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Distribution of Cracks in a Chain of Atoms
at Low Temperature

Sabine Jansen, Wolfgang Konig, Bernd Schmidt and Florian Theil

Abstract. We consider a one-dimensional classical many-body system with
interaction potential of Lennard—Jones type in the thermodynamic limit
at low temperature 1/3 € (0,00). The ground state is a periodic lattice.
We show that when the density is strictly smaller than the density of
the ground state lattice, the system with IV particles fills space by alter-
nating approximately crystalline domains (clusters) with empty domains
(voids) due to cracked bonds. The number of domains is of the order of
N exp(—fesurt/2) with egure > 0 a surface energy. For the proof, the sys-
tem is mapped to an effective model, which is a low-density lattice gas
of defects. The results require conditions on the interactions between de-
fects. We succeed in verifying these conditions for next-nearest neighbor
interactions, applying recently derived uniform estimates of correlations.

Mathematics Subject Classification (2010). 82B21, 74B20, 74G65, 60F10.

1. Introduction

A fundamental problem in statistical and solid mechanics is to gain insight into
the structure of matter and to derive material properties from basic atomistic
interaction models. A complete theoretic understanding of why atoms at low
energy arrange in (almost) periodic patterns and how defects form appears to
be out of reach in full generality to date. In view of this state of affairs, recent
years have witnessed remarkable progress under simplifying assumptions and
shed light on a number of important model cases.

A basic, yet non-trivial model problem is given by one-dimensional chains
of atoms. Assuming that particles interact via a classical pair interaction poten-
tial such as the Lennard—Jones potential, their crystallization in ground states
at zero temperature has been well understood since the pioneering contribu-
tions [26,36,37,47]. Even results in a purely quantum mechanical framework
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have been obtained more recently in [6]. Allowing for configurations whose
energy is slightly larger while keeping the temperature to be zero, one is led
to considering chains of atoms that may undergo fracture. Also, this regime is
well examined by now, in particular for systems with nearest neighbor (NN)
and next-to-nearest neighbor (NNN) interactions, see [2,30,42]. In contrast to
the case of pure nearest neighbor interactions such as [3,5,46], such models
show a non-trivial competition between NN bonds lying in the convex region
and NNN bonds occupying the concave region of the interaction potential.
This, in particular, leads to non-trivial surface corrections and boundary lay-
ers. Extension to more general finite range interactions is considered in [8,41],
and a detailed analysis of boundary layers and surface energies is provided in
[32].

We also mention that, by way of contrast, much less is known in higher di-
mensions, still within the zero temperature regime. For specific pair potentials,
basic crystallization results are established in [23,29,35,40,45] and the forma-
tion of polycrystals has been obtained in [13,19]. We also refer to [1,20-22] for
partial results relating atomistic models to a corresponding variational contin-
uum Griffith functional. At positive temperature, the crystallization question
remains poorly understood in full generality. However, a positive result was
recently achieved in [27], where the emergence of long range order could be
established for the (discrete) Ariza—Ortiz theory of crystal elasticity and dis-
locations.

Still in a one-dimensional setting, in our recent contribution [32] we
proved that at small but nonzero temperature, a chain of atoms under positive
pressure is well approximated by the corresponding ground state configuration.
In the present article, we show that the picture is rather different for a chain
of atoms in thermal equilibrium at small nonzero temperature and vanishing
pressure. Indeed, at positive temperature, no matter how small, there is no
global crystallization in one-dimensional systems for typical interaction poten-
tials. Yet we will see that an alternating pattern of crystalline clusters and
cracks emerges whose statistics can be precisely described in terms of an asso-
ciated surface/defect energy.

We assume that atoms interact via a Lennard—Jones-type potential, and
energy minimizers have their interatomic spacing (in the bulk) equal to the
minimizer a > 0 of a Cauchy—Born energy density. Thermal equilibrium is
investigated within the framework of classical equilibrium statistical mechanics
[34,38]. This means that we study families of probability measures indexed by
the number N of atoms, the length L of the chain, and a positive parameter
(B > 0 called inverse temperature. Each configuration has probability weight
proportional to exp(—U), with U the energy of the configuration. Our results
are formulated as asymptotic estimates for finite N, L, 3, but they should be
read with the following limits in mind: thermodynamic limit L, N — oo at
fixed £ = L/N first, low-temperature limit 8 — oo second.

Our main result (Theorem 2.3) roughly says that for elongated chains,
ie., L/N = ¢ > a, and large 3, the chain of atoms typically fills space by
alternating approximately crystalline domains with empty regions of space.
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By approximately crystalline domain, we mean a cluster of consecutive atoms
with spacing approximately equal to the optimum ground state spacing a,
except at both ends of the cluster where boundary layers may form. Empty
regions of space occur when two consecutive atoms z; < x;41 are separated
by a large spacing z; = x;41 — x;, which we call gaps, voids, cracks, or broken
bonds. There are two analytical key points to our obtaining an asymptotically
accurate description of this behavior involving fine quantitative estimates, re-
cently obtained in [32]: 1. sharp asymptotics for single defects that we identify
in terms of a surface free energy eéﬁzf(ﬁ) associated with a single long cluster
of atoms, for a threshold parameter R which corresponds to a critical length
beyond which atomic bonds are considered broken and whose R-dependence
vanishes for § — oo; 2. strong estimates on the correlations of defects which
are due to boundary layers of infinite range forming at the defects. We show
that: (i) The number of cracks (hence also the number of crystalline clusters) is
of the order of Nv/Z — a exp(—Be.™.(3)/2), (ii) the typical length of a crack is

surf

of the order of \/f — a exp(Be'™:(3)/2), and (iii) the typical number of atoms

surf

in a crystalline cluster is of the order of exp(3e'”(3)/2)/v/¢ — a. A posteriori
we will see that this asymptotic behavior is in fact essentially independent of
the choice of R for large 3.

In particular, the number of cracks is not bounded but instead propor-
tional to the number of atoms in the chain; moreover, each crack is of micro-
scopic length even though the length is exponentially large in 3. This behavior
is similar to one-dimensional Ising chains with nearest neighbor interaction
at low temperature [43] or with Kac interactions and small Kac parameter
[10,12]. For the Ising model, intervals of positive magnetization and negative
magnetization play a role analogous to our crystalline clusters and empty do-
mains.

Let us briefly explain what makes our result demanding. One-dimensional
Gibbs measures with finite-range interactions are easily treated with transfer
operators and infinite-dimensional versions of Perron—Frobenius theory; ab-
sence of phase transitions, analyticity of thermodynamic potentials, and decay
of correlations follow right away [38]. The challenge taken up here is to char-
acterize how the objects whose existence is trivially guaranteed by Perron—
Frobenius theory depend on the inverse temperature . In principle, it should
be possible to do so by studying the f-dependency of the transfer operator.
However, as pointed out by Cassandro, Merola, and Presutti already in the
context of the Ising model, “to carry out the whole program along these lines
looks maybe possible but not easy at all” [10].

Therefore, we follow a different route and instead map the chain of atoms
to an effective model which is a weakly interacting lattice gas of defects, see
Sects. 3.2 and 5.1. Sites j of the lattice correspond to labels of nearest neighbor
spacings. A particle or defect is present in the effective model if the original
bond is broken, i.e., the gap is large. The presence of a defect comes with a
small weight gg > 0, the effective activity, which is related to the free energy of
formation of the defect (see Remark 2). Defects separated by k particles have
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an effective interaction Vg(k) which can be written in terms of the energy of
the particles enclosed between cracks [Egs. (3.6) and (5.3)].

A principal difficulty is to show that the effective interaction between
defects can be neglected. This is achieved with Theorem 5.7, which is our
main technical result, for chains of atoms with NN and NNN interactions.
It crucially relies on bounds on the decay of correlations. Such estimates are
highly non-trivial for interactions beyond nearest neighbors since, as alluded
to above, boundary layers will form and give rise to non-trivial surface energy
contributions. In the case of NN and NNN interactions, a sufficiently strong
result has recently been established in [32, Theorem 2.11]. With a view to
the interesting question if our conclusions extend to more general finite range
interactions, we formulate our results in a way that allows for such an adaption
subject to sufficiently good decay of correlations estimates becoming available.

The article is organized as follows. Section 2 describes the model and
main results. Section 3 explains key proof ingredients, namely equivalence
of ensembles and, on a heuristic level, the effective lattice gas of defects. In
addition it proposes an alternative scenario replacing Theorem 2.3 when some
of our assumptions fail. Section 4 analyzes in detail the corresponding class of
effective models. These general results are applied in Sect. 5 to the constant-
pressure ensemble, and the results for the canonical ensemble are deduced in
Sect. 6.

2. Model and Main Results

1. Model

Consider N particles on a line, with positions 0 =21 < z9 < --- < zy = L and
spacings z; = xj4+1 — x;j. Neighboring particles and next-to-nearest neighbors
interact via a pair potential v: [0,00) — R U {occ} which is repulsive for short
distances (in fact we shall assume the existence of a hard core) and attractive
for spacings larger than a unique energy minimizing bond length. The precise
assumptions are collected in Sect. 2.2. The total energy of a configuration
(x1,...,zN) is

N—1 N—2
g v(Tir1 — x) + E v(Tiro — ;).
i1 i=1

Since our analysis extends in a straightforward way to more general inter-
actions involving a finite number of m € N particles subject to improved
estimates on correlations being available, cf. the discussion in Sect. 1, we more
generally consider

UN (2155 2n-1) = Z v(zj — ;) = Z v(zi + -+ 25-1)-

1<i<j<N 1<i<jSN
[j—il<m [j—il<m

We allow for m € NU{co} and specify explicitly whenever m < oo or m = 2 is
exploited, but will sometimes drop the superscript m so as to lighten notation.
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The canonical partition function at inverse temperature 5 > 0 with one particle
pinned at x1 = 0 and another at xy = L is

m — (m) Z14..3ZN —
Z3(B,L) 5:/ e PUN" (21zn 1>]1{z1+~“+ZN72§L} dzy -+ dzv_2

RN_l
¥
where we put zy_1 = L — Zj\[:—f z;j. The canonical Gibbs measure is the
probability measure P on Qy = {z € RY ™" | 21 + -+ + 2y_1 = L}
defined by
1 (m)
P(Nmf)(A) == / e PUN (Zl""’zN_l)]lA(Zl,...,ZN_1)dZ1~'~ dzy_2
' ZI(V')(ﬁ7L) AN, L

where Ay C [0,L]V=2 is the simplex z; + -+ + 2y_2 < L and zy_1 :=
L— Z;\;z zj. Fix an average spacing £ > 0. The Helmholtz free energy per
particle is

" T O
f( )(576) T _]Vlgnoo ﬂN

The existence of the limit (2.1) and some basic properties is well known
[38, Chapter 3]. Moreover, £ — f™(f3,£) is convex and continuously differ-
entiable [14], see also [38, Chapter 3.4.8]. For one-dimensional systems and
the pair potentials under consideration, there is no phase transition, and
L — fO(3,0) is strictly convex and analytic [11,15,16,25]. The above ref-
erences refer to the model with m = oo; for finite m, such results are easily
proven using transfer operators [38, Chapter 5.6]. The pressure is defined as

(m)
p(M)<B7£) :_afW(ﬂag) (21)

In addition to the free energy and pressure, we provide results on the distribu-
tion of interparticle spacings. We investigate the following objects. Let R > 0
be some large truncation parameter. We refer to spacings z; > R as cracks
and to groups of particles enclosed between consecutive cracks as clusters. Let

MN(Zl,...,ZNfl) = #{ZE {1,...,N—1}Z Z; ZR}+1 (22)

be the number of clusters. For My =n+1,let 1 <43 <+ <11, <N —1be
the indices ¢ for which z; > R. We also set ig = 0 and 4,41 = N. Let

log Z" (6,4N).

| My 1 N-1
N = s ’;5@7%17 VN = My 1 ; IiR,c00)(25)02,—R (2.3)
be the empirical distributions of the cluster cardinalities and of the crack
lengths (minus R); note that they are probability measures.

