Ann. Henri Poincaré 23 (2022), 2025-2067
© 2022 The Author(s)
1424-0637/22/062025-43

published online January 5, 2022

https://doi.org/10.1007/s00023-021-01145-x I Annales Henri Poincaré

®

Check for
updates

Quaternionic Kahler Metrics Associated to
Special Kahler Manifolds with Mutually

Local Variations of BPS Structures

Vicente Cortés and Ivan Tulli

Abstract. We construct a quaternionic Kéhler manifold from a conical
special Kéhler manifold with a certain type of mutually local varia-
tion of BPS structures. We give global and local explicit formulas for
the quaternionic Kéhler metric and specify under which conditions it is
positive-definite. Locally, the metric is a deformation of the 1-loop cor-
rected Ferrara—Sabharwal metric obtained via the supergravity c-map.
The type of quaternionic Kdhler metrics we obtain is related to work in
the physics literature by S. Alexandrov and S. Banerjee, where they dis-
cuss the hypermultiplet moduli space metric of type IIA string theory,

with mutually local D-instanton corrections.
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1. Introduction

The supergravity c-map arises in the physics literature in the context of
Calabi-Yau compactifications of type IIA and type IIB string theories. Given
a fixed Calabi-Yau threefold X, the supergravity c-map takes the vector multi-
plet moduli space M{;f// B(X ) to the hypermultiplet moduli space Mgﬁ/ A(X )
with its string-tree-level metric g%s. The metric 919“5 is known as the Ferrara—
Sabharwal metric [14,19], and receives both perturbative and non-perturbative
quantum corrections. After including the perturbative corrections, one obtains
the 1-loop corrected Ferrara—Sabharwal metric gig [5,27]. Mathematically, the
1-loop corrected c-map can be understood as a way of producing a 1-parameter
family of quaternionic Kahler (QK) manifolds {(N., gig)}cer from a projec-
tive special Kéahler manifold (PSK) [3]. When one sets the one loop parameter
c € R to ¢ = 0, the tree-level metric is recovered.

On the other hand, there is the much simpler rigid c-map [14], which
arises in the context of 4d ' = 2 theories compactified on S!. Mathematically,
the rigid c-map can be understood as a way of producing a hyperkahler (HK)
manifold from an affine special Kéhler (ASK) manifold [2,18]. The HK metric
one obtains is sometimes referred to as the “semi-flat” metric [21].

The rigid and the supergravity c-map have been studied in both the math-
ematics and physics literature, and they can be related via the so-called HK-
QK correspondence [3,4,9,22]. The HK-QK correspondence takes as input an
HK manifold with a rotating S'-action and a certain hyperholomorphic cir-
cle bundle; and produces a 1-parameter family of QK manifolds of the same
dimension as the HK manifold. By rotating S'-action we mean that it acts
by isometries, rotates two of the complex structures, and fixes the remaining
complex structure.

ITA/B

On the other hand, the QK metric gfg on M,/ (X) obtained via the
1-loop corrected c-map is expected to receive several non-perturbative quan-
tum corrections in the form of D-instanton and NS5-instanton corrections,
preserving the QK property. The inclusion of all such corrections has not been
fully understood, but a lot of progress has been made in the physics literature
via the use of twistor space methods (see for example the extensive reviews
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[6,8] and the references therein). In particular, the inclusion of D-instanton
corrections on the type IIA side can be found in [9,10].

When considering only the so-called “mutually local” D-instantons, the
instanton corrected QK metric on M4 (X) has been computed in [1]. Their
computation uses the description of the twistor space of a QK manifold given in
[11], together with the description of D-instanton corrections in twistor space
given in [10]. Some work is then needed to extract the QK metric from the
twistor space data. On the other hand, in [9] the twistorial construction of the
QK metric with D-instanton corrections was related via QK/HK correspon-
dence to the twistorial construction of the instanton corrected HK metric of
the Coulomb branch of A = 2 gauge theories on R? x S1, given in [20]. In par-
ticular, one should be able to describe the case of mutually local D-instanton
corrections from [1] in terms of a semi-flat HK geometry corrected by mutually
local instanton corrections, together with an appropriate hyperholomorphic
line bundle. The description of the instanton corrected HK geometry in [20]
relies on a set of integral equations, determining the Darboux coordinates of
the twistor family of holomorphic symplectic forms of the HK manifold. In the
case of mutually local instanton corrections, the integral equations reduce to
integral formulas, allowing for an explicit study of this case.

The main objective of this work is to give a mathematical treatment of
QK metrics involving a mathematical notion of “mutually local D-instanton
corrections”. Our methods are based on a direct approach to the QK metric
avoiding the use of twistor space and, thus, the technical difficulties arising in
the latter framework. More specifically:

e We will start with an integral conical affine special Kahler (CASK)
manifold (M, gar,war, V, & A) (see Definitions 2.4 and 2.6) and a mutu-
ally local variation of BPS structures (M, A, Z,Q) (see Definitions 3.1
and 3.6), where (M, A, Z) is determined by the data of the integral CASK
manifold. The notion of variation of BPS structures [12] is the part of the
data that will be used to implement the physical notion of “D-instanton
corrections” to the QK metric.

e Following [20], we will explicitly describe an HK structure (N :=
T*M/AN*, gn,w1,we,ws) built out of (M, gr,wn,V,§,A) and Q, and
refer to it as the “instanton corrected” HK structure. As we mentioned
before, the fact that the variation of BPS structures is mutually local cir-
cumvents the need of solving the “GMN integral equations” (since in this
case they become integral formulas) and dealing with wall-crossing behav-
ior. Our attitude will be to take the formulas (3.10) and (3.11) defining
the candidate Kahler forms w,, for « = 1,2,3 as an ansatz, and explicitly
state under which conditions they define an HK structure without using
twistor space arguments. A key notion will be a non-degeneracy condi-
tion of a certain tensor field 7" involving the ASK metric gy and the BPS
indices €2, that will guarantee the non-degeneracy of w, for a« = 1,2,3
(see Definition 3.12). The main result of Sect. 3 is Theorem 3.13. This
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theorem applies to ASK manifolds admitting a central charge (see Def-
inition 2.14), which includes the CASK case, where there is a canonical
choice of central charge (see Proposition 2.15):

Theorem 3.13: Consider an integral ASK manifold (M, g, war, V, A)
admitting a central charge Z, together with a mutually local variation of
BPS structures (M, A, Z,Q). Then the triple (w1, ws,ws) of real 2-forms
on N given in (3.10) and (3.11) defines a pseudo-HK structure on N if
and only if the tensor field T on N given in (3.14) is horizontally non-
degenerate with respect to the canonical projection 7: N — M.
Restricting back to the CASK case, if J is the complex structure on M
and £ the Euler vector field, it was shown in [4] that one can lift J¢ to N
giving an infinitesimal rotating circle action for the semi-flat HK metric.
We will show that the same lift also defines an infinitesimal rotating circle
action for the instanton corrected HK structure (N, gn,w1,ws,ws), see
Proposition 3.20. This, together with the construction of the appropriate
hyperholomorphic circle bundle over N in Sect. 4 will allow us to apply
the explicit formulas of [3, Theorem 2] for the HK-QK correspondence,
and hence obtain an “instanton corrected” QK manifold (N, g5). The
main result of Sect. 4 is Theorem 4.10:

Theorem 4.10: Let (M, g, war, V, &, A) be a connected integral CASK
manifold together with a mutually local (M, A, Z,Q), where Z is the
canonical central charge of a CASK manifold. Assume that T is hori-
zontally non-degenerate and that the flow of £ generates a free-action of
the monoid R>q. Furthermore, let (IV, gn,w1,ws,ws) be the associated
pseudo-HK manifold; (P — N,n) the associated hyperholomorphic cir-
cle bundle; N’ C N the (non-empty) open subset defined in (4.26) and
0F € QY(P), gp € Sym*(P), X' € T(TP), f € C>(P) the associated
objects defined in Sect. 4.2. If N C P|y/ is any submanifold transversal
to X7, then

=l R 2
=0

is a pseudo-QK metric on N. Furthermore, if N/ C N'is asin Lemma 4.8
and N is picked to also satisfy Ny := N NN} # (), then gy is positive
definite on N .

In Sect. 5 we apply Theorem 4.10 to the case of a CASK domain, and
describe the resulting (N, g7) in coordinates that realize g7 as a deforma-
tion of the 1-loop corrected Ferrara-Sabharwal metric ggg, see Theorem
5.4. We furthermore show in Proposition 5.6 that the subset N, where
gx is positive definite in never empty (for our choice of N), and say
something about the fate of the Peccei-Quinn symmetries after instanton
corrections in Corollary 5.7.

Finally, in Sect. 5.2 we give a simple example of our constructions. In this
example, we consider a CASK domain whose associated PSK manifold is
the complex hyperbolic space CH™ with the Bergman metric. If p denotes
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the usual dilaton coordinate, our example then gives a deformation g
of g%¢ in a neighborhood of p = oo, where both gz and g%¢ are defined
and positive definite (see Corollary 5.10). In particular, when n = 0, we
obtain an instanton deformation of the universal hypermultiplet, near its
infinite end of finite volume (see Corollary 5.11).

Regarding our results and the related work [1] in the physics literature:

e The argument we follow is similar in spirit to the one in [9], and gives a
formal mathematical proof that the final metric is QK. Furthermore, we
obtain a global formula for the QK metric (1.1), while in [1] only a local
formula is found.

e In the local case of a CASK domain, the coordinate expression of gz
in Theorem 5.4 should be compared with the corresponding expression
in [1]. In our case, gz turns out to be completely explicit, avoiding the
use of the implicitly defined R-parameter in [1]. We do however express
everything in terms of “classical coordinates”, whereas in [1] a “quantum
corrected” dilaton coordinate is used. See also Sect. 5.1 for some further
comments on this.

e On the other hand, some effort has been made in indicating which expres-
sions are due to “instanton corrections”. This allows for a direct compar-
ison with the usual 1-loop corrected Ferrara—Sabharwal metric gig, and
realize the QK metric we obtain in the case of a CASK domain as defor-
mations of ggg.

2. Review of Special Kihler Manifolds and the Rigid c-map

In this section we collect a few facts about affine special Kahler (ASK) man-
ifolds, the rigid c-map, conical affine special Kahler (CASK) manifolds and
projective special Kéhler (PSK) manifolds. Our main references are [2,15,18].

In the final Sect. 2.4 we give a description of the semi-flat hyperkahler
metric in terms of the notion of central charges. This description will be con-
venient for the constructions of the later sections.

2.1. Affine Special Kihler Manifolds

Definition 2.1. an affine special Kahler (ASK) manifold is a tuple (M, g, w, V),
where:

e (M, g,w) is a pseudo-Kéhler manifold. We denote by J the corresponding
complex structure determined by the relation g(J—, —) = w(—, —).

e V is a flat, torsion-free connection on M.

e Vw =0 and dyJ = 0, where dy : Q3 (T M) — Q) (T M) is the exten-
sion of V : Q9,(TM) — QL,(TM) to higher degree forms, and we think
of J as an element of Q},(TM).

The fact that V is flat and torsion-free, t(_)gether with Vw = 0, implies
that we can find V-flat Darboux coordinates (2", y;) for w, i.e:

w=dz' Ady; with Vdz'=0, Vdy; =0. (2.1)
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Definition 2.2. Coordinates (z°,y;) in an ASK manifold satisfying (2.1) are
called affine special coordinates.

