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Abstract. We consider the problem of deciding if a set of quantum one-
qudit gates S = {g1,...,9n} C G is universal, i.e. if <S> is dense in G,
where G is either the special unitary or the special orthogonal group. To
every gate g in S we assign the orthogonal matrix Ad, that is image of g
under the adjoint representation Ad : G — SO(g) and g is the Lie algebra
of GG. The necessary condition for the universality of S is that the only
matrices that commute with all Adg,’s are proportional to the identity. If
in addition there is an element in <S> whose Hilbert—Schmidt distance
from the centre of G belongs to |0, %[, then § is universal. Using these
we provide a simple algorithm that allows deciding the universality of
any set of d-dimensional gates in a finite number of steps and formulate
a general classification theorem.

1. Introduction

Quantum computer is a device that operates on a finite-dimensional quantum
system H = H1 ®- - -®@H, consisting of n qudits [4,19,28] that are described by
d-dimensional Hilbert spaces, H; ~ C¢ [29]. When d = 2 qudits are typically
called qubits. The ability to effectively manufacture optical gates operating on
many modes, using, for example, optical networks that couple modes of light
[9,33,34], is a natural motivation to consider not only qubits but also higher-
dimensional systems in the quantum computation setting (see also [30,31]
for the case of fermionic linear optics and quantum metrology). One of the
necessary ingredients for a quantum computer to work properly is the ability
to perform arbitrary unitary operation on the system H. We distinguish two
types of operations. The first are one-qudit operations (one-qudit gates) that
belong to SU(H;) ~ SU(d) and act on a single qudit. The second are k-qudit
operations (k-qudit gates), k > 2, that belong to SU(H;, ®- - -®@H,, ) ~ SU(d*)
and act on the chosen k qudits. A k-qudit gate is non-trivial if it is not a tensor
product of k single-qudit gates. We say that one-qudit gates S = {g1,...,9n}
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are universal if any gate from SU(d) can be built, with an arbitrary precision,
using gates from S. Mathematically, this means that the set <S> generated
by elements from S is dense in SU(d) and its closure is the whole SU(d),
ie. <8 > = SU(d). It is known that once we have access to a universal
set of one-qudit gates together with one additional two-qudit gate that does
not map separable states onto separable states, we can build within a given
precision, an arbitrary unitary gate belonging to SU(H) [12] (see [32] for the
similar criteria for fermionic and bosonic quantum computing). Thus, in order
to characterise universal sets of gates for quantum computing with qudits, one
needs to characterise sets that are universal for one qudit.

Although there are some qualitative characterisations of universal one-
qudit gates, the full understanding is far from complete. It is known, for exam-
ple, that almost all sets of qudit gates are universal, i.e. universal sets S of the
given cardinality ¢ form a Zariski open set in SU(d)*¢. By the definition of a
Zariski open set we can therefore deduce that non-universal gates can be char-
acterised by vanishing of a finite number of polynomials in the gates entries
and their conjugates [21,27]. These polynomials are, however, not known, and
it is hard to find operationally simple criteria that decide one-qudit gates uni-
versality. Some special cases of two- and three-dimensional gates have been
studied in [8,35]. The main obstruction in these approaches is the lack of clas-
sification of finite and infinite disconnected subgroups of SU(d) for d > 4.
Recently, there were also approaches providing algorithms for deciding univer-
sality of a given set of quantum gates that can be implemented on quantum
automatas [17].

The goal of this paper is to provide some simple criteria for universality of
one-qudit gates that can be applied even if one does not know classification of
finite/infinite disconnected subgroups of SU(d). To achieve this we divide the
problem into two. First, using the fact that considered gates S = {g1,...,9n}
belong to groups that are compact simple Lie groups G, we provide a cri-
terion which allows to decide if an infinite subgroup is the whole group G.
It is formulated in terms of the adjoint representation matrices Ady, g € S
and boils down to finding the dimension of the commutant of all Adg,’s. The
necessary condition for universality is that the commutant is one-dimensional.
Checking this reduces to calculating the dimension of the kernel of a matrix
constructed from Adg,’s, whose coeflicients are polynomial in the entries of
gates and their complex conjugates. Next, we give sufficient conditions for
a set generated by S to be infinite. They stem from inequalities that relate
the distances of two group elements and their commutators from the identity
[7,15]. In particular, we show that for a pair of gates g; and go, for which the

Hilbert—Schmidt distances from the centre Z(G) of G are less than % and

such that [g1,g2]e = g19297 ‘95 * ¢ Z(G), deciding universality boils down
to checking if the corresponding Lie algebra elements generate the whole Lie
algebra. Next we show that for a gate whose distance from Z(G) is larger than
%, dist(g, Z(G)) > %, there is always n € N such that dist(¢", Z(G)) < %
Moreover, using Dirichlet approximation theorems (and their modifications)
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we give an upper bound for the maximal Ng such that for every g € G we
have dist(¢", Z(G)) < % for some 1 < n < Ng. For the gates that satisfy the
necessary condition for universality, we show that the group generated by S
is either 1) finite iff the distance of all its elements (besides those belonging
to Z(@G)) from Z(G) is longer than % or 2) otherwise equal to G. This key
observation gives rise to a simple algorithm that allows to decide universality
of any given set of gates. Moreover, it leads to a general classification theorem.
In order to formulate it we introduce the notion of the exceptional spectrum.
For example, the spectrum of g € SU(d) is exceptional iff it is a collection of
n*™ roots of @ € C, where 1 < n < Nsy(ay and a? = 1. Notably, there are
only finitely many exceptional spectra and their number can be easily calcu-
lated. Our classification theorem states that S which satisfies the necessary
universality condition and contains at least one matrix with a non-exceptional
spectrum is universal. Our approach to checking if the generated group is infi-
nite is somehow related to [22,25]; however, the conceptual differences in both
approaches are significant and the methods should be treated as independent.
The problem of deciding if a finitely generated group is infinite has been also
studied, and there are some algorithms that allow checking this property (see,
for example, [2,3,17,18]). In contrast to these approaches, our reasoning is
based on the set of basic properties of compact connected simple Lie groups.
The advantage for us of this approach is that it is explicit and direct. Moreover,
the resulting algorithm is simple and can be easily implemented.

It is worth stressing here that universality criteria on the level of Lie
groups require some additional conditions comparing to the level of Lie alge-
bras. As an example, it was shown in [37] that for the system of n qubits,
the set S consisting of all 1-qubit gates and the SWAP gates between all
pairs of qubits is not universal, whereas an analogous set of gates with the
square roots of SWAP is universal. It is, however, evident that in both cases
the corresponding Hamiltonians generate su(2"). The interesting universal and
non-universal extensions of local unitary gates in the setting for fermionic and
bosonic quantum computing can be also found in [32].

In our paper we also demonstrate that the adjoint representation, this
time for Lie algebras, can be useful in deciding if a finite subset X' of a real
compact semisimple Lie algebra generates the whole algebra (Sect. 3.1). This
problem has been studied intensively in control theory [1,11,26] and in connec-
tion to universality of Hamiltonians, symmetries and controllability of quan-
tum systems [14,36,40,41]. There are numerous criteria known, and admit-
tedly some are very general. Nevertheless, in Sect. 3.1 we provide criteria for
the universality of X’ using our approach with the adjoint representation. As
the considered groups are compact and connected, any gate g € GG can be
written as g = e~, where X is an element of the Lie algebra of the group. In
Theorem 4.6 we show that when all elements g € S satisfy dist(g, Z(G)) < %
the necessary and sufficient condition for universality of S is completely deter-
mined by generation of the Lie algebra by the logarithms of the gates from S

(see Sect. 4.1 for the definition of the logarithm).
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The last part of the paper concerns applications of the above ideas to
SU(2), SO(3) and SU(3). In particular, we give a full characterisation of the
universal pairs of single-qubit gates and show that for any pair of SU(2) gates
our algorithm terminates for a word of the length [ < 13. Moreover, if the
universality algorithm does not terminate in Step 2 with 1 <1 < 4 the set S
cannot be universal. We also show that for SU(2) the exceptional spectra are
in direct correspondence with the characters of the finite subgroups of SU(2).
We also characterise real and complex 2-mode beamsplitters that are universal
when acting on d > 3 modes. Our approach allows to reproof the results of
[8,35] without the knowledge of disconnected infinite or finite subgroups of
SO(3) and SU(3).

2. Preliminaries

2.1. Compact Semisimple Lie Algebras

A real Lie algebra is a finite-dimensional vector space g over R together with
a commutator [-,-] : g x g — g that: (1) is bilinear, (2) is antisymmetric and
(3) satisfies Jacobi identity [[X,Y],Z] + [[Z, X],Y] + [[Y, Z],X] = 0. In this
paper we will often skip ‘real” as we will consider only real Lie algebras. A Lie
algebra g is non-abelian if there is a pair X,Y € g such that [X,Y] # 0. A
subspace b C g is a subalgebra of g if and only if for any X,Y € b we have
[X,Y] € b, ie. b is closed under taking commutators. An important class of
subalgebras are ideals. A subalgebra h C g is an ideal of g if for any X € g
and any Y € h we have [X,Y] € h. One easily checks that an intersection of
ideals is an ideal.

Definition 2.1. A non-abelian Lie algebra g is simple if g has no ideals other
than 0 and g.

We say that a Lie algebra g is a direct sum of Lie algebras, g = ®"_ g,
if and only if it is a direct sum of vector spaces {g;}}—; and [g;,g,] = 0 for
all i # j. In this case g;’s are ideals of g. The algebras we are interested in
belong to a special class of either simple Lie algebras or their direct sums. In
the following we briefly discuss their properties.

A representation of a real Lie algebra on a real vector space is a linear map
¢ : g — Endgr (V) that satisfies ¢ ([X,Y]) = [¢(X), #(Y)]. A representation is
called irreducible if V' has no ¢(g)-invariant subspace W C V, i.e. a subspace
for which (X)W C W, for all X € g.