2.2. Assumptions

In this section, we introduce and discuss the four assumptions on the pair
potential under which we will be working throughout this article. Their role
is threefold. First of all, they ensure that standard results from statistical
mechanics concerning the existence of the thermodynamic limit, continuity of
the pressure, and absence of phase transitions in dimension one apply. Second,
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they ensure the periodicity of ground states and allow for a transfer of the
low-temperature asymptotics from our previous article [32]. Third, for average
spacings £ larger than the ground state periodicity a, they allow us to estimate
interactions across cracks and to show that cracks do not aggregate.

Assumption 1. (on the interaction potential) The pair potential v : (0, 00) —
R U {+oc} with hard core radius 7, > 0 is equal to +oo on (0,7y.] and a C?
function on (ryc,00). There exist rhe < Zmin < Zmax < 2Zmin and ag, ag > 0,
s > 2 such that the following holds.
(i) Shape of wv:
Zmax 1S the unique minimizer of v and satisfies v(zmax) < 0. Furthermore,
v is decreasing on (0, zmax) and increasing and non-positive on (2max, 00).
(ii) Growth of v:
v(z) > —aiz7% for all z > 0 and v(2) + v(zZmax) — 201 Do n(n2) ™ >0
for all z < zmin.
(iil) Shape of v':
v" is decreasing on [Zmin, Zmax] and increasing and non-positive on [2zyin,
00).
(iv) Growth of v":
v"(2) > —asz" "2 for all z > rhe and v (Zmax) + D oneg N2V (NZmin) > 0.
(v) Behavior near ry:
lim, -, v(1) = 0.
(vi) Size of The:
v(r) <0 for all > 2ryc.

Assumptions 1(i)—(v) are rather generic conditions on a pair potential with
hard core. They are imported from [32], and we refer to [32] for a thorough
discussion of these assumptions. They also allow us to estimate interactions
across cracks: Indeed, under Assumption 1(i)—(v), there exists a constant C > 0
such that, for any N € N, R > zax, m € NU{oo}, and 21, ..., zy_1 satisfying
2 > R for some k € {1,..., N — 1},

c
= S v+ zo1) <0, (2.4)

i,j: 1<i<k<j<N-—1
[i—il<m

We leave the elementary proof to the reader. Assumption 1(vi), which re-
lates the hard core radius to the full repulsive zone of v, is a mild technical
assumption which enters in the proof of Theorems 5.7 and 5.9. In view of
the fact that typical next-to-nearest neighbor bonds are attractive, it might
be achieved upon enlarging r,. while keeping the essential properties of the
model. For compactly supported potentials, interactions across cracks vanish
if R is longer than the interaction range. Our next assumption ensures this;
more generally, it ensures that the entropic push for large crack lengths wins
over the attractive part of the interaction; it enters in Lemma 5.4.

Assumption 2. (on the truncation parameter) The truncation parameter R >
Zmax 18 S0 large that it satisfies

e R > supsupp(v) if v is compactly supported,
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o O/R*72 < egu/2 otherwise, with C > 0 as in Eq. (2.4) and egyf > 0 as
in Eq. (2.5).

In fact, as our analysis in the second case does not make use of an infinite
interaction range, the second condition is sufficient for compactly supported
potentials as well. We distinguish the case R > sup supp(v) as it allows for an
approximation with an ideal lattice gas.

We close this subsection commenting on the role of the interaction pa-
rameter m. A restriction to finite range m < oo is natural for compactly sup-
ported potentials with a hard core. Indeed, if v(r) = oo for r < 7, for some
rhe > 0 and v(r) = 0 for » > R*, then any configuration z = (21,...,2n-1)
with finite energy satisfies v(z; + -+ + 2;_;) = 0 whenever |j —i|r,. > R*.
Hence, U;\;R*/Thc1)(z) = Uy"(2). For v with unbounded range, a restriction to
finite (and in fact small m) is quite common in atomistic models of solid-state
physics and indeed less restrictive than a truncation of the potential v itself
as leading-order contributions to crack energies are still kept. As our main
theorems are proven for NN and NNN interactions, we introduce the following
assumption.

Assumption 3 (on the interaction parameter). Suppose that m = 2.

While most auxiliary results apply to m > 3 as well, Assumption 3 enters
in the proof of Theorem 5.7, where we need a good control on the S-dependence
of correlations [32, Theorem 2.11]. A key difference between NNN and non-
NNN models is the following. In [32], we proved a bound roughly of the type

|/1‘ﬁ(f09n) - NB(fO)Mﬁ(gn)| < CB)e || follso [1gnllso

with pg the infinite-volume Gibbs measure at constant pressure and fy and
gn Observables that depend on the spacings zy and z, only. The constant
~ that controls the exponential decay of correlations does not depend on (3,
but the prefactor C(/3) in general does. For NNN models (m = 2), we can pick
C(B) = 1, but for m > 3 we have no control on C(/3). The proof of C(3) = 1 for
NNN models exploits the self-adjointness of the transfer operator (reversibility
of the associated Markov chain). For m > 3, we have no control on C(3): The
transfer operator is no longer self-adjoint, left and right eigenvectors may differ,
and a considerably more involved analysis, beyond the scope of this article,
would be needed to control overlap of eigenvectors.

2.3. Results

In this section, we formulate our two main results on the large-N behavior of
the N-particle system at low temperature: Theorem 2.2 on the free energy and
the pressure and Theorem 2.3 on the statistics of cluster sizes, crack lengths,
and number of clusters. We wish to emphasize that the explicit formulae and
fine estimates obtained in these results crucially depend on the surface free
energy e!”. () associated with a single long cluster of atoms which has been

surf

identified in [32].
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We begin by recalling results from [32]. Let
EN = inf UN
RN—I
¥
be the N-particle ground state energy. The following limits exist:
ey = A}Enoo EWN € (—00,0) and Courf = NHLHOO(EN — Neg) € (0,00).
(2.5)
The ground state energy per particle eq is characterized with the help of the
Cauchy—Born density
m
W(r) = Zv(k‘r).
k=1
as eg = inf,~o W(r) = W(a) with a € (2min, Zmax) the unique global minimizer
of W [32, Section 2.1]. The surface energy esus accounts for boundary layers
at the end of long chains. The reader may also think of eg.t as the energy of
a defect consisting of a large spacing z;, see Remark 2.
For positive temperature, analogous quantities and assertions are col-
lected in the following proposition. The truncated partition function appearing
on the left-hand side of (2.6) will play an important role in the present article.

Proposition 2.1 ([32]). Under Assumptions 1(i)—(v), for every § >0 and 0 <
P < |v(Zmax)|/#max, there are uniquely defined quantities géﬁﬁf(ﬁ,p), g™ (B,p)

such that, as N — 00,

1 log(/ e PlUNGLan )P D 2l gz dszl)
[0,R]N71

= Ng"™(8,p) + ges (B, p) + o(1). (2.6)
Moreover, writing el (8) = ¢\:(8,0), ey (8) = g™ (,0),
ﬁlllr;o es(B) = eo and BILH;O e (B) = esurt- (2.7)

In particular, the R-dependence vanishes in the zero-temperature limit.
Some technical remarks are in order. Indeed, Sections 2.2 and 2.3 in [32] assume
a fixed positive pressure constant p > 0. Those results extend to p = 0 or
temperature-dependent pressures p = pg — 0 if the integration is restricted
to compact intervals z; € [0, R]. Indeed, the positivity of p is only needed to
ensure exponential tightness, see [32, Lemma 5.1 and 5.3]. But exponential
tightness comes for free in compact spaces, and the condition p > 0 is no
longer needed.

Our first result concerns the asymptotics of the free energy and the pres-
sure as 3 — oo at fixed elongation /.

Theorem 2.2 (Free energy density and pressure for 5 — oo at fixed £ > zpin).
Under Assumptions 1-3:

(a) There exists £* < a such that for all L € (£*,a),
ﬁlim [(B,0) =W () > e and ma p(B,0) = -W'({) > 0.
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(b) If £ > a, then, as § — oo,

F(8,0) = e (8) — vﬁ* e Pt /2 (1 4 o(1)),

P30 = 57— jf e PO 4 o(1).

In particular, imp_.o f(5,0) = W(a) = eq.

The theorem is proven in Sect. 6.1. The leading-order asymptotic behav-
ior of the free energy density in both (a) and (b) is written more succinctly
with the convex hull W** of W as

i W (e), e (£*a),
lim O =W () =
Jim (5,0 = W™ (0) {WW o

We remark that in view of our general assumptions on v, we cannot expect
the Cauchy—Born rule to hold near 7y, so that £* > ry. in general.

Our second result describes in detail the distribution of cracks for elon-
gated chains ¢ > a. The case ¢ < a corresponds to positive pressure and was
already analyzed in detail in [32]. Define

_ ep(Beauni(B) _ p—r —pelio)2
qp.e Bp(B,£) Vizae S >

For simplicity, we suppress the R-dependence from the notation for gg,. We
let Geom(p) denote the probability measure on N with probability weights
p(1 —p)*~1 and || - ||y the total variation distance between two probability
measures, i.e., ||u — v||rv = supy |u(A) — v(A4)|. Note that both p(S,¢) and
qp,¢ behave as exp(—Lfesut/2 + 0(3)).

Theorem 2.3 (Distribution for § — oo at fixed ¢ > a). Suppose that Assump-
tions 1-3 hold true. Fiz £ > a. Then, there exist 55) > 0 with limg_, o 65) =0,
i=1,2, and By > 0 such that for all B > [y,

My
lim sup N log P;@)@NQT - %,z‘ > QB,M};)) < —%,45(52)

N~>oo

i sup - Jog Y ([ = Geom (25l > 677 < ~g5065
—00

lim sup *IOgPN eN<||VN Exp(8p(6,£))l|Tv > 5(1)) —qp.e05 -

N —o0

The theorem is proven in Sect. 6.2.

These estimates imply three laws of large numbers for N — oo under
the distribution IP’E(;?Z y at sufficiently low temperature with exponentially fast
decay of the deviation from the mean by some threshold that is vanishingly
small when ( is large. In particular, the number of clusters, My, behaves
like Ngg (1 + 0(5(1))) with a probability converging to 1 exponentially fast.
Furthermore, the number of clusters of size k behaves like Ngg ¢ (1—gg.¢)* =1 (1+
0(5(5))) for every k € N, and hence, the average cluster cardinality is about
1/qs.¢. Moreover, the distribution of a typical crack length (distance between
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neighboring clusters) is approximately an exponential variable with parameter
Op(B, ) and hence on average of size 1/6p(83, 7).

