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Spectral Asymptotics for Kinetic Brownian
Motion on Surfaces of Constant Curvature
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Abstract. The kinetic Brownian motion on the sphere bundle of a Rie-
mannian manifold M is a stochastic process that models a random per-
turbation of the geodesic flow. If M is an orientable compact constantly
curved surface, we show that in the limit of infinitely large perturbation
the L2-spectrum of the infinitesimal generator of a time-rescaled version
of the process converges to the Laplace spectrum of the base manifold.

1. Introduction

Kinetic Brownian motion is a stochastic process that describes a stochastic
perturbation of the geodesic flow and has the property that the perturbation
affects only the direction of the velocity but preserves its absolute value. It has
been studied in the past years by several authors in pure mathematics [1,5,10,
14,26] but versions of this diffusion process have been developed independently
as surrogate models for certain textile production processes (see, e.g., [18,19,
23]).

Kinetic Brownian motion (Y γ
t )t≥0 in the setting of a compact Riemannian

manifold (M, g) can be informally described in the following way: (Y γ
t )t≥0 is a

stochastic process with continuous paths described by a stochastic perturba-
tion of the geodesic flow on the sphere bundle SM = {ξ ∈ TM, ‖ξ‖g = 1}. More
precisely, if we denote the geodesic flow vector field by X and the (nonnega-
tive) Laplace operator on the fibers of SM by ΔS, then the kinetic Brownian
motion is generated by the differential operator

−X +
1
2
γΔS : L2(SM) → L2(SM).

The connection to the stochastic process (Y γ
t )t≥0 is given via

e−t(−X+ 1
2γΔS)f(x) = Ex[f(Y γ

t )] with f ∈ L2(SM), x ∈ SM,
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where Ex denotes the expected value if the stochastic process is started at
x ∈ SM. Observe that the parameter γ > 0 controls the strength of the
stochastic perturbation and it is a natural question to study the behavior of
−X + 1

2γΔS and Y γ
t in the regimes γ → 0 as well as γ → ∞. Drouot [10]

has studied the convergence of the discrete spectrum of −X + 1
2γΔS in the

limit γ → 0 for negatively curved manifolds and has shown that it converges
to the Pollicott–Ruelle resonances of the geodesic flow. These resonances are
a replacement of the spectrum of X since its L2-spectrum is equal to iR and
they can be defined in various generalities of hyperbolic flows as pole of the
meromorphically continued resolvent [6,8,9,11,15,27]. A more general frame-
work of semiclassical subelliptic operators that includes the kinetic Brownian
motion for γ → 0 has been established by Smith [30]. In the limit of large
random noise Li [26] and Angst-Bailleul-Tardif [1] proved that π(Y γ

γt) con-
verges weakly to the Brownian motion on M with speed 2 as γ → ∞ where
π : SM → M is the projection. This rescaled kinetic Brownian motion is gen-
erated by Pγ = −γX + 1

2γ2ΔS whereas the Brownian motion on the base
manifold is generated by the Laplace operator 1

2ΔM. Therefore, one may con-
jecture that the discrete spectrum of Pγ converges to the Laplace spectrum.
We will give a proof of this fact in the case of constant curvature surfaces:

Theorem 1. Let (M, g) be an orientable compact surface of constant curva-
ture. For every η ∈ σ(ΔM) with multiplicity n there is an analytic function
λη : ]rη,∞[→ C such that λη(γ) is an eigenvalue of Pγ with multiplicity at
least n and λη(γ) → η as γ → ∞.

Note that this theorem does not imply that in a compact set all eigen-
values of Pγ are close to eigenvalues of the Laplacian (see Remark 3.2 for a
discussion of the problems that prevent us from proving this stronger state-
ment).

Another question to ask is whether the kinetic Brownian motion con-
verges to equilibrium, i.e.,

Ex[f(Y γ
γt)]

t→∞−→
∫

SM

f.

Baudoin–Tardif [5] showed exponential convergence, i.e.∥∥∥∥e−tPγ f −
∫

SM

f

∥∥∥∥ ≤ Ce−Cγt

∥∥∥∥f −
∫

SM

f

∥∥∥∥ , f ∈ L2(SM).