As g is a real vector space itself, one can consider representation of g on
g. In fact, there exists a canonical representation of this type that is called the
adjoint representation:

ad : g — End(g), adx(Y):=[X,Y]. (2.1)

Note that invariant spaces of the adjoint representation are ideals and therefore
the adjoint representation of a simple Lie algebra is irreducible. Using the
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adjoint representation we define a bilinear form on g, called the Killing form
given by B(X,Y) = tr (adx o ady).! The Killing form satisfies

B(adx (Y),Z) + B (adx (2),Y) = 0. (2.2)

Definition 2.2. A real Lie algebra g is a compact semisimple Lie algebra if its
Killing form is negative definite.

Assume now that g is a compact semisimple Lie algebra, and let a C g
be an ideal. Let at be the orthogonal complement of a with respect to the
Killing form. For any X € g, Y € a', and Z € a we have

B([X,Y],Z)=-B(Y,[X,Z]) =0. (2.3)

Hence, [X,Y] € at. Therefore, a’ is also an ideal. Note next that [a,a’] C
a N at. The restriction of B to the ideal a N at is obviously zero. But B is
negative definite; hence, ana®t = 0. As a result, g = a @ a' is a direct sum of
ideals. We can repeat this procedure for a and a', and after a finite number
of steps finally we get:

Fact 2.3. A real compact semisimple Lie algebra is a direct sum of real compact
sitmple Lie algebras.

Let us next choose a basis {Xi}?i:nllg in g that satisfies B(X;, X;) = —6;;.
On this basis ady is an antisymmetric trace zero real matrix, hence an ele-
ment of the special orthogonal Lie algebra so(dim g). Finally, we remark that
the subalgebra of a simple or a semisimple Lie algebra need not to be sim-
ple/semisimple.

2.2. Compact Semisimple Lie Groups

A Lie group G is a group that has a structure of a differential manifold, and
the group operations are smooth. We say that G is compact if it is a compact
manifold, i.e. any open covering of G has a finite subcovering. It is well known
that a closed subgroup of a Lie group is a Lie group [13,38]. In this section
we will always consider closed subgroups. An important class of subgroups are
normal subgroups. H C G is a normal subgroup if for each ¢ € G we have
gHg~! C H. We denote it by H <G. In this case the quotient G/H is a group.
A disconnected G consists of connected components. Connected components
of a Lie group are open, and their number is finite if G is compact, as other-
wise they would constitute an open covering of G that does not possess finite
subcovering. The identity component G, i.e. the component that contains the
neutral element e, is a normal subgroup of GG. This can be easily seen as the
maps ¢, : G — G, ¢4(h) = ghg™! are continuous for every g € G; hence,
they map components into components. But e € ¢4(G.) for all g € G; hence,
¢4(Ge) = Ge. The quotient G/G, is a group (because G. is normal) which for
a compact G is a finite group called the components group.

The connection between Lie groups and Lie algebras is established in
the following way. Left invariant vector fields on G together with vector fields

1 Upon a choice of basis in g endomorphisms adx and ady are matrices and hence we can
compute the trace.
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commutators form the Lie algebra g of a Lie group G. Note that these fields
are determined by their value at e and therefore g can be identified with the
tangent space to G at e, i.e. g = T.G. For every X € g there is a unique
one-parameter subgroup 7(t) whose tangent vector at e is X. We define the
exponential map exp : g — G to be: exp(X) := v(1). For any Lie group the
image of the exponential map, exp(g), is contained in the identity component
G. and when G is compact exp(g) = G.. Therefore, for a compact and con-
nected group every element g € G is of the form exp(X) for some X € g. For
matrix Lie groups G C GL(n,C) these definitions simplify as the exponential
map is the matrix exponential that is defined by eX = Zfio % and the Lie
algebra is defined as g = {X : !X € G, Vt € R}.

Definition 2.4. A compact connected Lie group is simple/semisimple if its Lie
algebra is a compact simple/a compact semisimple Lie algebra.

Recall that the Lie algebra h of the identity component of H < G is
an ideal of the Lie algebra g. We can also use an equivalent definition that
says a compact connected group G is simple if it has no connected normal
subgroups. Similarly, as for Lie algebras, compact semisimple Lie groups have
a particularly nice structure.

Fact 2.5. Let G be a compact connected semisimple group. Then
G=(Gy x--xGy)/Z,

where each G; is a simple compact group and Z is contained in the centre of

Gy x - x Gy.

A representation of a Lie group on a real vector space is a homomor-
phism @ : G — GLgr(V), i.e. ® satisfies ®(g192) = P(g1)P(g2). A particularly
important example is the adjoint representation of G on g.

Ad: G — Aut(g), Ady(X):=gXg " (2.4)

The image of Adg is Adg = G/Z(G), where Z(G) is the centre of G. For a
semisimple compact Lie group Z(G) is finite by definition and therefore Ad
is a finite covering homomorphism onto G/Z(G). For a compact connected
simple Lie groups the adjoint representation is irreducible.

The relation between the adjoint representations of a compact connected
semisimple Lie group and its Lie algebra, Ad and ad, follows from the fact that
Ad is a smooth homomorphism. For any X € g and all ¢ € R elements Ad:x
form a one-parameter subgroup in Aut(g) whose tangent vector at t = 0is adx.
As this group is uniquely determined by its tangent vector we have Ad..x =
e*dix  Using this relation we easily see that the Killing form on g is invariant
with respect to the adjoint action, i.e. B(Ady,X,Ad,;Y) = B(X,Y). Recall
that for a compact semisimple G the Killing form is an inner product (negative
definite) and therefore Ad, is an orthogonal matrix belonging to SO(g). After
the choice of an orthonormal basis in g, using (2.4) we can calculate entries of
the matrix Ad,. It is easy to see that this matrix belongs to SO(dim g).
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2.3. Subgroups of a Compact Semisimple Lie Group

Let G be a Lie group. We say that H C G is a discrete subgroup of G if
there is an open cover of H such that every open set in this cover contains
exactly one element from H—we will call it a discrete open cover of H. If G
is compact every discrete subgroup is finite. To see this, assume that there
is an infinite discrete subgroup H in a compact G and take the open cover
of G that is a union of the discrete open cover of H and the open set which
consists of elements not in this discrete cover. Then this cover is infinite and has
no finite subcover; hence, we get contradiction. By the similar argument any
closed disconnected subgroup H of a compact G has finitely many connected
components. The Lie algebra h of the identity component H, is a subalgebra
of g, and the exponential map is surjective onto H,; however, §h needs not to
be semisimple. We distinguish three possible types of closed subgroups of the
compact Lie group G: (1) finite discreet subgroups, (2) disconnected subgroups
with a finite number of connected components and (3) connected subgroups.

In this paper we consider groups that are generated by a finite number
of elements from some compact semisimple Lie group G. More precisely for
S={g1,...,9r} C G we consider the closure of

<8>i= {gf;...gfg L gi, €S,k € N,ij G{l,...,n}},

which is a Lie subgroup of G (see Fact 2.6 for the proof). In particular, we
want to know when < S > = G. It is known that almost any two elements
of G generate a compact semisimple G. Moreover, as shown by Kuranishi [27]
elements that are in a sufficiently small neighbourhood of e generate G if
and only if their corresponding Lie algebra elements generate g. The proof is,
however, not constructive. The author of [21] shows that pairs generating G
form a Zariski open subset of G x G. In our work we adopt and develop some
of the ideas contained in [21] and [27] and this way obtain characterisation of
sets S that generate groups SU(d) or SO(d). Moreover, our approach results
in a simple algorithm that enables deciding the universality of any given set
of gates. For the completeness we prove the following.

Fact 2.6. The closure of <S8> is a Lie group.

Proof. By the theorem of Cartan [13,38] we know that a closed subgroup of
a Lie group is a Lie group. The set <S > is obviously closed, and hence we
are left with showing that it is has a group structure. By the construction S
is invariant under multiplication and therefore < & > has this property too.
As a direct implication of Dirichlet approximation theorem (see Theorem 5.2),
for every element g € S there is a sequence {¢™*}, such that g™ — I when
k — oo0. Thus, I € <& >. Note, however, that by the same argument the
sequence {g"* "'} C S converges to g~!. Thus, < S > has a group structure.
The result follows. O

In order to clarify the terminology, whenever we say the group generated
by & we mean the compact Lie group < § >.
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3. Generating Sets for Compact Semisimple Lie Algebras and
Lie Groups

We begin with some remarks concerning irreducible representations on real vec-
tor spaces that we will call irreducible real representations. The well-known
version of the Schur lemma states that a representation of a Lie group or
a Lie algebra on a complex vector space (complex representation) is irre-
ducible iff the only matrices that commute with all representation matrices
are {\ : A € C}. In our paper the considered representations are irreducible
real representations. A real irreducible representation can be of (1) real type,
(2) complex type or (3) quaternion type. The type of representation determines
the structure of endomorphisms commuting with the representation matrices
(see chapter IL1.6 of [10] for full discussion). The following theorem holds (the-
orem I1.6.7 of [10])

Fact 3.1 (Schur Lemma). For a real irreducible representation, the algebra of
endomorphisms commuting with the representation matrices is isomorphic to:
(1) R when the representation is of the real type, (2) C when the representation
is of the complex type, (3) H when the representation is of the quaternion type;
H stands for Hamilton quaternions.

Next we show that the adjoint representation for a compact simple Lie
group/algebra is of the real type. Using Table I1.6.2 and Propositions I1.6.3 of
[10] it suffices to show that its complexification is of the real type. On the other
hand, by Proposition I1.6.4 it reduces to showing that the complexfication
gC of a compact simple Lie algebra g possesses a symmetric, non-degenerate
and Adg-invariant form. To this end we define the Killing form on g® in the
analogues way as in g, i.e. Bye(X1,Xp) = tr(adx oady), X,Y € gC. Note
that a basis of g over R is a basis of g& over C. Thus, Bgyc is a non-degenerate
symmetric Adg-invariant form as the Killing form for g is such. Hence,

Cladg) = {AI: X € R} = C(Ady).