On the other hand, the torsion-free condition can be written as dy (Id) =
0 where Id € Q},(TM) is the identity map. Together with dyJ = 0, this
implies that the projection 719 = %(Id —4J) satisfies

deLO:dv(%ﬂd—iJD::O. (2.2)

By the Poincaré lemma, we can locally find a complex vector field €10 on M
such that

Ve = 710, (2.3)
Consider a local flat Darboux frame (7;,7%) with respect to w. We can then
write
1

51’0 = 5(2172‘ - wﬂ’i) ) (2.4)

and obtain local complex valued functions z* and w; on M. The flatness of
(3i,7") together with VL0 = 710 imply that 2* and w; must be holomorphic.

Furthermore, if we define x' := Re(z%) and y; := —Re(w;), then using the fact
that 2Re(VEL?) = 2Re(nh0) = 1d, we find that (z¢,y;) is a local coordinate
system and that 9. = ¥;, 9,, = 7'. In particular (2, y;) is an affine special

coordinate system and (z*), (w;) are systems of holomorphic coordinates.

Definition 2.3. A pair of holomorphic coordinate systems (%) and (w;) satis-
fying (2.4) is called a conjugate system of special holomorphic coordinates.

With respect to the special holomorphic coordinates 2 (or w;), one can
locally describe the ASK geometry in terms of a holomorphic function F(z*)
(usually known as the holomorphic prepotential) satisfying

0%
= —— . 2.5
wi = o (2.5)
The function § locally describes the ASK geometry in the sense that
w= %Im(nj)dzl Adz? with 7, = 821'527 . (2.6)

We will also make frequent use of the following additional data:

Definition 2.4. An integral ASK manifold is a tuple (M, g,w, V, A) such that:

e (M,g,w,V) is an ASK manifold.
e A CTM is abundle A — M of V-flat lattices such that A @z R =TM.
e Around any p € M, A — M admits a Darboux frame with respect to w.
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2.2. The Rigid c-map

Given an ASK manifold (M, g,w, V) of signature (n,m), the rigid c-map asso-
ciates to it a pseudo-hyperkihler (HK) structure of signature (2n,2m) on the
cotangent bundle (7% M, g%, I}, I5, I3). We use the superscript * since the met-
ric is “semi-flat” in the sense that it restricts to a flat metric on the fibers.

The HK structure is defined as follows. Let 7w : T*M — M be the canon-
ical projection, then the connection V allows us to do a splitting

T(T*M) =T"T*M) & T*(T*M), (2.7)

where T"(T*M) = 7*TM and T?(T*M) = Ker(dr) = 7*T* M. With respect
to this splitting we have

¢l=gaog?t, L:=JaJ, L{w) :=-w(w)+wl), I:=Il,
(2.8)

where in the definition of I; we think of w as a map w : TM — T*M. We
remark that the fact that this defines an actual HK structure on T*M really
uses all the special Kéhler conditions (see e.g. [18, Sect. 2] or [2, Theorem 11]).
The numbering of the I, is set to match our later conventions.

If (M, g,w,V,A) is an integral ASK manifold, then the dual lattice A* C
T*M is Lagrangian with respect to the canonical holomorphic symplectic form
on T*M (which coincides with w§f +iws’ = ¢%(I,—, —) +ig*(I,—, —)), and we
have:

Theorem 2.5 [16, Theorem 3.1] and [18, Theorem 3.4, Theorem 3.8]. Let
(M, g,w,V,A) be an integral ASK manifold. Let N := T*M/A* and consider
the canonical projection m : N — M. Then w: N — M has the structure of an

integrable system, and N has a canonical pseudo-HK structure induced from
(T*M, g%, I, I, Is).

2.3. CASK and PSK Manifolds

Definition 2.6. A conical affine special Kdhler (CASK) manifold is a tuple
(M, g,w,V,&) where:

o (M,g,w,V) is an ASK manifold. We denote the complex structure by J.
e V¢ = D¢ =1d, where D denotes the Levi-Civita connection.
e g is positive definite on D = span{¢, J¢} and negative definite on D+.

Furthermore, an integral CASK manifold (M, g,w, V,&, A) is just an integral
ASK manifold that is also CASK (see Definition 2.4).

The vector fields £ and J¢ satisfy the following identities with the Lie
derivative: LeJ = Lyed =0, Leg =29, Ljeg =0, and L JE = 0 [15]. In other
words, £ is holomorphic and homothetic, J¢ is holomorphic and Killing, and
they commute.

In some cases we will assume that the holomorphic Killing vector J&
generates a free S'-action on M, and that the holomorphic homothetic vector
& generates a free Ryg-action on M. Under such a condition, the function
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w:=1%/2 where r := 1/g(&, ), is a moment map for the S'-action, and if we
define

Si={peM | g8 =1}, (2.9)
then —g|s induces a positive definite Kéhler metric g5r on M := S/S}, =
M//S}g (i.e. the K&hler quotient). The relations between g, g|s and gz7 can be
summarized as follows [3]: let 7g : M — M /R~ = S and w57 : S — S/St = M
be the projections, and let

~ 1 . =
7= 729(‘]5’ —) =dlog(r) = i(0 — 9)log(r) . (2.10)
We then have
g=dr* +r’rsgls  gls =7ls — mironr - (2.11)

Definition 2.7. A projective special Kéhler (PSK) manifold is a Kidhler man-
ifold (M, g57,ws7) obtained from a CASK manifold by the Kéhler quotient
from before.

Given a CASK manifold (M, g,w, V, &) we can locally find a special affine
coordinate system (z?,y;) such that [15]:

€ =12"0p + iy, . (2.12)

Definition 2.8. A special affine coordinate system (z¢, ;) satisfying (2.12) is
called a conical special affine coordinate system.

On the other hand, the global complex vector field
1
£10:= (£~ iJ¢) (2.13)
satisfies VEL0 = 710 where 710 = %(Id —1J) is the projection TM @ C —
TH9M [15]. By picking a local flat Darboux frame (7;,7?) for w we can write

1 . ,

¢ = 5(21% —w') (2.14)
and obtain holomorphic coordinate systems (z%) and (w;). It is easy to check
that (z° := Re(2%),y; := —Re(w;)) give a system of conical special affine

coordinates.

Definition 2.9. When (z%) and (w;) are defined by (2.14) using the globally
defined &0 = (¢ — iJ¢€), we will call (2') and (w;) a conjugate system of
conical special holomorphic coordinates.

If (2*) and (w;) are a conjugate system of conical special holomorphic
coordinates, then they are homogeneous of degree 1 with respect to the (local)
C*-action generated by {&, JE} (le. Lezd = 29, Lyez? = i2?, Lewd = wd,
Ljew’ = iw?). In particular, this implies that £51,ozi = 2%, so that

0 =210, . (2.15)
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If we define 7;; by the relation dw; = Tijdzj , then a consequence of (2.14) and

(2.15) is that w; = 7;;27. This furthermore implies that §(2') := 37;;227 is a
holomorphic prepotential for the CASK geometry.
Finally, we remark that for a CASK manifold, the map r := 1/g(§,€)

gives a global Kahler potential for w:

w= %(957«2. (2.16)

In conical holomorphic special coordinates (z), this follows from gzi,-j I =0
(which in turn follows from the CASK relation w; = Tijzj ) together with

r? = Im(7;;)2'%7 .

2.4. Central Charges and the Semi-flat Metric

Let (M,g,w,V,A) be an integral ASK manifold. Here we present another
description of the associated semi-flat HK metric (N = T*M/A*, g, wi, wo, w3).
This description is closer to the language of 4d N' = 2 SUSY theories, and will
be more useful when we include the “instanton corrections” in the form of
variations of BPS structures [20,26].

Definition 2.10. Given an integral ASK manifold (M, g,w, V, A), w|asxa defines
an integral skew pairing on A that we will denote by

(—, =) =wlaxa :AXA—=Z. (2.17)

By the definition of an integral ASK manifold, (—, —) admits local Dar-
boux frames (3;,7"). Our convention will be that (3;,77) = ¢7.

Let (3;,7") be a Darboux frame of A over U C M. By possibly restricting
U we can find a local complex vector field £€1'° on U such that VEL0 = 710,
and consider the corresponding system of conjugate special holomorphic coor-
dinates (2%) and (w;) determined by

1

¢ = 5(2’1% - wwi) . (2.18)

Definition 2.11. A conjugate system of holomorphic special coordinates (2%),
(w;) defined by (2.18) with respect to a local Darboux frame of A will be called
a conjugate system of integral holomorphic special coordinates.

Two such overlapping systems of conjugate holomorphic special coordi-
nates are related by a (constant) transformation in C?"* x Sp(2n,Z) (the C2"
factor is there because we can always shift £1' by a complex parallel vector
field when solving V&MY = 71.0),

Proposition 2.12. The following are equivalent:

o (M,g,w,V,A) admits a covering by conjugate systems of integral holo-
morphic special coordinates {(Uy, (25), (wi o)) }a related on overlaps by a
(constant) transformation in Sp(2n,Z).
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o There is a holomorphic section Z of A*® C — M such that for any local
Darbouz frame (3;,~") of A, the holomorphic functions (Z,:) and (Z5,)
give a conjugate system of integral holomorphic special coordinates.

Remark 2.13. In the above proposition A* — M denotes the dual of A —
M. Furthermore, for v a section A over U C M, Z, : U — C denotes the
corresponding holomorphic function obtained by contracting with ~.

Proof. Consider (Uy, {22}, {wi o}) for some a, and the corresponding Darboux
frame (3;.q,75) of A over U, C M. We locally define Z : U, — A* @ C as
follows: given a section v of A|y, we can write v = n'y; o + n;7.,, and then
define

Zy = niwiM +n2l . (2.19)
The fact that the conjugate systems of holomorphic special coordinates are
related by a transformation in Sp(2n,Z) then implies that the local definitions
of Z glue together into a holomorphic section Z : M — A* @ C. Furthermore,
given any other Darboux frame (7;,v*) of A over U, it is easy to check that if
UNU, # 0 then

1 ~ , 1 - .

2 (Zw'%‘ - Zﬁﬂz) 2 (sz;%ya - Z%,ﬂ@) =, (2.20)
so {Z,:} and {Z5,} give a conjugate system of integral holomorphic special
coordinates.

On the other hand, it is clear that if Z : M — A* ® C exists, then the
required cover exists. O

For future reference we note that the section Z of A*®C has the following
expansion in the dual Darboux frame

Z=Z,() + 25, ()" (2.21)

It is related to &0 via w(EH0, =[x = %Z.

Definition 2.14. We will say that an integral ASK manifold (M,g,w,V,A)

admits a central charge homomorphism if it has a holomorphic section Z :
M — A* @ C satisfying the condition of Proposition 2.12.

Proposition 2.15. An integral CASK manifold (M, g,w,V,&,A) has a canon-
ical central charge homomorphism Z : M — A* ® C, which is unique up to
the action of the group of global sections of Sp(A). If (3:,7') is a Darboux
frame of A, then (Z.:) and (Z5,) gives a conjugate system of integral, conical,
holomorphic special coordinates.

Proof. In the CASK case we have a global and canonical complex vector field
0 = 1(¢ = iJ¢) satisfying VEM0 = 710 Any two conjugate systems of
integral holomorphic coordinates defined by this €0 are related by a transfor-
mation in Sp(2n,Z). This allows us to produce the required cover of Proposi-
tion 2.12 and hence a canonical central charge homomorphism. The fact that
(Z.:) and (Z5,) are conical is clear from the fact that we are using % (£ —iJ¢)
to define Z. O
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We are now ready to give the description of ¢*f that will be useful for the
following sections.