We should point out that the given rate Cγ converges to 0 as γ → ∞, but they
conjecture that the optimal rate converges to the spectral gap of ΔM which is
the smallest nonzero Laplace eigenvalue η1 (see [5, Section 3.1]). A direct con-
sequence of Theorem 1 shows that the optimal rate Cγ is less than �λη1(γ) for
surfaces of constant curvature. Hence lim supγ→∞ Cγ ≤ η1. For a more explicit
study of the convergence towards equilibrium, we prove a spectral expansion
and explicit error estimates in the case of constant negative curvature in [25].

Note that a problem related to the kinetic Brownian motion in SM is
the study of the hypoelliptic Laplacian on TM introduced by Bismut [3]. Like
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the kinetic Brownian motion the hypoelliptic Laplacian interpolates between
the geodesic flow and the Brownian motion. In [4, Chapter 17], Bismut and
Lebeau prove the convergence of the spectrum of the hypoelliptic Laplacian
to the spectrum of the Laplacian on M using semiclassical analysis. It seems
plausible that their techniques can also be transferred to the setting of kinetic
Brownian motion and might give the spectral convergence without any cur-
vature restriction. The purpose of this article is, however, not to attack this
general setting but show that the assumption of constant curvature allows to
drastically reduce the analytical difficulties. In fact, we are able to reduce the
problem to standard perturbation theory. This is also the reason why we are
able to obtain explicit error estimates in [25].

In the limit γ → ∞, one would like to consider the geodesic vector field
as a perturbation of the spherical Laplacian. The major difficulties of the
proof are that 1

γ X is not a small perturbation in comparison with ΔS and
that the unperturbed eigenspaces are infinite dimensional. After the spectral
decomposition with respect to some operator Ω described below there is a
precise way to consider X as small operator in any eigenspace of Ω. Moreover,
the eigenspaces of ΔS become finite dimensional which simplifies the situation
drastically. We also want to point out that the eigenvalues of ΔM appear in the
second derivatives of the evolving eigenvalues in the perturbation expansion,
not as their limits. This is one reason why we do not obtain that in a compact
set all eigenvalues of Pγ are close to eigenvalues of the Laplacian ΔM.

Let us sketch the spectral decomposition mentioned above: By the as-
sumption of constant curvature we have a three-dimensional Lie algebra g =
〈X,X⊥, V 〉C of vector fields on SM. Denoting the Gaussian curvature by K,
the operator Ω = −X2−X2

⊥ −KV 2 commutes with g and Pγ and its spectrum
is a discrete set, but the multiplicities might be infinite. Because of the commu-
tation the generator Pγ preserves the decomposition of L2(SM) in eigenspaces
of Ω, and we can study the restriction of Pγ on each occurring eigenspace
separately. In each of these eigenspaces, the spectral asymptotics in the limit
γ → ∞ of Pγ can then be handled by standard perturbation theory of an op-
erator family of type (A) in the sense of Kato. For the calculations, it will be
important that each eigenspace of Ω can be further split into the eigenspaces
of the vector field V which correspond to the Fourier modes in the fibers of
SM → M which are just circles as dim M = 2.

The article is organized as follows: We will give a short overview over the
kinetic Brownian motion and the connection between constant curvature sur-
faces and the global analysis of sphere bundles of constant curvature surfaces in
Sects. 2.1 and 2.2. After that we will recall a few results of perturbation theory
for unbounded linear operators (Sect. 2.3) which are mostly taken from [22].
Afterward, we will give the proof of the convergence of the spectra (Sect. 3).
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2. Preliminaries

2.1. Kinetic Brownian Motion

Let M be a compact Riemannian manifold of dimension d ≥ 2 with sphere bun-
dle SM = {(x, v) ∈ TM | ‖v‖ = 1}. We introduce the spherical Laplacian ΔS

as follows: For every x ∈ M the tangent space TxM is a Euclidean vector space
via the Riemannian metric and SxM = {v ∈ TxM | ‖v‖ = 1} is a submanifold
of TxM. The inner product on TxM induces a Riemannian structure on SxM.
Hence, the (positive) Laplace-Beltrami operator ΔS(x):=ΔSxM

of SxM defines
an operator C∞(SxM) → C∞(SxM). We now obtain the spherical Laplace
operator ΔS by

ΔS : C∞(SM) → C∞(SM), ΔSf(x, v) := (ΔS(x)f(x, ·))(v).