Theorem 2.3 makes no statement about the spacings inside the clusters
(however, see [32] for more precise assertions in the constant-pressure model),
but Lemma 5.11(a) implies that the average spacing is ~ a. Hence, the N
particles in the interval [0, /N] are, with high probability, organized into Ngg ¢
clusters that cover each an interval of length a/qg ¢ and the same number of
gaps in between, each with a size ~ 1/(8p(53,¢)). Since a + gs.¢/(Bp(6,£)) ~ ¢,
which follows from a comparison of Theorem 2.2(b) with (2.8), this explains
how the N particles fill up the system of length ¢IV.

We finally remark that our asymptotic estimates are essentially indepen-
dent of the choice of R. To leading order, this is a consequence of Eq. (2.7).
It also follows a posteriori from Theorems 2.2 and 2.3 as the crack length, for a
fixed R, is exponentially distributed with parameter 3p(3, £) = o~ Belin(B)/2+0(B)
which is itself exponentially small in 1/8. For any other R’ > R, the proba-
bility of finding spacings which are larger than R but not larger than R’ thus
becomes negligible at large § exponentially fast in 1/4.

Remark 1. In the elementary case of nearest neighbor models [44] (i.e., m = 1)

and smooth v, one has a = argmin v(r), e (8) = ~;”(3) and
1 R 1
eo” (B) = ] log(/ e P dr) =ep+ 3 log \/27 v (a) + O(ﬂ*3/2)’
0

exp(_ﬂesurf)
50(5,0) = (1 +o(1) 2
In particular, the R-dependence is explicitly seen to enter in exponentially
small correction terms only.

Harmonic approximations in case of more general pair potentials v would
require to replace v”(a) by more complicated terms from Hessians or WKB
expansions [28,39], see also [32, Section 2.3]. (For related techniques in the con-
text of computational approximation schemes for the simulation of atomistic
materials, see [4,7,9,39].) We do not pursue this here.

3. Proof Ingredients and Heuristics

One-dimensional systems are best treated in the constant-pressure ensemble,
also called isothermal—isobaric or NpT ensemble, which does not fix the length
of the N-particle chain but instead fixes the external pressure. We formulate
and prove all the results analogous to Theorems 2.2 and 2.3 for the constant-
pressure ensemble in Sect. 5 (Theorems 5.9 and 5.10 ) and derive Theorems 2.2
and 2.3 from them in Sect. 6.

In the present section, we introduce the constant-pressure ensemble in
Sect. 3.1 and give in Sect. 3.2 extensive heuristics about what properties are
to be expected and how the various quantities behave and how they are related
to each other. We also introduce and explain the effective model to which we
will compare the ensemble when we carry out the proofs in Sects. 4-5. In
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Sect. 3.3, we give a modification of the heuristics in a case that we are not
considering rigorously in the present article; it leads to a slightly different
picture.

3.1. Equivalence of Ensembles and Pressure-Density (Stress—Strain) Relation

The partition function of the constant-pressure ensemble at pressure p is de-
fined as

Qn(B.p) = / e Zn (8, L) dL
0
) (3.1)
R

We write Q(B " for the corresponding probability measure on RN ~1 with prob—

ability density z = (z1,...,2nv-1) — Qn(3,p) L exp(—B[Un(z )—i—pZ] )
The Gibbs free energy (also called free enthalpy) per particle is

1

The existence of the limit is well known; moreover, p — ¢(3, p) is concave, and
it is related to the Helmholtz free energy by the relations [38, Chapter 5.6.6)

9(8,p) = inf (£(8,0) +pt)  and f(ﬁ7€)=sglg(g(ﬁ,p)—p€), (3.2)

which formulate the equivalence of the ensembles at the level of thermody-
namic potentials. By standard results on Legendre transforms, as f(53,-) is
strictly convex and continuously differentiable, g(5,-) is strictly concave and
continuously differentiable, moreover

--Tpy o E:%’w,p). (3.3)

Explicit computations on the equivalence of ensembles and the stress—strain (or
force—elongation) relation for one-dimensional systems with nearest or next-
nearest neighbor interactions, in a context closer to applications to materials
modeling, are given by Legoll and Leliévre [33, Section 2], see also [7].

3.2. Effective Gas of Defects

An important quantity is the truncated constant-pressure partition function
(8, p) := / e AIHEIPRI=i o] gz, (3.4)
[O R]k 1

which restricts to small gaps and describes a cluster of cardinality k. Let us give
heuristics about its behavior for large § and how it is used for a description
of the entire constant-pressure ensemble in terms of a decomposition in its
clusters and the gaps in between. We assume that 8 — oo and Spg — 0.
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We look at a realization of the N-particle ensemble with n € {0,..., N —
1} cracks. For 0 = ig <iy < -+ <ipp1 = N, let
By (i) = By (i1, --,in)
= {Z = (Zl,...7ZN,1) S Rfili Zj > R<:>] S {Zl,,’én}} (35)
be the collection of configurations (chains) that have large gaps (the cracks)
precisely at the places i1, ..., %,. Suppose that interaction across cracks can be

neglected. It is plausible that @} (3, pg) ~ e PEr. Then, on the event By (),
the entire chain decomposes into n cracks and n + 1 clusters:

N 0o n n+1
/ o BlUN ()05 05 25 4 ( / o B dr) I
B (i) R paiet

Set V (k) = Ex — keg — esurt- Notice that

n+1 n+1
> Ei i, = Neo+ (n+ Deswt + Y V(ik —ix_1). (3.6)
k=1 k=1

Thus, setting

exp(_ﬂ[esurf +pﬁR]) ~ exp(_ﬁesurf)
Bpg Bpg

q=4qp =

)

we get

N—-1
QN(ﬂ,pB) ~ e*ﬁ(NeoJresurf) Z q" Z e*ﬁZZI% V(ik*ik—l). (3_7)

n=0  1<ij<--<in<N—1

We recognize the partition function for an effective lattice gason {1,2,...,N—
1} with activity ¢ and interaction potential (i,j) — V(j — ). Each site j =
1,...,N — 1 corresponds to a bond z; between neighboring particles, and
a defect is present at j if z; > R is a crack. If V' was neglected, then the

lattice gas would be ideal, and the right-hand side of (3.7) would be equal to
e*B(NEUJresurf)(l Jrq)N—l'

Remark 2. The reader may also think of —% log q as the Gibbs free energy of
formation of a defect. Computing free energies of defect formation is a non-
trivial task, see, e.g., [4] and the references therein. The Gibbs free energy of
defect formation is a sum of two contributions: an energetic contribution eg,¢
that accounts for missing interactions across the crack and an entropic contri-
bution %log(ﬁpg) that comes from integrating over different possible lengths
of the crack z; > R. At fixed pressure, only the energetic contribution would
survive in the zero-temperature limit; however, in our context the pressure
is exponentially small in 3 (see Eq. (3.8)), and both the energetic and the
entropic contributions are relevant.

From the definition (2.5) of ey and egys, we know that V(k) — 0 as
k — o0. Hence, we work in a perturbative regime and need to control that
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V' is small enough in an appropriate sense. Criteria for this are well known.
Indeed, according to [38, Theorem 4.2.3], if the quantity ¢C(3) is small, where

CB) =Y _le V" —1,
k=1

then the effect of interactions is negligible, and we may approximate the effec-
tive model by the ideal lattice gas.

In this approximation, under the assumption that ¢C(3) is small, we get
a number of consequent crucial approximations. Indeed, the collection of bonds
(effective lattice sites) is approximately independent, and the probability that
site j is occupied (z; > R) approaches the (tiny) number ¢/(1 + ¢) (and with
the remaining probability 1/(1 + g), it is not). As a consequence, the number
of particles in successive clusters becomes geometric with this parameter. Fur-
thermore, the length z; — R of a crack minus R is approximately exponentially
distributed with small parameter Opg and expected length 1/8pg. Additional
arguments that analyze the energy term show that any length of a spacing
inside a cluster approaches the ground state spacing a. As a consequence, any
spacing is &~ a with probability 1/(1 + ¢) and ~ R + 1/8pg otherwise. In
particular, the average length of a spacing then is

1 1
{ =~ X a—+ 4 (R + —)
1+g¢q 1+4¢q Bpg
Assuming that ¢ is very small (low density of defects because of large (3), the
only way that a length ¢ € (a,00) can be achieved is that

q ~ exp(_ﬂesurf)

4 Ny
Bps (Bpg)? “

which yields
5]? ~ eXp(_ﬁesurf/2)
g Vi-a
Hence, the smallness of ¢C(3) would lead to a complete picture of the behavior
of the chain, which is the one that we describe in Theorems 2.2 and 2.3 .
The number C(8) is a common measure in statistical mechanics for the
overall strength of the interactions, see [38, Definition 4.1.2]. However, there is

a priorino reason that it be small. In general, it can go to infinity exponentially
fast as 0 — oo. Indeed,

and g~ VIl —ae Pesut/2, (3.8)

1
1imi _ > = — 1 — — >
lfgrrigf 3 log C(3) > IilelfNV(k) IilelfN(Ek keg — esurf) > €0 + Esurf

(recall By = 0). Under our assumptions on the pair potential, we have Ej >
(k—1)eg for all k € N [32, Lemma 3.2] and hence egu¢ +e9 > 0. (In particular,
V (k) < 0, which justifies the first inequality in the above estimate.) As soon
as the inequality is strict, we find that C(5) — oo exponentially fast.

Hence, our plan works only if ¢ = gg vanishes as 8 — oo fast enough. If
the pressure pg goes to zero not too fast so that Bpg > exp(—QBesus) — 0—
for example, by choosing pg as in (3.8)—we see that ¢ = gg — 0. A necessary
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condition for ggC(B8) — 0, when gg is as in (3.8), is certainly that eg+egurs/2 <
0. This is indeed the case in which we are working in the present article, see
Lemma 5.5 and Theorem 5.7.

3.3. An Alternative Scenario

Let us present a modified heuristics in the case where egy,/2 > |eg|, which we
do not handle rigorously in this article. We still assume that infen(Er—keg) =
Ey — e = |eg|, as is proved in [32, Lemma 3.2].

Let us make one more approximation step on the right-hand side of (3.7).
We introduce the solution v = ug of

qs Z ug e V) — 1 (3.9)
k=1

and introduce an N-valued random variable Tjz which assumes the value k € N
with probability q5u’§e’ﬁv(’“). Then, independent copies of T3 play the role
of the cardinalities of the clusters. (Notice that the geometric distribution
from Theorem 2.3 is recovered with the approximation V (k) = 0, under which
ug = 1/(14¢p).) The right-hand side of (3.7) can be further transformed using
these variables, which we carry out in Sect. 4.
With the ansatz ug ~ exp(—0tg) where tz = exp(—fesurt/2), and with
the help of (3.8), Eq. (3.9) becomes
e~ kBts o =AEr—keo) 5 gy, (3.10)
k=1

Further approximations yield (splitting the sum at k = 1)

00 —20t3 n—Besurt
ﬂpﬂ ~ efﬁtlfefﬁ(Elfe(]) + Zefk)ﬁtﬁefﬁ(Ekfkeo) ~ efﬁleol + € Be f

k=2 1 —exp(—ftp)
ol
Bts
Hence,
lim 1 log(Bpg) = — lim min {|eo|, Csurf + 1 log(ﬁtg)} = —min{|eg], %esurf}
p—oo 3 poo p

— —Jeal, (3.11)

where we used in the last step that |eg| < egur. (Here is the point at which
the heuristics deviates from the situation considered in this article.) In order to
find the expectation of Tz, we approximate, again splitting the sum at k =1,

3 ke kBt BB heo) o=l | exp(—Besut) | exp(=fesut) _ o(s).
(Btg)? (Btg)?

k=1

Hence, using that T3 assumes each & € N with probability quﬁefﬁv(k) and
recalling that V' (k) = Ex — keg — esurt, we see that the average cardinality of
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a given cluster is

ity L Do) _ i
Bps  (Btp)?

