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Derivation of the Linear Boltzmann
Equation from the Damped Quantum
Lorentz Gas with a General Scatterer
Configuration
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Abstract. It is a fundamental problem in mathematical physics to derive
macroscopic transport equations from microscopic models. In this paper,
we derive the linear Boltzmann equation in the low-density limit of a
damped quantum Lorentz gas for a large class of deterministic and ran-
dom scatterer configurations. Previously this result was known only for
the single-scatterer problem on the flat torus, and for uniformly random
scatterer configurations where no damping is required. The damping is
critical in establishing convergence—in the absence of damping the lim-
iting behaviour depends on the exact configuration under consideration,
and indeed, the linear Boltzmann equation is not expected to appear for
periodic and other highly ordered configurations.

1. Introduction

The quantum Lorentz gas is a model of conductivity in which a single quan-
tum particle (electron) evolves in the presence of a potential given by an in-
finite collection of compactly supported profiles placed on a discrete point set
P ⊂ R

d. These profiles, called scatterers from here on, represent the relatively
heavy molecules of the background material. The point set one should choose,
and the limiting behaviour one should expect, is thus dependent on the micro-
scopic structure of the material in question. A fundamental question is whether
one can, for a given P, derive a macroscopic transport equation, e.g. the linear
Boltzmann equation, from this microscopic model.
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Some reasonable choices for P are (i) a realisation of a (Poisson) point
process to model disordered materials or an environment with random impu-
rities, (ii) a lattice, union of lattices, or other periodic set to model metals and
heavily ordered materials, (iii) aperiodic point sets to model quasicrystals. In
the classical (non-quantum) setting, the pioneering papers [1,8,20] established
convergence of the Liouville equation to the linear Boltzmann equation in the
low-density (Boltzmann–Grad) limit, provided the scatterer configuration P
is random, e.g. given by a homogeneous Poisson point process. More recent
work has shown that in the case of crystals [2,15] or other point sets with long-
range correlations (e.g. quasicrystals) [16], different transport equations will
emerge in the Boltzmann–Grad limit due to correlations that arise between
consecutive collisions. These findings are somewhat mirrored in the quantum
setting: on the one hand, Eng and Erdös [5] proved convergence to the linear
Boltzmann equation for random potentials in the low-density limit, following
analogous results in the weak-coupling limit by Spohn [19] and Erdös and Yau
[6]; on the other hand, recent evidence suggests that a different transport law
emerges in the same scaling limit when the potential is periodic [9,10].

The motivation for the work of the present paper is Castella’s striking
observation [3,4] that the space-homogeneous linear Boltzmann equation can
be obtained as the limit of the von Neumann equation on the flat torus with
a small scatterer if some damping is introduced. In particular, the evolution
for ‘diagonal’ terms is undamped (where incoming and outgoing momenta are
equal), and the evolution for ‘nondiagonal’ terms is exponentially damped in
time (where incoming and outgoing momenta differ). This exponential damp-
ing of nondiagonal terms models phenomenologically the interaction of the
system with, for example, a bath of photons or phonons, see [3] and references
therein, in particular [21, Chapter 7–3]. (Also [11,14]). In a rough sense, inter-
actions with a ‘noisy’ external environment can lead to ‘random’ perturbations
of the momenta. When the incoming and outgoing momenta are equal, these
random perturbations tend to cancel one another out, but when the incoming
and outgoing momenta are distinct, these random perturbations persist and
lead to exponential decay. Here, we will show, using such a damping mech-
anism, that the full (position dependent) linear Boltzmann equation can be
obtained as a limit of the quantum Lorentz gas in R

d for a general class of
scatterer configurations which includes both periodic and disordered examples.

The proof differs from that of the main Theorem in [3,4] in a number
of ways. If the problem is restricted to the torus one has discrete momenta,
and this allows Castella to (i) introduce a damping which is constant on all
nondiagonal terms, but zero for diagonal terms, and then (ii) derive a transport
equation for the diagonal part of the density matrix before taking any scaling
limit to eliminate the nondiagonal terms— the convergence is then established
on the level of this transport equation. If one instead considers the problem in
R

d the momenta are continuous and this approach no longer works. Instead,
we (i) introduce a smooth damping function which is zero for diagonal terms
and approaches some constant value smoothly as one moves away from the
diagonal, and (ii) compute the limit of the full Duhamel expansion, separating
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damped and undamped regions using a combinatorial argument, and then
show that the resulting expression satisfies the linear Boltzmann equation. The
damping function in particular must be carefully chosen to scale in the correct
way in the small scatterer limit in order to obtain this limiting behaviour,
and one must be careful in dealing with the intermediate regime between the
undamped and fully damped terms.

We assume in the following that d ≥ 3. The time evolution of the quantum
Lorentz gas is described by the Schrödinger equation

ih
2π

∂tψ(t,x ) = Hh,λψ(t,x ), (1.1)

where

Hh,λ = − h2

8π2
Δ +

∑

q∈P
λ(rd−1q)W (r−1(x − q)). (1.2)

The single-site potential W is assumed to be in the Schwartz class S(Rd),
r > 0 is the effective radius of each scatterer, and the λ is a cut-off function
which we assume to be smooth with compact support contained within the
unit ball. The classical mean free path length is O(r1−d), so λ has the effect of
truncating the potential on the macroscopic scale. The assumption that λ is
compactly supported is a technical one to avoid infinite summation and it is
possible that it can be weakened significantly. (For example, one may ideally
wish to take λ(q) constant.)

We assume that P ⊂ R
d is a uniformly discrete point set with asymptotic

density one. This technical requirement is introduced so that P provides a
suitable set over which a d-dimensional Riemann sum can be computed, and
that this Riemann sum converges with an explicit error term. In particular, we
require that there exists bP , cP > 0 such that ‖q − q ′‖ > bP for all q , q ′ ∈ P
with q �= q ′ and for every g ∈ C∞

c (Rd), 0 < ε < 1 we have

εd
∑

q∈P
g (εq) =

∫

Rd

g(x )dx + O(εcP ‖∇g‖). (1.3)

Deterministic examples of P that satisfy these assumptions are lattices
(e.g. P = Z

d) and large classes of quasicrystals (e.g. the vertices of a Penrose
tiling). For random examples, one can take the so-called Matérn processes [17]
in which a realisation of a homogeneous Poisson point process is then thinned
to remove clusters, or a random displacement model, in which each point in a
deterministic set (e.g. a lattice) is randomly perturbed by a small amount. (As
long as the random perturbation is small enough the resulting point set will
be uniformly discrete provided the initial point set is uniformly discrete). The
restriction to uniform discreteness likely can be weakened. For example, one
may wish to take bP to depend on ‖q‖ and ‖q ′‖, or insist that ‖q − q ′‖ > bP
holds only for almost all pairs of points in P. In both cases, we expect the
same results to hold.

To study the quantum transport and the Boltzmann–Grad limit, it is con-
venient to move to the equivalent Heisenberg picture and study the quantum
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Liouville equation (or von Neumann equation/backward Heisenberg equation)

∂tρt = −2πi
h

[Hh,λ, ρt] (1.4)

for a density operator ρt. We introduce damping to the system by considering
the α-damped von Neumann equation (in momentum representation):

∂t ρ̂t(y ,y ′) = −2πi
h

[Ĥh,λ, ρ̂t](y ,y ′) − αd

h

(
1 − Γ(αh1−d(y − y ′))

)
ρ̂t(y ,y ′),

(1.5)

where α ≥ 0 is the strength of the damping and Γ ∈ C∞
c (Rd) with values in

[0, 1] so that Γ(y) = 1 in some neighbourhood of the origin and Γ(y) = 0
for ‖y‖ > 1. Equation (1.5) describes the averaged quantum dynamics of a
particle subject to white noise in momentum where Γ(y) is the covariance
function of the corresponding Gaussian random field. We refer the reader to
[7] for detailed rigorous treatment of white noise perturbations in phase space,
and to [12,13,18] for the more standard setting in position space.

