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Abstract. This paper proposes a refinement of the usual concept of alge-
braic quantum field theories (AQFTSs) to theories that are smooth in the
sense that they assign to every smooth family of spacetimes a smooth
family of observable algebras. Using stacks of categories, this proposal
is realized concretely for the simplest case of 1-dimensional spacetimes,
leading to a stack of smooth 1-dimensional AQFTs. Concrete examples
of smooth AQFTS, of smooth families of smooth AQFTs and of equivari-
ant smooth AQFTs are constructed. The main open problems that arise
in upgrading this approach to higher dimensions and gauge theories are
identified and discussed.
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1. Introduction and Summary

An m-dimensional algebraic quantum field theory (AQFT) is a functor 2 :
Loc,, — *Alg. from a suitable category of m-dimensional Lorentzian space-
times to the category of associative and unital *-algebras over C. The algebra
A(M) that is assigned by this functor to a spacetime M is interpreted as the
algebra of quantum observables of the theory 2 that can be measured in M.
Such functors are also required to satisfy a list of physically motivated axioms,
see, e.g., [10,15], which includes most notably the Einstein causality axiom.

Even though this axiomatic definition of AQFTSs is by now widely used in
the relevant research community and has led to interesting model-independent
results, we would like to point out the following issue that is usually not dis-
cussed: Suppose that we consider a family of spacetimes {M; € Loc,,}ser
that depends smoothly (in some appropriate sense as explained in this pa-
per) on a parameter s € R. This s-dependence could, for example, be due to
changing smoothly the coefficients of the metric tensor. Evaluating an AQFT
A : Loc,, — *Alg. on this smooth family results in a family of algebras
{A(M;) € *Algc}ser which, however, will in general not be smooth in any
appropriate sense because smoothness is not covered by the usual AQFT ax-
ioms. Similarly, given a smooth family {fs : My — Ns}ser of spacetime
morphisms, the associated family {(fs) : A(Ms) — A(Ns)}ser of *Alge-
morphisms will in general not be smooth. In our opinion, encoding a suitable
concept of smoothness for these families as part of the axioms of AQFT is desir-
able for several reasons: (1) Physically speaking, smoothness of these families
means that a small variation at the level spacetimes does not have a too dras-
tic effect on the observable content of the theory; hence, it excludes models
with unpleasant discontinuous behavior. (2) Certain standard constructions in
AQFT, such as the computation of the stress-energy tensor as a derivative of
the relative Cauchy evolution [10], only exist for models that react sufficiently
smoothly to metric perturbations. (3) In the context of AQFT on spacetimes
with background fields, see, e.g., [32], such a smooth dependence may be used
to describe an adiabatic switching of the interaction with the background fields.
Similarly, it enables us to introduce AQFT's that are smoothly equivariant with
respect to an action of a Lie group.

The main goal of this paper is to make some first steps toward developing
a refinement of the axiomatic foundations of AQFT that encodes the preser-
vation of smooth families as part of its structure. The key idea behind our
approach is to refine the ordinary categories Loc,, and *Alg. that enter the
definition of AQFTSs to stacks of categories, which will encode precise concepts
of smooth families of spacetimes and algebras, and to introduce a concept of
smooth AQFTs in terms of morphisms between these stacks. A similar pro-
gram of smooth refinements of QFTs has been developed successfully within
other approaches, in particular for functorial QFTs in the sense of Atiyah and
Segal [9,11,25,30], however as of now this idea seems to be unexplored in the
context of AQFT. In order to outline our proposal in the simplest possible
setting and to circumvent in this first paper certain technical challenges (of
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both analytical and algebraic nature, see Sect. 6), we consider only the sim-
plest case of dimension m = 1, which physically represents AQFTs on time
intervals (i.e., quantum mechanics). We believe that, due to its simplicity, the
case of 1-dimensional AQFTs is perfectly suited to explain the main ideas and
features of our proposed framework for smooth AQFTs and to illustrate this
formalism through the simplest possible examples.

Our framework for smooth AQFTs introduces naturally a second layer
of smoothness. Because we realize smooth 1-dimensional AQFTs as the points
of a stack AQFTI, we can also make precise sense of questions like what
are “smooth families of smooth AQFTSs” and in particular what are “smooth
curves of smooth AQFTs.” We shall illustrate through simple examples that
smooth variations (e.g., an adiabatic switching) of the external parameters of
a theory, such as the mass parameter, define such smooth families of smooth
AQFTs. Furthermore, we show that each smooth AQFT has an associated
smooth automorphism group, refining the discrete automorphism groups of
ordinary AQFTs [14], and explain how these are related to smooth AQFTs that
are equivariant with respect to a smooth action of a Lie group. We construct a
concrete example of the latter that captures the global U(1)-symmetry of the
1-dimensional massless Dirac field.

The outline of the remainder of this paper is as follows: Sect. 2 contains a
brief review of some relevant aspects of the theory of stacks of categories that
we shall need in this work. In Sect. 3 we introduce the stacks of categories
Loci® and *Alge that provide smooth refinements of the category Loc; of
1-dimensional spacetimes and of the category *Alg: of associative and unital
x-algebras. The stack of smooth 1-dimensional AQFTs is then defined as the
mapping stack AQFT{° := Map(Loc{°, *Algd) and we shall explore some in-
teresting consequences of this definition, including a natural notion of smooth
automorphism group of a smooth AQFT and its relation to G-equivariant
smooth AQFTs, for G a Lie group. Section 4 develops two stack morphisms
CCR and CAM that are smooth refinements of the usual canonical (anti-
Jcommutation relation quantization functors for Bosonic (resp., Fermionic)
theories. These are later used for constructing explicit examples in Sect. 5,
which illustrate our proposed approach to smooth AQFT. In Sect. 5.1, we in-
troduce smooth refinements of retarded/advanced Green operators and prove
their existence in simple cases through explicit formulas. We then construct
in Sect. 5.2 a concrete example of a smooth family of smooth 1-dimensional
AQFTs, which can be interpreted physically as (a smooth analog of) the 1-
dimensional massive scalar field (quantum harmonic oscillator) in the presence
of a smooth variation of the mass (frequency) parameter. In Sect. 5.3, we con-
struct a concrete example of a U(1)-equivariant smooth 1-dimensional AQFT,
which can be interpreted physically as (a smooth analog of) the 1-dimensional
massless Dirac field, together with its global U(1)-symmetry. Section 6 provides
a concise list of open problems that have to be solved to upgrade our approach
to encompass higher dimensions m > 2 and gauge theories. Most pressingly,
Open Problem 6.1 poses the question of existence of smoothly parameterized
retarded/advanced Green operators for vertical normally hyperbolic operators
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on smooth families of Lorentzian spacetimes, which goes beyond the standard
results developed, e.g., in [1] and might be of interest to researchers in hyper-
bolic PDE theory.

2. Preliminaries on Stacks of Categories

We shall briefly review some basic concepts from the theory of stacks of cat-
egories that we need to describe a smooth refinement of algebraic quantum
field theories (AQFTs). Our perspective on smoothness is through the functor
of points approach, see, e.g., [4] and [5, Section 3.2] for introductions in the
context of AQFT and also [28] for a more detailed overview. We also refer
to [22,24] for the relevant 2-categorical background and to [31] for a detailed
introduction to the theory of stacks.

Let Man denote the category of (finite-dimensional) smooth manifolds
and smooth maps. The usual open cover Grothendieck topology endows Man
with the structure of a site. We choose the site Man because our aim is to
formalize smooth families. The framework of stacks is however very flexible
and can be adapted to model other types of families, such as continuous or
algebraic, by an appropriate choice of site.

Definition 2.1. A prestack (of categories) is a pseudo-functor X : Man®® —
Cat to the 2-category Cat of categories, functors and natural transformations.
Explicitly, this consists of the following data:

(1) For each object U € Man, a category X (U).

(2) For each morphism h : U — U’ in Man, a functor X (h) : X(U’) — X (U).

(3) For each pair of composable morphisms h: U — U’ and ' : U' — U” in
Man, a natural isomorphism X 5 : X(h) X(h') = X(h'h) of functors
from X (U") to X(U).

(4) For each object U € Man, a natural isomorphism Xy : idx ) = X (idy)
of functors from X (U) to X (U).

These data have to satisfy the following axioms:

(i) For all triples of composable morphisms h : U — U’, b’ : U’ — U"” and
r" :U" — U" in Man, the diagram

Xy p¥ld

X (h) X (h') X (h") X (1 h) X (h") (2.1)

Id*Xh//Th/ X}L”,h/h

X(h) X(W' ) —=———s X'} h)

Xh“h/,h

of natural transformations commutes. (The capital Id denotes identity
natural transformations, and % denotes horizontal composition of natural
transformations.)
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(ii) For all morphisms h : U — U’ in Man, the two diagrams

ldx(U)X h) X(h) idX(U’) (22)
XU*Idﬂ \ Id*Xulﬂ \
X (idy) X (h) == X(h X(h) X (idi) == X(h)
h,idgy ldU/ h

of natural transformations commute.

Remark 2.2. From now on we shall often follow the usual convention of sup-
pressing the symbols X}/, and Xy denoting the coherence isomorphisms of a
prestack X. Definition 2.1 should help readers unfamiliar with this convention
to extrapolate from the context which coherence isomorphism is relevant at
any given point.

Given any prestack X : Man°® — Cat, one can define, for every manifold
U € Man and every open cover {U, C U}, the associated descent category
X({U, CU}) € Cat, see, e.g., [31, Definition 4.2]. An object in this category
is a tuple

({za}: {0as s 28lu, = Talup}) € XQULCUY)  (230)
of families of objects z, € X (U,) and isomorphisms ¢ in X (U,p) satisfying

x5|Uﬁ7 |Uaﬁ’v

Paa
Ty|Ugy [Uaps T3|Uap|Unsy TalUaa — TalUaa
%l lwaﬁangw gJ/ lg
x“/‘anlUnﬂw xaan[;(‘Uaﬁ'y Lo T} Lo
o
‘Pam /

xa|Ua'y|Uo¢[J"y

(2.3b)

for all «, §,7. Here we denote by Ua,ay-a, = Uay NUqa, N - NUq, the
intersection of open subsets and by |5 := X(¢ IJ) : X(U) — X(U) the func-
tor associated with a subset inclusion morphism L~ : U — U in Man. The

unlabeled isomorphisms in (2.3b) are given by the coherence isomorphisms
associated with the pseudo-functor X : Man®® — Cat. A morphism

{$a} : ({za}{was}) — ({20} {¥0s}) (2.42)
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in the descent category X ({U, C U}) is a family of morphisms 1, : 4 — @,
in X (U,) satisfying

wﬁ‘UQ[j P
26|vay — TplUas (2.4b)

‘paﬁl l‘pfmﬁ

/
1.0‘|Ua/3 balv xa|Ua[i
alugg

for all a, 8. There exists a canonical functor

X(U) — X({Ua CU}),

r = ({‘/'C‘Ua}7{m|Uﬁ|Ua[3 ;x‘Ua|Ua[f})7

¥ — {Ylu,}- (2.5)

Definition 2.3. A stack (of categories) is a prestack X : Man®® — Cat that
satisfies the following descent condition: For every U € Man and every open
cover {U, C U}, the functor in (2.5) is an equivalence of categories.

