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Abstract. We consider solutions to the linear wave equation in the interior
region of extremal Kerr black holes. We show that axisymmetric solutions
can be extended continuously beyond the Cauchy horizon and, moreover,
that if we assume suitably fast polynomial decay in time along the event
horizon, their local energy is finite. We also extend these results to non-
axisymmetric solutions on slowly rotating extremal Kerr—-Newman black
holes. These results are the analogues of results obtained in Gajic (Com-
mun Math Phys 353(2), 717-770, 2017) for extremal Reissner—Nordstrom
and stand in stark contrast to previously established results for the subex-
tremal case, where the local energy was shown to generically blow up at
the Cauchy horizon.
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1. Introduction

In the precursor [23] of this paper, we established the following results for the
linear wave equation,

Ug¢ =0, (1.1)

in the black hole interior of extremal Reissner—Nordstrom spacetimes, which
describe maximally charged (e? = M?), stationary, spherically symmetric
black holes (see [24] for an overview of the geometry of Reissner—Nordstrom
spacetimes):

(A) Uniform boundedness and extendibility of ¢ in C° across the Cauchy
horizon (Theorem 1 of [23]).

(B) Extendibility of ¢ in HJ. . across the Cauchy horizon (Theorems 2 and 3
of [23)).

(C) Extendibility of ¢ in C%®, with 0 < a < 1, across the Cauchy horizon
(Theorem 5 of [23]).

(D) Extendibility of spherically symmetric ¢ in C! across the Cauchy horizon
(Theorem 4 of [23]).

(E) Extendibility of spherically symmetric ¢ in C? across the Cauchy horizon
(Theorem 6 of [23]).

For result (A), we considered Cauchy initial data for ¢ on an asymptot-
ically flat spacelike hypersurface intersecting the event horizon, which decay
suitably fast towards spacelike infinity. For results (B), (C) and (D) we imposed
stronger decay estimates in affine time on ¢ and its tangential derivatives along
the event horizon than those that had previously been established in [6,7] for ¢
arising from Cauchy data. The required decay estimates have been obtained in
[3] for suitable Cauchy data. For result (E) we assumed more precise asymp-
totics of ¢ along the event horizon, which are motivated by the numerical
results in [27] and have not yet been shown to hold for ¢ arising from generic,
suitably decaying Cauchy data in a mathematically rigorously setting.

In this paper, we shall prove the analogues of (A), (B) and (C) for
axisymmetric solutions ¢ to (1.1) in the black hole interior of extremal Kerr—
Newman spacetimes; see Theorem 1-4 below. The Kerr—Newman spacetimes
are a three-parameter family, characterised by a mass M, a rotation parameter
a and a charge e [31]. Extremal Kerr-Newman spacetimes constitute a two-
parameter subfamily of spacetimes, satisfying the constraint M? = a? + €2
they can be viewed as a continuous family that connects the extremal Reissner—
Nordstrém solutions (a? = 0) to the extremal Kerr solutions (a? = M?). For
an overview of the geometry of Kerr—Newman spacetimes, see [10].

In [8], polynomial decay in affine time of axisymmetric ¢ and its tangential
derivatives was shown to hold along the event horizon of extremal Kerr (a? =
M?) for suitably decaying Cauchy initial data. To obtain the analogue of (A)
for axisymmetric ¢ in the extremal Kerr interior, we will assume the decay rates
that follow from [8]. For the analogue of (A) for axisymmetric ¢ in extremal
Kerr-Newman spacetimes with a? < M? and, moreover, for the analogues of
(B) and (C) for axisymmetric ¢ in any extremal Kerr-Newman spacetime,
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we assume polynomial decay in time of ¢ along the event horizon that is
congectured, but has not yet been proved, to hold.

Note that the methods involved in proving results (D) and (E) rely fun-
damentally on the spherical symmetry of ¢ and the background spacetime. For
this reason, they do not carry over to extremal Kerr—Newman.

In addition, we will show that we can drop the axisymmetry assumption
on ¢ and prove the analogues of (A), (B) and (C) in extremal Kerr—Newman
spacetimes that are sufficiently close to extremal Reissner—Nordstrom, i.e. with
a sufficiently small rotation parameter a; see Theorems 5-7 below. We refer
to this subfamily of extremal Kerr—-Newman as slowly rotating extremal Kerr—
Newman. We assume, again, the decay for ¢ along the event horizon that
is expected to hold for suitably decaying Cauchy initial data in this setting.
This assumption is now also necessary for the analogue of (A), as the required
polynomial decay has not yet been proved to hold for ¢ (without axisymmetry)
along the event horizon of slowly rotating extremal Kerr-Newman.

The analogue of (A) has recently been obtained for the wave equation
in subextremal Reissner—Nordstrém (e? < M?) [21] and subextremal Kerr
(a® < M?) [20] by Franzen (see also the results of Hintz [25] in the very slowly
rotating setting, where a? < M?), whereas the analogue of (B) has been shown
to fail in subextremal Reissner—Nordstréom for generic Cauchy data [29] by
Luk-Oh. See also related results concerning instabilities in subextremal Kerr
[19,30].

The results of this paper are related to Christodoulou’s formulation of
the strong cosmic censorship conjecture [14]. Indeed, the analogue of the HllOC
extendibility result (B) in extremal Kerr, if also applicable in the context of the
vacuum Einstein equations, would provide a construction of dynamical black
hole interiors arising from perturbations of extremal Kerr spacetimes which
are extendible beyond their Cauchy horizons with Christoffel symbols that are
locally L? with respect to spacetime integration, which is precisely the regular-
ity class considered by Christodoulou. As such, the corresponding initial data
would not lie in the class of initial data to which the strong cosmic censorship
applies (and would therefore certainly be expected to be non-generic). See also
related conjectures in the introduction of [23].

1.1. Linear Waves in the Exterior Region of Extremal Kerr

We will review in this section several results for the wave Eq. (1.1) in the
exterior region of extremal Kerr.

Aretakis considered in [8] axisymmetric solutions ¢ to (1.1) in the exterior
region of extremal Kerr, arising from Cauchy data on a spacelike hypersurface
¥ intersecting the event horizon H™; see Fig. 1. He established polynomial
decay in time for ¢ everywhere in the exterior, including along H™.

In [4], he, moreover, proved the existence of conserved quantities, the
Aretakis constants, along H™T for solutions ¢ (that need not be axisymmetric).
If non-vanishing, these constants constitute an obstruction to the decay of
either ¢ itself or its transversal derivative. Since axisymmetric solutions ¢ have
been shown to decay along H™, this means that, generically, their transversal
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FIGURE 1. The Penrose diagram of the maximally analytic
extension of extremal Kerr—Newman

derivatives cannot decay. Furthermore, higher-order transversal derivatives will
generically blow up in infinite time along H*. These non-decay and blow-up
results have been dubbed “the Aretakis instability” in the literature [27].

Lucietti—Reall generalised the Aretakis constants to higher-spin equations
in extremal Kerr in [28]. In particular, they showed that conserved quantities
also form an obstruction to the decay of solutions to the Teukolsky equation,
which governs the evolution of perturbations of certain components of the
curvature tensor in the context of the linearised Einstein equations.

In [9] Aretakis extended the results of [8] to show non-decay and blow-up
of higher-order derivatives of ¢ even in the case of data with vanishing Aretakis
constants. There is still no proof of pointwise and energy boundedness or decay
for non-axisymmetric ¢ in the exterior region of extremal Kerr (cf. a complete
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picture of the boundedness and decay properties of the linear wave equation
in the full subextremal range of Kerr—-Newman) spacetimes has recently been
obtained in [15,17]).

The main difficulty when studying non-axisymmetric ¢ in the exterior of
extremal Kerr is that the geometric phenomena of superradiance, the trapping
of null geodesics and the degeneration of the local red-shift effect at HT are
strongly coupled (in contrast with the subextremal case); see the discussion in
the introduction of [8] for more details. Based on numerical studies of quasi-
normal modes on extremal Kerr [2,12], the expectation is that ¢ with a fized
azimuthal number m # 0 arising from initial data supported away from H™
will decay slower than axisymmetric ¢ (for which m = 0) both away from H*
and along H*.

1.2. Linear Waves in the Interior Region of Extremal Kerr—-Newman

In this section, we will give an overview of the main theorems proved in this
paper; we will state more detailed versions of the theorems in Sect. 3. In
Sect. 2 we will give the precise definitions of the spacetime regions of interest
in extremal Kerr—Newman that are mentioned in the paragraphs below and
we will present the construction of double-null coordinates that cover these
regions.

In this paper, we will restrict to a spacetime rectangle D, .,, which is a
subset of M UCH™, where M denotes the extremal Kerr-Newman manifold
and CH™ is the inner horizon of extremal Kerr-Newman. We take D, ., to be
the intersection of the causal future of the event horizon segment HTN{v > vg}
and the causal past of the inner horizon segment CH ™ N {u < up}, with respect
to the manifold-with-boundary MUCH™, where v and ug are chosen suitably,
such that restriction of D, 4, to the interior region is entirely contained within
the domain of the (u,v) Eddington—Finkelstein-type double-null coordinates;
see Fig. 1. Note that we have defined D, ,, to include a segment of CH™.

We can employ an ingoing null coordinate U (u) in M N D, 4,, which can
be extended across HT, and an outgoing null coordinate ‘N/(v), which can be
extended beyond CH™, to express Dy, 4, as the following set:

Duo,vo = {0 <U< U(uO)’ ‘7(1)0) < ‘7 <0, (U7 V) 7é (070)}7

where U = 0 at H+ and V =0 at CH™.

We equip HT and H vy the ingoing null hypersurface in D, ,, which is
a subset of {v = wvg}, with characteristic initial data for the wave Eq. (1.1).

We can also consider solutions ¢ arising from Cauchy initial data for (1.1)
on an asymptotically flat spacelike hypersurface ¥ in extremal Kerr—Newman.
We will choose a hypersurface ¥ that has a non-trivial intersection with the
black hole interior; see the discussion in [5] for why this is a natural choice. As
a consequence of the geometry of the interior of extremal Kerr—Newman, 3
must be incomplete; see Fig. 1. We restrict to the future domain of dependence
of ¥, which we denote by D*(X). The inner horizon CH™ contains part of the
boundary of D¥(X), so we will sometimes refer to CH™ as the Cauchy horizon.
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By choosing ug and vy appropriately, the rectangle D, ., is a subset of
DF(Z)UCH™. The characteristic data on H™ U H,, can therefore be taken to
be compatible with the decay of ¢ and its tangential derivatives along HTUH,, o
that is expected to hold generically for ¢ arising from suitable Cauchy initial
data on 3.

In Sect. 1.2.1 below we only consider axisymmetric solutions to (1.1)
on extremal Kerr—Newman. In Sect. 1.2.2 we instead consider slowly rotating
extremal Kerr—Newman spacetimes, i.e. extremal Kerr-Newman spacetimes
with a rotation parameter 0 < a? < a2, where 0 < a, = a.(M) < M can be
explicitly obtained by solving a quadratic equation. In this case, we do not
impose axisymmetry on the solutions to (1.1). See Sect. 1.3 for the precise
definition of a..

1.2.1. Axisymmetric Solutions. We first formulate an analogue of Theorem 1
of [23] for axisymmetric solutions ¢ to (1.1) in extremal Kerr-Newman, where
¢ arises from characteristic initial data along H™ U H v+

Theorem 1 (L>° boundedness and C° extendibility for axisymmetric solu-
tions). Let ¢ be an axisymmetric solution to (1.1) in extremal Kerr—Newman
arising from suitably reqular characteristic initial data on H.,, UH™T, such that
for some € > 0,

k
s Y[ 9 <o,
SfOO‘U

v <v<oo k<2

/ U1+€
HEN{v>vo}

where Y denotes derivatives tangential to 2-spheres S® that foliate H™.

—00,v
Then, there exists a constant C = C'(M,a,€) > 0 and a natural norm Dy > 0
on initial data for ¢, such that

N e T

0<j1+j2<4

|¢] < CDy,
everywhere in M 0 Dy, v, Moreover, ¢ admits a C° extension beyond CHT.

Theorems 3.5 and 3.6 together form a more precise version of Theorem 1.

In view of the decay results along H™ in [8] for ¢ in extremal Kerr arising
from Cauchy initial data on a spacelike hypersurface 3, we can reformulate
Theorem 1 if we restrict to the subfamily of extremal Kerr spacetimes, where
we consider suitably regular Cauchy data along ¥ in accordance with the
results of [8]:

Theorem 2 (L°° boundedness and C° extendibility for axisymmetric solutions
in extremal Kerr). Let ¢ be an axisymmetric solution to (1.1) in extremal Kerr
arising from suitably regular and decaying data on X. Then, there ezists a
constant C' = C(M,%) > 0 and a natural norm Do > 0 on initial data for ¢,
such that

|¢| < CDy,

everywhere in D1 (X). Moreover, ¢ admits a C° extension beyond CH™.
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Furthermore, we obtain the analogue of Theorem 2 of [23]:

Theorem 3 (H. . extendibility for axisymmetric solutions). Let ¢ be an axisym-
metric solution to (1.1) in extremal Kerr—Newman arising from suitably reqular

characteristic initial data on H, UH™T, such that
/ v(8,0)? + Y < oo. (1.2)
H+N{v>vo}

Then, ¢ admits an extension beyond CH™' that is HllOC with respect to spacetime
integration.

In [23] we reformulated Theorem 2 of [23] by imposing Cauchy data on
a spacelike hypersurface instead of characteristic data on the event horizon to
obtain Theorem 3 of [23]. We made use of the improved decay results along the
event horizon of extremal Reissner—Nordstrom that are proved in [3]. However,
as the decay estimates for ¢ along H* that are necessary for (1.2) to hold have
not yet been obtained for suitable data on ¥ in any extremal Kerr—-Newman
spacetime with a # 0, we cannot yet reformulate Theorem 3 above by imposing
Cauchy data on ¥.! Theorem 3 follows from Theorem 3.2 after applying the
estimates (1.3) and (2.19).

We can further conclude that ¢ can be extended beyond CH™ in the
Hélder space C% with o < 1. This result is the analogue of Theorem 5 of
[23].

Theorem 4 (C%? extendibility of axisymmetric solutions). Let a@ < 1. Let ¢
be an azisymmetric solution to (1.1) in extremal Kerr—Newman arising from
sustably regular and decaying characteristic initial data on H,, UHT. Then, ¢
admits a C* extension beyond CH™ .

The precise necessary initial decay requirements along H*+ appear in The-
orem 3.7.

1.2.2. Slowly Rotating Extremal Kerr-Newman. We now restrict to the
slowly rotating subfamily of extremal Kerr—-Newman spacetimes, satisfying
0 < la|] < a., where a. is the parameter described above. In particular, this
subfamily ezcludes extremal Kerr. We will state analogues of the results from
Sect. 1.2.1 in slowly rotating extremal Kerr-Newman without the restriction
to axisymmetric solutions of (1.1).

In slowly rotating extremal Kerr—Newman we can obtain L* bounded-
ness and C? extendibility without an axisymmetry assumption on ¢.

1 For Kerr-Newman spacetimes with a2 < az, the Hawking vector field, which is a Killing
vector field that is null along Ht and is precisely defined in Sect. 2.4, will also be timelike
in the exterior region in a neighbourhood of H*. We expect this geometric property would
significantly simplify the difficulties in the analysis of non-axisymmetric solutions in the
exterior region of slowly rotating Kerr—-Newman spacetimes compared to the extremal Kerr
case and would lead to better decay estimates for ¢ along the event horizon than expected
in extremal Kerr; see also the discussion in Sect. 1.1.
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Theorem 5 (L°>°-boundedness and C?-extendibility in slowly rotating extremal
Kerr-Newman). Let ¢ be a solution to (1.1) in  extremal
Kerr—-Newman with |a| < a., for 0 < a. < M suitably small, arising from
suitably reqular and decaying characteristic data on H, U H*. Then, there
exists a constant

C= C(M,a,%) >0
and a natural norm Do > 0 on initial data for ¢, such that
|¢] < CDy,
everywhere in Dy, 4,. Moreover, ¢ admits a C° extension beyond CHT.

See Theorems 3.5 and 3.6 in Sect. 3 for precise requirements for the
initial data on H, U ‘H*. As there are presently no decay results available for
non-axisymmetric solutions in the exterior region of slowly rotating extremal
Kerr—Newman, we do not reformulate Theorem 5 by imposing Cauchy data
on ¥ instead of characteristic data on H, UH™.

We also obtain an analogue of Theorem 3 for ¢, without the assumption
of axisymmetry, in slowly rotating extremal Kerr—Newman.

Theorem 6 (Hlloc-extendibility in slowly rotating Kerr—Newman). Let ¢ be a
solution to (1.1) in extremal Kerr—-Newman with |a| < ac, for 0 < a. < M
suitably small, arising from suitably regular and decaying characteristic data
on H, UHT. Then, ¢ admits a H). extension beyond CH .

Here, we require decay of more derivatives in the initial data along the
event horizon, compared to Theorem 3. See Theorems 3.5 and 3.4 in Sect. 3
for the precise decay rates. Theorem 6 follows from Theorems 3.2, 3.4 and 3.5,
together with the estimate (2.19).

Finally, we obtain an analogue of Theorem 4 without the assumption of
axisymmetry for ¢ in slowly rotating extremal Kerr-Newman:

Theorem 7 (C%“ extendibility of ¢ in slowly rotating extremal Kerr—
Newman). Let o < 1. Let ¢ be a solution to (1.1) in extremal Kerr—Newman
with |a] < ae, for 0 < a. < M suitably small, arising from suitably regular and
decaying characteristic data on H, U H*. Then, ¢ admits a C*® extension
beyond CH™.

The precise necessary initial decay requirements along H*+ appear in The-
orem 3.7.

1.3. Main Ideas in the Proofs of Theorems 1-7

In this section, we will outline the main steps in the proofs of Theorem 1—
7. We will restrict to the region D, ., in extremal Kerr-Newman with 0 <
la] < M by default, unless specifically mentioned otherwise, and consider
appropriate characteristic initial data for ¢ on H, U H*. We will highlight
new difficulties that arise in extremal Kerr—Newman when a # 0, compared
to extremal Reissner—Nordstrom (where a = 0), which was treated in [23].
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1.3.1. Part 0: Constructing a Double-Null Foliation. Before carrying out any
estimates involving the wave equation, we first construct a suitable double-
null foliation of the interior region of extremal Kerr—-Newman. As Kerr—
Newman spacetimes with a # 0 are not spherically symmetric, in contrast
with Reissner—Nordstrom spacetimes, the existence of global double-null coor-
dinates in the interior region is not immediate. In [22], a suitable global double-
null foliation of extremal Kerr—Newman is constructed, which covers both the
exterior and interior regions, following ideas of [32]. We will use the results of
[22] here.

