axis in the direction of v and write

Yint (pv z, t)

:/|k|21/td|k|/0 dso/_ldcos(@)f(|k|,e(cos(9),<p),p)
x cos(|k|t(1 — |v|cos(6))) + Ot )

:_/|k|>1/t d\k|/0 d@/ﬂdcos(Q)f(|k\,e(cos(9),<p)7p)

o] Toagy S = el cos(9) + O(~")

_ _/| o k| def(\kl e(cos(0), ). p)

sin([k[t(1 — |v| cos(9)))[e2h=Ly + Ot ™)

t\kl\ |

" /|k|>1/td|k| / e / lldcosw) ( T bl elcos(0), w,p))
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t|k\| |sm(|k|t( — |v|cos(0))). (4.81)

By estimating |sin(|k[t(1 — |v|cos(f)))] < 1 everywhere above and using that
the integration in |k| is over a compact set, the claim follows from

1
i < gl (182)
US> k>1/t | |

This concludes the proof. O

5. Conclusions

In this paper, we proposed a new construction of infraparticle states in the
massless Nelson model. The approximating sequence does not involve infrared
cut-offs and the proof of convergence is relatively simple: Taking the spectral
results from [1,15,16] for granted, it amounts to the Cook method combined
with the stationary phase method, like for basic Schrédinger operators. It is
legitimate to ask how the new infraparticle state compares with the established
knowledge on the infrared problem in the Nelson model. To partially answer
this question, we provide some heuristic remarks on the relation of our states to
the Faddeev—Kulish approach. First, we note that the asymptotically dominant
part of the wave packet (1.8) should propagate along the ballistic trajectory
x = VE,t, thus ¢, should have the same limit as

,(/}P(x) — eth/d?)p h(p) e—i(Ep+Hf)tei'y(p7VEpt7t)

XW(fp(l _ 6i|k|t7ik-VEpt))eint z(p Pr)- m¢ (51)

el

To proceed, let us second quantize also the electrons, denote their creation
and annihilation operators by b(*) and the common vacuum of the electrons
and photons by €. Expressing ¢, € F by its n-particle wave functions ¢, we
define its renormalized creation operator in a standard manner [2]:

bu(p) =Y 7177' /d3"k¢;(k1,...,kn)a*(k1) cd (k)b (0 — (k14 + k),

(5.2)

so that W@i(l’_’:’fﬁqﬁp can be identified with b% (p)Q. Now recalling that

_ 1 ;
fp(k') = ’U(k')m, we can write
W (fp(1 — eilk\t—ik~VEpt))

t ) ) ) )

— exp ( B Z/ dr e HE7 {o* (ve~F VERT) 4 a(veflk-vEpT)}ef’LHfT>
0

_ ericpte—m(p,VEpt,t)TeXp(_Z, /t dr e,inT{a*(Uefm-VEpT) +a(”efm-VEpf)}efmg>7

Jo

(5.3)
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where C), := [ d®k W“% is finite and the time-ordered exponential Up (¢) :=
Texp( .. ) is the Dollard modifier of the Nelson model, cf [14, formula (3.6)].

Thus, (5.1) can be rewritten as
vy = ZHt/dsph( ) e B Ct Uy () D] (p) Q. (5-4)

We recall from [14], that a direct application of the Faddeev—Kulish prescrip-
tion to the Nelson model leads to a formula which differs from (5.4) only by a
substitution b (p) — b*(p). We believe that this discrepancy can be attributed
to the quantum mechanical origin of the Dollard formalism which makes it dif-
ficult to reconcile with the electron mass renormalization present in the model.
We think that formula (5.4) is a correct implementation of the Faddeev—Kulish
formalism in the Nelson model and hope that the findings of the present paper
will lead to a rigorous proof of convergence of 1P as t — oc.

There are several other future research directions, which we would like
to point out. They include a proof of expected properties of infraparticle
states familiar from [33] such as the convergence of asymptotic electron ve-
locity and asymptotic photon fields on our states and the clustering relation,

e. (W, 95) = (h1,he), where the former scalar product is in H, the latter
in L?(R}) and h; are related to ’L/J;r = lmy oo Y5, § = 1,2, via (1.8). These
problems appear to be within reach of available methods and are not treated
here mainly to keep this paper within reasonable limits. A more intriguing,
but still quite tractable problem, is to provide a non-perturbative proof of the
Weinberg’s soft photon theorem [38] in the massless Nelson model. Such a
proof would provide a useful benchmark to test various perturbative versions,
e.g. [23,31], currently considered in the context of the Strominger’s ‘infrared
triangle’ [37]. Another meaningful direction is to apply our construction of
infraparticle scattering states to more sophisticated models, such as the Nel-
son model without the UV cut-off or the Pauli-Fierz model. This direction
faces, however, a technical challenge of generalizing the spectral results from
[1,15,16] to these theories. There is a solid basis for such endeavours, e.g.
[4,5,8,9,20,24,25,28,29], but also a lot of work remains to be done.
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A Energy Bounds and Derivatives of the Weyl Operators
We introduce the following subspace of L?(R3):
LL(RY) = {f € PRI fllo = N1+ [K]7/2)flla <00} (AD)

We recall that N := dI'(1), Hy := dI'(|k|) and state the standard energy and
number bounds [7]:

Lemma A.l. Let f1,..., fn € L*(R}). Then

[aO() - a0+ N r < callfilla Il (A2)
Let fi,..., fn € L2(R}). Then,
[0 a® )0+ ) < ol il Mol (A3)

Formula (A.4) is also well-known, but we provide a proof for the reader’s
convenience.

