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Abstract. We fill one of the remaining gaps in the asymptotic analysis of
the vertex amplitudes of the Engle—Pereira—Rovelli-Livine (EPRL) spin
foam models: We show that the Hessian is nondegenerate for the station-
ary points that corresponds to geometric nondegenerate 4 simplices. Our
analysis covers the case when all faces are spacelike.

1. Introduction

One of the central results of the research on spin foam models (defined in
[1,2] and extended in [3]) is the asymptotic analysis of the vertex amplitude
accomplished in [4-6] for the Euclidean case and in [7-9] for the Lorentzian
case). The graviton propagator [10-12], the relation to Regge calculus and
various semiclassical limits [13,14] are all based on this result. Let us mention
that exactly the asymptotic analysis [15] of the vertex of the Barrett—Crane
model [16] led to the discovery of nongeometric sectors [17] and in consequence
to the invention of the EPRL model. However, it is important to keep in mind
that the analysis of the vertex amplitude does not capture all properties of the
model—as seen by so-called flatness problem [18,19] that is not visible in the
asymptotics of a single vertex.

The proof of the asymptotic formula for various spin foam models is not
completely water-tight because of a few issues. First of all, the proof is based on
stationary phase method and typically integration is done over noncompact
domains. It is not clear if there are any contributions from infinity or from
boundary of the domain of integration. In the Hnybida—Conrady extension [3]
it is even not known if the amplitude is finite at all. Secondly, the contribution
from a stationary point depends on whether the point is nondegenerate (i.e.
the Hessian at that point has no zero eigenvectors, after gauge fixing) or not.
These issues were summarized in our previous paper [8].

The current paper is devoted to the problem of whether or not the Hes-
sian is nondegenerate for a given stationary point. The only analytic result
in this direction that we know about for 4d models is the result [20] for the
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Barrett—Crane model [16]. For the Euclidean EPRL model, it was checked
for specific examples that the Hessian is nondegenerate! so its determinant
is nonzero for generic boundary data. However, the example of the Barrett—
Crane model can serve as a warning, as in this case the Hessian is degenerate
for configurations where the map from lengths to areas of the 4-simplex is not
locally invertible. The Lorentzian models are more complicated. The number
of integration variables makes the determination of the determinant of the
Hessian an almost intractable task.

In this paper we will show that for the EPRL models in both, Euclidean
and Lorentzian signature (we consider also Hnybida—Conrady extension), with
spacelike faces, the Hessian is nondegenerate for every stationary point that
corresponds to a nondegenerate 4-simplex (of either Lorentzian or other sig-
nature).

We will first consider the Euclidean EPRL model with Barbero—Immirzi
parameter v < 1, as it can be treated in a considerably simpler way. The crucial
observation for our analysis of this case is the specific behaviour of the Hessian
for actions satisfying a certain reality condition: If e’ denotes the integrand
of the amplitude, then the imaginary part of the action is nonnegative,

IS > 0. (1)

In order to extend our result to the case of Lorentzian models, we introduce
a reduced action that is more closely related to the action of the Euclidean
model. The reduced action is defined in such a way that non-degeneracy of
its Hessian is equivalent to the non-degeneracy of that of the full action. We
then reexpress the analysis of the Euclidean amplitude in symplectic geometric
terms. The geometric theory of such actions is based on positive Lagrangians
that were introduced by [21]. This makes it applicable to the Lorentzian case
as well.

The main reference for our notation is [8]. There are a few departures
from that notation, for which we refer the reader to “Appendix A”.

2. Euclidean EPRL Model with v < 1

In the following, our terminology and, in particular what is real and what is
imaginary is based on the convention that the integrand of the integral we
are approximating is ¢*®, and we will cal S the action. We note that this is
different from the convention of [7].

For a symmetric (or Hermitian) form H we will use the notation

Hv = H(-,v). (2)
We will say that the vector v annihilates H if
Hv =0. (3)
For a real symmetric form I we write I > 0 if for any real vector w
I(w,w) > 0. (4)

1Frank Hellmann, private communication.
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This is equivalent to the condition that for any complex vector v
I(v,v) > 0. (5)

Lemma 1. Assume that the symmetric complex form H can be decomposed as
H = R+ il where R and I are real and I > 0. Then the following conditions
for a vector v are equivalent:

1. v annihilates H
Hv=0. (6)
2. The following is true for the real and imaginary part of the vector v
(v=Rv+iSv):
RRv = R3v = IRv = I¥v = 0. (7)
Proof. Let us write v = v, + 1v, where v, and v, are real.
We have from the linearity of the forms

0= Hv = (Rv, — Ivg) +i(Rv, + Iv,), (8)
thus Rv, = Iv, and Rv, = —Iv,. Moreover, from the symmetry of R
I(vg,v4) = R(va,vy) = R(vp,vg) = —1 (v, vp). (9)
As I > 0 we see that I(ve,ve) =0 and I(vy,v,) = 0, thus
Iv, = ITv, =0 (10)
and also Rv, = Rv, = 0. O

Lemma 2. Suppose that the symmetric real form I =" I, and I, > 0. Then
Iv=0<=V,I,v=0. (11)

Proof. We have I(v,v) =0 thus > I,(9,v) = 0. All terms are positive, thus
each of them needs to be zero, but due to positivity this implies that I,v = 0.
O

2.1. Hessian in Euclidean EPRL
The manifold of integration is H?:l Spin(4) and thus the vectors of the tangent
space can be described by
vi{l,....,5} = R*@R?® v(5)=0. (12)
We will denote self-dual (antiself-dual) part by v*.
The tensor of second derivatives of the action (the Hessian) is given by
(5]
Hw,v')=H (ot o)+ H (v, 0'7). (13)
Let us consider the self-dual part (the antiself-dual is analogous). We can write
HT as

H=R+i| > 1Iu]|. (14)

1<a<b<5

2Published version.
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where I, are given by
Lap(v*,0") = Iy (v (a) — v (b),v" (a) — v (D)) (15)
in terms of symmetric real forms I, : R? x R?* — R

U :@ 2 _ .t 2
ap(w, w) = =52 (Jw” = (w-ngy)*) . (16)

+
This form is %’ times the expectation value of the projector onto the space

-+
perpendicular to n:b, so it is nonnegative (Z2& > 0), thus also I, > 0.