3.1. Generating Sets for Compact Semisimple Lie Algebras

In this section g will denote a compact semisimple Lie algebra. Let X =
{X1,...,X,} C g. Wesay that X generates g if any element of g can be written
as a finite linear combination of X;’s and finitely nested commutators of X;’s:

ZaiXi + Zai,j[Xqu] + .-
i i

Our aim is to provide a general criterion that uses the adjoint representation
of compact semisimple Lie algebras to verify when & C g generates g. This
problem has been studied over the years, and there are many other approaches
that do not use the adjoint representation. It is also an important question in
control theory as it plays a central role in controllability of certain dynamical
systems [1,11,26]. The corresponding conditions are known as the so-called
Lie algebra rank condition [11,26]. The more recent conditions that are in the
spirit of what we will present in Lemma 3.2 include [39,40] and in particular
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[41] where the problem for compact Lie algebras is studied. As we will see in
the next section conditions for generation of Lie algebras are too weak when
one considers generation of Lie groups. Thus, this section plays a marginal
role for the rest of the paper (excluding Theorem 4.6). The main purpose of
this section is to give evidence that the adjoint representation can be useful in
deciding both Lie algebras and Lie groups generation problem.

Let C(adg) = {L € End(g) : VX € g [adx, L] =0} denote the space of
endomorphisms of g that commute with all adx, X € g. By the Jacobi identity
C(adg) is a Lie subalgebra of End(g). Moreover, also by Jacobi identity, if
L € End(g) commutes with adx and ady then it also commutes with ad, x4y
and ad[x y]. Let us denote by C(ady) the solution set of

[adxl,-] = 0,...7[adxn,-} =0.

It is clear that if X generates g, then C(ady) = C(adx). It happens that the
converse is true for semisimple Lie algebras. Let next g = g1 @ --- ® gx be a
decomposition of a semisimple g into simple ideals. Let X = {X;,..., X,,} C g.
Every X; € X has a unique decomposition:

Xz' = Xi71 —+ 4 Xi,k,? whereXm € g;j-

Therefore, X generates g if every set X; = {X1,,...,X,;} generates g;, ¢ €
{1,...,k}. Note that if the projection of X’ onto some simple component of g
is zero then X' cannot generate and g and C(ady) # C(adx ). Thus, the equality
C(adg) = C(ady) implies that X' has nonzero intersection with every simple
component of g.

Lemma 3.2. Let g be a compact semisimple Lie algebra and X = {X1,..., X, }
C g its finite subset. X generates g if and only if C(ady) = C(adx).

Proof. Let n be the number of components of g, and let us denote by h C g
the Lie algebra generated by X. Assume that h # g, but C(ady) = C(adx).
The equality of commutants implies that f has nonzero intersection with every
simple component of g. Using the Killing form we can decompose g into a direct
product of vector spaces (not necessarily Lie algebras), g = h @ h*. For any
X eh Yehand Z € ht we have adxY € h and adxZ € h't. The latter
is true as B(adx Z,Y) = —B(Z,adxY) = 0, for any Y € b. Therefore, for
X € b operators ady respect the decomposition g = b @ h- and have a block

diagonal structure:
adX | 0
dx = b . 3.1
adx ( 0 adX ‘ oL ) ( )

Let P : g — b be the orthogonal, with respect to the Killing form, projection
operator onto h. Then obviously [P,adx] = 0 for any X € §. Note, however,
that if P belonged to C(ady) then h would be an ideal of g. But the only ideals
of g are direct sums of its simple components. Thus, § is either g which is a
contradiction or b is a direct sum of k < n simple components of g which is
again a contradiction. O

Using the Schur lemma we obtain:
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Corollary 3.3. Let g be a compact simple Lie algebra and X = {X4,...,X,} C
g be its finite subset. X generates g if and only if C(ady) = {A] : XA € R}.

Finally, let us remark that it is very important to consider not a defining
but the adjoint representation. To see this let X7, Xo be two matrices that
generate su(2) and consider the set X = {X; @ [, Xo®I1,I ® X1,I ® Xa} C
su(4). Note that the Lie algebra generated by X is su(2) @ su(2) C su(4). One
checks by direct calculations that the only 4 x 4 matrix commuting with X is
proportional to the identity. This is, however, not the case for matrices ady,
X € X. Hence, changing the adjoint representation in Corollary 3.3 into the
defining one would obtain the equality between su(2) @ su(2) and su(4) which
is of course not true.

3.2. Generating Sets for Compact Semisimple Lie Groups

We are interested in the following problem. Let G be a compact connected
semisimple Lie group, and let S = {g1,...,g9,} C G. We want to know when
< § > = (. To this end we use adjoint representation.

Let C(Adg) = {L € End(g) : Vg € G [Ad,, L] = 0} denote the space of
endomorphisms of g that commute with all Ady, g € G. By the Jacobi identity
C(Adg) is a Lie subalgebra of End(g). Moreover, if L € End(g) commutes with
Ad, and Adj, then it also commutes with Adgy,. Let us denote by C(Ads) the
solution set of

[Adg,, | =0,...,[Ad,,,-] =0.

It is clear that if S generates G then C(Adg) = C(Ads). It happens that with
some additional assumptions the converse is true for semisimple Lie groups.

Lemma 3.4. Let G be a compact connected semisimple Lie group and S =
{91,---,9n} C G its finite subset such that <S> is infinite and the projection
of <&§> onto every simple component of G is also infinite. S generates G if
and only if C(Adg) = C(Ads).

Proof. Let us denote by H the closure of the group generated by S, i.e. H =
< S8 >. H is a compact Lie group that contains infinite number of elements.
Let H. be the identity component of H. As we know H, is a normal subgroup
of H. Let h C g be the Lie algebra of H., and let n be the number of simple
components of g = Lie(G). Under our assumption § has nonzero intersection
with every simple component of g. Assume that h # g, but C(Adg) = C(Ads).
Using the Killing form we can decompose g into a direct product of vector
spaces (not necessarily Lie algebras), g = h@h~. Forany g € H, X € handY €
ht we have Ad,Y € h and Ad,Y € ht. The latter is true as B(Ad,Y, X) =
B(Y,Ad,~1X) = 0, for any X € bh. Therefore, for h € H the operators Ady,
respect the decomposition g = h @ h+ and have a block diagonal structure:

Ady| 0
— b

Let P : g — b be the orthogonal projection with respect to the Killing form
onto . Then obviously [P,Ad,] = 0 for any h € H. Note, however, that if
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P belonged to C(Adg) then h would be Adg-invariant subspace of g. But the
only Ad-invariant subspaces of g are simple components of g. Hence, either
h = g which is a contradiction or h is a direct sum of £ < n simple components
of g which again is a contradiction as b has nonzero intersection with all n
simple components. O

Using the Schur lemma we obtain:

Corollary 3.5. Let G be a compact connected simple Lie group and & =
{g1,--.,9n} its finite subset. Assume <S> is infinite. The set S generates
G if and only if C(Adg) = {1 : A € R}.

Finally, note that < § > is infinite in particular when at least one of g;’s
is of infinite order. Hence,

Corollary 3.6. Let G be a compact connected simple Lie group and S =
{91,--.,9n} C G its finite subset such that at least one of g;’s is of infinite
order. S generates G if and only if C(Ads) = {A\ : A € R}.

In the next section we characterise when <S> is infinite and when C(Ads)
can be different from C(ady) for semisimple groups of our interest, i.e. for
G = SU(d) and G = SO(d).

4. Groups SU(d) and SO(d)

In this section we focus on two groups G that are particularly important from
the perspective of quantum computation and linear quantum optics, i.e. G =

SO(d) or G = SU(d).

SO(d) = {0 € Gl4(R) : O'O = I, detO = 1}, (4.1)

SU(d) ={U € Gly(C) : UTU = I, detX = 1}. (4.2)
Their Lie algebras g are:

so(d) = {X € Matg(R) : X! = =X, trX = 0}, (4.3)

su(d) = {X € Maty(C) : XT = —X, trX = 0}. (4.4)

The centres of G are finite and given by Z(SU (d)) = {al : a € C, a® =1},
Z(S0 (2d)) = {£I} and Z(SO(2d+1)) = I. Groups SU(d) for d > 2 and
groups SO(d) for d > 3 and d # 4 are compact connected simple Lie groups. On
the other hand, SO(4) is still compact and connected, but it is not simple as its
Lie algebra is a direct sum of Lie algebras s0(4) = s0(3)®s0(3); hence, SO(4) is
semisimple. The Killing form on both su(d) and so(d), up to a constant positive
factor, is given by B(X,Y) = trXY. We next introduce an orthonormal basis
in su(d) and so(d). Let Ey; = |k)XI| be a d X d matrix whose only nonzero
(and equal to 1) entry is (k,1). The commutation relations are [E;;, Ex] =
5jkEil — 5“Ek7j. Let

Xij = Eij — Eji, Yij = i (Eij + Eji), Zij = i(Eii — Ejj). (4.5)
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One easily checks that for 4,5 € {1,...,d}, i < j matrices {X;;,Yi;, Z;i41}
form an orthogonal basis of su(d) and matrices {X;;} of so(d). We will call
these two bases the standard bases of su(d) and so(d), respectively.

4.1. Gates and Their Lie Algebra Elements

In this section we explain how to any set of gates S we assign the set of Lie
algebra elements X'.

Let us recall that for a unitary matrix U € SU(d) there is a unitary
matrix V € SU(d) such that D = VIUV = diag{e’®',...,e'®4}. The nonzero
entries of D constitute the spectrum of U. In order to find X € su(d) such
that U = eX one should calculate a logarithm of U. This can be done using
the decomposition U = VDV, and it boils down to calculating logarithms of
diagonal matrix D. Since the logarithm of z € C is not uniquely defined we
will use the convention that log z = arg(z), where arg(z) is the argument of
z, and we assume arg(z) € [0,27). Thus, we choose X € su(d) that satisfies
U=eXas X = VDV where D = diag{i¢y, ..., idq}, every ¢; € [0,27). This
way to any set of gates S = {Uy,...,U,} C SU(d) we assign the set of Lie
algebra elements X = {X1,...,X,} C su(d).