Ezxample 2.4. A simple example is the stack of vector bundles VecBunyg :
Man°? — Cat, where K denotes either the field of real R or complex C num-
bers. It assigns to each manifold U € Man the category VecBung (U) of (lo-
cally trivializable and finite rank) K-vector bundles over U, with morphisms
given by vector bundle maps that preserve the base space. To a morphism
h:U — U’ in Man it assigns the functor h* : VecBung (U’) — VecBung (U)
that forms pullback bundles. The coherence isomorphisms are canonically
given by the universal property of pullback bundles. The descent condition
expresses the following local-to-global (or gluing) properties of vector bundles
and their morphisms: Vector bundles on U can be described equivalently in
terms of families of vector bundles on an open cover {U, C U} and transi-
tion functions on the overlaps Uy,g, see, e.g., [23, Problem 10-6]. (Observe that
the diagrams in (2.3b) are the cocycle conditions for the transition functions.)
From this perspective, vector bundle maps on U can be described equivalently
in terms of families of vector bundle maps on an open cover {U, C U} that
are compatible (in the sense of (2.4b)) with the transition functions.

Definition 2.5. A morphism F : X — Y between two stacks is a pseudo-natural
transformation between the underlying pseudo-functors X,Y : Man°® — Cat.
Explicitly, this consists of the following data:

(1) For each U € Man, a functor Fy : X(U) — Y/(U).

(2) For each morphism h: U — U’ in Man, a natural isomorphism

SN0 (2.6)

X(U")
X(h)l % ly h)
X(U) -

(
Y(U)
These data have to satisfy the following axioms:
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(i) For all pairs of composable morphisms h: U — U’ and b’ : U’ — U” in
Man, the diagram

Y)Y (W) For —— s Y (h) For X() —=2 s By X (h) X (W)

Yh,)h*ldﬂ ﬂld*xh,ﬁh

Y (W h)Fyn Fy X (W' h)
Fh/h
(2.7)
of natural transformations commutes.
(ii) For all U € Man, the diagram
idy(U) Fy —— Fy idX(U) (28)

YU*Idﬂ/ ﬂm*xu

Y(ldU) Fy F:> Fy X(ldU)
idy

of natural transformations commutes.

Definition 2.6. A 2-morphism ( : F = G between two stack morphisms
F,.G: X — Y is a modification between the underlying pseudo-natural trans-
formations. Explicitly, this consists of the following data:

(1) For each U € Man, a natural transformation {y : Fy = Gy of functors
from X (U) to Y/(U).
These data have to satisfy the following axioms:

(i) For all morphisms h: U — U’ in Man, the diagram

Y(h) Fyr —— s Y (1) Gy (2.9)

F,lﬂ ﬂah

Fy X (h) ﬁ Gy X(h)

of natural transformations commutes.

It is well-known that pseudo-functors, pseudo-natural transformations
and modifications form a 2-category, see, e.g., [16, Chapter 3] and [27, Appen-
dix A.1]. Selecting only those pseudo-functors that satisfy descent leads to the
2-category defined below.

Definition 2.7. We denote by St the 2-category of stacks (of categories). Its
objects are stacks (see Definition 2.3), 1-morphisms are stack morphisms (see
Definition 2.5) and 2-morphisms are given in Definition 2.6.

We conclude this section by recalling briefly some important construc-
tions involving stacks that will be needed in the bulk of our paper.
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2-Yoneda Lemma: There exists a 2-functor (called 2- Yoneda embedding)

(=) : Man — St (2.10)
from the category of manifolds to the 2-category of stacks. It assigns to a
manifold N € Man the stack N := Man(—, N) : Man’® — Cat, U —
Man(U, N), where the set Man(U, N) = C*(U, N) of smooth maps is
regarded as a category with only identity morphisms. This 2-functor is
fully faithful, i.e., manifolds can be equivalently regarded as stacks. Even
more, for every U € Man and X € St, there exists a natural equivalence

St(U, X) ~ X(U) (2.11)

between the category of morphisms from U to X and the category ob-
tained by evaluating X on U. As a consequence, the category X (U) ad-
mits a useful interpretation as the category of “smooth maps” U — X
from the manifold U to the stack X. In particular, for U = {x} the point,
we can interpret X ({*}) as the category of “global points” {*} — X and
similarly, for U = R the line, we can interpret X (R) as the category of
“smooth curves” R — X in the stack X.

Products of stacks: Given any two stacks X,Y € St, one defines the product
stack X x'Y € St in terms of the pseudo-functor

X xY : Man®® — Cat,
U — X(U)xY(U),

(h:U—=U") — (X(h)xY(h): X(U")xYU')— X(U) xY(U)),
(2.12)

together with the obvious coherence isomorphisms induced from X and
Y. For the particular case of two manifolds M, N € Man, one finds that
the product stack M x N ~ M x N is equivalent to the stack associated
with the product manifold.

Mapping stacks: Given any two stacks X,Y € St, one defines the mapping
stack Map(X,Y’) € St in terms of the (strict) 2-functor

Map(X,Y) : Man®® — Cat,
U +— St(X xU,Y),
(h:U—-U") — ((idxh)*:St(X xU,Y)— St(X xU,Y)),
(2.13)

where (id x h)* := (=)o (id X h) denotes pre-composition. For the particu-
lar case of two manifolds M, N € Man, one finds that the mapping stack
Map(M, N) is equivalent to the usual functor of points for the mapping
space of manifolds. See, e.g., [4] and [5, Section 3.2] for more details on
the latter.
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3. Smooth 1-Dimensional AQFTSs

An m-dimensional algebraic quantum field theory (AQFT) [10,15] is a func-
tor A : Loc,, — *Alg from the category Loc,, of m-dimensional (globally
hyperbolic) Lorentzian spacetimes to the category *Algq of associative and
unital x-algebras over C. This functor is required to satisfy certain physically
motivated axioms, most notably the Einstein causality axiom expressing that
every two causally disjoint observables must commute with each other. Such
structures can be described most effectively in terms of operad theory and
one observes that the category AQFT,, of m-dimensional AQFTs is the cat-
egory of algebras over a suitable colored operad, see [6,7] for the details. The
case of m = 1 dimensions, which physically represents AQFTs on time inter-
vals (i.e., quantum mechanics), is structurally much simpler because causal
disjointness, and hence the associated Einstein causality axiom, is a phe-
nomenon arising only in dimension m > 2. As a consequence, the category
AQFT,; = Fun(Loc;,*Alg) of 1-dimensional AQFTs is simply a functor
category.

The aim of this section is to introduce a smooth refinement of 1-
dimensional AQFTs. This means that we will upgrade the categories Loc; and
*Alg to stacks of categories, which encode suitable concepts of smoothly U-
parameterized families of spacetimes and algebras, for all manifolds U € Man.
A smooth 1-dimensional AQFT will then be defined as a stack morphism be-
tween these two stacks, which in particular means that smooth AQFTSs map
smooth U-families of spacetimes to smooth U-families of algebras. Loosely
speaking, one may say that “smooth AQFTSs respond smoothly to smooth
variations of spacetimes.”

Our approach to smooth AQF Ts introduces also a further layer of smooth-
ness, namely we can define a stack AQFT?® € St of smooth 1-dimensional
AQFTs. Through this stack we obtain a natural concept of smoothly U-
parameterized families of smooth AQFTSs, which for the special case U = R
leads to a notion of smooth curves of smooth AQFTs. We shall illustrate later
in Sect. 5 that smooth variations of the external parameters of a theory, such
as the mass parameter, gives rise to such smooth families.

Throughout the whole paper we restrict our attention to the simplest case
given by 1-dimensional AQFTs. We expect that a generalization to higher-
dimensional AQFTs is possible by using similar techniques; however, there are
certain additional technical difficulties and challenges that we explain in more
detail in Sect. 6.

3.1. The Stack Loc3®

In this subsection we introduce a stack Loc(® : Man®® — Cat that provides
a smooth refinement of the category Loc; of 1-dimensional spacetimes. Let
us first recall how the latter category is defined. A 1-dimensional spacetime
(i.e., time interval) may be described in terms of a pair (I,e), where I C R
is an open interval and e € Q!(I) is a nondegenerate 1-form that encodes
the geometry and orientation of I. (In physics terminology, one may call e a
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1-bein, i.e., a 1-dimensional vielbein.) A morphism f : (I,e) — (I’,¢’) in Loc;
is an open embedding f : I — I’ of intervals that preserves the 1-forms, i.e.,
Fre) =e.

Given any manifold U € Man, the category Loc{°(U) is supposed to
describe smooth U-families of 1-dimensional spacetimes. A suitable way to
formalize those is through fiber bundles and their vertical geometry.

Definition 3.1. A smooth U-family of 1-dimensional spacetimes is a pair (w :
M — U, FE) consisting of a (locally trivializable) fiber bundle 7 : M — U
with typical fiber an open interval I C R and a nondegenerate vertical 1-form
E € QL(M) on the total space.

Remark 3.2. The interpretation of this definition is as follows: Given any pair
(mr: M — U,E) as in Definition 3.1, one obtains, for every point z € U,
a 1-dimensional spacetime (M|y, E|,) := (7~ *({2}), E|;-1({2})) € Loci by
restricting to the fiber over « € U. Due to the smooth fiber bundle structure,
it makes sense to interpret this pair as depending smoothly on z € U.

A natural concept of morphisms f: (7: M - U, E) — (' : M' — U, E')
between smooth U-families of 1-dimensional spacetimes is given by fiber bundle
maps

M1 (3.1)
AL

that preserve the 1-forms, i.e., f*(E’) = F, and that are in a suitable sense
“open embeddings of fiber bundles.” Indeed, from the AQFT point of view, it
is quite natural to consider open embeddings as they allow to push forward
compactly supported sections of vector bundles, which is crucial to construct
examples. We would like to emphasize that there exist a priori different con-
cepts of what open embeddings of fiber bundles could be. For example, we
could demand the point-wise condition that the restriction f|, : M|, — M|,
to the fiber over every point z € U is an open embedding of manifolds. Unfor-
tunately, this simple point-wise condition is incompatible with pushing forward
vertically compactly supported functions on the total spaces. Hence, the cor-
rect concept of “open embeddings of fiber bundles” should be in some sense
more uniform on U. There exist a priori different options to formalize this, but
fortunately the three main candidates are equivalent.

Lemma 3.3. Let f : (n: M — U) — (¢’ : M' — U) be a fiber bundle map.
Then the following three statements are equivalent:
1. For each x € U, there exists an open neighborhood U, C U, such that the
restriction fly, : M|y, — M|y, is an open embedding of manifolds.
2. The map of total spaces f: M — M’ is an open embedding of manifolds.
3. For each open subset U C U, the restriction flg : M|g — M| is an
open embedding of manifolds.
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Proof. 1. = 2.: From the hypothesis it is clear that f : M — f(M) is a bijection
of sets. Furthermore, for each z € U, there exists an open neighborhood U, C
U such that fly, : M|y, — M’|y, is an open embedding, which implies that
f: M — f(M) is a diffeomorphism. To show that the image f(M) C M’
is open, observe that f|y, (M|y,) C M|y, is by hypothesis open and that
M|y, € M’ is open too. Hence, f(M) = Uerf\Uw(M|Um) C M’ is open.

2. = 3.: The open embedding f : M — M’ factors as a diffeomorphism
f+ M — f(M) followed by an open inclusion f(M) C M'. Take any open
subset U C U and consider the restriction f|7 : M|z — M’|;, which factors as
amap f|7 : M|g — f(M|;) followed by an inclusion f(M|5) € M'|;. Because
f is a fiber bundle map, we have that f(M|;) = f(M) N M'|;, which implies
that flz : M|; — f(M]y) is a diffeomorphism and that f(M|;) € M’ is
an open inclusion. Hence, f|g : M|5; — M'|; is an open embedding.

3. = 1.: Trivial. O

Definition 3.4. For any manifold U € Man, we denote by Loci°(U) the
category whose objects are smooth U-families of 1-dimensional spacetimes
(r : M — U,E), see Definition 3.1, and whose morphisms f : (7 : M —
UE) — (' : M' — U, E’) are fiber bundle maps (3.1) that preserve the 1-
forms, i.e., f*(E’) = F, and that satisfy any of the three equivalent conditions
in Lemma 3.3.