2
The real form R is given by

-+
Rw,o)= Y ng-vt(a) x v 0), (17)
a,be{l,...5}
where we use the convention that ng., = —npq.

Lemma 3. If det H = 0 then there exist a # b € {1,...4} such that ngs, Nap,
nps are linearly dependent.

Proof. If det H = 0 then there exists a nonzero vector v’ such that Hv' =
0 thus Lemma 1 assures that there exists a nonzero real vector v that is
annihilated by SH. It needs to be annihilated by every I, due to Lemma 2.
The conditions

Isqv=0, I5v=0 (18)
give
v(a) = Mpnas,  v(b) = Namps, (19)
where A\r € R. The condition I,,v = 0 gives
v(a) = v(b) = Asnap, (20)
thus
)\bna5 — )\anb5 — )\5nab =0. (21)

Either v(a) = v(b) = 0 or ngp, Nas, Nps are linearly dependent.
As this is true for all a,b we have either v = 0 (contradiction) or there
exist a, b fulfilling the statement of the lemma. O

Theorem 1. The Hessian for the FEuclidean EPRL model with v < 1 is non-
degenerate for any stationary point that corresponds to a nondegenerate 4-
simplez.

Proof. If ngp,ngs, nps are linearly dependent then the matrix G aps defined in
equation (301) from [8] is degenerate, and lemma 28 from [8] (in its version for
Euclidean signature) tells us that there exists at most one stationary point (a
single vector geometry or a degenerate 4-simplex). O

For the case of Euclidean EPRL just considered the integration is over
the compact manifold; thus, the nondegeneracy of the Hessian was the only
missing part of the asymptotic analysis. We will not consider Euclidean case
with v > 1 because it can be treated in an analogous way to the Lorentzian
case. We will now describe the Lorentzian case in detail.
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3. Extension to the Lorentzian EPRL Amplitude

In the case of the Lorentzian EPRL amplitude, integration is over many more
variables and the Hessian is more complicated. The action is a sum?®

({gz} {ZZJ} Z SZJ g“g,]?Z’Lj)Z]l) (22)

1<i<j<5
where
Sis(9i: 9525 255) = Sy (97 mig) + Sy (migy mia) + S5 (g7 ' mg). (23)
Actions as well as measure factors are at least locally analytic. If we denote by

[zi;] elements of CP (i.e., equivalence classes of spinors) then the stationary
points are discrete and we are interested in one of them

975 (23], (24)

where g2 = 1. We will denote bivectors (see Sect. 4.1 and “Appendix A” for
notation?)

BY =4,,S], (25)
and we will write B? =g; 1BO for a bivector in the node frame. We will call

it the fundamental stationary pomt

3.1. Reduced Action

The variables {g;} appear in many places, but for fixed ij the variables z;;
and z;; € CPP are only found in the action 5’” Let us denote the form of
second derivatives with respect to the CP variables by H,,. It is block diagonal,
with blocks corresponding to {z;;,z;;}. We will show later that this form is
nondegenerate (in the neighbourhood of the fundamental stationary point).
Let us (locally) analytically extend the action in the z variables to the
complexification CP®,?
S{gi} {=5})- (26)
Let us notice that S depends only on the CP variables [z ] (equivalence classes
of spinors). As the Hessian H,, is nondegenerate at the fundamental stationary

point we can (in the neighbourhood of ¢?) find a unique (in the neighbourhood
of [z;;]°) solution

aS

C

~]: Vi ——===0. 27

[Zu] J 8[2%] ( )

Here % is a holomorphic derivative as the antiholomorphic one gives afi =
ij Zij

0 everywhere. Let us notice that due to the form of the action the solution has
a specific dependence on {g;}

3We will use the notation from [8]. A summary of notation and conventions is also in
“Appendix A”.

41t differs slightly from [8] due to other normalization constants in the scalar product and
some sign factors.

5We regard SL(2,C) and CP as real manifolds. Complexification of a space M that is already
a complex manifold gives a space M x M.
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C

[sz] (9i, gj)- (28)

Let us introduce a reduced action
S {gi}) = D 8590 9)s S5 (93:95) = S5 (935 95 [25)(90- 9): [25:) (95 94)-

1<j

(29)
The point ¢? is a stationary point of this action and the Hessian at this point
is H*d =" H fj‘?d. Let us notice that Sirfd depends only on the group element

9ij = 9; 'g;
S5 (gir i) = Si;(9i)- (30)
We have the projection map on the complexified tangent space

. C C
IL: Tio 0 ) HSL(Q,(C)XH(C]P’ — T, (HSL(Q,C)). (31)

i#j

We can also introduce a cross section

. C C
Ty (H SL(2,(C)> = Tho oy HSL(2,(C) < [[ce], (32)

[1]

ij
EV)=V+ ZVZC'(gi g)i +ViE (91, 95) aﬁ . (33)
Ve ) gy Ve

We also use these maps restricted to fixed ij sectors (IL;; and Z;;).

Lemma 4. The following holds:
Hi4 (1L (Wij), Vig) = Hij(Wij, Ei(Vij). (34)
Also
H*Y (W), V) = HW,E(V)). (35)

Proof. Due to the condition (27) on z* we have for W;; € (T SL(2,C))? x
(T'CP)?

Wij (35i(9i, 95> 255 (91> 95), 25:(9i, 95))) (36)
= (ILi; (Wij)SSi5) (96, 95255 (96 95) 25: (95, 95))- (37)
Let us notice that for V;; € T'SL(2,C)?
Vij (Wi (Wi) 3855 (930 95+ 255 (94> 97)- 253 (93, 95))) (38)
= Vij (Wi;3S45) (9i, 95 Z;'Cj (9i595), Z;C'i(giygj)) (39)
= (Zi; (Vi) Wi;S835) (91, 95 74 (93, 95), 755 (93- 95))- (40)
Thus Hj$4(Vij, ILi;(Wij)) = Hij(Ei;(Vij), Wis). Summing over ij we get also
the second equality. O

Lemma 5. The Hessian is degenerate if and only if the reduced Hessian is.
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Proof. Let suppose that HV = 0, then for any W

0=H(EW),V)=H*Y(W,I(V)), (41)
thus H*II(V) = 0. The other way around, if H™YW = 0 then for any V'

H(E(W),V) = H*(W,II(V)) =0, (42)
thus HE(W) = 0. O

Definition 1. An extremal point of the action S is a point on the real manifold
where 03S = 0 and the tensor of second derivatives of &S is nonnegative
definite.