In order to establish the convergence of the damped von Neumann equa-
tion (1.5) to the linear Boltzmann equation, we need to carefully prepare the
initial condition of ρt relative to a classical phase space density a. Following
the approach in [9], we achieve this by the rescaled Weyl quantisation Opr,h(a)
of a classical phase-space symbol a:

Opr,h(a)f(x ) = rd(d−1)/2hd/2
∫

R2d

a

(
1
2 rd−1(x + x ′), y

)
e((x − x ′) · y) f(x ′) dx ′dy ,

(1.6)

with the shorthand e(x) := e2πix. This means we measure momenta on the
semi-classical scale, and position on the scale of the classical mean free path.
Although other scalings are possible, we will here focus on the case when r = h.
This will ensure that scattering remains truly quantum in the limit r → 0, and
that we see the full quantum T -operator in the limit. For the single scatterer
Hamiltonian

Hμ = − 1
8π2

Δ + μW (x ), (1.7)

we define the T -operator at energy E to be the operator satisfying

Tμ(E) = μOp1,1(W )
(

1 +
1

E − H0 + i0+
Tμ(E)

)
(1.8)

and write Tμ(y ,y ′) for its integral kernel in momentum representation at en-
ergy E = 1

2‖y‖2. We have the explicit expansion (understood in terms of
distributions)
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Tμ(y ,y ′) = μŴ (y − y ′)

+
∞∑

�=1

(−2πi)�μ�+1

∫

Rd�

Ŵ (y − y1) · · · Ŵ (y � − y ′)

× [
�∏

i=1

∫ ∞

0

e( 1
2 (‖y‖2 − ‖y i‖2)u)du]dy1 · · · dy �

(1.9)

where

Ŵ (y) :=
∫

Rd

W (x ) e(−x · y) dx . (1.10)

Theorem 1. Let a, b be in the Schwartz class S(Rd × R
d). If ρt is a solution

of the α-damped von Neumann equation (1.5) subject to the initial condition
ρ0 = Opr,h(a), then for t > 0

lim
α→0

lim
r=h→0

Tr(ρr1−dt Opr,h(b)) =
∫

R2d

f(t,x,y)b(x,y)dxdy (1.11)

where f(t,x,y) solves the linear Boltzmann equation

⎧
⎨

⎩

(
∂t + y · ∇x

)
f(t, x, y) =

∫

Rd

[
Σλ(x)(y, y′)f(t, x, y′) − Σλ(x)(y

′, y)f(t, x, y)
]
dy′

f(0, x, y) = a(x, y)

(1.12)

with the collision kernel

Σμ(y,y′) = 8π2|Tμ(y,y′)|2 δ(‖y‖2 − ‖y′‖2). (1.13)

Note that the limits α → 0 and r → 0 do not commute. Indeed if one
first takes the limit α → 0 followed by r → 0 one is back in the situation
of [5,9,10] where the limit depends on the precise nature of P. The striking
feature of Theorem 1 is that the limit is the same for all admissible scatterer
configurations P, from periodic to highly disordered.

In Sect. 2, we perform the Duhamel expansion of the solution to the
damped Heisenberg equation, this allows us to obtain an explicit formal ex-
pansion for the solution as a power series in λ(x ). In Sect. 3, we perform a
carefully chosen partition of unity which allows us to isolate the damped and
undamped regions. In Sect. 4, we perform the low-density followed by the zero
damping limit on this reorganised series. This section constitutes the bulk of
the paper: we first show that the sum of all nondiagonal terms converges, and
then vanishes in the limit; then, we show that the sum of all diagonal terms
converges, and hence that the entire series converges to some f(t,x ,y) given
explicitly as an expansion in λ. In Sect. 5, we prove that our limiting expression
coincides with a solution of the linear Boltzmann equation using [4].
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2. Deriving a Formal Expansion

In the momentum representation, the kernel of the Hamiltonian (1.7) reads

Ĥh,λ(y ,y ′) =
h2

2
‖y‖2 δ(y − y ′) + Ôp(V )(y ,y ′) (2.1)

where

Ôp(V )(y ,y ′) = rd
∑

q∈P
λ(rd−1q)e(q · (y ′ − y))Ŵ (r(y − y ′)). (2.2)

Inserting these into (1.5) yields, after a suitable variable substitution,

∂tρ̂t(y , y ′) = −
(

πi h(‖y‖2 − ‖y ′‖2) +
αd

h
(1 − Γ(αh1−d(y − y ′)))

)
ρ̂t(y , y ′)

− 2πi

h
rd

∑

q∈P
λ(rd−1q)

∫

Rd

dz e(−q · z)Ŵ (rz) [ρ̂t(y − z , y ′)

− ρ̂t(y , y ′ + z)].

(2.3)

Following Castella [3], it will be convenient to write

ρ̂t(y − z,y ′) − ρ̂t(y ,y ′ + z) = −
∑

γ∈{0,1}
(−1)γ ρ̂t(y − γz,y ′ + γ̄z) (2.4)

with γ̄ := 1 − γ. The Duhamel principle for (2.3) yields

ρ̂t(y ,y ′) = e(−h
2 (‖y‖2 − ‖y ′‖2) t) e− αd

h (1−Γ(αh1−d(y ′−y))) tρ̂0(y ,y ′)

+
2πi
h

rd
∑

q∈P
λ(rd−1q)

∫

Rd

dz e(−q · z)Ŵ (rz)
∑

γ∈{0,1}
(−1)γ

×
∫ t

0

e(−h
2 (‖y‖2 − ‖y ′‖2) (t − s)) e− αd

h (1−Γ(αh1−d(y ′−y))) (t−s)

× ρ̂s(y − γz,y ′ + γ̄z) ds.

(2.5)

Iterating this expression and making the substitutions u0 = t − s1 and uj =
sj − sj+1 for j ≥ 1, we obtain the formal expansion

ρ̂t(y , y ′) = e(− h
2 (‖y‖2 − ‖y ′‖2) t) e− αd

h
(1−Γ(αh1−d(y ′−y))) tρ̂0(y , y ′)

+

∞∑

m=1

(2πih−1rd)m
∑

q1,··· ,qm∈P
λ(rd−1q1) · · · λ(rd−1qm)

×
∫

Rmd

dz1 · · · dzme(−q1 · z1 − · · · − qm · zm) Ŵ (rz1) · · · Ŵ (rzm)

×
∑

γ1,··· ,γm∈{0,1}
(−1)γ1+···+γm

∫

�m(t)
du0 · · · dum

×

⎡

⎣
m∏

j=0

e

(
− h

2

(
‖y −

j∑

i=1

γiz i‖2 − ‖y ′ +

j∑

i=1

γ̄iz i‖2

)
uj

)⎤

⎦

×

⎡

⎣
m∏

j=0

e− αd

h
(1−Γ(αh1−d(y ′−y+

∑j
i=1 z i))) uj

⎤

⎦ ρ̂0

(
y −

m∑

i=1

γiz i, y
′ +

m∑

i=1

γ̄iz i

)

(2.6)
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where 	m(t) ⊂ R
m+1 is the set

	m(t) = {(u0, . . . , um) ∈ R
m+1
+ | u0 + · · · + um = t}.

We now wish to compute Tr(ρr1−dt Opr,r(b)) = Tr(ρ̂r1−dtÔpr,r(b)), where ρt

solves the damped von Neumann equation (1.5) with initial condition ρ0 =
Opr,r(a). The kernel of Opr,h(a) as defined in (1.6) reads in momentum rep-
resentation

Ôpr,h(a)(y ,y ′) = r−d(d−1)/2hd/2ã(r1−d(y − y ′), h
2 (y + y ′)) (2.7)

where ã(ξ,y) =
∫
Rd a(x ,y)e(−x · ξ)dx . Inserting these in (2.6) yields the

expansion

Tr(ρr1−dtOpr,r(b)) =
∞∑

m=0

(2πi)m Aα,r
m (t) (2.8)

where

Aα,r
0 (t) = r−d(d−2)

∫
R2d dydη e(−1

2r2−d(‖y‖2 − ‖η‖2) t)e−αdr−d(1−Γ(αr1−d(η −y)))t

×ã(r1−d(y − η ), r
2 (y + η )) b̃(r1−d(η − y), r

2 (η + y)), (2.9)

and for m ≥ 1

Aα,r
m (t) = r(m−d)(d−1)+d

∑

q1,··· ,qm∈P
λ(rd−1q1) · · · λ(rd−1qm)

×
∑

γ1,··· ,γm∈{0,1}
(−1)γ1+···+γm

∫

R2d

dydη

∫

Rmd

dz1 · · · dzm

×
[

m∏

i=1

e(−qi · z i) Ŵ (rz i)

] ∫

�m(r1−dt)
du0 · · · dum

×

⎡

⎣
m∏

j=0

e− αd

r
(1−Γ(αr1−d(η −y+

∑j
i=1 z i))) uj

⎤

⎦

×

⎡

⎣
m∏

j=0

e

⎛

⎝ r

2

⎛

⎝
∥∥∥∥∥η +

j∑

i=1

γ̄iz i

∥∥∥∥∥

2

−
∥∥∥∥∥y −

j∑

i=1

γiz i

∥∥∥∥∥

2
⎞

⎠ uj

⎞

⎠

⎤

⎦

× ã

(
r1−d

(
y − η −

m∑

i=1

z i

)
, r
2

(
y + η −

m∑

i=1

(γi − γ̄i) z i

))

× b̃(r1−d(η − y), r
2 (η + y)).

