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Long Time Behaviour of a Local
Perturbation in the Isotropic XY Chain
Under Periodic Forcing

Livia Corsi and Giuseppe Genovese

Abstract. We study the isotropic XY quantum spin chain with a time-
periodic transverse magnetic field acting on a single site. The asymptotic
dynamics is described by a highly resonant Floquet—Schrédinger equa-
tion, for which we show the existence of a periodic solution if the forcing
frequency is away from a discrete set of resonances. This in turn implies
the state of the quantum spin chain to be asymptotically a periodic func-
tion synchronised with the forcing, also at arbitrarily low non-resonant
frequencies. The behaviour at the resonances remains a challenging open
problem.
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1. Introduction

We investigate the isotropic XY quantum spin chain with a periodically time-
dependent transverse external field acting only on one site, namely the k-th,

and free boundary conditions. The Hamiltonian reads
N—1
Hy(t) = —g Z (0F071 + U;-’afﬂ) —hV(wt)oi, 1<K<N. (1.1)
j=1

For any t € R and N € NN, the operator Hy(t) is self-adjoint on Hy :=
(C2®N, and the thermodynamic limit N — oo is done as customary in the Fock
space F := @, Hn. Here, 0%,0Y,0% denote the Pauli matrices, g,h,w > 0
are parameters ruling, respectively, the spin—spin coupling, the magnitude of
the external field and its frequency. We assume that V(wt) is a real periodic

analytic function with frequency w

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-021-01128-y&domain=pdf

1556 L. Corsi, G. Genovese Ann. Henri Poincaré

Vwt) =Y e™V, Vi < Coe M. (1.2)
keZ

The interaction of a small system (the impurity) with an environment
(the rest of the chain) while it is irradiated by a monochromatic forcing is a
question of primary interest in non-equilibrium statistical physics. Although
more complicated systems have been considered [4,8,9], quantum spin chains
are particularly appealing as they present a rich phenomenology along with a
limited amount of technical difficulties. Indeed the lack of ergodicity of such
systems has already been object of study since the *70s [17-23].

Also, there has been a resurgence of interest in periodically driven sys-
tems from the mathematical and theoretical physics community. When the
external frequency is high enough compared to the natural frequencies of the
system at rest, one can approximate the Floquet Hamiltonian by an effec-
tive time-independent Hamiltonian, which governs the asymptotic dynamics
[10,12]. This idea has been exploited mathematically in [3], where the effective
Hamiltonian is computed by a KAM-type reduction inspired by [7]. Conse-
quences of this analysis for the behaviour of many-body interacting systems
have been examined in [1,2].

The choice of considering a simple system such as the isotropic XY chain
itself simplifies greatly the computations and allows us to perform a very de-
tailed analysis of the dynamics. The motion of an impurity was first analysed
in [6] with different forms of time-dependent external fields. In particular in
the case V(wt) = coswt, the authors computed the transversal magnetisa-
tion of the perturbed spin at the first order in h, observing a divergence at
w = 2g. The analysis of [11] shows that indeed all the values {2¢g/k}ren are
resonant (i.e. singular) in a sense that will be made clear below. Therefore
in this context, it appears natural to distinguish between resonant and non-
resonant frequencies more than between high and low ones (even though, since
the set of resonant frequencies is bounded, the first characterisation induces
the second one). Indeed, combining the results of the present and our previous
paper [11], one can conclude that no matter how small the frequency is, away
from resonances, the impurity asymptotically undergoes a periodic dynamics
synchronised with the forcing. This simple picture breaks down for resonant
frequencies, where some new phenomenon can occur.

It is well-known that the isotropic XY spin chain is equivalent to a system
of quasi-free fermions on Z and therefore the N-particle state is fully described
by a one-particle wave function (for more details about this derivation we refer
to [5,6] or more recently [11,15]). At fixed ¢, the forcing V (wt) is just a number
which we can incorporate into h, and the spectrum is given by the standard
analysis of the rank-one perturbation of the Laplacian on Z (see [5]). Precisely,
as N — oo, we have a band [—g, g] and an isolated eigenvalue given by

gsign(h)y[1+ Z; . (1.3)
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The study of the dynamics however is not as simple, because when t varies
the eigenvalue moves and can touch the band, so creating resonances. More
precisely, the dynamics in the time interval [to, t] is governed by the following
Floquet—Schrodinger equation on Z (again, the details on its derivation and
its relation with the many-body system can be found in [5,6,11,15])

10pp(x,t) = ghAY(x, 1) + hHp(t, to)p(x, 1), P(x,to) =d(z), ze€Z.
(1.4)
Here, §(z) is the Kronecker delta centred in the origin, A is the Laplacian on
7. with spectrum given by {—cosgq,q € [—m, 7|}, and

Hp(t,to)y(z, t) == V(wt)w(x,t)—i—ig/t A’ Jy (g(t—t")e 2V (wt ()

(1.5)
where
1 s

izk-+it cosx
= — , keZ.
2 J_,

Ji(t) : dze

The Floquet operator Hp acts as a memory term, accounting for the
retarded effect of the rest of the chain on the site . This equation finds a
more compact form in the Duhamel representation in the momentum space.
We denote by £ € [—1, 1] the points of the spectrum of —A. Moreover with
a slight abuse of notation throughout the paper, we will systematically omit
the customary ° to indicate either Fourier transforms (when transforming in
space) and Fourier coefficients (when transforming in time).