For (x, v) ∈ SM and w ∈ T(x,v)SM, we define θ(x,v)(w) = gx(v, (T(x,v)π)w)
where π : SM → M is the projection, T(x,v)π its tangent map at the point
(x, v), and g is the Riemannian metric on M. Then θ is a 1-form on SM and
ν = θ ∧ (dθ)d−1 defines the Liouville measure on SM which is invariant under
the geodesic flow φt : SM → SM. The vector field X = d

dt

∣∣
t=0

φ∗
t is called the

geodesic vector field.
Let us consider the operator Pγ = −γX+ 1

2γ2ΔS with domain dom(Pγ) =
{u ∈ L2(SM) | Pγu ∈ L2(SM)} for γ > 0. Note that the action of Pγ has to
be interpreted in the sense of distributions. We first want to collect some
properties of Pγ .

Proposition 2.1. Pγ is a hypoelliptic operator with

‖f‖H2/3 ≤ C(‖f‖L2 + ‖Pγf‖L2) for f ∈ dom(Pγ).

Pγ is accretive (i.e., �〈Pγf, f〉 ≥ 0) and coincides with the closure of Pγ |C∞ .
Therefore, Pγ has compact resolvent on L2(SM), discrete spectrum with
eigenspaces of finite dimension, and the spectrum is contained in the right
half plane. Pγ generates a positive strongly continuous contraction semigroup
e−tPγ .

Proof. See the appendix. �

2.2. Surfaces of Constant Curvature

Let M be an orientable compact Riemannian manifold of dimension 2 and
constant curvature and let K be the Gaussian curvature. Since M has finitely
many connected components, let us assume without loss of generality that M

is connected. We follow the notation of [28]. Let X be the geodesic vector
field on SM , and let V be a vertical vector field such that ΔS = −V 2. We
define X⊥ = [X,V ]. We then have the commutator relations X = [V,X⊥] and
[X,X⊥] = −KV . In particular, g:=CX ⊕ CX⊥ ⊕ CV is a Lie algebra. The
Casimir operator Ω is defined as Ω = −X2 − X2

⊥ − KV 2, and it is routine to
check that

[Ω,X] = [Ω,X⊥] = [Ω, V ] = 0
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using the above commutator relations. The Laplace operator ΔSM of SM for
the metric which is declared by the requirement that the frame {X,X⊥, V } is
an orthonormal basis (i.e. ΔSM = −X2−X2

⊥−V 2) is an elliptic operator on the
compact manifold SM and hence it admits a discrete spectrum. Since ΔSM is
symmetric the eigenspaces are orthogonal and since ΔSM is nonnegative each
eigenvalue is nonnegative. Both operators Ω and V leave these eigenspaces
invariant. Thus we have the following decomposition:

L2(SM) =
⊕

k∈Z,η∈σ(Ω)

Vη,k

where Vη,k = {u ∈ C∞(SM) | V u = iku, Ωu = ηu} is finite-dimensional
and the sum is countable. Notice that Vη,k is a joint eigenspace of ΔSM and
V , which we choose to label with the eigenvalue η of Ω, instead of using the
eigenvalue η+(1−K)k2 of ΔSM. Since V is skew-symmetric, the decomposition
is orthogonal. The subspace Vη =

⊕
k∈Z

Vη,k is an eigenspace of Ω which is
invariant under all three vector fields X,X⊥, V and in particular invariant
under ΔS.

Remark 2.2. Note that g is isomorphic to the complexification of so(3), R
2

�

so(2), sl2(R) if K > 1, K = 0, K < 0, respectively. We are essentially de-
composing the representation of g on L2(SM) into irreducible ones. In fact
in all three cases SM can be written as Γ\G for some torsion free, discrete,
cocompact subgroup Γ ⊆ G with G ∈ {SO(3), R2

� SO(2), PSL2(R)}. The
decomposition L2(SM) =

⊕
Vη can be seen as a Plancherel decomposition of

this space and Vη =
⊕

Vη,k as the decomposition into K-types or weights,
respectively. In all three cases the irreducible representations have explicit re-
alizations on certain L2-spaces (see, e.g., [31, Ch. 8] for sl2), and one could
go on by analyzing those but they do not contain more information than the
abstract decomposition we provided here for all three cases at once. We would
like to note that this harmonic analysis point of view was our original approach
motivated by previous works that used similar techniques for geodesic flows
[7,13,16,17,24].

Let us furthermore define X±:=1
2 (X ± iX⊥). We then have the commu-

tator relations

[V,X±] = ±iX± and [X+,X−] =
1
2
iKV.

Hence, X± : Vη,k → Vη,k±1. Moreover, X∗
± = −X∓ and Ω = −2X+X− −

2X−X+ − KV 2 = −4X+X− + iKV − KV 2.
The next lemma is crucial for our main result as it connects the eigen-

values η of Ω to the spectrum of the Laplace operator of the base manifold M.