Lemma A.2. Let R 3 s — Fs € L2(R3) be differentiable in the norm || - ||,.
Then, s +— W(Fs)p, ¢ € D(Hfl/Q), is differentiable in the norm of F and
OsW (Fs)yp = W (Fy)(a*(0sFs) — a(0sFs) + iIm(Fy, 05 Fs)). (A.4)

Also, s — a*) (F,)y is differentiable w.r.t. s in the norm of F and dsa™) (Fy)
= a®(0,F)¢. If € D(NY?) then analogous statements hold for s — F
differentiable in the norm || - ||2.

Proof. Using the Weyl relations W(F)W(G) = e~ "™FEOW(F 4+ G), F,G €
L*(R}),

(W (Fayas) =~ W(E)
= W(E) 3= (W (= F)W (Fyeas) — 1)
— (FS)ALS(e“m<Ff’FS+AS*FS>W(F9+AS —F)-1)
= W) g (M) ) W(Fyas—F) (A5)
W E) o= (W(Fopas — F) — 1). (A.6)

As


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

198 V. Beaud et al. Ann. Henri Poincaré

Considering (A.5), we obtain immediately
bR Feae—FL) .
Alérgo As (e 1) = idm(Fy, O, F). (A7)
Furthermore, it is easy to see that in the norm of F

AI;IBO W(FS+AS - FS)"/} = 1. (A-S)

In fact, denoting ®(F) := a*(—iF) + a(—iF'), we can write
(i P(Fayas—F.) _
(I)(F5+As - Fs)

By the spectral theorem, the norm of the expression in curly bracket above
is bounded uniformly in As. On the other hand, by the assumed form of
differentiability

W(FS-i-As - FsW = w + { }(I)(FS-i-As - FsW (A.9)

B(Fyras — Fo)b = As D(0,F,)6 + (o(As)), (A.10)
where 0,F; € L2(R}) and the rest term satisfies

ASHO AS
Thus, by the energy bounds of Lemma A.1, we obtain that (A.10) tends to
zero in the norm of F as As — 0 which gives (A.8).
Concerning (A.6), we write again Fsyas — Fs = As0sFs + o(As), which
gives
1

E(W(F3+As - Fs) - 1)¢

= é(e—ﬂmms 85F570(A5)>W(Asast)W(o(As)) _ 1)1/). (A.12)

To take the limit As — 0 above, we note

fim L (emim@ar a9 1) g,

Allrno A—( (o(As)) = 1)y =0,

where the latter limit is computed as in (A.10) using (A.11). Also, we exploit
that by the Stone theorem

1 .
Alimo E( (AsOsFs) — 1)1 = i®(0s Fy)1p. (A.14)
Finally, substituting (A.14), (A.7) to (A.5), (A.6), we obtain (A.4). The last
statement of the lemma is proven by analogous arguments. O

Lemma A.3. Under the assumptions of Lemma 4.5, for any fized t,

sup
0<Az; <1

1
X /() dS(l - 8){82;W(flﬂm(t7 w’))‘z’:z«ks(Aaq)q }¢P}

{ / d3p P =Ept) 17 (P2, t) py ()

< o0, (A.15)

H

z€R3
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{/d3pei(p»szpt)ei’y(p,z,t)h(p)

sup
0<At<1

1
></0 ds(1 — s){BfW(fpm(‘r,x))IT:tJrsAt}d)p}

< oo. (A.16)
H

z€R3

Proof. Let us prove (A.15). Since ¢, is in the domain of any power of Hy (cf.
Lemma C.3), we can compute 8§,W(fpm(7', x')) using Lemma A.2:

W (fom(r,2)) oy
= W(fpm(T, x’)) (a* (0 fym(T,2")) — a(dy fym(T,2"))

+im(fym(r,2’), 0p fom(T,2))) dp (A.17)
+W (fym(r,a")) (@ (9% fym(r,a")) — (05 fym(r,2))
+ 10y Im{fym(7,2"), 0y fym(7,2'))) Pp. (A.18)

Next, exploiting the energy bounds (A.3) to control the creation and annihila-
tion operators acting on ¢,, we apply the shift (4.38) and estimate (3.5). More
explicitly, we rewrite the expression under the norm in (A.16) as follows:

/ d3p ei(p'aj*Ept)eiA/(lﬁw’t)h(p)

X/ ds (1 — 5){a§'W(fpm( ))|w’—w+s Az;)e }¢p

0
— / d3p ei(p-w*Ept)eiv(p,x’t)h(p)

1
X / ds (1 — 3){8§/W(fpm(7-7 xl)) |m’:z+s(Ami)ei}
0
X(1+Hf)_1(1+Hf)(¢p_¢p,az) (Alg)
+ / d3p ei(pw—Ept)eiv(pwv,t)h(p)

1
X/O ds (1 - 5){8z’w(fpm(7—v x/))|z’:w+s(Awi)ei}¢p,om' (A'20)

By (3.5) and 0, := Ky, /(1+ |z|)™, M sufficiently large, we obtain that (A.19)
remains bounded for 0 < Az; < 1 in the norm of L*(R2;F). As for (A.20),
estimate (4.3) gives

1(A:20) 3¢ < ct'/2

1
o iy(p,z,t) £ 52 ,
< 2w, (e €02y @ morsiaie ).