In order to define a (pre)stack Loc(® : Man®” — Cat (see Definition 2.1),
we have to assign to every morphism h : U — U’ in Man a functor

h* := Loc®(h) : Loci®(U’) — Loc°(U). (3.2)

Let us recall that, given any fiber bundle 7 : M — U’, one may form the
pullback bundle

EIW

WM ="— 5 M (3.3)
I

Th | lﬂ'
4
UT>U’

which is a locally trivializable fiber bundle with the same typical fiber as
7m: M — U’. We then define the functor in (3.2) on objects as

W (m:M—UE) = (m,: "M — U, EM*(E)) (3.4a)
and on morphisms f: (7: M - U, E) — (n' : M' = U',E’) as

Wf (m b M = URY(E) — (nh M — UEY(E)),  (3.4b)
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where the fiber bundle map h*f is defined uniquely through the universal
property of pullback bundles by the commutative diagram

M’

AV (U — (3.4¢)

ntf A

h*M 4> M ’

ST

UT)U’

The fact that h* f preserves the 1-forms, i.e., (h*f)*EM (B = EM*(E)7 is a

direct consequence of this diagram and f*(E’) = E. Furthermore, the condi-
tion 1. of Lemma 3.3 for A*f can be easily proven using that f satisfies this
condition. Hence, (3.4b) defines a morphism in Loc®(U).

Proposition 3.5. The prestack Loc]® : Man®® — Cat defined by Defini-
tion 3.4, (3.2), (3.4) and the canonical coherence isomorphisms given by the
universal property of pullback bundles is a stack, i.e., it satisfies the descent
condition from Definition 2.3.

Proof. This is a direct consequence of descent for fiber bundles and differen-
tial forms and of the fact that the first condition on the fiber bundle mor-
phisms stated in Lemma 3.3 is a local condition on U € Man. In more detail,
spelling out descent for objects (7 : M — U, E) € Loci°(U), one observes
that it involves descent for the underlying fiber bundles 7 : M — U and also
for the underlying 1-forms FE, which are straightforward consequences of de-
scent for fiber bundles and differential forms. Similarly, descent for Loc(®(U)-
morphisms f: (7 : M — U, E) — (7' : M’ — U, E’) involves descent for the
underlying fiber bundle maps f : (7 : M — U) — (7' : M’ — U) and the
verification that the 1-forms are preserved and that any one of the equivalent
conditions from Lemma 3.3 holds, which are again both consequences of de-
scent for fiber bundles and differential forms and the fact that the descent data
fulfill these properties. g

Remark 3.6. Observe that the category Loci®({*}) of global points {*} —

Loc® of the stack Loc{® is the ordinary category Loc; of 1-dimensional space-
times.

3.2. The Stack *Alg?®

The aim of this subsection is to develop a stack *Algg” that provides a smooth
refinement of the usual category *Alg. of associative and unital x-algebras
over C. Let us recall that the latter category may be defined as the cate-
gory *Mon,.,(Vecc) of order-reversing x-monoids in the involutive symmet-
ric monoidal category Vecc of complex vector spaces, see, e.g., [7,19] for the
relevant background on involutive category theory. Our strategy is to intro-
duce first a stack (of involutive symmetric monoidal categories) that refines
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the category Vecc of vector spaces over C and then discuss how to form order-
reversing #-monoids at the level of stacks.

Let us consider for now the case where K is either R or C. As a first
attempt to introduce a smooth refinement of the category Veck, we could
consider the stack VecBung : Man®® — Cat of K-vector bundles introduced
in Example 2.4. To a manifold U € Man, this stack assigns the category
VecBung (U) of (locally trivializable and finite rank) K-vector bundles over U.
Considering as in Remark 3.2 the fibers over points x € U, every vector bundle
can be interpreted as a smooth U-family of K-vector spaces. The problem with
this first attempt is that the fibers of vector bundles are (by definition) finite-
dimensional vector spaces, while examples of AQFTs, even in dimension 1,
require infinite-dimensional vector spaces, such as the vector spaces underlying
the canonical commutation relation algebras. A natural way to enlarge the
category VecBung (U) in order to capture such infinite-dimensional aspects is
to pass (via the sheaf of sections functor) to the category Shege (U) of sheaves

of Cg%y-modules over U € Man. Here Cg%; : Open(U)°® — Algy, (U C

U) — Cg°(U) denotes the sheaf of K-valued smooth functions on U. Indeed,
VecBung (U) embeds fully faithfully in Shege (U) and the essential image
consists of locally free Cg’;-modules of finite rank, see, e.g., [26, Chapter 2].

Remark 3.7. We would like to note that there are also alternative candidates
to enlarge the category VecBung (U) to include such infinite-dimensional as-
pects. For example, one could imagine to work with bundles over U whose fibers
are, e.g., locally convex, bornological or diffeological vector spaces. However,
to make this a valid choice, one would have to confirm that such categories as-
semble into a stack, as it is the case for the sheaf categories U +— Shcg (U), see
Proposition 3.8. As another alternative, one could search directly for a stack
providing a smooth refinement of the category of C*-algebras. To the best of
our knowledge, such a stack has not yet been studied, but we believe that this
may be related to the concept of continuous bundles/fields of C*-algebras, see,
e.g., [13, Section 10.3] and [21].

Following [20], let us now describe the (pre)stack Shcg : Man®? — Cat
of sheaves of Cg°-modules in more detail. To each manifold U € Man, it
assigns the category Shege (U) of sheaves of Cgoy-modules over U € Man, with
morphisms given by Cg®;-linear sheaf morphisms. To a morphism o : U — U !
in Man, it assigns the functor

h* = Shez(h) : Shes(U) — Shes(U) (3.52)
that acts on V' € Shoee (U') as
WV = h—l(V) ®h_1(c§?v/) C]Iog(h (3.5b)

where h~! is the inverse image sheaf functor and On-1(c2,,) denotes the rela-

tive tensor product of sheaves of modules. Together with the canonical coher-
ence isomorphisms associated with relative tensor products and inverse image
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functors, this defines a prestack Shge : Man® — Cat in the sense of Defini-
tion 2.1. The following result is well-known, see, e.g., [20, Proposition 19.4.7].

Proposition 3.8. For K being either R or C, the prestack Shgg : Man® —
Cat defined above is a stack, i.e., it satisfies the descent condition from Defi-
nition 2.3.

Remark 3.9. Observe that the category Shcge({*}) of global points {*} —
Sheee of the stack Shege is the ordinary category Veck of vector spaces over
K.

As explained at the beginning of this subsection, we interpret the stack
Shcee as a smooth refinement of the category Veck of vector spaces over K.
In order to introduce a smooth refinement of the category *Alge = *Mon,.,
(Vecc) of associative and unital #-algebras over C, we have to define an in-
volutive symmetric monoidal structure on Shege. To achieve this goal, let us
first observe that, for both K = R or C, the category Shgoe (U) of sheaves of
Cgoy-modules over each U € Man is symmetric monoidal with respect to the
relative tensor product

V ®cg, V' € Shee(U), (3.6)
for all V, V" € Shege(U). (The monoidal unit is Cg%; € Shoge (U), regarded
as a sheaf of Cg°,-modules.) Furthermore, for each morphism h : U — U’
in Man, the functor in (3.5) is strong symmetric monoidal via the coherence
isomorphisms

h* (V ®c]§oU, ) 1

V ®@cee

K,U’

( V') ®n-1(cp,,) CRU
(V) ®@n-1(cz,) b (V) @pi(ox
1

h
~p! ) Cxu

K,U’

= (W™ (V) ®p- 1oz, Ok Su) @cg, (h™ v ®h-1(0g,0) CZv)
= (V) @0z, (h7V') (3.7a)
and
WOy = N () @, ) OFu = O (3.7b)

One can check that the canonical coherence isomorphisms of the stack Shoge
are monoidal natural transformations.

Corollary 3.10. The stack Shcge in Proposition 3.8 is canonically a stack
Shcge : Man® — SMCat with values in the 2-category SMCat of sym-
metric monoidal categories, strong symmetric monoidal functors and monoidal
natural transformations.

In the case of K = C, we can define further, for each U € Man, an
involution endofunctor (—) : Shcg (U) — Shgee (U). It assigns to an object
V' € Shcee (U) the complex conjugate sheaf of Cg%-modules V' € Sheg (U)
which, as a sheaf, coincides with V', but the C&’U—module structure is defined
via complex conjugation of C-valued functions as v - a := v - a*, for all v € V.
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and a € Cg%;. Clearly, the endofunctor (—) squares to the identity and hence
defines an involutive structure on the category Shoe (U), see [7,19]. Observe

that (—) is canonically a strong symmetric monoidal functor with respect to
the symmetric monoidal structure on Shoee (U) introduced above. Hence, we
obtain that Shoee (U) is an involutive symmetric monoidal category, for every
U € Man. Furthermore, for each morphism 4 : U — U’ in Man, the symmet-
ric monoidal functor in (3.5) is involutive via the coherence isomorphisms

WV = hil(V) ®h71(CS,OU') CEOU = hil(V) ®h—1(coo ) CE?U

c,u’

h—l(V) ®h—1(C§?U/) CE?U = h*V, (38)

1%

for all V' € Shgge (U'), where in the second step we used complex conjugation

* 1 Oy — C2%y. Summing up, we obtain

Corollary 3.11. For K = C, the stack Shcge in Proposition 3.8 is canonically a
stack Shge : Man®® — ISMCat with values in the 2-category ISMCat of in-
volutive symmetric monoidal categories, involutive strong symmetric monoidal
functors and involutive monoidal natural transformations.

With these preparations, it is now straightforward to introduce a
(pre)stack *Alg® that provides a smooth refinement of the ordinary category
*Alg: = *Mon,.,(Vecc) of associative and unital *-algebras over C. Using
that forming order-reversing *-monoids is a 2-functor *Mon,., : ISMCat —
Cat, see [7,19], we define a prestack (in the sense of Definition 2.1) by the
composition

*Alge := "Mon,e, o Shge : Man® — Cat. (3.9)

More explicitly, this prestack assigns, to each manifold U € Man, the cat-
egory *Alge’(U) = *Mon,e, (Shee (U)) of order-reversing *-monoids in the
involutive symmetric monoidal category Sheee (U ). An object in this category
is a quadruple (A, u,7,*), where A € Sheg (U) is a sheaf of Cg%-modules on
U € Man and

p: A®cg, A — A, n:C&y — A, x: A — A (3.10)

are morphisms in Shcgee (U) that satisfy the axioms of an associative and uni-
tal *-algebra. A morphism x : (A, u,n,*) — (A, 1,7, +") in *Alg®(U) is a
morphism £ : A — A" in Sheee (U) that preserves the multiplications, units
and involutions. To each morphism h : U — U’ in Man, the prestack *Alg®
assigns the functor

B = *AlgX(h) : *AlgX(U') — *AlgX(U) (3.11)
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that maps (A, p,n,*) € *Alge (U’) to the object h*A € Shege (U) given in
(3.5b), endowed with the structure maps

-
(h*A) @, (W A) = B (Acs,, A) —= h*A, (3.12a)
Oy 2 WOy~ A, (3.12b)
h*A 55 w4 = B4, (3.12¢)

obtained by using the coherence isomorphisms of the involutive symmetric
monoidal stack Shege from Corollary 3.11.

Proposition 3.12. The prestack *Algg defined in (3.9) is a stack, i.e., it sat-
isfies the descent condition from Definition 2.3.