Lemma 2.3. Let ΔM be the Laplace–Beltrami operator of M. Then

σ(ΔM) = {η ∈ σ(Ω) | Vη,0 �= 0} = σ(Ω) ∩ R≥0.

Moreover, g acts trivially on V0,0 and for η ∈ σ(ΔM), η > 0, there is a closed
g-invariant subspace V ′

η of Vη such that V ′
η,k:=Vη,k ∩ V ′

η satisfies dim V ′
η,k ≤ 1
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and dim V ′
η,0 = 1 and Vη is isomorphic to mη orthogonal copies of V ′

η as a g-
space where mη is the multiplicity of the eigenvalue η of ΔM. Different choices
for V ′

η are isomorphic as g-spaces.

Proof. Let η ∈ σ(Ω) with Vη,0 �= 0. On Vη,0 �= 0 the operator Ω equals the
nonnegative operator ΔSM and acts through multiplication by η. Therefore,
η ≥ 0. Conversely, pick η ≥ 0 in σ(Ω), i.e., Vη,k0 �= 0 for some k0 ∈ Z. If
k0 = 0 we are done. For η = 0, the space V0,0 consists of constant functions
and therefore V0,0 is nonzero. Equation (1) shows that X± vanish on V0,0 and
therefore V0,0 is a trivial g-space. For η > 0 consider the operators X±X∓: On
Vη,k they act as a multiple of the identity with the multiple given by

X+X−|Vη,k
= −1

4
(η + Kk − Kk2) and X−X+|Vη,k

= −1
4
(η − Kk − Kk2).

Since X∗
± = −X∓ we have

‖X+u‖2 =
1
4
(η − Kk − Kk2)‖u‖2 and ‖X−u‖2 =

1
4
(η + Kk − Kk2)‖u‖2

(1)

for u ∈ Vη,k. In particular, if Vη,k �= 0, then η ∓ Kk − Kk2 ≥ 0 and if
η ∓ Kk − Kk2 > 0 then X± : Vη,k → Vη,k±1 is injective. More specifically, X±
are both injective for all k ∈ Z in the case of K ≤ 0. This implies that Vη,0 �= 0
in this case.

If K is positive, we may assume k0 > 0. The case k0 < 0 is handled
similarly. As mentioned above it holds that η −Kk0 −Kk2

0 ≥ 0. Analyzing the
quadratic equations, we observe η + Kk − Kk2 > 0 for k = 1, . . . , k0. Hence

Vη,k0

X−
�� Vη,k0−1

X−
�� · · · �� Vη,1

X−
�� Vη,0

are all injective. We infer Vη,0 �= 0.
Pick f ∈ Vη,0 and define Hf as closure of the g-invariant subspace gener-

ated by f . Since X±X∓ are scalar on Vη,k, we see that Hf = span{Xk
+f,Xk

−f |
k ∈ N0} and it follows that Hf ∩ Vη,k is at most one-dimensional. Moreover,
Hf for different f ∈ Vη,0 are isomorphic as g-spaces and we claim Hg ⊥ Hf

for g ⊥ f . Since Vη,k are orthogonal for different k, we only have to ver-
ify (Hf ∩ Vη,k) ⊥ (Hg ∩ Vη,k). But as this subspace is given by CX

|k|
sign kf

and CX
|k|
sign kg respectively we need to show 〈X l

±f,X l
±g〉 = 0 for l ≥ 0. As

〈X l
±f,X l

±g〉 = (−1)l〈X l
∓X l

±f, g〉 and X±X∓ is scalar on Vη,k the claim fol-
lows by induction on l.

If we pick an orthonormal basis f1, . . . , fn of Vη,0, then
⊕ Hfi

⊆ Vη and
the above argument showing the injectivity Vη,k → Vη,0 shows that equality
holds. Hence, we can choose V ′

η = Hf1 . If we choose a different closed g-
invariant subspace V ′

η of Vη such that V ′
η,k:=Vη,k ∩ V ′

η satisfies dim V ′
η,k ≤ 1

and dimV ′
η,0 = 1, then V ′

η equals Hf for f ∈ V ′
η,0 again by injectivity of

V ′
η,k → V ′

η,0. Therefore, all choices are isomorphic as g-spaces.
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It remains to verify that Ω = ΔM on Vη,0 ⊆ L2(M). Since V = 0 on this
space, we need to calculate −4X+X−. We use isothermal coordinates, i.e., coor-
dinates (x, y) such that the metric on M is given by ds2 = e2λ(dx2+dy2) where
λ is a smooth real-valued function of (x, y). Then ΔM = −e−2λ

(
∂2

∂x2 + ∂2

∂y2

)
.