Proposition 2.16. Let (M, g,w,V,A) be an integral ASK manifold admitting
a central charge Z : M — A* @ C, and let (N = T*M/AN*, g%, 11,15, 13) be
the associated semi-flat HK manifold. Furthermore, consider the torus bundle
N — M defined by

Ny ={0:7Ny, = R/27Z | Oyyry =0, +6,}. (2.22)
Then N — M is canonically isomorphic to N — M. Furthermore, by using the

induced* pairing (—, —) on A* and the evaluation map 6 : N' — A* @ R/27Z,
we can write the Kdhler forms w¥ = g¥(I,—,—) as follows (see [26]):

1
wi i = —5-(dZ N d6)
) g ) (2.23)
sf >

Proof. Consider the natural projection p : R — R/27Z, then the bundle iso-
morphism N = N is given by

@] e N=T"M/AN* — po (2malr) €N . (2.24)

To check the claim on the Kéhler forms, it is enough to show that in local
coordinates we recover the usual expressions. Fix a local Darboux frame (%;,*)
of A over U, and consider the local coordinates (Z.,:,05,,6,:) on N' = N, where
6 : Ny — R/27Z is the contraction of § with v. We can then write

1
— §<dZ AN d9> = — ﬁ(dZ% VAN de,yi - dZ,yi AN d@fﬁ)
= %dz,yi A\ (d&:” — Tijde,yj) (2.25)
where we used dZz, = 71;;dZ,;. Similarly, using that 7;; must be symmetric
(since (Z5,) and (Z,:) are a conjugate system of holomorphic special coordi-
nates), we find
1 - 1 — _
Z<dZ ANdZ) (dO A d) = Z(er“ A dZ,Yq‘, — dZ,Yi A eryi)
b
872

7 1
= glm(nj)dzwi NdZy; — 505, A do. (2.26)

_ L
872
(d@:ﬁ A de,yq — de,yz A de;,l)

i _
= iIm(le)dZ,y’L A dZ,Yj
+ 8?(1111(7')) J(d@;h. — Tikde,yk) A (daqj . ledéwl) .
Under our identification, and up to an overall normalization of the metric,
these expressions reproduce the usual formulas of the semi-flat HK metric
(see for example [3, Proposition 3], while keeping in mind the different sign

conventions for special coordinates). O

1We define the induced pairing by the property that « ~— (v, —) maps the pairing in A to
the pairing in A*. With this definition the dual of a Darboux basis is a Darboux basis. We
will also keep using the notation (—, —) for the C-bilinear extension of the pairing to A* @ C.
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Note that $(dZ AdZ) = £89r? is precisely the Kihler form of the affine
special Kahler manifold, where r? = ,%’<27 Z). In the case of a conical affine
special Kihler manifold, we can write this Kihler potential as r? = g(&, €), cf

(2.21).

3. Instanton Corrected HK Structures

Consider an integral ASK manifold (M, gar,war, V, A). We seek to include the
data of a variation of BPS structures over M, to get an “instanton corrected”
pseudo-hyperkéhler metric on N = T*M/A*, following [20,26].

On the other hand, it is known that the semi-flat HK metric on N coming
from the CASK manifold M has an infinitesimal rotating circle action [3,4].
We wish to show that this infinitesimal rotating action survives the instanton
corrections coming from a mutually local variation of BPS structures, with the
aim of applying the HK-QK correspondence in the next sections.

We start by quickly reviewing in Sect. 3.1 the inclusion of instanton
corrections according to the work in the physics literature of [20]. Section 3.1
is only meant as a motivation for the formulas appearing in Sect. 3.2. In
Sect. 3.2 we restrict to the simpler case of mutually local corrections, and prove
under which conditions we obtain an “instanton corrected” HK structure (see
Theorem 3.13). The proof is direct and explicit, avoiding the use of twistor
space methods.

3.1. Variations of BPS Structures and Instanton Corrected HK Metrics

To explain what we will mean by an instanton correction of the semi-flat HK
structure, we will require the notion of variations of BPS structures [12].

Definition 3.1. A variation of (integral) BPS structures over a complex mani-
fold M is a tuple (M, A, Z,Q)), where:
e A — M is a local system of lattices A, = Z" with a covariantly constant,
skew, integer-valued pairing (—, —).
e / is a holomorphic section of A* ®C— M.
e O : A — Zis a function (of sets) satisfying Q(y) = Q(—~) and the
Kontsevich—Soibelman wall-crossing formula [12,25].

Remark 3.2. We will not need to fully state the KS wall-crossing formula, but
will only mention some consequences that this condition has on 2. Consider
the real codimension 1 subset YW C M defined by

Wi={peM | 3v,7 €Supp(Q) NA,, (1,7) #0, Zy/Zy € Rso},
(3.1)
where Supp(©?) = {v € A | Q(v) # 0}. The fact that Q satisfies the
wall-crossing formula implies that for a local section v of A, Q(y) is locally
constant on M\W. Furthermore, the discontinuity at the “wall” W is com-

pletely determined by the wall-crossing formula, and €2 is monodromy invariant
(i.e. if 7, has monodromy A -y, for A € Sp(A,, (—,—)) around a loop, then

Q('Vp) =QA- ’Yp))~
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The tuple (M, A, Z, Q) should furthermore satisfy the following two prop-
erties:

e Support property: given a compact set ' C M and a choice of covariantly

constant norm | - | on A|g ®z R, there should be a constant C' > 0 such
that for any v € A|x N Supp(92)
17,0 > Ch. (3.2)

e Convergence property: for any R > 0 the series

> 1Q(y)le 7 (3.3)

’YEAP

converges normally on compact subsets of M.

Remark 3.35. e The support property implies that if v € Supp(Q2), then
Z. # 0. Furthermore, for any R > 0 and p € M, there can only be
finitely many Z., with v € A, N Supp(Q?) and |Z,| < R. In particular, we
must have |Z,| — oo as |y| — oo for v € A, N Supp(Q).

e The convergence property is stronger than the one on [12]. However, it will
simplify technical details of convergence and term by term differentiation
of sums that will appear below in the case that Supp(f2) is infinite. We
remark that the BPS indices appearing in the string theory setting of
[1,6,8] are not expected to satisfy even the weaker convergence condition
on [12].

We will only consider variation of BPS structures over an ASK manifold
that are “adapted” to the ASK structure in the following sense:

Definition 3.4. Let (M, gpr, war, V, A) be an integral ASK manifold admitting
a central charge Z : M — A* @ C (recall Propositions 2.12 and 2.15). Hav-
ing fixed a central charge Z, an adapted variation of BPS structures over
(M, gpr,war, V, A) is a variation of BPS structures (M, A’, Z',Q) such that
(A, Z") = (A, Z). In the case of a CASK manifold we always take the canoni-
cal central charge.

Now consider an adapted variation of BPS structures (M, A, Z, Q) over
(M, gnr,war, V, A). Furthermore, we consider the bundle 7 : M — M of
“twisted” unitary characters given by

My :={0: A, > R/27Z | Oyiy =04+ 04 + (7,7}, (3.4)

Remark 3.5. The reason for considering twisted characters has to do with
implementing the wall-crossing formalism from [25]. We remark that M and
N (see (2.22)) can be locally identified (non-canonically), but they might differ
topologically (see [20] for a discussion on this).

In [20,26], the proposed intanton corrected HK structure on M is then
described as follows: first one must find locally defined functions X, : U C
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M x C* — C*, labeled by local sections v of A|.wy, and satisfying the
“GMN equations”:

20,0 = 2160,Qexp |~ S 00 7)

v €A (o)
WA,
/ oo ¢ osl =Xy (.Y (35)
where
X310, ¢) = exp[r¢ ™! Zy + ity + 7CZ,). (3.6)

For a fixed § € M, the functions X, (6,¢) have discontinuities in { along
the rays R_Z, with v € Supp(Q2) (the so-called BPS rays). Furthermore,
a consequence of satisfying (3.5) is that X, = (=1) & X, which is
related to the twist in the unitary characters, and important for the wall-
crossing formalism.

Then one defines the following C*-family of complex 2-forms on M:

(Q) = 5 (dlog(X(Q)) A dlog(X(0)) (37)

where d differentiates only in the M directions. The discontinuities of X, (()
in ¢ turn out to not affect w(¢). Moreover, the KS wall-crossing formula is
used to argue that w(() is actually well-defined over W C M, where the BPS
indices Q(y) jump.

Finally, they argue that there is a hyperkéahler twistor space structure on
M x CP!, whose O(2)-twisted family of holomorphic symplectic forms is given
by (w({) ® 0. In particular, if we expand (w(() in ¢, we obtain an expression
of the form

(w(¢) = — 2w+ (ws — 267, (39)

where w and w3 give a holomorphic symplectic form and Kéhler form with
respect to one of the complex structures; and Re(w), Im(w) and ws give a
triple of Kéhler forms for the hyperkahler structure.

3.2. Mutually Local Variations of BPS Structures and the Instanton Corrected
HK Structure

One of the main issues in describing the instanton corrected HK structure
lies in solving the equations (3.5). Below, we will restrict to a case where
the integral equations (3.5) reduce to integral formulas, and write down the
candidate w and ws. We will then show in Theorem 3.13 under what conditions
they define a HK structure on N = T*M/A*.

Definition 3.6. A variation of BPS structures (M, A, Z, Q) is mutually local if
v, € Supp(Q) implies that (v,v") = 0.
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Remark 3.7. e The mutually local condition implies W = {J, and hence no
wall-crossing occurs for the BPS indices (). In particular, given a local
section v of A, () is a locally constant function on M.

e On the other hand, given (M, gnr,wpr, V,A) with an adapted mutu-
ally local variation of BPS structures, the mutually local condition
implies that we can find a local Darboux frame (7;,7%) of A such that
Supp(2) C spang{7y'} (see Lemma 3.14 below). It is then easy to see
that the GMN equations (3.5) for {&3,(¢), AX,:(¢)} reduce from integral
equations to integral formulas. In Lemma 3.10 below we write down the
corresponding candidate w and ws obtained from the explicit formulas

for {A&5,(¢), &, (¢)} (see also [20, Sects. 4.3 and 5.6]).

Remark 3.8. For the rest of the paper we will only consider adapted vari-
ations of mutually local BPS structures over an integral ASK manifold
(M, gar,war, V, A) admitting a central charge (recall Propositions 2.12, 2.15,
and Definition 3.4). For simplicity, we will denote them just by Q and refer
to them as mutually local variations of BPS structures, omitting the word
“adapted”. In the CASK case we always use the canonical central charge.

Consider (M, gpr,wnr, V, A) with a mutually local variation of BPS struc-
tures Q. Following, [20, Sects. 4.3 and 5.6], we define the following forms on
N = T*M/A* (we will omit from the notation pullbacks by the canonical
projection 7w : N — M):

Lemma 3.9. Consider a local section v of Ay for U C M and with v €
Supp(QY). Let

ins 1 mn
& t::%Ze 0 Ko(2mn| Z,))

n>0 (3 9)
_ 1 . dz, dz '
Afnst .~ inb. ZNK+1(2 7 ( A — ’7)
¥ A n§>0: = | Z| K1 (27| Z,|) Z, Z,

where Ko and K1 are modified Bessel functions of the second kind. Then
vinste C®(n~Y(U)) and AT € QY (n1(U)).