(2.10)
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We first make the substitution η → y + rd−1η. Then, make the substitution
y → r−1y and for all j, make the substitutions uj → ruj , zj → r−1zj . This
yields the expression

Aα,r
m (t) =

∑

q1,··· ,qm∈P
λ(rd−1q1) · · · λ(rd−1qm)

∑

γ1,··· ,γm∈{0,1}
(−1)γ1+···+γm

×
∫

R2d

dydη

∫

Rmd

dz1 · · · dzm

[
m∏

i=1

e(−r−1qi · z i) Ŵ (z i)

]

×
∫

�m(r−dt)
du0 · · · dum

⎡

⎣
m∏

j=0

e(ξj uj) e−αd(1−Γ(α(η +r−d ∑j
i=1 z i))) uj

⎤

⎦

× ã

(
− η − r−d

m∑

i=1

z i, y −
m∑

i=1

γiz i + 1
2 rdη + 1

2

m∑

i=1

z i

)
b̃(η , y + 1

2 rdη )

(2.11)

where ξj is given by

ξj = 1
2

(∥∥∥∥∥y +
j∑

i=1

γ̄izi + rdη

∥∥∥∥∥

2)
−

∥∥∥∥∥y −
j∑

i=1

γizi

∥∥∥∥∥

2)

=

(
y −

j∑

i=1

γizi

)
·
(

j∑

i=1

zi + rdη

)
+ 1

2

∥∥∥∥∥

j∑

i=1

zi + rdη

∥∥∥∥∥

2

.

(2.12)

The limit of the first term can be computed immediately.
Proposition 1.

lim
α→0

lim
r→0

Aα,r
0 (t) =

∫

R2d

dxdy a(x − ty,y) b(x,y). (2.13)

Proof. We have that

Aα,r
0 (t) =

∫

R2d

dydη e(y · ηt + rd‖η‖2 t)

e−r−dαd(1−Γ(αη)) tã(−η,y + 1
2rdη) b̃(η,y + 1

2rdη). (2.14)

The functions ã and b̃ are rapidly decaying so this is uniformly bounded as
r → 0. By dominated convergence, we thus obtain

lim
r→0

Aα,r
0 (t) =

∫

R2d

dydη e(y · ηt)ã(−η,y) b̃(η,y)1[Γ(αη) = 1]. (2.15)

Again, by the rapid decay of ã and b̃ this converges in the limit α → 0 and we
obtain

lim
α→0

lim
r→0

Aα,r
0 (t) =

∫

R2d

dydη e(y · ηt)ã(−η,y) b̃(η,y)

=
∫

R2d

dxdy a(x − ty ,y) b(x ,y). (2.16)

�
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3. Manipulating the Expansion

For the higher order terms, we perform a partitioning of the zi integration
region. To see why, note that (2.11) has a product of factors of the form

e−αd(1−Γ(α(η+r−d ∑j
i=1 z i))) uj . (3.1)

If the argument α(η + r−d
∑j

i=1 zi) is large, then this entire factor becomes
e−αd uj , and hence the uj integral is exponentially damped. Our partition will
be precisely into these damped and undamped regions. Let S = {s1, · · · , sp} ⊂
{0, · · · ,m} with s1 = 0 and sp = m and write Πm for the set of all such S.
Define χS : Rd(m−1) → R by

χS(z1, . . . ,zm−1) =

⎡

⎣
p−1∏

j=2

χ(zsj
)

⎤

⎦

⎡

⎣
∏

j /∈S
(I − χ)(zj)

⎤

⎦ (3.2)

where χ ∈ C∞
c (Rd → R) is decreasing in ‖z‖ such that χ(z) = 1 for all ‖z‖ < 1

and χ(z) = 0 for all ‖z‖ > 2. This implies the bound

‖χ‖L1 ≤ vol(B2) (3.3)

where Br is the d-ball of radius r. Note that χS forms a partition of unity:∑
S∈Πm

χS = 1; and also that by assumption on the support of Γ

(1 − χ(αz))e−αd(1−Γ(αz))u = (1 − χ(αz))e−αdu. (3.4)

We put γ = (γ1, . . . , γm) and rewrite (2.11) as

Aα,r
m (t) =

∑

γ∈{0,1}m

(−1)γ1+···+γm

∑

S∈Πm

Aα,r
γ ,S(t) (3.5)

where

Aα,r
γ ,S(t) =

∑

q1,··· ,qm∈P
λ(rd−1q1) · · · λ(rd−1qm)

∫

R(m+2)d

dydηdz1 · · · dzm

× Ŵ (z1) · · · Ŵ (zm) e(−r−1q1 · z1 − · · · − r−1qm · zm)

×
∫

�m(r−dt)
du0 · · · dum

⎡

⎣
m∏

j=0

e(ξjuj)e−αd(1−Γ(α(η +r−d ∑j
i=1 z i)))uj

⎤

⎦

× χS(α(η + r−dz1), . . . , α(η + r−d(z1 + · · · + zm−1)))

× ã

(
− η − r−d

m∑

i=1

z i, y −
m∑

i=1

γiz i + 1
2

(
rdη +

m∑

i=1

z i

))
b̃(η , y + 1

2rdη ).

(3.6)

Note that all elements in the complement of S occur in |S| − 1 = p − 1
contiguous blocks (possibly of size zero). Write κi = si+1 − si − 1 ≥ 0 for the
number of elements in the ith block. To simplify notation, we will use double
subscripts to refer to the jth element of the ith block, e.g. zij := zsi+j where
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0 ≤ j ≤ κi. When j = 0 we will write zsi
or zi0 interchangeably. We then put

η = η1 and for i = 2, · · · , p we make the change of coordinates for z(i+1)0 by

ηi+1 = r−d

(
z(i+1)0 +

κi∑

j=1

zij

)
.

This gives a factor of rd2(p−1). In these new coordinates, we have that

q1 · z1 + · · · + qm · zm =
p−1∑

i=1

(
rdq (i+1)0 · ηi+1 +

κi∑

j=1

(
q ij − q (i+1)0

)
· zij

)
.

(3.7)

The product of potentials can be written

Ŵ (z1) · · · Ŵ (zm) =
p−1∏

i=1

Ŵ

(
rdηi+1 −

κi∑

j=1

zij

) κi∏

j=1

Ŵ (zij). (3.8)

By convention, let us assume that γs1 = γ0 = 0. For i = 1, · · · , p, we have that
ξsi

= rdζi where

ζi =

(
y −

i−1∑

k=1

κk∑

�=1

(γk� − γ(k+1)0)zk�

)
·
(

i∑

k=1

ηk

)

+ 1
2rd

(∥∥∥∥∥

i∑

k=1

γ̄sk
ηk

∥∥∥∥∥

2

−
∥∥∥∥∥

i∑

k=1

γsk
ηk

∥∥∥∥∥

2)
. (3.9)

For i = 1, . . . , p − 1 and j = 1, . . . , κi, we have that

ξij = 1
2

(∥∥∥∥∥y +
∑i−1

k=1

∑κk
�=1(γ̄k� − γ̄(k+1)0)zk� +

∑j
�=1 γ̄i�z i� + rd ∑i

k=1 γ̄k0ηk

∥∥∥∥∥

2

−
∥∥∥∥∥y − ∑i−1

k=1

∑κk
�=1(γk� − γ(k+1)0)zk� − ∑j

�=1 γi�z i� − rd ∑i
k=1 γk0ηk

∥∥∥∥∥

2)
.

(3.10)

The functions ã and χS become

ã

(
− η − r−d

m∑

i=1

zi,y −
m∑

i=1

γizi + 1
2

(
rdη +

m∑

i=1

zi

))

= ã

(
−

p∑

i=1

ηi,y −
p−1∑

i=1

κi∑

j=1

(γij − γ(i+1)0)zij − 1
2rd

p∑

i=1

(γi0 − γ̄i0)ηi

)
,

(3.11)
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and

χS(α(η + r−dz1), . . . , α(η + r−d(z1 + · · · + zm−1)))

=

(
p−1∏

i=2

χ

(
α

i∑

k=1

ηk

))⎛

⎝
p−1∏

i=1

κi∏

j=1

(I − χ)

(
α

(
i∑

k=1

ηk + r−d

j∑

�=1

zi�

))⎞

⎠ .