(A.21)

where g(r ) was defined in (4.18). Expression (A.21) also remains bounded

for 0 < Az; < 1 by Lemma 4.4. (From the discussion above, it is manifest
that 82, in (A.21) does not act on . In fact, 9> , appears already in (A.15),

whereas the shift ¢p — Op,o, Was applied later in (A 20)). The proof of (A.16)
is analogous.
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B Proof of Lemma 3.2

We write ¢, » = {fy ;.o fnen, in terms of the Fock space wave functions. Given
Lemma B.1 and formula (B.3), we can write

o 1/2
|HE NS00, 0|5 < (anl“ﬂnas W||)
n=0
c 0 1 1/2
- 0,6/\0 (T;)n| (051752 ) I 0g Ul )
C
< (B.1)

for some constants cg, ¢, and dy, > 0 which tends to zero as A\g — 0. To
handle the powers of Hy we used that the UV cut-off k = 1 and consequently
the wave functions f{ , , are supported in unit balls in each variable k1, ..., k,
separately. This gives Lemma 3.2.

In preparation for the proof of Lemma B.1, we state a general relation
for wave functions of a Fock space vector:

" 1

w,p,a(klv LR kn) = ﬁ«zv a(kl) cee a(kn)¢p,a>' (BQ)
This formula is meaningful by considerations in [15, Appendix D]. Let us now
introduce the following auxiliary functions:

n T CAX O,k (F:)
@2:=c and g’(ki,... kn) ::HW,nZ 1, (B.3)
i=1 ¢

where ki, 1= (1—¢g¢) 7!

below (1.3).

k is slightly larger than x and 0 < ¢y < 1 was introduced

Lemma B.1. The following estimates hold

1 1\ el
05 o rsee kol € < () 50 k) for lal <2 (BA)
Proof. In [16, formula (4.42)], the following functions are introduced*
Fpo bty hn) = W (fp.0)a(kr) - . alkn) Bp.o, (B.5)

where W (f, ) := e® Ure)=allo.o) and the r.h.s. above is well-defined by con-
siderations from [15, Appendix D]. In Proposition 4.7 of [16] and in the sub-
sequent discussion in this reference, the following bounds are shown

a0

) ler]

19y fpo (ks kn)llF < ( ) g (k1,... ky) for Ja| <2. (B.6)
In view of (B.3), the r.h.s. depends on numerical constants, whose dependence
on various parameters is specified at the end of Sect. 3. We note that for |a| =0
(B.4) follows immediately from (B.6) and (B.2).

4 For consistency with the notation from [15-17], we use similar symbols for several different
functions: fp o are defined in (3.4) and fy, in (B.5).
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As for the case |a| = 1, we can write

Oy, (a(ky) ... alkn)po) = Op, (W (fpo) oo (1, - kn)). (B.7)

The term in which the derivative acts on f;a(lﬁ, ..., kp) is immediately esti-
mated using (B.6) for |a| = 1. As for the remaining term, we estimate

10p, (W (fp.o)) fr o (krs - o) || 7
< 2||a(apj fp’U)W(fp,U) Zﬁa(kl, s kn)llF

0y, Folle 1o b1, ) B5)
<2 [ @Ko @y, I o) 153 (o)
+ellog(@) 2 1o kr, o o)l (B9)

For differentiability of the Weyl operator, we refer to Lemma A.2 and the fact
that f;ﬁa is in the domain of Hfl/2 (cf. [15, formula (D.8)]). The bound on
10p, fp,ol2 follows from Lemma E.4. This, together with (B.6), gives (B.4) for
la = 1.

Now, we consider the case |a| = 2. Again, we can write

0, 0p, (a(k1) ... alkn)bp.o) = O, 0p, (W (fpo) fr ok, ... kn)). (B.10)

The term in which both derivatives act on f;o is immediately estimated using
(B.6). Let us consider the term in which one derivative acts on W(f, ) and
another on f;',. Similarly as in (B.8), we have

||8pj (W(fp,a>)api A;L,a(kh te kn)llf

< 2(a(Bp, f,0)Dpi fyo (ks s )l + 10p, S ll2 [10p: £ o (s s o)l -
(B.11)

The last term on the r.h.s. of (B.11) clearly satisfies the required bound by
(B.6) and Lemma E.4. As for the first term above, we note that

a(apj fva>8Pif;?,a(k17 R kn)

. ( 0@, fp,o)(ko)fp,a(ko)) Oy (W (fp)*alks) .- alk)bp)
+ [ @80 0, ) 10)00, (W (o) alho)alh) b)), (B2

where we first computed the derivative of f;ﬁo and then used a(g)W (fp,0)* =
W(fp,o)*(alg) = (g, fp.0)) for g = O, fp.o- The last expression is immediately
estimated using (B.6) for |o| = 1. We still have to estimate a contribution to
(B.10), where both derivatives act on W (fp,o):
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18, 8p; (W (fp,0)) fpo (ks Een)ll =
< (@™ (Dp, fp.r) = (B, fp.0))@* (Bp, fo.0) = alOp, fi. o)W (fp.o) fp o (K1, Ben)l| 7

+1(@* (Bp; 8p, fo.0) — O, Op; fo.o )W (fip,0) fo (ki - Fen) |2 (B.13)

This expression can be estimated by a linear combination of terms of the form:
185 Fo.ollz 1952 Fyoll2 | £ (K - ) |7, (B.14)