1.3.2. Part 1: Vector Field Multipliers and Energy Estimates (Theorem 3).
We obtain uniform bounds on weighted L? norms of ¢ along null hypersur-
faces by means of energy estimates. Energy estimates are derived by using the
vector field method; see for example [26] for a general overview and the dis-
cussion in Sect. 2.5 for further particulars. Energy estimates for axisymmetric
¢ are obtained very similarly to the energy estimates in extremal Reissner—
Nordstrom in [23]; we use the following vector field multiplier:

Np g =uP0y, +v10,,

with p = ¢ = 2, where v and v are double-null coordinates obtained in Part 0
that are akin to the Eddington—Finkelstein double-null coordinates in extremal
Reissner—Nordstrom. See Sect. 2.2 for an overview of the construction and main
properties of the Eddington—Finkelstein-type double-null coordinates u and v
in extremal Kerr-Newman, and see Sect. 2.5 for more details regarding IV, ;.
As in extremal Reissner—Nordstrom, the energy estimates rely crucially
on the following polynomial decay rate of the g,, component of the metric in
Eddington—Finkelstein-type double-null coordinates:

Guv ~ (v + |u|)_2;

see Sect. 2.3 for the corresponding estimates. The above bounds play an impor-
tant role in the proof of Theorem 3; see Sect. 4.

If we drop the axisymmetry assumption on ¢, we have to take into
account additional error terms in the energy estimates; most notably, extra
error terms arise that involve the non-vanishing torsion of the double-null
foliation, denoted by (. The torsion can be expressed as a commutator,

¢= 0L L,

where L and L are vector fields that are tangent to null generators of the
outgoing and ingoing null hypersurfaces, respectively. See Sect. 2.3.

In the a = 0 case, L and L are coordinate vector fields, so they commute,
and ¢ vanishes everywhere. If a # 0, ( does not vanish. It turns out, however,
that axisymmetric ¢ still satisfy ((¢) = 0 if a # 0, so the error terms involving
¢ do not form an obstruction for axisymmetric ¢.

In the case of non-axisymmetric ¢, we can estimate the error terms
involving ¢ by invoking the Hawking vector field, which we denote by H. In
Eddington—Finkelstein-type (u,v) coordinates, we can express
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H = %(8,u + 0y).

The vector field H is Killing and null along H* and CH™'. Moreover, it
extends as a timelike vector field near the horizons, if |a| < a. < M; in fact, it
is precisely the requirement of a timelike H near the horizons that determines
a.. See Sect. 2.4 for more details. The timelike character of H implies that the
error terms appearing in energy estimates with respect to the weighted vector
field

Yy = [ul’H,
with p > 0, have a good sign. We can still employ N, , in suitable neighbour-
hoods of the H+ and CH™' that have a finite spacetime volume, but we use
Y, in their complement in D, ,. This method gives rise to an e-loss in the
exponents of the u and v weights that appear in the energies, compared to the

case of axisymmetric ¢, which prevents us from directly inferring Theorem 6.
See Sect. 5.2

1.3.3. Part 2: Commutation Vector Fields and Pointwise Estimates (Theo-
rems 1 and 5). We subsequently use the uniformly bounded weighted L2
norms from Part 1 to obtain a uniform bound for the L°° norm of ¢ every-
where in the interior and to prove continuous extendibility across CH™. For
this purpose, we apply standard Sobolev inequalities on the spheres Sﬁyv cor-
responding to the double-null foliation, i.e. we can estimate

18]l (s2.,) <€ 0 N9 @llia(sz )

|k|<2

where ¥ denotes the covariant derivative restricted to S?w. Moreover, we apply
the fundamental theorem of calculus along the null generators of ingoing null
hypersurfaces, together with a (weighted) Cauchy—Schwarz inequality, to arrive
at the following estimate:

¢*duy < /52 ¢? dMgJF/ |Ul|_pdul/ /52 |u'[P(Lp)? dpg dut,
2 v —00 00 JS7, |

(1.3)
with p > 1; see also the proof of Proposition 7.1. The second term on the
right-hand side of the inequality can be controlled by a weighted energy along
an ingoing null hypersurface.

2
Su,v

In order to estimate ||Y7k¢>\|L2(52 ) with & > 1, we also need to consider
appropriately weighted energies for aflgular derivatives of ¢. Replacing ¢ by
qub (or 8§A ¢, where 94, with A = 1,2, are coordinates on the spheres S?w)

2 An interesting question that remains open is whether a loss of derivatives in the initial
energies is necessary to prevent the e-loss in the a # 0 case. That is to say, whether it
is possible to construct a sequence of suitably regular and decaying initial data along Ht
and H, for which the uniform constant appearing in energy estimates without a loss of
derivatives blows up as we move along the sequence. Note that this construction is not
possible if we restrict to axisymmetric solutions.
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in the estimates from Part 1 results in error terms that cannot be controlled
using the methods mentioned in Part 1.

Obtaining estimates for angular derivatives of ¢ in L*(S7 ) turns out not
to be a problem in extremal Reissner-Nordstrom, as the spacetime is spheri-
cally symmetric, which means that the angular momentum operators O; with
i = 1,2,3, which are Killing vector fields generating the isometries of spher-
ical symmetry, control all derivatives tangential to the round spheres of the
double-null foliation; see for example Sect. 2.1 of [23] for explicit expressions
of O; with respect to spherical polar coordinates. Since the vector fields O; are
Killing, they commute with the operator (g, so the functions O;(¢) are also
solutions to (1.1). Any energy estimate for ¢ therefore automatically holds for
0i(0).

In extremal Kerr—-Newman with a # 0, however, the only angular momen-
tum operator that remains a Killing vector field is @, the generator of rotations
about the axis of symmetry. Fortuitously, there exists a second-order operator
Q, the Carter operator, which also commutes with [,. This operator is closely
related to the conserved Carter constant; see [11]. See also Andersson—Blue
[1], for example, for more details on the Carter constant and operator, and for
applications of the commutation property of Q.

The operator @, together with the vector fields ® and T, the Killing
vector field corresponding to time-translation symmetry, controls the deriva-
tives of ¢ that are tangent to the spheres of the Boyer—Lindquist foliation of
Kerr-Newman. To obtain control over derivatives tangent to the spheres S2
(which do not coincide with the Boyer-Lindquist spheres if a # 0), we need to
additionally commute [, with the vector fields L and L.

In contrast with the error terms arising from commuting [J, with Y, or
Oga, the error terms corresponding to a commutation with L and L can be
controlled via the methods of Part 1 by using profusely the Killing property
of Q, ® and T; see the estimates in Sect. 6.2. As a result, we are able to prove
Theorems 1 and 5; see Sects. 7.1 and 7.2.

1.3.4. Part 3: Decay Estimates (Theorems 4, 6 and 7). In the final step, we
consider the difference function 1) = ¢ — ¢|x+, such that ¢ vanishes along H+.
The function 1 has the advantage that it can be shown to decay uniformly in
u. By treating the wave equation as a transport equation for L¢ along ingoing
null generators, we can use the u-decay of ¥ to obtain v-decay of || L¢| |L2(S§i,1,)
with the rate v=2%¢, for any € > 0. If ¢ is axisymmetric, we can in fact improve
this decay rate to v=2 log(v). By commuting further with L and L and applying
standard Sobolev inequalities on S?w, this allows one to obtain pointwise decay
for |L¢| with the rates v=27¢ and v~=2log(v), respectively.

The outgoing derivative corresponding to double-null coordinates that
cover the region beyond CH™' in the maximal analytic extension of extremal
Kerr-Newman, denoted by dy;, is related to L as follows:

|05 6| ~ v?|Lg].



4016 D. Gajic Ann. Henri Poincaré

Since we cannot remove the € in the decay rate v=2%¢ of |L¢|, we are unable
to infer boundedness of 9 ¢ at CH™ or C' extendibility of ¢ at CHT. We can,
nevertheless, infer that ¢ is extendible as a C%* function beyond CH™, for any
a < 1, if the initial data along H, U ‘H* are suitably regular and decaying,
thereby proving Theorems 4 and 7; see Sect. 7.3.

Moreover, we can integrate the v-decaying LZ(S’?M) norm of L¢ in the
v-direction, in slowly rotating extremal Kerr-Newman, to obtain bounded-
ness of [, v*(L¢)* and also [,; v*Q*|V¢|. In this way we get rid of some
of the e-loss in the weights that was present in the energy estimates of Part
1 and arose from the obstruction of ¢ to the energy estimates for ¢ with-
out the axisymmetry assumption. This improvement comes at the expense of
requiring decay of higher-order derivatives in the initial data, compared to the
estimates in Part 1. See Sect. 7.3 for more details. In particular, we can infer
Theorem 6.

1.4. Outline

In Sect. 2 we introduce some notation and state estimates relating to the
double-null foliation of the interior of extremal Kerr-Newman (Part 0 of
Sect. 1.3) that are relevant in the rest of the paper. We state the theorems that
are proved in the paper in Sect. 3. We prove energy estimates for axisymmet-
ric solutions ¢ to (1.1) in extremal Kerr—-Newman in Sect. 4. Subsequently, we
prove energy estimates in slowly rotating extremal Kerr—Newman in Sect. 5,
completing Part 1 of Sect. 1.3. In Sect. 6, we commute with L and L to arrive
at energy estimates for higher-order derivatives of ¢. Finally, we use the higher-
order energy estimates to prove pointwise estimates of ¢ (Part 2 of Sect. 1.3).
Moreover, we obtain pointwise decay in v of L¢ in Sect. 7 by making use of
higher-order energy estimates, completing Part 3 of Sect. 1.3.

2. The Geometry of Extremal Kerr—-Newman

We will first introduce the extremal Kerr—Newman spacetimes in Boyer—
Lindquist and Kerr-star coordinates and subsequently present more conve-
nient double-null coordinates, by foliating the spacetime with suitable ingo-
ing and outgoing null hypersurfaces, covering both the exterior and interior
regions of extremal Kerr-Newman. Sections 2.2 and 2.3 are based on a more
elaborate discussion on double-null foliations of Kerr—Newman that can be
found in [22].

2.1. Boyer—Lindquist and Kerr-star Coordinates

Fix the mass parameter M > 0 and the rotation parameter a € R, such that
la| < M, and let, moreover, the charge parameter e satisfy e? = M? — a2.
We define the exterior region of extremal Kerr—Newman as a manifold
My, together with a metric g, where My = Rx (M, 00) xS? can be equipped
with the Boyer—Lindquist coordinate chart (¢,7,0,¢), with t € R, r € (M, c0),
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6 € (0,7) and ¢ € (0,27).? In these coordinates, the metric g in M.y is given

by

2Mr—e?)asin® 0
2

dtdep.
(2.1)

oM 2
g=— (1_ pQT) dt2+%dr2+p2d92+R2 sin? dp? 2

Here,

A:=72—2Mr+a*+e? = (M —1)?

=12+ a’cos’#,

(2M7r — €?)sin? 0
P '

We define the interior region of extremal Kerr—Newman as the manifold
Ming = Rx (0, M) xS? equipped with a metric that we also denote by g, which
can similarly be covered by Boyer—Lindquist coordinates (t,r,0, @), where now
teR,re (0,M), 0 € (0,7)and ¢ € (0,27). The components of the metric g
in My with respect to Boyer-Lindquist coordinates are also given by (2.1).

We define the ingoing Kerr-star coordinates (tks)« and (¢xs)s« on Moxs
or My in the following way:

R?*:=r?’4+d%>+a?

(txs)«(t,7) =t + (rKs)«(r), (2.2)
(pks)« (1, ) =<,0+/T; ﬁd“ (2.3)

where ,
(rs)o(r) = A(+) ar, (2.4)

and rg > 0 is a constant.

We can change from Boyer—Lindquist coordinates to ingoing Kerr-star
coordinates

((tKS)*v r,0, (@KS)*)

to show that the spacetime M, can be smoothly patched to the spacetime
Mext, such that M, embeds as the region {0 < r < M} of the patched
spacetime, and My embeds as the region {r > M}. The boundary of Myt
and My, inside the patched spacetime is given by the level set {r = M}.
This boundary is called the event horizon and is denoted by H*. It lies in
the causal past of Miy; see also Fig. 2. We denote the patched manifold by
M = Mip U Moy UHT. We can write

M =R x (0,00) x S?

where (tks)« € R, r € (0,00), 6 € (0,7) and (¢ks)« € ((¢xs)«(r,0), (PKs)«
(r,0) + 27).

3 Note that the coordinates (6, ¢) do not cover the full spheres of constant ¢ and constant
and, moreover, the metric degenerates as one approaches the poles. This can be remedied by
passing for (0, ¢) to a different chart in a neighbourhood of a great circle segment connecting
the poles, as is the case with spherical coordinates on the unit round sphere S2.
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FIGURE 2. The Penrose diagram of M

We can  similarly introduce outgoing Kerr-star  coordinates
((txs)«>7, 0, (pKs)«), where

(tks)s = (tks)« — 2(7TKs) -

In these coordinates it is easy to see that Mj,; can be smoothly embedded
into a bigger spacetime M’, by patching M, to a spacetime M., that is
isometric to Mgy. The manifold Mj, is embedded in the patched spacetime
as the region {0 < r < M} and M., is embedded as the region {r > M}. The
corresponding boundary {r = M} of Mj,, and M, in the patched spacetime
lies in the causal future of M, and is denoted by CH™. We refer to this
boundary as the inner horizon. We can write M’ = Mi UM!_ UCH™T, or

M =R x (0,00) x $?,
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where (tks)« € R, r € (0,00), 8 € (0,7) and (¢ks)« € ((¢xs)«(r,0), (PKs)s
(r,0) + 2m).

As M., is isometric to Mey, we can repeat the above procedure ad
infinitum to extend the manifold MUM!’ further and form an infinite sequence
of patched manifolds containing regions isometric to either Mgyt or Ming,
glued across horizons. The resulting spacetime M is called mazimal analyt-
ically extended extremal Kerr—Newman, and it is depicted in Fig. 2. For the
remainder of this paper we will, however, mainly direct our attention to the

subset M UCHT™.
2.2. Double-Null Coordinates

In the sections below, we will consider energy fluxes along ingoing and outgoing
null hypersurfaces in M. It is therefore more natural to work in double-null
coordinates in M rather than Kerr-star coordinates.

We first consider My, covered by Kerr-star coordinates. If we can con-
struct a tortoise function r, to be of the form r,(r, ), such that the functions

20 =1+ 71y,
20 =1t — 1y,
satisfy the eikonal equations
g*P0qudsu =0 and ¢*’d,v05v = 0,

then the level sets {u = constant} and {v = constant} are null hypersurfaces.
We will follow a construction of r, that was introduced by Pretorius—Israel in
[32] and allows for suitable, double-null coordinates. We will assume that a # 0.
In the a = 0 case we consider Eddington—Finkelstein double-null coordinates;
see Sect. 2 of [23].

In [22] the construction of r, from [32] is used to extend the local double-
null coordinates in My, to obtain a smooth, global Eddington—Finkelstein-
type double-null foliation of Myt N {r > %},4 such that the 2-surfaces

Sz ={u=u}n{v=1"}
are diffeomorphic to 2-spheres and we, moreover, obtain quantitative bounds

on the metric components in double-null coordinates (see Sect. 2.3).
The metric g on Miy N {r > %} can then be written as follows:

g = —49%dudv + ¢ , (A" — b dv)(d¥” — b"dw), (2.5)
where 2u =t —r,, 2v =t +r,, 9* = 0, and ¥? = ¢,, with u,v € R, 0, € (0,7)
and ¢, € (0,27). The metric components in (2.5) are given by
0% =AR?,
4dMar  4Mar
b =0, b= - ——
’ p2R2 p2R2 7'=JVI’

4 Ife # 0 (i.e. 0 < |a] < M), we cannot cover the entire region My, by the double-
null coordinates introduced in this section, as we cannot exclude the corresponding null
2
€

generators forming caustics in the region {0 < r < o)
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96.0. = 1 13(99. F)*R™% + (9, f4)* R? sin” 0,

9o.0. = (Do, f4) R sin® 0,

oo, = R2sin? 0;
they are of the same form as the metric components with respect to the double-
null coordinates considered in [18]. A precise definition of the functions f; is
given in [22], but for the purposes of this paper we only need the estimates on

the metric components that are stated in Sect. 2.3 and are derived in [22].

Note, moreover, that we can express:

det ¢ = f213(9p, F)?sin? 6. (2.6)

In the formal limit @ — 0 (with e # 0 fixed) the double-null coordinates
(u,v, 04, ¢.) become simply Eddington-Finkelstein double-null coordinates on
(the interior of) extremal Reissner—Nordstrom.

As we approach H* along constant v hypersurface, the coordinate u goes
to —oo. We can, however, introduce a rescaled ingoing null coordinate in order
to further extend the double-null coordinates and additionally cover the region
Mexy UHT.

Fix vo € R and define the function U : R — (0,00) by U(u) = M —
r(u,vo, 0« = %). We can interpret U as a smooth, negative function U : My N

2
{r > 537} — (0,00).
2

In [22] it is shown function U : Mine N {r > 537} — R extends smoothly
with respect to Kerr-star coordinates to the bigger manifold M N {r > %},
such that U = 0 along H* and U < 0 in Moy and moreover, the metric
is well defined and non-degenerate with respect to the chart (U, v, 6., ¢,) on

2
Mn{r> 571
0% (u, v, 0,)
(r2Q?) (u,v = vy, 0, = §)

Consequently, (U,v,0,, ) defines a smooth coordinate chart on M N {r >

g=- dUdv + ¢ , (A9 — b do)(d9” — b7 dv).

62
o) By introducing another function f5 (see [22]) we can shift the angular
coordinate ¢, to a new coordinate @, € (0,27) and the metric can be written
in (4,0, 5*, %) coordinates,

g = —49% (i, b)dadd + § , ,(d0* — brda)(d® — bPda), (2.7)

where 20 =2u =1 —1,,20 =20 =t +r,, 9! = 5*, 92 = @, and moreover,
Q2(a1,7) = Q*(r,) = AR,
. ~ 4Mar 4Mar
V=0, b= =5 — 55|
2R PR | .,

% G = 111500, F)?R™ + (Bs. f5)* R? sin” 0,
g5 - = (0o, f5)R*sin®0),

0P
= R%sin? 6.

Y5.5.
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To distinguish these coordinates from the previous double-null coordinates, we
have denoted them with tildes (a, o, 5), where 0 = v, @ = u and 0, =0,.
Now, fix ug € R and define the function V : M N {r > %} by
V = (r — M)(ug,v,0, = 7). In [22] it is shown that we can extend V as a
smooth function to the bigger manifold M’ N {r > %}, such that V = 0
along CH" and V >0in ML, and moreover, the metric is well defined and
non-degenerate with respect to the chart (a, v, g*, @x) on M' N {r > % :

02(a,7,0, = T 5B 7
g=—4 (4,9,6.) dadV + ¢ , . (d9* — b da)(dd? — bPda).
(r202) (@ = o, 7,0, = )
We will use the notation (u,v,0,¢.) = (—00,v0,04 ) and

(@, D, 04, 04) = (ug, 00,04, @s), With ug,vg < oo, for points on H* and CHT,
respectively, for the sake of convenience. These points lie in the domain of
either the (U,v) or (@, V) double-null coordinates.