(3.12)

We write H = (η1, · · · ,ηp) and

χS(α(η + r−dz1), . . . , α(η + r−d(z1 + · · · + zm−1)))

=

[
∏p−1

i=2 χ

(
α

∑i
k=1 ηk

)] [
∏p−1

i=1

∏κi

j=1(I − χ)

(
α

(
∑i

k=1 ηk + r−d
∑j

�=1 z i�

))]
.

for the collection of remaining zi variables. Make the substitution usi
= r−dνi,

then Eq. (3.6) can now be written

Aα,r
γ ,S(t) = rd(d−1)(p−1)

∑

q1,··· ,qm∈P
λ(rd−1q1) · · · λ(rd−1qm)

∫

R(m+2)d

dydHdZS

× F r
γ ,S(ZS ,H , y)

⎡

⎣
p−1∏

i=1

κi∏

j=1

(I − χ)

(
α

(
i∑

k=1

ηk + r−d

j∑

�=1

z i�

))⎤

⎦

×

⎡

⎣
p−1∏

i=1

e

⎛

⎝−rd−1q(i+1)0 · η i+1 − r−1
κi∑

j=1

(qij − q(i+1)0) · z ij

⎞

⎠

⎤

⎦

×
[

p−1∏

i=2

χ(α
i∑

k=1

ηk)

] ∫

R
m+1
+

δ(ν1 + · · · + νp + rd
∑

i/∈S
ui − t)

×
[

p∏

i=1

e(ζiνi) e−αd(1−Γ(α
∑i

k=1 η k)) r−dνidνi

] [
∏

i/∈S
e(ξiui)e

−αdui dui

]

(3.13)

where F r
γ ,S is defined by

F
r
�γ,S(zS ,H , y) =

⎡

⎣
p−1∏

i=1

(
Ŵ (r

d
η i+1 −

κi∑

j=1

z ij)

κi∏

j=1

Ŵ (z ij)

)⎤

⎦ b̃(η1, y + 1
2r

d
η1)

× ã

(
−

p∑

i=1

η i, y −
p−1∑

i=1

κi∑

j=1

(γij − γ(i+1)0)z ij − 1
2r

d
p∑

i=1

(γi0 − γ̄i0)η i

)
.

(3.14)

4. Computing the Limit r → 0

We first separate diagonal and nondiagonal terms by writing

Aα,r
γ ,S(t) = Aα,r

d,γ ,S(t) + Aα,r
nd,γ ,S(t) (4.1)

where Ar,α
d,γ ,S(t) is defined by restricting (3.13) to the diagonal q ij = q (i+1)0

for all i = 1, . . . , p − 1 and j = 1, . . . , κi. The nondiagonal term contains the
remainder of the summation.
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4.1. Nondiagonal Terms

Proposition 2. (Upper bound on nondiagonal terms) For α, t > 0, there exists
a constant C > 0 depending on α, t,W, a and b such that

∣∣∣Aα,r
nd,γ ,S(t)

∣∣∣ ≤ Cm r log2(1 + r1−db−1
P ) ‖λ‖m

1,∞. (4.2)

where ‖λ‖1,∞ = max{‖λ‖L1 , ‖λ‖L∞}.

The idea of the proof is simple: we note that (3.13) has the form of
a Fourier transform in the zij variables; if we can show that this function,
as well as the partial derivative

∏p−1
i=1

∏κi

j=1

∏d
k=1 ∂zijk

of this function, is in
L1(Rd(m+1−p)), then the Fourier transform is bounded and decays at least
linearly in each coordinate direction. This will allow us to sum over the non-
diagonal terms and obtain the logarithmic bound needed. The only issue is in
taking this partial derivative. Note that (3.13) contains factors of the form

κi∏

j=1

(I − χ)

(
α

(
i∑

k=1

ηk + r−d

j∑

�=1

zi�

))
. (4.3)

Taking the partial derivative
∏κi

j=1

∏d
k=1 ∂zijk

of this factor alone yields (κi!)d

terms by the product rule. Recall that κi may be as large as m − 1, so this
would preclude us from obtaining an upper bound of the form Cm as is needed.
The solution to this is to first perform a carefully chosen variable substitution.
Write Bi := {1, . . . , κi} and define

τij =
j∑

k=1

γik,

μij = κi + 1 −
j∑

k=1

γ̄ik.

(4.4)

We also write τi = τiκi
and μi = μiκi

– observe that μi = τi + 1.

Lemma 1. Let M : R
dm → R

(m+1−p) be defined component-wise for i =
1, . . . , p − 1 and j = 1, . . . , κi by

M(q1, . . . , qm)ij

=

{
qi(j+1) − qij + q(i+1)1 − q(i+1)(κi+1+1) j = σi, i = 1, . . . , p − 2

qi(j+1) − qij otherwise
.(4.5)

Then, we have that

Aα,r
nd,�γ,S(t)

= rd(d−1)(p−1)
∑

q ∈ Pm

M(q) �= 0

λ(rd−1q1) · · · λ(rd−1qm)

× Ĵr
q1μ1

···q(p−1)μp−1
(M(r−1q1, . . . , r−1qm))

(4.6)

where the hat denotes the usual Fourier transform and
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Jr
q1μ1

···q(p−1)μp−1
(yS)

=
∫
R(p+1)d dydH ã

(
− ∑p

i=1 η i, y(p−1)σp−1
− 1

2 rd ∑p
i=1(γi0 − γ̄i0)η i

)
b̃(η1, y + 1

2 rdη1)

×
[
∏p−1

i=1

([
∏τi

j=1 Ŵ (yi(j−1) − yij)

]
Ŵ (yiτi

− yiμi
+ rdη i+1)

[
∏κi

j=μi
Ŵ (yij − yi(j+1))

])]

×
[
∏p−1

i=1
∏κi

j=1(I − χ)

(
α

(
∑i

k=1 ηk + r−d(yiμij
− yiτij

)

))] [
∏p−1

i=2 χ

(
α

∑i
k=1 ηk

)]

×
[∏p−1

i=1 e
(
−rd−1qiμi

· η i+1

)] ∫
R

m+1
+

δ(ν1 + · · · + νp + rd ∑
i/∈S ui − t)

×
[∏p

i=1 e(ζ′
iνi) e−αd(1−Γ(α

∑i
k=1 η k)) r−dνidνi

] [∏
i/∈S e(ξ′

iui)e
−αdui dui

]
.

(4.7)

Proof. Permute the indices in each block, so that all those indices si + j with
γij = 1 come first, in their original order, and all those indices with γij = 0
come last, in reverse order. Equation (3.13) can be written

Aα,r
γ ,S(t) = r

d(d−1)(p−1)
∑

q1,··· ,qm∈P
λ(r

d−1
q1) · · · λ(r

d−1
qm)

∫

R(m+2)d

dydHdZS

× F
r
γ ,S(ZS ,H , y)

⎡

⎣
p−1∏

i=1

κi∏

j=1

(I − χ)

(
α

(
i∑

k=1

ηk + r
−d

τij∑

�=1

z i� + r
−d

κi∑

�=μij

z i�

))⎤

⎦

×
⎡

⎣
p−1∏

i=1

e

⎛

⎝−r
d−1

q(i+1)0 · η i+1 − r
−1

κi∑

j=1

(qij − q(i+1)0) · z ij

⎞

⎠

⎤

⎦

×
[

p−1∏

i=2

χ(α

i∑

k=1

ηk)

] ∫

R
m+1
+

δ(ν1 + · · · + νp + r
d

∑

i/∈S
ui − t)

×
[

p∏

i=1

e(ζiνi) e
−αd(1−Γ(α

∑i
k=1 η k)) r−dνidνi

] [
∏

i/∈S
e(ξ

∗
i ui)e

−αdui dui

]

(4.8)

where ζi and F r
γ,S are defined as before, and

ξ∗
ij = 1

2

(∥∥∥∥∥y +
i−1∑

k=1

κk∑

�=1

(γ̄k� − γ̄(k+1)0)zk� +
κi∑

�=μij

zi� + rd
i∑

k=1

γ̄k0ηk

∥∥∥∥∥

2

−
∥∥∥∥∥y −

i−1∑

k=1

κk∑

�=1

(γk� − γ(k+1)0)zk� −
τij∑

�=1

zi� − rd
i∑

k=1

γk0ηk

∥∥∥∥∥

2)
. (4.9)

We now perform the substitutions

zij =

{
y i(j−1) − y ij j ≤ τi

y ij − y i(j+1) j ≥ μi

(4.10)

with the convention y i0 = y i(κi+1) = y (i−1)σi−1
and σi = τi + γ(i+1)0. Note

that
κi∑

j=1

(γ(i+1)0 − γij)zij = y iσi
− y (i−1)σi−1

. (4.11)
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We thus have

Aα,r

γ ,S(t) = r
d(d−1)(p−1)