Let ¥(&,t), £ € [—1,1], denote the Fourier transform of ¢(z,t), z € Z.
The corresponding equation (1.4) for (&, t) in its Duhamel form reads

(1 +ihWy )Y (E,t) =1, (1.6)

where {Wy, },er is a family of Volterra operators for any ¢ > tg and € € [—1,1],
defined via

t
Wi, f(€,1) = / dt' Jo(g(t — ) IV (wt) F(€, 1) (1.7)
to
Let LCy([—1,1] x [to,t]) denote the space of square integrable functions in
[—1,1] and real analytic in the time interval [t,t] (mind here the superscript
w denoting analyticity as customary, not to be confused with the frequency).
Each W, is a linear map from LgCﬁ’([—l, 1] x [to,t]) into itself. For any to,
finite W4, is a compact integral operator, which ensures the existence of a
unique solution for ¢ — ¢ty < oo (see for instance [13]). We denote this one-
parameter family of functions with ¢y, (£,t). As tg — —oo, the limit of the
W, is an unbounded operator, denoted by W, defined through
t

Waof(€,1) ;:/ At' Jo(g(t — )9V (wt') f (£, 1) . (1.8)

One can therefore use W to define an asymptotic version of equation (1.6)
as tg — —oo
(L+ihWoo)(&t) =1, (1.9)
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whose solutions are denoted by 1) (€, wt): indeed it is easy to check that W
maps periodic functions of frequency w into periodic functions of frequency w,
thus it is somehow expected to find solutions of (1.9) in this class of functions.
Under the following assumption on the frequency, our analysis confirms this
idea.

Hypothesis 1.1. We assume that w > 0 is such that %g ¢ IN.

Remark 1.2. Note that if w satisfies Hypothesis 1.1 above, there is k € IN such
that

== -k . 1.1
" ‘>0 (1.10)

Our main result reads as follows:

Theorem 1.3. Letw > 0 satisfying Hypothesis 1.1 above, and let € as in (1.10).
There is o = v0(£, €, V) small enough such that if h < yow, then there exists
a periodic solution of (1.9) with frequency w, Voo (z,wt) € L2C¥(Z x R). In
particular, vy is explicitly computable; see (3.24). Moreover, for all x € Z., one
has

1
iy (@, 1) = VYoo (z,wt) + O (H) .
Remark 1.4. To be more precise, we prove that the spatial Fourier transform
of Yoo (x,wt) is bounded. This implies that 1, is square integrable for all ¢.

Remark 1.5. If Vi # 0, we have in general 7o ~ /€. To fix the ideas, let us
3 =
assume the frequency small enough, that is, w < Cgg, then 7o S %‘”. If

Vo = 0, then our worst estimate of the radius of convergence is vy < C’géQ%,
but this bound improves a bit under a specific assumption on the forcing V.
A precise formula for the radius of convergence 7 is given in (3.24) below.

The main relevance of this result lies in its validity for low frequencies.
To the best of our knowledge, a similar control of the convergence to the
synchronised periodic state for a periodically forced small quantum system
coupled with free fermion reservoirs has been achieved only in [4], for a different
class of models. In general, it is known that the low-frequency assumption
makes the dynamics harder to study.

On the other hand, the main limitation of the result is that we need
to avoid the resonances: the closer % is to an integer, the smaller value of
perturbation parameter h is allowed. This in particular prevents us to say
anything on the behaviour of the system for resonant frequencies 279, leaving
the problem open.

In [11], we proved the existence of periodic solutions of (1.9) with fre-
quency w if Vo = O (7) and h small or if V5 = 0, w > 2g (high frequencies)
and h/w small. The meaning of these conditions is clear: if Vj is large and h is
small, then the eigenvalue does not touch the band; if w > 2g, then the forcing
cannot move energy levels within the band. In particular, the high-frequency
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assumption appears in other related works in mathematical and theoretical
physics [1-3,10,12,14].

Note that differently from [11], here we allow also V; # 0 provided that
Hypothesis 1.1 holds and h is small enough.

An important step of our analysis is [11, Proposition 3.1], in which we
proved that if a periodic solutions of (1.9) 1., with non resonant frequency
w exists, then ¢y, (§,t) must approach (&, wt) as tg — —oo for all t € R,
e -1,1].

Proposition 1.6. Let 1o (€, wt) a periodic solution of (1.9) with frequency w
satisfying Hypothesis 1.1. For any t € R, £ € [—1,1], one has

Gea (6,8) = e (&,0t) + O (\/tl_ito) |

Therefore for non resonant frequencies, the control on the long time be-
haviour of the solution of (1.6) amounts to establish the existence of a periodic
solution of (1.9) for w < 2g, a condition defining the low frequency regime.
This is a genuine PDE question, which is indeed the main focus of this paper.

More specifically, we are facing an unbounded time-dependent perturba-
tion of the continuous spectrum of the Laplacian on Z. Problems involving
periodic forcing are typically dealt via a KAM-approach, namely one tries to
reduce the perturbation to a constant operator by means of a sequence of
bounded maps. This is for instance the approach adopted in [3,12] in the con-
text of interacting many-body system, in which a generalisation of the classical
Magnus expansion is exploited via normal form methods. Indeed some salient
features of periodically driven systems, as for instance pre-thermalisation or
slow heating, from the mathematical point of view are essentially consequences
of the KAM reduction. A similar approach has been used in [14] for the Klein—
Gordon equation with a quasi-periodic forcing. All the aforementioned results
are valid if the frequency is large enough, as usual in Magnus expansion ap-
proaches.

We cope here with two main sources of difficulty. First, we deal with a
perturbation of operators with continuous spectrum. Secondly, the operator
in (1.9) is a perturbation of the identity, which makes trivial the homological
equation at each KAM step.

Thus, we have to use a different approach. As in [11], we explicitly con-
struct a solution of (1.9) by resumming the Neumann series. More precisely,
we formally write the solution to (1.9) as a power series in the small parameter
h/w; see (2.20). Such expression is plagued by the presence of the terms j,,, (),
which may be singular for finitely many values of £; see (2.6). The main prob-
lem then is that any divergent j,, () appears raised to arbitrarily large powers,
and this makes the series expansion very singular. (It does not belong to any
L? space.) For w > 2g, the function jy(&) is the only one having a singularity,
while when w < 2g, also the function j,,(§) can diverge for |u,| < 2g/w.