In Mine N {T > %} UHT UCH" we restrict to the region

2
Dugvo = {x € Ming N {r > 26]\4} UHTUCHT: U(x) € [0,U(up)],

V@MHVW%NAU@%V@D#®0%~

Let v’ € [vg,00) and u' = [—o00, ug]. We will consider the following null
hypersurfaces:

H,:={zeM: U e0,U(u)], viz) =1},
Hy ={zeM: Ux)=U), v(z) € [vy,00)},
and we refer to the hypersurfaces H,, and H, as ingoing and outgoing null

hypersurfaces, respectively.
We will fix |ug| and vy to be suitable large such that

62
EUO UHuO C <Mjntﬁ {7" > W}) UH+

Consider the null vector fields L and L, which are tangent to the gener-
ators of the outgoing and ingoing null hypersurfaces, respectively, and satisfy
Lv=1and Lu=1.

The vector field L can be naturally expressed in the chart (u,v, 0., ).
Indeed,

L =08, + b0ya,
L=20,.

Note that we can alternatively express L in (U, v, 0., p.) coordinates:

L=—0p.
- duaU
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From the above expression it is clear that L can be extended smoothly as a
vector field across H (where it vanishes).

The vector field L can similarly be expressed in the chart (4, v, 0., Px):

L =05,
L =0 —‘rgAagA.

Note that we can also express L in (u, ‘7, 5*, s ) coordinates:
dv
L - i8~ .
dv v
From the above expression it is clear that, analogously to L, L can be extended
smoothly as a vector field across CH™ (where it vanishes).

2.3. Estimates for Metric Components and Connection Coefficients in Double-
Null Coordinates

In this section, we will present an overview of relevant estimates for the metric
components g,g in Eddington-Finkelstein-type double-null coordinates, their
derivatives and components (and derivatives) of the Jacobian matrix relating
Eddington—Finkelstein-type double-null coordinates to Boyer—Lindquist coor-
dinates. All these estimates are obtained in [22].

We first define the following notation to separate out leading-order terms
in v+ |ul.

Definition 2.1. Let f : M N Dy, ,, — R be a C° function. We say that
f € O((v+ |u)7h), where u and v are Eddington-Finkelstein-type double-

null coordinates in M N {r > ro > %}, if there exists a constant
C=C(M,a,rg, %) > 0, such that

|1, 0,04, 0.) < Clo+Jul) ™.

We obtain in [22] the following estimates for the metric components gz
in My N {r > ro > %} in the Eddington-Finkelstein-type coordinates
(u,v, 0., @) introduced above:

Theorem 2.1 (Estimates for metric components in double-null coordinates,

[22]). Let ro > % and consider Miy, N {r > 1o} covered by the double-null
coordinates (u,v, 0., p,) introduced in Sect. 2.2.

(i) There exist constants ¢ = c(rg,a, M) > 0 and C = C(N,rg,a, M) > 0,
such that for all n € Z, with n < N, where N € Ny,

107 95,1 < C(v+[ul) 2",

107 4.,.1 < Clv+[ul) ™",

107 9,,.,.1 < Csin® v+ [u]) 7",
09,4y o | <C,

106. 9,1 < Csin®0,
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|5‘9*g¢*%| < Csin,
csin? 6 < detg < C'sin? 6.

(ii) We can expand

2 M2
vt ful =7 (r,0) = % +2M log(M — 1) + O(1),
1
-2 s 9 B
@ = M? + a? cos? 0 [(v+ [u)?* + 4M (v + [ul) log (M — 7)] + O(v + |ul),
P 4Ma 2 2 1 L
B = A R OM @) )™ +log(o + ) O((o + Jul) )

and estimate forn < N, with N € N,
015 | < (o 4 ul) 20D,

|07 09. 6| < Cv + [u) 77" log(v + [ul),

10,97 < C(v + [u]) 72,

10709 % < O (v + u]) 2,

where C = C(N,rg,a, M) > 0.
(iii) There exist ¢ = c(rg,a, M) > 0 and C = C(rg,a, M) > 0 such that for
alln € Z, with n < N, where N € Ny:

10,.0| < C(v+ |u])"?siné, (2.8)

0.7 < Clv+ Jul) 2, (2.9)

c(v —u) 72" < |08 90| < Clv+ [u]) 2", (2.10)
|07 050.] < C(v + [ul) 7", (2.11)

107 Opr| < Csin@(v + |ul) 2" < Csinb (v + |u]) 2", (2.12)

|03r.| < C. (2.13)

‘We define the connection coefficients
XAB ‘= g(vaﬂA €4, 37913)7

Xap =9(Va,, €3,005),
1

w = —zg(vmeg, €4),

W= —zg(Ve?,ez;,eg),

1
Ca = 59(Vo,  ea,¢3),

where A = 1,2 and e3 = Q'L and eq = Q'L are renormalised null vec-
tor fields, such that g(es,es) = —2. We have the following relations between
connection coefficients and metric derivatives:

20xap = L(g,p) + aAbchB + aBbchA’
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L(y/det g)
Qtry = —Y—22 4 9cb®
rx et g +dcb,
L(,/det
Qtrxzi( ¢ g),
det ¢
40w = Q2L(Q%),
40w = Q2 L(0Q2),

where we also have that dcb” = 0 in (sub)extremal Kerr-Newman.

See “Appendix A” for the derivations of the above identities and for
further properties the connection coefficients and their expressions in terms of
derivatives of gng.

Theorem 2.2 (Estimates for connection coefficients in double-null coordinates,
[22]). Let ro > % and consider Miy, N{r > ro}.

(i) Let A,B = 1,2 and n € Z, with n < N, where N € Ny. There exists a
constant C = C(N,rg,a, M) > 0, such that

)

Q%an| < C(v+ [ul)"log(v + [ul)|g , 1,

19X , 5l SO+ [ul)%|g , 5,
0<Qtry <Cv+|ul)"?,

0<—Qtry <C(v+|ul)7?,

07 (Qtrx)| < Clv+ [u]) 727,

where we made use the following notation

. 1
XAB =XAB = 5845 TX

1
Xap = Xap — QgAB trx.

(ii) Moreover, we can expand

2
100 = — v Tl +log(v + |u))O((v + |u])~2),
2
40w = ———— +log(v + [u])O((v + |u])~2),
o s+ DO + ) ™)
Q¢ = o (BM? — a)(v -+ ful) +los(w + W)O((w + ful) )
(M? + a?)? ’
¢’ =o.
2.4. Killing Vector Fields
The vector field T' = m in M, as expressed in Kerr-star coordinates

(T = 0; in Boyer-Lindquist coordinates on M), is a Killing vector field;
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it corresponds to time-translation symmetry in extremal Kerr-Newman. Note
that T is not causal everywhere in M. The subset of Mgy in which T is not
causal is called the ergoregion. Similarly, there is a subset of Mj, in which
T fails to be causal everywhere (cf. T is timelike everywhere away from the
horizons in extremal Reissner—Nordstrom, where a = 0).

We denote the Killing vector field corresponding to axial symmetry in
extremal Kerr-Newman by ®. In Kerr-star coordinates, we can write ® =
%. However, we can also write ® = 0., in Eddington-Finkelstein-type
double-null coordinates, or ® = J,, in Boyer-Lindquist coordinates.

The Carter operator is a second-order differential operator that can be
expressed as follows:

Q= Ag> + (a®sin0)T? — &2,

where Agz is the Laplacian with respect to the metric on the round sphere (of
area radius 1). Since T' and ® are Killing vector fields, we have that

[ngT] = [Dg’ (I)] =0.
It turns out that the Carter operator also commutes with the wave operator:

[ng Q] =0.

See [1] for a derivation of the above commutator identity.
We can define the Hawking vector field H in D, , by

H= [(0u+0,) = 3 (L+L—b0)

We can also express H by as a linear combination of the Killing vector fields
T and @,
H=T+ wi+ D,
where
__ 2Mar _ 2aM 2
o= | T OE T

Indeed, in My N {r > %} we can write
T = 0y = 0yudy + 0v0y + 0140y,
1
== 5 [8u + (91; - 2wH+<I>] .

In the literature, the constant wy+ is commonly referred to as the angular
velocity of the Kerr—Newman black hole.

In order for the energy fluxes with respect to H along null hypersurfaces
to be non-negative definite, we need H to be causal. We have that

g(H,H)=g(L+L—0b%?0,,,L+L~—0b0,,)=—4Q0"2+ (b**)*R?sin® 0.
The maximum value of R?sin? 6 is obtained at § = s
(M? + a?)?

Lo+ ).

R?sin? Olo=z =
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Consequently, by applying the estimates in Theorem 2.1, we obtain

o, )lg = | -800% + 12 (s 007 = a)) | 0 ul) >
+log(v + [u))O((w + [u])~®)
= |-8M? + <]\424a—|—c12(3M2 - a2)> (v + |ul)~2

+ log(v + [u))O((v + ful) ~2).

Therefore, g(H, H) < 0 everywhere for v + |u| suitably large, or equivalently,
M — r suitably small, if

2a%(3M? — a?)? — M*(M? + a*)? < 0.

We rescale x = (ﬁ){ with 2 € [0, 1], to obtain an equivalent inequality:

22(3 —x)* — (1+2)* <0.

One can solve the above cubic equation to obtain 0 < a.(M) < M, such that
g(H,H) <0 for all 0 < |a|] < a. and v + |u| suitably large.

We define slowly rotating extremal Kerr—Newman spacetimes to be the
subfamily of extremal Kerr-Newman spacetimes satisfying 0 < |a| < a.. Note
that extremal Kerr (la| = M) is not a slowly rotating extremal Kerr—Newman
spacetime.

2.5. The Divergence Theorem and Integration Norms

In this section, we will introduce some basic notation regarding integration in
MNDy, ,- We will state the divergence theorem, which is the main ingredient
of the vector field method; see also the discussion in Sect. 1.3 of [23].

Let V be a vector field in a Lorentzian manifold (N, g). We consider the
stress—energy tensor T[¢] corresponding to (1.1), with components

1
Taﬁ[(z)] = aa¢aﬁ¢ - igaﬁa’y(ba'y@b-

Let JV[¢] denote the energy current corresponding to V, which is
obtained by applying V as a wvector field multiplier, i.e. in components

JY[¢] = Tasle]VP.

An energy flux is an integral of JV[¢] contracted with the normal to
a hypersurface with the natural volume form corresponding to the metric
induced on the hypersurface. We apply the divergence theorem to relate the
energy flux along the boundary of a spacetime region to the spacetime integral
of the divergence of the energy current .JV. If the boundary has a null segment,
there is no natural volume form or normal; these are assumed compatible with
the divergence theorem.
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That is to say, if we take —o0 < u; < ug < ug and vg < v1 < v9 < 00,
the divergence theorem in the open rectangle {u; < u < ug, v1 < v < vo} in
Mins N {r > % gives the following identity:

/ div.JV [¢]
{u1 <u<us, vi<v<va}

/H“2

—/ JV[¢]-L+/ T[4 L. (2.14)
H,,{ui<u<usz} H, n{ui<u<us}

JV[¢]-L+/ TV L

N{v1<v<va} Hyyn{v1<v<va}

Here, we introduced the following notation:
TV[gl- W =T(V,W),

for vector fields V' and W. Moreover, in the notation on the left-hand side of
(2.14), we integrate over spacetime with respect to the standard volume form,
ie let f: MNDy, . — R be a suitably regular function and U an open
subset of M, then

[ £ [ 000 V= detgds.dp.dudy
U U

- / fu, 0,05, 0,) 207 /det gdf,de.dudo,
U

where det ¢ is expressed in (2.6).
When integrating over H, and H, we used the following convention in
the notation on the right-hand side of (2.14):

uo
/ f::/ / [y/det gdb.dyp.du,
ﬂv —oo Sv%,v
/ f::/ / f detgdﬁ*dap*dv.
Hu vo S’LQL,’U

Note that by a change of variables we can alternatively express the above
integrals in terms of (U, 0., p.) or (V,0,, ¢,) coordinates, respectively:

uo U(uo) du
det ¢df,.dy,du = — 4 /det ¢df,dp,dU,
/oo/sgvf ctgiv.dgau= [ 5, U Vaetgdtde

0

/ / f1/det gdb,dip,dv = / P det ¢df,d,dV .
vo J52 V(vo) /52 o dVv

u,v

In the notation of [13] we decompose the divergence term appearing in (2.14)
in the following way:

divV[g] = KV [¢] + £V ¢],
where
KY[¢] := T*’[¢]Va V3,
EV[¢] := V(¢)Og0.
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In particular, £V[¢] = 0 if ¢ is a solution to (1.1). We can also replace ¢ by
W ¢, where W is a vector field that is referred to as a commutation vector field.

The expression €Y [W $] now does not need to vanish.
Furthermore, we can write

U(uo)
/ / (0 f)? 1 /det gdb.dp.dU
0 S,

=[] e T
_[m /52 dU(a“f) detgdﬁ*dsﬁ*du—/HU dU(auf) , (2.15)

0
/~ / (0 f)? \/det gdb,dp.dV
V(vo) /S2Z ,

o0 do dv
= — (0, 2, /det df.dy,.dv =/ — (0, 2,
Aéw¢ﬂ 4d0.dy (0u0)

H u

(2.16)

We can estimate in MNDy, v, , With |ug|, vo > 1 without loss of generality,

du
2 o dU 2
Ciu _dU_Cgu,

d
017]2 S 73 S 02’02,
dv

for C1 = C1(a, M, ug,v9) > 0 and Cy = C(a, M, ug,vg) > 0 uniform constants.

We rewrite the estimates above by using the following notation:

du 2

dU

L

v
so that

U(uo)
/ u2(8uf)2 ~ / / (6Uf)2 det gdﬂ*dgo*dU,
H, 0 SE

0
/ 02 (Dyf)? ~ / / (0.f)% y/det gdb.dp,dV.
H, ‘7(110) Sﬁ,v
Let use introduce the following natural L? norms:

||f||%z(sgm) = /52 f?dpg,  where dpy := /det gdf.de.,

du
2 R 2
Wl = [, 567°

di
Iz ::/ —f*
ko) = |57

(2.17)

(2.18)



Vol. 18 (2017)  Linear Waves in the Interior of Extremal Black Holes II 4029

Now consider a compact subset K € M’ N {r > } such that, moreover,
K C Dugy,vo- Then, we define the following spacetlme L2 norms:

1712200, == / 2,
KNM;

int

10£120, = /,< P @upP AP

int

where YV denotes the induced covariant derivative on Sy .
We can, in particular, estimate

10£122 ) = / 00 ) + @) + V112

/ /v /S2 Oy f)* + (Ouf)* + |V fI?] 20%0 Vvdﬂngdu

(Vi) <v<oo Y H,N{|u|<|ux |}

+ Clup —ux| sup V2 (0uf)?, (2.19)

ux <u<ug

<l s [ (Ouf)? + Q2 Y f]2
H,

where K C [ux, ug] X [‘N/;C,O] x S2, with —oo < ux < ug, 17(110) < Vi <0 and
C = C(ug,vp) > 0.

We define the weighted null-directed vector field IV, 4 in Min N Dy 0, a5
follows:

Npg = [ulP L +v'L = [u[P 8, + v¥(D, + b0y ) = [a|P (0 + b5 ) + 075,
with 0 < p, g < 2. In particular, in (U, v, ) coordinates, we can express

Npq = [u(U)[P(r*Q?)] L Oy +v9(9, + 040y ,).

v=vp, 0.=7%
If p <2, N, 4 can be extended as a smooth vector field across HT into M.
In (@, V,¥) coordinates, we have that

Ny = P (95 + 6205 ,) + 07(V) (r*Q?)| O

u=uop, 0.=% "V’

If ¢ <2, N, , can be extended as a smooth vector field beyond CH™ in M._,.
The energy currents with respect to the constant v and constant v null hyper-

surfaces are given by
JNealg] - L= v T(L, L) + [ufPT(L, L) = v7(L)* + [u[PQ*|V¢|%,
JNealg] - L =vIT(L, L) + [ufPT(L, L) = [ul’ (Lo)* + v?Q*|V |,

where we inserted the expressions for T, from “Appendix A”.
In “Appendix A” we show that the current K™V».«, compatible to .J
is given by

NP;Q,

KNp’q [d)] = Krjl\lflll [¢] + Kangular [Qﬂ + Kmlxed [d)]
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with
1
it [6] = 5927200 tr x + [ul"Q tr X) LoLs, (2.20)
1
Komaeld) = = 5 [=plul” ™" + qu? ™! +4Q0% + uPw)] [V (2:21)

010 4 [P Q8P| (940) 05),

NP;‘I *

K pfeeald] = 2[v(Le) — [ulP (LP)]CP* 0. ¢. (2.22)

In extremal Kerr-Newman spacetimes with |a| < a., we consider, more-
over, the vector field Y}, in the region Min N ({v > v1} U {u < u1}), which is
defined by

Y, = |l H.

From Sect. 2.4 it follows that H is timelike in My N ({v > v1} U {u < uq}),
if Juy| and v are chosen suitably large. We use, moreover, that H is a Killing
vector field to easily obtain an expression for K,

K [¢] = g*Vs(J3r) = g*"V a(|[ulP) I ] + |ulP K7 ]
- g“ﬂul”*lﬂm L >0,

where non-negativity, in the case that ¢ is not axisymmetric, follows from the
timelike character of H.

3. Precise Statements of the Main Theorems

In this section we present more precise versions of the main results proved in
this paper, which are stated in Sect. 1.2. Let M denote extremal Kerr-Newman
with 0 < |a| < M, unless otherwise stated. We first give a formulation of the
standard global existence and uniqueness for the characteristic initial value
problem for (1.1) in M N Dy v,-

Proposition 3.1. Let ¢ be a continuous function on the union of null hypersur-
faces

(HtN{v=>w})UH

—v0?
such that the restriction to H™ and the restriction to H,  are smooth functions.
Then, there exists a unique, smooth extension of ¢ to Mint UHT N Dy 4, that
satisfies (1.1) in extremal Kerr—Newman. We also denote this extension by ¢.
We refer to the restriction ¢\(H+O{UZUO})U£% as characteristic initial data. If

¢|(H+ﬁ{v2vo})uﬂuo is azisymmetric, the extension ¢ to Miny U HT N Dy v
must also be axisymmetric.