Matrices in SO(d) typically cannot be diagonalised by the orthogonal
group. Nevertheless, for a matrix O € SO(d) there is an orthogonal matrix
V such that R = V'OV is block diagonal with two types of blocks: (1) one
identity matrix I of dimension 0 < k < d and (2) 2 x 2 rotations by angles
@i € (0,27), i.e. matrices O(¢;) from SO(2). We again want to find X € so(d)
such that O = eX. In our paper we choose X = VRV, where R has the same
block diagonal structure as R and (1) the block of R corresponding to the iden-
tity block of R is the zero matrix 0y of dimension 0 < k < d, (2) the blocks cor-

responding to 2 X 2 ¢;-rotation blocks of R are matrices (—(2%5 %Z> € s50(2),

where every ¢; € (0,27). We will call R and R normal forms of O € SO(d)
and X € so(d), respectively, and angles ¢;’s the spectral angles. Summing up,
using the above procedure, to any set of gates S = {O1,...,0,} C SO(d) we
assign the set of Lie algebra elements X = {Xy,...,X,,} C so(d).

Throughout the paper, whenever we speak about the Lie algebra ele-
ments associated with gates (or the logarithms of the gates) we mean matrices
constructed according to the above two procedures.

4.2. The Difference Between C(Ads) and C(adx)

4.2.1. The Case of SU(d). Let S = {U,...,U,} C SU(d), and let
X = {Xi,...,X,} be the corresponding set of Lie algebra elements (con-
structed as described in Sect. 4.1). In this section we study when the spaces
C(Ads) and C(ady) are different. Note first that using Ad,x, = e*Ixi we
have C(ady) C C(Ads). Hence, we are particularly interested in the situa-
tion when C(Adg) is strictly larger then C(ady). Matrices U; can be put into
diagonal form U; = V;D;V', where V; € SU(d) and D; = {e,...,e%},
@5 € [0,27). Note now that Ady, = Ady, .yt = O;Adp,0;, where O =
Ady, € SO(d®> — 1). Let us order the standard basis of su(d) as follows
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{X12,Y12,..., Xa-1.4,Ya-1.d: Z1,2,- - - Za—1,4}- The matrix Adp, in this basis
has a block diagonal form:

O(1 2)
0(41,4)
AdDi = ) ) (46)
O(d3,4)
O(sti—l,d)
I
where
) cos ( ¢t sin ( ¢! , ) )
O (¢}1) = (91 (91 . where, ¢}, = ¢, — ¢}, (4.7)

—sin ((;5};’1) cos (qﬁ}cl
and I;_1 is (d—1) x (d—1) identity matrix. Matrices from X are given by X; =
ViDiVJ and D; = i {¢}, ¢h, ..., ¢} }. Hence, ady, = ady, 5yt = Oadp O°, and
we have (in the standard basis of su(d) ordered as previously):

X(h)
X(61)

X(dh.a)

X (61 )
0a—1
where
0
—

(3

Xk) = (g, b )ovheredhi=oi-of @9
and 041 is (d—1) x (d—1) zero matrix. Note that ¢}, ; € (=2, 27). Comparing
structures of matrices Adp, and adj we deduce that if all ¢; ; # £7 then
C(Ads) = C(adx). The situation is different when ¢j ; = 4. In this case Adp,
has additional degeneracies compared to adp, as O(¢}, ;) = O(£7) = —Ia. Let
P be the rotation plane corresponding to the angle ¢§;’l = +7. One can then
construct a rotation O’ € SO(d* — 1) whose elementary rotation planes are
exactly as in adp except P which is replaced by a plane P’, P L P'. This
can be achieved using available d — 1 directions corresponding to I;_1. If the
rotation angle along P’ is also 7 then [Ady,, O'] = 0 and [adx,, O] # 0. Hence,
the space C(Ady,) is larger than C(ady,) and there is possibility that it might
be true also for sets C(Ads) and C(ady). As a conclusion we get
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Fact 4.1. Let S = {Uy,...,U,} C SU(d) and X = {X1,..., Xy} be the corre-
sponding set of Lie algebra elements (constructed as described in Sect. 4.1). The
space C(Ads) can be larger than C(ady) if and only if the difference between
spectral angles for at least one of the matrices U; € S is equal to £.

4.2.2. The Case of SO(d). We consider § = {O1,...,0,} C SO(d) and
X = {Xy,...,X,} be the corresponding Lie algebra elements (constructed
as described in Sect. 4.1). We have C(ady) C C(Ads), and our goal is to
characterise the cases when the space C(Ads) can be strictly larger than
C(ady). Matrices O; can be put into a standard form O; = ViRiViT, where
Vi € SO(d) and R; is a block diagonal matrix consisting of k < [£] two-
dimensional blocks representing rotations by angles {¢%,...,¢%L}, qb;» € (0,2m)
and one (d — 2k)-dimensional block that is the identity matrix. Note next that
Adp, = AdViRin = Ady, AdRiAdﬁ/i. Each matrix Adg, can be brought to the

standard block diagonal form containing the following blocks

1. O(¢},) and O(¥} ), where ¢, , = ¢, — ¢}, Vi, = ¢k + ¢}, a < b. The
number of these blocks is k(k — 1).
2. The identity block of dimension k +
3. Blocks O(¢"), where j € {1,...,k}. Bach block O(¢}) appears (d — 2k)
times. Hence, we have k(d — 2k) blocks like this.
Matrices adx, have the same structure as matrices Adp, albeit the identity
block is replaced by the 0-block of the same dimension, and the rotational

blocks O( Z,b)v O( Z,b) and O(¢}) are replaced by (—(g)bz %) € s0(2),
J

(d—2k)(d—2k—1)
 E

where every qb;- € (0,27). Repeating the reasoning for SU(d) we get:

Fact 4.2. Let S = {Ui,...,U,} C SO(d) and X = {X1,...,X,} C so(d)
be the corresponding set of Lie algebra elements (constructed as described in
Sect. 4.1). The space C(Ads) can be bigger than C(adx) if and only if the dif-
ference or the sum of spectral angles ¢, and ¢ for at least one of the matrices
O; € S is an odd multiple of .

4.3. Pairs Generating Infinite Subgroups of G

In this section we show that elements that are close enough to Z(G) generate
G if the corresponding Lie algebra elements generate g (see Theorem 4.6). We
begin with recalling the elementary properties of the matrix exponential and
the matrix logarithm. To this end we define the norm of A € Maty(C) by
[A[] = \/tr(AAT).

Next we recall that the group commutator of two invertible matrices
(with respect to matrix multiplication) is defined as [A, Ble = ABA™!B~%.
Naturally, if matrices commute in a usual sense then [A, B], = I. The following
lemma relates the distance between [A, Bls and I to the distances of A and B
from the identity.

Lemma 4.3. Let A,B € G where G = SU(d) or G = SO(d), and let C =
[A, Ble. We have the following:

I =11 < V2| A - 1]|||B ~ 1, (4.10)
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If [A,Cle = Tand |B — I|| < 2, then[A, Bls = I. (4.11)
Proof. Can be found in Lemmas 36.15 and 36.16 of [15]. O

We next define open balls in G = SO(d) or SU(d) centred around ele-
ments from Z(G) and of radius 1/v/2, B, = {g € G : ||g — aI|| < 1/v/2}. Let

B = UaIEZ(G) Ba.

Lemma4.4. Let g, h € By, and assume [g, hle # I. The group <g, h> generated
by g, h is infinite.

Proof. Define the sequence go = ¢, 91 = [90, hle, gn = [gn—1,h]e. By our
assumptions ||k — I|| = d < 1/v/2. Therefore, using Lemma 4.3

lgn = 11l < V2d||gn—1 — 1]|-

Thus, ||g, — I|| < (V2d)"||g — I|| and g, — I, when n — oo. Assume
that the sequence is finite, i.e. for some N we have gy = I. That means
[gN-1,hle = I. But gy—1 = [gn—2,h]e and clearly |lgr — I|| < 2 and by
Lemma 4.3, [gn—2, h]e = I. Repeating this argument we get [g, h]¢ = I which
is a contradiction. Therefore, <g, h> is infinite. g

Corollary 4.5. Let g € B,, and h € B,,, where oy and og are such that
arl, a0l € Z(G) and assume [g, hle ¢ Z(G). Then the group <g, h> is infinite.

Proof. If ay = ap = 1 the result follows from Lemma 4.4. For all other «;’s
let ¢ = a;'g and ' = ay'h. Then h',¢' € By and [¢/,h']s # I. Thus, by
Lemma 4.4, <g’, h’> is infinite. Note that <g, h> is up to the finite covering
equal to <g’, h'> and therefore is infinite too. O

We next provide explicit conditions for elements of G to belong to balls
B, . To this end let ;I be the elements of Z(G). We have the following

llg — anl|]® = tr(g — amI)(g* — ai 1) = 2tr] — o trg — aputrg®.  (4.12)

For SU(d) we have a = 1 and hence «,, = cosf,, +isinb,,, where 6,,, = 2';”
and m € {1,...,d}. Let {1 e!%2, ... e®e} be the spectrum of Uy € SU(d).
The conditions for Uy € SU(d) to belong to the ball B, read:
d b — 0 1 d
Ug € B,,, & Zsin2 ¢ 5 e § Z = Omod 27. (4.13)

i=1 i=1

For SO(2k + 1) the centre is trivial and we have only one ball B;. Let
{1,ei01 71 ... €% 7%k} be the spectrum of Ogpry € SO(2k + 1). We
have

ng+1 c B < Zbln — < —. (414)

=1
Finally, Z(SO(2k)) = {I,—I} and we have two balls By, B_;. Let
{ei¢1 ; e—itih7 o etPk , P }7
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be the spectrum of Oyp. The conditions for the spectral angles are as follows

k
i 1
Oor € B, & ZsinQ% <1 (4.15)
i=1
k ¢; — T 1
.2 @
OQk € Bfl -~ Zsln T < Tﬁ (416)

i=1

Theorem 4.6. Let G = SO(d) or G = SU(d). Let S = {g91,...,9n} C G be
such that g; € By, where ol € Z(G), and let X = {X1,...,X,} C g be the
Lie algebra elements assigned to S (constructed as described in Sect. 4.1). S
generates G if and only if X generates g.