Proof. Let {U, C U} be any open cover of any U € Man. The key step is to
realize that the descent category *Alge ({U, € U}) coincides with the cate-
gory *Mon,e, (Shcgo U, CU })) of order-reversing *-monoids in the descent
category Shcee ({U, C U}), which we endow with the involutive symmetric
monoidal structure given by

({Va}, {9%5}) ® ({Volt}a {QOZm}) = ({Va ®C§?Ua Vo/t}a {‘Paﬁ ®cg?Uaﬁ ‘Plaﬁ})
(3.13a)

({Va} {vas}) = ({Va}, {®as}); (3.13b)

where we have suppressed the coherence isomorphisms in (3.7) and (3.8). Fully
explicitly, the conjugated cocycle Pz is given by

_ T PeR o
V,@|Uaﬁ = VB|U(x[f — VOéanﬁ = alUw[i ) (314)

and similarly for the tensor product cocycle ¢qz ®C£CO,OUQ5 gaflﬁ. The functor
to the descent category Shcee(U) — Shege ({Us € U}) given in (2.5) car-
ries a canonical involutive symmetric monoidal structure and it is an equiva-
lence in ISMCat because Shgee is a stack. Applying the 2-functor *Mon,.y :
ISMCat — Cat that takes order-reversing *-monoids then yields the equiv-
alence of categories *Alge (U) — *Algd ({U, C U}) that proves descent for
*Alge. O

Remark 3.13. Observe that the category *Alge” ({*}) of global points {x} —

*Alg® of the stack *Algg” is the ordinary category *Alge of associative and
unital x-algebras over C.

3.3. The Stack AQFT?{°

With these preparations, we are now ready to introduce a natural concept
of smooth 1-dimensional AQFTs. Recalling that the category of ordinary 1-
dimensional AQFTs is described as the functor category AQFT, :=
Fun(Locy, *Alg), we propose the following
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Definition 3.14. The stack of smooth 1-dimensional AQFTs is defined as the
mapping stack (see (2.13))

AQFTS° := Map(Loc®, *Alg) € St (3.15)

from the stack Loc{® of 1-dimensional spacetimes developed in Sect. 3.1 to
the stack *Algg” of associative and unital *-algebras developed in Sect. 3.2.

This very simple definition is incredibly rich and powerful, as we shall
explain throughout the rest of this subsection. Before discussing some of its
more sophisticated consequences, we believe that it is worth spelling out ex-
plicitly what a smooth 1-dimensional AQFT is. By definition, it is a global
point {*} — AQFTI° of the stack introduced in Definition 3.14 which, by
the 2-Yoneda Lemma, is equivalently an object 2 € AQFT"({*}). According
0 (2.13), which defines mapping stacks, we find that a smooth 1-dimensional
AQFT is then simply a stack morphism 2 : Loci® — *Algg’. Even more
explicitly, this consists of a family of functors

Ay : Loc®(U) — *Algd(U), (3.16a)

for all manifolds U € Man, and natural isomorphisms

Loc( 2o, — *AlgZ(U) (3.16b)
l / lh*
Loci°(U) —— *Alga (U

for all morphisms h : U — U’ in Man, that satisfy the coherence axioms listed
in Definition 2.5. When we interpret, as explained in the previous subsections,
Loci°(U) as the category of smooth U-families of 1-dimensional spacetimes
and *Algg’(U) as the category of smooth U-families of algebras, the role of
the functor Ay : Locl (U) — *Algg (U) is to capture the response of the ob-
servable algebras to “smooth variations of spacetimes.” Hence, smooth AQFT's
have built in a suitable concept of smooth dependence on smooth variations
of spacetimes, which we will illustrate in more detail via simple examples
in Sect. 5. Let us also note that the functor 2,, : Loci®({*}) = Loc; —
*Alg® ({#}) = *Alg associated with the point U = {x} defines an ordinary
1-dimensional AQFT. Hence, every smooth AQFT has an underlying ordinary
AQFT and it therefore provides a refinement of the ordinary concept.

Another interesting consequence of Definition 3.14 is that it introduces
a natural concept of “smooth curves of smooth AQFTSs,” or more generally
of smooth U-families of smooth AQFTs, for every manifold U € Man. By
definition, a smooth U-family of smooth AQFTs is a U-point U — AQFT{ of
the stack from Definition 3.14 which, by the 2-Yoneda Lemma, is equivalently
an object B € AQFTS°(U). From the definition of mapping stacks (2.13),
we obtain that this is simply a stack morphism Loc$® x U — *Alg, or
equivalently a stack morphism

% : Locy® — Map(U,*AlgY) (3.17)
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to the mapping stack from U to *Alg?”. Even more explicitly, using again the
2-Yoneda Lemma, this is a family of functors

By : Locs®(U) — *AlgX (U x U), (3.18a)

for all manifolds U € Man, and natural isomorphisms

Loc®(U') —Yy *AlgX (U’ x ) (3.18b)

2 e

Loci°(U) —— 50 *Alg® (U x U)

for all morphisms h : U — U’ in Man, that satisfy the coherence axioms listed
in Definition 2.5. The role of the functor By : Loc®(U) — *AlgX (U x U)
is now twofold: Firstly, it captures the response of the observable algebras
to “smooth U-variations of spacetimes.” Secondly, it captures the response of
the observable algebras to “smooth U-variations of the smooth AQFT itself.”
Again, this concept is best illustrated via simple examples, see Sect. 5.

As another interesting consequence of Definition 3.14, let us note that
every smooth AQFT 2 : {x} — AQFT?° has a smooth automorphism group.
(We refer to [14] for automorphism groups in ordinary AQFT, which in general
are not smooth groups.) This can be defined in terms of the loop stack

Aut(®) — — — > {x} (3.19)

which is a bicategorical pullback in the 2-category St of stacks of categories.!

By a direct computation of this bicategorical pullback, one finds that Aut(%) :
Man? — Set C Cat is equivalent to a sheaf of sets (i.e., discrete categories),
which due to the universal property of bicategorical pullbacks comes endowed
with a group structure. This implies that Aut(2) : Man®® — Grp is a sheaf
of groups on Man, i.e., a smooth group from the functor of points perspective.

Let us briefly explain how this concept of smooth automorphism groups is
related to the more practical concept of smooth AQFTs with a smooth action
of a Lie group. Given any Lie group G, we use the 2-Yoneda embedding to
define a group object G € St in the 2-category of stacks and construct the
quotient stack

{*}/G] = bicolimSt({*} S G

associated with the trivial action of G on the point {*} via a bicategorical
colimit. A G-equivariant smooth 1-dimensional AQFT is then defined to be a
stack morphism

G2

T

: > € St (3.20)

JUNARAY

IThe bicategorical pullback in (3.19) exists because the 2-category Cat admits all bicate-
gorical limits, see, e.g., [16, Theorem 5.1], and hence so does St.
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A% : [{x}/G] — AQFT. (3.21)

By the universal property of the bicategorical colimit in (3.20), this datum
is equivalent to a smooth AQFT I : ﬁ — AQFT° together with a 2-

automorphism 2y of the stack morphism G — ﬁ 2 AQFTI® that satisfies
certain compatibility conditions arising from the face and degeneracy maps in
(3.20).2 From this we obtain a bicategorical cone

G —— {+} (3.22)

and hence, by the universal property of the loop stack in (3.19), a stack mor-
phism G — Aut(2l) to the smooth automorphism group. Due to the compati-
bility conditions of 25 this is a morphism of group objects.

We conclude this subsection by providing an equivalent, but more explicit,
description of G-equivariant smooth AQFTs. The quotient stack in (3.20) can
also be described as the stackyfication of the prestack [{*}/G]pre : Man®® —
Cat that assigns to each U € Man the groupoid

Obj: =

Mor: C*(U,Q) (3.23)

[{#}/Glore(U) = {

with a single object * and morphisms the smooth functions to the Lie group.
(Composition of morphisms is given by the point-wise group structure of
C*(U,G).) On Man-morphisms h : U — U’ this prestack acts via pull-
back of functions [{*}/G]pre(h) := h*. Because *Alge is a stack by Proposi-
tion 3.12, the universal property of stackyfication implies that the datum of a
stack morphism A°? : [{x¥}/G] — AQFTI° is equivalent to a pseudo-natural
transformation [{*}/Glpe — AQFTT° between prestacks, or equivalently a
pseudo-natural transformation

A - Locs® x [{#}/Clpre — *Alg. (3.24)

We will show in Sect. 5.3 that the latter perspective on G-equivariant smooth
AQFTs is not very complicated to describe in concrete examples.

2Recalling Definition 2.6, let us also state these conditions explicitly at the level of the
component natural automorphisms 2z, of the functors G(U) — {x*} 2y AQFT(U), for
all U € Man. Because G(U) is a discrete category, i.e., it only has identity morphisms,
Aoy is simply a family of AQFT$(U)-isomorphisms Aoyy : Ay (%) — Ay (%) labeled by
elements g € G(U) = C*° (U, G). The compatibility conditions then state that this labeling
is compatible with the point-wise group structure on G(U) = C*°(U, G), i.e., Aoy gy =
Aoy g0 ™Ay g, for all g,¢" € G(U), and Aoy, = id, for the identity element e € G(U).
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4. Smooth Canonical Quantization

The construction of free field theories in ordinary AQFT crucially relies on the
existence of canonical (anti-)commutation relation quantization functors, see,
e.g., [1,2]. The goal of this section is to show that these quantization functors
admit a smooth refinement, which will allow us to construct both Bosonic and
Fermionic examples of smooth 1-dimensional AQFTs in Sect. 5.

4.1. Canonical Commutation Relations

Ordinary canonical commutation relation (CCR) quantization is described by
a functor €CR : PoVecr — *Alg from the category of Poisson vector spaces
to the category of associative and unital «-algebras. Recall that an object in the
category PoVecy is a tuple (W, 7), where W € Vecg is a real vector space and
7: W®rW — Ris an antisymmetric morphism in Vecg, and that a morphism
Y (W, T) — (W' 7') in PoVecg is a Vecg-morphism ¢ : W — W' satisfying
7 o (Y ®gr 1) = 7. (The objects in PoVecg are interpreted physically as vector
spaces of linear observables, endowed with a Poisson structure.) The CCR
functor assigns to a Poisson vector space (W, 7) € PoVecg the associative
and unital x-algebra

CeR(W,r) = P (W 0)*" [ I60R ¢ *Alg, (4.1)
n>0

where I(CWC/T,I}) is the 2-sided x-ideal generated by the canonical commutation
relations w @ w’ —w' @w = i 7(w,w’), for all w,w’ € W, where i € C denotes
the imaginary unit. The *-involution on €ER(W, 7) is specified by w* = w, for
all w € W. Let us reformulate (4.1) in a slightly more abstract language. For
this it is useful to observe that the construction of CCR algebras (4.1) consists
of three steps:

1. Complexify the real vector space W € Vecg to the complex vector space
W ®@r C € Vecc, which may be endowed with a *-involution id ®p * :
W @r C — W ®g C = W ®g C determined by complex conjugation on
C. Hence, (W @ C,id ®g *) € *Obj(Vecc) defines a *-object in the
involutive symmetric monoidal category of complex vector spaces.

2. Take the free order-reversing *-monoid of (W®grC, id®g*) € *Obj(Vecc),
which defines the associative and unital x-algebra @, -, (W @ C) oen ¢
*Alge.

3. Implement the canonical commutation relations associated with the Pois-
son structure 7 by a coequalizer in the category *Alge.