∑

q1,··· ,qm∈P
λ(r

d−1
q1) · · · λ(r

d−1
qm)

∫

R(m+2)d

dydHdY S

× G
r

γ ,S(Y S, H , y)

⎡

⎣
p−1∏

i=1

κi∏

j=1

(I − χ)

(
α

(
i∑

k=1

η k + r
−d(yiμij

− yiτij
)

))⎤

⎦

×
[

p−1∏

i=1

e
(
−r

d−1
q(i+1)0 · η i+1 + r

−1
q(i+1)0 · (yiμi

− yiτi
)
)]

×
[

p−1∏

i=1

e
(
−r

−1(qi1 · yi0 + (qi2 − qi1) · yi1 + · · · + (qiτi
− qi(τi−1)) · yi(τi−1) − qiτi

· yiτi
)
)]

×
[

p−1∏

i=1

e
(
−r

−1(qiμi
· yiμi

+ (qi(μi+1) − qiμi
) · yi(μi+1) + · · · + (qiκi

− qi(κi−1)) · yiκi
− qiκi

· yi(κi+1))
)]

×
[

p−1∏

i=2

χ(α

i∑

k=1

η k)

] ∫

R
m+1
+

δ(ν1 + · · · + νp + r
d

∑

i/∈S
ui − t)

×
[

p∏

i=1

e(ζ
′
i
νi) e−αd(1−Γ(α

∑i
k=1 η k)) r−dνi dνi

] [
∏

i/∈S
e(ξ

′
i
ui)e

−αdui dui

]

(4.12)

where

ζ ′
i = y (i−1)σi−1

·
(

i∑

k=1

ηk

)
+ 1

2rd

(∥∥∥∥∥

i∑

k=1

γ̄sk
ηk

∥∥∥∥∥

2

−
∥∥∥∥∥

i∑

k=1

γsk
ηk

∥∥∥∥∥

2)
,

ξ′
ij = 1

2

(∥∥∥∥∥y iμij
+ rd

i∑

k=1

γ̄k0ηk

∥∥∥∥∥

2

−
∥∥∥∥∥y iτij

− rd
i∑

k=1

γk0ηk

∥∥∥∥∥

2)
,

(4.13)

and

G
r
γ ,S(Y S , H , y) =

⎡

⎣
p−1∏

i=1

([
τi∏

j=1

Ŵ (yi(j−1) − yij)

]
Ŵ (yiτi

− yiμi
+ r

d
η i+1)

[
κi∏

j=μi

Ŵ (yij − yi(j+1))

])⎤

⎦

× ã

(
−

p∑

i=1

η i, y(p−1)σp−1
− 1

2
r

d
p∑

i=1

(γi0 − γ̄i0)η i

)
b̃

(
η 1, y + 1

2
r

d
η 1

)
.

(4.14)

Finally, we relabel the q i indices according to the map

si + j �→

⎧
⎨

⎩

si + j 1 ≤ j ≤ τi

si + j + 1 μi ≤ j ≤ κi

si + μi j = κi + 1
. (4.15)
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We thus obtain

Aα,r
γ ,S(t) = r

d(d−1)(p−1)
∑

q1,··· ,qm∈P
λ(r

d−1
q1) · · · λ(r

d−1
qm)

∫

R(m+2)d

dydHdY S

× G
r
γ ,S(Y S , H , y)

⎡

⎣
p−1∏

i=1

κi∏

j=1

(I − χ)

(
α

(
i∑

k=1

η k + r
−d

(yiμij
− yiτij

)

))⎤

⎦

×
⎡

⎣
p−1∏

i=1

e

⎛

⎝−r
d−1

qiμi
· η i+1 − r

−1
(qi1 − qiκi

) · y(i−1)σi−1
− r

−1
κi∑

j=1

(qi(j+1) − qij) · yij

⎞

⎠

⎤

⎦

×
[

p−1∏

i=2

χ

(
α

i∑

k=1

η k

)] ∫

R
m+1
+

δ(ν1 + · · · + νp + r
d

∑

i/∈S
ui − t)

×
[

p∏

i=1

e(ζ
′
iνi) e

−αd(1−Γ(α
∑i

k=1 η k)) r−dνidνi

] [
∏

i/∈S
e(ξ

′
iui)e

−αdui dui

]
.

(4.16)

The result then follows.

Lemma 2. There exists a constant CJ > 0 such that

∣∣∣Ĵr
q1μ1

···q(p−1)μp−1
(ξ1, . . . , ξm+1−p)

∣∣∣ ≤ Cm
J

〈t〉(d+1)p−1

(p − 1)!
1

αd(m−1+p)

‖W‖m
2d ‖χ‖p−2

L1 ‖ a ‖∗
d ‖ b ‖L1

m+1−p∏

i=1

d∏

j=1

min{1, ξ−1
ij } (4.17)

where

‖W‖N = sup
p≥1

sup
‖β1‖,‖β2‖≤N

‖zβ1∂β2
z W‖Lp ,

‖ a ‖∗
N = sup

‖β1‖,‖β2‖≤N

∫

Rd

(∫

Rd

|yβ1∂β2
y ã(η,y)|2dy

)1/2

dη,

(4.18)

and β1, β2 are multi-indices.

Proof. We first prove that J is in L1(Rd(m+1−p)) and hence that the Fourier
transform is well defined. Taking absolute values inside the integral yields

‖J
r
q1μ1

···q(p−1)μp−1
‖L1

≤
∫

R(m+2)d

dydH dY S

∣∣∣∣∣ã
(

−
p∑

i=1

η i, y(p−1)σp−1
− 1

2 r
d

p∑

i=1

(γi0 − γ̄i0)η i

)
b̃

(
η1, y + 1

2 r
d
η1

)∣∣∣∣∣

×
∣∣∣∣∣∣

p−1∏

i=1

([
τi∏

j=1

Ŵ (yj−1 − yj)

]
Ŵ (yiτi

− yiμi
+ r

d
η i+1)

[
κi∏

j=μi

Ŵ (yij − yi(j+1))

])∣∣∣∣∣∣

×
[

p−1∏

i=2

χ

(
α

i∑

k=1

ηk

)] ∫

R
m+1
+

δ(ν1 + · · · + νp − t)dν1 · · · dνp

[
∏

i/∈S
e

−αdui dui

]
.

(4.19)
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Integrating over ν and u yields
‖Jr

q1μ1
···q(p−1)μp−1

‖L1

≤ tp−1

(p − 1)!

1

αd(m+1−p)

∫

R(m+2)d

dydH dY S
∣∣∣b̃(η1, y + 1

2 rdη1)
∣∣∣

×
∣∣∣∣∣ã

(
−

p∑

i=1

η i, y(p−1)σp−1
− 1

2 rd

p∑

i=1

(γi0 − γ̄i0)η i

)∣∣∣∣∣

[
p−1∏

i=2

χ

(
α

i∑

k=1

ηk

)]

×

∣∣∣∣∣∣

p−1∏

i=1

([
τi∏

j=1

Ŵ (yj−1 − yj)

]
Ŵ (yiτi

− yiμi
+ rdη i+1)

[
κi∏

j=μi

Ŵ (yij − yi(j+1))

])∣∣∣∣∣∣
.

(4.20)

The ith block of Ŵ factors has the form

Ŵ (y (i−1)σi−1
− y i1)Ŵ (y i1 − y i2) · · · Ŵ (y iτi

− y iμi
+ rdηi+1) · · ·

Ŵ (y i(κi−1−1) − y iκi
)Ŵ (y iκi

− y (i−1)σi−1
). (4.21)

By a series of substitutions, this can be written

Ŵ (y i1) · · · Ŵ (y iκi
)Ŵ (rdηi+1 − y i1 − · · · − y iκi

). (4.22)

Hence, after applying Cauchy-Schwarz to the y (p−1)σp−1
and η1 integrals we

obtain
‖Jr

q1μ1
···q(p−1)μp−1

‖L1

≤ tp−1

(p − 1)!
1

αd(m−1)
‖Ŵ‖p−1

L∞ ‖Ŵ‖L2 ‖Ŵ‖m−p
L1 ‖χ‖p−2

L1 ‖ a ‖∗ ‖ b ‖L1

(4.23)

where

‖ a ‖∗ =
∫

Rd

(∫

Rd

|ã(η,y)|2dy
)1/2

dη. (4.24)

Next we prove that differentiating once with respect to each component of each
y ij variable yields a function which is also in L1, and hence we can conclude
that not only does the Fourier transform exist, it decays at least linearly in
each coordinate direction.