We cure these divergences by a suitable renormalisation of the Neumann
series, and one major advance of this work is that this is done regardless of the
size of the frequency w, once small intervals about countably many resonant

(1.11)
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frequencies are excluded. To do so, we refine the method introduced in [11] in
the case of large w, which was based on the normalisation of the second-order
term of the expansion, taking into account the subtle cancellations induced by
the operator at the r.h.s. of (2.2). We stress that thanks to the careful analysis
of subsequent Sects. 4 and 5, also in the low-frequency regime resumming
the resonances of second order is sufficient to construct a meaningful solution
and, from what we can see, no crucial advantages can come from higher-order
resummations.

The rest of the paper is organised as follows. In Sect. 2, the main objects
needed for the proof are introduced, while in Sect. 3, we prove the existence of
a periodic solution of (1.9) with frequency w. In Sects. 4 and 5, we prove few
accessory results used in Sect. 3. Finally, we attach an “Appendix” in which
we sketch the proof of Proposition 1.6.

2. Set-up

It is convenient to define
@ = wt, o=
so that we can rewrite (1.8) as
¥ . ’
Wiw() = [ deo(ale - ) V0 ¢,

and hence a periodic solution of (1.9) with frequency w should satisfy

(T +iyWi )€, ¢) =1. (2.2)

Such a solution will be explicitly constructed.

Note that by Remark 1.2, the inf in (1.10) is indeed a min, and it is
attained either at k = |2a], i.e. the integer part of 2a, or at k = [2a] :=
[2a] 4+ 1. Moreover, € < 1.

Recall the formula

)= [ de(pert =20 <1>+}1sign7<;>x<|7| > (93

The proof of (2.3) can be found for instance in [11, Lemma A.3]. Unfortu-
nately in [11, (A.11)], the sign(7) in the imaginary part is mistakenly omitted,
whereas it is clear from the proof that it should appear; see also [11, (A.12)].

Set

i) =i (e+ %) (24)

and let us define & :=1, & := —1, and for k € IN,

&, 1= signk — k , & :=signk+ k . (255)
« «
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Lemma 2.1. For all k # 0, one has

X (sign(k) (€ — &) < 0) + isign(k)x(sign(k)(£ — &) > 0)
a/[(€ = &) (E+ &)

Proof. Using (2.3) and (2.4), we have

%@%=XW&+MSQ%H$@®£+MMW§+M>aX
a/[(E=&)(E+ &)

Jk(§) = . (2.6)

Let us write

X(Ia€+kSa)zx(sgl—z)x<£z—1_k)

«

and
sign(aé + k)x(|ag + k| > a) = x(a€ + k> a) — x(a + k < —a)

=X(£>1—k>—x<§<—1—k).
(6% (0%

Now, we note that since £ € [—1,1], if £ > 1, then x(§ < —1 — g) = 0 and if
k < —1 then x(§ >1— g) = (. This implies

and
(e 1= 5) - x (e -1- ) = sl sieie - 6 > 0)

so that the assertion is proven. O

Note that by Lemma 2.1, ji (&) is either real or purely imaginary. On the
other hand jy(&) is always real, while ji (&) is purely imaginary for |k| > 2a.

We conveniently localise the functions ji about their singularities. Let
r > 0 and set

Ljo(§) =jo()(x(€ < -1+4+7)+x(§>1-71)),
Ljr(§) = ju(§)x(§ — &l < 1), (2.7)
Rjr(§) = jn(&) — Ljr(§), ke Z\{0}.

The following properties are proved by straightforward computations.

Lemma 2.2. (i) § = —&_p and & = =% ;
(i) One has

min = |§p — & | =
k]| | <[ 2a]
v

i

o | m

(iii) & > 0 if and only if k < —a or 0 < k < a.
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(iv) One has

K>k>0
k<k <0
K >0k<0,k—k>2«a
K <0,k>0k —k>—-2a

(v) If |k| > 2, then [&k] > 1;
(vi) For k> 1 andr € (0, (4a)™1), one has

oy X(E —r <E< &) Hix(Er <E <& t7)
Eae) oI Gt e 28)
(<& —71)+ix(€ > &+ 1)

a/[(E = &) (E+ &)

& > & =

Rjin(6) = X

(2.9)

and for k < —1,

) :x(fk<£<£k+r)—ix(§k—7“<€§§k)
£ IE Gt e (210)
Ri :X(€Z§k+T)_iX(£§§k—T). 9211
WO =T e e g 20

(vii) There exist c1,ca > 0 such that for all k € Z

C2

. . C1 .
inf |Ljg > —, su R < . 2.12
56[*1’1]‘ ]k(§)| Ck\/; 56[711),1]| ]k(€)| Oé\/; ( )
(viii) For |k| > 2 and € < €, one has
. Co
< 2.13
(6] < = (2.13)

Fix e < € (say € = €/2) and take r € (0,7*), with * < £ so that in
particular, property (vi) in Lemma 2.2 is satisfied, and moreover, one has
L]k(E)L]k’ (f) =0 for k 7é k/ (214)

by property (ii) of Lemma 2.2.

Combining a (formal) expansion as a power series in v and Fourier series
in ¢ (i.e. the so-called Lindstedt series), we can now obtain a formal series rep-
resentation for the solution of (2.2) which is the starting point of our analysis.
Precisely, we start by writing

D& 9) = D " Ualls ), (2.15)

n>0
so that inserting (2.15) into (2.2), we see that the coefficients 1, must satisfy
o =1, thn=—AWL[tn1]. (2.16)
We now expand

Un(€,9) = D hnp(§)e*?.

keZ
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Using that
(Woothn) k(&) = 5k() D Vimptom,u(€ (2.17)
NEZ

by a direct computation, we obtain

1€ 9) = D dra (Vi e®1?,
k1€Z
ST tntes () Viadis () Vi 0144209
k1,ko€Z
e (2.18)
n .
Un(&0) = > (HJM (£>vk,.> elhn
ki,..., kn €Z =1
where we denoted
p
pp = plky, . k) = Ky (2.19)
j=1
Therefore, we arrive to write the formal series
D(E 7)) =D eMPPu(&r) =D e Y (=) Vnu(9)
WEZ WEZ N>0
, N (2.20)
=Y > S N OV, |
WET N>0ky,...knEZ p=1
HN=H

which solves(1.9) to all orders in 7. Note that for each N € IN the coefficient
of ¥V is a sum of singular terms. This makes it difficult (if not impossible) to
show the convergence of (2.20), and we will instead prove the convergence of
a resummed series which solves the equation.