Accordingly, the average number of clusters is & N/E[T3] ~ N exp(—/f|eo|).
We expect the chain of atoms to have a length given by the number of clusters
times the sum of average cluster length and average crack length

N ( 1 (Bts)?
—— (aE|T, +R+7>%N(a—|—7).
BTy R g, exp(—Bewurt)

Since our container has length N¢, this suggests Stg ~ V{ — a exp(—Besurt/2),

in agreement with our ansatz for ¢g. This leads us altogether to a picture that
is slightly different from Theorem 2.3:

o The pressure is Gpg ~ e~ Pleol instead of ~ e~ Pesurt/2,

o The fraction of defects is ~ Bpgv/{ — a.

o The cluster size T} is no longer approximately geometric anymore because
the dominant contribution to the infinite sum (3.10) comes from bounded
k. Put differently, defects tend to gather at finite mutual distance.

On the other side, the following features are the same in both heuristics:

o E[T3] — oo, and the size-biased law (the cardinality of the cluster con-
taining a given particle) ]P’(fg =k) = kP(Ts = k)/E[I}p] is still compara-
ble to a size-biased geometric law with parameter exp(—/ftg).

e The crack length has an exponential law with parameter Sps and hence
an average length ~ 1/8pg (but with value = exp(8|eg|), see above).

These heuristics provide intuition also in less restrictive situations than
under our precise assumptions of Sect. 2.2. In particular, Eq. (3.10) is appli-
cable with egy¢ = liminfy_, o (Ex — keg) when Ej — keg is not convergent,
which can happen for non-convex interactions where parity plays a role [2].
The comparison of eg, ¢ and ey as well as the evaluation of infien(Ex — keo),
which in general need not be equal to |eg], is in turn closely related to the
location of fracture in zero-temperature models [2,42].

4. Weakly Interacting Lattice Gas

In this section, we analyze an abstract lattice gas model motivated by Eq. (3.7).
For the reader’s orientation, it is helpful to recall the heuristics of Sects. 3.2
and 3.3 until (3.11). We will have no parameter 3.

In Sect. 4.1, we introduce the model and find some first properties of its
free energy in terms of standard renewal theory. In Sect. 4.2, we introduce the
random variable T  that plays the role of the number of clusters and derive pre-
cise estimates about its distance to the geometric distribution. Large-deviation
principles and the relevant estimates are derived in Sect. 4.3.



4146 S. Jansen et al. Ann. Henri Poincaré

4.1. Effective Free Energy

It is convenient to work with f(k) = e=#V(*) — 1 rather than the interaction
itself. Thus, we assume that a number ¢ > 0 and a map f: N — [-1,00) are
given such that

5::qi|f(k)| <1. (4.1)
k=1

Put differently, we assume that C' := .2, |f(k)| is finite, and ¢ = ¢/C for
0 < e < 1. We think of ¢ and € as small numbers, whereas f(k) can be large,
at least for small k. Consider the partition function

N n
Zn(q) = Z q" Z H (1+ flir —ir-1))- (4.2)
n=1  0=ig<--<in=N k=1
It can be studied either directly, using standard tools of statistical mechanics
such as cluster expansions, or with the help of standard renewal theory from
probability theory; see [18, Chapter XI]. We are going to use the latter. Let
u € (0,1) be the unique solution of

g (14 f(k)u* =1, (4.3)
k=1

and let T,Ty,T5,T3,... be independent identically distributed random vari-
ables with law

P(T=k)=q(1+ f(k)u", keN. (4.4)
(Then, T; plays the role of the cardinality of the i-th cluster.) The partition
function (4.2) of the defect gas is related to the random variables T; by

N
Zn(g) =uN ) > P(Ty =iy —ig,..., Ty = ipn — in_1).

n=10=ip<-<ip=N
=u "PEneN: Ty +---4+T, = N).

(Recall that the integers i, correspond to locations of cracks and the variables
Ty, count cluster sizes, i.e., the number of points enclosed between two succes-
sive cracks.) It follows from standard renewal theory that u® Zx(q) — 1/E[T]
as N — oo; hence, the effective free energy is given by

. 1
A}gr(l)o N log Zn(q) = —logu. (4.5)
It is actually close to log(1 + ¢), as we have that
qe
1—(1 < —. 4.6
1= (4 gl < 1 (16)
Indeed, by a straightforward computation, Eq. (4.3) is equivalent to
q Zzozl f(k)uk

1—(1+q)u:qu1_qzzozlf(k)uk.

Then, (4.6) follows from the fact that v € (0,1) and the monotonicity of
z—x/(1—2)in (—1,1).
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In addition to the formula (4.5) for the free energy, renewal theory also
yields an explicit description of the thermodynamic limit: As N — oo, the bulk
behavior is given by a stationary renewal process. In our setup, this means in
particular that the probability that a nearest neighbor bond (4,7 1) is broken
has probability 1/u where p = E[T], and given that the bond is broken, the
particle i+ 1 belongs to a k-cluster with probability P(T = k) (same statement
for particle 7).

4.2. Approximately Geometric Variables

We continue our analysis of the abstract gas model introduced in Sect. 4.1.
For non-interacting defects, that is, V(k) =0, i.e., f =0, we have u = 1/(1 +
q) and the random variable T' (standing for the cluster size) has precisely a
geometric law. For weak interactions and small ¢, we may expect approximately
a geometric law. In this section, we provide explicit estimates.

Lemma 4.1. For everyr € N and 7 > 0,

rle
()™

¢ K If(k)le™ 0 <
k=1

Proof. For t € C with Rt < 0, let g(t) := ¢ > p—, |f(k)[e’*. The function g
is analytic on the open half-plane {t € C: ¢ < 0} and bounded by ¢ on the
closed half-plane {t € C: &t < 0}. Let t = —7¢ € (—00,0) and r € N. By
Cauchy’s formula,

ol 9(z)
27 |z—t|=7q (Z - t)r+1

hence, 3772 gl f(k)[k"e™ = g(t) < rle/(rq)". -

97 (1) = dz;

Let G be a geometric random variable with law P(G = k) = q(1 4+ q)*
for k € N. We compare the laws £(T) and £(G) of T and G. Let T and G be
the size-biased variables associated with T and G, i.e., P(T = k) = kP(T =
k)/E[T] and P(G = k) = kq?(1 + ¢)~F~1. Recall the total variation norm
lllTv = D pen [1(K)| of a signed measure p on N.

Lemma 4.2. Ase,q — 0,

= T_L](l 1 0(g) and  E[T]= 3(1 4 g+ 0)).

Moreover,
IT = Glrv <O(),  ||IT =Gy < O(e).

Proof. The estimate on u follows from (4.6) and the assumption (4.1). Next,
we compute

E[T] = f: KP(T = k) = qi kf(k)uk + ﬁ (4.7)
k=1 k=1
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Equation (4.6) shows that eventually v < exp(—g¢/2). Consequently, by
Lemma 4.1, the first term on the right-hand side of Eq. (4.7) is of order O(e/q).
For the second term, set & = (14 ¢)u =1+ O(ge) and note

qu q/(g+1) . 1
= X U — = —(14+qg+0(g)).
G- = -1/ rgp gy g F170)
The estimate for E[T] follows. For the total variation distance, we estimate,
using (4.4) and (4.1),

oo (o)
IT = Gllry =Y [P(T =k) —P(G=k)| < O(e +271 F—1].
k=1 k:l
The latter term is equal to
ey — qu ‘ _ ‘ qu | _
— X =|1-——| =0(e).
‘ ‘ 14+q  1—a/[1+q g+1—1a (&)
It follows that |T' — G|y is of order O(e). The size-biased distributions are
treated in a similar way. O

We also need some control of the cumulant generating function of 7' and its
Legendre transform. Let

#(t) = log Ble'T] = log (¢ Y (1+/(k))uke™),  I(w) = " (x) = sup(te—(1)).
k=1

teR

(4.8)
We have ¢(t) = oo for t > —logu = log(1l + ¢ + o(q)). The function ¢ is a
smooth, increasing, strictly convex bijection from (—oco, —logu) onto R. As is
well known, ¢'(0) = E[T] =: u, ¢"(0) = var(T') (the variance of T'), I(u) = 0
and I"”(p) = 1/var[T]. In view of the geometric approximation, we expect
var[T] ~ 1/¢?, and that the quadratic approximation to I(z) for x ~ u becomes
I(z) ~ 3¢*(z — p)?. The next lemma provides a corresponding lower bound
with some uniformity as g, — 0.

Lemma 4.3. Let p=E[T] = (14+q+ O(e))q~t. Then, there exist ¢,d > 0 such
that if q,e € [0, 4], then, for all x € R with |z — u| < d/q,

1) > 5 ¢ — )"

Proof. Fix 7 € (0,1). Then, for some c¢,,d, > 0, and all ¢ < 6,

sup E[T%!] < C—; (4.9)
[t|<Tq q

Indeed, for |t| < 7¢q and abbreviating w = ue’, we have

E[TQetT}zqik2(1+f(k))wk= (123w:)3+ f +qZk2 F(k)w".
k=1

(4.10

Notice w = (14 ¢) "1 (14 O(eq))e’ = (1 — g+ O(¢*> + £9))(1 + 7 + O(¢?)) =
1—(1-17)g+ O(¢* + £q). In particular, w — 1. Hence, choosing § = 6, > 0

~
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small enough, we find that for all €, ¢ < 0, we have w < exp(—(1 —7)g/2) and
1—w > (1—7)g/2. The bound (4.9) now follows from (4.10) and Lemma 4.1.
Noting that

2
IE[eT] — 1 tE[T]| < %IE[TQe'”T],

and recalling u = E[T] ~ 1/q by Lemma 4.2, we deduce (note that log(1+u) <
u)
(t) < ti+ =42
plt) <tutgn
for |t| < 7q and €,q < d,. It follows that
I(z) > sup (to —tp— C—TtQ) = a min {(z — p)?, (r¢-/q)*}
" Jti<rq 2¢ 2¢; T

If ¢ is chosen small enough, then indeed min{(z — p)?, (rc,/q)?} = (v — p)?

for |z — p| < 6/q.
O

4.3. Large Deviations

The system that we wish to investigate can be expressed exactly in terms of
a lattice gas of defects as in Sect. 4.1 only when interactions across cracks
vanish, i.e., for compactly supported potentials, see Assumption 4 in Sect. 2.2.
In the general case, we estimate the contribution of interactions across cracks
by some small number A times the number of cracks, see Lemma 5.1. In order
to quantify the effect of this small contribution, we use large deviations theory.
Providing this is the purpose of the present section. We keep all the notation
from Sects. 4.1 and 4.2.