Proof. The convergence of the two series on the right-hand side of (3.9) is
compact normal on the set {p € 71 (U) | Z,(w(p)) # 0}, thanks to the
asymptotics K, (z) ~ /3= *(1+ O(%)) for £ — oo, v = 0,1. On the other
hand, by the support property (3.2) and our assumption that v € Supp(2), we
must have {p € 7=1(U) | Z,(n(p)) # 0} = 7~} (U). Hence, as a consequence
of compact convergence V;“St defines a smooth function on 7=1(U) and A;“St
defines a smooth 1-form on 7= 1(U). O

The candidate instanton corrected w and ws are then the following:
Lemma 3.10. Let

1
@ =~ (dZ Adf)
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ins ZQ(fy) ns
+§: (Q(y)dz7 WA+ =SV, A dZW)
(3.10)
— Yz nazy - L (a0 pao)
Wi = 4 82
ZQ(’)/) ins 2 Q(’Y) ins
+> (2v7 {7, NdZ, + - dy A AT ‘). (3.11)

.
Then w € Q?(N,C) and ws € Q?(N).

Remark 3.11. Notice that the sums over v in the definitions of w and ws are
monodromy invariant due to the monodromy invariance of €2 (see Remark 3.2),
so they make global sense.

Proof. If Supp(Q?) is finite, then clearly w and w3 define smooth forms on N
by the previous lemma. Otherwise, consider a compact set K C N such that
we have a frame (5;,7") of Alr(k), and a covariantly constant choice of norm
for Al (k). Writing (3.10) and (3.11) with respect to dZ5, dZ.:, df5, and df.:,
we can use the support property (3.2) to reduce the question of convergence
of (3.10) and (3.11) to the convergence of sums of the form

Do 1QNNZ 1Y Ku(2mn] Z,)) (3.12)
¥ n>0

where v = 0, 1. By the use of the asymptotics of the Bessel functions and the

support property (3.2), it is then easy to check that for any 0 < € < 1 we can

find C7 > 0 and C3 > 0 such for |y| > C; we have

12,17 Y K, (27n| Z,|) < Coe™ 2717917 (3.13)
n>0

(recall that by the support property |Z,| — oo uniformly over K as |y| — oo
with v € Supp(f2)). By the convergence property (3.3), we then see that the
infinite sums (3.12) converge normally over compact subsets of N, and hence

the (3.10) and (3.11) define smooth forms on N.
The reality of w3 follows from the identities Virst = VIt and @ =
— At together with the fact that Q(y) = Q(—y).

O

The key notion that will guarantee that the triple (w; := Re(w),ws
Im(w),ws) defines a HK structure on N is the following:

Definition 3.12. Let # : N — M be the canonical projection, where N =
T*M/A*. We will say that (M,gar,wnr, V,A) and a mutually local Q are
compatible if the tensor field

T=n"gy+ Y Qy)Vi™'r|dZ, (3.14)
Y

on N is horizontally non-degenerate, i.e. T  is non-degenerate on the normal
bundle of the fibers.
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Theorem 3.13. Consider an ASK manifold (M, gy, war, V,A) together with
a mutually local variation of BPS structures §). Then the triple (w1 =
Re(w),ws = Im(w),ws) of real 2-forms on N define a pseudo-HK structure
on N if and only if (M, gnr,war, V, A) and Q are compatible.

Before doing the proof of Theorem 3.13, we will need two lemmas.
Lemma 3.14 is a technical result needed for Lemma 3.15; while Lemma 3.15
collects some useful expressions needed for the proof of Theorem 3.13.

Lemma 3.14. Let A be a rank 2n lattice with a skew pairing w : A x A — Z
admitting a Darboux basis, and let S C A be a subset such that v,y € S
implies w(v,7') = 0. Then there is a Darboux basis (V;,~') of A such that

S C spang{~'}.

Proof. Let L be a maximal isotropic subgroup of A such that S C L. Since A
is a finitely generated free abelian group, the same is true for L, and rk(L) <
rk(A) = 2n. We claim that k(L) = n. To see this, we consider the map
¥, : A — Hom(L,Z) given by v — w(y,—)|r. Because w admits a Darboux
basis, 1, : A — Hom(L,Z) is surjective. Here we use that L is primitive (by
maximality) and thus the natural map Hom(A,Z) — Hom(L, Z) is surjective.
This in turn follows from the fact that every primitive system of vectors in
a lattice can be extended to a basis. Hence, if we denote L* := Ker(v,),
we obtain rk(L¥) = rk(A) — rk(L). On the other hand, L C L implies that
rk(L) < rk(L*), and since L is a maximal isotropic sublattice containing S,
we must have rk(L) = rk(L*). It follows that rk(L) = n.

Now let {a’};—1 ., be a basis for L. Using again that L is a maximal
isotropic sublattice, we have that ol is primitive in A. Now let (3;, 3%) be a
Darboux basis of (A,w). Writing a! = blﬁi + b;3" and using the fact that o'
is primitive, we must have ged{b’, b;}?_, = 1. By Bezout’s identity, there exist
integers {a;,a’}™ ; such that a;b° + b;a’ = 1. Defining

ay = ad'f; — aiff (3.15)

we then see that w(ay,al) = 1. We set 4! := ol and 7; := a.

Assume by induction that we have found {7;,7'}i=i,.., satisfying

.....

w(Fi,¥) = 5{, w(v,97) = 0, w(¥;,7;) = 0 and such that span(y',...74") =
span

(a',...,a") C L. If r = n = rank(L) we are done. Otherwise, pick a"*!
and define
,yr-l-l — oL + Zw(ar-ﬁ-l,ﬁi),}/i. (316)
i=1

Then w(y"*1,9") = 0, w(y"*4,5;) = 0 and span(y!,...,7" 1) = span
(al, ..., a"th). Furthermore, by (3.16) and the fact that L is maximal isotropic,
we again have that 4"+ is primitive. We then use the Darboux frame (3;, 3')
and the Bezout identity the same way as before to find a,;;1 such that

w(@ry1,7" ) =1,
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Define

K T
Fra1 = g1 — D w(@rg1, V)i + Y w(@rpr, )7 (3.17)
i1 i=1
we then have w(¥,41,7" ™) = 1 and for i = 1,...,7 we have w(J,41,7") =
w(Fr41,7:) = 0. Hence, we have found {7;, 7' }i=1,... r41 satisfying w(3;,77) =
6/, w(v',v) = 0, w@F,7;) = 0 and such that span(y!,..,y"*1)
span(al,...,a" ).
At the n-th step we then have a Darboux frame {7;,7'} of A such that
S C L =span(q!,...,9™), which is what we wanted. O

Lemma 3.15. Let (M, gy, war, V, A) and Q be as before. Given a local Darbouz
frame (3;,7") for A such that Supp(Q) C spany{~'} (see Lemma 3.14), we write
v =n;(y)Y for v € Supp() and define the complex 1-forms on N

W, = ds, — 7;d0.;, W= ZQ ni(y)(2m At — qvimstdg, ),

Y; i= Wi + Wimst (3.18)
where dZ5, = 7;;dZ,;. Furthermore, we define the matrices

Nij = Imrij,  Nij** = ZQ VmSt”z (Mni(v),  Mij = Nij + Nt

(3.19)
We then have
1 1 — —
w = %dZ,YL ANY,, w = E(dz,yi ANY; + dZ,Yi A Yi),
1 _ _
T
and assuming € is compatible with the ASK manifold,
i — i ii —
w3 = iMde’)ﬂ A dZ’Yj + WM jifi A\ Yj . (321)

Remark 3.16. Note that the symmetric matrix M;; is real, in virtue of the
property Q(—y) = Q(y) and Vinst = Vi‘}ft. On the other hand, the fact that
M;; is invertible follows from the compatibility condition (3.14) written with
respect to (Yi,7°).

Proof. Using that dZz, = 7;;dZ,; we obtain

1 iQ
w=—-—(dZ Adf) + > Q(y)dZ, A AT + ( )vmstde AdZ,
s

~

1 1
= 7dZ,Y'i A (d@ry1 — Tijda,yj) + fﬂ_dZ,yz

(ZQ ni(7)(2m AL — Vintag,) ) a2
i ~ 0

:—dZi, Y.
2 7 A
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The formulas for wy and ws then follow from w; = Re(w) and wy = Im(w).
On the other hand, to see that (3.21) holds it is easy to check that:

i 72 ins
S MijdZs NdZ,; = 7<dZ AdZ) + Z V ‘42, ANdZ,, (3.23)

while for the second term, after expanding the terms in Y;, using the fact that
M;; is symmetric, and reorganizing terms we obtain

e MIYiNY ) = oM (QZMik[de,% AdO
+ ZQ )2 A A d6. i + Re(r;)d6.,. A do., ])

- _R [d@;yk Adb.. + Z Q(y)2m AR A db., + Re(ri)dyx A dew,]

= do A do) d6 A A‘ns°
~g@onan + 352

(3.24)

so that (3.21) holds. O

Proof. (of Theorem 3.13) We start by showing that the compatibility assump-
tion (3.14) implies the non-degeneracy of the w,, forms. We fix a local Darboux
frame (3;,7") with Supp(Q2) C span{y’} and denote for simplicity Z* := Z.,.
We work locally with the real frame 0,: := 0z: + 05, Oy 1= (07 — 051),
Opi = 8971. and 95 := Op; and recall that the compatibility condition (3.14)
implies the invertibility of the matrix M;;.

e Non-degeneracy of wi: we write below relations that are sufficient to
deduce non-degeneracy. Using (3.18) and (3.20) we obtain

by 1

w1(9g,,0pi) = 9 w1(0gi, 0yi) = —%sz

w1 (a§i7 89]‘) = (891, (99]‘) = W1 (851' 5 6§j) = W1 (3uz 5 agj) =

(3.25)

So w; is represented by a block triangular matrix (with respect to the
second diagonal) with invertible diagonal blocks. Hence, we conclude that
w1 is non-degenerate.
e Non-degeneracy of ws: as before, we write below sufficient relations to
deduce non-degeneracy. Using (3.18) and (3.20)
w(aNa.)__@ (8'8-)—iM~
2 0, Yul) — 2’/T’ W2(0pi, Ogi _271' 17
wg(ggi,agj) = WQ(agi769j) = w2(85i78§j) = wg(axi7a§j) =

(3.26)

So ws is represented by a block triangular matrix with invertible diagonal
blocks (of size 2 dimg (M) on the second diagonal). This shows that ws is
nondegenerate.
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e Non-degeneracy of ws: using (3.11) and (3.19) we obtain the following
sufficient relations to show non-degeneracy

0ii
(89 7891) = 47:27 (aa, 7au7) = ZJ

w3 (i, Oyi ) = W3(8$71,8§j) = w3(aw,,agj) = w3(a§i,a§j) =0
Using the block structure of the representing matrix we see that it can be

transformed to block diagonal form with invertible diagonal blocks using
row and column operations. This proves that it has maximal rank.

Now we check that

(3.27)

dwe =0 a=1,2,3. (3.28)

For aw = 1,2 it is enough to check that dw = 0, since w = w; + iwq, and
w1 and wy are real. Using (3.10), and the fact that the semi-flat part is closed,
we have

dw = 3" Q() [;degnst AdO, AdZ, —dZ, A dA;“St}
vy

= ZQ(V) l—Znel7l97K1(2wn|Z \)| ”|dZ Adf, AdZ,
n>0

Znemevm(%mz |)| 7|dz Adf, AdZ,
n>0
-0 (3.29)

where we used that K} = —Kj. On the other hand, using (3.11) and the fact
that the semi-flat part is closed, we obtain

dws = Z Q(y [ dvirst AdZ, AdZ, Lo, A dA;“st}
21

1 ) _
=00 |-—= Y ne™ Ky(2nn|Z,|)d0, A dZ, AdZ
2 l 4”;) TR (3.30)

1 , _
+ -6y A (Z ne™% Ko(2nn| Z.,|)dZ., A dZ7>

n>0

=0
where we used the identity (xK;(z)) = —xKo(z).
We now define three endomorphism fields by
I, = —wgl o wsy (3.31)
where (a, 3,7) are cyclically ordered. We will compute their action on a local
frame of TN ® C and check that I;I; = I3 and I2 = —
We have a local frame of T*N ® C given by {dZi7d7i,l/;,?i} (see

Lemma 3.15). We consider the dual frame of vector fields {A4;, A;, B', B'}.
Using (3.20) and (3.21) we find the following identities
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1 . 1 .
wi (A, —) = EYi w1 (B, —) = —EdZZ
1 . 1 .
wa(Aj, —) = et wy(B', —) = —deZ (3.32)
) —j . i o
w;g(AZ', —) = iMZJdZ] (.<J3(_Bl7 —) = @MUYJ' .