Furthermore, we have (see [28]):

X+(u) = e(k−1)λ∂(he−kλ)ei(k+1)θ and

X−(u) = e(−k−1)λ∂(hekλ)ei(k−1)θ

where u(x, y, θ) = h(x, y)eikθ ∈ Vη,k and θ is the angle between a unit vector
in TM and ∂

∂x so that (x, y, θ) are local coordinates on SM. Furthermore,
∂ = 1

2 (∂/∂x − i∂/∂y) and ∂ = 1
2 (∂/∂x + i∂/∂y). With this notation we have

for h ∈ Vη,0

X+X−h = X+(e−λ∂(h)e−iθ) = e−2λ∂∂(e−λheλ) = e−2λ∂∂h = −1
4
ΔMh.

This completes the proof. �

2.3. Perturbation Theory

We want to collect some basic results from perturbation theory for linear
operators that can be found in [22]. First, we introduce families of operators
we want to deal with.

Definition 2.4 (see [22, Ch. VII §2.1]). A family T (z) of closed operators on a
Banach space X where z is an element in a domain D ⊆ C is called holomorphic
of type (A) if the domain of T (z) is independent of z and T (z)u is holomorphic
for every u ∈ dom(T (z)).

Without loss of generality let us assume that 0 is contained in the domain
D. We call T = T (0) the unperturbed operator and A(z) = T (z) − T the
perturbation. Furthermore, let R(ζ, z) = (T (z) − ζ)−1 be the resolvent of
T (z) and R(ζ) = R(ζ, 0). If ζ /∈ σ(T ) and 1 + A(z)R(ζ) is invertible, then
ζ /∈ σ(T (z)) and the following identity holds:

R(ζ, z) = R(ζ)(1 + A(z)R(ζ))−1. (2)

Let us assume that σ(T ) splits into two parts by a closed simple C1-
curve Γ. Then there is r > 0 such that R(ζ, z) exists for ζ ∈ Γ and |z| < r (see
[22, Ch. VII Thm. 1.7]). If the perturbation is linear (i.e., T (z) = T + zA),
then a possible choice for r is given by minζ∈Γ ‖AR(ζ)‖−1. Note that AR(ζ) is
automatically bounded by the closed graph theorem. In particular, we obtain
that Γ ⊆ C\σ(T (z)) for |z| < r, i.e. the spectrum of T (z) still splits into two
parts by Γ. Let us define σint(z) as the part of σ(T (z)) lying inside Γ and
σext(z) = σ(T (z))\σint(z). The decomposition of the spectrum gives a T (z)-
invariant decomposition of the space X = Mint(z) ⊕ Mext(z) where Mint(z) =
P (z)X and Mext(z) = ker P (z) with the bounded-holomorphic projection

P (z) = − 1
2πi

∫
Γ

R(ζ, z)dζ.
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Furthermore, σ(T (z)|Mint(z)) = σint(z) and σ(T (z)|Mext(z)) = σext(z). To get
rid of the dependence of z in the space Mint(z), we will use the following
proposition.

Proposition 2.5 (see [22, Ch. II §4.2]). Let P (z) be a bounded-holomorphic
family of projections on a Banach space X defined in a neighborhood of 0.
Then there is a bounded-holomorphic family of operators U(z) : X → X such
that U(z) is an isomorphism of Banach spaces for every z and U(z)P (0) =
P (z)U(z). In particular, U(z)P (0)X = P (z)X and U(z) ker P (0) = ker P (z).

Denoting U(z)−1T (z)U(z) as T̃ (z) we observe

σ(T̃ (z)|Mint(0)) = σ(T̃ (z)) ∩ int(Γ) = σ(T (z)) ∩ int(Γ)

since U(z) is an isomorphism. Here we denote the interior of Γ by int(Γ).
Let us from now on suppose that Γ encloses an eigenvalue μ of T with

finite multiplicity and no other eigenvalues of T . Then σint(0) = {μ} and
Mint(0) is finite dimensional. Hence, T̃ (z)|Mint(0) is a holomorphic family of
operators on a finite-dimensional vector space. It follows that the eigenvalues of
T (z) are continuous as a function in z. In addition to the previous assumptions,
let us suppose that the eigenvalue μ is simple. Then Mint(0) is one-dimensional
and T̃ (z)|Mint(0) is a scalar operator. We obtain that there is a holomorphic
function μ : Br → C (with r = minζ∈Γ ‖AR(ζ)‖−1 as above) such that μ(z)
is an eigenvalue of T (z), μ(z) is inside Γ and μ(z) is the only part of σ(T (z))
inside Γ since σint(z) = σ(T̃ (z)|Mint(0)).