Before we can generalize this construction to the context of stacks, we
have to find a smooth refinement of the category PoVecg. As explained in
Sect. 3.2, we consider the stack Shoge of sheaves of Cg°-modules as a smooth
refinement of the category Vecg; hence, a smooth refinement of the category
PoVecg should be built from this stack. Concretely, we define the (pre)stack
PoVecy' : Man® — Cat by the following data. To each manifold U €
Man, it assigns the category PoVecy (U) whose objects are tuples (W, 7)
with W € Shege (U) and 7 : W @cgs, W — Cg%; an antisymmetric morphism
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in Shgee (U), called Poisson structure. The morphisms + : (W, 7) — (W', ')
in this category are Shoge (U)-morphisms 1) : W — W’ satisfying 7/ o (¢ ®cpge,
¥) = 7. To a morphism h : U — U’ in Man, the prestack PoVecy® assigns
the functor

h* := PoVecy (h) : PoVecy (U') — PoVecy (V) (4.2)

that assigns to (W, 7) € PoVecy (U’) the object in PoVecy (U) determined
by the object h*W € Shgg (U) (see (3.5b)) and the Poisson structure

(W*W) @cm, (BPW) 2 b (W e, W) 15 10y 2 Cf%y,  (4.3)

R,U’
where 2 are the coherence isomorphisms in (3.7).

Proposition 4.1. The prestack PoVecy' : Man®® — Cat defined above is a
stack, i.e., it satisfies the descent condition from Definition 2.3.

Proof. This follows from the fact that Sheee is a stack, see Proposition 3.8.
Indeed, spelling out descent for objects (W, 7) € PoVecy (U), one observes
that it involves descent for the underlying objects W € Shge (U) and also
for the underlying Shcge (U)-morphisms 7 : W ®cge, W — CR’y» which
are both simple consequences of descent for the stack Shege. Similarly, de-
scent for PoVecy (U)-morphisms ¢ : (W, 7) — (W’,7’) involves descent for
the underlying Shcee (U)-morphisms ¢ : W — W’ and the verification that
70 (¥ ®cge, ¥) = 7 coincide as Shege (U)-morphisms, which are again both
consequences of descent for the stack Shcee and of the fact that the descent
data have this property. O

Adopting an analogous three step construction as in the case of the or-
dinary CCR functor, we shall now define a stack morphism

CCR : PoVecy — *Alg? (4.4)

that provides a smooth refinement of CCR, quantization. By Definition 2.5,
this consists of functors

CCRy : PoVecy (U) — *Alg (U), (4.5)

for each manifold U € Man, together with coherence isomorphisms. Regarding
the first step, we observe that, for each U € Man, there exists an adjunction

Ly : Shee(U) &= *Obj(She=(U)) : Ry . (4.6)

The left adjoint functor Ly assigns to W € Shege (U) its complexification
W®cge, Oy € Shege (U), with the -object structure id®cge, * determined by

complex conjugation * : CZ7; — C¢%;. The right adjoint functor Ry assigns to

a *-object (V,*) in Shege (U) the sheaf of s-invariants Ry (V, %) = ker(V =l

Vi) € Shee (U), where by Ve € Shee (U) we denote the restriction of V' €
Sheee (U) to a sheaf of Cg-modules via the morphism Cg%;, — Cg% from
real to complex-valued functions.
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Regarding the second step, we observe that, for each U € Man, there
exists an adjunction

Fy : *Obj(Shew (U)) —— *Alg®(U) : Gy (4.7)

The right adjoint functor Gy assigns to an associative and unital x-algebra
(A, p,m, %) in Sheee (U) its underlying #-object (A, *), i.e., it forgets the mul-
tiplication g and unit 7. The left adjoint functor Fy is the free order-reversing
x-monoid functor. Explicitly, it assigns to a x-object (V%) the free order-
reversing s-monoid Fy (V,*) := @,,~,V®", where tensor products and co-
products are formed in the symmetric monoidal category Shcge (U). The order-
reversing s-structure of Fy (V) is defined by the canonical extension of the
k-structure on the generators (V, *).

With these preparations, we can now define the values of (4.5) on ob-
jects by carrying out the third step. Explicitly, given any object (W, 7) €
PoVecy'(U), i.e., W € Shege (U) and 7: W @cge, W — Cg%; an antisymmet-
ric morphism in Shoee (U), we define

CCRy (W, 7) i= colim ( FyLu (W @og, W) :; FyLu(W) ) € *AlgZ (V)
(4.8)

by a coequalizer in *AlgZ’ (U). The relations rq, o are defined in terms of their
adjuncts under the adjunctions in (4.6) and (4.7) by

1

W ®cz, W RGFL(W)

unit L%RJ/ TR(H—#OP)

RL(W ®cz, W) —— R(L(W) ®cz, LW)) ——— R(GFL(W) 8¢z, GFL(W))

R,U unit F-HG
(4.9a)

and

W ®cge, W = RGFL(W) (4.9b)

TJ/ TR(i )

Cry — R RL (C’]ﬁf’U) — R(CE?U, *)
where we suppressed for notational convenience the subscripts 7 on the func-
tors. Here ;(°P) denotes the (opposite) multiplication and 7 the unit element
in FL(W). Because the coequalizer in (4.8) is clearly functorial with respect to
morphisms ¢ : (W, 7) — (W’,7’) in PoVecy (U), we have successfully defined
the desired functor in (4.5).

Remark 4.2. For U = {x} a point, (4.8) gives precisely the usual CCR algebra
in (4.1).
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To complete our construction of the desired stack morphism CE€R
PoVecy' — *Alg?”, it remains to define coherence isomorphisms (see Def-
inition 2.5)

PoVecX (U') — V' » Alg(U) (4.10)

[ ="

PoVecy (U) ———— *Algd (U)
CCRy

for all morphisms h : U — U’ in Man. These can be built from the analogous
coherence isomorphisms for the left adjoint functors in (4.6) and (4.7), i.e

Shee (') ——%— *Obj(Shes (U) —2— *Alg®(U")  (4.11)

| e

Shce (U) —_— *Obj(Stho(U)) ——— *Alg(U)

U Fu
Explicitly, for W € Sheg (U’), the isomorphism Ly, is given by

WLy (W) = b* (W @z, C&r,id @ *)

1%

(h 1(W) Rp—-1 (Cﬁul)h (C(CU’)®h I(CHU,)CE?U’idQ@*@*)
= (h 1(W) ®n-1(C [EJU,)CE?U,id(@*)

= (h 1(VV) Op-1(Cc2® ) C]ng ®C][<§?U CE?U,id®id®*)
— Luh*(W). (4.12a)

For (V,x) € *Obj(Stho (U’))7 the isomorphism Fj, is given by

W Ey (V%) (@V®C” U’ ) o @h* (V®CE?U'TL) ~ @ (h*(VD@CE?Un

n>0 n>0 n>0
= Fyh*(V, %), (4.12b)

where in the second step we have used that h* preserves coproducts because
it is a left adjoint functor and in the third step we have used the coherence
isomorphisms of the involutive symmetric monoidal stack Shoee from Corol-
lary 3.11. Pasting the natural isomorphisms in (4.11) defines a natural isomor-
phism (FL)p, : h*Fys Ly = FyLyh*. For every object (W, 1) € PoVecy (U'),
the associated isomorphism h*Fy: Ly (W) = FyLyh*(W) descends to the
CCR algebras in (4.8) and thereby defines the natural isomorphism €€R;, in
(4.10).

Proposition 4.3. The construction above defines a stack morphism CCR
PoVecy — *Algg .
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4.2. Canonical Anti-commutation Relations

A smooth refinement of the canonical anti-commutation relation (CAR) quan-
tization functor for Fermionic theories can be developed along the same lines
as in Sect. 4.1. Before we spell out some of the details, let us briefly recall the
ordinary CAR functor €2AR : IPVecec — *Alg. following the presentation
n [12]. The category IPVecc has objects (V,x, (-, -)) consisting of a x-object
(V,*) € *Obj(Vece) in the involutive symmetric monoidal category Vecc and
a symmetric *-morphism (-,) : (V,*) ® (V,*) — (C,x*). More explicitly, the
latter is a symmetric C-linear map (-,-) : V@ V — C satisfying

vev — &0 ¢ (4.13)

VelV=2Ve Vf@

or at the level of elements (v,v')* = (v*,v"*), for all v,v" € V. Morphisms ) :
Vi, (-,)) — (V') «,(-,-)) in IPVec¢ are x-morphisms ¢ : (V,%) — (V' «')
satisfying (-,-) o (¢ ® ¥) = (-,-). The CAR functor assigns to (V,x,(-,-)) €
IPVecc the associative and unital x-algebra
CAR(V, %, () == @DHVe" / TR, ) € *Alg, (4.14)
n>0

where I(Cvjff«ﬁ) is the 2-sided =x-ideal generated by the canonical anti-
commutation relations v ® v' + v’ ®@ v = (v,v’), for all v,v" € V. Observe
that this construction consists of two steps:
1. Take the free order-reversing #-monoid of (V,*) € *Obj(Vecc), which
defines the associative and unital *-algebra €, <, V" € *Alge.
2. Implement the canonical anti-commutation relations associated with (-, -)
by a coequalizer in the category *Algc.

To obtain a smooth refinement of the category IPVecc, we follow the
same strategy as in Sect. 4.1. We define a (pre)stack IPVecg” : Man®” — Cat
by the following data. To each manifold U € Man, it assigns the cate-
gory IPVecg” (U) whose objects (V,#,(-,-)) consist of a x-object (V,%) €
*Obj(Shcge (U)) and a symmetric +-morphism (-,-) : (V,*) ®cg, (V%) —
(C&%»*)- The morphisms ¢ : (V,*, (-,-)) — (V',#',(-,-)’) in this category are
*Obj(Shge (U))-morphisms v : (V,*) — (V',+) satisfying (-,-)’ o (¢ ®czs,
1) = (-,-). To a morphism h : U — U’ in Man, the prestack IPVecg” assigns
the functor

h* := IPVecZ (h) : IPVecX (U') — IPVec (U) (4.15)
that assigns to (V. *,(:,:)) € IPVecg (U’) the object in IPVecg (U) deter-
mined by the object h*(V,*) € *Obj(Shcg (U)) and the morphism

h*(ese)
(h*(V, %) ®cg, (h*(V,%)) = h*((V,*) ®cg,, (V.x)) —— h*(C&p, %) = (C&y, %) ,

(4.16)
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where we have used the coherence isomorphisms of the involutive symmetric
monoidal stack Shege from Corollary 3.11. The proof of the following state-
ment is completely analogous to the one of Proposition 4.1.

Proposition 4.4. The prestack IPVecg” : Man®® — Cat defined above is a
stack, i.e., it satisfies the descent condition from Definition 2.3.

We shall now define a stack morphism
CAR : IPVecd — "Algd (4.17)

that provides a smooth refinement of CAR quantization. In analogy to (4.8),
we define the component functors €ARy : IPVecd (U) — *Algd (U), for all
U € Man, by the coequalizer
ARy (V, %, () = colim( Fu((V,%) @0z, (V%)) :>, Fu (V, %) ) € *Alg®(U),
(4.18)

where the relations s1, s are defined in terms of their adjuncts under (4.7) by

(V%) ®cs, (Vi) ——s GF(V,%) (4.19a)
unit F4GJ/ o

GF(V,*) ®cg, GF(V, %)

and
(Vix) ®cz, (Vix) —2 GF(V,%) (4.19D)
<-$->J -
(CE?U’ *)

where we suppressed for notational convenience the subscripts 7 on the func-
tors. The coherence isomorphisms

IPVec (U') —0 L« Al (1) (4.20)

o| = )

IPVeC(C (U) T%) Alg(c (U)

associated with Man-morphisms h : U — U’ are built similarly to those in
Sect. 4.1. Summing up, we have

Proposition 4.5. The construction above defines a stack morphism CAR
IPVecy — *Alge .
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5. Ilustration Through Free Theories

We shall illustrate our formalism by constructing concrete examples of smooth
1-dimensional AQFTs. The models we study are smooth refinements of the
Bosonic and Fermionic free field theories discussed in, e.g., [1,2]. Similarly to
the ordinary case, our Bosonic models will be described by stack morphisms

le

R cen

PoVecy’

Loc{® *Alge (5.1)

obtained as the composition of a stack morphism £° assigning the linear ob-
servables with their Poisson structure and the €€R-quantization stack mor-
phism developed in Sect. 4.1. The Fermionic models will be described similarly
by stack morphisms

Qlf

X caAnR

IPVecg

Loc{®

Alg (5.2)

factorizing through the €AR-quantization stack morphism from Sect. 4.2.