3. Proof of the Theorem

To explain our construction of the series giving a solution of (1.9), it is useful
to introduce a slightly modified version of the graphical formalism of [11],
inspired by the one developed in the context of KAM theory (for a review see
for instance [16]).

Since our problem is linear, we shall deal with linear trees, or reeds.
Precisely, an oriented tree is a finite graph with no cycle, such that all the
lines are oriented towards a single point (the root) which has only one incident
line (called root line). All the points in a tree except the root are called nodes.
Note that in a tree, the orientation induces a natural total ordering (<) on
the set of the nodes N(p) and lines. If a vertex v is attached to a line ¢, we
say that ¢ exits v if v < £; otherwise, we say that ¢ enters v. Moreover, since a
line £ may be identified by the node v which it exits, we have a natural total
ordering also on the set of lines L(p). We call end-node a node with no line
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entering it, and internal node any other node. We say that a node has degree
d if it has exactly d incident lines. Of course an end-node has degree one. We
call reed a labelled rooted tree in which each internal node has degree two.

Given a reed p, we associate labels with each node and line as follows.
We associate with each node v a mode label k, € 7Z and with each line ¢ a
momentum i1y € Z with the constraint

pe= k. (3.1)
v=<{
Note that (3.1) above is a reformulation of (2.19). We call order of a reed p
the number #N (p) and total momentum of a reed the momentum associated
with the root line.

On,, denotes the set of reeds of order N and total momentum p. We say
that a line ¢ is regular if |u¢| > [2«]; otherwise, we say it is singular. With
every singular line ¢, we attach a further operator label O, € {L,R}; if £ is
singular, we say that it is localised if Oy = L; otherwise, we say that it is
reqularised.

We then associate with each node v a node factor

Fo = Vk,l, (32)
and with each line ¢ a propagator

) e €, { is regular
Gel8) = { Opju,(§),  Lis singular, (3:3)

so that we can associate with each reed p a value as

Val(p) = H Fu H Ge(§) | - (3.4)

vEN (p) LeL(p)

In particular, one has formally

Unp= Y Val(p). (3.5)

PEON, L

Remark 3.1. If in a reed p with Val(p) # 0, there is a localised line ¢, i.e.
if Oy = L, then all the lines with momentum p # p, are either regular or
regularised. Indeed if ¢ is localised, then by (2.7), we have that £ is r-close to
&, and hence it cannot be r-close to &, for p # pe; see also (2.14).

Given a reed p, we say that a connected subset s of nodes and lines in
p is a closed-subgraph if £ € L(s) implies that v,w € N(s) where v, w are the
nodes ¢ exits and enters, respectively. We say that a closed-subgraph s has
degree d := |N(s)|. We say that a line £ exits a closed-subgraph s if it exits a
node in N(s) and enters either the root (so that ¢ is the root line) or a node
in N(p) \ N(s). Similarly, we say that a line enters s if it enters a node in
N(s) and exits a node in N(p) \ N(s). We say that a closed-subgraph s is a
resonance if it has an exiting line 5 and an entering line ¢., both ¢5 and ¢, are
localised (so that in particular by Remark 3.1, the exiting and entering lines
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of a resonance must carry the same momentum), while all lines ¢ € L(s) have
momentum fy # fg, .
Note that by (3.1), one has

> k=0, (3.6)

We denote by 73, the set of resonances with degree d and entering and
exiting lines with momentum p. Note that if d = 1, then 7; , is constituted
by a single node v with mode k, = 0.

Let us set

Ma,u(€) = > Val(s), (3.7)

s€Tq,,

where we define the value of a resonance s as in (3.4) but with the products
restricted to nodes and lines in s, namely

Val(s):= | [[ # | II Riu(®
)

vEN (s) LeL(s

Next, we proceed with the proof, which we divide into several steps.

Proof. (Step 1: resummation.) The idea behind resummation can be roughly
described as follows. The divergence of the sum in (3.5) is due to the presence
of localised lines (and their possible accumulation). If a reed py € O, has
a localised line ¢, say exiting a node v, then we can consider another reed
p1 € On41,, obtained from py by inserting an extra node vy with k,, = 0
and an extra localised line ¢/ between ¢ and v, i.e. p; has an extra resonace of
degree one. Of course, while pg is a contribution to ¥y (), p1 is a contribution
to ¥n+1(p), so when (formally) considering the whole sum, the value of p;
will have an extra factor (—i7y). In other words, in the formal sum (2.20), there
will be a term of the form

Val(po) + (—i7)Val(p1) = (common factor) (Lyju, (€) + Ljp, (€)(=17)VoLjp, (€))
= (common factor)Lj,, ({)(1 + (=iv)VoLjy, (f))

Of course, we can indeed insert any chain of resonances of degree one, say of
length p, so as to obtain a reed p, € O n4p i, and when summing their values
together we formally have

> (=i7)?Val(p,) = (common factor)Ljy, (€) (1 + (~i7) VoL, (€)

p=>0
+ (_i'y)VOLjM (5)(_17)%11‘7';12 (5) + - )

= (common factor)Lj,, (§) Z((—i’Y)VOLjM (€)*
p=>0

_ Ljulz)

L+iyVoLj.(€)

= (common factor)
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In other words, we formally replace the sum over N of the sum of reeds in Oy,
with the sum of reeds where no resonance of degree one appear, but with the
localised propagators replaced with

Liju()
1+ iyVoLgu ()

Clearly in principle, we can perform this formal substitution considering
resonances of any degree. Here, it is enough to consider resummations only of
resonances of degree one and two. The advantage of such a formal procedure
is that the localised propagators do not appear anymore. However, since the
procedure is only formal, one has to prove not only that the new formally
defined object is indeed well-defined, but also that it solves (2.2).