If the action S satisfies the reality condition (1) (S > 0) then points
on the real manifold where 35 = 0 are extremal. The fundamental stationary
point {g!, [2;;]°} is extremal for the actions S;;. The following is a consequence:

Lemma 6. The Hermitian form

SHEY(Vij, Vij) (43)
18 monnegative definite.

Proof. The maps Z;; and 11;; are compatible with complex conjugation thus

SH(Vig, Vig) = SHiF(Vig, IiyEi5(Vig)) = (44)
= SHy;(Ei;(Vig), 545 (Vi) = SHij (S5 (Vi) i3 (Vig)) 20, (45)
because the imaginary part of the Hessian H;; is nonnegative definite. O

Let us summarize:

Lemma 7. The point {g{} is an extremal point of S{;’d.

4. Symplectic Geometry
We will adapt the theory of positive Lagrangians introduced in [21]. Let Q be

the symplectic form on T*M. It is the inverse to the Poisson bracket
Q,{D,-})=v(D), veT(T*M), DecC*(T"M). (46)
Let us consider an analytic function S: M — C (maybe defined only on an
open set U). The manifold
Ls={(x,p): 0 =dS(x)} c T*°M (47)

is Lagrangian, that is it extends analytically to an analytic Lagrangian sub-
manifold of 7% MC in some neighbourhood of the real 7% M. Here we denoted
by 6 the tautological form 0 = p,dx*.

Over real points of M the complex conjugation of the tangent space of the
Lagrangian, TCLg is in itself the tangent space of the holomorphic Lagrangian

Lz ={(z,p): 8 =dS(z)} c T*°M. (48)
The tangent space of Lg can be identified by projection w: T*M — M with

the tangent space of M. We will denote this map by Ig: T€L — TCM.
Now we will state and prove some important facts about extremal points:
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Lemma 8. The following holds for an extremal point xo of the action S

1. po = dS(zo) is real.

2. The Hermitian form on T(zo po)ﬁ
I(v,v") = —%Q(onpo)(@,v’), v,v' € T(go’po)ﬁ (49)
is monnegative definite and
I(v,v") = 0?38 (Mgv, Mgv'). (50)
3. Let w € T,y M® and we denote v = Hglw then
Iv =0 (that is: (0*°3S)w =0 ) (51)
is equivalent to
v E T(xo po)£s NI (zo po)ﬁs. (52)

Proof. At an extremal point p = dRS because derivatives of imaginary parts
vanish. Let us use local coordinates p,,, 2" on T*M then

o8 oS 9?38
- p - =V =2 .
{p“ oxn P T v } " Dwrdz” (53)
Every vector tangent to £ can be written as
V:fu{pufausa'}a (54)

where f# are some complex constants. Thus at the point (zg, po)
- %Q(V, V)= f%fiﬂf”{pu — 9,8, p, — 0,8} = Frfr0,0,3S.  (55)

From tensoriality of the second derivative at a point where 935 = 0, we get

— SV, V) = P*SS(IV, s V), (56)

thus it is nonnegative definite. Let V € T®Lg be such that IV = 0 then
QV, W) =0 (57)
forall W € TCLg = T®L5 thus V € TL5. O

We need some definition.
Definition 2. We will say that the Lagrangian £ at the real point (zo,po) is
positive if
(I
Tizg po) (0, V) = —59(’1},’1}/) (58)
is nonnegative definite. We will say that it is strictly positive if additionally

I (2, po) is nondegenerate (has no zero vectors).

A Lagrangian is strictly positive if and only if

JLOTE L L= {0}, (59)

300 ,00) (z0,p0)

that is, the only real vector in T(m0 pO)C is the trivial vector.
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Let f be an analytic function on 7% M (it extends locally to T*MF) that
vanishes on Lg. The complex vector field

{f,3 (60)
is tangent to Lg. If at the real point the Lagrangian is positive, then

4.1. Symplectic Theory of T* SL(2, C)

The left invariant vector field IL(L) of the Lie algebra element L corresponds
to the first order jets of g — ge*X. The right invariant vector field R(L) of the
same Lie algebra element will be g — e~ *Fg (the sign is necessary for proper
commutation relations).

With every point of the cotangent bundle T SL(2, C), we can associate
a left and a right coalgebra element p” and p® given by the formula

VL € s0(1,3) pH(L) =6(L(L)), p™(L)=0(R(L)). (62)
Let us notice that at the base point g
pt=—g~"-p", (63)

where ¢ acts on the coalgebra by the co-adjoint action (if we identify the
coalgebra with bivectors using the scalar product, then the coadjoint action
is the same as the adjoint action, see “Appendix A”). For any Lie algebra
element L,

pH(L), p"(L) (64)
are functions on 7% SL(2, C). We have

{p"(L),p" (L")} = =p™([L, L']), {p™(L),p" (L))} = =p"([L, L)), (65)
{pL(L)7pR(L/)} =0, (66)

and also

{f(9),p"(L)} = L), {f(9).p"(L)} = R(L)S. (67)
Let us denote by %S (6%S9) the covectors identified by with coalgebra as
follows
SLS(L) = IL(L)S, 67S(L)=R(L)S. (68)
We will use ¢ for the left version. We can use the standard scalar product (-, -)
on bivectors to make the further identification of §.S with a bivector.®

For any function S on the group, we can now define a Lagrangian sub-
manifold

Ls={0=dS} = {p" =35} = {p" = 675} (69)

6This introduces additional factor of 2 in comparison with [8] (see section A).
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4.2. Symplectic Theory of a Coadjoint Orbit

Let us recall that we can identify the space of bivectors (Lie algebra so(1,3) =
A%R*) with the coalgebra using the natural scalar product (-,-) on bivectors.
Let us consider a coadjoint orbit