Inspired by the standard constructions in ordinary AQFT [1,2], we shall
obtain examples of the stack morphisms £/ assigning linear observables by
using a suitable smooth refinement of the concept of retarded/advanced Green
operators G* to be developed in Sect. 5.1. Recall that the role of such Green
operators is to determine the Poisson structure 7 of a Bosonic theory and
the bilinear map (-, -) of a Fermionic theory. In Sect. 5.2 we will spell out this
construction for the simplest case of a 1-dimensional massive scalar field, which
is equivalent to the harmonic oscillator.® We shall even construct a smooth U-
family of smooth AQFTs (in the sense of (3.17)) that describes a family of
1-dimensional massive scalar fields with a smoothly varying mass parameter
m € C’OO(U, R>0). In Sect. 5.3 we construct the 1-dimensional massless Dirac
field as a smooth AQFT and show that its global U(1)-symmetry is realized
in terms of smooth automorphisms in the sense of (3.19).

3In the context of quantum mechanics, the harmonic oscillator is usually described via
the equal time canonical commutation relations [#,p] = i1 and the Hamiltonian H =
%ﬁ2 + %23?2 with frequency/mass parameter m > 0. In the context of AQFT, one works
instead with the covariant commutation relations [®(), ®(¢’)] = i JzeG(e)dt i, where
‘i>(go<’)) are the field operators smeared by compactly supported functions ¢, ¢’ € C°(R)
on the time line R and G = GT — G~ is the retarded-minus-advanced Green operator for
the equation of motion operator P = 8t2 + m?2. Due to the well-posed initial value problem,
one can show that both approaches are equivalent, see, e.g., [3, Remark 3.3.4].
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5.1. Green Operators, Solutions and Initial Data

Let us consider a manifold U € Man and a smooth U-family of 1-dimensional
spacetimes (7w : M — U, E) € Loc{°(U). We introduce the functor

CX : Open(U)°® — Set (5.3)
that assigns to each open subset U’ C U the set C2°(U’) := Cg°(M|y-) of real
valued smooth functions on the restricted total space M|y = 7= 1(U’) C

M and to each open subset inclusion U’ C U” C U the restriction map
Cp2(M|yrn) — Cg°(M|y). Together with the Cg%-module structure induced
by pullback of functions along the projection map 7 : M — U, this de-
fines an object C2° € Shgee(U) that we shall interpret as the field con-
figuration space of a real scalar field on the smooth family of spacetimes
(m: M — U, E) € Loci°(U). More generally, the configuration space of vector-
valued fields is given by

C® ©K" € Shex(U), (5.4)

where n € Z>; is the number of field components, and we take K = R for real
fields and K = C for complex fields. As equation of motion we will consider a
Shcee (U)-morphism P : C2° @ K" — C2° @ K™ given by a vertical differential
operator on 7 : M — U, i.e., a differential operator on M that differentiates
only along the fibers of w : M — U. See our Examples 5.9 and 5.11.

In order to define a concept of Green operators for such P, we introduce
certain subsheaves of the sheaf of functions C'3° on 7 : M — U that describe
functions with restrictions on their vertical support. In the following definition,
we shall use that the fiber bundle 7 : M — U underlying any object (7 : M —
U,E) € Loci°(U) admits sections because the fibers are open intervals, see,
e.g., [29, Sections 12.2 and 6.7]. Furthermore, given any subset S C M of the
total space, we denote by JF(S) C M the vertical future/past of S, i.e., the
subset of all points that can be reached from S by future/past directed vertical
curves with respect to the orientation induced by E € QL(M).

Definition 5.1. Let (7 : M — U, E) € Loc{®(U) and U’ C U an open subset.
We say that a function ¢ € C°(U’) = CR° (M |y ) is vertically past/future com-
pactly supported if there exists a section o : U’ — M|y such that supp(¢) C
JE(a(U")). We say that ¢ € CX(U') is vertically compactly supported if it
is both vertically past and future compactly supported, i.e., there exist two
sections 01,09 : U' — M|y such that supp(¢) C JF (o1(U")) N J; (o2(U")).

Remark 5.2. Note that our definition of vertically compactly supported func-
tions uses manifestly the fact that we consider smooth families of 1-dimensional
spacetimes. In this 1-dimensional case, we have bundles 7 : M — U whose
fibers are intervals; hence, it makes sense to define vertical compactness through
vertical boundedness from above and below. A dimension-independent defini-
tion for ¢ € C°(U’) to be vertically compactly supported is given by the
condition that supp(¢) N7~ 1(K) is compact, for all K C U’ compact. Upon
sheafification (see Definition 5.3), this coincides in the 1-dimensional case with
our more practical Definition 5.1.
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From this definition we obtain sub-presheaves CN',?OVC, 57c'|?ovpc and C ;. of
C2° that assign vertically compactly supported, vertically past compactly sup-
ported and vertically future compactly supported functions. Note that these
presheaves are separated, but they do not satisfy the descent condition for

sheaves and hence have to be sheafified.

Definition 5.3. We denote by CX, ., C2} 2vte € Shege (U) the sheafifica-

T ver Y mvper ' vic

of vertically compactly supported functions, c=

tions of the presheaves C>° 7 vpe

T Ve
of vertically past compactly supported functions and C2%;, of vertically future
compactly supported functions.

Remark 5.4. These sheaves admit the following explicit description as sub-
sheaves of C2°. To each open subset U’ C U, the sheaf C’T‘f’v(p /f)c assigns
the subset C2 0 (U') € C7¢(U’) consisting of all functions ¢ € C7*(U’)
that satisfy the following local support condition: For every point z € U’,
there exists an open neighborhood U, C U’ of x such that the restriction
vlu, € C2(U,) is vertically (past/future) compactly supported in the sense

of Definition 5.1.

With these preparations we can now introduce a concept of Green oper-
ators.

Definition 5.5. Let P : C° @ K* — C2° @ K" be a Shee (U)-morphism that

is determined from a vertical differential operator on = : M — U, ie., a

differential operator on M that differentiates only along the fibers of 7 : M —

U. A retarded/advanced Green operator for P is a Shege (U)-morphism G* :
> R K" — O ® K™ that satisfies the following properties:

7 vpce/vic 7 vpce/vic
(i) G* is the inverse of the restriction P : vpevtc QKT = O ) g ® K™
of P to the subsheaves of vertically past/future compactly supported
functions.
(i) For each open subset U’ C U and ¢ € CF /. (U') ® K", we have
supp(GE) C JE(supp(p))-
We refer to the Shege (U)-morphism G := GT =G~ : O35, @ K" — O @ K
as the causal propagator.

Remark 5.6. Observe that, as a consequence of item (i), retarded and ad-
vanced Green operators are unique, provided they exist. Their existence is

instead a condition on P, namely the restrictions P : pe vte @ K® —
(O ® K™ must be invertible and their inverses must fulfill also item

7 vpe/vic
(ii). Examples 5.9, 5.10 and 5.11 present vertical differential operators that
fulfill these conditions.

The usual exact sequence for P and G, see, e.g., [1], generalizes to our
context.

Proposition 5.7. Let P : C* @ K" — C2° @ K" be a Shgoge (U)-morphism
that is determined from a wvertical differential operator on m : M — U and
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G* . C> QK" — O ® K™ retarded/advanced Green operators for

7 vpce/vic 7 vpe/vic
P. Then the associated sequence
0—CROK" = X 9K —Cr oK' — CrX K" —0 (5.5)

in Sheg (U) is exact. Even stronger, the corresponding sequence of presheaves
is exact, i.e., for each open subset U' C U, the sequence

00— C=, (U) @K™ 25 0, (U) @ K™ -Z5 0 (U") @ K — C2(U') @ K —3 0
(5.6)

of C2(U")-modules is exact.

Proof. We prove the second (stronger) statement, which implies the first. Let
U’ C U be any open subset. To prove exactness at the first node, consider
any ¢ € C=,(U') ® K" such that Py = 0 and note that 0 = G* Py = ¢ by

T Ve

Definition 5.5 (i). For the second node, let ¢ € C23,.(U’) ® K™ be such that

Gy = 0. Then Gt = G ¢ =: p € O, (U") ® K™ because of the support
properties of Green operators and the definition of vertically compact support.
Hence, Pp = PG*¢ = ¢ by Definition 5.5 (i).

For the third node, let ® € C*(U’) @ K™ be such that P® = 0. Choosing
two nonintersecting sections o : U’ — M|y such that o lies in the vertical
future of o_, we obtain an open cover {M |/ \J; (o_(U")), Mg \JS (e (U"))}
of M|y . Choosing a partition of unity subordinate to this cover, we can decom-
pose & = @, +P_ with &y € C® (U")®K". Then p := P®, = —Pd_ €

wvpe/vic
C=,.(U") @ K™ is vertically compactly supported and Gp = GTp — G p =
GtPP, + G PP_ =, + P_ = & by Definition 5.5 (i).
For the last node, take any ® € C°(U’) ® K™ and decompose as before
O =&, + O with @y € O, /11 (U’) @ K™. Defining p := G* 0, + G~

we obtain Pp = PGT®, + PG~®_ =&, +®_ = ® by Definition 5.5 (i). U

Remark 5.8. As a direct consequence of this proposition, we obtain that the
cokernel sheaf

) S coker (P : O, @ K" — O

P(C=,,QK™) T ve 7rvc®Kn) € ShCﬁg"(U) (573)

may be computed as a presheaf quotient, i.e.,

P (U) = Ce(U) @K™ [P(CR3(U) @ K™), (5.7b)

for every open subset U’ C U. Furthermore, this sheaf is isomorphic via the
causal propagator

~

. C;\)'CVC@K"L _
G : V(O Sol (5.8)

T ve

to the solution sheaf Sol; := ker(P : C3° @ K" — C* ® K") € Shgg (U).

Let us now illustrate these concepts by examples.
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Example 5.9. Consider any U € Man and any smooth U-family of 1-
dimensional spacetimes (7 : M — U, E) € Loci°(U). As equation of motion
we take the vertical differential operator

Pir gy = *ydy xy dy +m? : C — O, (5.9)

where m € (0, 00) is a fixed parameter and #*, d *, d, is the vertical Laplacian,
which is obtained from the vertical de Rham differential dy, on 7 : M — U
and the vertical Hodge operator *, induced by E € QL(M). This differen-
tial operator describes a smooth U-family of 1-dimensional scalar fields (or
equivalently harmonic oscillators) with a fixed mass/frequency parameter m
on time intervals whose geometry (i.e., length) depends on the point = € U.
To prove that (5.9) admits a retarded and an advanced Green operator, it
is sufficient to prove existence of local retarded and advanced Green opera-
tors G Clipe /VfC‘UOt — O e /vfc|Ua for an arbitrary choice of open cover
{U, C U}. This is because uniqueness of retarded/advanced Green operators
entails that the family {G} satisfies the relevant compatibility conditions on
all overlaps U, and hence, recalling from Proposition 3.8 that Shcge is a
stack, it defines a global retarded /advanced Green operator.