The above proposition can be proved by reducing the characteristic initial
value problem to a Cauchy problem with initial data on a spacelike hypersur-
face, as done in [33], and then appealing to a global existence and uniqueness
result for the standard Cauchy problem for linear wave equations; see for exam-
ple [16].
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Observe that Proposition 3.1 does not provide any information about the
asymptotic behaviour of ¢ towards CH ™. We will state in the subsections below
further quantitative and qualitative properties of ¢, relating to boundedness
and extendibility of ¢ and its derivatives beyond CH™, under the assumption
of suitable additional decay requirements along H*.

3.1. Energy Estimates Along Null Hypersurfaces

Consider solutions ¢ to (1.1) that arise from the characteristic initial data in
Proposition 3.1. We will first show that we can prove boundedness of weighted
L? norms for ¢ along null hypersurfaces, under additional assumptions on suit-
able initial L? norms along H+. We will treat separately the case of axisym-
metric solutions ¢ on extremal Kerr-Newman with 0 < |a| < M, and the
case of general solutions ¢ on slowly rotating extremal Kerr—-Newman, with
0 < ]a] < a.. In the next section, we will give an overview of the theorems
regarding L estimates for ¢. Unless specified differently, we consider (1.1) on
an extremal Kerr-Newman background with 0 < |a| < M.

Theorem 3.2. Take 0 < q < 2. Let ¢ be a solution to (1.1) corresponding to
axisymmetric initial data from Proposition 3.1 satisfying

Blo= [ e (TPt [ (Lo + 0o < o
HN{v>vo} H,,
Then, there exists a constant C = C(a, M, ug,vo,q) > 0 such that for all
H, and H,

/ vI(Lo)? + [u*| V¢l +/ ul*(Lg)? + Q*v?|V¢|* < CEq[4].
Hy, 11,

Theorem 3.2 is proved in Proposition 4.2. Theorem 3 follows immediately
by using, moreover, Theorem 3.5 below and the estimate (2.19). Note, more-
over, that by using (2.15) and (2.17) one can easily see that the assumption
of ¢ along H, is certainly satisfied if ¢ is smooth along ‘HT with respect
to (U, 0, @), which, in particular, is the case if one considers ¢ arising from
smooth initial data along a hypersurface Y intersecting H .

Theorem 3.3. Let ¢ be a solution to (1.1), with |a| < a., corresponding to
initial data from Proposition 3.1 satisfying

Blo= [ oep PP+ [ P (Ler + 070 < .
HEN{v>vo} H,,
for some 0 < ¢ < 2.
Let 0 < p < 2 and let € > 0 be arbitrarily small. Then, there exists a
constant C' = C(a, M, ug, vg, p, q,€) > 0, such that for all H, and H,,

[0 e@er + PIgeP + [ (Lo + 0u 6P < OE, o
u H,

Theorem 3.3 is proved in Proposition 5.3.

We can remove the € in Theorem 3.3 at the cost of losing derivatives on
the right-hand side of the estimate.
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Theorem 3.4. Let ¢ be a solution to (1.1), with |a| < a., corresponding to
initial data from Proposition 3.1 and denote

D = 110u @l (g, y + 1V O, )-

i,

Assume further that

Eextrain|¢] 12/ Lo+ Y /
HEN{v>vo} HEN{v>v}

0<j1+j2<4
x " (‘leLjQ'H(MQ + |Y7j1+1sz¢|2 + |Y7j1+2Lj2¢|2) < o0,

forn > 0 arbitrarily small. Then, there exists a constant C = C(a, M, vy, ug,n)
> 0 such that,

/ v (Lo)? + u?Q?| Vol + / 020 |V¢|> < C(D + Eoxtram0])-
H,

o

Theorem 3.4 is proved in Corollary 7.7. Theorem 6 now follows from
Theorem 3.4, combined with Theorem 3.5 below and the estimate (2.19).

3.2. Pointwise Estimates and Continuous Extendibility Beyond CH ™

We can use the energy estimates in the subsection above to obtain L esti-
mates in M N Dy, ., and we can, moreover, show that ¢ is continuously
extendible beyond CH ™. Here, we treat the restriction to axisymmetric ¢ and
the restriction to slowly rotating extremal Kerr—Newman simultaneously.

Theorem 3.5. Either take 0 < p < 2 and let ¢ be a solution to (1.1), with |a| <
ae, corresponding to initial data from Proposition 3.1 without any symmetry
assumptions, or take 0 < p < 2 and let ¢ be a solution to (1.1), with 0 < |a| <
M, corresponding to axisymmetric initial data from Proposition 3.1.

Assume that, for e > 0 arbitrarily small,

w X[ e

2
u0§v<oo|k‘§2 2 v

/ U€|Wj1Lj2+1¢|2 + |le+1Lj2¢|2 < .
HEN{v>ve}

0<j1+j2<4
Then, there exists a constant C = C(a, M, vg,ug, €) > 0 such that

k —
o)< S [ V0 Clul

|k|<2
<> VY L 4 [V g,
0<jitja<a ” T NvZv0}
Theorem 3.5 follows from Proposition 7.1.
Theorem 3.6. Let ¢ be a solution to (1.1), with |a| < a., corresponding to
initial data from Proposition 3.1 without any symmetry assumptions, or let ¢

be a solution to (1.1), with 0 < |a| < M, corresponding to azisymmetric initial
data from Proposition 3.1.
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Assume furthermore that

/ UCI‘leLj2+1¢|2 + |Wj1+1Lj2¢|2 < o0, (3.1)
0<jitja<a ” T NvZv0}
for some g > 1.

Then, ¢ can be extended as a C° function beyond CH™.

Theorem 3.6 is proved in Proposition 7.2. We can infer Theorems 1 and 5
from Theorems 3.5 and 3.6.

As Theorem 2 is formulated in terms of Cauchy initial data for ¢ on an
asymptotically flat hypersurface ¥ in extremal Kerr, we also need to appeal to
the decay estimates in the exterior of extremal Kerr. In particular, boundedness
of a non-degenerate energy and 7~ !~“-decay of the (degenerate) T-energy for
axisymmetric solutions, with respect to a suitable spacelike foliation >, of
the extremal Kerr exterior, which are proved in Theorems 2 and 3 of [8], are
sufficient to show that (3.1) holds for suitable Cauchy data for ¢, so that
Theorem 2 can be viewed as a corollary of Theorem 1.

Finally, we obtain v-decay estimates for [, sz (Lo)? dpg, which are

needed to show that ¢ can be extended as a C%® (with a < 1) across CH ™
Theorem 3.7. Let ¢ be a solution to (1.1) corresponding to initial data from

Proposition 3.1 without any symmetry assumptions. Let k € Ny and denote

Doy = Oy LIt LI2QI3 dIap||2 L1 [I2 QT3 Ppag|?
k= Z 4 [[0u L7 L72Q ¢HL°@(£@U)+HW L»Q |l ~(t,,)
Jit+iz+2d5+7ia<2k

n Z ||8U@jl+1Qj2¢||i%(ﬂvn) + |‘W¢jl+1Qj2¢H2L°°(ﬁvn)'

J1+2j2<n
Assume that

/ V(L) + 02|V o|? + vV duy < co.
SQ

—oo,v

(i) Let |a| < a. and assume also that

/ v (|y7j1Lj2+1¢|2 + |Y7j1+1Lj2¢|2 + |Y7j1+2Lj2¢|2> .
0<j1+72<4 HtN{v>vo}

Then, we can estimate

/ '04(L¢)2(U,’U,0*,Q0*)dﬂg
S2

<[ oLordu e [ VR T Ay
52 52

—oo,v —o0,v

+ Cv® | Dy + Z /
0<j1+52<4 HEN{v>vo}

xo (|9 L2 4 [V LR 4 (9 L)
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(ii) Restrict to azisymmetric data from Proposition 3.1 and assume that
/ o (|9 L 4 [V L 4 (9L <o
0<jrtja<a ” N vZwol
for e > 0 arbitrarily small. Then, we can estimate

[ v o duy < [ utLe) du
S5 S2 o

+C/ |W¢\2+v2lvz¢|2dug+c10g<vmu|)

0<j1+j2<4

D+ Y / olte (IW“L““¢\2+\W”“ijlz-i-|Y7j1+2Lj2¢\2) )
HN{v>v}

(iii) Either restrict to azisymmetric data in from Proposition 3.1, or let |a| <
a.. Assume that

/ vt Y (LL L) ot Y > (LD LPT¢)* dpy < oo,
S2

-0 j1+a2 J1Hj2 <1 Te{®,82,72,Q}
> / (W 1262 + VL7 L 6) dpy < oo,
J1+7j2<2

/ v (|Wj1Lj2+1¢‘2 + |Wj1+1Lj2¢‘2 + |Wj1+2Lj2¢‘2> < 00
HEN{v>v}

0<j1+j2<8
Then, ¢ can be extended in C*%, for all oo < 1.

Theorem 3.7 follows from Propositions 7.6 and 7.8 and implies Theo-
rems 4 and 7.

4. Energy Estimates for Axisymmetric Solutions

We will first restrict to axisymmetric solutions to (1.1) on extremal Kerr—
Newman spacetimes with 0 < |a| < M. In this section we will always use ¢ to
denote a solution to (1.1), with 0 < |a| < M, corresponding to axisymmetric
initial data from Proposition 3.1.

We will frequently make use of a Gronwall-type lemma.

Lemma 4.1. Let —oc0 < uy; < uz < 00 and —oco < v; < vg < 00. Consider
continuous, non-negative functions f, g : [uy, us] X [v1, v2] — R and continuous,
non-negative functions h : [uy, us] — R and k : [v1,v3] — R. Suppose

flu,v)+g(u,v) < A+ B [/ h(u) f(u' ) du’ + /” k(v )g(u,v")dv'|, (4.1)

1 v1

u

for all u € [uy,us] and v € [v1,vs], where A, B > 0 are constants. Then,

Flu,v) + glu,0) < (1 +77)A65B[f«71 h(u') du'+ [} k(yl)du/}’ (4.2)

for all u E [u1,u2] and v € [v1,vs], where n > 0 can be taken arbitrarily small
and 3 > H")
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Proof. See Sect. 4 of [23]. O

We can use the vector field N, , with p = 2, defined in Sect. 2.5, as a
vector field multiplier to obtain weighted energy estimates.

Proposition 4.2. Fiz p = 2 and let 0 < g < 2. There exists a constant C =
C(a, M, ug,v0,q) > 0 such that for all H, and H,, in Dyy ..,

RGN RO

H

v

/ Peafg- L+ [ o)L
HTN{v>vo} H

Hog

<

—: CE,[¢]. (4.3)

Proof. By applying the divergence theorem from Sect. 2.5 in D, ,,, We can
estimate

AR AR

H,
- R A CR
HTN{v>vo} ﬁ”o
Np.q Np.q Np.q
- /D Knull [¢] + Kangular [¢] + Kmixed' (44)
Qv

By the assumption that ¢ is axisymmetric, we have that Kﬁfx’gd =0.

We first consider Kﬁl’ﬁ" [¢] and apply the estimates of Sects. 2.3—(2.20)
to find that

Q| K [0]] < Cv+ Jul) (0" — [uf”)|Le] | Le).

null
By applying a (weighted) Cauchy—Schwarz inequality, we can further estimate
for n > 0,
v (v + |u) 2Ll |Lp| < Cvl(v + ul) ™ =T "ulP(Le)*
+ Clu| (v + [u]) "0 (L)
<Cv? sup (04 [W/))7T] |ulP(Lg)?

u<u’ <ug

+Clul™ sup (v + [u])*F"] v?(Lo)

vo<v’'<v

< Cv™ T MulP(Le)? + Clul TP (Lo)?,

forn <3 —gq.
Similarly, by reversing the roles of v and v, we obtain

[ul? (v + [ul) Ll | L] < Clul™ "09(Lg)* + CoP 1= ul? (L)

for n < 3 —p.
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We will now estimate Kglzﬁlar by applying the estimates of Sect. 2.3
to (2.21). We obtain

1
Kgtar = = 5 (0070 = plul? ™ 4 40007 ~ [up)] [ V0P

angular 9
+ (07 + [ul?) log(v + [u])O((v + |ul)~2)[V o [*.

Recall from (ii) of Theorem 2.2 that we can expand

(4.5)

2
400w =——" +1 —2),
W=l o8+ DO + fu) %)

Consequently, we can rewrite (4.5) to obtain
q P q b
N 1 v2 +u[? 4 g —1 v2 +ul2 4 p —1 2
K pa —92 q 2 — p
angular 2 |:<q v+\u| v 2) v + ’U+|’u‘ |u| 2 p |u| ‘Wd)‘
+ (v + [ul?) log(v + [u) O((v + |ul) ~2)| V6. (4.6)
First, let 0 < p < 2. Then, the term between square brackets in front of |V ¢|?
will become positive in the region |u| > v, as we approach H™, which means
that Kgéiﬁlar will be negative, and we are not able to control it. We therefore
restrict to p = 2.
If p =2 and ¢ < 2, the term inside the square brackets is negative for
suitably large v, so we can estimate
Np,q

K piguiar = CoTH YO + O((v? + [uf*) (v + [ul) 7 log(v + [u])) [V 6.

If p = 2 and ¢ = 2, a cancellation occurs in the leading-order terms
between square brackets, so we can estimate

Ko = (0 + [uf?) log(v + [ul)O((v + [u])~2)| Vo[>,

If we fix p = 2, we can therefore estimate for all 0 < ¢ < 2,

QK = (07 + |uf*) log(v + [u) O((v + [u]) )22V ¢l

2 _ Ce|u|72+evq92lv¢‘2 _ 06072+5‘u|292‘v¢|2’

with € > 0 arbitrarily small and Ce = Cc(M, ug, v, €) > 0. We will fix 0 < € <
1.

We combine the estimates above for Kljl\fl’l" and K;\fg’fﬂar to obtain, for
0<¢g<2

_ QZ (KN2,(1 +KN2,q>

angular null
< C[ 4 0T L) + (ful T o ] (L)
+ |u‘—2+evqﬂ2‘v¢|2 + v_2+6|u|2Q2|Y7¢\2}.

Finally, we can apply Lemma 4.1 with the choices

_ N3 4 . N2 4 .
A—/HWZUO}J 9 L+/H JN2alg] - L,

e

flu,v) = / VI(L)? + uPQ2 |V P2,

H,
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g(u,v):/ Jul*(Le)* + 010V o,

=

h(u) = Ju 7177 4 w4170 4 Juf 72
k(v) =0 171 g7t T 2Fe

where we use that h and k are integrable for 0 < 7 < min{g,1} and 0 < e < 1,
to arrive at the estimate in the proposition. We therefore need the restriction
qg>0ifp=2. O

We have now proved Theorem 3.2.

5. Energy Estimates in Slowly Rotating Extremal
Kerr-Newman

We now drop the axisymmetry assumptions on solutions to (1.1) on extremal
Kerr—Newman. We do, however, restrict to the subfamily of slowly rotating
extremal Kerr-Newman spacetimes, with 0 < |a| < a.; see Sect. 2.5.

In this section we will always use ¢ to denote a solution to (1.1),
with 0 < |a|] < a., corresponding to initial data from Proposition 3.1
without symmetry assumptions.

Even without an axisymmetry assumption on ¢, we can still obtain energy
estimates with respect to vector fields N, 4 if we restrict to subsets of Dy, v,
with a finite spacetime volume. We introduce the hypersurfaces 7, and g,
with a > 1 and 8 > 1, such that

7 = (0,00, 02) € Dugray © fau, ) = 0},
v8 = {(u,v,0.,0x) € Dyg oy : iﬁ(u, v) = 0}.
We define f,(u,v) as follows:

fa(u,v) =luf =0 |u| > |us],
:ha(uvv)a ‘u| < |u1|7
where |u1| is taken suitably large, such that —g(df ., df,) > C, for |u| > |u1],
with C' > 0 a constant. Moreover, we can choose h,, such that f, is a smooth
function on (—oo,ug] X [vg, 00) and for all (u,v) such that he(u,v) = 0, we
can uniformly bound —g(dhe, dhy)(u,v) > C.
We define f B(u, v) as follows:

iﬁ(u,v) =v— \u|5, v > vy,
:ﬁﬂ<u7v)a v S’Uh

where v; is taken suitably large, such that —g(diﬁ,diﬁ) > C, for v > vy,
with €' > 0 a constant. Moreover, we can choose hg such that f P is a smooth

function on (—o0, ug] X [vg, 00) and for all (u, v) such that hg(u,v) = 0, we can
uniformly bound —g(dhg, dhg)(u,v) > C.
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FI1GURE 3. The subsets A, A and B of D, ,,

Consequently, 7, and g are spacelike hypersurfaces. Denote
A= J_(la) n DUOﬂJov
A= J+(7ﬁ) N ,Duoyvov
B:= J+(1a) NJ™(v8) N Dy vp-

See Fig. 3. It is easy to verify that the spacetime volumes of A and A are
finite, if we take « > 1 and 3 > 1.

5.1. Energy Estimates in AA

We first consider energy estimates with respect to IV, 4. Since ¢ is no longer
assumed to be axisymmetric, Kmixed[¢] does not necessarily vanish. To deal
with a non-vanishing Kpixed[¢], we first consider the regions A and A of finite
spacetime volume.

Proposition 5.1. (i) Letp=2 and 0 < ¢ < 2. Fiz o > 1. Then, there exists
a constant C' = C(a, M, ug, vo, q, @) > 0 such that

N2 4 . N3 q . Np.q .
/Hm‘] 9] “/HNJ 0] L*/ﬁ 6],

/ TN2a (] s+ / JN2alg] L] .
H >0} H, A {lul> ]y, (00}
(5.1)

(ii) Let p=2and 0 < ¢ <2, orlet 0 <p<2and0< g < 2. Fiz 3> 1.
Then, there exists a constant C' = C(a, M, ug,vo,p,q,3) > 0 such that

[ gL [ el L
H,NA H,NA

[ eetel Pealg] L)

H oy " {Jul< | (v0)}

<C

<C (5.2)
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Proof. We first apply the divergence theorem in region A, to obtain

[ sene [ gL
H,NA H,NA

-/ gL+ [ J¥alg) - L
HAA{v>ve} H, n{lul>|uy_ [(vo)}
/ Knull angular [(b] + Kmlxed [(b] (53)

We can estimate Knu’h“ [¢] and K anpg;lar [¢] in exactly the same way as in Propo-

sition 4.2. We are left with estimating Kmf’xgd [¢]. If we apply the estimates in
Sect. 2.3 to (2.22), we can estimate,

DRz [0]] < Cv+ [ul) "2 (07 Lg ][0y, 6| + [ul|Lo| |0y, 8])-
By applying Cauchy—Schwarz, we can further estimate, for n > 0,
(v + |u) 20| Lg|[ Dy, 9|
< Clu| 7 M (Lg)? + C(v + [ul) 20 |ul 7P u[PQ? V6|
< Clu| Y"1 (Lg)? 4 Clu|« 1P~ Hu|PQ? |V o2,

where we used that v < Clu|# in J~ (7,,); for some constant C' > 0.
Similarly, we apply Cauchy—Schwarz to estimate

(v + |ul) "?[ul?| Lg||D,. |
< Com N ulP (Lg)? + C(v + [u) 20 |u|P Q2| Y o2
< Co™ MNulP(Lg)? + Clu| =" 2 uPQ?|Y 6|,

Combined with the estimates from Proposition 4.2 for K,(mgular and
Kﬁﬂl we can apply Lemma 4.1 with
A=/ eafgl Lt [ 1%l L
HTN{v>vo} ﬂ”o
flu,v) = / vI(Lg)? + [ul*Q*| VoI,
H,NA
sy = [ WP P
H, NA
A(w) =l =77 4l T8 o [ T fuf EE ],
kE(v) =v 177 40171 Ly =2t
where we use that h and k are integrable for 0 < n < min{¢,1,2 — £, o — 1}

and 0 < € < 1. Since we assumed that a > 1, we obtain the estimate in (1).
Consider now the region A. The estimates above can be repeated here,

where the roles of |u| and v are replaced when estimating Kml”xgd'



4040 D. Gajic Ann. Henri Poincaré

DK [0)] < ot ufP(Lg)?
+Cu| " (L) + C(uB T 4y 5 2102 | Yo 2.