For the reader’s convenience, we briefly repeat what a large deviations
principle (LDP) is, see [17] for more about this theory. We say that a sequence
of random variables Xy with values in a Polish space X" satisfies an LDP with
speed N and with lower semi-continuous rate function I: X — [0, o0] if for
every open set G C X and every closed subset ' C X,

1 1
. 1 < i . > _infl.
hszn—iloleogP(XNeF)_ 1%fI, lwgloleogP(XNeG) > 1r61;fI
The intuitive idea behind this is that P(Xy ~ z) ~ e~ N1(®) for z € X'. Below,
we will be working with X chosen as N and the set of probability measures on
N and the product of the two.
Let (My)nen be a sequence of N-valued random variables with law
PTy+---+T, =N
P(My = k) = N< 1+t T = N) (4.11)
2= (T 4+ Ty = N)

for k=1,...,N and P(My > N + 1) = 0. Thus, My counts the number of
renewal intervals between 0 and N given that there are renewal points at 0
and N. For the chain of atoms, My corresponds to the number of clusters (=
1 + number of cracks) in an N-particle chain.
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Lemma 4.4. (My/N)nen satisfies a large deviations principle with speed N
and rate function

yl(y™"), y>0,

J(y) = - IOgU, Y= 07
00, y < 0.
Moreover, for all A € R,
; 1 AM -1
A}linooﬁlogﬂi[e N == (=N). (4.12)

Proof. We already know from renewal theory [18, Chapter XI] that the denom-
inator in Eq. (4.11) converges to 1/E[T]. For the numerator, pick ¢t < —logu
and let 7,11, Ts, ... be i.id. random variables with tilted law ]P’(T =k) =
exp(tk)P(T = k)/ exp(¢(t)). Then E[T] = ¢'(t) and by standard renewal the-
ory

N N —Nt
Zek)‘IP’(Tl—i----—i-Tk =N)= e_NtZP(jH-i-----i-Tk =N)= (1+0(1))e -
pot poet E[T]
where A = —p(t). It follows that

.1 . _
A}gnoo N logE[eAM ] =—t=—p H(=A) = P(}).

This proves Eq. (4.12). Now, ¢ is a smooth, strictly convex, monotone increas-
ing bijection from (—oo, —logu) onto R. It follows that ¢¥: R — (logu, o0) is
a monotone increasing bijection and strictly convex as well. The Gértner—Ellis
theorem shows that (My/N)yen satisfies a large deviations principle with
speed N and rate function J = 1*. The explicit expression for the Legendre
transform ¢* follows from I = ¢* and [31, Theorem 4]. O

Lemma 4.5. There exist § > 0 and ¢,C > 0 such that the following holds for
all e,q,\ € (0,0): With A = {y € R: |uy — 1| > CVA},

. 1

h]{[njctlop N logE [e’\MN ]I{MN/NEA}} < —cg.
Put differently, the dominant contributions to E[exp(AMy)] come from A°,
i.e., from realizations where My /N ~ q(1 + O(v/A) + O(q + €)).

Proof. By the Cauchy—Schwarz inequality and Lemma 4.4, we have

. 2 _ .

lim sup  log E [e*MN Lany /veay| < =7 (=2A) = inf J(y).
Let us estimate —p~1(—2\). Let t = 7¢ with 7 € [~1/4,1/4]. Recall ¢(0) =0
and ¢'(0) = p. Proceeding as in Lemma 4.3, we see that

1
o(t) — ut| < 5% sup |¢"(s)| = O(7?).
ls|<q/4

Hence,
©o(1q) = pgr + O(7%) = 7(1 + ¢+ O(e) + O(1)) (4.13)
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uniformly in |7] < 1/4. We may thus choose a constant M > 4 such that in
particular ¢(¢/M) and p(—q/M) are bounded away from zero as €,q — 0.
Thus, we may find d; > 0 such that if £,¢ € [0,1], then |p(+q/M)| > 26;.
For |A| < 61, we have —2X = ¢(7q) for some |7| < 1/M. We combine with
Eq. (4.13) and find that ¢~ 1(—2)) = g7 = —2¢A\(1 +O(q + ¢ + \)). Making §;
smaller if necessary, we may assume @~ 1(=\) < 4g\ for || < §;.

Next, we note that J(y) > 0 with equality if and only if y = p~!. Fur-
thermore, because of the strict convexity of J,

1}16154 J(y) = min {J(y_), J(y4+)}, where y+ = p~1(1 £ CVA).

From Lemma 4.3, the definition of J in Lemma 4.4, and the identity p =
¢ (14 ¢+ O(e)) we have

1 2 1 _ 1
T(yz) = 54 fyp(ys' — )" = iqzyilﬁczk = %q02>\(1 +O0(qg+e+VN).

For small ¢, ), this is larger than, say qC?)\/(4c). Choosing C?/(4c) > 4,
we find infa J + 71 (=2)) > (C?/8 — 4)g), and the assertion of the lemma

follows. g
Next, let
1 X
= or. 4.14
VN My z_:l T; ( )
j=
be the empirical distribution of T4, ...,Tx,. Then, vy is a random variable

with values in the space of probability measures on N equipped with the topol-
ogy of weak convergence. Note that on this space weak convergence is equiva-
lent to pointwise convergence.

Lemma 4.6. There exist § > 0 and ¢,C > 0 such that the following holds for
all e,q, X € (0,0). With B={v: ||v— L(T)||rv > V2A},

hmsup—logE[ AM Nyveny| < —cg\(1+O0(q +¢)).

N—o0

Combined with Lemma 4.2, we see that dominant contributions to E[e*~]

come from realizations where the total variation distance between the law of
vy and law of the geometric variable G' defined in Sect. 4.2 is of the order of

O(VA) + O(e).

Proof. Using Lemma 4.4 and Sanov’s theorem [17, Chapter 6.2], it is not dif-
ficult to see that the pair sequence (My/N,vy)nen satisfies a joint large
deviations principle with speed N and rate function

j(y, v)=J(y) —|—yH(V;,C(T)) ( —|—ZV {k})log M) (4.15)
k=1
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for y > 0 and J(y,v) = oo otherwise. Let J, A\, C, A be as in Lemma 4.5. Thus,
A® = {y: |py — 1] < CV/A}. We estimate

E[M 1, )] SB[ nry neay] +E[ Y Uy veac, vyeny]

, ! (4.16)
< e*NCqAJrO(N) + e*N inf(, yeacxB[J(y,v)—Ay]+o(N)
with the help of Varadhan’s lemma. On A° x B, we have
J(y,v) — Ay > pt(1 - C’\F/\) (H(u; L(T)) — )\) >t (1- C\A)
Here, we have used Pinsker’s inequality
H(v; £(T)) > 2||lv — L(T)||3y
and the definition of B. The lemma now follows from (4.16). O

Lemmas 4.5 and 4.6 are formulated in terms of the variable T" only. Com-
bined with the information that T is close to the geometric variable G intro-
duced in Sect. 4.2, we obtain the following.

Proposition 4.7. There exist 6 > 0 and C,c > 0 such that the following holds
for all e,q,\ € (0,6):

. 1
lim sup — 10gE [eAMN ﬂ{\MN/qu\ZCq max(q,s,ﬁ)}] < —cq max(z—:?, )‘)a

N—o0

: 1 AM
11msuleogE{e N]1{\\VN—L(G)IITvzcmax(e,ﬁ)}] < —cgmax(e?, \).

N—o0

Proof. Let C,c,e,q be as in Lemmas 4.5 and 4.6 . Let C' > 0. As u = E[T]
satisfies pg = 1 + g + O(e) by Lemma 4.2, on the event |My/N — q| >
C'qmax(q,e,vV\) we have for sufficiently small &
My
o
if ¢ is chosen sufficiently large. Similarly, on the event |lvy — L(G)||rv >
C'max(e, v/\), by Lemma 4.2, we have for sufficiently small £ and large C”

My 1
1‘ > “‘T *q’ = lng =1 = 5C" max(q, e, V)

lvw — L(T)||rv > €' max(e, VA) + ||£(G) — L(T)||rv > %c’ max(e, V).

If ¢ < v\, we conclude with Lemmas 4.5 and 4.6 . For ¢ > v/, we repeat the
proofs of Lemmas 4.5 and 4.6 but with modified definitions of the sets A and
B (replace V/X by ). O

5. Constant-Pressure Ensemble

In this section, we formulate and prove the analogs of Theorems 2.2 and 2.3
in the constant-pressure ensemble. Our main results in this section are The-
orems 5.9 and 5.10. Motivated by the heuristics from Sect. 3, we focus on
(-dependent pressures pg such that

/8pﬁ — e—ﬂesurf/2+0(ﬁ) as ﬂ — Q. (51)



Vol. 22 (2021) Distribution of Cracks in a Chain of Atoms 4153

Recall that we write Q%) for the Gibbs measure in the constant-pressure en-
semble, i.e., the probability measure on Rf ~! with probability density z =

(21, 28-1) — Qn(B,pg) L exp(—BUn(2) + ps X j—;" 2]), and the parti-
tion function Qn (8, pg) is given by (3.1).

5.1. Effective Model
As in (3.4), define the truncated partition function by

3\1;) (B,p) = / e*ﬁ[UN(Zl7---,ZN—1)+PE§V:711 2] dzy -+ - dey_1
[0,R]N—1

when N > 2, and set Q{(3,p) := 1. Recall that Assumption 1(i) and 2 imply
that v(r) <0 for » > R. As interactions across cracks are always zero or neg-
ative, discarding them decreases the Boltzmann weight exp(—AU). Summing
over the number and locations of cracks, we get the inequality

N—-1 00 n n+1
NCRIESCTICROND S A 'S RD DU | (/AN
n=1 YR 1<iyi<-<in<N—1k=1
(5.2)
with the conventions ig = 0 and i,41 = N. (If v = 0 on (R, c0), the inequal-
ity (5.2) is in fact an equality.) With ¢ (3,pg), ¢.:(3,ps) as in Proposi-
tion 2.1 we define

Vs(k) = —% log Qi (8,p3) — kg™ (B, ps) — 9o (B pp) (5.3)

fa(k) = exp(—=pBVs(k)) — 1 (5.4)
_exp(—Blgin (8, ps) + ppR])

5 = o : (5.5)

For simplicity, we suppress the R-dependence from the notation for Vg, fg,
and gg. In this notation, Eq. (5.2) becomes

Qw (8, pp) ZRPPER)

Bps
N-1 nt1
> exp(—BNg"™(B,ps)) Z a5 Z exp(—ﬂ Z Vi (in — ik71)).
n=0 0=ig<ir <+ <inp1=N k=1

(5.6)

Let T,T1,... be ii.d. random variables as in Sect. 4 with f = fg and ¢ = gz.
The 3, R-dependence is suppressed from the notation. Think of Ty = i —ix_1
in Eq. (5.6). Then,

exp(—fpsR)
Bps

N-1
()
ofNg " (vaﬁ)ug > Z P(Ty 44 Tp1 = N), (5.7)

n=0

with ug = v as in Eq. (4.3). For an upper bound, we use Assumption 1(v); set

f;o exp(B[Cr~==2) — pgr]) dr

Ag =1
o o8 f;o exp(—QOpsr) dr

(5.8)
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with C as in Eq. (2.4) for v with unbounded support and Ag = 0 if v has
compact support. For n € Ng and 0 =149 < ... < i1 = N, let By (i1,..., 1)
be the event that there are exactly n cracks, located after the particles with
labels i1,...,4,, as in (3.5). As in (2.2), we denote by My the number of
clusters in a configuration. To avoid confusion, we write MII\E,; for the lattice
gas variable from Eq. (4.11). Also, recall the generating function ¢ = ¢z from
Eq. (4.8).