Proof. By Lemma 3.4, matrices S generate G if they generate an infinite sub-
group and C(Ads) = C(Adg). The cases when spaces C(Ads) and C(ady) can
differ are characterised by Facts 4.1 and 4.2. Assume that § C SU(d). The
spaces C(Ads) and C(ady) can differ if and only if for one of the matrices
gi € S we have ¢Z,b = km, where k is odd. But then ¢! = ¢} £+ and for some

e’m = QZm

P — 6,
~n2¢b ™

)
si + sin? 2 m

2 2
which means g; does not satisfy (4.13). Assume next that S C SO(d). The
spaces C(Ads) and C(ady) can differ iff the difference or the sum of spectral
angles ¢! and qb}') is equal to an odd multiple of 7. For odd d we arrive at

:17

sin? % + sin? % =1,
and for even d we additionally have
+¢ £ — V-
2 THET T 2B Ty
2 2
which means g; does not satisfy (4.14), (4.15) or (4.16). O

4.4. Universal Sets for G

In this section we consider situation when not all the matrices belonging
to § are contained in B. We already know that if there are two elements
g,h € < S >N DB such that [g,hle ¢ Z(G) then the group < S > is infinite.
It turns out that for S that satisfies the necessary universality condition, i.e.
C(Ady,,...,Ad,,) = {\I}, this is actually an equivalence relation.

Lemma 4.7. Let S = {g1,..., 91} C G be such that C(Ady,,...,Ad,, ) = {\[}.
The group < S > is infinite if and only if there are at least two elements
g,h € < S >N B satisfying [g,hle ¢ Z(G).

Proof. Assume < S > is infinite. Then under the assumption C(Ads) = {A\}
we have < S > = G. Thus, balls B, must contain elements of <S> commuting
to a non-central elements and the result follows. On the other hand, if there
are at least two elements g,h € < S > such that they belong to some balls
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B, where ol € Z(G), and [g,hle ¢ Z(G) then by Corollary 4.5 < .S > is
infinite. O

We already know that the necessary universality condition places signif-
icant constraints on the structure of the infinite < & >. It turns out that this
is the case also when < § > is finite. The constrains regard the structure of
<S>nNB.

Lemma 4.8. Let S = {g1,..., 91} C G be such that C(Ady,,...,Ad,, ) = {\I}.
Then either the intersection of <S> with B is dense in B or is a subgroup of
Z(Q). In the first case < S > = G, and in the second one < S > is finite.

Proof. The group < S > can be either infinite or finite. When it is infinite,
then by the necessary universality condition, i.e. C(Ady,,...,Ady, ) = {\},
we have < S > = @, and it is obvious that BN < & > is dense in B. Assume
next that <S> is finite. By Corollary 4.5 the group commutators of elements
from BN < S > belong to Z(G). We first show that in fact they are equal to
the identity, i.e. elements from BN < § > commute. To see this let hy € B,
and hg € B,,. Assume [h1, hale € Z(G). One can always find hi, hs € By such
that hy = a11~11 and hy = agﬁg. We have:

[hl, hg]. = [alﬁl,agim]. = Oélillagilgal_lill_l()é;lim = [ill,ilg}.. (417)

But by inequality (4.10) we have [k, hole € By, and it is also easy to see that
B,,’s are disjoint. Thus, [h1, ho]e = I. Next we note that each B, N < S > is

invariant under the conjugation by elements from G. Let {hq,..., h,,} be all
elements from B,N < S >. Once again we can find elements {hy,..., Ay} C
By satistying h; = ah;. Let g3 X, = log h; (constructed as described in
Sect. 4.1). Thus, elements of B,N < S > are of the form {ae®1, ... aeXm}.
We also know that B,N < S > is Adg-invariant, i.e.

giozeX-fgi_l = ozAdgieX-" =aeXr, g €S, (4.18)

where i € {1,...,k} and j,r € {1,...,m}. Thus, we have Adye™i = e*r.
As the distance from the identity of the left and right sides is smaller than 1
we have log AdgieXf = loge™r. By the construction, loge*r = X, and from
our definition of logarithm: logAdgieXi = Ady, log eXi = Ady, X;. Hence,
Adg, X; = X, and the subspace {Xy,...,X,,} C g is an invariant subspace
for all matrices {Adg,,... Adg, }. By the condition C(Ady,,...,Ad,,) = {\]}
this subspace must be either 0 or g. Assume it is g. Recall that we have:

[eXi aeXi) =0, i,5 € {1,...,k}.

Thus, there is U such that aeXi = anDiU*l, where D; is diagonal. Hence,
X; = UD;U~!. Thus, matrices {X1,..., X,,} commute and we get a contra-
diction. Hence, <S> N B, is either empty or . The result follows. O

Lemma 4.8 leads to the following conclusion:

Corollary 4.9. Let S = {g1,..., 95} C G be such that C(Ad,,,...,Ad,,) =
{A}. Then <S> is infinite if and only if there is an element in <S> that
belongs to B and does not belong to Z(G).
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SU(d)

e2im/d

Be2ki7r/d

FIGURE 1. Group SU(d) with the exemplary open balls B,,
centred at elements form Z(SU(d))

Of course, S can be such that its elements do not belong to B. In the
following we show that by taking powers we can move every element of G
into B, for some al € Z(G). Moreover, there is a global upper bound for the
required power.

Fact 4.10. For groups G = SU(d) and G = SO(d) there is Ng € N such that
for every g € G, g" € B,,, for some apl € Z(G) and 1 <n < Ng.

Proof. Let us first recall that by the Dirichlet theorem (see Theorem 201
n [23]), for given real numbers x, Z2,...,z; we can find n € N so that
nxy,...,nx; all differ from integers by as little as we want. Let {¢1,..., ¢}
be the spectral angles of g € G, and let ¢, = 27z;, where z; € [0,1). By
Dirichlet theorem we can always find n such that nz;’s are close enough to
integers to make g" to belong to B;. For g € G let ngy be the smallest positive
integer such that ¢"¢ € B, for some al € Z(G) (by Dirichlet theorem we
know that n, < 00). Let O4? be an open neighbourhood? of g such that for
any h € Oy° we have h™s € B,. Note that there might be some h € Oy° for
which ng is not optimal, but this will not play any role. Let {O;Lg }g ca be the

resulting open cover of G. As G is compact there is a finite subcover {(’)gfi}
and hence Ng = sup;ng, is well defined and finite. O

For g € G let 1 < ny < Ng denote the smallest integer such that g"s € B
(see Fig. 1). Using Corollary 4.9 we deduce that <S> is finite if and only if for
every g €< S > we have ¢g"9 € Z(G). This in turn places certain constrains
on the spectra of elements belonging to <&>.

2 This kind of a neighbourhood exists as taking powers is a continuous operation.
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Definition 4.11. Assume g ¢ B. The spectrum of g is exceptional if for some
1 <n < Ng we have g" € Z(G).

In other words the spectrum of g is exceptional iff (1) g € SU(d) and
all spectral elements of g are n'® roots of a € C, where a? = 1, for some
fixed 1 <n < Ngya), (2) g € SO(2k + 1) and all spectral elements of g are
n'™ roots of unity for some fixed 1 < n < Nsok+1), (3) g € SO(2k) and
all spectral elements of g are n'" roots of a, where o? = 1, for some fixed
1 <n < Ngo(2r+1)- Note that the set of exceptional spectra is a finite set. As

a direct consequence we get the following result:

Theorem 4.12. Let S = {g1,92,...,9x} C G, where G = SO(d) and d # 4 or
G = SU(d). Assume C(Ady,,...,Ad,,) = {\} and that there is at least one
element in S for which the spectrum is not exceptional. Then < S > =G.

4.5. The Algorithm for Checking Universality

In this section we present a simple algorithm that allows to decide universality
of any given set of gates S C G in a finite number of steps. It works for
G = SU(d) and G = SO(k), besides k = 4.
The Algorithm for checking universality of S = {g1,..., 9.}
Step 1. Check if C(Adg) = {AI}. If the answer is NO stop as the set S is not
universal. If YES, set [ = 1 and go to Step 2.
Step 2. Check if there is a matrix g € S for which ¢g"¢ belongs to B but not
to Z(G), where 1 < ng < Ng. If so S is universal. If NO, set [ = [+ 1.
Step 3. Define the new set S by adding to S words of length [, i.e. products
of elements from S of length [. If the new S is equal to the old, the
group <&> is finite. Otherwise, go to Step 2.
If the group generated by S is finite the algorithm terminates in Step 3 for
some | < oo. Otherwise, it terminates in Step 2 for [ < oco. In the following
we discuss the bounds for [. In case when the group generated by S is finite
the upper bound for [ is the order of largest finite subgroup of SU(d). When
the set S is symmetric, i.e. § = {Ul,...,Uk,Ul_l,...,Uk_l} and the group
generated by S is infinite, the bound for [ can be determined by looking at the
averaging operator T : L2(SU(d)) — L*(SU(d)):

(Tsf)( ka (Uig) + (U g)) - (4.19)

Let || T'|jop == SuprLz(SU(d))w’ where |- ||2 is the usual L? norm. One easily

checks that shifting operators (Uf) (9) = f(U™'g) are unitary and hence their
operator norm is 1. Thus, using triangle inequality, we see that || Ts|op < 1. In
fact, the constant function f = 1 is the eigenvector of Ts with the eigenvalue
1 and ||Ts|lop = 1. Let L(SU(d)) be the subspace of L?(SU(d)) containing
functions with the vanishing mean. Consider operator Ts| 12(sU(a))- The norm
of this operator is 1 if and only if 1 is an accumulation point of the spectrum
of Ts. Otherwise, it is strictly less than 1 and we will denote it by A;. If this
is the case we say that Ts has a spectral gap. The recent results [5,6] ensure
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that Ts has a gap at least when matrices from S have algebraic entries. For
transcendental entries the problem of the spectral gap existence is open. In
fact, Sarnak conjectures the spectral gap is present for any universal set. The
existence of spectral gap has interesting implications. As shown in [24] (our
formulas are slightly different than in [24] as we use Hilbert-Schmidt norm):

Fact 4.13. Let S be a universal, symmetric set of gates and assume Ts has a
spectral gap. Let \y = || Ts|pz(su(ay llop- For every U € SU(d), € > 0 and

1
n > Alog () + B
€
there is U, € W, (S) such that |[U — Uy,|| < €, where

2 - log (2d2_1/a1> + 1(d* — 1) log(d* — 1)
Tlog (/M) T log (1/A1)

and ay s such that for any ball of radius € in SU(d) its volume (with respect
to normalised Haar measure) Vg, satisfies

V(B.) > aje’ 1.