Having this in mind, let @713,’ ., be the set of reeds in which no resonance
of deree 1 nor 2 appear, and define

Mu(€) = Myu(€,7) = (=i7)Mou(€) + (—i7) M u(€)
= —iVo —7* Y ViRjkpu(§)Vor - (3.8)

kEZ

In Sect. 4, we prove the following result.

Proposition 3.2. For all p € Z N [—2a, 2a] and for

(0, +00) Vo =0
€ \% 3.9
Y (070 € | 02| > Vo <0 ( )

a|[V][7e
where ¢ 1s a suitable absolute constant, one has
1
inf [1— Lj > = 3.10
et 1= Mu(OLgu(O] = 3 (3.10)
Proposition 3.2 allows us to set
. Lj. (€

Lj(€) - (&) (3.11)

T I ML) L)

For any p € @17\3,7 ,» let us define the renormalised value of p as

Val®(p) := H T H Gr |, (3.12)

vEN (p) LeL(p)
where
Lj(€), el < [20), O =1L,
GR = { Rj.(6), e < [2a], Op =R, (3.13)

Jpe, (€); lpe| = [2a].
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In particular, if |2a] = 0, we have to renormalise only jo, which is the
case in our previous paper [11]. Then, we define

wff(g,y) = Z —ip)N Z Val®(p (3.14)

N2>1 p€@

so that
PR (i 6,7) =Y e YR(&7), (3.15)
MEZ

is the renormalised series we want to prove to be a regular solution of (2.2).

Proof. (Step 2: radius of convergence.) First of all, we prove that the function
(3.15) is well-defined.

We start by noting that the node factors are easily bounded by (1.2). The
propagators defined in (3.13) are bounded as follows. If |us| > [2a] formula
(2.13) yields

7u (&) < TataaTe”

while for |u| < |[2«], by (2.12), we have

. C2
R < —.
RI O] <
Regarding the resummed propagators, the bound is more delicate. We
start by denoting

__— if Vi =0, V> 1
. . (3.16)
maxgez) (o} |Ve|?  otherwise,
and
0 if Vi =0, Vk:L"':\_ZQJ
0 if Vi =0, Vk > [2a]
Voo = therwi Ve = herwi
Y.<2a \k\<L2aJ |[Vk| otherwise, >2a \k\r;l?;(a] |Vi| otherwise,
V3, #0
Vi #0

(3.17)
[l

In Sect. 5, we prove the following result.

Proposition 3.3. There is a constant ¢ > 0 such that

if Vo#0andy<cy/s Vo) ;

c
Vol V22

ILiX () < T(V,e,57) =T(7) =< ¢ [2y=2V 2 if Vo =0, Vey, #0;
eay2Vi3, if Vo=0, Voy, =0.
(3.18)
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Let us set now

1 1 1
B = B(r,a,¢€) := max(aﬁ, \/(%> = o’ Cy := max(cg, c2/2) .

(3.19)
Note that if in a reed p € @E, ., there are [ localised lines, we have
Var* (o)l = ( TT 1&0)( T 1)
vEN(p) LeL(p)
< (Coe_ozueN(m |”“‘) H |Gel (3.20)
LeL(p)

< CoCYBNT ()l el

for some constant Cy > 0. By construction, in a renormalised reed, there
must be at least two lines between two localised lines, since we resummed the
resonances of degree one and two. This implies that a reed with N nodes can
have at most | = [N/3] localised lines.

Then by (3.14), we obtain

R (& < C Y ANBNT() T e, (321)
N>1
so that the series above converge for
VT(y)B® < 1. (3.22)
This entails

min (/1B e/ i) Vo #0;

V<t BT /EVE,, Vo =0,V > 0; (3.23)
BV, Vo=0,V_p, = 0.

Therefore, under such smallness condition on -, the function ¥ (y; &, )
(recall (3.15)) is analytic w.r.t. ¢ € T, uniformly in £ € [—1, 1] and for y small
enough

Choosing € = €/2 and 7 := ¢, we have by (3.19)

3e3
Br.a,e)™ =%

so that condition (3.23) implies that the series converges for v < o := ¢171
where

min (V6 (55) /i) Vo # 05

"V 2a VI,

Y1 = ’}/1(06, €,V) = (\/Z(ié) % K2§2a VO = O7K§2a > 07
\3 . _o
(49) &7 Vo =0,V =0.

(3.24)
and ¢; := min{e,c71}.
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Proof. (Step 3: = (y;€,7) solves (2.2).) Now, we want to prove that

(1 + W) (p;€,7) =1.

This is essentially a standard computation. Using (3.14) and (3.15), the last
equation can be rewritten as

WL R(6,7) =1 =R (i &,y) = =D _ e Y (=ip) Y Val®(p

HEZ N>1 p€OR
(3.25)
Moreover, thanks to (2.17), we can compute
WL R (9:6,7) =iy Y R (&7) (Weh?)
MEZ
=iy Y 5,6 Y Vi kR (&)
MEZ kez
R S RS IS DI SR
HEZ N>0 u1+u2 =p peEOR

N,ug
Thus, we can write (3.25) in terms of Fourier coefficients as

Z(—l’y Z Vi Z Val®(p) = Z —iy) Z Val®(p

N>1 m-&-uz =n PEOR 1 1y N=1 peO%
(3.26)
Note that the root line ¢ of a reed has to be renormalised only if it carries
momentum label || < |2« and operator Oy = L; thus for |us| > [2«], or
lte] < 2] and Oy = R, we see immediately that (3.26) holds.
Concerning the case g = p with |pu| < |2« and Op = L, we first note

that
SV Y ValR(p) = Y valR(p

p1tp2=p peEOR_, o PGGN,H

=R . . .
where © , is the set of reeds such that the root line may exits a resonance of
degree < 2, so that equation (3.26) reads

P&y =D (i YD ValR(p (3.27)

N2>1 PEGN,H

Let us split
7’]?/ ~
GN,;L:@ U@N;Uf’ (328)
where (;)7]% L are the reeds such that the root line indeed exits a resonance of

degree < 2, while éﬁ . 1s the set of all other renormalised reeds. Therefore,
we have

DT Y VAl (o) = L) Y. (Vi )uin(&)  (3:29)

N2>1 pE@ R H1tp2=H
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and
DN D7 VAl (0) =Lif(OMu(EMLIF ) Y (Vi)Y (E),
N>1 peO% pHia=
(3.30)
so that summing together (3.29) and (3.30), we obtain /% (&; 7). a

This concludes the proof of the Theorem.