Furthermore, we can actually improve the estimate for K ggﬁlar from Proposi-
tion 4.2 when restricted to A, by including the cases 0 < p < 2, with 0 < ¢ < 2.
This improvement will in fact be necessary to prove Proposition 5.3.

Indeed, we can estimate

—KNva -t —2)v ul) a7t —p)lu| — pv) |u|P "t 2
Ko = 5y [0 = 20+ alu) v~ 4 (@ = D)l = po) [ ] ¥
+O((v7 + [ul?) (v + [u]) "*log(v + |u]))| V|

S C+ [ul)THulP Vo + O((v7 + [ul?) (v + [u]) ~* log(v + [ul))[V¢|,

where in the second inequality we used that (¢ —2)v+qlu| < 0in A if v+ |u| is
suitably large and ¢ < 2, which follows from the inequality |u| < %U, which
holds in A if v + |u] is suitably large and 8 > 1.

We can now apply Lemma 4.1 with

A= T¥ealg) L [Tl L

H*ﬂ{vZ’Uo} ﬂvo N

Jlwe = /H nA vI(Lg)* + [ul" Q% VoI,

gl v) = /H Lo + R

hu) = ul 777 4 Ju TP Juf T

14n
52

—1— —g— — p —1—
E(v) =077 P Tnma=3 = 2he 4 gyptnTlna 4y,

where h and k are integrable for 0 < n < min{g+2—p,p+2—¢,2— %75, 1},
0 < € < 1. For consistency, we therefore require § > 1, p < ¢+2 and ¢ < p+2.
In particular, if p = 2, we need ¢ > 0 and if ¢ = 2, we need p > 0. g

5.2. Energy Estimates in B

We are left with proving a suitable energy estimate in the region B. In Kerr—
Newman spacetimes with 0 < |a| < a., we can obtain an energy estimate away
from H* with respect to the vector field Y),, defined by

Yy = [ul"H,

if we restrict to a region {v > v;}, where vy is taken suitably large, such that
M — r is sufficiently small, so as to ensure that Y, is a causal vector field
everywhere in BN {v > v }; see the discussion in Sect. 2.4.

Proposition 5.2. Let 0 < p < 2 and let v1 > vy be suitably large. Then, there
exists a constant C = C(a, M, ug,vo,v1,p) > 0 such that
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/ )L+ [ Pl [ e,
H,NBN{v>v1} H, nBN{v>v1} ygN{v>v1}

+ / K™[¢] <C
Bn{v>v,}

/ (@] - e
v, Mv>vi}

+/H I (gl L|.

H, n{lul<usy, (1)}

(5.4)

Proof. We consider the region BN {v > v;}, where v; can be chosen suitably
large, such that H is causal for |a| < a. everywhere in BU {v > v1}. See
Sect. 2.4.

We use that H is a Killing vector field to easily obtain an expression for
KYr,
K [¢] = g*"V5(Ja7) = g*V (Jul?) T3 [6] + [ul? K [¢)]
2O E 1 (g 12 0
where non-negativity in the case that ¢ is not axisymmetric requires that H
is causal.
Moreover, there exists a constant C' > 0 such that we can estimate

JG] - L= (L¢)? + QP|Vo|> — 0% LoD, ¢
> O [(Le)? + 92Vl

If we apply the divergence theorem in the region BN {v > v}, the bulk term
is therefore of a good sign. O

We can now obtain energy estimates in the entire region D, , by com-
bining the results from Propositions 5.1 and 5.2.

Proposition 5.3. Let 0 < p < 2 and 0 < ¢ < 2. Then, there exist « = a(p, q) >
1 and 8= B(p,q) > 1, such that for all H, and H, in Dy, v, ,

JNp,q - L JNp,q . L
R AR’

H,

<C [ / JNzase (6] - L + / JN2aoe ] ~L1 =: OBgap[4];
HN{v>vo} H,

with 0 < gBa <2 and C' = C(a, M, ugp,vo,p,q,c,3) > 0.

Proof. We first restrict to the region {v > v;}. Note that

/ sealg) L TNealg] - L
H,NBN{v>v1} H, nBN{v>v1}

/ IV [¢] - L+/ JY (6] L
H,nBN{v>v1} H, nBN{v>v1}

<C

)

for p’ > p and p’ > qf.
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Furthermore,

/ P L+ [ 7L
H,NBN{v>v1} H, nBN{v>v1}

=¢ V Peig-r+ [ o] L.
H,NBN{v>v1} H, nBN{v>v1}

for ¢ > p'a.
Combining Propositions 5.1 and 5.2 we can therefore estimate

/ sefg)- L+ [ Foalo] L
H,NAN{v>v1} H, NAN{v>v,}

< C/ JNP’q[d)] Moy +/ JNp,q[QS] - L
ypN{v=v1} H, N{|ul<|uyg (v1)[}

C/ JYp/ [(b] . n’Yﬂ + C JNp,Q[¢] . L
ypn{v=v1} H, "{|u<|uyg (v1)]}

C [/ JYp/ [¢] Ty +/ JYp/ [¢] - L
5 Ao} T JH, A {luy, )<l < uy (o))}

IN

IN

+/H JNealg] - L,

H,, 0 {Jul<[uy; (01)]}

where weneed 6 >1,0<p<2and0<¢g<2,or0<p<2and0<qg<2.
Moreover, we need

P =p,
p > qp.
Similarly, we can estimate

/ soalg) L+ Foalg] L
H,nBN{v>v,} H, nBN{v>v:}

<c[/ Y [9] - ny +/ JYP'[¢]-L1,
v, Moo} o H, n{luqyg (v1)|Slul<luy  (v1)]}

—=v1

where p’ > p and p’ > ¢f.
Now we apply Proposition 5.1 in the region A to estimate

/ T 9] -y
v, {v=v1}

/ TNz [g] -L+/ T2 g] ~L] ,
HN{v>v1} ﬂvlﬂ{\ulzlula (v1)l}

where we need a > 1, and we require
P <2,
p’a < q// <9

<C
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If we combine the restrictions on p, q,p’,q" and ¢, we obtain
2

o’
2

apf’

We now consider the region {vg < v < v1}. Since the region BN{v < vy}
is compact, we do not need to appeal to the estimates with respect to the
vector fields Y, from Proposition 5.2. Instead, we use the vector fields N, 4,
as in Proposition 5.1, making use of the compactness of BN{v < v} to, in

p<

IN

I/\
Q\ﬁ =

particular, estimate the previously problematic Kmlpxg ql@] error term.
We arrive at the estimate:

/ seafe)- L+ [ Foalg] L
H,Nn{v<v} H, Nn{v<v;}

<C JNea[gp)] - L+C/ JNea[g] - L,
HEN{v<vy} H,,
for any 0 < p,q < 2.
The estimate in the proposition now follows by adding the estimates in

{v>wv} and {v < vy} together. O

Remark 5.1. For ¢ > 0 arbitrarily small we can always choose o and [ in
Proposition 5.3 suitably close to 1, so that we can take p =2—¢c and ¢ = 2 —e.

We have now proved Theorem 3.3.

6. Higher-Order Energy Estimates

In order to obtain L> bounds from the L? bounds derived in Sects. 4 and 5,
we need to derive similar L? bounds for higher-order derivatives of ¢. In this
section we will use ¢ to denote a solution to (1.1) corresponding to initial
data from Proposition 3.1. We will always specify whether we are assuming ¢
arises from axisymmetric data in Proposition 3.1, or the rotation parameter a
is restricted to the range 0 < |a| < a,.

6.1. Elliptic Estimates on S7?

In this section we will show that the angular derivatives on the Eddington—
Finkelstein-type spheres S2 » can be controlled by derivatives with respect to
the Killing vector field ®, the null-directed vector fields L and L and the Carter
operator (Q; see Sect. 2.4.

Note that norms of the angular derivatives of functions on
Boyer—Lindquist spheres of constant ¢ and r with respect to the corresponding
induced spherical metric can easily been seen to be comparable to analogous
norms with the induced metric on the Boyer—Lindquist spheres replaced by the
metric on the unit round sphere. This follows from the fact that r is bounded
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away from zero and infinity in the region of interest in the black hole inte-
rior. Similarly, the induced volume form on the Boyer—Lindquist spheres is
comparable to the natural volume form on the unit round sphere.

As a preliminary step to considering norms on Eddington—Finkelstein-
type spheres Sﬁ’v, we will need that L? norms of angular derivatives of any
function f restricted to the Boyer—Lindquist spheres with respect to the unit
round sphere can be controlled solely by L? norms of T(f), ®(f) and Q(f).
Therefore, the L? norms with respect to the actual induced metric on the
Boyer—Lindquist spheres can also be controlled similarly. The lemma below

can be found in [8].

Lemma 6.1. Given a function f : MNDy, », — R, there exists a C = C(a) > 0
such that

AQ |VS2f|2(ta7’79a§0) + |V§2f|2(t,7‘,9,4p) d,uS2

<C [ (QIF+ @2+ (T2 dyse, (61)
S2
where Vg2 denotes the covariant derivative on S? and dus: = sin dfde.

Proof. By decomposing f into spherical harmonics f; on S?, one can show that

2 _ — 2 p2 5 — S k 2 5
/Sz(Aszf) dps> = ;/Sz(f(“'l)) fi dps 2/32 > (0Ff)*dus

1<[k|<2

S /S2(Okf)2dus22 /S2|V82f|2+|V§2f|2dMs2,

1<[k|<2

where Ag> denotes the Laplacian on S? and OF denotes the operators of the
form 0{10%2 O§3 with 71 + jo + j3 = k, with O; angular momentum operators;
see for example Sect. 2.1 of [23] for explicit expressions of O;.

The estimate (6.1) follows by using the definition of @ to rewrite the
left-hand side above and applying Cauchy—Schwarz. O

We would similarly like to control the angular derivatives in the coor-
dinates (0., .) by using the operators ,T and ® that commute with O,.
However, since the tangent spaces to the Boyer—Lindquist spheres and the
spheres Sﬁﬁv are not spanned by the same tangent vectors, we need to include
L and L derivatives in our estimate.

For the sake of convenience, we change from the chart (6., ¢.) on the
2-spheres Sz’v to the chart (0., ¢), because the induced metric on Sz’v then
becomes diagonal:

§ = f23(95, F)?R™2d6? + R?sin” 0dy”.

Proposition 6.2. Given a suitably regular function f : M N Dy, ., — R, there
exists a C' = C(M,a,ug,vg) > 0 such that

/2 IV fI2+ [V f[2 /det gdb.de.

u,v
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oy Y [ LR+ g+ (2

k=0Te{id,®,82,72,Q} * v
+ (L2)? + (LLf)? + (07°)?[(Q2f)? + (T?® f)?
+ (9% f)?] |/ det gdb.de., (6.2)

for all lu| > |ug| and v > vy.
Let v1 > vy and |u1| > ug be suitably large. Then, we can estimate

/ V212 1 /det gdb.de.
S2

u,

<c / (QF)? + (®2F)% + (T2F)2 + (L2f)? + (L*f)?

LLf) + (LI + (L) + [YLF? + IYLfP? + |V f? |/ det gdb.de.,
(6.3)

if either |u| > |uy| or v > vy, where C' = C(M, a,ug, vo, u1,v1) > 0.
Proof. By Theorem 2.1 there exist uniform constants C, ¢ > 0 such that
csinf < detg < (C'sin#,

where det ¢ is the determinant with respect to the coordinate basis correspond-

ing to the chart (s, y.), which is equal to the determinant of the matrix of ¢

with respect to the coordinate basis corresponding to the chart (6., ¢).
Consider the first-order angular derivatives. We can write

VII2 = g% (06. )" + §°9(0,f)% < C [(0p. f)? +sin ™2 00, f)?] -
By the chain rule, we have that

Opf = (090:)0. f + 5 (897“*)(8vf —Ouf)

= (000:)00. f + 5 (607“*)(Lf — 0% 0,.f—Lf).
By applying (2.10) and (2.12), we ﬁnd that
(09, f)* < C [(9pf)* +sin® O(Lf)? + sin® O(Lf)* + sin® 0(b2*)?(f)?] . (6.4)
We can now conclude the following:
Y f|> < C [|Vs2 f|* + sin® (L f)? + sin® O(Lf)?] . (6.5)
Now consider the second-order angular derivatives. We can estimate
Y2 = 97§D (Va0 ))(Vsp )
= (¢#9)2O%1)" + (¢ )05, F)* + 9" 979 (00. 0, f)?
+ 9474 P (¥ 400) " (Y 500) 'V fVr !,
< C [sin ™ 0(82 1) + (95, f)* +sin™2 0(9p, 0, f )]
+ g7 9P (Y 400)" (Y 50p) Y fY .
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By applying the chain rule we find that
05 f = 05000 f + (060.) [00.05_f + Dor (Do, Lf — Do, (b5*®f) — 0. Lf)]
+ i(agr*)Q((L — b7 ®)2f —2(L —b?*®)Lf + L*f)
1
+ 5057 (Lf = %05, f = Lf). (6.6)

Consequently, by applying the estimates from Theorem 2.1, we obtain
(95, 1)* < (96, )% + (95.1)" + sin” 0(Dp.. (Lf))* + sin” (Do, (b7 2 1)) + sin® 0(p.. (L))
+ (L + (L +sin* 0(L%)? + sin? (LLS)? + sin? 0(L>f)? + sin® (b°*)* (LD f)*?
+sin® 0(b7*)? (LOf)” +sin’ 0(67*)* (LD S)* + (67) (@7 )* + (@f)°, (6.7)
where we used, moreover, that the vector field ® commutes with all the vector
fields L, L, 0y, ,0p and with b¥=.
We can further estimate
(Do (b7 @ [))? < (b77)*(®Dy, f)? + (99.b7*)*(®f)*
< C[(0p2f)* + (LOS) + (LES)* + (2°1)7]
< C QRS+ (T°@f)* + (LOf)* + (LOS)* + () + (22 f)* + (2°f)°] .

(6.8)
We now turn to (¥ 40¢)¥. The only non-vanishing components are given
by:
1
|(Vo.86.)" | = 590*0*39*99*9* <C,
1 .
}(Wwaw)e* = 599*9*69*9%0 < Csin#,
1 :
}(W9*8¢>¢‘ = igwwaG*gww < Csind,

where we used the estimates from Theorem 2.1 to arrive at the inequalities on
the right-hand sides.
We can now estimate, by applying (6.4),

g PGP (Y 400) (Y 500) Y iV i f
= (¢%%)? (V0.06.)%)2(00. ) + 24°% 472 (V0.0,)?)%(D, £ )?
+ (¢99)2 (Y p04)"* ) (09, f)?
< Csin™20(0p, f)* + Csin *0(0, f)?
< CYAP 5P (V) a00)(Vs2) 5Op) O fOp f
+ C(Lf)* + C(Lf)* + C(09 )2 (D f)*. (6.9)

By combining (6.7), the first inequality in (6.8), and (6.9) and making
use of the smallness of |b¥*| for suitably large v; and |u;|, we obtain (6.3). We
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can also estimate

| I9IR 9 faergas.a

u,v

ey Y / (L)) + (LFDF) + (L))

k=0Te{id,®,&2,T2}

+(L2f)? + (LLf)* + (<I>2f) +(697)?[(Qef)? + (T2 f)°

+ (9% 1)*] + (QF)? + sin® 0(QL )
+sin® 0(QL[)? |/ det gdb.de,.

We have now obtained the estimate (6.2).
We can easily commute L and L with I" above.

4047

O

Remark 6.1. Observe that there is a loss of derivatives on the right-hand side
of (6.2), but no loss of derivatives on the right-hand side of (6.3). Since (6.2)
will be used to obtain L estimates from energy estimates, this (additional)
loss of derivatives will be present in the pointwise estimates of Sect. 7. See also
Remark 6.2 about the loss of derivatives in the energy estimates themselves.

6.2. Commutator Estimates

We can use the elliptic estimates in Proposition 6.2 to control angular error
terms that arise from commuting [y with L and L. We first derive a general
expression for the commutator [y, W™ V"], where V and W are vector fields.

Lemma 6.3. Let V and W be vector fields and n > 1, then
2Q2Dg(WmV"¢)

= W™V, LILg + L(W™V™, Lj¢) + [W™V™, L|L¢ + L(W™ V™", L|¢)

n

=1k

DY

1
n

=1k

m n m n . .
-9 Z <l) (k)lek(gABaAQQ)W lV kaB¢

=1 k=1
— 240, (W™V™, 0B

-y i Xn: <”;) (Z) WERQHW™m YR Ap — 202 WV, Al

iZ( >< )Wle(Qtrx)Wm Wk Le 4 Qtrx[WTVT L

( >< )Wle(Qtrx)Wm Wn=kLp + Qtr x[W™V™, L)
=1

Proof. Use the expression for the wave Eq. (B.2) in “Appendix B”, together

with
WV (20°0,¢) = 0.

O
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Proposition 6.4. Fither restrict to |a| < a. and let 0 < p <2 and 0 < ¢ < 2,
or restrict to azisymmetric ¢, with p = 2 and 0 < q < 2. Then, there exist

a = a(p,q) > 1 and B = B(p,q) > 1, such that for uy suitably large and
|U| > |u1|7

JNp,q[Ld,} L+ JNp,q[L(z)] L+ / ]Np'q[Ltb] L+ JNP=‘1[L¢] L

u

/Euﬁ{luIZ\m\}

<C

J JN2asa [Lg] - L+ JVeasa[Lg] - L
H o O] 2 s

- / JN2.ase [Lg) - L+ JN2ase L] - L
JHAN{v>v0}

+C Z |:/ JN2,qﬁa [F¢] L_j’_/ JNQYQﬁfX [F¢] L
re{id,»2,Q} L/ HogM{lul=lu1l} HEN{v>vo}

+c / vTEHTe)?,
re{ez,g}’ Hrn{vzvo}

where 0 < gBa < 2, € > 0 can be taken arbitrarily small and
C= C(G,M,UO,UO,Ul,Ul,%Q;Oéaﬂ,ﬁ) > 0.