Lemma 5.1. Under Assumptions 1(i)-(v), for all 8 > 0,

— B9 (B,ps) —logug < —Bg(B,ps) < —Bg"™ (8,ps) —logus — 5" (—Ag).

(5.9)
Moreover, for allm € Ng and 0 =ig < -+ < ipy1 = N,
P(Ty =41 —19,...,T; = dpt1 — In
E@’pﬁ)(BN(ih.--,in)) < Qron ( 1 zlvl 20, ydntl = Int1 — 2 ). (5.10)
Y P4+ Ty, =N)
In particular,
G (My =n+1) < P(ME =n+1). (5.11)

Proof. Estimating interactions across cracks with Eq. (2.4), we have

/N Mg i (2)e N G120 205020 g
RY

n+1

< (e)‘B /Roo e~ Bpsr d7~> H Q;f) i1 (B,ps) (5.12)

_ eAgn(MeﬁNg(m(ﬁmﬁ)ug)
Bps
P(Tl = Z'1 - Z.07 ey Tn+1 = in+1 - Z”)

We divide by Qn (5, ps), combine with the lower bound (5.7), and obtain the
inequality (5.10). The inequality (5.11) follows by summing (5.10) over all
increasing sequences 1 <4y < - <14, < N.

On the other hand, summing (5.12) over all increasing subsequences 1 <
i1 < --- <1, <N and over n € N we find

n+1

N-1 oo N
<QRB.pa)+ Y (e /R e ar) S e B
n=1

1<ip <+ <ipn <N—1 k=1
N-1

_ E:()ﬁn(ﬁgi:ﬁﬂﬁgeﬂNgmxﬂmwug)ilpu}+H.“+j%+1:]V)
—= Brs
—e M0 (fﬂ)(/gﬂeﬁNg(m(ﬁ,pﬁ)uév)fl E[e/\ﬁM}\%}P(Hn: Ti+---+T,=N).
i

Now, (5.9) follows from this, Eq. (5.6), Lemma 4.4, and the standard renewal
result limy oo P(3n: Ty + -+ + T, = N) = =1 € (0,00). O
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For later purpose, we formulate a similar bound for the empirical distribu-
tion Uy of the crack lengths defined in (2.3). Let Y}, ¢ € N, be i.i.d. exponential
random variables with parameter Bpg, defined without loss of generality on
the same underlying probability space as the lattice gas variable MZI\% The Y;’s
are assumed to be independent of M)2. Define

v = Mlg Z by, (5.13)

Lemma 5.2. Under Assumptions 1(i)—(v), for all 8 > 0, for all n € Ny, and
D a measurable subset of the set of probability measures on Ry, we have

V' (on € D, My =1 +1)

<E exp(Cﬂ(M}\%fl)/o (R+y)” (s=2) dAlg( ))ﬂ{plgeD}H{Mlgn+1}]

Proof. We use the notation of Lemma 5.1 and its proof. Refining the first
inequality in (5.12), we see

N—-1_.
/N 1 HBN(Z,“__%)(z)e—B[UN(ZH-Pa i1 ZJ]]I{ﬁNeD} dz
RY ™

< </[O : exp(ﬁC Z(R +1;)"C=D _ Bpy Z(rj + R)) Iy 5, en) dr)
,00)™ =1 =
n+1
x [T @i, . (B:pp) (5.14)
k=1

with the help of (2.4). The expression in the second line is rewritten with the
aid of the i.i.d. exponential random variables with probability density function

Bps exp(—Ppsr) as

p(~nlpsF) Y —(s—2)
— 7, Elexp|CB ) (R+Y; Trisn 5 _
(Bpg)" { ( ;( ) ) (L, by,eD}

Substituting this expression in the second line of (5.14), we obtain

N—-1 .
/RN?IHBN(Z,IW’Z,")(z)efﬁ[UN(Z)erﬁ e ZJ]]I{ﬁNED} dz

+

E [exp(()ﬁ Xn:(R + Yi)’(s’z)) s, 6vi€D}}
=1

y (Meﬁwwwug)‘
Bps
P(Tl = Z.l — io’ e ,Tn+1 - in-‘,—l - Zn)?
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compare the third line in (5.12). We divide by Qn(5,ps), combine with the
lower bound (5.7), and obtain an inequality similar to (5.10):

V7 ({on € DY N By (i, ... ,in))

<E [exp (C’ﬂ Xn:(R + Yz’)f(SJ)) Iyssn 5, epy
i=1

P(Ty =41 —t0,. -, Tyl = bnt1 — in
( 1 ;Lvl 20, ) +1 In41 1 ) (515)
2= P(Mi+---+ Ty = N)
We sum over iy,...,i,, remember the definition (4.11) of the distribution of

the lattice gas variable MII\%, and exploit the independence of Y; and M]l\g,. This
gives

Qy" (on € D, My =n+1)

< E[GXP (Cﬂ Zn:(R + 3’1)7(572)) Tgsson (SyieD}} P(My =n+1)
=1

=FE

exp(CBY(R+Y) ™) g 6Yi6D}“{M}§—n+1}] :
=1

To conclude, we note that on the event MJI\% =n+1, wehave L 37" 4y, = ﬁ}%

and
n

S R+¥) = 0af - 1) [ (R4 ) @),
0

i=1

5.2. Bounds on Effective Quantities

In order to apply the results from Sect. 4, we need to check that gg, Ag, and
43 > ney | f3(k)| are small. We start with gg.

Lemma 5.3. Under Assumptions 1(i)-(v), we have

(R)

lim g(R) (ﬂ?pﬁ) = €, lim gsurf(/Bapﬁ) = €gurf > 07 qp = e_ﬁesurf/2+0(6)'
B—00 B—00

Proof. In our previous work [32, Theorem 2.5, we investigated the asymptotic
behavior of ¢g(8,p) and gsut(8,p) at fixed p > 0 and for the full partition
function Qn (8, p). The strict positivity of the pressure was needed to ensure
exponential tightness of measures on ]1@1 or R%_ as 3 — oo. For restricted par-
tition functions with spacings in [0, R], exponential tightness comes for free
and the results extend to vanishing pressure pg — 0. The asymptotic rela-
tions for g™ (3,pg) and g\:(3,pg) follow. Together with the definition (5.5)
of gg and our choice of pressure (5.1), this implies the asymptotic behavior
of gg. O

Next, we estimate Ag defined in Eq. (5.8). The following lemma crucially
needs Assumption 2 on the size of the truncation parameter R.
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Lemma 5.4. Under Assumptions 1-2, there exists ¢ > 0 such that \g = O(e=").

Proof. Clearly Ag > 0. For an upper bound, we first observe that exp(BCr—(=2)
< exp(6) if and only if » > (C/6)*/(5=2) and split the integral accordingly:

o 2
ﬂpﬁ/ A —parl g
R

(©B/8)!/ =2 e o0
< ﬁpﬁ/ R e PP dr +ﬂpﬁ/ ele PPaT dr
0 (CB/8)/ (=)
< PORCTR) (1- e—ﬁpa[ﬁc/él”“*z)) Lol
= 0P R By (B2 114 0(9).
To conclude, we choose dg = exp(—c18) such that ¢y := min(ey, egurr/2 —

CR~ 72 — (s —2)7'¢y) is positive (which exists because of Assumption 2),
take the logarithm, use the assumption (5.1) on the pressure, and obtain an
upper bound Ag < exp(—QBcz + o(3)). O

Next, we make sure that eg = gg >_p—; |f3(k)| vanishes for 8 — oo. Let
us first check a necessary condition. Notice that for every fixed k

fﬁ(k) — o~ BlBr—keo—esurtt+o(1)] _ 1, as 3 — oo.

In view of Lemma 5.3, in order that at least limg_.o ggsupy |f3(k)| = 0, it
is necessary that fegut — (Ex — keg) < 0 for all k € N. The following lemma
implies this. It is related to bounds derived in [42], see also [2, Remark 2.3].

Lemma 5.5. Suppose that Assumptions 1(i)—(v) and 3 hold true. Then,
E,, —neg > |eg| > esurt/2, n € N. (5.16)

Proof. For n = 1, we have E; = 0, and the first inequality of (5.16) is triv-
ial. By [32, Lemma 3.2], the sequence (Fy,11)nen is subadditive and ey =
infpen(Ep41/n). Hence, we have, for every n € N\ {1},

En — neg = En,1+1 — (n — 1)60 — €0 2 —ep = |60|.

From [32, Theorem 2.2], we know that the surface energy is smaller than the
clamped surface energy, i.e., esusr < — Y -, kv(ka). Therefore,

esurf + 260 < — Z kv(ka) + 2 Z v(ka) < wv(a) — Z(k‘ — 2)v(ka).
k=1 k=1 k=2
Since m = 2, the right-hand side equals v(a), which is negative. O

Remark 3. The proof shows that Lemma 5.5, and thus also the following
Lemma 5.6, is valid for m € NU {oo} provided v satisfies the estimate v(a) <
Sores(k — 2)v(ka). This is, e.g., true for the Lennard-Jones potential v(r) =
po2s _ps provided s > 3.

For the following lemma, we also need Assumptions 1(vi) and 2.
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Lemma 5.6. Under Assumptions 1-3, we have

1
lim sup sup ( log QY™ (8, ps) + ng(R)(ﬂ,pg)) < ep.
B—oo neN ﬁ

Proof. Let k,n € No. If Ugpynt1(21,...,2k4n) < 00, then every spacing z;
must be larger than ry,. and all interactions involving more than one bond z;,
e.g., v(2zj + zj41), are zero or negative because of Assumption 1(vi). It follows
that

Q;jﬁnJrl(ﬁva) 2 Q;:h(ﬁ’pﬁ) iﬁh(@pﬁ)a k,n e N.

Hence, exp(—B9™ (8,p3)) > Q4)1(8,ps)"/™ for all n € N. Consequently,

sup (1 log Q4" (8, ps) + ng(’“(&m)) < g™ (B,pg) = eo +o(1).

neN 6
O
Theorem 5.7. Under Assumptions 1-3, we have
1 [ee]
lim sup — log(z | fg(k)|) < € + esut- (5.17)
f—oo k=1

Since |eg| > esurr/2 by Lemma 5.5 and gg = exp(—0Besurt/2 + 0o(1)]) by
Lemma 5.3, we obtain right away the following corollary.