The upper bound for [ in our algorithm in case when <&> is infinite
is given by the minimal number of gates that are needed to approximate an
element whose distance from B is equal to ﬁ with the precision € = m,
where § is arbitrarily small positive number. Using Fact 4.13 this number is

bounded by:

d? -1
< — 1] 2v2 + 6
< Tog (1/5) B@V2+9)+

Moreover, by explicit calculation the volume

log <2d2_1/a1) + 3(d? — 1) log(d® — 1)

log (1/1) (4.20)

1 € 1 €
V(B.) = — | 2arcsin —= — —sin4 arcsin —— | .
(B = ( 2/2 2 Ni)

One easily checks that aje®, where

1612 ) 1 1. A 1
= I'CS1Il — — — S1n I'CS1n —
ay arcs 8 25 arcs 8 s

s

satisfies V(B.) > ay€3 for € € [0, ﬁ]

Finally, we note that when spectral gap is small, i.e. A\; is close to 1
the upper bound given by 4.20 can be in fact very big. This is the case, for
example, when matrices S are very close to some matrix U € SU(d). But
then they can be simultaneously introduced to a ball B, and deciding their
universality requires actually [ = 1. Thus, it seems that the bound given in 4.20
is useful only if A; is well separated from 1.
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5. Computing N¢g

In this section we find upper bounds for Ngy () and Ngo(q) using Dirich-
let’s approximation theorem [16,23]. These bounds are used in the algorithm
presented in Sect. 4.5.

Theorem 5.1. For a given real number a and a positive integer N there exist
. . 1 .
integers 1 < n < N and p such that n¢ differs from p by at most N e

Ina — p| < (5.1)

N+1

We will use Theorem 5.1 in calculation of Ng for G = SO(3) and
G = SU(2)—these are two cases when g € G has a one spectral angle. The
simultaneous version of Dirichlet’s theorem gives a similar approximation for
a collection of real numbers ¢1, ..., ¢r. We will use it for SO(2k + 1).

Theorem 5.2. For given real numbers a1, ...,aq and a positive integer N there
exist integer 1 < n < N and integers p1,...,pr such that
1
|na; — p;| < NI (5.2)

For groups SO(2k) and SU(d) we need to prove a modified version of
Dirichlet’s theorem. To this end for any = € R and d € Z we define {2} to
be the difference between x and the largest p+ % that is smaller or equal to x,
wherep € Z, k € {0,1,...,d—1}. Clearly, {z}; € [0,1). For z = (21,...,2) €
R™ we define {z}r, = {z1}k,-- -, {Zm}r)- Let Ly, 4 be the lattice in R™ given
by points

q1,---59m), | 41 dv"'7Qm d yeees | 41 d yor s dm d )

where ¢1,...¢m € Z. An important property of the lattice £,, q is that for any
D,q € Ly, ¢ we have ptgq € L, 4. As a direct consequence of this property we
get the following theorem.

Theorem 5.3. For a = (a1,...,a,;) and positive € < ﬁ there exist integer
1<n< || and apointp=(p1,...,pm) € Lim,q such that Vi € {1,...,m}:
|na; —p;i| < e. (5.3)

Proof. For a given point a = (a1, ...,a,) € R™ consider dQ™ + 1 points:
{na}o, {na}s,...,{nats—1, n€{0,...,Q™} (5.4)

Next take an m-dimensional cube [0,1)™ and divide it into dQ™ boxes by
drawing planes parallel to its faces at distances ,Q/lg o By Dirichlet’s pigeon
hole principle, at least two points from (5.4) fall to the same box. Let these
points be {¢gia}; and {gsa};, where i,5 € {1,...,d — 1} and ¢1 < ¢2. Note
that ¢; cannot be equal to ¢ as in this case ¢ > 2—1d. As the lattice L, 4
is invariant with respect to addition and subtraction of its points we have
max; [{(g2 — q1)ai }x| < %, where k =j—iifi < jor k=d+j—i when

i > j. The result follows. O
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We begin with finding the exact values of Ngyr(2)y and Ngo(s).
Fact 5.4. N50(3) =12 and NSU(Z) =6

Proof. Let O € SO(3), and let [0,27) 3 ¢ = 2anm be its spectral angle. By
Theorem 5. 1 for a given N there are integers p and 1 < n < N such that
|na —p| < w75 - Multiplying this 1nequahty by 7 yields |n —pr| < {5 Note
that (4.14) snnphﬁes to |sin 12”\ < 1 ie. for a given ¢ we look for n such that
|n9 — prr| < arcsin 1. Combining these two observations we need to find the

1 .
smallest N such that N+1 < arcsin 3. It is

1

— arcs b

N = FH] Y (5.5)
arCSan

Formula (5.5) gives an upper bound for Ngo3). Note, however, that for % =
arcsin  the smallest n such that |narcsin 2 — 7| < arcsin 1 is exactly 12 (see
Fig. 2a); hence, Ngo(s) = 12.

Assume next U € SU(2) and [0,27) 5 ¢ = an be its spectral angle. By
Theorem 5. 1 for a given N there are integers p and 1 < n < N such that

|na — p| < x=7. Multiplying this inequality by 7 yields ‘ 55

=g

Note that (4.14) simplifies to ‘sin%’ < i or ‘sin ? < %, i.e. for a given ¢ we

look for n such that ‘n% — pg‘ < arcsin i. Combining these two observations
we need to find the smallest N such that m < arcsin i. This is
S|
N = 5 — arcsin 7 _s (5.6)
arcsin 1

Formula (5.6) gives an upper bound for Ngy(2). Note, however, that for L=

arcsin y L the smallest n such that |n arcsin l — f| < arcsmi is exactly 6 (
Fig. 2b) Hence, Ngy(2) = 6. O
Fact 5.5. The values of Nsok+1) and Nso(ar) are bounded from the above
by:
k
7r
Nso@r+1) < — ; (5.7)
arcsin 4f
_1 .
™
Nsoer < |5 (arcsm1> : (5.8)
Wk

Proof. The spectral angles of O € SO(d) are {¢1,—¢1,. .., 0k, —¢r} if d =2k
or {¢p1,—P1,..., bk, —0k, 0} if d = 2k+ 1. We first address the case of SO(2k).
Assume that ¢; = a;m for all ¢ € {1,...,k}. The lattice - Ly o corresponds

exactly to points {%, ceey %} at which balls By and B_; given by condi-

tions (4.15) and (4.16) are centred. Let us next find the smallest hypercube
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sin g A (a)
14

0.54

LV ESS

a1 — in =
a‘rcsulZ T — arcsim j

sin & |

\ (b)

(8 & B

V2N /A

.1 T _ w1l inl _ 1
arcsin 3 2 arcsm 12 + arcsin 1 T — arcsin

FIGURE 2. a Condition (4.14) for SO(3). Black dots corre-
spond to n arcsin i, and dashed segments are determined by

’sin%‘ < 1. b Conditions (4.13) for U € SU(2). Black dots

correspond to narcsin &, and dashed segments are determined

19
by sin%‘ <1lor sin¢’%7T <3
xk
{f%, %’f} contained in the ball B;. By symmetry, its edge length will be

the same for B_;. To this end one needs to minimise Y, ¢? under the con-
dition ), sin? ¢ = %. Calculations with the use of the Lagrange multipliers
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show that the coordinates of the minimising point are all equal and hence
k sin® 5 > = arcsin 5. That means ﬂ k — arcsin m is the half of the edge length
of the largest hypercube contalned in a ball By;. We next apply Theorem 5.3

arcsin

to the lattice Ly 2 and the point a = (aq,...,ax) with € = T“f < 3 As
a result we obtain point p € Ly, o such that:

arcsin

Ina; — pi| < — 4f (5.9)
where

ak

k
2 (arcsm 4f)

For SO(2k + 1) we can directly apply Theorem 5.2. Looking at the hypercube
that is contained in one of the balls given by conditions (4.15) and (4.16) we
get the desired result. 0

n <

Fact 5.6. For d > 3 the value of Ngy(qy is bounded from the above by:

127\ %!
Nspay < {d <m> -‘ ,

where [y is such that (d — 1) sin? % + sin? % = %.

Proof. For U € SU(d) let {¢1, ..., Pa} be the spectral angles of U. Assume that
for every i € {1 ...,d — 1} we have [0,27) > ¢; = a;m. As Y. ¢; = O0mod 27

we can always put ¢gq = — Z?;ll ¢i;. We need to first find the edge length of
X (d—1)
the largest hypercube [—%, %‘”} contained in the ball By. By symmetry

of condition (4.14), this length will be the same for other balls. We need to
minimise Y, ¢7 under the condition Z?;ll sin? ¢; + sin’ (Z?:_ll ¢i> = 3. Cal-
culations with the use of the Lagrange multipliers show that the coordinates
of the minimising point are all equal and hence 3, satisfies:

d—1 1
Q%JrsinQ% :g. (5.10)

In order to apply Theorem 5.3 we need to check if 5‘1 < 54+ By Eq. (5.10) 84
is clearly close to zero and therefore we can assume that sin 62‘1 approximately

(d—1)sin

Ba Ba _ 1 ich i .
equals 2 5+ Then it follows that §2 = or BT which is clearly smaller
than ﬁ. Thus, we can apply Theorem 5.3 to the lattice £4_1 ¢ and the point
a=(ay,...,a4—1) with e = g—; < 2—1(1. As a result, we obtain point p € L4_1 4
such that:

Ba
|na; — pi| < — (5.11)

o’
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2
FIGURE 3. Smallest hypercubes contained in the balls B; for
SO(4) and SU(3), respectively
where
Bk (277)‘“
n (= .
d \ Ba
The result follows. O

For d = 3 we obtain % = arctan g;\/‘/% and Ngpy(3) < 154. On the
other hand, numerical calculations yield Ngy 3y = 49. For orthogonal groups
we have that numerical calculations yield Ngo) = 172 and Ngo) = 86,
where the bounds given by (5.7) and (5.8) are Ngo(5) < 312 and Ngo) <
151, respectively. The difference between the bounds and values calculated
numerically reflects the obvious fact that the considered hypercubes are rather
brutal approximations of the balls B, (see Fig. 3). However, we stress that the
choice of hypercubes we made is the most optimal from the perspective of
Dirichlet’s theorems. Let us also note that the upper bound for Ng seems to
be more accurate for SO(4) than for SU(3). We believe this stems from the
fact that the ‘square-ball’ area ratio is smaller for SU(3) than for SO(4) (see
Fig. 3). The way how these ratios should be incorporated into formulas for the
upper bound on Ng is left as an open problem. We suppose this should be
done by introducing some additional factor that depends on the square-ball
ratio.