To prove local existence, consider any open cover {U, C U} in which
the restricted bundles M|y, — U, admit a trivialization M|y, = R x U,.
In this trivialization, we have that E|y, = pdt for a positive function p €
C*®(R x U,,R>Y), where t € R is a time coordinate on R, and the equation
of motion operator reads as P, = p~! 8, p~'0; + m?. We can simplify this dif-
ferential operator even further by introducing a new (z € U, dependent) time
coordinate T'(¢,x) such that d,T = pdt. Note that in these coordinates the
fiber over « € U, is the interval (T'(—o0, x), T'(c0, )), i.e., the geometry/length
of the interval may depend on x. The equation of motion operator then reads
as P, = 872« + m?, which admits the retarded/advanced Green operator

+ e 1 _
(GE)(T,z) = /T L m s (n (T = 9) p(8,2) 5. (5.10)
Foo,x

o0
Because ¢ € C2 Vpc/vfc‘Ua

integral exists and it depends smoothly on both T € (T'(—o0, z), T'(c0, z)) and
z e U,.

is vertically past/future compactly supported, this

Ezxample 5.10. In order to construct in Sect. 5.2 an example of a smooth U-
family of smooth AQFTs, we generalize Example 5.9 to the case where the
mass parameter is not a constant but rather a smooth positive function m €
C“’((N], R>%) on U € Man. Given any U € Man and any smooth U-family of
1-dimensional spacetimes (7 : M — U, E) € Loc{°(U), we consider the object
(mxid: M xU — U x U,pri,;(E)) € Loc{®(U x U) and define on it the
vertical differential operator

ﬁ(,ryE) = sk, dy %y dv+pr*0(m2) 0% — Claas (5.11)
where pry, : M X U — M and prg @ M x U — U denote the projection
maps. Proceeding in complete analogy to Example 5.9, it is sufficient to choose
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an open cover {U, C U} for which there exist bundle trivializations (M x
U )| voxtr = Rx Uy X U and prove the existence of Green operators locally.
Choosing again a convenient time coordinate T by solving d,T = pdt =
priy (E)|y, « i the local equation of motion operator reads as P, = 024+m?(%),

where we made the dependence on Z € U explicit. This operator admits a
retarded/advanced Green operator given by

T
(GEQ)(T, z, %) :/ m(z) "' sin (m(z) (T — 5)) (S, 2, %)dS, (5.12)
T (Foo,z)

(o]
7xid vpe/vic

for all ¢ €

UoaxU*

Example 5.11. Consider any U € Man and any smooth U-family of 1-
dimensional spacetimes (7 : M — U, E) € Loci°(U). The 1-dimensional mass-
less Dirac field is described by the vertical differential operator

i*VdV 0 oo [}

where i € C is the imaginary unit and the elements (%) € C>° ® C? should
be interpreted as the Dirac field ¥ and its Dirac conjugate ¥. The existence of
retarded/advanced Green operators can be proven as in the previous examples
by a local argument. Indeed, restricting again to a trivializing cover {U, C U}
and introducing the local time coordinate 7', the local Dirac operator reads as

AT
b~ (00 514

and its associated retarded/advanced Green operator is given by fiber integra-

tion
(sg(%))mx) _ /TT (fﬁff;f)) ds, (5.15)

(Foo,z)

where T'(Foo,x) was defined in Example 5.9.

We conclude this subsection with a few remarks about smoothly parame-
terized initial value problems. Let us start with the case where the Shog (U)-
morphism P : C2° QK" — C*®K" corresponds to a second-order vertical dif-
ferential operator on 7 : M — U, as it is the case in our Examples 5.9 and 5.10.
Choosing any section ¢ : U — M, we can define a Shoee (U)-morphism

data?™® : Sol, — (CRy ® K")®2 (5.16a)

o

that assigns, for each open subset U’ C U, to a solution ® € Sol,(U’) C
CU) @K™ =C(M|y) @ K™ (see Remark 5.8) its initial data

data2"(®) = (07(®), 0" (+,dy®)) € (C(U) @ K")F* (5.16b)

on o(U’') € M|y. We say that P has a well-posed initial value problem if
(5.16) is an isomorphism in Shege (U). Note that if P has retarded/advanced



2100 M. Benini et al. Ann. Henri Poincaré

Green operators and a well-posed initial value problem, it follows by using also
Remark 5.8 that

C=, QK" G data3"
T VC
PO T Sol

T ve

(Cgy o KM (5.17)

is an isomorphism in Shge (U) and hence that C3,. @ K"/P(Cx, ® K") €
Shgge (U) is a free Cg%y-module of rank 2n. This observation will be useful in

Sect. 5.2.

Ezxample 5.12. The equation of motion operators in Examples 5.9 and 5.10
have a well-posed initial value problem. Let us show this for the more general
operator in (5.11) of the latter example, which reduces for U = {*} a point
to the operator in (5.9) of the former example. Using again that Shcg is a
stack, it is sufficient to prove the isomorphism property of the sheaf morphism
in (5.16) in each patch U, of an arbitrary open cover {U, C U}. Using as in
Example 5.10 a trivializing cover and suitable time coordinates 7', we obtain
the local equation of motion operator P, = 92 + m?(#). The inverse of the

restriction of the initial data map dataind to U, C U is then given by

solve, (®g, 1) (T, z, &) := Dg(z, ) cos (m(z) (T — T,(z)))
+& (2, %) m(z) " sin (m(2) (T — T,(2))),
(5.18)
for all (®g,P1) € (C]ETUQXU)EBQ’ where the initial time T, (z) € (T(—o0,x),
T(00,x)) is determined from the local coordinate expression o(z) = (Ty (), x),
for all x € U,, of the section o.

Remark 5.13. The case of a first-order vertical differential operator P : C2° ®
K" — C® ® K" on w : M — U works similarly. The analog of (5.16) is given
by the Shoee (U)-morphism

1st
o

data,™ : Sol, — Cgp @ K" (5.19a)

that assigns, for each open subset U’ C U, to a solution ® € Sol,(U") its initial
data
datal™*(®) = o*(®) € C(U") @ K" (5.19b)

o

on o(U'") € M|y.. We again say that P has a well-posed initial value problem
if (5.19) is an isomorphism. It is easy to check that the Dirac operator from
Example 5.11 has a well-posed initial value problem in this sense.

5.2. 1-Dimensional Scalar Field

The aim of this subsection is to construct an explicit smooth U-family of
smooth AQFTs that can be interpreted as a smooth refinement of the 1-
dimensional scalar field with a smoothly varying mass parameter m € C
(U,R>%). Our construction will be based on Example 5.10 and we will carry
out (smooth generalizations of) the usual steps in the construction of Bosonic
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free field theories, see, e.g., [1,2]. Since we are interested in smooth U-families
(see (3.17)), we have to define instead of (5.1) a stack morphism

B

Map (U, *Alg?) | (5.20)

k) W)

Map(Q, PoVecf{))

Loc{®

which for the case of U = {*} a point reduces to (5.1). For our example of
interest, the stack morphism 20 : LocT® — Map(U, PoVecy') is given by the
following data: For each manifold U € Man, we define the functor

Wy : Loc®(U) — PoVecy (U x U) (5.21)
that assigns to (7 : M — U, E) € Loc{°(U) the object

CTO\'OXl ve [ 7
Wy (r: M — UE) = (m T(ﬂxid,pr}‘VI(E))) € PoVecy (U x U),
(5.22a)

where ]5(,“ ) is the equation of motion operator in (5.11). The Poisson struc-
ture reads as

T(rxid,pry, (E)) = <'aé(vr,E)(')>(7r><id,pr1*u(E))a (5.22b)

where C;’(m g) is the causal propagator for ]5(”7 E), Whose existence was estab-
lished in Example 5.10, and

<'7 '>(7r><id,prfw(E)) :

Jexia ()P, (E)
o TR gee o (5.220)

d CY7r><1dvc R,UXU

C’7\'><1d ve ®cg

R,UXT C“X‘

is the Sheee (U x U )-morphism obtained by composing the multiplication map
1 of functions and fiber integration on (7 x id : M x U — U x U, pri,(E)) €

Loc™ (U x U). Less formally, we can write for (5.22b) also the more familiar
looking expression

Tirxidprs, () (0,9) = /wC?(w,E)(w’)prME)- (5.23)

Note that the Poisson structure is well-defined on the quotient in (5.22a) be-
cause P(7r ) is formally self-adjoint with respect to the pairing in (5.22c) and
G(7T E)© P(,r g =0= P(7r E)© G(7T g) due to the definition of Green operators,
see Definition 5.5.

Given any morphism f : (# : M — U,E) — («' : M’ — U,E’) in
Loc{®(U), we can define a morphism f x id : (# xid : M x U — U x
U,pri,(E)) — (7' xid : M' x U — U x U,pr’,(E')) in Loc®(U x U).
This yields a pushforward (i.e., extension by zero) Sheg (U x U)-morphism
(f xid)s : O — C% of vertically compactly supported functions

7xid ve 7/ xid ve

(recall from Definition 3.4 that f x id is an open embedding of fiber bundles)
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that intertwines the equation of motion operators, i.e., P(ﬂ/,E/) (f xid), =

(f xid)« P(x,p)- We can then define the values of (5.21) on morphisms by

Wy (f) == (f xid)s : Wy(r: M - U,E) — Wy(x' : M — UE").
(5.24)

Note that the preservation of Poisson structures follows from the uniqueness
of retarded/advanced Green operators.

To complete the definition of the stack morphism 27, it remains to pro-
vide, for each morphism h : U — U’ in Man, a natural isomorphism (see
Definition 2.5)

Loc®(U') —2, PoVecX (U x 1) (5.258)

h{ Wy, l(hxid)*

Loci®(U) — PoVecy® (U x U)
U

To define the component
Wy, : (b xid)* Wy (71' M — U',E) — QI]U(h*(W M — U’,E))
(5.25b)

at (m: M — U’, E) € Locy” (U’), we recall the pullback bundle construction
in (3.3) and (3.4) and consider the Shgge (U x U)-morphism

B xid)* ¢ (h X 1) C% e — O sidve (5.26)

that is defined through its adjunct under (hxid)* : Shoe (UxU) = Shcee (U’

U) by the components (denoted with abuse of notation by the same symbol)

M ., . ~ . N -
(h X ld) : CIR ((M X U)|UN) — C]R ((h M x U)|(h><id)_1(U”))7
(5.27)

for all open subsets U” C U’x U, which describe the pullback of functions along
the map of total spaces. Due to the universal property of pullback bundles,
one easily checks that each section o : U’ x U — M x U induces a section
on : Ux U — h*M x U of the pullback bundle that satisfies o (h x id) =

—M
(b xid) op; hence, the maps in (5.27) preserve vertically compact support.
Due to naturality of the vertical differential operators P in (5.11), we obtain
the commutative diagram
. RM xid)*
(h x1d)*C22, — O (5.28)

7 xid ve 7 Xid ve

(hXid)*ﬁ’(mEl lﬁ‘h*(w,m

(h x id)*C%, . —— CX

7 xid ve (EMXid)* 7 Xid ve
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in Sheee (U x U), which allows us to induce (5.26) to the quotients

M i) id)* (= Crxidve ) _ Cmxiave
(h de) ' (thd) (15(7‘=E)C7?o><idvc — Ph*(""rE)C;(;LXidvc. (5.29)

Here we also used that (h x id)* is a left adjoint functor; hence, it commutes
with the colimit defining these quotients. From the explicit expression in (5.27)
for (the adjunct of) this morphism and observing that a diagram similar to
(5.28) involving retarded/advanced Green operators commutes due to their
uniqueness, one checks that (5.29) preserves the relevant Poisson structures
and thereby defines the desired PoVecy® (U’ x U)-morphism 20, := (EM xid)*
in (5.25b).