Corollary 5.8. Under Assumptions 1-3,
€3 = qg Z \fa(k)| = O(eAlleol—eaw/2)y _,
k=1

In particular, gg and fs satisfy the condition (4.1), and the results from
Sect. 4 are applicable. As a preparation for the following proofs, we note that
the shift-invariant restricted Gibbs measure ,u(ﬁR) at pressure p on [0, R)Z is
given by

lim f(Zik_;,_l, cey Zik_;,_g) dQ;CR’B’p)(Zl, ey Zk—l)
k—o0 [0,R]¢

- / flz, e 20) dpg? ((25) jez)
[0,R]Z

for all f € C([0, R)*) and sequences i), with i, — oo and k — iy — oo. (The

reader is referred to [32] for details on ugﬂ.) In terms of the interaction

{§"=‘7€Zn+1
k—j|<m—1

between a left and a right part of an infinite chain (in particular, W, ((z;)jez) =
v(2n+2p+1) if m = 2) in [32, Proposition 4.9] and its proof one finds the explicit
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formulae
::21 (ﬁ7 p)

(R) ( nB[Wo+Wy]
— o Bng®(Bp) o M8 (70 )

B9 D (Bps) — B (Bp) )
— € Fosur =e s (BWo)
p” (e9V0) g

and
(P (f) = /‘(aR)(feB[WOJrW"])
n+l o M(ﬁR)<eﬁ[W0+Wyz])

(5.18)

for f € C([0,R]*) whenever n > m — 1 for the unrestricted quantities
ifjrpl), Qn+1(8,p) which directly transfer to Q;ﬁﬁl(ﬁ,p), iﬁﬁp)

Proof of Theorem 5.7. Because of our restriction to spacings in [0, R], the re-
sults from [32] extend to vanishing pressure pg — 0. This holds true in partic-
ular for [32, Theorem 2.11], which together with Proposition 4.9 and its proof
in [32] shows the existence of some constants ¢,y > 0 such that

|fa(k)| < ePe= 7k, ke N.
To see this, we note that [32, Theorem 2.11] gives

g2 (PP Wl 0 (W) 00 ()| < oK 0PW0)2) < e,

The claim then follows with a possibly larger ¢ from

exp(—B[(k + 1) (8, ps) + gsurt (B, Ps)])
”gﬂ (e(BDVo+Waly
| [g” (e77V0)]2

-1

[fa(k+1)] =

_ 1‘
and the shift-invariance of M(R’ By Lemma 5.6, we have

B Q7 (B,pp)
e o = o | o (=B ™ (5, p3) + Gourt (B, 3]

- 1’ < 1 4 ePleotesusto(1)]

It follows that, for all n € N, by splitting the sum after the n-th summand,

cB—yn
(&
f < TL 1 + eﬁ[€0+5>urf+0(1)] + .
Z‘ p(b)l ) 1 —exp(—y)

Choosing n = Cp for some sufficiently large constant C' > 0 (5.17)
follows. O

5.3. Number of Cracks and Empirical Distributions

We again use the letter My for the random variable that counts the num-

ber of clusters (number of intervals between cracks) in a finite chain, i.e.,

My : Rf‘l — Ny, defined by My (z1,...,2nv-1) = #{j: 2; > R} +1asin

Eq. (2.2). The corresponding empirical measures vy and Uy are defined in

Eq. (2.3). Let G5 be a geometric variable with law P(G3 = k) = qg(1+qs) %,
N.

e
m
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Theorem 5.9. Suppose Assumptions 1-3 hold true. Let pg be as in Eq. (5.1)
and qg, A\g,eg as in (5.5), (5.8) and Corollary 5.8. Set dg := max(/Ag,€3).
Then, for suitable c,C, By > 0 and all 5 > [y,

IN

M,
lim sup — log Q(ﬁ »6) (‘ TN - qﬂ‘ > Cqg max{qs, (55})

n N —cqgéé, (5.19)

hmsupﬁlog(@% pﬁ)(HVN Geom(H_q )Ny > C’dg) < —cqgé%, (5.20)

N—o0

lim sup L 10g Q% W(WN — Exp(fps)|lrv > 055) < —cqp02. (5.21)
It follows in particular that as N — oo, the probability of the event
My /N = qg(1+ O(dg)) converges to 1.

Remark 4. The estimate on Dy actually holds true for every dz > \/Ag. More-
over, for compactly supported potentials v, we have A\g = 0 and for each j,
the distribution of z; — R conditional on z; > R is exactly an exponential law
with parameter 8pg.

Proof. To avoid confusion, we write Mjl\g,; and V}\% for the auxiliary lattice gas
variables defined in Eqgs. (4.11) and (4.14). The statements for My /N and
vy are consequences of Lemma 5.1 and Proposition 4.7. More precisely, with
A={neN:|n—gsN|> CqsN max{qg,dg}}, one has

(B.rg) n 1 —
Q™ (My € A)< > eM"P(M =n) =e ME[e ’\ﬁMN]l{MﬁeA}]
nEA 1
by Lemma 5.1 so that (5.19) follows from Proposition 4.7. Likewise, if A de-

notes the set of probability measures 7 on N for which ||7 — Geom( 1-7-2 P NIy >
C(sg, then

Qv (vn € A)

N-1
- Z Z ]l{n+1 Zn+1 Qe — i — 1€A}Q;\[;pﬁ)(BN(i17"'ain))

n=0 0=i1<-<iniy1=N

1g
= E[e* My ﬂ{u}\%eA}]

by Lemma 5.1 and (5.20) follows again from Proposition 4.7.

For the empirical distribution of crack lengths, let Y7,Y5,... be ii.d.
random variables with exponential law Y; ~ Exp(8pg). The variables are taken
independent of T, T5, ... and M]l\‘%. By Lemma 5.2 with ﬁ}% as in (5.13),

Qy" (My € B, oy € D)

< Z [exp ﬂMlg/ C(R+r)~ 2 dp(r )) (ME=n+1, ”lgeD}]
n+leB

< (E[ 2805 M q

1 /\1 1/2
(tser JP(MY € B, 7 € D))
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for every subset B of N and every measurable set D of probability measures
on R,. Now, similarly as in (4.15), (M)%/N, D) satisfies a large deviations
principle with speed N and rate function

J(y,0) = J(y) + yH (V; Exp(Bps))

with J(y) defined in Lemma 4.4. The proof is completed as in Proposition 4.7

(and Lemmas 4.5 and 4.6). O
5.4. Gibbs Free Energy and Stress—Strain Relation
Let
%9 ; 2y
é(ﬁvp) ai(ﬁ p) g( )(ﬁ7p) = (6a )7
10
L;{)R)(/@7p) - _Bai Og Q;R)(ﬁ7p)

Then, Ly (3,p) = Jorp—1(z1 + o+ zpo1) dQ{*** is the expected length
of a k-cluster at inverse temperature B and pressure p, while £(3,p) and
L9 (3, p) represent the average spacings between consecutive particles in a
chain or cluster with infinitely many particles. (In Lemma 5.11, we will see
that %L;ﬁ(ﬂ,p) — LU (3, p) uniformly in p as k — o0o.) Recall that ¢z and pg
are both of order exp(—/fesut/2 + o(5)).

Theorem 5.10. Suppose Assumptions 1-3 hold true. Then,

9(B,ps) = 9" (B, ps) — %ﬁ (1+0(1)) =ef™(B3) + aps — %ﬁ +o(ps) + olqs/B)

and
0B, ps) = £ (B, pg) + o(1) + ;ﬁﬂ (1+40(1)) = a+ o(1)
Mm(l + 0(1))

(Bpp)?

The proof requires several lemmas.
Lemma 5.11. Suppose Assumptions 1(i)-(v) and 3 hold true. Assume that
pg — 0 as B — oco. Then,

(a) limg_oo SUPpe(0,pp] [0 (8,pg) — al = 0.

(b) For some Bo,c >0 and all 8 > [y,

sup sup [Ly (8,p) — k" (8, p)| < cb. (5.22)
p€[0,pg] kEN

Proof. We first prove (b). Choose pg € [0, pg] and let /fm be the restricted
Gibbs measure on [0, R]% at pressure pg. By (5.18), we have

D Sy T
Lk+1 = M(BR)(eg[WO_;,_Wk])

(5.23)



4162 S. Jansen et al. Ann. Henri Poincaré

with W, ((2;)jez) = v(2n + 2Zn41). Proceeding as in Theorem 5.7, we get that
for some ¢ > 0 and all sufficiently large 3,

(R) BWozjeﬂWk) _ N(gR) (eﬁwo) <R>( ])%m (eﬁwk) < P o=y min(j,k—j)

Ha

g (
and

(0 (PWoBW) — 1 (PW0) 0 (ePWr) | < Bk,

Il
Since M(gR) is supported on [0, R]? and shift-invariant, for any ¢ we can estimate

|L(H) (,8 p) _ k,U/(R)(Z )| _ E] 1/’[’<R> (e/@WO [Z _ /J’(R)(ZO)]eﬂWk)
k+1\) B 0 M(ﬁR) (eﬁ[Wu-i-Wk])

k—f _cB,—vymin(j,k—j) (R) cB—vk
e“Fe + pg" (z0)ePe
<4R(+ Y TR

j=t+1 (ng” (e50))

o=t

< 4RL 4 elet2IWoll)B (g 4 R)y——-
With £ = [(c + 2|[Wol|se)B/7], we obtain |L;%), (8, p) — k:,ung)(zo)| < Cp. The
estimates are uniform in p = pg € [0, pg] because the constant v is and because
[Wolloo < 00. In particular, we have £ Ly (8, p) — p5" (20) uniformly in p and,
in combination with (2.6), pg"” (20) = €7 (3, p). Thus, also (5.22) follows.
Part (a) is now a consequence of [32, Corollary 2.6] since £ (8,p) =
,ufBR)( 0)- Because of the restriction to spacings z; € [0, R], the corollary applies
to p =pg — 0 as well.
U

Lemma 5.12. Under Assumption 1 and 3, we have as 3 — o0,
exp(—PBegne (8))
Bps

Proof. From the definition of L{” (3, p) and £® (3, p) and Lemma 5.11(b), we
get

Gome(B.pp) = elre(B) + O(Bpg)  and g = (14 0(1))

(=510 Q1 (B.p0) ~ kg (8.9) — (~ 102 Q4 (5,0) ~ ke (9))|

. ’/ L(R) (3,p) k€<R)(6,p)) dp’ < cBpp

for some k-independent ¢ and all sufficiently large 8. Letting & — oo, we
find g\ (B,ps) — esurt(B)| < ¢Bps. This proves the first part of the lemma.

The expression for gg follows from the definition (5.5) of gg and the fact that
Bpg = o(B71) by our choice of pg. O

In order to analyze the system length, we condition on the number My of
clusters and express the system length as a sum of (conditionally) independent
random variables. Let T1, 5, ... bei.i.d. random variables with law as in (4.4),
representing the cluster cardinalities. Further let X;,Y; be random variables
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with the following properties: The Y;’s are i.i.d. with law Y; ~ Exp(fSpg). They
are also independent of the T;’s and the X;’s. The X;’s are i.i.d. and satisfy

P(X; € B| T, =k)

1 / _ k—1

- ]IB(ZI +"'+Zk_1)e BlUK(z)+ps 271 ZJ]dZ
(R>(ﬁ7p,3) RE-1

for all £ € N and measurable B C R4, and P(X; = 0| 7T; = 1) = 1. Notice

E[XZ | T?, = k’] = L;R>(ﬂ7p5). Let
A =X1+R+YV)+Xo+ -+ (R+Y,—1) + X, (5.24)

Then, A,, represents the system length conditional on the event {My = n}
that there are n clusters, neglecting the effect of interactions across cracks.