We now want to calculate the Taylor coefficients of μ(z) in order to get an
approximation of μ(z) in the case where X = H is a Hilbert space and T (z)
is a holomorphic family of type (A) with symmetric T but not necessarily
symmetric T (z) for z �= 0. To this end let ϕ(0) ∈ Mint(0), ϕ(0) �= 0, i.e., ϕ(0) is
an eigenvector of T , and define ϕ(z) = U(z)ϕ(0). Then ϕ(z) is an eigenvector
of T (z) with eigenvalue μ(z) and it is holomorphic in z. Consider the Taylor
series μ(z) =

∑
znμ(n), ϕ(z) =

∑
znϕ(n). The holomorphy of T (z) produces

a sequence of linear operators T (n) such that T (z)u =
∑

znT (n)u for every
u ∈ dom(T ) which converges on a disc of positive radius independent of u.
This is due to the fact that Taylor series of holomorphic functions converge on
every disc that is contained in the domain.

We compare the Taylor coefficients in

(T (z) − μ(z))ϕ(z) = 0 and 〈(T (z) − μ(z))ϕ(z), ϕ(z)〉 = 0

and obtain

(T − μ(0))ϕ(k) = −
k∑

n=1

(T (n) − μ(n))ϕ(k−n) for k ≥ 1

and

μ(k) =〈T (k)ϕ(0), ϕ(0)〉 +
k−1∑
n=1

〈(T (n) − μ(n))ϕ(k−n), ϕ(0)〉 for k ≥ 1.
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In particular,

μ(1) = 〈T (1)ϕ(0), ϕ(0)〉 (3)

μ(2) = 〈T (2)ϕ(0), ϕ(0)〉 + 〈(T (1) − μ(1))ϕ(1), ϕ(0)〉, (4)

where ϕ(1) fulfills

(T − μ)ϕ(1) = −(T (1) − μ(1))ϕ(0). (5)

Although ϕ(1) is not uniquely determined by Eq. (5), μ(2) can be calculated in
our setting. Indeed, ϕ(1) = v+cϕ(0) with v ∈ (ϕ(0))⊥ and c ∈ C. By Eq. (3) the
right hand side of Eq. (5) is an element of (ϕ(0))⊥ which is a (T −μ)-invariant
subspace since T is symmetric and Cϕ(0) = ker(T − μ) is (T − μ)-invariant.
Since the μ is a simple eigenvalue and an isolated point of σ(T ), we infer that
T − μ is invertible on (ϕ(0))⊥ and

v = −((T − μ)|(ϕ(0))⊥)−1(T (1) − μ(1))ϕ(0).

Using Eq. (4) we infer that

μ(2) = 〈T (2)ϕ(0), ϕ(0)〉
− 〈(T (1) − μ(1))((T − μ)|(ϕ(0))⊥)−1(T (1) − μ(1))ϕ(0), ϕ(0)〉, (6)

since (T (1) − μ(1))ϕ(0) is orthogonal to ϕ(0) as before.

3. Perturbation Theory of the Kinetic Brownian Motion

We want to establish the limit γ → ∞ of the spectrum of Pγ . To do so we
write Pγ = γ2

2 (ΔS − 2γ−1X) = γ2

2 T (−2γ−1) where T (z) = ΔS + zX and we
want to use the methods established in Chapter 2.3.

In order to have finite-dimensional eigenspaces and holomorphic families
of type (A), we will use the orthogonal eigenspace decomposition of L2(SM)
derived in Sect. 2.2:

L2(SM) =
⊕
η,k

Vη,k

where Vη,k = {u ∈ C∞(SM) | Ωu = ηu, V u = iku}.

Proposition 3.1. The family of operators T (z), z ∈ C, restricted to Vη defines
a holomorphic family of type (A) with domain H2(SM)∩Vη. The same is true
for V ′

η.