6. Universality for SU(2) and SO(3)

In the following we discuss universality of gates in case when G = SU(2) or G =
SO(3). In particular, we formulate explicit conditions (Fact 6.1) for C(Ads) =
{AI}, where S is a finite subset of G. For both SU(2) and SO(3) exceptional
spectra are determined by one spectral angle, and if at least one matrix from
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S has non-exceptional spectrum the algorithm in Sect. 4.5 terminates in Step
2 with [ = 1. In Sect. 6.3.1 we show that for S consisting of two matrices that
have exceptional spectra one can decide their universality in at most [ = 4
steps. Moreover, our algorithm always terminates for [ < 13.

6.1. SU(2) and SO(3): Review of Useful Properties

In the following we recall useful facts about groups SO(3) and SU(2). In par-
ticular, we introduce their parameterisations and briefly discuss the covering
homomorphism given by the adjoint representation.
Commutation relations for the Lie algebras of the considered groups are
as follows:
su(2): [X,Y]=2Z, [X,Z]=-2Y, [Y,Z]=2X. (6.1)

where X, Y, Z are defined as
0 1 0 i i 0
(4 ) =)= 5)
and

50(3) 1 [Xos, X13] = — X2, [Xog, Xi2] = Xu3,  [Xus3, X12] = Xo3, (6.2)

where X;; are defined as in (4.5). The Lie algebras su(2) and so(3) are isomor-
phic through the adjoint representation ad : su(2) — s0(3). The isomorphism
is established by X +— adx = —2Xba3, Y — ady = 2X;13, Z — adz = —2X4s.

Elements of groups SU(2) and SO(3) can be expressed using exponential
map. By Cayley-Hamilton theorem we have:

SUQ2): U, k) = e?uF) = edkaXthyY+h:2) _ o5 6T + sin pu(k), (6.3)
50(3) . O(¢,E) _ e¢'0(E) — 6¢(*ka23+kyX13*kzX12)

= I +sin ¢o(k) — 2sin? %0(/2)2, (6.4)

where k = [ky, ky, k-] € R? is a rotation axis, k2 +k2+k2=1,and ¢ € [0,29).
Groups SU(2) and SO(3) are related by the covering homomorphism Ad :
SU(2) — SO(3) given by Ad.a = €244, where A € su(2) and Ad : U(¢, k) —
O(2¢, k). Ad is in this case double covering. Using (6.3) we can easily calculate
the product U (v, k12) = U(¢1, k1)U (2, k2), where

COS 7y = COS (1 COS g — sin ¢y sin d)gl% . Eg, (6.5)

En = sirll'y (El sin ¢ cos ¢ + 122 sin ¢o cos @1 + 121 X Eg sin ¢y sin ¢2) .
(6.6)
Making use of (6.5) one checks that two SU(2) matrices U(qbl_zl%), U, k2)
that do not belong to {I,—I} commute iff the axes k; and ko are parallel,

that is [u(k1),u(ky)] = 0. Similarly, they anticommute iff the axes k1 and

ko are orthogonal and rotation angles are ¢1,¢2 € {7, 37”} As for matrices

from SO(3), recall that they cannot anticommute. In order to check when
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they commute we note that commuting and anticommuting SU(2) matrices
satisfy the identity Uy UsU; U5 = +1. But Ads; = I and therefore O(¢y, k1)
commutes with O(¢a, I;Q) iff either axes El and Eg are parallel or 121 1 EQ and
¢1,02 € {3, 2}

Finally, it is known that all automorphisms of SU(2) are inner automor-
phisms; thus, they are in one-to-one correspondence with elements of SO(3).
Using our notation O € SO(3) determines the automorphism ®¢ : SU(2) —
SU(2) given by

o(U(¢, k) = U(e, OF). (6.7)

6.2. Exceptional Spectra and Spaces C(Adg) for SU(2) and SO(3)

For any matrix U(d),E) € SU(2) the spectrum is given by {ei? e~?}, ¢ €
[0,27). By Definition 4.11 the spectrum of U(p, k) is exceptional iff ¢ is a
root of 1 or —1 of order n = {1,..., Nsy(2)}. The corresponding ¢ € [0, 27)
will be called exceptional angle. Similarly, for O(¢, E) € SO(3) the spectrum is
given by {e!®, e~ 1} and thus is exceptional iff ' is a root of unity of order
1 <n < Ngocs)- The corresponding ¢ € [0,27) will be called an exceptional
angle. We can easily compute the number of exceptional spectra for SU(2)
and SO(3) using the Euler’s totient function ¢(n) by noting that the roots of
—1 of order n are the roots of unity of order 2n.

Let us denote the sets of exceptional angles for SU(2) and SO(3) by
Lsy(2) and Lgo(3), respectively. We have:

6 6
|Lsu2)| = Z p(n) + Z ©(2n) =24, (6.8)
n=1 n=4
12
[Lso@)| = p(n) = 46. (6.9)
n=1

The elements of sets L are of the form Lo = {anw : a € L}, where

, 1 31245135 71234678915711
sue =105 b5 s e D IR R R R R R R R R :

272'3°3°3°3 444’4555 55555666 6
Y 24681012248101416 2 4 6 8
SOB) T ESUR) S\ 77 779°9°9°97 97 97117117117 117

10 12 14 16 18 20
1
11’11’11’11’11’11}7 (6.10)

We next discuss the conditions when the space C (AdU( b1 F) AdU( b Ez)) is

different than C (adu(gl),adu(gz)). First, we note that elements u(El), u(Eg)

generate Lie algebra su(2) iff [u(k1),u(k2)] # 0. In this case by Lemma 3.3,
the solution set C(adu(El),adu(EQ)) = {AI}. Using Fact 4.2 we note that the

space C (AdU( Ad can be different than C (adu(gl),ad - ) if

b1,k1)° U(¢1,E2)) u(kz)
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at least one ¢; is equal to X%, In the following we give exact conditions when
it happens.
Fact 6.1. Assume that [u(k1),u(ke)] # 0. The space C (AdU(¢1 El)’AdU(qu,Ez))

is larger than {\I : X\ € R} if and only if: (1) ¢1,¢2 € {Z,2F} and (2) one of
¢i € {Z,3) and ky L ko.

Proof. By Fact 4.2 C (Ad Ulor fr ),AdU(¢2 E2)> can be larger than {\] : A\ € R}
if at least one of the spectral angles of AdU(qbl,El)’ AdU(¢2,E2) is km. Therefore,

we have to consider situation When either two angles ¢; and ¢9 are equal to

Ex or exactly one of ¢;’s is X, k € {1,3}. For the case (1) generators are

of the form U ( kl) and U ( kg), where kl . k‘g is arbitrary. Note that
Ad,, U(kE ) = O(km, ky) and Ad,, U(hEF) = O(km, k3) are rotation matrices

by angles 2¢; = 2(;52 = km. A rotation O(¢3,k3) by an arbitrary angle b3
and about the axis kg = k1 X k'2 commutes with the rotations O(km, k:l) and
O(km, ky) and is different than 1.

Let us consider the case when exactly one of ¢;’s is %’r We are given

the generators U( kl) and U (¢2,E2). Note that the rotation O(TF,E),

where k_'|| ks, commufes With both AdU(kTﬁ,El) = O(km, ki) and AdU(

O(2¢2, ko) provided ky L ka. Therefore, in this case C(AdU(;ﬂ iy Ady s, EQ))
Gl .

is larger than {AI : A € R}. We are left with showing that if k; £ k» and
exactly one ¢;’s is an odd multiple of 7, the space C(AdU(’%,El)? Ad,, Ulds k2))
equal to {A : X € R}.
By formula (6.3) if Ky ya ks, 0 = %’r and ¢o %’T, then the only
orthogonal matrix commuting with Ad; ke 3 ) = O(km, k1) and Ad,,
a

b2,k2) -

(¢2,k2) is
the identity matrix. In the following we show that relaxing orthogonality to an

arbitrary endomorphism gives only AI. To see this, note that endomorphisms
commuting with Ad,, U(pa fa) BT€ of the form

A = ay0(0a, ko) + Bol ke )R,

where @g,02 € R and 605 € [0,27). On the other hand, matrices commuting

with AdU(%",El) are of the form

B =1 (F) + BIR)E
where E (l;;}) is an arbitrary matrix acting on the two-dimensional space

perpendicular to k; such that F (Ef) k1 =0 and B, € R. Let {ky, ko, k12},

where Elg = El X EQ be a basis of R3. Matrices A and B must agree on the
basis vectors. This way we obtain the following equations:

Brky = a0z, ko)ky + o (k1|2 ko, (6.11)
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(a2 + Bo)kiy = B (Ef> ko + Bu (| Ba) K, (6.12)
E (EIL) K1z = as0(6a, ks )kra. (6.13)

The left-hand side of (6.10) is a vector perpendicular to El, and the right-
hand side of (6.10) is a vector perpendicular to ko. The only vector satisfying

both of these conditions is proportional to Elg and therefore 65 = nw. Hence,
O(02, k2) = £I. From Eq. (6.10) we get

Biky = tagky + Bo(ky|ko)ka,

which means 31 = £as and either G, = 0 or El 1L Eg. If B = 0 then A = *anl
and hence the equality between A and B implies

C (Ady(se ) Ay, 7)) = M5 A ERY.