4. Proof of Proposition 3.2

In this section, we prove Proposition 3.2. We will consider explicitly the case
w € N, since negative p are dealt with in a similar way.
Set for brevity

Di(€) = ay /(€ — &) (€ + €01, (4.1)
Apr(§) = _D;ik(f) + D,:ik(f) . (4.2)
Gu,k(f) = (Rju+k(§) + Rj;t—k(f))[’ju(f) 5

and note that we can write

Mu(€)Lju(€) = =VoLiu(€) =7* Y IValPGlun(€). (4.4)

k>1

The next two lemmas establish useful properties of the functions G, 1 (&)
and A, k(€).

Lemma 4.1. Let k € IN and r sufficiently small. One has

inf A >0 4.5

€€[€p—r,Eptr] ui(8) (4.5)
Proof. By explicit calculation

2vE
A, (€)= VI =R (\/k(2a—k)++/k(k+2a)) >0 k<2a, 4
o wr= 4o .
VET=1a2 (\/k(k—2a)+/k(k+2)) >0 k>2a
so we can conclude by continuity. O

Lemma 4.2. If € € (§,,&, + 1), one has

—(Du(f)Du—&-k(f))il 1<k<p

Re(Gui(€)) = § —(Du(@)Dpurk(§)) ™" p+1<k < |20 (4.7)
B k= [2a].
(Du(©)Dp—r(€)™" 1<k <np

Im(Gui(€)) = § (Du(©)Dyu—r(€))™" p+1<k < (20 (4.8)

0 k> [2a].
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If¢ e (& —r ¢, one has

(Du(g)Du—k(f))il 1<k<yp

Re(Gui(€)) = { (Du(€)Dun(€)™ n< k< |20 (4.9)
0 k> [2a].
(Du(ﬁ)Du—i—k@)r1 1<k<p

(G k(€)= § (Du(©)Dprr(€) ™ p+1<k < [2a] (4.10)
~B k> [2a].

Proof. Since we are considering the case u > 1, Lj, (&) is given by (2.10). Our
analysis of G, (&) splits in several cases.
i)1<k<p
In this case, p —k >0 and &, < &, < £u—k. By (2.11), we write
Ripeh(€) + R i(€) = D (€ < Eupn — 1) + DL (OX(E < &g —7)
HD G ()X (E > Eup + 1) HD, L (EX(E>Eurtr).
(4.11)
A direct computation gives
Du(€)Gip(€) = DLy (Ex(€ — 7 < € < &) — DL (Ox(En < € < £ +7)

H(D L (OX (€ = 7<€ < E)+D 1L (Ox (& < E<€u+T)).
(4.12)

i) p+1<k< |2
Now, p — k < 0 and max(&, 1, &u—1) < &u. Therefore by (2.11), (2.11)

Rk (€) + Rip—1(&) = D1 (OX(€ < &urn — 1) + Dy L (X (E > Gure +7)
HD, L (OX(E > Gurntr) =D, L (OX(E<Eur — 7).
(4.13)
Moreover,
Du(§)Gru(€) = D1 (Ox(u — 1 < €< 8) = Dy (Ox(6u <€ < &ut7)

H(D; L (X (€= <€ < &) +D 1 (X (& < E<utr)).
(4.14)

iii) k> [2a] We have p—k <0, &,41 < &, < {,—r and again
Rju+k(€) + Rju—k(f) = D;j-k(f)X(g < Eptk — r) + D,:ik(f)X(f > &k + r)

+ DL (E)X(E > i) —1D; L (E)X(E<Eumi — 1) -
(4.15)

Therefore,

Gio(€) = —iA, 1 ()L ()=

(X(u<€<&utr)—ix(§u—r<E<EL).
(4.16)
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Note that for £ ¢ (§, —r,&, + 1), all G, & are identically zero, and by direct

inspection, we deduce (4.7), (4.8), (4.9) and (4.10). O
Let us introduce the notation
[20]
Z Vi (Dyr (€)1
(4.17)
= Z VilPAuk(€),  Ka(8) =D [Vil*Auk()
k>2a k>1

Note that K7 (§) can vanish if and only if Vi, = 0 for all |k| < [2«] (that is
V <o, =0). Similarly, K5(€) can vanish if and only if Vi, = 0 for all |k| > |2«
(i.e. Vaoq = 0), while K5(€) can vanish if and only if the forcing is constant
in time, i.e. V(wt) = Vp.

Recall the notations introduced in (3.16)—(3.17). We need the following
bounds on K1 (€), K»(£) and Ky (€).

Lemma 4.3. There is ¢ > 0 such that for all p € Z and all £ € (&, —7,&, + 1)
if K1(§) # 0, then one has

\f Vioo < K16 < o[ 2IVIE:. (4.18)

Proof. By the Lipschitz continuity of D;i W(&) in (&, —7,&u+7), thereisc; >0
such that for all £ € (§, —r,&, + ), we have
_ _ r
D1 (&) =D, L&) < s
Furthermore, since 7 € (0, 5) and

Dy—i(€u) = V[2a — klk,
we have

120
T||V||2Lz

|Vk|2
<C Vi
E D, < Cy sup\ |2 E k:|k—2a Ta

a €
< G| V72 (\/ =t a\/a)
o
< CB\/E”V”ZL?'

for some constants Cq, Co, Cs > 0. Similarly,

[2a] [2c]
_rlVIze

Vil
,; Du—k(é) - Vs Z \/klk — 20 Va

[€ 2
202 EKSQ(X’

so the assertion follows. O

[22]
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Lemma 4.4. There is ¢ > 0 such that for all p € Z and all § € (§, —7,&, +7)
if Ko(§) # 0, then one has