The evaluation on the conjugate elements of the frame give the conjugate of
the corresponding expressions (recall that (M;;) is a real symmetric matrix).

This allows us to compute the action of I, on the frame, giving the
following

L(A) = 20M,; B’ L(B') = _%Mﬁﬁj
L(A;) = —2riM;; B’ L(B') = i M, (3.33)
I3(A;) =iA; I3(BY) =iB",

where again the value on the conjugate elements is given by taking conjugates
on the RHS of the above equalities. From (3.33) it is clear that

LI,=1I3 I*=-1 for a=1,2,3, (3.34)

so each I, defines an almost complex structure on N, and they satisfy the
quaternion relations. These relations imply that the tensor field w, o I, =
wa(Io—, —) is independent of a and that the pseudo-Riemannian metric gy :=
—wq o I, satisfies IXgn = gy and gy (In—, —) = wa(—, —).

Hence, we conclude that (N, gn, I1, Iz, I3) is almost pseudo-hyperkéhler,
with dw, = 0. By Hitchin’s lemma [23, Lemma 6.8], (N, gn, I1, I2, I3) is then
pseudo-hyperkahler.

We have shown the sufficiency of the compatibility condition (3.14). The
necessity follows from the previous identities used to show non-degeneracy of
we- Indeed, if T in (3.14) is horizontally degenerate for some p € N, then with
respect to a Darboux frame (;,7%) of A around 7(p) € M with Supp(Q) C
span{v‘} the corresponding M;; is not invertible at p, and then the forms wq
can be shown to be degenerate at p. O

Corollary 3.17. Let (N, gn, 11,15, 13) and {dZ,:,dZ.:,Y;,Y;} be the pseudo-
HK manifold and local frame of T*N ® C from the previous theorem. Then in
such a frame the metric gn has the local form

_ 1 P
gN = dZ’Y‘LM/L’de’\/] =+ RYL-M’L]Y]‘
ins 2 1 ins nst\ij (YA/ Trrinst
= dZ(Nig + NFAZ 5 + 5 (Wi WIS + N5 (W5 + W)
(3.35)

Proof. The first equality follows from (3.21) together with the fact that dZ.:
and Y; are (1,0) forms with respect to I3 due to (3.33). The second equality
follows from the formulas in Lemma 3.15. O
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Remark 3.18. the semi-flat HK metric corresponds in this case to
s - 1 T
g f = dZ'yiNide'yj + RWlN JW]' . (336)

This expression shows that the torus bundle 7 : (N,¢%) — (M,gn) is a
Riemannian submersion with totally geodesic horizontal distribution and flat
fibers. Due to the latter property, the metric ¢*f is called semi-flat.

This picture is lost when including the instanton corrections. Indeed, the
horizontal part of the metric gy is no longer basic, since the functions Nii;‘St
are not basic. Moreover, the metric on the fibers is no longer translational
invariant and the coordinate vector fields %, %i are not horizontal, i.e.
perpendicular to the fibers. !

3.2.1. The CASK Case and the Rotating Action. We now assume that we start
with an integral CASK manifold (M, gar,war, V, &, A), together with a com-
patible, mutually local 2. We denote by (V, gy, w1, ws,ws) the corresponding
pseudo-HK manifold from Theorem 3.13.

Definition 3.19. Let (N, gn,w1,w2,w3) be a pseudo-HK manifold. An infin-
itesimal rotating circle action is a Killing vector field V on N such that
Ly (w1 + iwz) = i(wy +iws) and Lyws = 0.

In [4, Sect. 3] it is shown that one can lift J€ from M to N, in such a way
we get an infinitesimal rotating circle action for the semi-flat HK structure on
N. The lift V of J¢ is defined as follows: if ¢° are special affine coordinates for
M and (7*q%, p;) the corresponding coordinates on T* M, then

V(r*q') ==* (J&(q")),  Vipi)=0. (3.37)

This local definition does not depend on the choice of special affine coordinates,
and hence defines global lift V' of J¢. The vector field V is, in fact, the V-
horizontal lift of J¢ and furthermore descends to N = T*M/A*.

Proposition 3.20. The wvector field V' defines an infinitesimal rotating circle
action for the instanton corrected HK structure (N, gn,w1,ws,ws).

Proof. The vector field V' of N satisfies the following:

o The central charge Z satisfies Ly n*Z, = Lj¢Z, = iZ, (recall Proposi-
tion 2.15 and the remark below Definition 2.9). Here and in the following
we have omitted 7* on the right-hand side for ease of notation, identifying
function on M with functions on N via pull-back.

e The angle coordinates 6., are invariant by (3.37), i.e L6, = 0.

From the previous two points and (3.9) we conclude that Ly V™" = 0
and Ly AP = 0. Hence, from (3.10) and (3.11) we see that Lyw = iw
while Ly w3 = 0. This implies that £y gy = 0 by differentiating the identity
gN = w3 0 wl_l o wy and using the skew-symmetry of w, ! o wg in the indices
(o, B). We conclude that V' defines an infinitesimal rotating circle action for
the HK structure (N, gn, w1, wa,ws). O
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Using our local expression (3.35) of gy, we see that we can write gy
in the local real frame dz’ := Re(dZ,:), du’ := Im(dZ,:), oy := Re(Y;) and
Gi :==1Im(Y;) as

qg= Mij(dx"dxj + duzdu]) + RMU (OéiOéj + ﬁiﬁj) . (338)

In particular, we see that if the (real) matrix M;; has signature (n,m) then g
has signature o(g) = (4n,4m). In the CASK case we can say more:

Proposition 3.21. Let (N, gn,wr,ws,ws) be an instanton corrected HK metric
associated to a connected integral CASK manifold (M,w,gn, V, &, N) with a
compatible Q. If the flow of £ induces a free-action on M of the (multiplicative)
monoid R>1, then a(g) = o(g9¥) = (4,4n), where dimc(M) =n + 1.

Proof. By the connectedness assumption, it is enough to check the signature
at a single point. We fix p € M and consider the ray I, := R>; -p C M
obtained by the free R>;-action on M, and a Darboux frame (7;,~") of A with
Supp(£2) C span{y'} along l,. With respect to this frame we have the matrix
M;; controlling o(g):

Mij = Im(735) + Y _ Q)V3"ni(7)n;(7) - (3.39)
¥

We consider the V-horizontal lift of £ to N. Such a lift generates a free R>-
action on 771(l,) C N that scales Z, and leaves 0., invariant. The term N;; =
Im(7;;) is invariant under the R>;-action scaling the central charge (since M
is CASK), while the terms VVinSt are exponentially decreasing as we act with
a sufficiently big ¢ € R>; (due to the asymptotics of the Bessel functions).
Hence, by the use of the convergence property (3.3) and the R>j-action we
can make M;; as close as we want to N;; for an appropriate point in 7=(l,).
Hence, o(gn) = o(g*") = 20(gar) = (4,4n). O

4. HK-QK Correspondence for the Corrected HK Metric

Consider an integral CASK manifold (M, gar,war, V, &, A) together with a
compatible, mutually local €. From the results of Theorem 3.13 and Propo-
sition 3.20 we obtain an HK manifold (N, gn,ws,ws,ws) with an infinites-
imal rotating action given by the vector field V. In this section we apply
to (N, gn,w1,ws,ws) the explicit description of the HK-QK correspondence
found in [3, Theorem 2], to obtain a possibly indefinite QK manifold (N, g5)-

One of the things that we will require in order to apply the HK-QK
correspondence to (N, gy, w1, ws,ws), is an St-principal bundle 7y : P — N
having a connection 1 € Q!(P) with curvature F' € Q?(N) satisfying

F = 27‘(’(0}3 - d(LVgN)) . (41)

Remark 4.1. One can show that F' is of type (1,1) with respect to the triple
of complex structures I, for « = 1,2,3 (see for example [24, Proposition 1]).
Hence, the principal circle bundle (wy : P — N, n) is hyperholomorphic, in the
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sense that the complex line bundle associated to the defining representation
of U(1) is holomorphic for all three I,.

After constructing the required hyperholomorphic circle bundle in
Sect. 4.1, we apply the HK-QK correspondence in Sect. 4.2. The main result
of this section is Theorem 4.10.

4.1. The Hyperholomorphic Circle Bundle

In this section we construct the hyperholomorphic bundle (ry : P — N, 7).
We use the notation mp; : N — M for the natural projection.

Proposition 4.2. There exists an S*-principal bundle T : P — N with con-
nection © having curvature

1 *
46 = — i (d0 A d). (4.2)

Proof. We start by considering the trivial R-principal bundle T*M x R —
T*M. We denote by p: T*M — A* ® R the evaluation map. Hence, if we are
given a local trivialization (3;,7") of A, then (ps,,p,i) gives coordinates for
the fibers of T*M. On T*M x R — T*M we define the connection

1
O :=do — E<p7 dp> ) (43)

where o is a global coordinate on the R-fiber.

We now define the bundle of discrete Heisenberg groups Heis(A*) — M
where Heis(A*) := 27A* x 7Z and the group structure on the fibers is given
by

(2nd, wk) - (2w’ wk') = 2w (0 + &), w(k + k' + (5,8"))). (4.4)

We define a fiber-wise action (as bundles over M) of Heis(A*) on T* M xR

by

1
(276, 7k) - (p,0) = (p + 270,0 + 7k + = (276,p)), (4.5)
and on T*M by
(27w, k) -p=p+ 270 . (4.6)

With these actions the projection T*M xR — T*M is clearly equivariant
and O is invariant under the action on T*M x R. By taking the quotient we
obtain an S!'-principal bundle 7 : P — N, and the connection descends to a
connection © on P. It is given by

1 *
O =do— Eﬂm,(ﬁ,d@ , (4.7)

where the coordinate o is now periodic with period 7 and transforms as o —
o' = o+ 17} (6,0) under translations 6 — 6’ = 6 + 216, § € A*, in the sense
that (6,0) and (¢’,0’) describe the same point in the fiber of P. O

The following lemma gives an expression for ws that will be convenient
for defining the connection n on myn : P — N with curvature (4.1).
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Lemma 4.3. For v a section of Aly N Supp(Q) with U C M, let nf}”“ €
QY 7y (U)) be defined by

zn9 dZ d?
mst 2l
= 71_2 E |Zy|K1(2mn|Z,|) ( Z, 77 ) (4.8)
Letting r? := gar(€,€), we can then write wz as follows:
_bam g t
= 5887“ 52 <d9 AdB) +d ( E Qv ms ) ) (4.9)

Remark 4.4. Notice that > Q(y)ny inst makes global sense due to the mon-

odromy invariance of €. Furthermore > Q(y)nst € Q'(N) by the same
arguments of Lemma 3.10.