The first step is to bound the number of terms we obtain when apply-
ing this partial derivative. The function ã depends only on y (p−1)σp−1

which

appears once. The product of Ŵ depends on all y ij variables, with each one
appearing either twice, if j �= σi, or four times if j = σi. The number of terms
this generates is thus bounded above by 4(m+1−p)d. The product of (I − χ)
factors is more subtle. Each factor has the form

(I − χ)

(
α(

i∑

k=1

ηi + r−d(y iμij
− y iτij

))

)
, (4.25)

i.e. it is a function of two y ij variables. In passing from one factor to the
next, when γij = 1 we increase the index of the second variable by one, and
when γij = 0 we decrease the index of the first variable by one. If the block
consists of alternating sequences of ones and zeroes of lengths �1, . . . , �n with
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�1 + · · · + �n = κi and n ≤ κi then we have n − 1 variables which appear
�2 + 1, . . . , �n + 1 times, respectively, and the remaining variables appear only
once. For n ≥ 2, this yields ((�2 + 1) · · · (�n + 1))d terms which is bounded
above by (1 + κi

n )nd. This is increasing, and hence the maximum number of
terms from each block is bounded above by 2κid, and from the entire product
is 2(m+1−p)d. The product of e(ξ′

ijuij) is similar. Finally, each ζi depends only
on y (i−1)σi−1

. In total then, there exists a constant C1 such that the number
of terms is bounded above by Cm

1 . Each time a derivative is applied to the
factor e(ζ ′

iνi) we obtain a multiplying factor of νi(
∑i

k=1 ηk). By the compact
support of χ (and the rapid decay of ã, b̃), this is essentially bounded above
by t α−1. Each time a derivative is applied to the factor e(ξ′

ijuij) we obtain
a multiplying factor of ±uij . There are at most 2d derivatives which act on
each of these factors so these factors can be uniformly bounded above by, e.g.∏

i/∈S〈ui〉2d. Proceeding as before, there thus exists a uniform constant C2 > 1
such that

∥∥∥∥∥

[
p−1∏

i=1

κi∏

j=1

d∏

k=1

∂

∂yijk

]
Jr
q1μ1

···q(p−1)μp−1

∥∥∥∥∥
L1

≤ Cm
2

〈t〉(d+1)p−1

(p − 1)!
1

αd(m−1+p)
‖W‖m

2d ‖χ‖p−2
L1 ‖ a ‖∗

d ‖ b ‖L1 .

(4.26)

The result then follows. �

We can now prove Proposition 2.

Proof. (Proof of Proposition 2) By Lemmas 1 and 2, we have that

∣∣∣Aα,r
γ ,S(t)

∣∣∣ ≤ C
m
3

〈t〉(d+1)p−1

(p − 1)!

1

αd(m−1+p)
‖W‖m

2d ‖χ‖p−2
L1 ‖ a ‖∗

d ‖ b ‖L1

× r
d(d−1)(p−1)

∑

Q∈Pm

λ(r
d−1

q1) · · · λ(r
d−1

qm)

p−1∏

i=1

κi∏

j=1

d∏

k=1

min{1, M(r
−1

Q)
−1
ijk}.

(4.27)

We are summing over the nondiagonal terms, so there exists an i and j such
that q ij �= q iμi

. In particular this implies that at least one of the M(r−1Q)ijk

is nonzero. By the compact support of λ,

∑
q ∈ P
q �= q ′

λ(rd−1q)
∏d

j=1 min{1, r(qj − q′
j)

−1}

≤ ‖λ‖L∞
∑

i ∈ Z
d
≥0 \ {0}

‖i‖1 < log2(1 + r1−db−1
P )

∑
q∈P

∏d
j=1

�1
[
2ij − 1 <

|qj−q′
j |

bP
< 2ij+1 − 1

]
min{1, r(qj − q′

j)
−1}. (4.28)
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The number of points in a region of volume V is bounded above by V b−d
P so

we conclude
∑

q ∈ P
q �= q ′

λ(rd−1q)
∏d

j=1 min{1, r(qj − q′
j)

−1}

≤ 2d ‖λ‖L∞
∑

i ∈ Z
d
≥0 \ {0}

‖i‖1 < log2(1 + r1−db−1
P )

∏d
j=1 2ij min

{
1, r

2ij −1

}
. (4.29)

In fact this can be written more simply: for r < 2,

2i min{1,
r

2i − 1
} =

{
1 i = 0
r 2i

2i−1 |i| > 0
(4.30)

We partition the sum into 2d regions according to whether ij is zero or nonzero.
The region which gives the largest contribution to the sum as r → 0 is the one
where all but one ij are zero. Using this upper bound, we obtain

∑

q∈P
q �=q ′

λ(rd−1q)
d∏

j=1

min{1, r(qj − q′
j)

−1} ≤ 22d+1‖λ‖L∞ r log2(1 + r1−db−1
P ).

(4.31)

Hence, we may write
∣∣∣Aα,r

nd,�γ,S(t)
∣∣∣ ≤ 2r log2(1 + r

1−d
b

−1
P )

Cm
J

αd(m−1+p)
‖W‖m

2d ‖χ‖p−2
L1 ‖ a ‖∗

d ‖ b ‖L1

× (4
d‖λ‖L∞)

m+1−p
r

d(d−1)(p−1) 〈t〉(d+1)p−1

(p − 1)!

×
∑

q1μ1
,...,q(p−1)μp−1

∈P
λ(r

d−1
q1μ1

) · · · λ(r
d−1

q(p−1)μp−1
)

(4.32)

and the result follows from our assumption (1.3). �

Theorem 2. (Sum of nondiagonal terms vanishes) There exists a constant
λ0 > 0 depending on α, t,W, a and b such that for all λ with ‖λ‖1,∞ < λ0

∞∑

m=1

(2πi)m
∑

�γ∈{0,1}m

(−1)γ1+···+γm

∑

S∈Πm

Aα,r
nd,�γ,S(t) = O

(
r log2(1 + r1−db−1

P )
)
.

(4.33)

Proof. Begin from the result of Proposition 2. Using the fact that |Πm| =
2m−1, we see that the left hand side of (4.33) is bounded above by

r log2(1 + r1−db−1
P )

∞∑

m=0

(8πC‖λ‖1,∞)m (4.34)

which converges for ‖λ‖1,∞ < (8πC)−1. �



Vol. 24 (2023) Derivation of the Linear Boltzmann Equation... 861

4.2. Diagonal Terms

Proposition 3. (Convergence of diagonal terms)
lim
r→0

Aα,r
d,�γ,S(t)

=

∫

R(m+2)d

dydHdzS λ̂κ1(η2) · · · λ̂κp−1(ηp) Fγ,S(zS ,H)

×
[

∏

i/∈S

∫

R+

e(ξ0
i u)e−αdu du

] ∫

R
p
+

dν δ(ν1 + · · · + νp − t)

×
[

p∏

i=1

e

((
y −

i−1∑

k=1

κk∑

�=1

(γk� − γ(k+1)0)zk�

)
·
(

i∑

k=1

ηk

)
νi

)
�1

[
Γ

(
α

i∑

k=1

ηk

)
= 1

]]

(4.35)

where λ̂κ(η) =
∫
Rd [λ(x)]κ e(−x · η) dx,

Fγ,S(ZS ,H) =

⎡

⎣
p−1∏

i=1

Ŵ

(
−

κi∑

j=1

zij

)
κi∏

j=1

Ŵ (zij)

⎤

⎦

× ã

(
−

p∑

i=1

ηi,y −
p−1∑

i=1

κi∑

j=1

(γij − γ(i+1)0)zij

)
b̃(η1,y),

(4.36)

and for i = 1, . . . , p − 1 and j = 1, . . . , κi

ξ0
ij = 1

2

(∥∥∥∥∥y +
i−1∑

k=1

κi∑

�=1

(γ̄k� − γ̄(k+1)0)zk� +
j∑

�=1

γ̄i�zi�

∥∥∥∥∥

2

−
∥∥∥∥∥y −

i−1∑

k=1

κi∑

�=1

(γk� − γ(k+1)0)zk� −
j∑

�=1

γi�zi�

∥∥∥∥∥

2)
. (4.37)

Proof. From (3.13) and the definition of the diagonal terms, we have

Aα,r
d,γ ,S(t) = r

d(d−1)(p−1)
∑

qs2
,··· ,qsp

∈P
λ(r

d−1
qs2

)
κ1 · · · λ(r

d−1
qsp

)
κp−1

∫

R(m+2)d

dydHdZS

× F
r
γ,S(ZS ,H , y)