1 1
Xy = {BENRE (B.5) = {0 = ). (BeB) =~} (0)

where C7 = (B,B) and Cy; = (B,*B) are two Casimirs (invariants). The
Lorentz group acts transitively on X,, ,. We have a natural Poisson bracket
given, for a linear function H(L)(B) = (B, L), by

{H(L),H(L')} = —H([L, L") (71)

This turns the coadjoint orbits into symplectic manifolds. Let us introduce an
isomorphism from so(1,3) to si(2,C) (traceless matrices) by (see “Appendix

A” )

B —M(B), M(Av)= i (™ @™ () =0~ (@) (v).  (72)

We have identity
—2trM(B)? = (B, B) —i(B, *B), (73)

thus for B € X, ,
%tr M(B)? = <jl(p - m)) . (74)

For the matrix M(B), there exist two spinors Z§ (unique up to a constant
each) such that

M(B)z5 = :I:i(p —in)zs. (75)
We can thus define a projection
7: X, — CP, w(B) = [zf]. (76)
Definition 3. A function
S: U c C*\{0} — C modulo 27 (77)
is of type (n, p) if
S(re'®z) = S(z) + plnr + ne. (78)

Usually we cannot define such actions globally. Let us introduce the no-
tation” (where the action is on Weyl spinors S, see “Appendix A”)

8. f(2) = 8 f(97 " 2)|g=1. (79)

Let us notice that 6,5 is a well-defined function on CP if S satisfies (78).
For a given z € C*\{0}, we can consider a group Hp, C SL(2,C) that
preserves [z] € CP. The Lie algebra of this group is given by

Lie Hy,) = {B: [z,M(B)z] = 0}, (80)

7Our notation differs from [8].
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T

where [u,v] = u'wv (see “Appendix A”). The subgroup that preserves z is

0
Hiy,

Lie HY; = {B: M(B)z = 0} = {B: 3\ € C, M(B) = \zz" w}. (81)

Let us notice that B € Lie HO]L is equivalent to

[z
YA€ C: 0=RtrM(B)Azz"w = R\[z, M(B)z], (82)
thus to B € Lie H},). Moreover, the scalar product is null on Lie H[‘;}.
The functions of type (0,0) are special as they can be pushed forward to
CP. For such f we will denote [f]cp such push forward, thus
f=[f]epm. (83)

We have the action of SL(2,C) on ST (and on CP, respectively) generated
by vector fields g+ (L) (Lcp(L), respectively) for L € so(1,3). Vector fields
Lg+ (L) (respectively, Lep(L)) correspond to the jet of the curves

t—e P, (t— e a], respectively). (84)

Let us consider a map
T{\CP 5 p— 6y(p) € 50(1,3), V1 (6(p), L) = p(Lcs(L) at point [2].
(85)
Let us notice that for f € C°°(CP) we have
02 (f)(2) = Pz (df)- (86)

Lemma 9. The map ¢, is a bijection from T[’;] CP to Lie H[OZ].

Proof. Let us notice that Lep(L)([z]) = 0 if and only if L € Lie H}, thus
Pz € Lie H[Z]L = Lie H[OZ}. As s0(1, 3)cp span the whole tangent space at [z],
we have also injectivity. 0

Lemma 10. For S of type (n,p), we have
5ZS(Z) € Lie H[Z] n Xnyp (87)
and w(6,5(z)) = [z].

Proof. For any L € Lie H?,, we have 6,S(L) = 0 thus 6,5 € LieH[OZ]J' =

(=]
Lie H,). Let us consider a traceless matrix (for some spinor m)

1
N = i(uzT + zul)w, (88)
then Nz = [u, z]z. Let furthermore M(B) = N, then we have

(0.5, B) = —3 (Rlu,zl)p — 3 (Slu,zl)n = Ry (p—immz].  (89)

As M(6,S) € Lie Hy,), we can write

M(4,S5) = %(VZT +zv!)w (90)
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and
(025, B) = =2trM(6,5)N = —[v, z|[u, 7], (91)
so [v,z] = 3(p —in) and as
M(6,5)z = %(,0 —in)z, 2trM(6,5)? = [v,z]? = i(p —in)?, (92)
thus 0,5 € X, , and 7(85) = [z]. O

Lemma 11. For any real function S of type (n,p), the map

([z],p) — 625 + é15(p) (93)

is a symplectic diffeomorphism from T*CP to X, ,. This map is compatible
with the projection onto CP.

Proof. Let us choose f € C°°(CP) such that df ([z]) = p then
0,5 + ¢[Z] (p) = 6%(‘9 + fﬂ-) € Xn,pv (94)
as S+ fr is of type (n, p). Moreover,
1
M(6,(S + fm))(z) = 1([) —in)z + 0z, (95)
thus 7(0,(S + fm)) = [z], so it is compatible with the projection on CP.
If Be X, ,and 7(B) = [z], then
B —4,5(z) € Lie Hy;; = Lie Hp);. (96)

However, ¢, is a bijection onto Lie H| [OZ].

In order to check that it is a symplectomorphism, we will show that
Poisson brackets between generators of so(1,3) are right. For L € so(1,3) let
us consider the pull back of the Hamiltonian H (L) to T*CP. It is

025(2)(L) + 0(Lcp)(2) = L+ (5)(z) + 0(ILcp(L))(2)- (97)

Let us notice that Ls+(S) descents to a function [Lg+(S)]cp on CP. We have
thus for a given bivector a function on T*CP

Hcp(L) = [Ls+(L)(S)|cp + 0(Ler(L))- (98)
Let us notice that
{[Ls+(L)(9)]cp, [Ls+ (L) (S)]ce} = 0, (99)
{0(ILce (L)), 0(Ler (L))} = —0(Ler([L, L)) (100)
Moreover,
{[Ls+(L)(9)]cr, 0(Lep(L'))} = [Ls+(L)Ls+ (L) (S)]ce, (101)
thus

{[Ls+ (L) (9)]er, 0(Lep(L))} = {[Ls+ (L) (S)]cr, O (Ler (L) }
= [Ls+([L', L)) (9)]ce-
Therefore, finally

(102)

{H(L),H(L')} = —H([L, L']). (103)
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Because the Hamiltonian vector fields of functions span in every point the
whole tangent space, ) is the same as the canonical symplectic form on the
cotangent bundle. O

Let us now consider a complex action (locally defined) S of type (n,p).
Let us notice that 35 is a function on CP. In particular, 9?[3S]cp is a tensor
on CP.