Proof. Since M is a CASK manifold, we have from (2.16):
war = i(dZ AdZ) = %857“2. (4.10)

On the other hand, using the identity (zK;(x)) = —xKy(z) we see that the
instanton correction terms of w3 satisfy

(ZQ mbt) = Z (ZQ( )thdZ ANdZ., + Md& /\Alnst)

(4.11)

where we used that compact normal convergence (3.3) lets us interchange sums
and derivatives. The formula (4.9) then follows by comparison
with (3.11). O

Corollary 4.5. Let 7y : P — N and © be as in Proposition 4.2. Then the
connection n € QY(P) given by

n:=04 217y (471‘M(8r —or?) +ZQ ”’St LVgN> (4.12)
Bt

has curvature
F =2n(ws —d(tvgn)) - (4.13)

Proof. The fact that dnp = 73 F follows from the equations (4.2) and (4.9).
O

The following proposition characterizes the part of n containing the
“instanton corrections”.

Proposition 4.6. The hyperholomorphic connection n on mny : P — N can be
written as

1 _ .
n =0+ 2wy (27T}ku7”27] + nmsf> (4.14)
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where n = T%ngg]y] and

mst Z Q mef (gN _ ﬂ_}kng) ) (415)

Furthermore, if Q = 0 then 77@"“ =0.

Proof. We first show that 2 = 0 implies 7" = 0. In a local Darboux frame
(7i,7%) of A with Supp(£2) C span{y’}, we can write (recall Corollary 3.17)

. 1 .
mst ZQ lnst —y (Z Q(’Y)V,.;nbt|ery|2 + RY;M JY],) .
¥

(4.16)

If © = 0, it follows that Y; = W; + W™ = W;, and M;; = N;; + N> = Ny,
so tyW; = 0 implies that

. 1 .
0t = =iy (L5 Wil TV ) = 0. (4.17)

To show the remaining identity, we notice that from (4.12) and (4.15) we
can write

n=0+2rry (%ﬂw(éﬂ —0r?) —wrigm + ni“5t>
=0 +2nmy (WM( (Or? — or?) — LJ&QM) + 77“‘“) . (4.18)

Furthermore, recalling (2.10):

2
7”25: Liegm = %dc log(r )= (3r — or? ) (4.19)
we obtain (4.14). O

4.2. HK-QK Correspondence

From the data of an integral CASK manifold (M, gar,war, V, &, A) with a com-
patible Q, we have obtained a pseudo-HK manifold (N, gn, I1, I2, I3) with an
infinitesimal rotating circle action V' and a hyperholomorphic circle bundle
(mn : P — N,n). We now wish to apply [3, Theorem 2| to obtain a pseudo-
QK manifold. In order to match their conventions, we will need to consider
2mgy instead of gy, and take X = 2V, so that X satisfies LxI[; = —215,
LxIo =20, LxI3 =0, Lxgn = 0. On the other hand, in order to directly
apply [3, Theorem 2], we will need to define several other pieces of data associ-
ated to (N, 2wgn, I1, 12, I3) and (7 : P — N,n). This are given in Lemmas 4.7
and 4.8, and in Definition 4.9 below.

Lemma 4.7. Let ¢ € R and let f, f1 € C°(N) be defined by

f=2nr? —c+4rn Z Qv Lvnfymt, fii=—2mr? —c+ Ay ™t
y

l\')\s

(4.20)
Then f and f1 satisfy

df = —ix(2mws3) = —4miyws,



Vol. 23 (2022) Quaternionic Kéhler Metrics Associated to Special 2051

fi = 5 Omgn(X, X)) = f — dmg(V,V). (1.21)
Furthermore, if

finst — 47 Z Q(,Y)Lvn’iynst flmst = 47TLV7]mSt, (422)
2l

then Q = 0 implies fst = finst = (.

Proof. We start by proving that df = —4myws. Using conical holomorphic
special coordinates Z* we have the local expression

V=iZ'0y —iZ 0y 1?=NyZ'Z =Tm(r;) 27" . (4.23)

On the other hand we have the identity Z? gTZi = 0 as a consequence of the

CASK condition. It is then easy to check that
' — 1
%Lv(aaﬂ) = —5d(?). (4.24)

From the same arguments of Proposition 3.20, it follows that EvniynSt =0. We
then have

df = 2nd(r?) + 47 Z Q(’y)d(LanYnSt)
B!

= 47 <;LV(88r2) +yd (Z Q(v)n{,““)) = —dmyws. (4.25)

The remaining equation in (4.21) for f; follows easily from 75,95 (V, V) =
ar(JE, JE) = gar(€,€) = r? and the definition of '™ in (4.15).

Finally, if Q = 0 we clearly have f*s* = 0, while fi"s* = 0 follows from
the fact that Q = 0 implies gn(V, V) = ¢*"(V, V) = 7%, 90 (V, V). O

Lemma 4.8. Assume that the flow of £ induces a free-action on M of the
monoid R>1. Then the open subset of N defined by

N':={peN | flp)#0, fi(p)#0, gn(Xp,Xp) #0} CN (4.26)

is not empty. In particular, the open subset N :={f >0, fi <0} C N’ is
not empty.

Proof. The proof is similar to Proposition 3.21. Indeed, fix p € N with m;(p) =
q, consider the ray [, := R>; - ¢ C M, and pick some Darboux frame (7;,~")
of A along the ray I, with Supp(Q2) C span{y'}. By consider the V-flat lift
of £ to N, we obtain a Rsj-action on 7, (l,) C N that rescales Z,, and
leaves invariant 6.,. Writing f*, fi*s® with respect to (3;,7°) and using the
asymptotics of the Bessel functions together with the convergence property,
it is easy to see that given any e > 0 the following holds for sufficiently big

tERZl

|f2S5 (- p)| < e, [f7(t - p) — fi™ (¢ )|
= mlgN (Xt-ps Xep) — Tar g (Xep, Xep)| < € (4.27)
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where in the last inequality we used the fact that gn (X, X) — 75,90 (X, X)
only contains instanton correction terms (see (3.35) and (4.23)).
In particular, for sufficiently big ¢ we have

sign(f(t - p)) = sign(2wt>r?(q) — ¢) = 1, sign(f1 (¢ - p)) = sign(—27t*r*(q) — ¢) =
sign(gn (X (¢ p), X (¢ p))) = sign(t?r?(q)) = 1

so N’ contains a point ¢ - p where f > 0, f; < 0 and gy (X, X) > 0. d

(4.28)

Definition 4.9. Let N’ C N be as in Lemma 4.8. On the total space of (mx
P|ns — N',n) we define the following objects:

e We endow P|y with the pseudo—Riemannian metric:
gp : fln + 27N gN (4.29)
and the vector field
X{ =X+ f0,, (4.30)

where X denotes the horizontal lift of X and 8, the generator of the
Sl-principal action.
e Finally, we define the following 1-forms on P|y-:

1 1
95) = —§7T7Vdf, 0{3 =1+ §7r}kVLX(27rgN),
1 1
0F .= 2’/TNLX(27T(U2) 0F = —iﬁva(%ﬂul) . (4.31)

We can now state the main theorem of this section:

Theorem 4.10. Let (M, g, war, V, &, A) be a connected integral CASK mani-
fold with a compatible mutually local 2, and assume that the flow of & gener-
ates a free-action of the monoid R>1. Furthermore, let (N, gn, 11, I3, I3) be the
associated pseudo-HK manifold; (P — N,n) the associated hyperholomorphic
circle bundle; and 07, gp, XT, f and N’ C N as before. If N C P|y- is any
submanifold transversal to X{', then

= (gp . 23:(9;)2) ’7 (4.32)
f F= N

s a pseudo-QK metric on N. Furthermore, ify is picked to also satisfy N :=
N NN/ #0, then gy 1is positive definite on N 4.

Proof. We have set everything up so that we can apply the explicit formulas
of the HK-QK correspondence in [3, Theorem 2] to the pseudo-HK manifold
(N',27gn, I1, I, Is) with the vector field X = 2V and the hyperholomorphic
circle bundle (P|ys — N’,n) (notice that we restricted to N’ of Lemma 4.8).
[3, Theorem 2] then guarantees that

= 230” 4.33
o 1= 5777 {97 = 7 2000) - (4.33)
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is a pseudo-QK metric on N. Hence, g = —2sign(f)g’ is also a pseudo-QK
metric on N.

By Proposition 3.21 we know that gy has signature (4,4n), so by [4,
Corollary 1] we conclude from the conditions f > 0, fi1 < 0 that ¢ =

—Siggﬁgﬁj — 29y is negative definite on N, and hence gy is positive
definite on V. O

Remark 4.11. Let us make a few comments on the assumption in Theorem 4.10
that the flow of { generates a free-action of the monoid Rx>:

e On one hand, this assumption is satisfied if one starts with a CASK
domain (see Definition 5.1), since in this case M C C**! — {0} is a C*-
invariant domain, and £ corresponds to the infinitesimal action of the
rescaling action R<o C C* (and hence, in particular, to the monoid action
R>; C Rsg). The case of the CASK domain will be important below,
since it gives rise to an instanton deformation of the 1-loop corrected
Ferrara—Sabharwal metric, to be discussed below in Sect. 5.

e The assumption on £ is not always satisfied from the conditions of Defi-
nition 2.6. Indeed, it fails if one starts from the previous case of a CASK
domain M, and a point from a R>;-orbit is removed. It also fails if we
remove a whole neighborhood of oo of the C*-invariant domain M. In
both cases one obtains a CASK manifold according to Definition 2.6 that
does not satisfy the above condition on &.

e On the other hand, this assumption is needed for two key points. First
to guarantee that the open subset N’ C N where we can apply the
HK-QK correspondence is non-empty (Lemma 4.8 and [3, Theorem 2]).
And second, to guarantee that the HK metric gy has the appropriate
signature (Proposition 3.21) in order for gz to be positive definite on
N ( [4, Corollary 1]).

5. Instanton Deformations of the 1-Loop Corrected
Ferrara—Sabharwal Metric

In this section we wish to compute a coordinate expression for the QK metric
g7 of Theorem 4.10 in the case of an integral CASK domain with a compatible
mutually local €. This will allow us to see g5 as a deformation of the 1-loop
corrected Ferrara—Sabharwal metric gfg (see Theorem 5.4). Furthermore, we
specify in Proposition 5.6 when the QK metric is positive definite, and we
discuss the fate of certain Peccei-Quinn symmetries in Corollary 5.7.

Definition 5.1. [2,13] A CASK domain is tuple (M, §) where:

e M C C"!' — {0} is a C*-invariant domain. We denote the canonical
holomorphic coordinates of C"*! by 2%, i = 0,1, ..., n.

e §: M — C is a holomorphic function, homogeneous of degree 2 with
respect to the natural C*-action on M.
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e The matrix

0*F
— 5.1
82182'3) (5-1)
has signature (1,n) and N;;zz7 > 0 for all z € M.

N =T

To any CASK domain (M,F) we can associate a CASK manifold
(M, gnr,war, V,€) [2] where 2zt and w; = %(zl) form a global system
of conjugate conical holomorphic special coordinates. If z° := Re(z%) and
y; := —Re(w;), then V is defined such that dz® and dy; are flat. Furthermore

gy = Nijdzidfj, Wy = %Nijdzi ANdF =dat Ady;, € =20, + 70,
(5.2)

and if we define A — M by A := Span;{0,:, 0y, }, then (M, gar,war, V, &, A)
is an integral CASK manifold.

Definition 5.2. A triple (M, 3§, A) where (M, §) is a CASK domain and A — M
is the canonical integral lattice from above will be called an integral CASK
domain.

Now consider an integral CASK domain (M, §,A), and let M., C M be
an open subset invariant under the S' C C*-action and under the monoid
action R>1 C C*. Let (Ms,gam,wn, V, & A) be the corresponding inte-
gral CASK manifold together with a compatible © such that Supp(Q) C

spanz {9y, }.