For axisymmetric ¢, we can replace Ny 4o on the right-hand side by No 4.
Moreover, for vy > vg suitably large and v > vy,

/ JNP'Q[L(M .L_|_JNp,q[L¢,] 'L—F/ JNp,q[L¢] L+ JNp,q[L¢] . L
H

H,n{v>v1}

v

<C

/ JNz,qsa[L(b] . L+ JN2asa [L#]- L
H

Loy

[ i) L ML) L
HEN{v>v1}

+C ) [/ JNZ*‘I"”[F¢}-L+/ JNQ"‘B“[FQ/)]'L]
refid,»2,Q} L7Z HAA{v>v1}

=wvq

e v Te),
re{®2,Q} HEN{v>v1}

where 0 < qBa < 2, € > 0 can be taken arbitrarily small and
C = C(a7M?“O?”Ovulvvlapvq;aaﬁae) > O
For axisymmetric ¢, we can replace Ny 4pq on the right-hand side by No 4.

Proof. For any vector field V', we have that

ENa Vo] = Npo(9)0g(Ve) = (lul LV ¢ + vILV §) 0y (V).
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We can commute [y with L and L and apply Lemma 6.3 to obtain
20°0y(L¢) = L([L, L]¢) + [L, L]L¢ + L(Qtr x)Lé + Qtr x[L, L]$
+ L(Qtr ) Lo — 2L("P049%)0p¢ — 2L(0°) K¢
—20°[L, A]¢
and
20°0y(Lg) = L(L, L]¢) + [L, LIL¢ + L(Qtr ) Lo + Qtrx[L, L]¢
+ L(Qtrx) Lo — 2L(¢g*P0402)0p¢ — 2L(Q%) A¢
— 202(L, A]¢ — 29*P04Q?([L, 0p)¢.

Moreover, we have that

[A,Llp=—-L (dletg> da (gAB detg83¢) - ﬁm (L (gAB, /detg) 8B¢> ,

(A, Llg=—L (\/dleit» 9 (977 /det gos o) - ———0a (L (977 /et g) 029)

—— L 1,04 (gAB detg83¢> — §*Baa((L,05]9).

/det ¢

By applying the estimates from Sect. 2.3, we obtain
20°0y(Lo)| S (v + [ul) *|L(0p. ¢)| + (v + [ul) > (L] + |L])
+ (v [u) Y]+ (0 + ful) V0.

L

and
20°0,(Lo)| S (v + [ul) "*|L(9p. ¢)| + (v + |ul)>(|Lo| + |Lo])

+ ()Yl + (0 + [ul) 2|V
Consequently, we can apply Cauchy—Schwarz to obtain
20| 0[Lg]| S v 7 ful (LLY)? + [uf " (LLg)*
+ @ af? 4 [T [ (0 + Jul) L (D, 6)
+ v+ Ju) (Lo P + Lo P)
(0 ful) VS + (0 + [ul) 09 6P

and
20°|ENPa[Lg]| S v T ulP(LLG)? + |u| ' "0 (LLe)?

Ml + a0 [0+ ful) L0, )
+ (v + [ul) (LI + |LoP)
(04 )L + (v + ful) 0P P2

We obtain similar estimates for 202|EY7[L¢]| and 202%|EY»[L¢]|, where we
replace the weight v? by |u|P.
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Using (6.3) of Proposition 6.2, we can further estimate

ot [0 dug < Clot ul)*

g (Q9)* + (2%9)* + (T%¢) + (L*¢)* + (L?¢)*

u,v

+ (LL$)? + (L)* + (L§)* + |V Lo|* + |YLo* + [YVo|* dpg.  (6.10)

The T?¢ term can be absorbed into the remaining terms on the right-hand
side of the above inequality. The energy estimates of Propositions 4.2 and 5.3
apply also to Q¢ and ®2¢, so we can estimate, by applying the fundamental
theorem of calculus together with Cauchy—Schwarz in the region {|u| > |uq|}:

[, @oran < [ @oPaug sl s Jul?’ (LTg)?

vo<v/<w /E;ﬁ{lulzml\}

U, —oo,v

< Ol / JN2n (D] L+ IV (T L
H, N{|lu[>]uy]} HTN{v>vo}

Log

2
+/52 (Tp)~ duy,

—oo,v

where I' € {®2, Q} and we can take p’ = 2 if ¢ is axisymmetric and p’ =2 —1,
with n > 0 arbitrarily small, if ¢ is not axisymmetric.

We similarly apply the fundamental theorem of calculus together with
Cauchy—Schwarz to obtain:

v <v'<v

[ moran < [ @oPam el s [ @rop
: i,

—o0,v

2
<[, oray

—oo,v

+ Clult [/ JN2n(Dg) 'L+/ JN2”’[F¢]'L1 ,
H HEN{v>v1}

v1

Therefore, we can estimate in {|u| > |u1|},
oo U1
[ @t o s ) [ (06 duydudo
Vg —o00 Sﬁ,v
< C/ U—4+7]+max{p,q}/ (F¢>2 dugdv
vo 52 ow
o0 U1l
—|—C’/ / (v?u|™ + |u|P~ M) (v 4 u]) 78 dudo
Vo — 00

x / JN2(0g) -L+/ JN2a Do) - L
H 0 {lul 2 |} H+O{o>00}
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<C v74+n+maX{p,q}(p¢)2
HTN{v>vo}

/ TV 0] - L+ / JN2n L) - L
H, N{lu[>|u1 [} H+N{v>vo}

Similarly, we can estimate in {v > v}

/ / (017 + [ufPu ) (o + ful) / (o) dpyuce

+C

4 ntmax{p,q} (ng)
N HEN{v>v1}
vel[ oL [ JVen(rg] - L
H, HEN{v>v1}

The remaining terms on the right-hand side of (6.10) can be estimated
by energy fluxes through H, and H,, multiplied by integrable functions h(u)
or k(v). We can apply Lemma 4.1 in the regions A and B, with |u| > |u;| or
v > v;. Furthermore, we can estimate in a similar way the terms in £Y7[L¢]
and £Yr[L¢] in the region B, with |u| > |ui| or v > v;.

We combine in the |a| < a. case, as in Proposition 5.3, the estimates with
respect to the multipliers N, , and Y),. O

We can easily commute O, with L, L and 0y, in the region {|u| <
|ui], v < v1}. As |u] and v are both finite in this region, we do not need
to keep track of the behaviour in v + |u| of the error terms.

Proposition 6.5. Let 0 < p,q < 2 and v1 > vy, u1 < ug. Then, there exists a
C =C(a,M,p,q,ug,vg,ur,vy) >0 such that for all k € N,

> T LA L) L
H, O {|u|<|u1}

0<ji+jo+js+ja<k ™ ==

+/ JNp,q[leszagypﬂgb] L
H,n{v<v1} *

<C Z JNp,q[Lthzagiq)hqﬂ L
0< 1 +jatgs+ja<h 7 Hoy Mlul<]ur]}

+/ JNp,q[leszazs»q)Md)] . L
Hulﬂ{v<'u1} "

Proof. 1t easily follows that

Z |END.a [leLj"'@éi )| + | K Nea [LJIL”&‘Z? ol g)|
0<ji+je+is+tjask
g Z JNp.a [LjIszazi (I>j4¢] L
0<j1+je+is+ja<k

+ JNP=Q[Lj1Lj265i¢)j4¢] L
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as the energy fluxes together control all derivatives, since |u| and v are
bounded. We can therefore directly apply Lemma 4.1 in {|u] < |uz|, v < v1}
to obtain the estimate in the proposition. O

We also commute with higher-order derivatives along null vector fields in
the region {v > vy} U{|u| > |uq|}. In this case, we do need to keep track of the
behaviour in v + |u| of the error terms arising from commuting with L and L.

Lemma 6.6. Letn € Ny. Then, there exists a constant C = C(a, M, vy, ug,n) >
0, such that

> 20°0,(L L) < Clo+u) ™ >[I L0

Jitj2=n Jit+j2<n
+O@H[u)™ Y VL LRG|+ VL L)
Jjitj2<n—1
+C+u)™ > LR ). (6.11)

Jitje+iz<n—1
Proof. By Lemma 6.3, we have that
2QQD9(Lj1Lj2¢)

— [Lj1Lj2 L]L¢+ L([Lj‘sz,LM)) + [leLjZ’L]L¢+ L([lesz,L](b)

J2

i ( )( SV LLH Q) LT L L + QL9 L7, L]
i JZ <j1>(]1:)L LF(Qtrx) L7 'L Lo+ Qtr x[L7* L7?, L] ¢
i Z ( >< )L LF(g*B0aQ?) L~ L2~ 0p¢ — 2§ P94Q* L7 L72, 0p]¢
JZ Z (.71)(]2)[, Lk(QQ)Lm Lpda— kA(b QQQ[Lth A]Qﬁ

We have that
[L,L] = L(b¥*)®.
It follows that

J2
> LML LI(LY )

k=1

(L7 L7, L)(f)

J2
- _ Z lesz_k(L(b‘a*)Lk_léf),
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(L7 L7, L)(f) = JZlel_k[L,L](L’“‘lyzf)
k=1

= ZLJI ML) LFTILR e f).
By making use of the estimates for J;' b¥+ from Theorem 2.1, it follows
that

> L L, L)L + L([L7 L7, L)¢) + [L7 L7?, L]L¢ + L([L7 L’?, L]¢)|
Jjitj2=n

SC+[u)™ Y ILPLROg+Cutu)™® Y0 [LLReR g

Jit+iz<n Jitiatiz<n-—1

Furthermore, we have that

(L, 00.] = =096 Dy,

so we obtain:
. . jl . .
(LI L720p.](f) = E [k (‘I’bgp*ag*Lkithf) )

We once again make use of the estimates for 9" dy, b¥* from Theorem 2.1
to estimate

Yo LML 0508l < Clo+[u)™h D [LLRdgf

Jjitj2=n J1tj2<n—1

Recall from Proposition 6.4 that

.030 = oY on (377 faergons) - L on (1 (3% g) ).

A Llg=—L (\/dleTg> da (§7 \Jdet g0 0) @aA (£ (97 \Jaetg) 089)
\/%Tg[L,aA] (447 fact 405 6) — ¢*P0A((L, D5]0).

3

We can therefore estimate

[lesz ZleLn k ](Lk 1 _|_ Zle k L A](Lk 1LJ1f)
k=1
Hence, we obtain by using the estimates for 9% Jan from Theorem 2.1,
PORNIFAD AN TTESCRA M DR 270 AT R 2 AR
Jitje=n Ji+j2<n—1

We can easily estimate the remaining terms in 2020, (L7 L2 ®), applying
the estimates from Sect. 2.3, to conclude that (6.11) must hold. O
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Proposition 6.7. Let k € Ny. Either restrict to |a| < a. and let 0 < p < 2 and
0 < q < 2, or restrict to axzisymmetric ¢, with p = 2 and 0 < q¢ < 2. Then,

there exist « = a(p,q) > 1 and = B(p,q) > 1, such that for uy suitably large,
ul > Ju:

/ JNp,q[leszqﬂ 'L‘i‘/ JNW,[LJALJ'Z(M . L
H,n{ul>]u. |} H

u

Jit+i2=2k+1
<C Z JNoase [LIV [I2QIs@lagp) - L
J1+ia+2ds+ia<2k+1" Hug
+/ JN2asa [LI1 [I2QIsiag) - L
HF -
+C Z / JN2 qBa [Q]1¢J2+1¢} L+/ JNZ_q[icx [le(l)j2+1¢} L

21 +ja<2k+1 7 Hog

ro Y / TN2a00 [QI1 1 2 g] -L+/ TNz [QI B2 - L

25,44, <2k “ Hop HE
vo Y [ eEre@neie,
Ji+2j2<2k427H*

and

/ JNI,,Q[LﬁLJ’z(ﬂ L+ / JNW,[LJALJ'Z(M . L
Jitj.=2k" H,Nn{|u|>]u1l} JH,

<C Z JNz2.4pa [leszst q>j4¢] L
Jiti2+27i3+7a<2k *10
+ / JNZ.qﬁ(x [le Iz Qja Pa ¢] . L
H+ o

+C Z / JN2.080 [Qj1¢j2+1¢] L+/ JN24pa [Qj1¢j2+1¢} L
251 +52 <2k 7 g "

+C / p—2te ‘I)“Q”(ﬁ)Q
HH

31+232<2k+1

where 0 < gBa < 2, € > 0 can be taken arbitrarily small and
C= C(kaa/aM7 anUOaulavlap7Qaa7ﬁﬂ 6) >0

For axisymmetric ¢, we can replace N 4o on the right-hand side by N 4.
Moreover, for vy > vy suitably large and v > vy,

/ JNP q L]lLJ2¢] L +/ JNp,q[Lj1Lj2¢] L
J14ja= 2]{)+1 Huﬂ{’u>’01}

<C Z / JN2,4pa [le 72 Qaa Pla ¢]

J1tj2+253+54<2k+1 i,

+/ JNz,qﬁa [leLj2Qj3<I>j4¢] . L
HEN{v>v1} B

+C Z JN2,4pa [Qh q,j2+1¢] L
2j1+ja<2k+17 Hoy
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Jr/ JNz,qﬁa [leq)j2+1¢} L
HEN{v>v1}

+C Z JN2.a8a [leJrl PJ2 ¢] L

2j1+j2 <2k Hoy

Jr/ JNz,q;aa [leq)quﬂ . L
HtN{v>v1}

DY /H vTI(@R Q)

J142ja <2kt HTO{v201}
and
/ JNp,q[LJiLJéqs] 'L+/ JNp,q[Lj1Lj2¢] L
J1+ja=2k Vo H,n{v>v1}
o Y[ e

J1+ia+2is+7a<2k Y oy

+/ JN2,qﬁa [leszQj3<I)j4¢] . L
HN{v>v1}

+C Z / JN2.asa [le <I)j2+1¢] L
H

2j1+72<2k ¥ Fv1

+/ JN2.48a [th)jzjtl(ﬂ L
HtN{v>vi}

+C Y /H v (@1 Q2 9)?,

J1+252<2k+1 tn{vzoi}
where 0 < qgBa < 2, € > 0 can be taken arbitrarily small and
C= C(kva‘7Ma anUOaulaUI;p7Qaaaﬂ7e) >0

4055

For axisymmetric ¢, we can replace Ny 4o on the right-hand side by No 4.

Proof. We have that

Z QQQngq LI L qu,) Z N, LJl 32¢)2QQ (leLjQQS).

Jit+jz=n Jitjz=n
From (6.11) it follows that

> 202ENea LI L2 )| < C (|ulP|LL7 L7 ¢| + v | LL L7 ¢))

Jitje=n
(vt [u)™® 37 | L D)
Jitj2<n
)™ Y YL+ YL L)

Jitja<n—1

F+u)® > LR

J1tjetis<n—1
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We apply Cauchy—Schwarz to further estimate
S 202N (L3t L g
Jjitj2=n
<C Z —1=0 |y P (LL L2 ¢)? + [u| =1~ "0?(LLI L7 )2

Jitj2<n

+C (0 uf? 4 [ul Tl | (o ul) Tt Y L LB

Jitjes<n
T Y FIALEGE + VL L6

Jitj2<n—1

++u)C > LRGP
Jitje+jz<n—1

We can apply (6.3) to obtain

> Y2 L7 L7 6 dpg
itjas<n—1" %%
<C Y (QLIL#¢) + (TPL)' L?¢)* + (L) L 9°¢)°
Stv ji+jz<n—1
+ > (WL 4+ Y VL L6 dpy.
Jjitj2<n+1 Jjitj2<n
We can further estimate
Y. QUL = Y (LML7Q9)P +((Q.L"L)9)
Jitj2<n—1 Jjitj2<n—1
We have that

@ LA LH() = S QL ) + 3D QL LR ).

k=1 k=1
Furthermore,
Q. LI(f) = [As2, LI(f) + a® L(sin® )T f
= [sin6~ 1ag(smoag) L|f — L(sin 20)®%f + a®L(sin® 0) T2 f,
Q. LI(f) = [As2, LI(f) + a® L(sin® )T f
= [sin @9y (sin 0p), L] f — L(sin=20)®*f + o L(sin® 0)T? f,
with

L, 051 = L(0v6.)0s. f + S L(dr.)(Lf ~ b*®] — L),

(1,051 = L(006.)0s. f + 3 L(@r.)(Lf ~ b+®f — L),

By using the estimates from Sect. 2.3, we can estimate
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Q. L7 L™)(f)] < Cv+ |u]) 2
x( S VLILRel+ YD VLR

k+1<j1+j2 k+1<j1+j2+1

+ Y |LlL’f¢|>-

k+1<j1+j2+2

We conclude that, for either v > vy or |u| > |uy|, with v; and
|u1| suitably large

> / VL7 L7 6| dpug
J1+j2<n—1
<C Z (leLj2Q¢)2 + (leLj2‘I)2¢)2

2 . -
St j1+ja<n—1

+ Z (leLj2¢)2+ Z ‘WLjILj2¢|2d,ug-

Jitj2<n+1 Jjitj2<n

We can therefore use the above estimate to obtain

> 20%(eNra[L71 L7 6] dpug
jitja=n" 5w
<C 3| 2T P (LI L) 4 fuf T (L L 6) dpg

2
jrtge<n?Suw

b [ 2@ ) | ) S 1 L P
2

Jitj2<n
+ @+ )0 > YLLP¢)?
ji+j2<n
) Y (LR + (LML)
Ji+j2<n—1
++ )0 > LRG| dpy,
j1t+jatiz<n—1

for 0 < p,q < 2. We obtain similar estimates for > 202|EY [LIT L2 ¢,
by replacing the weight v? above by |u|P.
We apply the divergence theorem, as in the previous propositions, to

obtain the following energy estimate:

J1tj2=n

Z / JNp.a L.71 L]2¢] L +/ JNp,q[Lﬁszqs] L
J1+j2=n" H,N{v>v1}
<C Z / JNz.48a [leLjQ(b] L+ / JN2,4pa [leéh(b} L
J1tiz=n "y, HEN{v>v1}
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+C  sup / > > NI LT L
H