⎡

⎣
p−1∏

i=1

κi∏

j=1

(I − χ)

(
α

(
i∑

k=1

ηk + r
−d

j∑

�=1

z i�

))⎤

⎦

×
[

p−1∏

i=1

e
(
−r

d−1
q(i+1)0 · η i+1

)]

×
[

p−1∏

i=2

χ

(
α

i∑

k=1

ηk

)] ∫

R
m+1
+

δ

(
ν1 + · · · + νp + r

d
∑

i/∈S
ui − t

)

×
[

p∏

i=1

e(ζiνsi
) e

−αd(1−Γ(α
∑i

k=1 η k)) r−dνidνi

] [
∏

i/∈S
e(ξiui)e

−αdui dui

]

(4.38)

By assumption (1.3), we have that

rd(d−1)
∑

q∈P
[λ(rd−1q)]κe

(
−rd−1q · η

)
= λ̂κ(η) + O(r(d−1)cP ‖η‖). (4.39)
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We thus obtain the upper bound
∣∣∣Aα,r

d,γ ,S(t)
∣∣∣ ≤ tp−1

(p − 1)!
1

αd(m+1−p)

∫

R(m+2)d

dydH dZS
∣∣F r

γ,S(ZS ,H ,y)
∣∣

×
[

p∏

i=2

(
λ̂κi−1(ηi) + O(r(d−1)cP ‖ηi‖)

)
χ

(
α

i∑

k=1

ηk

)]
.

(4.40)

Since χ is compactly supported, this integral converges and we can apply
dominated convergence. The result then follows by taking the pointwise limit
r → 0, using the fact that for all c > 0

lim
r→0

e−c(1−Γ(z))r−d

= 1[Γ(z) = 1] (4.41)

and that for all z �= 0 we have

lim
r→0

χ

(
α

(
i∑

k=1

ηk + r−dz

))
= 0. (4.42)

�

Theorem 3. (Sum of diagonal terms converges) For α, t > 0 fixed, there exists
a constant λ0 > 0 such that for all λ with ‖λ‖1,∞ < λ0, the series

∞∑

m=1

(2πi)m
∑

�γ∈{0,1}m

(−1)γ1+···+γm

∑

S∈Πm

Aα,r
d,�γ,S(t) (4.43)

is absolutely convergent, uniformly as r → 0.

Proof. Proceeding as in the Proof of Proposition 3, we may write
∣∣∣Aα,r

d,γ ,S(t)
∣∣∣ ≤ tp−1

(p − 1)!
1

αd(m+1−p)

∫

R(m+2)d

dydH dZS
∣∣F r

γ,S(ZS ,H ,y)
∣∣

×
[

p∏

i=2

(
λ̂κi−1(ηi) + O(r(d−1)cP ‖ηi‖)

)
χ

(
α

i∑

k=1

ηk

)]
.

(4.44)

Since χ is compactly supported and ã and b̃ are rapidly decaying, the integral
over H converges. By the definition of F r

γ ,S , there exists a constant C > 0

such that
∣∣∣Aα,r

d,γ ,S(t)
∣∣∣ < Cm+1. Equation (4.43) can thus be bounded above by

∞∑

m=0

(8π‖λ‖1,∞C)m (4.45)

which converges for ‖λ‖1,∞ < (8πC)−1. �
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4.3. The Zero-Damping Limit

Proposition 4. (Convergence of diagonal terms)

lim
α→0

lim
r→0

Aα,r
d,γ ,S(t) =

∫

R2d

dxdy fγ ,S(t,x,y) b(x,y) (4.46)

where

fγ ,S(t, x, y) =

∫

R(m+1−p)d

dZS
∫

R
p
+

dν δ(ν1 + · · · + νp − t)

×
⎡

⎣
p∏

i=2

⎡

⎣λ

⎛

⎝x −
i−1∑

j=1

(
y −

j−1∑

k=1

κk∑

�=1

(γk� − γ(k+1)0)zk�

)
νj

⎞

⎠

⎤

⎦
κi−1

⎤

⎦

×
⎡

⎣
p−1∏

i=1

Ŵ

(
−

κi∑

j=1

z ij

)
κi∏

j=1

Ŵ (z ij)

⎤

⎦

⎡

⎣
p−1∏

i=1

κi∏

j=1

∫

R+

e(ξ
0
ijuij) duij

⎤

⎦

× a

(
x − ty +

p∑

i=1

i−1∑

k=1

κk∑

�=1

(γk� − γ(k+1)0)zk� νi, y −
p−1∑

i=1

κi∑

j=1

(γij − γ(i+1)0)z ij

)
.

Proof. We begin from the statement of Proposition 3, and claim that the u
integral converges uniformly for α ≥ 0. Using the same substitutions as in the
proof of Proposition 2, we can write

lim
r→0

Aα,r
d,�γ,S(t) =

∫

R(m+2)d

dydHdzS λ̂κ1 (η2) · · · λ̂κp−1 (ηp) Gγ,S(yS ,H )

×
[

p−1∏

i=1

κi∏

j=1

∫

R+

e( 1
2 (‖yiμij

‖2 − ‖yiτij
‖2

)u)e
−αdu

du

] ∫

R
p
+

dν δ(ν1 + · · · + νp − t)

×
[

p∏

i=1

e

(
y(i−1)σi−1

·
(

i∑

k=1

ηk

)
νi

)
�1

[
Γ

(
α

i∑

k=1

ηk

)
= 1

]]

(4.47)

where

Gγ ,S(Y S ,H , y) =

⎡

⎣
p−1∏

i=1

κi+1∏

j=1

Ŵ (yi(j−1) − yij)

⎤

⎦ ã

(
−

p∑

i=1

η i, y(p−1)σp−1

)
b̃(η1, y)

(4.48)

and we have the convention y i0 = y i(κi+1) = y (i−1)σi−1
. Considering only the

y ij integration, this has the form

∫

R(m+1−p)d

g(Y S)

[
p−1∏

i=1

κi∏

j=1

∫

R+

e( 1
2 (‖y iμij

‖2 − ‖y iτij
‖2)u)e−αdu du

]
dY S

(4.49)

where g is Schwartz class uniformly in α. Consider just the first block {γ1, . . . ,
γκ1}, and suppose that it consists of sub-blocks of �1 ones, followed by �2
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zeroes, followed by �3 ones, and so on. If there are 2k of these sub-blocks in
total then

∏κ1
j=1

∫
R+

e( 1
2 (‖y iμij

‖2 − ‖y iτij
‖2)u)e−αdu du

=
∫
R

κ1
+

du1 · · · duκ1

(∏�1
i=1 e( 1

2 (‖y‖2 − ‖y i‖2)ui)e
−αdui

)

×
(∏κ1

i=κ1+1−�2
e( 1

2 (‖y i‖2 − ‖y�1
‖2)ui)e

−αdui

)

× · · · ×
(∏�1+···+�2k−1

i=�1+···+�2k−3+1 e( 1
2 (‖yκ1+1−�2−···−�2k−2

‖2 − ‖y i‖2)ui)e
−αdui

)

×
(∏κ1−�2−···−�2k−2

i=κ1+1−�2−···−�2k
e( 1

2 (‖y i‖2 − ‖y�1+···+�2k−1
‖2)ui)e

−αdui

)
. (4.50)

Let g0 ∈ S(Rd) be Schwartz class, then by stationary phase one obtains
∫

Rd

g0(y)e( 1
2‖y‖2 s)dy � 〈s〉−d/2 (4.51)

where A � B means there exists a constant c such that A < cB. Most of the
y i appear in only one factor, as e(± 1

2‖y i‖2ui), which after integrating over y i

against the Schwartz function g gives a factor 〈ui〉−d/2. If i = �1 + · · · + �2j−1

or κ1 − �2 − · · · − �2j for some j then it appears with a more complicated
coefficient. For example, y �1 appears as the exponential factor

e(− 1
2‖y �1‖

2(u�1 + uκ1+1−�2 + · · · + uκi
)). (4.52)

After integrating over y �1 , this yields a factor of 〈u�1+uκ1+1−�2+· · ·+uκi
〉−d/2,

but since all the ui are non-negative, this can be bounded above by 〈u�1〉−d/2.
In other words, we have that

∫

R(m+1−p)d

g(Y S)

[
p−1∏

i=1

κi∏

j=1

∫

R+

e( 1
2 (‖y iμij

‖2 − ‖y iτij
‖2)u)e−αdu du

]
dY S

�
∫

R
m+1−p
+

p−1∏

i=1

κi∏

j=1

〈uij〉−d/2duij (4.53)

uniformly for all α ≥ 0. These integrals converge for all d ≥ 3, and the result
then follows by integrating over H and setting α = 0 in (4.35). �

Theorem 4. (Convergence of the full series) There exists a constant λ0 > 0
depending on α, t,W, a and b such that for all λ with ‖λ‖1,∞ < λ0

lim
α→0

lim
r→0

Tr(ρr1−dt Opr,h(b)) =
∫

R2d

dxdy f(t,x,y) b(x,y) (4.54)

where

f(t,x,y) = a(x − ty,y) +
∞∑

m=1

(2πi)m
∑

�γ∈{0,1}m

(−1)γ1+···+γm

∑

S∈Πm

f�γ,S(t,x,y).