Remark 5.3. The main reason to possibly restrict to M, is that in general it
seems easier to find compatible, non-trivial mutually local variations of BPS
structures on My than on M (see the example of Sect. 5.2). Furthermore,
notice that if (M, gz7,ws7) is the associated PSK manifold to (M, §) and 737 :
M — M the projection, then my7(My) = M.

We wish to compute the pseudo-QK metric g5 from Theorem 4.10 asso-
ciated to (Muo, gar, war, V, &, A) and Q, when we take

N = {Arg(°) =0} C P|n/. (5.3)

This submanifold N is transverse to XF = X + f0, since )~(|W = 2‘7|ﬁ ¢ TN
and J,| € TN. On [3, Theorem 5] it was shown that the case with Q = 0
gives the 1-loop corrected Ferrara—Sabharwal metric ggg, so the case where
Q # 0 will give a deformation of gfg.

On M we have the local coordinates

r= gM(fag) =\ Nijzizj > 07 ¢ = Arg(zo)7
X:i=21/2 for i =1,2,...,n. (5.4)

As in [3], we will replace r with p = 2772 — ¢, the later coordinate representing
the dilaton coordinate for g&g. We then have on N the local coordinates p, X'

(for i =1,2,..n), 0; := 0p_,, 0t = 0s,, and 0. The coordinates p and X% are
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global on N, while the others satisfy that if § € A* and § — 6 + 276, then
o — o+ 3(8,6) (see Proposition 4.2). We will furthermore use the following
“normalized” central charge X, := Z,/z". In particular, for v € Supp(Q) with
v =n;(7)dy,, we have X, = n;(y) X" where X° :=1 and X’ fori = 1,2,..
are as before.

n

Theorem 5.4. Consider an integral CASK domain (M,g,A) and let (M, gz7)
be the associated PSK manifold. Furthermore, let (Moo, grr,war, V, €, A) be as
before with a compatible mutually local Q satisfying Supp(Q) C spang {0y, }.
Taking N as in (5.3), the expression for the QK metric g5 of Theorem 4.10
in the coordinates p, X°, 51-, 0° and o takes the form:

)

P +c ins
gﬁ = p+ finst <gﬁ_ e)CZQ(FY)V’Y !
Y

1 p+2c— finst et e )
. dp? + 2dpd F5t— + (d fms _

A(p +c+ £ Qw
)

dX7+X5( dp dK)

200+¢) 2

1 C ..
(p_|_ fznef)Q(p+ 2% — flinst - E(ead9> - zd K

st —c 2
ins + ’LTLS
+ t|N _|_ c + onSt t|N>
, (5.5)

—=1inst
bp)

g oy e W)+ NI, 4 T

(p +c)et
7T(p + finst>2

2

dp dK

2 Qv Ams25 X+ Xy | o7+ —
+am )9 V(a3 (g + 2>>|

p+C+fin8t(ch 2 mst| )2_ p+ec (ch)2
p_|_finst 2 p_|_c+f7,nst - IN p_|_finst

XZ(WZ + Wiin8t|ﬁ)

where K = —log(Ninin) is a Kdihler potential for gzz, n't are given by

inst 1 inst mat~ mat fmat
et =g 2mn"t — 2%29 udik (5.6)

fmst (fmst + fmst)/2 (57)

Furthermore, the forms 1-forms W5 and n"*'| do not have dp compo-
nents.

and

Proof. The proof is given in appendix A. Furthermore, coordinate expressions
for dfi"st| and Winst|5 are given in (A.22) and (A.25); while coordinate
expressions for 7't/ can be found using (A.26). O
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Remark 5.5. By setting Q = 0 in (5.5) all the instanton terms vanish, and we
recover ggg:

o _pte o _ph2 o 4pto)

(da - %<e,de> - EdCIC)Q

s = I 4o+ 02" T R lo + 20) £ s
. . .
_ iwi (Nij _ MXZ’YJ>WJ,_
2mp p

Indeed, by scaling p — p/7, ¢ — ¢/7, ¢ — —o /4w, and 0° — —0, together
with [3, Equation 4.12] and the fact that IV;; from [3] differs by a factor of 2
with respect to our N;;; we obtain [3, Equation 4.11].

Proposition 5.6. The subset Ny = {f >0, f; <0} C N is non-empty, and
g is positive-definite on N . Furthermore, there is a non-empty neighborhood
0f Noo C N4 of p = oo where g% is defined and positive definite. In particular,
g gives a deformation of g%g on Noo.

Proof. Fix a point (p, X¢,0°,0;,0) € N. The key observation is that with
respect to our coordinates fist, finst (0 as p — oo, due to the exponential
decay of the Bessel functions as p — oo and the convergence property (3.3).
This follows from the dependence of the Bessel functions on |Z,| and the
identity

[p+c
|Z,| = |ZO||X’Y| = TGK(X)/2|XW| = 76K(XV2|X'Y|» v € Supp(Q2) .
(5.9)

Hence, for sufficiently big p we have f = p+ f"' > 0 and f; = —p—2c+ finst <
0, and hence (p, X?, 67, 0;, o) € N,. By Theorem 4.10 it then follows that gz
is positive definite on N .

On the other hand, [3, Theorem 5] shows that ggg is positive definite
and defined on {p > max{0,—2c}} C N. Hence, taking Noo = N4 N {p >
max{0, —2c}} gives the required neighborhood of p = cc. O

We finish this section with a few words about the Heisenberg group
of isometries for certain lifts of gpq and gx. Consider the trivial bundle of
Heisenberg groups M x R~ x Heiso, 1 3(R), where we identify Heiso,,43(R) &
R2(n+D+1 and suggestively denote a point of R2m+D+1 by (6,67, o) = (6, o).

The group structure is given by
1
(9,0)-(0’,0’):(9+9’,a+a'+4—<9,9’>). (5.10)
7r

Both metrics gz and gég lift to an open subset of M xR, x Heisa,,13(R).
Indeed, we just take the same formulas (5.5) and (5.8) as before, where now
(@, 0%, o) are global coordinates of R2("+D+1 Then we can explicitly check that
Heisan4+3(R) acts by isometries on gfg, while for g5 we have the following:

Corollary 5.7. Consider the previous lifts of g5 to an open subset of M x
Ry>0 X Heiszpni3(R). For vy € Supp()) we denote v = n;(y)0y,, and we define
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d; := ged({ni (V) e supp()) for i = 0,1...,n such that {n;(7)}esupp) 7 {0}
If Q # 0, then the following proper subgroup of Heisy,+3(R) acts by isometries

on the lift of gy :
~ i . i 2,
{0 ", k) € Heisznrs(R) | 1" € —
7
such that {ni(1)}resuppiey # 10} (5.11)

Proof. This follows from the explicit formula (5.5), together with the fact
that in all the instanton correction terms the coordinates (6;,6%) only enter

for i=0,1,...n

in terms of functions of the form e"%v = " (M? with m € Z and v €
Supp(Q2), breaking the allowed shifts of 6 to discrete shifts. In particular, if
J is such that {n;(7)}yesupp() 7# 0, then a shift in 67 must preserve e (M8’
for all v € Supp(f2), which implies that the allowed shifts of #/ must lie in
27/ d;. 0

Remark 5.8. In the physics parlance, the previous corollary says that including
“mutually local instanton corrections” break the allowed shifts of the “elec-
tric” angles 67 to discrete shifts. Non-mutually local instanton corrections are
expected to further break down the allowed shifts of the “magnetic” angles 0;
to discrete shifts.

5.1. Comments on the Metric

We make some comments on our expression (5.5) compared to the one obtained
n (3.6) of [1].

e The function f = p + f™' that appears as the Hamiltonian for the
infinitesimal rotating action of (N, gy, w1, ws,ws) with respect ws can be
thought as a “quantum corrected” dilaton coordinate. Indeed, in [1,6,8]
the dilaton coordinate is built out of what they call a “contact potential”
of the QK twistor space, and this contact potential can be related to a
Hamiltonian for the infinitesimal rotating action (see for example the end
remarks of [7]).

In the twistor approach of [1], it seems that the natural coordinate
to consider is the quantum corrected dilaton f instead of p. The fact that
they use f as a coordinate is what gives rise to their implicitly defined R-
function in their expression for the instanton corrected metric (see their
equations (3.6) and (3.7)).

e We have an “Sl-bundle term” or “NS-axion bundle term”, given by

p+c+ finst
(p+ f9)2(p + 2¢ — fi*)

. 2
1 c . fmst —c .
do — —(0.dO) — =d°KC inst|__ + i inst|__
(‘7 47|-<’ ) 1 + 1y |N+p+c+fE‘St7L |N>
n (5.5). Since do appears only in this term, gz has an S'-action by
isometries (as expected from HK-QK correspondence). Furthermore, by
using the expression (A.26) we see that the connection form of the circle
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bundle does not have a dp component. In [1] an analogous conclusion is
reached in terms of the quantum corrected dilaton direction df.

e In the case of gfg the dilaton coordinate p is orthogonal to the rest
of the coordinates. This is not the case when including the instanton
corrections, due the non-trivial mixing of dp with dX?, df* and dé; in
(5.5). However, by the previous comment there is no mixing between dp
and do, so these two directions remain orthogonal. As in the previous
point, in [1] an analogous conclusion is obtained in terms of f = p+ finst,

e The symplectic invariance that needs to be checked in [1] is automatic
from our construction. Indeed, all the objects of Sects. 3 and 4 involved
in the construction of gz do not depend on the choice of any Darboux
frame, so the (non-explicit) symplectic invariance of formula (5.5) follows
automatically.

5.2. An Example

Here we present a simple example of our previous constructions where the PSK
manifold associated to the CASK manifold is the complex hyperbolic space
CH™. The choice of variation of mutually local BPS structures that we will take
will be due to its mathematical simplicity, rather than its physical significance.
We remark, however, that in the case n = 0 where the PSK manifold reduces
to a point (i.e. CH? = {*}), the example will give an instance of an instanton
deformation of the universal hypermultiplet metric near its infinite end of finite
volume, obtained after taking a quotient by a lattice in the Heisenberg group
(see Corollary 5.11 below).
We start with a CASK domain (M, §) given as follows:

o We take M = {(2°,2',...,2") e C" ™1 | 2012 > 3" | 2%}
e The holomorphic prepotential is given by

F(20, ..., 2" = % ((z0)2 —~ Z(zi)2> : (5.12)

In particular, we obtain a CASK manifold (M, grr,war, V, &) where V=D =d
and:

wy = 5(dzo AdzY — z_; dz' AdZ),  gar = d20dz° — Zl dz'dz’,
€=2'0, + 705 . (5.13)
A global conjugate system of conical special holomorphic coordinates is given
by
2w =1y (5.14)
where 7,; = diag(i, —1, ..., —4). In the corresponding global conical affine special
coordinates (z%,y;) = (Re(z%), —Re(w;)) we set A = Spany{d,:,d,,}, so that
(M,§,A) is an integral CASK domain.
The associated PSK manifold (M, gz7,ws7) is described as follows:
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e We have M = M/C*. If n = 0 then M is just a point; otherwise Mi
{(X'. ., X")eC™ | YU, |X'* < 1} with projection 737 : M — M

given by m(20, 21, ..., 2") = (21/2°,...,2"/20).
e Setting X' = 27/20 for i = 0,1, ..., n, the Kihler potential for gz7 is given
by
K = —log(X'Im 0’3 X)) =-1o 1—§:|Xi|2 (5.15)
& 021027 & P ’ '

which gives the metric

o= AT X T, [4XCP + | B, X aXip
. I—>r, X

(5.16)

This identifies (M, g37, ws7) as the complex hyperbolic space CH™.