VISVSOJH, g4 <n—2Te{Q,82)}

+ Y Nl LPag] - L
Jit+j2<n—1

Y SNapireenty) L
Jitje+iz<n—2

+C  sup / > > TN [L LT - L

—oco<u<ug J H,,N{v>v1} j1+j2a<n—2Te{Q,o2}
+ > Ve[ L20g] - L
Jitj2<n—1
+ Z JNb.a [lesz(I)j3+1¢] . L.
J1t+j2+js<n—2
By induction, using the estimates Proposition 6.4, it follows that for odd n:
Z / JNp,q[LJdszd)} LJr/ JNp,q[leLj2¢] L
j1tja=n H, H,N{v>v1}
<C Z JNz2.8a [LjILj2Qj3¢j4¢] L

Ji+ia+2js+ia<n ’ Hog

+/ JN2,BO¢ [leLjZQj3‘I)j4¢] . L
HN{v>v1} o

+C Z JNz2.pa [le <I>j2+1Tj3¢] L

2j1+j2+jz<n /oy

N / T2 QI 21T g . T,
HN{v>v1}

+C Z / JNz2.pa [Qj1+1q>joj3¢] L
H,

2j1+Jj2+js<n—1" =

+/ JN2,6a [le q)joj3¢] . L
HN{v>v1}

D Y N
J1+2ia+ds<n+1” HTN{vZUL}

whereas for even n we can estimate
Z / JN,,,Q[LﬁszQﬁ] L +/ JNp,q[Lﬁszgb] . L
Jitj2=n H, Hun{v2v1}
< C Z JNz.6a [Lj1Lj2Qj3q)j4¢] L

Ji+ia+2jatia<n ’ Hoy

+/ JNz,/aa [leLjQst(I)j“qﬁ] . L
HEN{v>v1}
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+C Z JN2.8a [le <I>j2+1Tj3¢] L

2j1+j2+ja<n oy

+/ JNZ,Ba [QJ1¢J2+1T‘]‘5¢] . L

HtN{v>v1}

+C Z / U—2+e(q)j1 QjQTj3¢)27
J142j2+js<n+1 Y HTO{vzo1}

The estimates in the region {|u| > |u1|} proceed similarly. O

Let us define the following higher-order energy norms for k£ € Ny:
Eqﬁa;2k+l,e = Z JN2’qﬁa [LjILjZQjSCI)j‘l(i)} - L
J14ga+25s+7a<2k+1 Y Hug
_|_/ JNz48a [leszQj3¢j4¢] L
Ht o
£oS [ eihentie) L
2j1+52<2k+17 Hog
+/ JNz48a [leq)j2+1¢] L
H+
oY [ e L
2j1+j2<2k Voo
+/ JNzase QN2 ] - L
H+
+ v 2te(OI1 pIz 2,
> ey

2j1+7j2<2k+2

Eya:ok,e = Z /H JN2.48a [leLJZstq)j4¢} )

J1t+Jj2+2j3+ja<2k " “vo

_|_/ JN2,qﬂa [leszQj3(I>j4¢] . L
HF o

[y

Y e g

2j1+72<2k ¥ “vo

+/ JN2,q,8a [le@j2+1¢]-[/
H+

+ D / Ca (O S
21 +ja<2k4+17 HT

We combine the results of Propositions 6.7 and 6.5 to obtain an energy
estimate in the entire region D, v, -

Corollary 6.8. Let k € Ny. Restrict to |a] < a. and let 0 < p < 2 and
0 < q < 2, or restrict to axisymmetric ¢, with p = 2 and 0 < g < 2.
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Then, there exist « = a(p,q) > 1 and § = [B(p,q) > 1 and a constant
C = C(n,a,M, U()7U07p7QaC¥,ﬁ) > 0, SUCh that

/ JNp’q[LjIszq/)] L +/ JNp’q[LjIszﬁb] L < CEgpas2k+1,es
j1+ja=2k+1" Ho Hu

and

/H TNea[ L3 L) - I+ /H TVoa L L7g] - L < CEypaan.c,
J1tj2=2k" v u

Remark 6.2. In the inequalities of Corollary 6.8, integrals of n derivatives of ¢
are estimated by initial integrals of n+ 1 derivatives. The loss of derivatives in
the even n case arises only because of ®. Therefore, if ¢ is axisymmetric and we
can neglect the ® derivatives, we do not lose any derivatives in Proposition 6.7
for even n. This fact is important when proving energy estimates for nonlinear
wave equations.

7. Pointwise Estimates
7.1. Uniform Boundedness of ¢

We can use the higher-order energy estimates in the previous section to obtain
a uniform pointwise bound on ¢. As in the previous section, ¢ always denotes a
solution to (1.1) arising from initial data prescribed in Proposition 3.1. We will
always indicate whether we are assuming axisymmetry of ¢ or the restriction
0 < |a| < a, for the rotation parameter a.

Proposition 7.1. Let n € Ny. Restrict to 0 < |a| < a. and take 0 < p < 2, or
restrict to azisymmetric ¢ and take 0 < p < 2. Let € > 0 arbitrarily small and
take 0 < q < 2. There exists a constant C = C(a, M, vy, ug, q,€) > 0 such that,

Z (Lj1Lj2¢)2(u,U,9*,<p*) < Z Z /2 ‘Wijle2¢|2 d/,ég
J1+j2<n [k|<2 j1+j2<n S sow

+ C|“‘1_p Eq;n+2,e[¢]

+ Y Bgnaeldl

re{®2,172,Q}
+ > Eqmyﬁ[w]].
re{®3,720,Qd}
Proof. By the fundamental theorem of calculus applied to integrating along

ingoing null geodesics, together with Cauchy—Schwarz, we can estimate

u 2
¢2(u7v70*,(p*) S ¢2(7OO7'U,0*, ‘P*) + (/ ‘L¢|(ulvv79*7 @*)du/) )

S ¢2(7OO7U79*7 (P*) + ‘u|—1+p/ |u/|p(L¢)2(u/7’U70*7 ‘P*) du/7

p+1 _
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o \?Vel .can integrate over the spheres and apply Proposition 5.3 to arrive at
Pugs [ S P (Lo)?
Sie 8% o Hon{lu/|>]ul}
< [, Sdug+Clul o)
for ¢ > 0. N

To arrive at a pointwise estimate, we apply the standard Sobolev inequal-
ity on the spheres S? , together with Proposition 6.2:

w,v)
||L“L“¢>||ioe(s§ﬂ,)

IN

C/ (LJ1LJ2¢)2+|y7Lj1Lj2¢|2+|W2LJ’1LJ'2¢|2dug
s2

1
C Z Z (FLijle2¢)2 + (FLij1Lj2¢)2 + (LQLjILhtb)Q
k=0Te{id,®,o2,72,Q} ’ Su.v
+ (LQLjILj2¢)2 + (LLleLj2¢)2 + (btp*)?[(Qq)leszgb)? + (TQ@leLjQQS)Q
(@317 L26)?] dpy.

IN

We now combine the results of Propositions 6.2, 6.4, 6.5 and Corollary 6.8; in
particular, we commute I' in the terms above to act directly on ¢, in order to
arrive at the estimate in the proposition. O

We have now proved Theorem 3.5.

7.2. Extendibility of ¢ in C°

We can use Proposition 7.1 to show that ¢ can be extended as a continuous
function beyond the Cauchy horizon CH ™. As this extension is independent of
the characteristic data, it is non-unique.

Proposition 7.2. Let the initial data for ¢ satisfy
Eq2.0] + Z Ega.e[l'o] + Z Eq[l'¢] < oo,

re{®>72,Q} re{®,72¢,Q®}

for some g > 1 and € > 0.
Let o+ be a point on CHY. Then, for any x € Dy vy,
lim ¢(z)
T o+

is well defined, so ¢ can be extended as a C° function to the region beyond

CHT.

Proof. Consider a sequence of points zp in Dy, \HT, such that
limg 00 Tk = Tep+- The sequence {zy} is, in particular, a Cauchy sequence.
We will show that the sequence of points (¢)(z) must also be a Cauchy
sequence, from which it follows immediately that the sequence converges to a
finite number as k — co.
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Denote zy = (iig, Vi, (02)k, (31 )i). Let [ > k, then

|b(x1) = d(an)[* < 6, Vi, (0u)ks (B)k) — Bt Viey (B2) i, (B)i)]
+ 1k, Vis (0.)k, (Ba)k) — Slits Vi (0., (Ba)i) 2
10k, Vies (81, (B2)x) = (e, Vi, ()i, (B
+ [tk Viey (02) ks (Ba)1) — Dk, Vi, (0 )k, (B)) |-

By the fundamental theorem of calculus, a Sobolev inequality on S? and
Cauchy—Schwarz, we can estimate for ¢ > 0
-~ o~ -~ - 2
|60, Vi 020 (8.)0) = @liin, Ve (B:)is (B2)r)
<C3. / / w10,V B (u, 0(Vi), (62)k, (@2)i) dpgadu
|s|<2
<c Y JN2a[gpr o) - L
0<s1+s2<2 7 Ho(wy)
Similarly, we find that for ¢ > 1:
|6, Vi, (0., (B2)1) = Slian, Vi, (0, (B)1)
< =Tt = T
[ o o @ @ (B ¥
|s|<2
< c\evm* ~ (=i
S [ P00 R V@ o) dnsd?
sl=2 [TV (V) Js?
< C‘(—‘Z)‘“l - (—Vk)q*\ > / JN2a [ @%2¢] - L
0<sy+sp<2” H
where we used that (—V)2~% ~ V4=2 and |95 ¥V’ ¢|2dV ~ V2(9; ¥V ¢[2dV.
Finally, we can estimate by Cauchy—Schwarz on S;k 7
|0, Viey (0 )15 (Ba)e) = (i, Vi, (B, (B0)1) [
+ (i, Vi, (0, (B)0) — bk, Vies (02)1, (B0)i)
<, PR Tl F)dn <0 Y IV (05 0%29)] - L,
g Vi s1+s2=1"Huwy)

where we need ¢ > 0.

By the above estimates it follows that ¢(x) must also be a Cauchy
sequence if the energies on the right-hand sides are finite.

Finally, as in Proposition 7.1, we can estimate the energies on the right-
hand sides of the above estimates by the initial energy Er.4[¢]. O
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Remark 7.1. By employing the higher-order energy estimates from Sect. 6.2 the
above proposition can in fact easily be repeated to obtain also C° extendibility

of |Y7lej2¢>\2 across CH™ for any ji,jo € Ny, provided the initial data are
taken to be suitably regular (and decaying).

We have now proved Theorem 3.6.

7.3. Decay of Lo
Consider the function ¢+ : M N Dy, », — R defined by

¢H+ (u7 v, b, (P*) = ¢(—OO7 0., 90*)'

In particular, Lo+ = 0.
We consider ¥ := ¢ — ¢y+. We can improve the pointwise decay in
with respect to |u| and use the wave Eq. (1.1) to obtain decay of |L¢| in v.
Moreover, we will show in this section that we can obtain boundedness

/Hu UQ(L¢)2+/ UZQ2|W¢|2,

==

of

which is an improvement over Corollary 5.3. Note that the analogous statement
for axisymmetric solutions already follows from Proposition 4.2.

Proposition 7.3. Denote

D = 1009ll7w (g1, ) + V97 (1,

==,

Let 0<p<2,0<qg<2and0<s<1ifla| <a. Letp=2,0<q<2and
0 <s<1ifo is avisymmetric. Then, for every e > 0, there exists a constant
C = C(M,ug,v0,p,q,s,€) >0, such that for all H, and H, in Dy, v, ,

[, P ne [ Poealy) L

H, n{uw <u}

<Clul™*

/ v [(Lo)? + Vo + (V0] + D
HN{v>v1}

= Clu|"*E.[¢).
Proof. We have that
20700 = =200yl p+ = —Qtr XLy + 2V - Vppgr + 2Q0° Ay

Consequently, we can estimate,

20210,9] < Cv+[ul) "2 (1Lére| + [Fdrer | + ¥ 6re]) -

By applying Stokes’ theorem in D, ., we obtain the following error term:

/D eyl < [ [ /S NG TR

(R 2 )
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By Cauchy—Schwarz, we can estimate for n > 0

(v + lu) 2l L]+ 07 L91) (ILres | + Vs ] + [ 6res )
S0l (Ly)?
] T O LY)? o+ (0 + ful) (Pt + 0l )
[(Les 2+ [V res |2 4 ¥ e 2]

We further estimate for 0 < s <1,
(v + [ul) (a0 7 0 ) [(Lore)? + [V rer [P+ ¥ e ]
S |u|—1—s(vp—2+s+77 +,Uq—2+s+?7) [(L¢H+)2 + |W¢H+‘2 + |W2¢H+|2} )

Hence,

[ @ 2 (L P 4 (Vs o (9 s
D

©0-v0

< |u‘—s/ (Up—2+s+?7 +Uq—2+s+n) ((L¢)2 + |Y7¢|2 + |W2¢|2) ’
HEN{v'>vo}
where we used that

(Lps ) + [Vors 2+ V20 [P ~ (L6) 3o + V9 ler + V8¢

The remaining terms in £Vr[1)] and the terms in K™V»« can be estimated as
in Proposition 4.2 and the propositions in Sect. 5. 0

Proposition 7.4. Let k € Ny. Denote

Doy := Z "aUleszstqﬂé(b'Iim(ﬂun) 4 ||Y7leLj2Qj3q>j4¢||if>°(ﬂuo)
J1t+ie+253+7a<2k

+ Z “8U¢j1+1Qj2¢“2LOO(§L,U) +||W<I)jl+1Qj2¢H2Lw(ﬂU0)v

J1+2j2<2k
Dojpy1 = Z ||8ULj1Lj2Qj:‘<I>j4¢||ix(ﬂuo) + ||y7LJ'1LJ'zQJ'3(I)j4¢"im(ﬂvo)
Ji+ia+273+5a<2k+1
R, o
Y 0 TR (g, ) + YRR (i, )

J1+272<2k+1

+ Z HaUcI)lej2+l¢H2Lw(ﬂl,U) + ||y7q)j1sz+l¢H2Lm(ﬂ%).

J1+2j2<2k

Let 0 <p<2,0<g<2and0<s<1ifla| <ac Letp=2,0<q<2and
0 <s<1if ¢ is avisymmetric.
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Let n € Ny. Then, for every e > 0, there exists a constant
C =C(M,a,n,up,v0,p,q,s,€) >0, such that

Z / JN”"’[LthQw] L+ / JNp,q[LJ&szw] -L
H, H,n{w'su}

Jitj2=n

< C|u|_s Z [/7{+O{U>U },US+€ [(Lj1+1Qj2‘I)j3¢)2 +|Y7Lj1Qj2<I>j3gb|2

J1+2j2+j3<n

+ VL QR 6] + D,

= C|U|7SES,e;n[¢]-

Proof. We have that
QQQDQ(LjILj2 )
= [L1 L7, LIL¢ + L([L7 L2, L) + [L)' 172, L] Ly + L([L7' L’2, L}y)

J1 J . .
i Z (]l1> (J;: JELLF (@ x) LI LI Ly + Qb x[L9 L2, L)y

I=1k=1
ind2
+ ; kz; (1) ()L @)L L L + QL L2, Ll

Ji J2 . .
_ JIN (I2\ 717k ,AB 2\ j1—l7jo—k _ 54AB 21741 142
2;;(;)(k>LL(¢ 0L LR gy — 2gAP 0402 (L1 L2, 0l

J1 J2 . .
JIN(I2\ ri7k 2y i1—lTi2—Fk 2774177
-2 L'L¥(Q*) L1~ L2 —2Q°[LIT L2
;;(l)(k) LH@2) L~ L2k Ay — 20217 L2, K]
— [ 2 (292Dgw).
We can repeat the proof of Proposition 6.7, but we have to additionally

estimate the contribution of the final term in the above expression for
2020, (L7 L7?4)). We can estimate

L L2 20°0,9)] < 3 [ | + (VL7 e | + [V L7 e .
Jjis<n
We can therefore deal with the corresponding term in Ve [L71 szz/J] in the

same way as in the proof of Proposition 7.3. O

Proposition 7.5. Let s <1 and 0 < p < 2 for 0 < |a| < a.. For azisymmetric
¢ we let 0 < |a|] < M and we can also take p = 2. Then, there exists a constant
C =C(M,vg,up,p,s) >0 such that,

Z (LjIsz dj)? + |y7Lj1Lj2w|2 + \WzleLjQMQ dMg
d1tia=n" St
< C|“|1_S_p ES,E;n+2[¢] + Z ES,E;n+1[F¢] + Z Esye;n[r‘b]
re{®2,72,Q} re{e3,72¢,Q%}

for s <1 and € > 0 arbitrarily small.
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Proof. We obtain estimates for angular derivatives along S?w from the higher-

order energy estimates in Proposition 7.4 in the same way as in Proposition 7.1.
O

We can now obtain decay for Lg.

Proposition 7.6. Let 0 < |a| < ac, 1 <p <2 and 0 < s < 1. Ford,e,q >0
arbitrarily small, there exists a constant C = C(a, M, vy, uo,p,q,€,0,8) > 0
such that,

2 2
[ wortntapdn < [ oy an,

u,v —oo,v

+C (v + [ul) ~Hul TP B[]

Es,e;2 [(,b] + Z Es,e;l [Fd)]

L Oy A=)+ (2-p)+6

re{®2,72,Q}
D D A )
re{®3,T23,Q)}
OO+ [ (Vonsl? + |96 P, (7.1)
S

—oo,v

Moreover, for axisymmetric ¢, we have a stronger estimate for all 0 <
la| < M,

/SQ (L) (1,0, 00, p2) g < Z/ (L0 ity + Ot )l Bl

|k|<2

+ C’v_410g <v + |u|>

Fire
ol 1,6:2[4]

4 Z E‘Leg[l—‘gb] + Z El,e[r¢]

re{®2,72,Q} re{®3,722,Q%}

FC@H) [ (T P [9 0rc Py

— oo,

Proof. We can write the wave equation as a transport equation for (det g)iL¢,
L((det ¢)% L) = (det )7 [~QtrxLo + 20%C#* 0, ¢ + V2 - Voo + Q2 Ao]
see “Appendix B”. In particular, we can estimate
L((det )t Lo)| (v, 4,00, ) < Cw + [ul) > (1L6] + V6] + 19

We can split

2 2 2
|oworang < [ orau+ [ (02,

u,v —oo,v u,v



Vol. 18 (2017)  Linear Waves in the Interior of Extremal Black Holes II 4067

We now integrate along ingoing null geodesics for fixed . and ¢,, and subse-
quently integrate in 6, and @, to obtain

/52 (L¢)2 dﬂg

u,v
/2
S: v

c/ ( | s (126 + 9ol +19°9)) du’>2 iy

— 00

IN

([ zergizo) du’)2 i

— 00

IN

u,v

Cv+ [ul) " u| " / [/ [FT(Lg)?

Hyn{|u/[<[ul}

IN

e / ]~ (0 + [o/]) 2 o

Y T (/S

w!