Lemma 5.13. Under the assumptions of Theorem 5.10, there exists ¢ > 0 such
that for all sufficiently large (3,

e’\B”P(‘ ZY C\F) <2 ™, neN.

ﬁpﬂ ~ Bps

Proof. We use Markov’s inequality: For 0 < ¢ < pg/2 and some (-independent
constant ¢ > 0, we have

n

P viz 5

i1 Ps

(1+ E))

< ot /3m) ﬁE[em] _ o—nt(14+2)/(8pp) (1 _ ﬁLpﬁ )—n
1 t \2
gexp( ( Eﬂ+§c(ﬂ7pﬂ) ))

In the last line, we have estimated —log(1—s) < s+ £s? for |s| < 1/2. Choosing
t = Ppge/c (we may assume without loss of generality that €/c < 1/2), we
obtain the upper bound exp(—ne?/(2¢)). A similar argument shows

P Y Yigi(l—s) ge*”fz/@@.
(vi<5,0-9)

Dp
To conclude, we choose € = V4 Ac. 0

Lemma 5.14. Under the assumptions of Theorem 5.10, E[X;] = (1 + o(1)):
as 3 — oo.

Proof. We have

> - L(R) 67
B = EITI S R(F = b P2
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where T is the size-biased variable. Lemma 4.2 tells us that E[T] ~ 1/gs. Since
L™ /k < R for all k € N, Lemma 4.2 also shows

. e o L (B.p9) .
S E@ =8 - B(@ = ) =P < Ryie(T) — 2@l = 0es) 0.
By Lemma 5.11, for every fixed k; € N,

& - L .
> oRT = k)w —(8,pp)| < BB(G < ki) +
k=1
Since gg — 0 exponentially fast, we have
[k18]

~ k
FRG <k =0 3 ¢ %

o = OFa) =0 (3 oc).

We let first § — oo, then k1 — oo, and find altogether E[X;] ~ éé“’” (8,pg),
and we conclude with Lemma 5.11(a). O

Lemma 5.15. Under the assumptions of Theorem 5.10, there exists ¢ > 0 such
that for all sufficiently large (3,

(&
e/\ﬁ”IP’(’ ZX IEXl‘f VA Y22) <207, neN.
Proof. We use Markov’s exponential inequality as in the proof of Lemma 5.13.
We have, for |t| < ¢,

1
|E[etxi} —1— tE[XiH < §t2]E [X?e\ﬂXi] (tR) [T2e\t|RT]

l\)\»—t

Using (4.9) with ¢ = 2y/c_, we find that
log E[e®Xi] < tE[X,] +

uniformly for small ¢gg and [¢t| < 7¢gs where 7 € (0,1) is fixed. It follows that

tn(E[X1]+ =)

E[e*" Lex, 4ot X 2nBIX )+ B}] <eMle” s (E[etXl])”

< exp(n()\g +c ;(; —tqﬂ))

With € = ¢y/Ag and t = 4gg+/Ag/c, the remaining part of the proof is analo-
gous to Lemma 5.13 and is left to the reader. O

Proof of Theorem 5.10. By Lemma 5.1, Eq. (4.12) and Lemma 4.5, we have
9(B,pg) = g“”(ﬁ,pg)—l—% logug+0(qsAs/ ). By Lemma 4.2, we have logug =
—log(14 g5+ O(gpep)). The first identity in the asymptotic approximation of
9(B,pg) follows. For the second identity, we note that
Po
0" (B.ps) = 6”(9) = [ €50 dp = (14 o(1)apy

where we have used Lemma 5.11(a) and e (8) = g™ (8,0).
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For the average spacing, we first note that a reasoning analogous to
Lemma 5.1 shows that for every B C Ry,

N—-1
@ 7o) ({z eRY S e B} ‘MN —n+ 1) < M "P(A, .1 € B)
j=1

with A, the random variable (5.24) and on the left-hand side M,, stands for
the number of clusters of z. Similarly to the proofs of Lemmas 5.1 and 5.2, we
have

N—-1
;@’pﬁ)({z S R1712 Z Zj]l{szR} S B} ‘ MN = ’ﬂ+ 1)
j=1
n+1
<ep(YX; € B),
j=1

N-1
E@'pﬁ)({z S Rf_li Z Zjll{zj>R} S B} ‘ My =n+ 1)
=1

< e’\ff”}P’(zn:(R +Y;) € B).

Jj=1

In combination with Lemmas 5.13 and 5.15, this gives

N—-1
1 /A
(B.rg) N—-1,
Nﬁ({ZGRJF ‘m El,Zj]l{ZJ,SR}—E[Xll }‘MN—R—FI)
j=

< 26*("+1))‘ﬁ

Q;\Z;,PQ)({ RN 1. ‘7 Z Zj]l{z >R} — R — ﬂipg = ﬁpg

‘ My =n+ 1)
< 27,

As a consequence, using the general inequality P(A°N B¢) > 1 —P(A4) — P(B),
we get

N—-1

(B.pp) N-1, o _ 1 ‘
¢ ({z6R+ ’; 2 — (n+ DE[X4] n(R+ﬂpﬁ)
3(n+1)CVAB+nCVAﬁ’MN=n+1)21—4e”ﬂ".
qs Bpg

By Theorem 5.9, there exist C' > 0, §5 = max{dg,qs} > 0 with d5 — 0 as
(3 — oo such that

Jim Q"7 (IMy — Nag| < CNpgp) = 1,
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ie, Mn/N ~ qﬁ(1+0(5g)) with a probability converging to 1. Therefore, with

(B,pg)

a probability converging to 1 (under Q, """, without conditioning on My ),

‘NZZJ 5Pﬁ’<‘7*%)foﬁpﬁ)+7c\ﬁ( 5;ﬁ>+5p15N

5 < 1
< 0(s)to(B,ps) + ev/Aa(1 + 0(35)) (1 + %) + oy

where we have set £o(8,p3) = qs(E[X1] +R+ﬁm)' On the other hand, because

of the uniqueness and ergodicity with respect to shifts of the infinite volume
Gibbs measure [24,32], standard results ensure that Ly /N — (3, pg) almost
surely. It follows that

0(B,ps) — Lo(B, ps)| < O(3s)asE[X1] + 6‘1—;(0@ +0(y/A3)) + O(/Ag)

and thus

08, pp) = (14 0(1))gsE[X1] + (1 + 0(1)) == + o(1).
ﬁpﬁ
To conclude, we use Lemma 5.14 for E[X;] and Lemma 5.12 for gg and we
obtain the second inequality in Theorem 5.10. 0

6. Canonical Ensemble

Here, we prove Theorems 2.2 and 2.3. They are deduced from their analogues
in the constant-pressure ensemble, Theorems 5.9 and 5.10.

6.1. Proof of Theorem 2.2

We suppress the (-dependence from the notation, abbreviate pg = p(3, £), and
note the relations

0= B Gma) 00 =o(0m3) ~ tos o)

which follow from Egs. (2.1), (3.2), (3.3) and standard results on Legendre
transforms.

Before we prove Theorem 2.2, we formulate a simple lemma on convex
functions and their Legendre transforms whose proof is omitted.

Lemma 6.1. Suppose ¢, 1, ¢2,...: R — RU{oco} are convex functions whose
restrictions to an interval (a,b) C R are strictly convex and continuously dif-
ferentiable. If @, — ¢ pointwise on (a,b), then also ¢!, — ¢’ pointwise on
(a,b) and for ally € ¢'((a,b)),
Jim o (y) = " (y):

Proof of (a): Recall W(r) = > v(kr) and let p* := |v(2max)|/Zmax-
We apply Lemma 6.1 to pg(p) := —g(8,p) and ¢(p) := —inf,~o(W(r)+pr) =
W*(—p) on the interval (0,p*), where ¢g(f,-) and W have been set to +oo
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for non-positive arguments. The function ¢g is strictly convex and contin-
uously differentiable because p — g¢(3,p) is strictly concave and continu-
ously differentiable, as noted in Sect. 3.1. It follows from Assumption 1(i)-
(iv) that W is strictly convex and smooth in (zZmin, Zmax); W (Zmax) + PZmax <
V(Zmax) + PZmax < 0 for p < p* and W (r) + pr > 0 for r < zyui, and p > 0.
Thus, for p € [0, p*], there is a unique a(p) with p(p) = W(a(p)) + pa(p), and
a(p) € (Zmin, #max) satisfies W'(a(p)) +p = 0. Set £* := a(p*). Then, a(0) =a
and a(p) € (£*,a) for all p € (0,p*). In particular, ¢ is smooth and strictly
convex on (0, p*) with ¢’(p) = —a(p). By [32, Theorem 2.5], we have
)

Jim g(8,p) = inf (W(r) +pr)
for all p € (0, p*); hence, ¢3 — ¢ on (0, p*). Also, notice
oh(—0) = Sl;lg(-pﬁ +9(6,p)) = f(5,€)
P

by (3.2). Lemma 6.1 thus implies f(5,¢) = ¢*(—¢) = W**(¢) = W (¢) for all
¢ € (£*,a). Another application of Lemma 6.1 in combination with (3.3) then
also yields
0
p(5,0) = ~55(5,0) — ~W'(0
for ¢ € (¢*,a).

Proof of (b): Pick £ > a. Equation (6.1), Theorem 5.10, and the defini-
tion (5.5) of ¢g yield

exp(—Beg(6)/2)

Bps = \/;i—“a (I4+0(1)) and  gg=({—a)Bps(l+o0(1))
and

ﬂ@@=ﬂ@m)pM—éWm—m@—w—%ﬂ+dm+dm)

= ey (8) = 2ps(¢ — a)(1+ o(1)).

We plug in the asymptotics of pg and obtain Theorem 2.2(b).

6.2. Proof of Theorem 2.3
Let p>0and n € N. Recall zy_1 =L — Z _ zj Write z = (21,...,2n-1).
Then,

(B)(MN — n)

1 oo
= —— e_ﬁpL / ]1 i (z e_BUN(z) dZ . dZ B dL
QNw,p)/o (AN,L (ay=n) (?) Lo day o)

1 IN+1 oL w
s L e ([t (e dona)
QN(B?p) /ZN ( Anen {My }( 1 N 2)

ZN(BEN) _gpen+1) mis
— ‘e ]P M =n).
Qn(6.p) wen(Mrv =)
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Choosing p = pg = p(0,¢), we have

1 ZN(B,EIN) _
lim —— log ’ e APUENT) — _£(3.0) + g(B,p) — pl = 0.
Nm N <QN(ﬁ,p) ) f(B,6) +9(8,p) —p
Let gs be as in Eq. (5.5) and dg, ¢, C, By as in Theorem 5.9. Then, for 5 > [,
My
7 (B) N >
hmsup log]P’ﬁ IN (‘ N qﬁ‘ > Cqs max{qg, 55})

N—o0

My
< Uﬂ(‘ IN B ‘ = ) s - 2.
hjffnjgop N logQ qs| > Cqgmax{qp,dp} ) < —cqpd;
As gi".(B,pp) = e (B)+0(87") by Lemma 5.12, we have g3 = (140(1))qgs,¢-

The first estimate in Theorem 2.3 follows.

The statements on the empirical distributions are deduced in a similar
fashion from the corresponding empirical distributions in Theorem 5.9. For the
geometric distributions, the proof is easily completed with the observation

St - ] o
1+ Qﬁ T (T+gpe)F
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