In the global Darboux frame (3;,7") := (04:,0,,) of A, we consider
a mutually local variation of BPS structures with Supp(Q) = {£+"} and
Q(£+°) = m for some m € Z — {0}. We remark that Z,0 = 2% does not
vanish on M, and hence () satisfies the support property. The rest of the prop-
erties required by a mutually local variation of BPS structures are trivial to
check.

Remark 5.9. One can of course consider more complicated mutually local
variations of BPS structures. The one chosen above is only to simplify the
argument below regarding the non-degeneracy of the tensor T' (recall Defini-
tion 3.12).

Notice that the tensor field
T =mh(gn) + Y Qy)VI™trildZ, |2
¥

= my(gar) + Q) (V™ + VD), =) (5.17)

does not satisfy the compatibility condition for all points in N = T*M/A* =
M x (S1)2"*2 unless 2 = 0. However, due to the exponential decay of the
Bessel functions in V;B‘St in the variable |2°|, this can be fixed by restricting
M to the domain My := {(2°,..,2") e M | |2 > K > 0} for K > 0
sufficiently big. M carries a free S'-action generated by J¢, and a free action
generated by & of the monoid R>y C C*. In particular, Mg C M is an open
subset of the form M, considered in the first part of Sect. 5, so we can apply
Theorem 5.4 to obtain a QK metric (N, g57) associated to the PSK manifold
(CH™, g37, wy7), and given by (5.5). We then obtain the following immediate
corollary using Proposition 5.6:

Corollary 5.10. There is a neighborhood N, C N of p = oo, where both QK
metrics g5 and g associated to (CH™, gz7) are defined and positive definite.
In particular g5 gives a deformation of gGg on Noo.
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An interesting and simpler case is given by taking n = 0, where M = C*
and M = CH" = {*} reduces to a point. The 1-loop corrected Ferrara—
Sabharwal metric gfg associated to this case is known as the universal hyper-
multiplet. For ¢ > 0 it is a complete QK metric [13, Corollary 15] on
T*C* x R,

Heis(A*) IR 0
where Heis(A*) — C* and its fiber-wise action on 7*C* x R, — C* is as
in the proof of Proposition 4.2, and R,5o = {z° € C* | p = 2x[")?
c >0, Arg(z’) = 0}. Nyg has only one non-compact direction given by
p, and hence two infinite ends corresponding to p — oo and p — 0. In [17,
Theorem 4.6] it is shown that for py > 0, the subset {p > po} C Nyp has finite
volume, while {0 < p < po} C Nyn has infinite volume. Hence, we obtain:

NUH = (518)

Corollary 5.11. Let (N4, gw) be the (positive definite) QK metric from the
previous example, associated to the PSK manifold M = {x}. Then (N, gx)
gives a deformation of the universal hypermultiplet (N g, 9%g) near its infinite
end of finite volume.
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A Coordinate Computation of the Instanton Deformation of gg

In this appendix we prove Theorem 5.4.

Proof. (of Theorem 5.4) We start computing —%ﬁp, where

3
gp —QP—*Z (A1)

=0

and then deal with the restriction to N, giving gz = —%ﬁpw. To ease the
notations, we will omit pullbacks by projections. Furthermore, we denote Z% :=
Zay = Zi

We will use the following expressions for 67, which follow from their
definition (4.31) together with the formulas for 7, f and w, given in (4.12),
(4.20) and (3.20), respectively:

1 1. .
0F = —7df = —27rdr — 7df”““

1
0F =n+ 7Lx(27TgN) =n+2mygy =0+ 27 <2r n+ ZQ('y)nmSt>
1
—do 42 | = ——ede Qy)met
o+ 7r<2rn ( >+Z (y)nk )
0r = L2 =2 = | Re(Z'Y;) — 1 Q(v)2m AP (V)dZ
3 —51,)(( Twe) = 2Ty wr = e( —Im Z T AL (V)dz,

= Re <ZiW,' + ZPWSt + 2mi Y Q(V)A;"“(V)dzw>
Y

1 . .
0F = X (27w1) = —2mywi = (Im(ZlYi) + Re <Z Q(fy)27rAlynS°(V)dZw>>

"

=1Im (ZiWi + ZPWinst 4 2m <Z Q('y)AiY“St(V)dZA,)) . (A.2)
ol

We start by computing

%7,2 - ;«af’) 7 (A.3)


http://creativecommons.org/licenses/by/4.0/
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In order to do this, we use the expression of 1 in (4.14), of f; and f in
(4.20), and of st and f‘mt in (4.22) to get

3 —7(@13) @_’_7 +ﬁ~+27r inst_ﬁ'v ?
fl77 / f1 2" 1 2 !
O+ I 2 Q(y mSt finSt~ A4
7? 77+2?7+ Trz ) - (A.4)

We wish to rewrite this in such a way that © 4 $7 only appears in one term.
We will use the notations

inst 1 inst 1nst 1nst flnSt
me =g 2yt — 2m E Q(~y —n
1 . 1nst inst N
’r]l_nSt = 5 <<2ﬁn1nst o > (271_ E Q 1nst f2 n))

so that we can rewrite (A.4) as follows

2
(@ + n + ﬁn + ninst 4 nT“)

(A.5)

2 9 2 p2_ 2
fln f(al) i

f 2
inst inst
f<@+277+277+17 — " )
2 2 2
= | — ®+ + inst +2< > @+ + inst 1_nst
<ﬁ »( 3+ )’ Ftg) (05T

2 2
o (o) = (o)

After completing the square for the terms with © in (A.6) and organizing the
remaining terms, the previous expression can be written as

2 2 2
7,’72 _ 7(9{3)2 — (% _ ,) (@ + 2n+nlnbt + §+£ nglst)

fi f

N2

(50 e ()
(A.7)

‘We now compute
2 ~
2mgn — ?(95)2 cgp. (AS)
We recall that we can write gy as (see Corollary 3.17):
1 o

gn = Thggn + Y QVAZ P + Y MUY, (A.9)

v



Vol. 23 (2022) Quaternionic Kéhler Metrics Associated to Special 2063

while using (2.11) and omitting in the notation pullbacks by projections we
have

2
2ngy — $(05)2 = 2m (d4r® + 12 - ga)

f

ins 1 AV 1
+3 00V t|dZv\2+inMij) — df)?. (A.10)
Y

2f
Using the “dilaton” coordinate p = 2712 — ¢ we obtain:
p +2c— finst
Alp+o)(p+ i)
. 1 R
inst 2 7,
+2m ) Q(y)Vit|dZ, [ + 5 VMY

26 =

7 dp® + (p+ ) (7° — g37)

2mgN —

1 ( . .
_— dedf1nst+(df1nst)2) , (All)
2o+ )
where we combined the dp? terms coming from 2wdr? and df2. The change to
p is done to compare more easily with ggg.
Finally, since 65 and 6 are the real and imaginary part of the same
complex form, we get
2
*?((95)2 +(65)%)

2

_ 2 Z'W,; 4 Z'Winst 4 (ZQ )2m A (V )dZv> (A.12)

f
Combining the results (A.7), (A.11), (A.12); writing the coefficients in

terms of p, the constant ¢ and instanton correction terms; and using the nota-
tion

1n<t = (fmqt finSt)/Z fi,nSt = (finst _ finSt)/Qv (A13)

we obtain
- %gp T i;iistgﬁ +2fmst ZQ MV Z,[?
+ 2(p +1finst)2 (P 2(2;; g)mSt dp? + 2dpd fivst 4 (dfinst)2>
et inst 2
+4 (p+ fii:);i/:rf;c — finst) (@ + o + Mni‘“)
_W(Wz + WnsH (N + NsHU (T, + Wijnst)

. 2

pte fist [ 2 ins +c

+ |- el B (A.14)
P + flnst p +c+ f_ o + flnst
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Now we wish to restrict the previous expression to N and use the coor-
dinates p, X¢ (for i = 1,2,...,n), 6;, 6" and o previously defined before
Theorem 5.4. We also recall the normalized central charge X, = Z,/2°. In
particular, for v € Supp(y) with v = n;(7)d,, we have X., = n;(y)X" with
X =1.

With respect to these coordinates,

|20% = r2ef = Lﬂe’c, (A.15)
27
where K is a Kéhler potential for the PSK metric gy given by K =
—log(N;; X' X7).
Using (A.15) we can write
- 1 1
n= fdc log(r?) = d(Arg(2?)) — idCK’ (A.16)
so that 77y = —3d°K.
Using (A. 15) and |2°|%|% = (2°)?|5, we find that for v € Supp(£2),
dz° dp dK
a2,/2°| =) (aX+ X' ) [ =dX, + X, (5ot +
Pyt ) o (%)
(A.17)
so that
_ 2m ZQ(’}/)VmSt‘dZ |2‘ )C ,0—|—C ZQ Vmst
p+ finst - v v W p+ fmst
(A 18)

dp dK
x (- =~
’ ”(2<p+c>+ 2)

Furthermore, we can write

’le + Ziwinst +Z(ZQ )2m AP (V) Z, )

(p + fmbt

_ _(pto)e®
'/T(P + finst)?
dp diCy Y |2
w (0 A Ao
T 2(p+c) 5 (A-19)
Hence, putting all together we obtain the desired expression for gz given
n (5.5).

We also give the coordinate expressions for d fi"st |5, Winst| 5 and nPs®| 5.

By Lemma 4.7 we have df = —4miyws, so by (3.11):

dfmst QW(ZQ Vmst Z dZ

‘XiWi + XTIt 4 2m'( 3 Q(y) A(V) (dX7
Y

+Z,az,) - 3 B (30 0 2, K, (2712, ) ) s, )

272
n>0



Vol. 23 (2022) Quaternionic Kéhler Metrics Associated to Special 2065

(A.20)
On the other hand, using (A.15) and (A.17)
e — g, d aK
2,07+ 740z, | = PEDex( X, (4%, + % (52 + 5)
— dp dK
+Xg(dxg4fxg(207+c) <))
_(pto) x - dp K
- LT (ReLXWdXW)+|XQ|<2( v +44—>),Q&21)
so that
Afty = 2(p+ ) 30 NV |y (Re(X,dX,)
2 dp ac
AP (gt )
Pt e i2(y) iné, [p+c ko
o € ZY: - (nz>oe |XW\K1<27rn v |XV|))d9
(A.22)

where

. 1 . p+c
inst _ inf, K/2 ))
Virstly 5 n§>0 e K (27m\ / 5 ¢ | X51) ) - (A.23)

On the other hand, using (A.15) and (A.17) again, we find that
(e )] - (-
Z, Z, /N X, X,
(p+c)et
2m

Using the equalities (A.24) we can compute Wi™s*|5 and n''*t|5. For Winst| 5
we obtain

1
Wmst|N _ ZQ nz [ + & IC/2

(A.24)

w (42, )y = - In(X,dX,)

ﬁ

2
. dX dX :
> X K, (2””\/ L CBK/2|X7|)>( - *W) +ivln5t|ﬁd‘%}7
2m X v
n>0 Y
(A.25)

while from (4.8) and (4.16) we obtain

mst| _ L p+celC/2
N7er2 o oor
e~ p+c dX dx
(E: n |)C”Bﬁ(2wn o eKmLX”D)(<XfY_ j?w)
Y Y

n>0

lnbt| ZQ ( lnbt Vm“|NIm(X ax ))
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MY |5
42
From the last equations we can find the expressions for 5|5 from (A.5). In

particular, we conclude that Wt |5 and n'P*t|5 have no dp components. [

WU (V) [gRe(W; + WPt |5) . (A.26)
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