105 fp.oll2 1(35 Fo. )W (fp.0) fyo (Rt - )|, (B.15)

1a(05" f.0) (@52 fo. o)W (fp.0) fiio (s Bl (B.16)

where |aq], |az| < 2. Expression (B.14) is estimated using (B.6) for || = 0
and Lemma E.4. Expression (B.15) is estimated as in (B.9). As for (B.16), it
can be bounded by

(B.16) < /dgk’d?’/f" 1052 fio (K152 o (R fy (K K et el
(B.17)
which is estimated with the help of (B.6) for || = 0 and Lemma E.4. O

C Proof of Estimate (3.5)

Lemma C.1. For any ¢ € Ny, the maximal coupling constant Ag > 0 can be
chosen sufficiently small, so that there exists a constant ¢ such that

||H1f(¢p — bpo)llF < o'/, (C.1)
Proof. First, we will prove
I(HY) (8p = bpo)llz < o/ (C.2)

To this end, we recall from [32], [15, Lemma 3.6] the form of the modified
Hamiltonian on D(P? + Hy)

W 1 * (o
oY, = irg,g + /d?’kap,g(ek)ma (k)a(k) + ¢, (C.3)
where
Lpo=VEy, —(p— ), o =W(fpo) W (fp.o)", ()
apoler) = (1—ep-VE, ), '
1 2 1 9 2/ 3 X[o K)(k)
g i=-p°—-(p—VE, ;)" = A A’k ——"———. C5
p 2 2( ) 2|k|2ap,» (ex) (C.5)

The corresponding quantities at ¢ = 0 are denoted by dropping ¢ in the
notation. We will use the standard bounds from [32]

|Ep — Epo| <co, |VE,=VE,,| < o'/t [¢p — dpollr < co'/?,
(C.6)
see also [15, Theorem 2.1 (b), Corollary 5.6], [17, Proposition A.2].
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Now we proceed by induction: for £ = 0 the estimate holds by the third
bound in (C.6). For the inductive step, we compute

1Y) (bp = dp.o)lF = I(HY) ™ (Epdp — Hy ép.0)ll7
< I(HY) ™ (Epdp — Epodp.o)llr + I(HY) T HY — Hy ) )dp.ollr
(C.7)
The first term on the r.h.s. of (C.7) is O(¢'/?) by the induction hypothesis and

the first estimate in (C.6). Concerning the last term on the r.h.s. of (C.7), we

note that there are three contributions to Hy" — H}', coming from the three

terms in the Hamiltonian (C.3). They have the following properties: First, by
(C.6), |cp — 5| < co'/*. Thus, by Lemma C.2,

ICHY) " (ep = ) dpollz < o/t (C.8)

Clearly, for Ao > 0 sufficiently small, the last expression is O(c'/®). The second
contribution is dT'((a . (ex) — ap(er))|k|), where |a, ,(ex) — ap(er)| < cot/
by (C.6). Thus, Lemma C.2 gives

ICH) AT (ap,o (ex) — aplen)) BN Gp.allm < cot/ =%, (C.9)
Concerning the third contribution, (I'J —TI'2 ), we note that on D(P? + Hp),

(va:’g)i = W(fP,U)Pf,iW(fp,o)* = (Pf)z - a*(kifp,o) - a(kifp,o) + <fp,o7 kifp,a>
= (wa)z - ‘l*(ki(fp,a - fp)) - a(ki(fp,rf - fp)) + ((fp,au kifp,r7> - <fp: kifp>)~
(C.10)

Consequently, '), , = I'), + AL, ,, where

(Arpya)i = _a*(ki(fp,a - fp)) - a(ki(fp,a - fp)) + ((fp,aakifpyﬁ - <fp7kifp>>
+(VEpo — VE,);. (C.11)

Considering that (I'2—I'2 ;) = —T',-AT'}, ,—Al}, ;- I',— (AT}, ;)?, Lemmas C.2
and E.5 give

I(Hy) HTS =T o) bpollr < cot/40%. (C.12)
This concludes the proof of (C.2). Now, (C.1) follows from Lemma C.3. O
Lemma C.2. Let hq,...,hy be real-valued measurable functions (in momentum

space) which are bounded on compact sets. Then,

[dT(hy) - .. AT (he) .o

C
s ( sup [ (ka)].. sup |hf(k4)|>a

[k1|<ra [ke| <k
(C.13)

where ¢g, 0y, may depend on L. Furthermore, if f1,..., f; € L*(R}) are sup-
ported in a ball of radius k., then we get

IAT(h1) ... AT (he)a™ (f1) - .. ™ (f)dpoll 7

= cf’g ( sup [y (k). sup |h(ke)|> (Ifall2- - 11zl2) . (C.14)

A
go [k1|<rs [ke| <rx
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where ¢, ;7 and §y, may depend on £, (. The estimate also holds for an arbitrary

permutation of the (£ + £)-element set of operators on the l.h.s. of (C.14).

Proof. We consider (C.13) for £ = 1. Let f{; , , be the n-photon wave functions
of ¢, . Then, by [17, Proposition A.4], we have

| fop.o By kn)l (k1. kn)s (C.15)

1
< _ - n
= V%
where g7 are defined as in (B.3). Thus,

L [ o n
10 () .ol < D ;/d"‘" k(ha (k) + oot b (kn)? g5 (ks K
n=1

2
<< sup h(k>|> Zg/d‘* klga (k... k)|
n=1

|k <rx

<
= 05)\0

<sup |h(k)) , (C.16)

k| <rs

where we estimated as in (B.1). Generalization to arbitrary ¢ is straightfor-
ward.