Lemma 12. The space

s =1{0,5: [z € U} (104)
is a complex Lagrangian manifold in X, , and on the real point B € X, ,
Ip(v,0") = B35 ([2])]cp(n (v), 7(v")), (105)

where v € TLY and [z] = ©(B).

Remark. We regard CP as a real manifold, thus 7(v) € TCCP and the conjuga-
tion is with respect to this additional complex structure. It can be translated
into inner complex conjugation.

Proof. Let Sgu. be an auxiliary real action of type (n,p). The difference
f =S — Squs is a well-defined function on CP. Moreover, using the local
identification of X with CP, we have

5 ={0=d[flce}- (106)
Indeed this is equivalent to
B = Saus + ¢ (p) = 6Saus + ¢ (d[flce) = 6Saus +6f =465 (107)
We know that
?1SS)ce(m(v), 7(v")) = 0*[I(S = Saua))cp(w(v), 7(v') = I(v,v'),  (108)
thus the result. O

4.3. Casimir Reduction

Let us consider a symplectic reduction of T* SL(2, C) with respect to Casimirs.
For SL(2,C) the moment map is nondegenerate except for bivectors equal to
zero.

Lemma 13. Two points (g,p) and (¢',p’) are connected by a flow of Casimirs
in SL(2,C) if and only if there exists A\, \' € R such that

g= g/e/\p-l-)\/*:ﬂ (109)
and pL _ p’L (or equivalently pR = pIR)~

Proof. Left covectors are preserved by Casimirs; thus, we only need to find the
vector field on the group. Let us denote the projection on the group manifolds
of the Poisson vector fields of the Casimirs by V; and V5.
We identify bivectors with the left covectors on SL(2,C) by the scalar
product and then
Vi = 2L(p"), (110)
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and thus ¢ is changed from the right (because left invariant vector field) by

p~.

The second Casimir is related to the first by Hodge star, thus
Va = 2IL(xp"). (111)
Together (they commute) we have the flow
g = ge)‘pL+)‘,*pL. (112)
From preservation of left covectors, we have p* = p’L. O
The symplectic reduction with respect to the Casimirs is given by
([9,B): B € Xy, 9] = [g] if Frnerg = g/ P (113)
Let us denote
Cn,={(9,B): Be X, ,} C T*SL(2,C). (114)

We have a map 7¢, ,: C,,, — S to the symplectic reduction.

n,p "

If £/ C S is a real Lagrangian, then
o (L) (115)

is also a Lagrangian and it is a subset of C}, ,. The other way around, if a real
Lagrangian £ C T% SL(2, C) is such that £ C C), ,, then as Casimir generated
directions belong to £ we have

L=mng (L), (116)

where £’ is a Lagrangian in S.
The same holds for complex Lagrangians (in locally holomorphic exten-
sions).

4.3.1. Explicit Description. There is a direct description of this symplectic
reduction that is an analog of Peter—Weyl theorem in group representation
theory. Let us notice that the left and right invariant covectors Poisson com-
mute with the Casimirs. Moreover, the equation

pft=—g7 " p~ (117)

has a solution for g if p and p” are of the same type (nonzero) and g is unique
up to [-] equivalence. Thus the map

(lgl,p) — (0", p") € X p X Xnp (118)

is an isomorphism of symplectic spaces.®

8We used the fact that if B € Xy, p, then also —B € Xy, p.
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4.4. Symplectic Theory of S! y
Let us consider an action

Sii(9ir 9is2ij 230) = Sty (97 ' zag) + Soy(zag mge) + S (g7 ). (119)
Let us now assume that for every ¢j the Lagrangian

L= Lfg;;ij C Xo),,.00 (120)

is strictly positive at the point corresponding to the fundamental stationary
point (that is [(gf)~"'=z;]). We will prove this fact in Sect. 5.3.

Because the action S? is real, the imaginary part of the Hessian with
respect to z;; and z;; is block diagonal with respect to every z variable. From
strict positivity of the Lagrangian, every block is strictly positive; thus, by
Lemma 1, the form H,, is nondegenerate.

We can now consider

Si94(gir 95) = Si;(9i5)- (121)
It is well defined for g;; in the neighbourhood of g?j.
Lemma 14. The Lagrangian manifold of the action Slfj is given by

Lo =mg, (L x L), (122)

02311 Pij

Proof. Left and right invariant derivatives of S are equal to derivatives of S

and, respectively, S’ ]Z“ with spinors equal to the stationary point solutions ZC

L L gred i (g—1,C R L gred i (=1, C
SF 8] = 0L St = 6,8 (97 ' zy),  01S); =0k S = 6,57 (g5 '25,),
(123)
because derivatives with respect to z vanish in the point [z%](g;, gj). We see
from the type of the actions that Esgj C Cécm pij) thus, it is an inverse image

of a complex Lagrangian in Xy, , . X Xo,,, »... We see also that

Moy, (Ls1,) © Lij % L, (124)

and by comparing dimension it needs to be equal. 0
Let us denote

B = 6,87 ((9)~'2)). (125)

Let us notice B0 (99)~*BY.

Lemma 15. If every Lagrangian Egj is strictly positive, then if for v € so(1,3)
(8>S0 =0, (126)

then v € {BY *Bg}.

ij
Proof. From the previous lemma

Ls;, = Wajﬁu’w (Li; x L) (127)
Let V = IIg' (v) be the lift of v to T'Lsg;,, its image

(V) € T(L; x L) NT(L], x L) = {0} (128)

s
C2u_7 Pij
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Thus V is in the space of the Casimirs’ Poisson vector fields. Thus its projection
onto the tangent space of the group

ve {BY,xBY} (129)

17
as stated. O

5. Simplicity Constraints

Our goal in this section is to show that E;j is strictly positive at the extremal
point coming from the fundamental stationary point. In fact it is a simple
computation of a two-dimensional matrix. However, it is useful to describe
this Lagrangian (in the neighbourhood of this point). Let us notice that from
the reality condition of the action, we know that the Lagrangian is positive.

5.1. Conditions on the Action
Let us suppose that we have a function of the form

GN(z) = f(z)eN5®), (130)
defined and analytic for z € U.