It remains to confirm that (5.29) is an isomorphism in PoVecy (U’ x
U). Using the causal propagators in (5.8) and the initial data morphisms in
(5.16) corresponding to any choice of section o : U’ x U — M x U and its
induced section o, : U x U — h*M x U of the pullback bundle, we obtain the
commutative diagram

=M .\ o
h % id)* CrXidve (h™ xid) O xidve
(h x iy (S i, (5.30)
Pr.2)CT%id ve P, ) OF xid ve
(hxid)*éwﬁ)l léh*(m,ﬂ)
. RM xid)*
(h X ld)*50|ﬂ-><id SOlrrh,xid

(hx id)*dataﬁndJ( ldataf,“hd

s ®2 ®2
(hxid)* (CR 5) ——=— (CRoyyp)
in Shoee (U x U ), where the bottom horizontal isomorphism uses that (h x
id)* preserves coproducts (as it is a left adjoint functor) and the symmetric
monoidal coherence isomorphism for the monoidal unit in (3.7). By Remark 5.8
and Examples 5.10 and 5.12, all vertical arrows in this diagram are isomor-
phisms; hence, the top horizontal arrow is an isomorphism too. This implies
that 20, is an isomorphism in PoVecy® (U x U).
Summing up, the main result of this section is

Proposition 5.14. The construction described above defines a stack morphism
20 : Loci® — Map(U,PoVecy’).

As a consequence, we obtain an explicit example of a smooth U-family
of smooth 1-dimensional AQFTs B := Map(U, CCR) 0 W : Locy® — I\/Iap(Q,
*Alg’) describing a smooth refinement of the 1-dimensional scalar field with
a smoothly varying mass parameter m & C“(U,R>O). In the special case
where U = {*} is a point, our construction describes a smooth refinement of
the 1-dimensional scalar field with a fixed mass m > 0.

5.3. 1-Dimensional Dirac Field

The construction of Sect. 5.2 can be easily adapted to the case of the 1-
dimensional Dirac field introduced in Example 5.11. We will spell out the
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relevant steps to construct the corresponding stack morphism £f : Loc® —
IPVec® such that 2f := €AR o £f in (5.2) describes a smooth refinement
of the massless 1-dimensional Dirac field. For this we will carry out (smooth
generalizations of ) the usual steps in the construction of Fermionic free field
theories, see, e.g., [12]. After that we will show that the smooth automorphism
group in (3.19) of this model includes the global U(1)-symmetry of the Dirac
field.

The stack morphism £f : Locy® — IPVec? is given by the following
data: For each manifold U € Man, we define the functor

2t Loc®(U) — IPVecX(U) (5.31)
that assigns to each (7 : M — U, E) € Loc{°(U) the object

c,.®C?
,8];](7'( M — Uv7 E) = (WM»*(#,E% <'a >(7T,E)) € IPVGCEC(U),
(5.32a)

where D, g) is the Dirac operator from Example 5.11. The x-involution

k) (i) - (z) (5.32D)

is given by swapping the components followed by complex conjugation, which
descends to the quotient since *(x gyo D(x gy = D(x g)©*(x,E)- The symmetric
pairing

< @) ’ (ZD ><mE> . /,r (v 9) (Oi 6) S(r,E) (Z:) E (5.32¢)

is given by fiber integration, the causal propagator S, g) for D(; gy and the
displayed matrix multiplications. It is easy to check that (:,-) gy descends
to the quotient in (5.32a) and that it satisfies the compatibility condition in
(4.13) for x-involutions. The definition of the functor in (5.31) on morphisms
fi:(n:M—>UE)— (« : M — U,E) is as in (5.24) via pushforward
of vertically compactly supported functions. The coherence isomorphisms for
Man-morphisms h : U — U’ are constructed in complete analogy to (5.25).
Summing up, we obtain

Proposition 5.15. The construction described above defines a stack morphism
£f: Loc® — IPVec?.

As a consequence, we obtain another example of a smooth 1-dimensional
AQFT 2f := ¢ANR o £ : Loc® — *Alg describing a smooth refinement of
the 1-dimensional massless Dirac field.

To conclude this section, we will show that our construction can be refined
to define a U(1l)-equivariant smooth AQFT, showing that the global U(1)-
symmetry of the Dirac field is smooth in our sense. Recalling from (3.24) their
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explicit description, we will define a U(1)-equivariant smooth AQFT

Loc® x [{#}/U(1)]pre o *Alg® (5.33)

& cAnR
IPVecg’

by specifying a pseudo-natural transformation £f. For each manifold U e
Man, we define the functor

£y : Loci®(U) x [{}/U(1)]pre(U) — IPVecF (V) (5.34)

that acts on objects (7 : M — U, E) € Loc;°(U) x [{*}/U(1)]pre(U) precisely
as in (5.32), i.e

Q%(WZMHU,E) = S];](TFIM*)U,E)

C°°C®C2
= (Wy*(ﬂ' E)» < >(7r,E))~ (5-35)

T ve

(Note that the objects of Loci®(U) x [{*}/U(1)]pre(U) are canonically identi-
fied with the objects of Loci”(U) because [{*}/U(1)]pre(U) has only a single
object, see (3.23).) Things get more interesting at the level of morphisms,
because the morphisms in Loci®(U) x [{ HUD)]pre(U) are pairs (f,g) con-
sisting of a Loc{®(U)-morphism f : (v : M — U,E) — («/ : M' — U,F’)
and a U(1)-valued smooth function g € C°°(U,U(1)). These morphisms are
defined to act by a combination of the pushforward of vertically compactly
supported functions and a complex phase rotation

(0 [ @) (9) £ ()
i () = (f*<w*<g>-1w)> (w*@) <>>’ (536)

where 7*(g) denotes the pullback of g € C°°(U, U(1)) along the projection map
m: M — U. (The second equality in (5.36) follows from the fact that f, only
acts along the fibers where 7*(g) is constant.) These maps clearly preserve the
quotient in (5.35), the *-involution in (5.32b) and the pairing in (5.32¢); hence,
they define IPVecg (U)-morphisms. The coherence isomorphisms for Man-
morphisms h : U — U’ are constructed in complete analogy to our previous
examples.
Summing up, we obtain

Proposition 5.16. The construction described above defines a pseudo-natural
transformation £F : Loct® x [{*}/U(1)]pre — IPVec.

As a consequence, we obtain an example of a U(1)-equivariant smooth
1-dimensional AQFT A" := €AR o £ : LocS® x [{#}/U(1)]pre — *Alg® de-
scribing a smooth refinement of the 1-dimensional massless Dirac field together
with its global U(1)-symmetry.
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6. Outlook: Toward Higher Dimensions and Gauge Theories

The aim of this section is to outline the way we believe the results of this
paper could be generalized to higher-dimensional AQFTs and also to gauge
theories. In particular, we shall explain the additional technical challenges and
open questions that arise from such a generalization.

Let us first discuss possible generalizations of the stack Loci® of 1-
dimensional spacetimes from Sect. 3.1 to the case of higher dimensions m > 2.
For U € Man a manifold, we can define a smooth U-family of m-dimensional
Lorentzian manifolds to be a tuple (7 : M — U, g) consisting of a (locally triv-
ializable) fiber bundle 7 : M — U with typical fiber an m-manifold N and a
metric g of signature (+—--- —) on the vertical tangent bundle of 7 : M — U.
For illustrative purposes, we note that in a local trivialization M|y, = N x U’
and in local coordinates y* on the fiber N, the vertical metric takes the form
gl = guw(y, x) dy* @ dy, i.e., it has only vertical components along N that
however are allowed to depend smoothly on # € U’ C U. There are obvious
notions of vertical orientation o and vertical time-orientation t; hence, we can
introduce a concept of smooth U-families of m-dimensional oriented and time-
oriented Lorentzian manifolds (7 : M — U, g,0,t). What is less obvious is
the correct generalization of the important concept of global hyperbolicity to
this smoothly parameterized context. One could either impose the point-wise
condition that each fiber (M|, g|.) is globally hyperbolic in the usual sense
or seek for a condition that is more uniform on U. The role of this condition
should be to ensure that vertical normally hyperbolic operators, such as the
vertical Klein—-Gordon operator

P = x,dyxd, +m? : O — C, (6.1)

admit retarded and advanced Green operators and a well-posed initial value
problem, both described in terms of morphisms of sheaves of Cg°%;-modules.
This can be interpreted saying that both the retarded/ advanced Green op-
erators and the initial value problem are smoothly parameterized. Again for
illustrative purposes, we note that in a local trivialization M|y 2 N x U’ and
in local coordinates y* on the fiber N, the vertical differential operator in (6.1)
takes the form

0?2 0
Plyr = g"(y,x) + B*(y,x) 5—

+
oyroy¥ oy+
i.e., there are no derivatives along x € U’ but the coefficients may be z-
dependent. Summing up, we record

Ay, =), (6.2)

Open Problem 6.1. Find a suitable generalization of global hyperbolicity to
smooth U-families of m-dimensional oriented and time-oriented Lorentzian
manifolds (7 : M — U, g,0,t) such that vertical normally hyperbolic operators
admit smoothly parameterized retarded and advanced Green operators and a
well-posed smoothly parameterized initial value problem.

Successfully solving this problem will lead to a sensible definition of a
stack Loc;, of m-dimensional globally hyperbolic spacetimes. One can then
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attempt to construct examples of smooth m-dimensional AQFTSs in terms of
stack morphisms 2 : Loc,. — *Alg® by using the same strategy as in (5.1).
We note that most of our constructions in Sect. 5 only rely on the existence
(and uniqueness) of Green operators; hence, they would generalize directly
to the higher-dimensional case, provided that Open Problem 6.1 is solved.
There is however one exception: In the higher-dimensional case, the space of
initial data is infinite-dimensional; hence, we cannot argue as in (5.30) to con-
clude that the assignment of linear observables £ : Loc,, — PoVecy is a
stack morphism. More specifically, this could lead to the problem that the
coherence maps £ are only natural transformations, but not natural isomor-
phisms, which means that £ is only a laz stack morphism. At the moment we
do not know whether it will be more convenient to enlarge the 2-category St of
stacks to include also lax morphisms or to replace the stack Shege of sheaves
of Cg°-modules by a stack describing sheaves of topological (or bornological)
modules in order to obtain a better control on these infinite-dimensional as-
pects. Summing up, we record

Open Problem 6.2. Find a suitable framework such that the assignment £ :
Loc,, — PoVecy of linear observables for a smooth m-dimensional free
AQFT is a morphism between stacks. Possible options could be enlarging the
2-category St of stacks to allow for lax morphisms or replacing the stack
Sheee of sheaves of Cg°-modules by a stack describing sheaves of topological
(or bornological) modules.

As already emphasized at the beginning of Sect. 3, higher-dimensional
AQFTs are sensitive to the phenomenon of Einstein causality, which means
that they are not simply functors but rather algebras over a suitable colored
operad [6,7]. Encoding this aspect in our smooth setting leads to the following

Open Problem 6.3. Develop a theory of stacks of colored operads in order to
define the stack AQFT;. of smooth m-dimensional AQFTs in terms of a
suitable mapping stack between stacks of colored operads.

To conclude, we would like to comment briefly on a potential general-
ization of our framework to gauge theories. The latter are most appropriately
described by the BV-formalism, which is captured by a concept of AQFTs
taking values in cochain complexes, see, e.g., [8,17,18]. This necessarily intro-
duces to an co-categorical context because the natural notion of equivalence
between cochain complexes is given by quasi-isomorphisms, as opposed to iso-
morphisms. This in particular means that, instead of the smooth refinement
Shgee of the ordinary category Veck from Sect. 3.2, one has to consider a
smooth refinement of the oco-category Chy of cochain complexes. A natural
candidate for this purpose is the co-stack Ch(Shcg) of cochain complexes of
sheaves of modules.

Open Problem 6.4. Show that, by replacing the stack Shoge of sheaves of mod-
ules by the oo-stack Ch(Shgg) of cochain complexes of sheaves of modules,
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the relevant definitions and constructions from Sect. 3 generalize to the context
of oo-stacks.
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