As for (C.14), we first commute all the operators a(*)(f;) to the left and
thus get a linear combination of terms of the form

Ja® () DA+ N+ N) (AL (hiy) - AT (R, ) bpo [l (CAT)
where f/(k) = hj, (k) ... h;,(k)fi(k) and the functions h; included in f/ do not
appear in the product of dI'(h;,) in (C.17). Now using the number bounds

(A.2) on creation and annihilation operators, assumption on the supports of
fi and (C.13), we obtain the claim.

Lemma C.3. For any { € N, the operators Hf (i + HY)™" are bounded.

Proof. Let 1 € F, ||| = 1, be in the domain of Hf. Then, we can write

|1+ =)™ Hiw| < (1 + Hy) ™ — 1+ Hy,) ") Hi v
HA + Hpo) (W (fpio) HW (fp.0)) || 7. (C.18)

Exploiting the concrete expression for W(f, »)*HiW(fp,») and standard en-
ergy bounds for the Hamiltonian H,, ,, i.e. the boundedness of (1+ H,, ,)"“Hf
(cf. [22, Appendix DJ), we obtain that the last term is uniformly bounded in
o. Now since lim,_.g HXU = H]‘D” in the norm-resolvent sense, we complete
the proof by first taking ¢ — 0 on the r.h.s. and then taking supremum over
. (The statement about the norm-resolvent convergence is verified using the
resolvent identity and explicit formulas for H}Y, — H}', appearing in the proof
of Lemma C.1).
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D Proof of Lemma 4.1
D.1 Proof of (4.2)

Let V:= U}y j<n VEI())‘) |p € suppg} and V5 be an open set containing the

closed set V. Since |VE1(,)‘)\ < ¢y < 1for p € §, we can ensure that Vs is in
the interior of the ball of radius ¢y centered at zero. As we show below by the
non-stationary phase method, for /¢t ¢ V5 and any ¢ of norm one from the
dense domain in the statement of Lemma 4.1

oo (N
X{|z\/t¢vd}(m)/d3pe’(” B ”(w,g(p)bf’

< e(1+ [2] + ) 72Xl gviy (@) D sgp\w,@;‘g(p))f\, (D.1)
jal<2

where ¢ is independent of g, z,t. Hence, considering that |z|/t > ¢y implies
(x/t) ¢ Vs, we obtain for any 0 < e < 1,

/ d?’(E sup <w7/d3pei(p-m—E;>\)t)g(p)>
>0t IIpllr< -

. 1
< / A3z e(l+ |z]) 2 sup —————
|z|>cot 042<2p,|x’|>cot (1 + |‘T/| + t)a

2

195 9@)lF |

(D.2)

which gives (4.2).

Estimate (D.1) is obtained by a slight generalization of Corollary of The-
orem XI.14 from [35], which makes the dependence of the r.h.s. on g explicit.
Namely, we set v := x/t and write

p-a— BV = (o] + 0FN (@), FN(p) = pffff) (D:3)
and note that
v—VEM
IV, FN (p)| = ﬁ >e>0. (D.4)

Here, € can be chosen uniformly in p € S, |A\| < A\g and v ¢ V; since V :=

UI/\ISAO{ VE,(,)‘) | p € supp g} is a compact set contained in the open set Vs. We
can thus write the following identity
A i(lz &)
Sitpa—BO) _ el PO ) _ 1 V,FEN(p) - V,eillel+)FD @)
il +1) IV, B ()2

)

(D.5)

substitute it to the Lh.s. of (D.1) and integrate by parts w.r.t. p. By repeating
this procedure, we obtain (D.1). The uniformity of the constant in (D.1) in
v & Vs, |A] < Ao and g follows from the uniformity of e.
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D.2 Proof of (4.1)
As we show below by the the stationary phase method, we have for all € R?

i(px—EXN
’xmmgco}(x)/d?’pe(p E 0, g(p)) #

< et X a <o} (®) Y sup| (1, 059(p)) . (D.6)

laj<2 P
Thus, we get

/ Fr sup <¢, / di‘pei@'f’%“g(p)>
|z|<cot [[v] <1 F

§/|x|§cotd3$0(t_3)<z sup ||3§9(p)||f>27 (D.7)

‘a|<2P7|$/|§Cot

2

which gives (4.1).

Estimate (D.6) is obtained by generalizing the Corollary of Theorem
XI.15 from [35] so as to make the dependence of the r.h.s. of (D.6) on g
explicit. Again, the non-trivial part is to make sure that the constant ¢ in
(D.6) is independent of g, z,t and uniform in |A| < Ag. To carefully keep track
of this aspect, let us recall Theorem XI.15 of [35]:

Theorem D.1 [35]. Let f be a C™ real-valued function defined in a neighbour-
hood of 0 in R™. Suppose that (V f)(0) = 0 and that its Hessian matriz at zero
is invertible. Then, there is a neighbourhood O of 0 s.t. for any s > n/2 there
is a ¢ so that for allu € C§°(O) and 7> 1

‘/d"peif(p)Tu(p)’ < er /2 Z sup |9, u(p)|. (D.8)
laj<s P

Moreover, given such an fo, there exist neighbourhoods O1 and Oq of zero with

01 C Oy C O and a neighbourhood N of fo in the C*(Oy) topology (for some

?) so that (D.8) holds for all u € C§°(O1) and f € N.