We have an action of the group on spinors z; thus, we can also consider
an operator

D= " (=)lld} " Ls+(L1,). .. Ls+(L1,), (131)

[I]<m

where L; are Lie algebra basis.
We associate with this operator a symbol (a homogenous polynomial on
the Lie coalgebra)

Pp(p)= > dl""Li(p)... L1, (p), (132)
|[I|=m
where p are Lie coalgebra elements. Let us remind that we identify both Lie
algebra and coalgebra with bivectors (thanks to the scalar product).
Let p(A) be a polynomial of order m with m-homogeneous coefficient a,,
such that for every N

(f) - p(N)) GN(z) = 0. (133)
Then taking the leading term in the N expansion, we get for any z
PD (625) = Q- (134)

5.2. Bivector Decomposition

For the given normal N? (see [8]) with the norm ¢; = |[N?|? € {—1,1}, we can
decompose the bivector B as follows

B =x(vAN)+wA Ny, (135)
where v, w € NZ-OL and the two terms belong to

so(N) @ xs0(NO™T). (136)
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We can now introduce maps

L;: so(1,3) — N°", Li(B)=v, (137)
K;: so(1,3) — N°",  K;(B) = w. (138)
They are explicitly given by
Li(B) = ¢;N'«B, K;(B) = —c;N°_B. (139)
We can identify so(NZ-Ol) with the vector space NiOL by the map L
[% (v ANY), (V" AND)] = * ((v x ") ANY) , (140)
where X is defined by
vx v =x(vAN)) =—x*(vAV ANY). (141)
The Casimirs can be written in terms of these vectors as follows
C1=(B,B) = —¢; (HZ? - Kf) . Cy=(B,+B) = —2¢,L; - K;. (142

With the vector v € NioL we can associate two complex vectors ki (v) (s = £1)
given by the conditions:

1. Ki(v) - N =K (v) -0 =ki(v) - ki(v) = 0.
2. The action of the vector on kg

v x ki(v) = isCkl(v), (143)
where C = /(x(v A N?),x(v A N?)) = /—c;iv - v.

In the case of spacelike faces, we choose C' > 0. In this situation vectors k' (v)
are complex and we assume

kL (v) = Ki(v). (144)

With the choice of signature (+———) the Hermitian form @-w on {N7, vt is
negatively definite, thus k¢ (v)-k% | (v) < 0. We assume that k¢ (v)-k' | (v) = —1,
and this fixes vectors up to a phase.

Lemma 16. We have

ki (v) x Ky (v) = 150 (145)

Proof. Let us notice that ki(v) x k% ;(v) = av and
iCk™  (v) - ki(v) = k", (v) - (v x K} (v)) (146)
= —kL1(v) - (ki(v) x v) = (k{(v) x kL1 (v)) - v = a(v - v). (147)

Thus 4 4
Ei(v) x k' (v) = iC(kZ*lE}U.)l; ki(v))v, (148)

and substituting v - v = —¢;C? we get the result. g
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Let us notice that if a complex vector w € N? L satisfies w-w = w-v = 0,
then

w € span{kj(v)} Uspan{k® | (v)}. (149)
We can regard v - L and v - Kz as linear maps on bivectors; thus, we can

compute Poisson brackets. In order to do it, we need to find the associated by
(the scalar product) bivectors

v-Li(B) = (—¢; * (W AN?), B), v-Ki(B) = (c;v A N2, B), (150)
thus we get
{v-Li,v' L} = ci(v x v') - Ly, (151)
{UIE FK Y = e x o) - K, (152)
{v-Kiv' - K;} = —ci(v x v') - L. (153)

5.3. Simplicity Constraints
The coherent states ®"# (z;;) satisfy the following equations
1. Diagonal simplicity constraints, that for fixed spins means that the values
of the Casimir operators are related to twisted simplicity constraints®
A 1 A 1
C, = Z(n2 o — 4), Cy = —inp, (154)
where p = yn and n = 2;;."°
2. Cross simplicity constraints, that are implemented in the EPRL model

by
ES 3 \2
(vLi+ i) =0, (155)
(Ei . 7Ri> : (72i + f() —0. (156)
3. The coherent state condition ks, (vij) - Z/i = 0, where s;; is fixed and v;;

is constructed from nj;;.

These conditions impose several conditions on SZ“. We can describe them in
terms of L;;. Namely B € L], needs to satisfy
1. Diagonal simplicity constraints (B,B) = §(473; — pi;) and (B,*B) =
7%2]1']';)1']' that are satisfied because B € Xs,, . ...
2. Cross simplicity constraints

(v + K, )2 —0, (157)

( ) ( ) 0. (158)
i) - L

3. Coherent state condition ks, (v;
constructed from n;;.

; = 0, where s;; is fixed and v;; is

9Quantisation of the action of the Lie algebra element L is L = %ILSJr (L).
00ur convention differs from [3] by a sign in Ca that can be seen from (142).
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In order to analyse the constraints let us introduce a twisting map

7:50(1,3) — so(1,3), 7(B)=B+vyx*B. (159)
We can compute
(7(B),7(B)) = (1 —+°)(B, B) + 2v(B, *B), (160)
(r(B), «7(B)) = (1 — 2*)(B, «B) — 21(B, B). (161)
Similarly
Li(r(B)) = Li(B) + 7Ki(B), Ki(r(B)) = ( ) = yLi(B). (162)

Let us denote B™ = 7~1(B) and L7 (B)
Li(B) = L7 (B) +1K(B), K

-

L;(B7), KT(B) = K;(BT), then
Ki(B) =KI(B) —L{(B).  (163)

The first two conditions mean
1. Diagonal simplicity conditions:
(BTaBT) :Jz‘Qj7 (BT7*BT) =0. (164)
2. Cross simplicity: ]KZT € span{k} (]I:Z)} Uspan{k® | (LT)}.