VS K0 < c\/fvniz. (4.19)

Proof. We use again the Lipschitz continuity of D;ik(f) in (§, —r,&,+7) to
obtain that there is ¢ > 0 such that for all £ € (¢, —r, &, +r), one has

r
|Alt7k(£) - Au,k(gu” < Cﬁ R
and hence for all £ € (£, —r, &, +7)

.
1> ValPAun(©) = Y Vil A€l < CIIVHLQ\/a- (4.20)
k>2a k>2a

Now, we have by (4.6)
4o
Viel2A4, 1(€) < V22
k;@‘ e () < VI k;a VIZ — 202(\/k(k — 20) + /k(k + 20))

[0
e[ IV,

and similarly, if & denotes the Fourier mode at which the max in (3.17) is
attained, we have

—2 da
Z ‘Vk‘2Au,k(§#) > Voo

o V2 —402(1/k(k - 20) + k(i + 20))

Cy —2
= V>2a ’

~Va

so the assertion follows combining the latter two with (4.20). O

Remark 4.5. Note that if Vioq1 # 0, there is a further 1/+4/€ in the lower bound
n (4.21).

Lemma 4.6. There is ¢ > 0 such that for all p € Z and all £ € (&, —7,&, + 1)
if Ko(§) # 0, then one has

SV < Ral©) < oy 2IVIE (421)

Proof. The lower bound follows exactly as the lower bound in Lemma 4.4. As
for the upper bound, we simply add to the upper bound for K5(&) the quantity

[2a] [2a]
4o
Vilo A ) <alV +
Z| koA k(§) < c ”L2< Z VEZ =402 (\/k(k — 2a) + /k(k +2a))>

<V ey S VI (422)

so the assertion follows. O
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Now, we are in position to prove Proposition 3.2.

Proof of Proposition 3.2. The case y = 0 is easier and can be studied sepa-
rately. Indeed by a direct computation, we see that

Do(€)Goi(€) = DTh(E)x(E>1—7) + D (E)x(E < —1+7)
+i(=D(Ox(E < -1+ + D (Ox(E>1-71)) .
In particular, Re(Go x(§)) > 0 for all k € Z, so that by (4.4), we have
11— Mo (&) Ljo(€)] > 1—Re (Mo (&) Ljo(€) = 1+ D [Vi|*Re(Go,(€)) > 1.
k>1

Now, we study the case p > 1. If £ € (§, —r,£,] by Lemma 4.2, we see
that

1= Re(Mu (&) Lju(©)) = 1+ Y [Vil*Re(Gup) > 1, (4.23)
k>1

which entails

inf |1 — M, (6)Lj. (&) >1. 4.24
Ee(gir,l§“+r)| w(©)Lju(6)| (4.24)

For all ¢ € (§,,&, + ), we claim that

1= Mu(OLn(©)] 2 5. (4.25)
for v small enough. To prove it, we use again Lemma 4.2.
We have
. 2 2 2 : Vo
1= ML = 147 LI PRGa€) + 1 (1505
E>1 K
+ ) |Vk|21m(Gu,k(€)))
k>1
2
Boe) oK (VoK)
-5 gt Uos o)
_ zKl(f) 2K2(f) Vo 2K1(§)
- (l 50 Bue) T Dt
(4.26)
Now if
7’ = 1
‘1 - m(Kl(ﬁ) - K2(§))’ 25
we have ,
r.hus of (4.26) > i (VDL/(()O + 72 gig) > i, (4.27)
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while if

then
7 19 =
—_K ~+ LK
D@ 9237,

and moreover using Lemmata 4.3 and 4.6, we have also

e 1 y? 3V
= < < . 4.28
VallViz: = D, = 2v2,,ve 1 779 (42

But then

Du(§) " Du(6) 2 Du(§) " Du(8)

2 2 1 2 2
rhs of(4.26)2< T Vot =7 Kl(S)) 2(7+ & Vo+7—Kz(£))
1 (4.29)

>

~

which is obvious if V > 0, while if V;; < 0, we need to impose

€ |V

a V7.

where c is the constant appearing in Lemma 4.6, in order to obtain

1 0% v~ 1
2", T DY < 2

Thus, the assertion follows. ]

v <c

(4.30)

5. Proof of Proposition 3.3

Here, we prove Proposition 3.3.

Proof of Proposition 3.3. First of all we note that by (2.7) and (3.11), we have

. Ju(§)
sup i) = sup —
Ee(&u—ri&utr) : E€(&u—r&utr) 1- Mﬂ(ﬁ)]ﬂ(ﬁ)

(L om |Du<5>—Mu<f>|)_l. 5.1)

fufr’£u+r)

Note that
Mu(€) = =ivVo =7 Du(€) D [Vil*Grou(€) -

k>1

So thanks to Lemma 4.2 and using the notation in (4.17), we can write
Mu(§) = =iyVo+x(& < § < & +1) (12K () = Ka(©) — 7K (6))
X6~ < €< &) (L) ~ Kal©) + K1) - (5:2)
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Therefore,

1Du(€) = Mu(€)] = x(€u < € < &u+1)|Du(§) — ¥ (K1(8) — Ka(8))
—i(YWVo + V2 K1(€))]
+x(€ — 1 <& <E)|Du(€) + 72K1(§)
—i(YVo + (K1 (€) — Ka(€)))]

whence
5e(fui—nr€su+r) 1D,(8) = Mu(€)] 2 min (se(sﬂi—%&ﬁﬂd(@ ,Eé(iui—nfiu-i-T)S(g)) ’
(5.3)
with
d(€) == |D, (&) — V(K1 (€) — Ka(§)) —i(7Vo + 7 K1(8))] (5.4)
s(€) = |Dyu(&) + V2 K1(€) —il(yVo + Y2 (K1(§) — K2 (). (5.5)

To estimate d(§) and s(€), we treat separately the cases Vo = 0 and Vj # 0.
Moreover for the first case, we consider two sub-cases, namely either V., # 0
or Vg, =0.