We denote u(p) := (1, g(p))F, v := 2/t € Vs and consider the following
integrals

- i (A),v v
%) (w) ::/d‘3p6F fup), FNY(p)=p-v—EM.  (D.9)

We note for future reference that for any fixed |\ < A\g,v € Vs the func-
tion F(M)-¥ has exactly one critical point in S by invertibility of the relation
P VEIE’\) given by Lemma 3.1. Now for any given F*)V we consider neigh-
bourhoods @1, O of its critical point and a neighbourhood N of F(*):V in the
C*(05) topology as in the second part of Theorem D.1. Let B, ,. be an open
ball of radius r centered at v and Jy, := (A —r, A+ 7). It is easy to see using
Lemma 3.1 that for r sufficiently small,

{FOY (N V') € Jar X By} CN. (D.10)
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In fact, it is enough to check that

sug|ag (p-(v=v)— (BN — EQM)| < er (D.11)
pE

for || < £ which follows from analyticity of (p, \) — EI(,A). By reducing r again,
we can also ensure that the critical points do not approach the boundary of
01, that is,

{p e 0 |va(>‘/)’V/ =0, (/\I,V/) € Jyr X va} C 0. (D.12)

In fact, if this relation was violated, there would be a sequence of critical points
O1 > pn — p € O1\O; corresponding to a sequence (\,,v)) € Jy, x By .
Since 7 is such that (D.10) holds (and all F*)»¥" in (D.10) have critical points
in O1) this latter sequence must have accumulation points at the boundary of
Jar X By . By passing to J) ;.2 X By /2, we exclude the sequence.

Since the sets Jy ,» X By, form a covering of the compact set [—Ag, Ag] X
Vs, we can choose a finite sub-covering, labelled by the resulting centers
(A, v1)y oy (A, Vi ). We denote the neighbourhoods Oy, corresponding to
FOOv o pQm)vm ag O1.1,...,01m. We denote by xo, ; € C5°(O1 ;) the
approximate characteristic function of O, ;. Using (D.12), we can choose it in
such a way, that the critical points of FO)Y' (N v/) e Jy;r; X By, are
outside of the support of 1 — xo, ;. Then, for each XA € [=Xg, Ao], v € V5, we
write

18 (w) = 1Y) (xo, ,u) + I (1 = xo, ,)u), (D.13)

where j is chosen so that (A, v) € Jy, » x By, . Now, since the Hessian matrix

of p— Ez(,)‘) has the positivity property from Lemma 3.1, the first term on the
r.hs. of (D.13) satisfies the estimate from Theorem D.1,

A _
12 (o, ,u)l < ct™2 3 sup |95 u(p)] (D.14)
loj<2 P
with a constant chosen from a finite set, corresponding to FGA1)-v1 - FAm)vm

To treat the second term on the r.h.s. of (D.13), we write similarly as in (D.5)

v iFM)Y
ei(P'w—E,(J)‘)t) _ eiF(A),V(p)t _ l VpF(A), (p) - Vye F (p)t

D.1
TN A ORI (D-15)

and integrate twice by parts. For p in the support of 1 — xp, ; and (A, v) €
Jx;r X By, r, the denominator satisfies

IV FOY(p)| = [v = VEV| > ¢; > 0, (D.16)

by our choice of xo, ; and relation (D.12). Thus, we obtain

I (1= xo,,)u)| < ct™2 Y sup |95u(p)|. (D.17)
laj<2 P
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Summing up, for v € Vs, A € [~Xo, Aol
‘/d?’ iFVy, (p)| < ct™3/? Z sup |9, u(p)|, (D.18)

ECI
with a constant independent of u, z,¢ and uniform in |A| < Ag. Using this and
(D.1) we verify (D.6).

E Properties of Functions f,, f, »
We recall from (1.7), (3.4) the definitions:
Xﬂ(k) 1 Xlo,k) (k) 1

k) := s foo(k) = A .
fp( ) 1/2|]<;| |/€|(1—€;€-VEP> I, (k) ,/2|]q;| |k|(1—€k~VE ,U)
(E.1)
We start with the following preparatory lemma.
Lemma E.1. Forn =1,2,..., there holds the bound
w(K)™
/ X|]£|3) leT ikt _qn @Bk < ¢, (14 log(1 4+t + |z])). (E.2)
Proof. We estimate
Xn(k) —i|k|t+ik-z _ 1|n 73
11"d°k
| e |
dikl ek
< dQ(ek)/ | ic|kle(t—ep-x) _ |n
;L(tak-m)>() 0 |k‘
r(1+t+|z]) d|k’|
< dQ(ek)/ | —ielk| _ |n
;L(tak-x)>0 0 ‘k|
d|k| ikl /n(1+t+|a:|) d|k‘
<c g 1™ + 2™ —_—
<c [ Gl ver | A
< cp(l+log(1+t+ |z])). (E.3)
This completes the proof.
Lemma E.2. There holds the following bound for |a| =0, 1,2
|05 (p, 2, )] < AP (1 +log(1+t + [z])). (E.4)
Proof. We have
Xx () 1
Op, [p(k) = A Oy, (e - VE E.5
szp( ) \/§|k|3/2 (1 —ep - VEp)2 Pz(ek \Y P>7 ( )
Xr (k) 1
2 (ex - VE (ex - VE
Op, Op, fp(k) = f|k|3/2{ (l_ek.VEp)gapJ(ek VE,)0, (e - VEp)
1
e O e VB | (E)
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Thus by Lemma 3.1, we have

Xr (K
81 100 S0, 135,20 8 < A 0 (E7)
Now, we write
052 (p..t) = [ ARG sin(lklt ~ o) (E5)
Clearly, estimates (E.7) and Lemma E.1 give (E.4). (Here, we made use of
|sin y| = [Ime®| = [Im(e® — 1)| < |e® — 1].)