Proof. Since ΔSM is a second-order elliptic differential operator, we have H2

(SM) = {u ∈ L2(SM) | (ΔSM + zX)u ∈ L2(SM)} for each z ∈ C. The space
Vη is invariant under ΔSM so that H2(SM) ∩ Vη = {u ∈ Vη | (ΔSM + zX)u ∈
Vη}. We now use that ΔSM = Ω + (1 − K)ΔS and Ω = η on Vη. Therefore,
H2(SM)∩Vη = {u ∈ Vη | ((1−K)ΔS + zX)u ∈ Vη} = dom (T (z/(1−K))|Vη

)
for K �= 1. For K = 1 the same argument works if we replace ΔSM by ΔSM+ΔS.
Since T (z)|Vη

is closed as a restriction of a closed operator the proposition is
proven. The proof for V ′

η is identical. �
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We denote the restriction of T (z) to Vη by Tη(z).
The eigenspaces of the unperturbed operator ΔS|Vη

are Vη,0 and Vη,k ⊕
Vη,−k which are finite dimensional. As we have seen in Sect. 2.3 the eigenvalues
of a holomorphic family of type (A) are continuous as a function of z in this
case. We deduce that for the eigenvalues μ(z) of Tη(z) that arise from nonzero
eigenvalues μ = μ(0) of ΔS|Vη

the limit γ → ∞ of γ2

2 μ(−2γ−1), which is an
eigenvalue of Pγ , is ∞. Therefore, we are only interested in eigenvalues of Tη(z)
which arise from the unperturbed eigenvalue 0. In order to have that 0 is an
eigenvalue of Tη(0), we must have Vη,0 �= 0, i.e., η ∈ σ(ΔM) by Lemma 2.3.
Let us first deal with η = 0. Here g acts trivially on V0,0 by Lemma 2.3 and
therefore the eigenvalue of T0(z) that arises from the eigenvalue 0 is 0. If
η > 0 we restrict Tη(z) to V ′

η . We observe that the eigenvalues of Tη(z)|V ′
η

are
independent from the choice of V ′

η since all choices are isomorphic g-spaces (see
Lemma 2.3). The restriction of Tη(z) to V ′

η is a holomorphic family of type
(A) and the eigenspace of the unperturbed eigenvalue is V ′

η,0 which is one-
dimensional. Hence, we are in the precise setting of Sect. 2.3. We obtain that
there is a holomorphic function μ defined on a neighborhood of 0 (depending
on η) such that μ(z) is an eigenvalue of T (z)|V ′

η
with μ(0) = 0.

Let ϕ(z) be a corresponding holomorphic eigenvector, in particular ϕ(0) ∈
V ′

η,0. We can use Eq. (3) from Sect. 2.3:

μ′(0) = 〈Xϕ(0), ϕ(0)〉 =
1
2
〈(X+ + X−)ϕ(0), ϕ(0)〉.

Due to the fact that X± are raising respectively lowering operators, i.e. X±Vη,k

⊆ Vη,k±1, we conclude that μ′(0) = 0.
We now want to find the second derivative μ′′(0) of μ. Notice that

Xϕ(0) ∈ V ′
η,−1 ⊕ V ′

η,1 = {u | ΔSu = u}. Therefore, (ΔS|ϕ(0)⊥)−1Xϕ(0) =
Xϕ(0). Consequently by Eq. (6),

μ′′(0) = − 2〈X(Xϕ(0)), ϕ(0)〉 = −1
2
〈(X+ + X−)2ϕ(0), ϕ(0)〉

= − 1
2
〈(X2

+ + X+X− + X−X+ + X2
−)ϕ(0), ϕ(0)〉.

Again, X± are raising/lowering operators. Therefore,

μ′′(0) = −1
2
〈(X+X− + X−X+)ϕ(0), ϕ(0)〉

= 〈Ωϕ(0), ϕ(0)〉 = η

as the Casimir operator Ω equals −2X+X− − 2X−X+ −KV 2 and V ϕ(0) = 0.
If we now substitute z = −2γ−1 we obtain that λη(γ) = γ2

2 μ(−2γ−1) is
an eigenvalue of Pγ with uniform multiplicity mη = dim ker(ΔM − η) which is
analytic in γ−1 and converges to η as γ → ∞. This proves Theorem 1.