Thus we can write

BT = x(v AN?) + NEi(v) AN? (165)
and the Casimir conditions means that
— ci|v\2 = j?j. (166)

We are interested in the fundamental stationary point, and then (B?;)T =
*v;; A NP. The space £;j around this point is a manifold; thus, there is a
choice t;; such that

KT € span{k; (L L7)}. (167)
We also have

R, ) (Rt K, (o) (R4} = —t 2 (7 - DEa+29Ko), (168)

and, from positivity of the Lagrangian, the right-hand side needs to be positive.
Let us notice that

v - - v N N
o (7 = DLi + 29K) = (1 +9%) 5 - (K] —L). (169)
As at B = BZQ; we have (C' = j;5)
Vij IEZ = ‘Uij|2 = —¢;C?, Vij K: =0, (170)
we see that ¢;; = —¢;.

Let us consider now coherent state condition ks, ; (vs;) - L; = 0. It means
that
L; = Mo + )\kaij (’Uij). (171)

However,

-

L? = (A1vij + Aoks,; (v35))% = AZ|v;]*. (172)
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but L7 - K7 = K7 - K7 = 0, thus
L} = (L +9K))* = (L])° = —ail-a (L))’ = (R)H)] = —cfj,  (173)
and A\; = +1. As the phase space point corresponding to the fundamental

stationary point is in the Lagrangian we have in the neighbourhood of this
stationary point \; = 1. We can now compute

T T T Vi T T
—i{k_s,; (vij) - Li, ks (vij) - Li} = — Lo = —siyr - (L +9KD),
(174)
at the fundamental stationary point it is equal to s;;¢;7:5, thus s;; = ¢;.
We can now describe tangent space to the Lagrangian at Bg . The con-
ditions for bivectors to be tangent directions to L;; are that
1. Tangency condition (B7BZ»0;) = 0, (B,*Bg) = 0 (this is equivalent to
Uij . EZ(B) = Uij . H_{l(B) = 0 and also Uij . H:;F(B) = Uij . RZ(B) = 0)7
3. ks” (’Uij) . ]LZ(B) =0.
It is not hard to find all vectors satisfying these conditions. Every tangent
bivector can be uniquely described by a pair
B — (Li(B), K[ (B)). (175)
The conditions on B are
(Li(B). K7 (B)) = (Asks,, (v), Meke,, (1), As A €C. (176)

J

We can now summarize
Lemma 17. At the point Bg the Lagrangian Egj is strictly positive.

Proof. We need to prove that the real tangent vector (bivector) is zero. Tangent
vectors satisfy

(Li(B), KT (B)) = (Asks,, (vij), Mk, (i), A, M €C,  (177)

and from reality
(La(B), K7 (B)) = (Li(B), KI(B)) (178)
= (Asksy; (Vi) Adke; (vi) = sk, (Vi) Akt (vig). (179)
However, vectors k%, (v;;) are linearly independent thus Ay = A; = 0. U

6. Reduced Hessian
Let us denote the tensor of second derivatives of 3S;;(gy;) by I;;. We are
interested in the second derivatives 3S74(g;, g;) at {gp} (we assume g§ = 1).
The tangent vectors to the manifold H?Zl SL(2,C) are given by
Viet = {v: {1,...5} — s0(1,3): v(5) = 0}. (180)
For convenience we assumed v(5) = 0. We use here the right invariant vector
fields to identify Vi, with T (H?Zl SL(2, (C))
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Lemma 18. We have

Lij(v,0') == 9?5 ({gp}) (v,v') = T (g, o(i)—g; o (4), g, o) —g; o (4)),
(181)

where I};(L, L) = 9*SS};(IL(L), L(L)).

Proof. Standard result about functions of the form f (gj_l gi)- We use the right
invariant vector fields, thus

gi=e Mg, gyj=e'lig; (182)
We have for left invariant vector fields
d2
82f(L,L) = @H:Of(geﬂ)- (183)

We can now compute for v
v(i) = L;, v(j) = Lj, v(k) =0 for k #1,j. (184)
Let us compute second derivative of F(g;,g;) = f(gi;) where g;; = g;lgi

d? _ _— d? _
&*F(v,v) = @hzof(g- tethiemthig;) = ﬁ'tzof(gj gie* ™). (185)
We used BCH formula and commuted (we use notation g - L = gLg™?)

X® : (186)

— ot9i 'Ligip—te; 'Ligi

2

_ _ e _ _
X(t)=tg;' Lj—tg;' L — E[Qi Y Ljgrt L)+ O().  (187)

We use now 93], = 0 to get
2 red 2 —1 . —1 . —1 . 1 .
0°3855% (v,v) = 0°3S;(g; v(i) =gy -v(j),g; v(i)—g; -v(j)), (188)

so we found the desired result. O

Lemma 19. Let us suppose that 0 # v € Vi satisfies

Vi<icj<slij(v,v) =0, (189)
then there exist 1 < a < b < 4 such that the bivectors
325, *3257 B£57 *ng’)v ng? *ngv (190)

are linearly dependent.
Proof. As all I;; are positive definite and I{j has the kernel spanned by

o’ o
Bij, *Bij,

(191)

we have

Ii;(v,v) =0 < v(i) —v(j) € span{B?j, *B?j}. (192)
We see that from I;5(v,v) = 0 it follows that v(i) € span{ B, *B%} and thus
as v is nonzero there exist i, j # 5 such that

0 # v(i) € span{ B, *Bs (193)
and also
(i) = (v(i) —v(j)) + v(j) € span{ By;, *Bj;, Bjs, *BJs}. (194)

K
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This means linear dependence. O

Lemma 20. If the reconstructed j-simplex (in any signature) with spacelike
faces is nondegenerate then

B%, «xB%, Bh, B, B5, «B5, (195)

abs
are linearly independent for {a,b,5} distinct.

Here by BZ% we denote geometric bivectors of the reconstructed 4-simplex
(see [8]).

Proof. Let us assume a = 3, b = 4. The bivectors BZ% for i,5 € {3,4,5} can be
written as

BS = Nij N €12, (196)

where 7;; L e12 and eq2 is the edge vector connecting vertex 1 with 2 (this edge
is spacelike). Moreover, 7;; are independent if the 4-simplex is nondegenerate.