Lemma E.3. Let m(t,z) := (e "*It+ik= _ 1) Then, for |a| < 2,|8| <2,
(85 fom(t,x), 07 fym(t,x))| < c[A*(1 + log(1 + ¢ + |])). (E.9)

Proof. Follows immediately from (E.7) and Lemma E.1. Indeed, we have
/ Ak |(9 £,) (k) (D2 f,) (k)| eIkl +ika 1)

k:)2 . )
< 2 [ Bk X ( —ilk|t+ika _ )2
<d? [ ath e |

< M1 +log(1 +t 4+ |z]), (E.10)
which concludes the proof.

Lemma E.4. The following bounds hold

a X[or) (F)
|6p f;ma(k” < CAW for |O[| = 0,17
(B.11)
O,K k
10 fp.o(F)| < ¢ Xiow)(F) for |a|=2.

90 \/§|k|3/2

Proof. The estimates follow from definition (3.4) via computations analogous
to (E.5)—(E.6). For the relevant estimates on derivatives of S 3 p — E, , up
to the third order, see [15, Theorem 2.1].

Lemma E.5. The following bounds hold
ki (fp,0 = fo)ll2 < CUl/4a [(fp.oskifpo) = (fpskifp)| < o/, (E.12)
Proof. Definitions (E.1) give

_ Xl (F) 1
FoB) = ) = V2IE[3/2 (1 — ey - VEp)
Xo.r] (K) ( 1 - 1 >
+)\\/§|k|3/2 1—ex-VE,) (1—er VEyy,) , (E.13)

where X[o,5] is the characteristic function of a ball of radius o centered at zero.
Now considering that |VE, — VE, ,| < ca'/* (cf. (C.6) above), we can write
for any 5 >0

1K (fo = fo)ll2 < e(0” +0/1). (E.14)
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Setting § = 1, we obtain the first bound in (E.12). As for the second estimate,
we note that

|<fp,0akifp,a> - <fpakifp>| < /dgk |k||(fp,a(k) - fp(k))(fp,o(k) + fp(k’))|

< K2 (oo = Sl (N EI oo 2+ E[Y2 fol2)-
(E.15)

Applying (E.14) with 3 = 1/2 and considering that || |k|*/2f, o |2, | [E[*/? f, |2 <
¢, we conclude the proof. O

References

[1] Abdesselam, A., Hasler, D.: Analyticity of the ground state energy for massless
Nelson models. Commun. Math. Phys. 310, 511-536 (2012)

[2] Albeverio, S.: Scattering theory in a model of quantum fields. I. J. Math. Phys.
14, 18001816 (1973)

[3] Bach, V., Frohlich, J., Sigal, I.M.: Renormalization group analysis of spectral
problems in quantum field theory. Adv. Math. 137, 205-298 (1998)

[4] Bach, V., Chen, T., Froehlich, J., Sigal, I.M.: The renormalized electron mass in
non-relativistic quantum electrodynamics. J. Funct. Anal. 243, 426-535 (2007)

[5] Bachmann, S., Deckert, D.-A., Pizzo, A.: The mass shell of the Nelson model
without cut-offs. J. Funct. Anal. 263, 1224-1282 (2012)

[6] Ballesteros, M., Deckert, D.-A., Hénle, F.: One-boson scattering processes in
the massless Spin-Boson model: a non-perturbative formula. Adv. Math. 371,
107248 (2020)

[7] Bratteli, O., Robinson, D.W.: Operator Algebras and Quantum Statistical Me-
chanics 2. Second Edition, Springer, Berlin (2002)

[8] Chen, T., Frohlich, J., Pizzo, A.: Infraparticle scattering states in non-relativistic
QED: I. The Bloch—Nordsieck paradigm. Commun. Math. Phys. 294, 761-825
(2010)

[9] Chen, T., Frohlich, J., Pizzo, A.: Infraparticle scattering states in non-relativistic
QED: II. Mass shell properties. J. Math. Phys. 50, 012103 (2009)

[10] Cook, J.M.: Convergence of the Moeller wave matrix. J. Math. Phys. 36, 82-87
(1957)

[11] Dam, T.N.: Non-existence of ground states in the translation invariant Nelson
model. Ann. Henri Poincaré 21, 2655-2679 (2020)

[12] Dereziniski, J.: Van Hove Hamiltonians—exactly solvable models of the infrared
and ultraviolet problem. Ann. Henri Poincaré 4, 713-738 (2003)

[13] Dereziniski, J., Gérard, C.: Scattering theory of infrared divergent Pauli-Fierz
Hamiltonians. Ann. Henri Poincaré 5, 523-577 (2004)

[14] Dybalski, W.: From Faddeev-Kulish to LSZ. Towards a non-perturbative de-
scription of colliding electrons. Nuclear Phys. B 925, 455-469 (2017)