FC ) [ (Vo (¥ b P,

— o0,V

Vo[ + |W2¢|2dﬂg> du/

We now apply the results of Propositions 7.3 and 7.5 to arrive at

) g < Ot )~ =Byl

u,v

+c<Es,6;2[¢}+ > Eealldl+ > Es,e[w])

re{®2,72,Q} re{®®,729,Qd}

- / ]~ (0 + [o/]) 2 du / P (o + )2 d

— 00 — 00

HC ) [ (Vo o+ |F 6 P,

—o0,v

where 0 < s < 1 and € > 0 suitably small. Moreover, if ¢ is axisymmetric we
can take s = 1.

Now we use that
e an < oo o ()

/ 17 I O S 7 e (Y €] S ) e 1

— 00

for 0 < s < 1 and n > 0 arbitrarily small, to arrive at the statement in the
proposition. O
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Corollary 7.7. Let |a| < a. and 0 < s < 1. Then, there exist 1 <p < 2, €>0
and a constant C = C(a, M, vy, ug, p, €,0,s) > 0 such that,

/ ’UQ(L(i))Z +u292|v¢|2+/ ’U2QQ|W¢|2
H H,

u

<Clu|"PEgl¢] + C|Es enlg] + Y, Eocallgl+ > E, [ld]

Tre{®2,72,Q} re{®:,722,Q®}

+C v (L) + |Vl + V702,

JHTN{v>v0}

with ¢ > 0 arbitrarily small.

Proof. To estimate the terms involving Y ¢, we use that
[ woPds=c [ 1vopasC [ (Tolan,
sz, 52 o0 530

and apply Proposition 7.5.
To estimate the term involving L¢, we multiply (7.1) by v? and integrate
from v = vy to v = 0. O

Remark 7.2. Recall that Corollary 5.3 gives a bound on

/ R

with the restriction ¢ < 2. Corollary 7.7 provides, moreover, an estimate for
q = 2, at the expense of losing derivatives on the right-hand side.

We have now proved Theorem 3.4.

Proposition 7.8. Let 0 < |a| < a. or assume ¢ is azisymmetric with 0 < |a| <
M. For 6,e,q > 0 arbitrarily small and 0 < s < 1, there exists a constant
C = C(a, M,vg,up,€,9,s) >0 such that,

VD=0 Ly 2o (s2.,)

SO/Sz Z (LleLj2¢)2—|— Z Z (LleLj2F¢)2dug

—oo,v j14+72<2 J1+7J2<1Te{®,2,72,Q}

+ Oyt / S (VL L2 + (9L L2 o) dpy
SZ

—oo,v j1+j2<2
+ Eq;6,6[¢] + Eq;ﬁ,e[@¢] + Es,c;G[(M + Es,e;6[¢¢]~

Proof. From “Appendix A” it follows that

L((det )1 Lf) = (det g)
[—Qtr xLo + 2Q2¢%* 0y, ¢ + VO - Vo + Q2 Ap — %0, (f)] ,
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for any suitably regular function f : M N Dy, ., — R. In particular, we can
estimate

> IL((det ) F LI L2 6)|(v,u, 6., p.)
Ji+j2=n
<C Z ('U + \u|)*2 (|LLj1Lj2¢)| + |Y7Lj1Lj2¢>| n |W2Lj1Lj2q5|)
Ji1+j2=n
+ C|92Dg(Lj1Lj2¢)‘.
Using Lemma 6.6, we therefore obtain
> IL((detg)t L7 L7 0)
J1+j2=n
<C Z (’U + |u|)*2 (|LLj1Lj2¢| + |WL]‘1L]‘2¢| + |V2Lj1Lj2¢)|>
Jitj2<n
+C Z ‘lesz(I)j3+1¢|-
Jit+jetis<n—2

We can therefore repeat the proof of Proposition 7.6, using appropriate higher-
order energy estimates, to obtain

Z / (LL7 L) (u, v, 0., p.) dpug
S2

Jitjz2=n

< > / (LI L) dpg + C (v + [ul) ™ u] '~ By c[4]

+ CU74+(175)+(2717)+6

Es,e;n+2[¢] + Z Es,e;n—&-l[l—‘qﬂ

re{®>12,Q}

+ > E.call9)

re{®3,T20,Q%}

o j3+1
> Eaciitira[®T)
Jitje+js<n—2

+C+u)? > / |V LI L2 v |* + |W2Lj1Lj2¢H+|2dug

Jrtja=n" 5200w

with ¢ > 0 arbitrarily small.
We now apply (6.2) together with a standard Sobolev inequality on Su »
to obtain the following L°° estimate:

Lol sz y<C 3 / (L7 L7 L6)? dpy

J1+52<2

+C > / (TL¢)* + (TLL¢)? + (TL?¢)* dpg

re{id,®,®2,72,Q}

+Cw+ ) ) / (T®LG) dpuy.

re{Q,r2,o2}
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We can bring the operator L in front of ¢ in the above inequality to the front
at the expense of including commutators with L:

||L¢>||Loo(s2 o =C Z LleLj2¢)2d
J1+72<2 S,

+C Z / (LT'$)? + (LT Lg)* + (LLT'$)? dpug

re{id,®,o2,72,Q}

)Y / (LT®3) dpg + J,

re{Q,r2,o2}
where
J::/ J1+ Ja + J3 dpg,
53w
with
Jii= Y ([0, L)¢)* + ([0, LILg)* + ([, L] L¢)?
re{72,Q}

+ (L[T, L]¢)* + (L[T, L]¢)* + T([L, L]¢)?,

Jpi= Y ([L"L*, L]¢),
J1+j2<2
Jyi= (4 lul)? Y0 ([0 L]@g)*.

re{72,Q}

We apply the estimates for the above commutators that are derived in the
proofs of Lemma 6.6 and Proposition 6.7 to estimate

S <Cu+u)™ Y | L0,
J1+j2<1

Jo <C(v+|u))™* Z \Y2 LI L2 )2 + Z N2 e

J1+j2<2 J1+52<3

+ Z |Lj1Lj2¢|2 ’

J1tj2<4

J3<Clw+u)™0 | N YL LPdg?

Ji1t+j2<1
+ Z |WLJ'1LJ2(I)¢‘2 + Z |Lj1Lj2@¢|2
J1+72<2 J1+j2<3
We use the estimates above to obtain

12|72 ) < CL1 + I2),
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where

I,:=C Z / lesz¢)2 dMg

J1+72<2 S

+C > / (LT¢)* + (LLT'¢)* + (LLT'$)* dpg

re{id,®,®2,72,Q}

+Cw+ )2 ) / (LT®6)* dpy,

re{Q, 72,92}
I :=Clv+ |u|)_4/ S YL LReer+ Y (YL LRg)
SQ . N . .
wv j1+52<1 Ji+j2<2
+ 30 YLELPGP + Y (L L¢) duy.
J1+72<3 Jitj2<4

By applying Corollary 6.8, as in Proposition 7.1, and, moreover, the estimates
for the L*(S7 ) norms of the angular derivatives from Proposition 7.1, we can
further estimate

I < Clv+ [uf)~* /S CEgslddl+ Y (BaelD9]+ Ega o [D09)).

re{®72,Q}

Furthermore,

L<C / S (L Lo+ > > (LLMLPT) duy

—oo,v j1+52<2 J1+j2<1Te{d,2,72,Q}

O+ ) / S (I9LLof + 19 L L 6?)

S oo jiHj2<2

£ Y Y (WP + 19D LT day

J1+j2<1Te{®,22,72,Q}

+C+u)™ [ Egaeldl + Y. Egueldl
FE{<I>,<I>2,T2,Q}

+cw+<”>”<és,q4[¢]+ > Eualldl + Boall0)
re{®,®2,72,Q}

DS > Es@g[rw).
I'e{®,$2,72,Q} Te{®,92,72,Q}
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We conclude that
U4+(571)76||L¢||%oc(s2 )

<ca/ S (L Lo+ > > (LI LPT¢)* duy
_°°v.71+]2<2 J1+72<1Te{®,92,72,Q}
+ Cp2ts—1)— 5/ Z (|WLJ1Lj2¢‘2 + |W2Lj1Lj2¢|2)

oo, j1+j2<2

+ Eq;ﬁ,e[‘/ﬂ + Eq;ﬁ,e[q)(m + Es,6;6[¢] + Es7e;6[¢¢]'

We have now proved Theorem 3.7.
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Appendix A. Energy Currents in Kerr—Newman

We consider a spacetimes (N, g) equipped with a double-null foliation
(u,v,9%,9?), such that the metric is given by

g =—29°(u,v)(du®@dv+dv@du)+¢ , . (d0* —b"dv) @ (A" —b dv). (A1)
Here, u,v solve the Eikonal equation and the (topological) spheres (S, ¢)

are covered by coordinates ¥4, with A = 1,2, foliate the null hypersurfaces
{u = const.} and {v = const.}.

Let
L=0,+b"0a,
L=0,.
In the (L, L, 0y ,) basis, the metric components are given by
g(L,L) =0,

9(L,L) =
g(L,L) = —292
(L 819A)
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g(La aﬁA) =0.

Lemma A.1.

[L,L]a =2g(L,VAL) 4 2049,
= —2g(L, VL) — 2040
Proof. We have that
[L,L] = — 8.,b°0c,

[L,04] = — 04b% 0,
L, 4] = 0.
and
[L,L] =V.L— VL
[L,04] =V 0A —VaL,
SO
9(VLL,L)=g(VLL,L) =0,
9(VLL,04) = —g(L,V10a) = —g(L,VaL) =0,
9(VLL,04) = —g(L,VL0a) = 0.
We obtain

Q(VLL»L) = L(g(IUL) - g(LvVLL) = _2L(Q2)7
9(VLL, L) = —2L(Q%).

Equations (A.2) and (A.3) now immediately follow.
Furthermore, by the above identities we can rewrite

[L,L]a =9(VLL —VpL,0a) = g(L,V0a) —g(L,V504a)

=9(L,VaL)—g(L,VaL) = 0a(g9(L,L)) —29(L, VL)

= —29(L, VL) — 20402
From (A.2) and (A.3) it follows, moreover, that

4073

~ o~~~ o~~~ —
© 00 ~J O Ut k= W N
S N N N N N N N

9(ViL,L) =V (g(L,L) — g(L,V L) = —2L(Q%) + 2L(Q*) = 0,

g(VrL,L)=0.
Finally, we use that g(L, [L,04]) = g(L, [L,94]) = 0 to obtain,
g(VLLaaA) = _g(LaVLaA) = _g(vaAL)a
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g(VLLa aA) = 79(La vLaA) = 79(@, VAL)
]

We can write L = Q2L’, L = Q2L’, where L’ and L’ are geodesic vector
fields, i.e.

Vi L' =0,
VL’LI = 07

which follows from (A.2) and (A.3).
We can define a renormalised ingoing null vector ez and outgoing null
vector ey, satisfying g(es,eq) = —2 by

€3 = Q_lau,
es = Q 1D, +02a).

The inverse metric in the basis (e3, €4, 04)
- 1 _
g = (e @eate®e) (g ) 010 0s
can therefore be expressed in the double-null coordinate basis as

g = 0,00, © 0+ 0,8 D))
_%Q—%A(au ©0a+04®0) + (§1)ABOA © 0.
With respect to the basis (L, L, 0y, ) the inverse metric is given by
g 1= _%9—2(% WIL@®L+LRL)+ (9 ") P04 ® 0p.

Define the second fundamental forms xap and x by

XAB ‘= 9(V8A64»33) = Q_lg(vaALaaB)a
Xap = Q(VaAe&aB) = Q_lg(VQAL’ aB)

Lemma A.2. We can express,

L(g ) = 2an — 040 ¢, — O g ., (A.10)
L(gAB):2QXAB. (A.11)
Moreover,
L(y/det ¢) o
——"- =Qtrx — dcb A12
\/m X oo ; ( )
L(,/det
Llydetd) =Qtry (A.13)
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Proof. We use the expression for [L,d4] in Lemma A.1 to obtain
L(gAB) = g(VLaA, aB) + g(aAv vLaB)
— c c
= g(VAL,aB) —+ g(aA,VBL) — —0ab gCB — O0gb gCA
=20x4B — aAbchB - aBbchA’

where we used that x4p = XBa, which can easily be shown. Equation (A.11)
can be proved similarly.
We can apply the chain rule to obtain

ddet ¢
O 4

By Laplace’s formula for the determinant of a matrix, we can express
(det 9)36 = g, ,Adj(9)",

where Adj(¢)P¢ are the components of the adjugate matrix of 4 13- Conse-
quently,

L(det g) = L(g ,,)-

8detg
9 ap

= Adj(¢)*? = det gg*”,

o)
L(det g) = (det g)g" " L(g , ,)-
We can therefore conclude that
L(,/det L(det
( eg):l (eg):QtrXfach.
A /detg 2 detg

Equation (A.13) can be proved similarly. O

We introduce additional metric derivatives,
1
w = —zg(ve4eg,e4),
1
w:= —19(%364763),

1
Ca = §Q(VA€4,€3)~

(4 are the components of the torsion tensor.

Lemma A.3. We can express w, w and Ca as follows:
40w = Q2L(0%),
40w = Q2L(0%),
1

_ 1
Cr= 7972 La = =972, 007,
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Proof. We have that
dw=—Q7%g(VL(Q7'L), L) = —Q°L(Q ")g(L,L) — Q°g(V.L, L)
= SOLO)g(L, L) - 0 (L V. L)
=Q3L(0%),
where we used (A.2) in the last equality. The expression for w follows similarly.
Moreover, by (A.8),
Lo ~1
(o= 507 (VA D), L)

= 297%(VaL, L) ~ 10 0,9%(L, L)

_ 1 -2
- ZQ [L7L]A

1 -2 B
- _ZQ g 4y 0ub”. O

Consider the weighted vector field
N = NYL + NEL = N%9, + N9, + N4,
where N¥ = NE(u,v) = NY(u,v), Nt = NE(u,v) = N%(u,v) and N4 =
bANL = bANV. The corresponding compatible current KV is given by
KN(g] i= Taglg) V',
with the components of the deformation tensor Vo5 = 1[V,Ng + VaN,]
given by

1 -
Nall = gtLglLNg, = ZQ '9(VLN, L),

Nall = ghLglL N, | = EQ_4Q(VLN7 L),

N LA :gLLgAB NWL&

Nplt = glLgAB Nz, b,
NrAP = %(sr“cacNB +¢7C0cN"

+ gACgBP (N D, + N0, + NZ0g)g ., ).

We use Egs. (A.2)—(A.9) to obtain
N_LL _ iQ*4g(VLN,L) - _%Q*QL(NL),
N_LL _ iQ*‘*g(VLN,L) — 7%Q*QL(NL),
N_LL _ %9*4 [9(VLN,L) + g(VLN, L)]

= - 39*2 [L(N*) + L(NE) + Q>N L(Q?) + Q2 NEL(Q?)]
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1
N_LA _ _ ZszgAB [9(VBN,L) 4+ g(VLN,05)],

1 1
— NP (g(VB L, L) — 9(L, VL)) = — NPQ (L, L)

1
= — Zz\fLsﬂaubA,

NpLA _ _ ENLQJ[L L4,
1
_ gNL@*QaubA,

1 1
N__AB AC BD u v AC BD nrLp E
T =597 (N“Oy + N 8v)gCD+§g g N 0rd,.

+ % (¢*“0cNP + P 0cN?)

L ac_BD AL L L ac B, ,BC A
=597 9P (NEL+ NPL)g, , + 5 (97C0c NP + gPC 0N 7).
Now consider the wave Eq. (1.1) on an extremal Kerr—Newman back-

ground in a double-null foliation, with a corresponding energy momentum
tensor

1
Topl6] = 0u606 — 590 (97" 0200x0).
We have that
9N 0rp0rd = g*ELOLS + g P 0a00B ¢
= — 07 LOLo + Vo

Now we obtain the components

T(L, L) = (L¢)?,

T(L,L) = (L)

T(L, L) = Q*|V o[,

T(L,d4) = L$pdao,

T(L,04) = L$pDad,

T(04,08) = (040)(9p9) + QgAB(Q‘2L¢L¢>—W7¢I2)~

Therefore, by using the expressions in Lemmas A.2 and A.3, we obtain

KN =Ngllp(L, L) + NalLr(L, L) + 2N o LT(L, L) + V7P T (94, 05)
+2 N7l AT (L, 04) +2N TLAT(L,04)

= —JOTLIN)(LY) - SO L(NE)(Lo)?
%Q*Q[gABNLL(gAB) +NEL(g , ) + 2N 0pb"| LoLo
1

—5 [LOVE) + L(N®) + Q72 (NEL(Q?) + NE L) |V 6l
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#3704 EL ~ NELg, + NP0 (040)(000)

ey

b+ zNLaEbE} Vo2

—%NLQ‘QaubAL¢8A¢
1
+-NLQ™20,0*Lopdag

2

= 3L - 0 LIVE) (Lo)?

1
+§Q*2(NLQ try + NEQtry)LoLe

—% [L(NE) + L(N*) + 4Q(NFw + NLw)] [V ¢|?

+ [NEQRAE 1 NEQAP] (940)(050)
+2[N"(Lg) — NE(Le)|( a0,

where we used the notation

. 1
XAB = XAB = 545X

1
Xap = Xup — §gAB trx.

Appendix B. The Wave Equation in Double-Null Coordinates

Consider the extremal Kerr—Newman metric in Eddington—Finkelstein-type
double-null coordinates (u, v, 0y, ). Then, the wave operator becomes

_ 1 —2 af 2
O = ; deth B (g 20 detgaﬂqs)

T2 (lietg92 [_ % ( detgau¢> — Oy (\/C?tg(&)aﬁ + bA8A¢)>

— 04 (\[det gp19,0) + 04 (/det 92024 P ) ]

- clleth_z L (\fdetgLs) -\ Jaet goab Lo — L (/aet gLo)]

+Q72g1P0,9%050 + A¢

_ 39—2 [LL6 + LLé + Qtr yLo + Qtr x Lo + Q2Y0% - Vo + Ao,
(B.1)
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We can write

20°0y¢ = — LL$ — LL$ — Qtr Lo — QtrxLo + 2YQ? - Yo + 20 Ao.
(B.2)

Moreover, we use that [L,L] = L(b4)da = 402¢* and Qtry =
(det ¢)~2 L((det ¢)2), to write

20%0,¢ = — 2LL¢ — 4Q2¢(4) — L(y/detg) Vciitfw —QtrxLo +2VOQ2% - Yo + 2Q% Ao,

The wave equation in the above form can easily be rewritten as a transport
equation for (det g)%Lqﬁ:

2L((det ¢) 5 Lg)) = (det ¢)TQtr YL + 2(det ) TYQ? - Vb
—4(det ¢) TQ?C() + 2(det ¢) T Q2 Ao (B.3)

Remark B.1. Note that expressions (B.2) and (B.3) are not restricted to
extremal Kerr—Newman spacetimes; they in fact hold for any background met-
ric in double-null coordinates of the form (A.1).
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