(4.55)
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Proof. We begin from the definition

Tr(ρr1−dtOpr,h(b)) =
∞∑

m=0

(2πi)m Aα,r
m (t). (4.56)

The m = 0 term converges by Proposition 1. Separating the remaining terms
into diagonal and nondiagonal parts gives

∑∞
m=1(2πi)m Aα,r

m (t) =
∑∞

m=1(2πi)m
∑

�γ∈{0,1}m(−1)γ1+···+γm
∑

S∈Πm
Aα,r

d,�γ,S(t)

+
∑∞

m=1(2πi)m
∑

�γ∈{0,1}m(−1)γ1+···+γm
∑

S∈Πm
Aα,r

nd,�γ,S(t) (4.57)

Applying Theorems 2 and 3 tells us that for λ small enough, the first term on
the right hand side converges, and that the second vanishes in the limit r → 0.
Following the proof of Proposition 4, there exists a constant C > 0 such that

∣∣∣ lim
r→0

Aα,r
d,γ ,S(t)

∣∣∣ < Cm (4.58)

uniformly for all α ≥ 0. The series thus converges uniformly for ‖λ‖1,∞ <
(8πC)−1 and the result follows from Proposition 4. �

5. Extracting the Linear Boltzmann Equation

We are now ready to prove Theorem 1, namely that the weak limit, f(t,x ,y),
in Theorem 4 coincides with a solution of the linear Boltzmann equation. We
first show that it satisfies an auxiliary transport equation.

Proposition 5. The expression f(t,x,y) in (4.55) satisfies

(∂t + y · ∇x)f(t, x, y)

= 2�
{ ∞∑

n=2

(−2πiλ(x))
n

∑

�γ∈{0,1}n−1

(−1)
γ1+···+γn−1

×
∫

Rd(n−1)
dz1 · · · dzn−1 Ŵ (−z1) · · · Ŵ (−zn−1)Ŵ (z1 + · · · + zn−1)

×
[

n−1∏

i=1

∫

R+

e

(
1
2

(∥∥∥∥∥y −
i∑

j=1

γjzj

∥∥∥∥∥

2

−
∥∥∥∥∥y +

i∑

j=1

γ̄jzj

∥∥∥∥∥

2)
u

)
du

]
f

(
t, x, y −

n−1∑

i=1

γiz i

) }

(5.1)

Proof. Note that every S ∈ Πm can be ‘decomposed’ into two pieces: if S =
{0, n, . . . ,m} we decompose it into the pieces {0, n} and {n, . . . , m}. Through
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this decomposition, the function f(t,x ,y) can be written recursively as

f(t,x ,y) = a(x − ty ,y)

+
∞∑

n=1

(2πi)n
∑

�γ∈{0,1}n

(−1)γ1+···+γn

∫ t

0

dν

[
λ

(
x − (t − ν)y

)]n

×
∫

R(n−1)d

dz1 · · · dzn−1Ŵ (z1) · · · Ŵ (zn−1)Ŵ (−z1 − · · · − zn−1)

×
[ n−1∏

i=1

∫

R+

e

(
1
2

(∥∥∥∥∥y +
i∑

j=1

γ̄jzj

∥∥∥∥∥

2

−
∥∥∥∥∥y −

i∑

j=1

γjzj

∥∥∥∥∥

2)
u

)
du

]

× f(ν,x − (t − ν)y ,y − (γ1 − γn)z1 − · · · − (γn−1 − γn)zn−1).

(5.2)

The n = 1 term vanishes—γ1 = 1 and γ1 = 0 yield the same expression with
opposite signs. Applying the operator (∂t + y · ∇x ) to both sides yields

(∂t + y · ∇x )f(t, x , y)

=
∞∑

n=2

(2πıλ(x ))n
∑

γ ∈{0,1}n

(−1)γ1+···+γn

×
∫

R(n−1)d

dz1 · · · dzn−1Ŵ (z1) · · · Ŵ (zn−1)Ŵ (−z1 − · · · − zn−1)

×
[

n−1∏

i=1

∫

R+

e

(
1
2

(∥∥∥∥∥y +
i∑

j=1

γ̄jz j

∥∥∥∥∥

2

−
∥∥∥∥∥y −

i∑

j=1

γjz j

∥∥∥∥∥

2)
u

)
du

]

× f(t, x , y − (γ1 − γn)z1 − · · · − (γn−1 − γn)zn−1)

(5.3)

By summing over γn, we obtain

(∂t + y · ∇x )f(t,x ,y)

=
∞∑

n=2

(2πiλ(x ))n
∑

�γ∈{0,1}n−1

(−1)γ1+···+γn−1

×
∫

R(n−1)d

dz1 · · · dzn−1Ŵ (z1) · · · Ŵ (zn−1)Ŵ (−z1 − · · · − zn−1)

×
[ n−1∏

i=1

∫

R+

e

(
1
2

(∥∥∥∥∥y +
i∑

j=1

γ̄jzj‖2 − ‖y −
i∑

j=1

γjzj

∥∥∥∥∥

2)
u

)
du

]

×
(

f

(
t,x ,y −

n−1∑

i=1

γizi

)
− f

(
t,x ,y +

n−1∑

i=1

γ̄izi

))
.

(5.4)

For the second term, we replace γi by γ̄i and make the variable substitutions
zi → −zi. This allows us to combine the two terms and the result follows.

�
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Proof of Theorem 1. Define the distribution

Δ(�n, �p) :=
∫ ∞

0

exp{i(‖�n‖2 − ‖�p‖2) s}ds, (5.5)

and put V̂ (y) = −2Ŵ (−y). Then, (5.1) can be written

(∂t + y · ∇x )f(t,x ,y)

= 2π�
{ ∞∑

n=2

λ(x )n
∑

�γ∈{0,1}n−1

(−1)γ1+···+γn−1

×
∫

Rd(n−1)
dz1 · · · dzn−1 [iV̂ (z1)] · · · [iV̂ (zn−1)][iV̂ (−z1 − · · · − zn−1)]

×
[

n−1∏

i=1

Δ

⎛

⎝y −
i∑

j=1

γjzj ,y +
i∑

j=1

γ̄jzj

⎞

⎠
]
f

(
t,x ,y −

n−1∑

i=1

γizi

) }
.

(5.6)

i.e.

(∂t + y · ∇x )f(t,x ,y) = π

∞∑

�=1

λ(x )�+1Q�(gx )(t,y)

with Q� as in [4, Eq (2.7)] and gx : (t,y) �→ f(t,x ,y). In view of [4, Lemma
3 & Theorem 2] (Recall that W and the initial data a are both Schwartz, so
certainly satisfy the weaker regularity assumptions made in [4]) we obtain

(∂t + y · ∇x )f(t,x ,y)

= π

∫

Rd

[Σld(y ,y ′)f(t,x ,y ′) − Σld(y ′,y)f(t,x ,y)] dy ′ (5.7)

where

Σld(y ,y ′) = 2πδ(‖y‖2 − ‖y ′‖2)|T (y ′,y)|2 (5.8)

and (see [4, (2.5)])

Σld(y , y ′) = 2πδ(‖y‖2 − ‖y ′‖2)|T (y ′, y)|2

(5.9)

Hence, T (y ′,y) = −2T (y ,y ′) and

πΣld(y ,y ′) = 8π2δ(‖y‖2 − ‖y ′‖2)|Tλ(x)(y ,y ′)|2 (5.10)

with Tμ as in (1.9). �

Remark. The relation T (y ′,y) = −2T (y ,y ′) is due to a number of minor dif-
ferences between the present set-up and Castella’s work [3,4]: (i) the Fourier
transforms are normalised differently, (ii) the Schrödinger operator is nor-
malised differently, and (iii) the initial von Neumann equation (1.4) has y
and y ′ interchanged.
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