[15] Dybalski, W., Pizzo, A.: Coulomb scattering in the massless Nelson model II.
Regularity of ground states. Rev. Math. Phys. 31, 1950010 (2018)



Vol. 25 (2024) Infraparticle States 211

[16] Dybalski, W., Pizzo, A.: Coulomb scattering in the massless Nelson model III.
Ground state wave functions and non-commutative recurrence relations. Ann.
Henri Poincaré 19, 463-514 (2018)

[17] Dybalski, W., Pizzo, A.: Coulomb scattering in the massless Nelson model IV.
Atom-electron scattering. Rev. Math. Phys. 34, 2250014 (2022)

[18] Faupin, J., Frohlich, J., Schubnel, B.: Analyticity of the self-energy in total
momentum of an atom coupled to the quantized radiation field. J. Funct. Anal.
267, 4139-4196 (2014)

[19] Frohlich, J.: On the infrared problem in a model of scalar electrons and massless,
scalar bosons. Ann. Inst. H. Poincaré Sect. A (N.S.) 19, 1-103 (1973)

[20] Frohlich, J., Pizzo, A.: Renormalized electron mass in non-relativistic QED.
Commun. Math. Phys. 294, 439-470 (2010)

[21] Frohlich, J.: Existence of dressed one electron states in a class of persistent
models. Fortschr. Phys. 22, 158-198 (1974)

[22] Frohlich, J., Griesemer, M., Schlein, B.: Asymptotic electromagnetic fields in
models of quantum-mechanical matter interacting with the quantized radiation
field. Adv. Math. 164, 349-398 (2001)

[23] Gabai, B., Sever, A.: Large gauge symmetries and asymptotic states in QED.
JHEP12 095 (2016)

[24] Griesemer, M., Wiinsch, A.: On the domain of the Nelson Hamiltonian. J. Math.
Phys. 59, 042111 (2018)

[25] Hiroshima, F., Osawa, S.: Mass renormalization in the Nelson model. Int.
J. Math. Math. Sci. 2017, 4760105-21 (2017). https://doi.org/10.1155/2017/
4760105

[26] Konenberg, M., Matte, O.: The mass-shell in the semi-relativistic Pauli-Fierz
model. Ann. Henri Poincaré 15, 863-915 (2014)

[27] Lee, T.D., Low, F.E., Pines, D.: The motion of slow electrons in a polar crystal.
Phys. Rev. 90, 297-302 (1953)

[28] Miyao, T.: Nondegeneracy of ground states in nonrelativistic quantum field the-
ory. J. Oper. Theory 64, 207241 (2010)

[29] Miyao, T.: On renormalized Hamiltonian nets. Ann. Henri Poincaré 22, 2935
2973 (2021)

[30] Nelson, E.: Interaction of nonrelativistic particles with a quantized scalar field.
J. Math. Phys. 5, 1190-1197 (1964)

[31] Panchenko, M.: The infrared triangle in the context of IR safe S matrices.
arXiv:1704.03739

[32] Pizzo, A.: One-particle (improper) states in Nelson’s massless model. Ann. Henri
Poincaré 4, 439-486 (2003)

[33] Pizzo, A.: Scattering of an infraparticle: the one particle sector in Nelson’s mass-
less models. Ann. Henri Poincaré 6, 553-606 (2005)

[34] Reed, M., Simon, B.: Methods of Modern Mathematical Physics II. Fourier Anal-
ysis, Self-Adjointness. Academic Press, London (1975)

[35] Reed, M., Simon, B.: Methods of Modern Mathematical Physics III. Scattering
theory. Academic Press, London (1979)

[36] Spohn, H.: Dynamics of Charged Particles and their Radiation Field. Cambridge
University Press, Cambridge (2004)


https://doi.org/10.1155/2017/4760105
https://doi.org/10.1155/2017/4760105
http://arxiv.org/abs/1704.03739

212 V. Beaud et al. Ann. Henri Poincaré

[37] Strominger, A.: Lectures on the Infrared Structure of Gravity and Gauge Theory.
Princeton University Press, Princeton (2018)

[38] Weinberg, S.: Infrared photons and gravitons. Phys. Rev. 140, B516 (1965)

Vincent Beaud

Zentrum Mathematik

Technische Universitat Miinchen
Boltzmannstrafie 3

85748 Garching

Germany

e-mail: vincent.beaud@hotmail.com

Wojciech Dybalski

Faculty of Mathematics and Computer Science
Adam Mickiewicz University in Poznan

ul. Uniwersytetu Poznanskiego 4

61-614 Poznan

Poland

e-mail: wojciech.dybalski@amu.edu.pl

Gian Michele Graf

Institut fiir Theoretische Physik
ETH Ziirich
Wolfgang-Pauli-Str. 27

8093 Ziirich

Switzerland

e-mail: gmgraf@phys.ethz.ch

Communicated by Jan Derezinski.
Received: December 10, 2021.
Accepted: December 8, 2022.



	Infraparticle States in the Massless Nelson Model: Revisited
	Abstract
	1. Introduction
	2. Motivation for the Infraparticle Ansatz (1.8)
	3. Preliminaries
	4. Infraparticle States
	5. Conclusions
	Acknowledgements
	A Energy Bounds and Derivatives of the Weyl Operators
	B Proof of Lemma 3.2
	C Proof of Estimate (3.5)
	D Proof of Lemma 4.1
	D.1 Proof of (4.2)
	D.2 Proof of (4.1)

	E Properties of Functions fp,  fp,σ
	References