Case I.1: Vj = 0, V<o # 0. By Lemma 4.3, there is a constant ¢ > 0 such that
inf d(&) > ~2 inf K > ¢ 2\/7 V2 5.6
Ee(€u—réutr) (5) =7 56(5u7T’§u+T)| 1(£)| ZCy V <oa ( )

s(€) > inf [Du(€) + 77K ()|

inf
fE(EM—T,gquT‘) fe(gu_ragu"’"")

> ~2 inf K >c2\/7V 5.7
> 56(@ﬂ@ml 1§ = ey <20 (B.7)

Case 1.2: V) =0, V<a, = 0. In this case, K1(§) = 0. On the other hand by
Lemma 4.4, there is a constant ¢ > 0 such that

inf  d(€) > inf  [Du(€) + V2 Ka(€)]

fe(fu_77€u+r) ge(fu_'r»gu"l"")
> ~2 inf 2 ¢ v o 5.8
Y EE(EM—T7§;4,+T)| 2§ > v \/» >2 (5.8)

inf s > ~2 inf K > Q—Vz .
Ee(€u—ri&utr) (g) =7 56(5;;7T,£M+T)| 2(£)| =7 \/E >2a

Combining (5.1), (5.3), (5.6), (5.7), (5.8), (5.9) gives the second line of
(3.18).

Case II: V # 0. We have

(5.9)

i i Vol
inf d§) > inf Vo +9K > 5.10
€€(Eu—TEu+T) ©) ’yfe(iu—r,gﬂ-i-r)‘ otrKi@l 2y (5.10)

inf s > inf Vo +9K —vK
cee B €3] 756(5;4,—7’75;4,4‘@‘ 0 +7EK1(§) = vK2(8)]
“Y|V0|

>y in \Vo—vK()\>

5.11
EG(EM*T@L ( )
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The last inequality is always satisfied if V<, = 0, while otherwise, we need
to require
1 € |V()|
~ eV allV]i.

(5.12)

by Lemma 4.4.
Combining (5.1), (5.3), (5.10), (5.11), and (5.12), the result follows. O
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Appendix A. Proof of Proposition 1.6

In this “Appendix”, we give a brief account on how to prove Proposition 1.6.
We just outline the strategy and for most of the details we refer to our previous
paper [11]. We consider only the case Vj = 0, which is the most difficult case.
For any function F' = F(t,x1,xa,...), we write
1 (&5 o)
F0<> — — < sup F<—
Vi VE T 2 Vit
for some C7,Cs > 0.
Let us set for brevity
D =D(& t,tg,w) = Yoo (&, wit) — Py, (€, 1) . (A1)
By (1.6) and (1.9), we readily obtain the following equation:

(1 4 ihW;,)D = —q!%, (A.2)
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where
¢ = ¢l (&t tg,w) :=1h(Weo — Wiy )¥so
- lh/ drdo(g(t =)DV (D) (€, 7)
(A.3)

Therefore, we have to prove that for any w satisfying Hypothesis 1.1, there are
01, C5 > 0 such that

p=0(7s)

We write (here ¢, denotes the p-th Fourier coefficient of 1)

q[o] = ih Z ¢oo,HVkei“’(“+k)t /Oo dTJo(gT)ei(gg_w(#Jrk))T

w,kEZ t—to
= Z ih(Yoo * V)kei“’kt/ drJo(gr)el9s—wrT
kEZ t—to
Z elwkt t tOv 57 ) (A4)
kEZ

where the last line is understood as the definition of the coefficients

g (tt0,,w) = g -
The first property to establish is the decay of ¢[%. This is done first
singularly on each coefficient q,[co]7 and then promoted to ¢/ by analyticity.

Using [11, Lemma A.6], we compute

- i(g(é+o)—wk)(t—t
/ deo(gT)ei(gE_"Jk)T — C(g) 0_6 (Q(E ) )( o)
o vi—to o=+1 lg(€ + o) — wk|

1

((t—to)\/l—T2> ( )

where ¢(g) > 0 is a constant. The divergences appearing in the above formula
get however cancelled. Indeed we observe by (1.9)

0,0 = Yoo,k + ih(Yoo * V)k/ dTJO(gT)ei(gg—wk)T :
0

so the divergences of

oo .
/ dTJO(gT)e’(f_“’k)T
0

must coincide with the zeros of (1o * V)i, and we can write

o0
ih(thoo * V)i = = (Vook — Ok,0) ( / dTJo(gﬂe“gf—W)
0
whence o )
ft—to drJo(gr)ellé—whr)T

0] _
—q Yook — Ok 4
e = o) fooo drJo(gr)eilgs—wk)T
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is bounded with the desired decay. (Notice that the denominator can be com-
puted as in (2.3).) We obtain

QI[CO] (ta th 57 w)

ei(gﬁfwargU)(t*tO)’f(t to, &, w) 1
= (Yoot — 0 ——+ 0( )
(¢ Jk k,(ﬂl)o) Uzzil m t— tO

(A7)

Next, we invert the compact operator 1 + ihW;, in a standard way. It
suffices to prove that successive applications of Wy, preserve the decay of qlol.
To this end, we define

BOPERANT
and represent (see [11, Lemma 3.4])
gV = 3" ertglde ¢ 1o, w) (A.8)
kEZ

t—to . /
QJ[cl] (57 ta th w) = / dt/.]o(gt/)el(gE_Wk)t (V * q[o])k .
0

Combining (A.7) with the last definition, we get

B = Y Ve uloek — ) O
HEZ ,o==+1
t—t

Tar o) ittt (A.9)

———————€
0 Vi—to—t

To evaluate the inner integral, we use [11, Lemma A.6] according to which

/HO T i[OO wik—p) € {~29,0,29}
; Ny 0 ( \/tl_TO) otherwise
(A.10)

The first case never occurs, since |w(k — )| = 2¢ is excluded by (1.10) and
w(k — p) = 0 since we are considering the case Vy = 0. Therefore,

1
g (t,t0, &, w) = O (H) , (A.11)

and again one can promote the decay to the entire expansion (A.8) by analyt-
icity.
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