Let us notice that 612\_*B$ =0 and 612|_B$ = 77]7;]“612‘2.
Let us assume that there is a linear equation for the bivectors
> XBj+ N+ B =0. (197)
i5€{3,4,5}

Contracting it with ejs, we get
> Aumg =0=X; =0. (198)
ije{3,4,5}
Taking the Hodge dual of the equation and then contracting with e, we get
> N =0=X; =0. (199)
ij€{3,4,5}
Thus the bivectors are linearly independent if the reconstructed 4-simplex is

nondegenerate. O

Theorem 2. The reduced Hessian for the Lorentzian EPRL model (and for
the Conrady—Hnybida extension for spacelike faces) is nondegenerate at the
stationary point that corresponds to a nondegenerate 4-simplex.

Proof. If Hv = 0, then we are in the situation from Lemma 19. From positivity
of the I;; it thus follows that

BY., xBY., By, +Bjs, BY,, B, (200)

a a

are linearly dependent.
Let us consider now separately two cases:

1. If the stationary point corresponds to a Lorentzian 4-simplex, then
B, =1(B5) (201)

and 7 preserves the space (200). By Lemma 20 we have a contradiction.
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2. If the stationary point (+) corresponds to a 4-simplex solution with other
signature, then there is the second point (—) and

B =71(xvi AN°), B =7(xv;; AN), (202)
and BZ% has selfdual and antiself-dual parts given by T_I(B;?). From
(200) it follows that there exist constants A;;, Aj; such that

> AgBE 4N «Bf =0, (203)
ij€{a,b,5}, i<y

thus taking ]I_;Z and ]K[ parts we get

> Nl =0, > Nk =o. (204)

ij€{a,b,5}, i<y ij€{a,b,5}, i<y

As some coeflicients need to be nontrivial, we get that U;;- and thus also
B ((3,4) € {a,b,5}) are linearly dependent. But this means that

B4, «B%, B, *Bf, B5, *xB5 (205)

abd’ ab’ abs
are linearly dependent and from Lemma 20 we have a contradiction.

Independently of the signature of the reconstructed 4-simplex the Hessian is
nondegenerate. O

7. Summary

We showed that the Hessian in the EPRL and Conrady—-Hnybida (spacelike
surfaces case) is nondegenerate for any stationary point (corresponding to a
nondegenerate 4-simplex of either Lorentzian, Euclidean or split singnature).
We also showed nondegeneracy for the Euclidean v < 1 case. Our method
works fine also for v > 1, but we have not provided the details in this case.
However, the method does not extend immediately to the situation when some
of the faces are timelike (the asymptotic of this case was considered recently
in [9]). The action in this case is purely real, and as we based our proof
on the properties of imaginary part of the action, this case cannot be cov-
ered with the tools used in our paper unless they will be properly modified.
The issue deserves a separate treatment and we leave this topic for future
research.

Acknowledgements

We thank Marcin Kisielowski for fruitful discussions at the early stage of this
project.



3950 W. Kaminski and H. Sahlmann Ann. Henri Poincaré

Open Access. This article is distributed under the terms of the Creative Com-
mons Attribution 4.0 International License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any
medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes
were made.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

A. Notation

In this section we collect our notation:
1. The signature of the metric is (+ — ——).
2. Bivectors so(1,3) = A?R* (we use identification by the scalar product).
The action on vectors can be expressed as

(v AV ) (w) = v - w) — v (v-w). (206)
We define also a scalar product (+,-) on bivectors
P vev vew

(v Aw,v /\w)det<w-v’w-w'>' (207)

Hodge star operation is denoted by .
3. The adjoint action on the Lie algebra is defined by

g-L=gLg™ ' (208)

Coadjoint action on P is defined by g- P(L) = P(¢~! - L).

4. The Hessian is a symmetric two form (tensor) on the tangent vectors for
a function f at the point where the first derivative vanishes. We denote
this form by 92 f.

5. The stationary point {gy,[z;]}, g5 = 1 of the total action is referred
to as the fundamental stationary point. The bivectors at this stationary
point are denoted By (in the simplex frame) and B?j/ = (99) "By (see
the beginning of Sect. 3). The geometric bivectors Bl% are described in
[8] and appear in Sect. 6.

6. Weyl spinor spaces ST = C?: We denote spinors from St by z, v, u, etc.
Clifford elements for any vector v are n*(v): S* — ST fulfilling

T ()™ (o) + 0T (o) (v) = (v 0 )Iss (209)
The Lie algebra isomorphism so(1,3) to si(2,C) (traceless matrices) is
1
B—M(B), M(vAv)=-(n (@0 @) =0 )" v). (210)

For two spinors 1, v we denote

vl =, w=( 5 4). (1)
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(upu? + u_u?)w and

Every traceless matrix can be written as N =
1
N(uy) = :ti[u_,qu]ui (212)

(see Sect. 4.2 and [8]).

. p% and p’ are left and right covectors (see Sect. 4.1) and

§ES(L) =1(L)S, 6%S(L) =R(L)S, (213)
where I and R are left and right derivatives. We also denote § = §%.
. We denote . )
02 f(z) =67 f(97 2)|g=1 (214)

(see Sect. 4.1).

. [] is a relation on spinors

[z] = w]<30#£Ne€C: z=\w, (215)
thus [z] is a point of CP, [z%} is a point on complexified CPC.
The vector fields of the action of SL(2,C) on CP are denoted by Lcp(L)
for L € so(1,3). They correspond to the curves

t — [e7tEy). (216)
Similarly, the vector field of the action of SL(2,C) on ST are denoted by
Ls+(L) for L € so(1,3). They correspond to the curves

t— e Ly (217)

11. The definition of ]I:z ]KZ is in Sect. 5.2. For the twisting map 7, and twisted
versions L7, KT see Sect. 5.3.

12. The vectors k% (v) are defined in 5.2.

13. X, , is a coadjoint orbit space defined in Eq. (70).

14. The projection from X, , (coadjoint orbit) to CP is denoted by m. The
function f that is constant along the fibres can be pushed forward to CP
and such push forward is denoted by [f]cp (see Sect. 4.2).

15. Sred, Syed are defined in Sect. 3.1. Their Hessians are denoted by H'™!
and Hfj‘?d.

16. S;; and gi; = gj_lgi is defined in Sect. 3.1.

17. L denotes Lagrangians. The subscript denotes the (part of the) action
generating the given Lagrangian. We use ’ to indicate Lagrangians in the
coadjoint orbit space.

18. The form I on the tangent space of the Lagrangian at the real point is
defined in Eq. (49).
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