Remark 3.2. In order to obtain uniform convergence of the eigenvalues in com-
pact sets, i.e. for each compact set K there is γK such that K∩σ(Pγ) ⊆ {λη(γ) |
η ∈ K ∩ σ(ΔM)} for all γ > γK , we would like to deal with all η ∈ σ(ΔM)
simultaneously in a uniform way since the eigenvalues of ΔM appear in the
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second derivatives of the evolving eigenvalues in the perturbation expansion,
not as their limits. More precisely, we want to separate converging eigenvalues
(which arise from 0 as an element of σ(ΔS)) from non-converging eigenvalues.
For this to happen, we must have that 1 + zX(ΔS − ζ)−1 on V ′

η is invertible
for small |z| and for ζ in some closed curve enclosing 0 but no other element
of σ(ΔS) = {k2 | k ∈ Z}. In particular, 1 + zX(ΔS − ζ)−1 has to be invertible
for some ζ ∈ (0, 1) but we can only ensure this for |z| < ‖X(ΔS − ζ)−1|V ′

η
‖−1.

As

‖X(ΔS − ζ)−1|V ′
η
‖ ≥ ‖X(ΔS − ζ)−1|V ′

η,0
‖ = |ζ|−1‖X|V ′

η,0
‖

= |ζ|−1
√

‖X+|V ′
η,0

‖2 + ‖X−|V ′
η,0

‖2

= |ζ|−1

√
1
2
η ≥

√
1
2
η

this is impossible for all η ∈ σ(ΔM) at once.
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Appendix A. Proof of Proposition 2.1

The proof that Pγ is hypoelliptic with the subelliptic estimate can be found
in [10, Section 2.2]. There exist vector fields Xj on SM such that ΔS =
−∑d

j=1 X2
j and div Xj = 0 (see [10, §2.2.6]). Hence, the Xj as well as X

are skew-symmetric with respect to the inner product of L2(SM). It follows

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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that �〈Pγf, f〉 =
∑

1
2γ2〈Xjf,Xjf〉 − γ�〈Xf, f〉 ≥ 0 since 〈Xf, f〉 ∈ iR, i.e.

Pγ |C∞ is accretive.
We show that Ran(Pγ |C∞ + I) is dense in L2(SM) following the proof of

[21, Prop. 5.5]. Let f ∈ Ran(Pγ |C∞ + I)⊥. Then we have 〈f, (Pγ + I)u〉 = 0 for
all u ∈ C∞, hence (P−γ + I)f = 0 in D′. Since P−γ is hypoelliptic, it follows
that f ∈ C∞ and with u = f in the above formula we have 〈f, (Pγ + I)f〉 = 0.
Therefore, ‖f‖2 = −�〈f, Pγf〉 ≤ 0. Thus f = 0.

We obtain that the closure Pγ |C∞ is maximal-accretive (see e.g. [21,
Thm. 5.4]). In the same way, P−γ |C∞ is maximal-accretive. An operator A
on a Hilbert space is maximal-accretive iff it generates a contraction semi-
group e−tA (see [29, p. 241]). Hence, P−γ |C∞ generates a contraction semi-
group e−tP−γ |C∞ . The adjoint semigroup (e−tP−γ )∗ is generated by (P−γ |C∞)∗

that is 1
2γ2ΔS − γX with domain {f ∈ L2 | ( 1

2γ2ΔS − γX)f ∈ L2} (see
[12, I.5.14 and II.2.5]), i.e. (P−γ |C∞)∗ = Pγ . In particular, the operator Pγ is
maximal-accretive as it generates a contraction semigroup. Since both opera-
tors Pγ |C∞ and Pγ are maximal-accretive and we conclude that they coincide.
Similar arguments can be found in [20].

For the positivity of the generated contraction semigroup we have to
check if

〈(sign f)Pγf, u〉 ≥ 〈|f |, (Pγ)∗u〉
for all real f ∈ C∞ and a strictly positive subeigenvector u of (Pγ)∗ (see [2, C-II
Cor. 3.9]). Note that 1 is a strictly positive eigenvector of (Pγ)∗ and 1

2ΔS(x) as
well as −X generate stochastic Feller processes on SxM and SM respectively
(namely the Brownian motion on SxM and the geodesic flow). Hence, e−tΔS(x)

and etX define positive semigroups so that 〈(sign f)ΔS(x)f, 1〉SxM
≥ 0 for

f ∈ C∞(SxM) and 〈(sign f)(−X)f, 1〉 ≥ 0 for f ∈ C∞(SM) (see [2, C-II
Thm.2.4]). Combining both statements completes the proof.
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