Therefore, the only solution that yields a bigger space C(AdU(

"
k!
~

AdU(¢2,E2)) corresponds to El 1 122. .

6.3. Universal SU(2) Gates

In this section we consider the set S of two non-commuting matrices U (¢1, El),

U(¢2, /gz) and ask when they generate SU(2). We treat separately three cases:

1. When C(AdU(cfn,El)’
exceptional—by Theorem 4.12, < § > = SU(2),

2. When C(AdU(¢17E1), AdU(¢2,E2)) = {A\I} and both angles are exceptional.

This determines the maximal running time of the algorithm shown in
Sect. 4.5 to be [ = 13.
3. When C(Ads) # {AI} we identify what is the structure of <S>.

We start from studying the last case. We already know that when ki L ko
and ¢ = ", where m € {1,3} the group generated by U(¢1, El), U2, Eg)
is not SU(2) as C (AdU(¢17E1),AdU(¢27E2)) # {AI}. We will now show that in
this case this group is either finite or infinite dicyclic group. To this end let
b:=U(py, k1) and z = U(%,Eg) and assume b is of finite order. The group
generated by b and x has the following presentation:

Ady i, 7)) = {AI} and at least one of ¢;’s is non-

H:<b,x\x4=I, bt =1, xbx_lzb_1>. (6.14)
As H contains —I we have (—b)" = —I for n odd. Let a = —b then
H={(a,z|z*=1,a*" =1, zaz ' =a™'), (6.15)

which is the definition of the dicyclic group of order 4n (it is the central exten-
sion of the dihedral group of order 2n by —I). In case when a is of the infinite
order, after closure, we obtain a group consisting of two connected compo-
nents. The first one is a one-parameter group {U (¢, k) :te R} generated by

U(¢y, k1), and the second one is its normaliser {U (%,EQ) Ut k) : t € R}.

The only other case when C (Ad Ad,, # {A\I} corresponds to

U(¢1,k1) (¢>2,/¥2>>
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the situation when both ¢; and ¢2 are odd multiples of 7. In this case the

group generated by U(¢q, El), U(opa, EQ) is the same as the group generated by
Uy, k12) = U(¢y, k1)U(¢a, k) and U(¢s, kz). One can easily calculate that

cosy =k - ks and K15 L ko. Thus, the group is once again the dicyclic group
of the order 4n where n is the order of U(7, k12).

Lemma 6.2. Assume that U(py, k1) and U(py,ks) do not commute and
ki-ko =0 and ¢o € {%,37”} Then the group generated by U(¢1,k1) and
U(¢o, ko) is either 1) the dicyclic group of order 4n

n = max(orderU (¢, k1), orderU(¢y + 7, k1), (6.16)

when orderU (g1, El) < 00, or 2) the infinite dicyclic group if orderU (¢1, El) =
oo. When both ¢;’s belong to {7, 37”} the group generated by U(¢1,k1) and
U(gi)g,EQ) s also the dicyclic group of the order 4n where n is the order of

U(y, ki2) = U(é1, k1)U (2, k2).

In other words, the group generated by two non-commuting matrices from
SU(2) that do not satisfy the necessary condition for universality is either a
finite or an infinite dicyclic group.

6.3.1. Two Exceptional Angles. Let ¢; € ESU@)\{O, g,ﬂ,%ﬂ 3 and ¢y €
Lsu2)\{0,7}, and let S = {U(gzﬁl, El)7 U(opa, /;2)} be a two-element subset of
SU(2). Using automorphism (6.7), for any O € SO(3) the group generated
by S is isomorphic with the group generated by U(¢y, Oky) and U(¢a, Oks).
This freedom allows us to choose O € SO(3) such that ¥, = Ok, = [0,0,1]
and k), = Ok, = [sina, 0, cos o], for some a € [0,2r). Thus, in the following
we will work with matrices &' = {U (qﬁhl_c"l) U (¢2,E§>}. Our aim is to

determine how long does it take for the algorithm shown in Sect. 4.5 to decide
the universality of &’. If the algorithm does not terminate with [ = 1 this
means that the product of matrices from S have exceptional spectral angles.
Thus, using formula (6.5)
B COS (1 COS g — COS
cosa =k -kl = (b? ¢,2 2y (6.17)
sin ¢; sin ¢g

for some v € Lgy (). In order to determine all such cases we need to exclude
all triplets ¢1, ¢, that lead to |cosa| > 1. For all remaining cases we run
our algorithm with matrices S. The termination results are as follows:

1. The algorithm terminates in Step 2 for [ < 4, and the resulting group is
SU(2).

2. The algorithm terminates in Step 3 with 5 < [ < 6, and the resulting
group has 24 elements and is isomorphic to the binary tetrahedral group
<2,3,3> :={a,b,cla® = b3 = 3 = abc}.

3 The case when both ¢;’s are odd multiples of % was treated in Lemma 6.2.
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TABLE 1. Number of exceptional triplets ¢1, ¢2,~y terminat-
ing the universality algorithm for different I’s

l Step Number of triplets ¢1, ¢2,7y Generated group
- 1 80 Dicyclic group
3 2 3232 SU(2)

4 2 160 SU(2)

5 3 56 <2,3,3>

6 3 40 <2,3,3>

7 3 144 <2,3,4>

8 3 80 <2,3,4>

8 3 240 <2,3,5>

9 3 352 <2,3,5>

10 3 288 <2,3,5>

11 3 32 <2,3,5>

12 3 80 <2,3,5>

13 3 32 <2,3,5>

3. The algorithm terminates in Step 3 with 7 < [ < 8, and the resulting
group has 48 elements and is isomorphic to the binary octahedral group
<2,3,4> :={a,b,cla® = b3 = ¢* = abc}.
4. The algorithm terminates in Step 3 with 8 < [ < 13, and the resulting
group has 120 elements and is isomorphic to the binary icosahedral group
<2,3,5> :={a,b,cla® = b3 = ¢ = abc}.
To be more precise among all 10,560 exceptional triplets ¢1, ¢2, v there are 4816
satisfying | cosa| < 1. The number of triplets ¢1, ¢, that give termination
of the algorithm for the length of the word equal to [ and the resulting groups
are presented in Table 1.

As a direct consequence we get the following theorem:

Theorem 6.3. Assume S = {U(gbl, k1), U(¢a, Eg)} C SU(2). In order to verify

universality of S it is enough to consider words of the length | < 4. Moreover,
the algorithm terminates for | < 13. If it terminates in Step 1 the resulting
group is either infinite or finite dicyclic group. If it terminates with 1 <1 <4
the resulting group is SU(2). For | > 5 it is binary tetrahedral or binary
octahedral or binary icosahedral group.

7. Universality of 2-mode Beamsplitters

In this section we address the universality problem of a single gate that belong
to SO(2) or SU(2) and act on a d-dimensional space, where d > 2. More
precisely, we consider the Hilbert space H = Hy @ -+ & Hqg, where Hy, ~ C,
d > 2. Next we take a matrix B € SU(2) or B € SO(2). This matrix will be
referred to as a 2-mode beamsplitter. We assume that we can permute modes
and therefore we have access to matrices B and B° = o!Bo, where o is the
permutation matrix. Next, we define matrices B;; or Bf; to be the matrices
that act on a two-dimensional subspace H; ©H; C H as B or B, respectively,
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and on the other components of H as the identity. This way we obtain the
set of 2(‘21) = d(d — 1) matrices 84 = {By;,Bf; :i < j,i,j €{1,...,d}} in
SU(d) or SO(d), respectively. Let us denote by Xy = {b;;,bf; : i < j, i,j €
{1,...,d}} the set of corresponding Lie algebra elements B;; = ebii | B, = ebis
(constructed as in Sect. 4.1). Our goal is to find out when Sy is universal, i.e.
when < §; > = SO(d) or < §4 > = SU(d). In particular, we focus on showing,
for which B the set S3 is universal. It is known that for such B also any set
Sgq with d > 3 will be universal (see [34,35] for two alternative proofs).

7.1. Spaces C(Ads,) and C(adx,)

In this section we characterise when C(Ads,) = {AI'} for both orthogonal and
unitary beamsplitters. Our strategy is to first check when C(adx,) = {A[}.
This can be done relatively easy. Then we use Facts 4.1 and 4.2 to find C(Ads,).

7.1.1. The Case of Orthogonal Group. Let B € SO(2) be a rotation matrix
by an angle ¢ € (0,27). Making use of the notation introduced in Sect. 6 we
have

Sz = {Ba3(+¢), Bis(£9¢), Bi2(£9)}, (7.1)
Xy = {£0X03, 0 X153, £0 X 12}, (7.2)

where B;j(£¢) correspond to the rotation matrices in three dimensions, i.e.
Bia(¢) = O(%6,k.), Bis(¢) = O(£¢,k,), and Bas(¢) = O(£¢, k,), where
ke = [1,0,0], Ey =[0,1,0], k. = [0,0, 1] and matrices X, ; are defined by (4.5).
Note that matrices belonging to X’ form a basis of the Lie algebra so(3) iff
¢ # 0. Therefore, by Corollary 3.3 we know that C(ady,) = {A\}. The adjoint
matrices Ado( Lok Are again rotation matrices by angles +¢ along axes Ei.
On the other hand, by Fact 4.2 we know that C(Ads,) can be different than
C(ady,) only if ¢ = £7. Indeed, in this case the adjoint matrices AdO(iq},Ei)
commute. Summing up we have

Fact 7.1. For a 2-mode orthogonal beamsplitter. If ¢ # 0 then C(adx,) = {\}.
On the other hand, C(Ads,) = {\} iff ¢ ¢ {0, 7}.

7.1.2. The Case of Unitary Group. Let B € SU(2). Making use of the nota-

tion introduced in Sect. 6 we assume B = U(¢, E), ¢ # 0mod T, k= (ku, ky, k2]
and k2 + k7 + k2 = 1. Therefore, we have:

Xy = {bi,b7;: 1 <i < j<3}} =0 {ka Xy + kyYij + ko Zij,
kX 4 kyYy — ki Ziy: 1<i<j<3), (7.3)
Sz = {Bij, Bf; : 1 <i<j<3}} = {lij(¢) +sinp(ka Xij + kyYij + k. Zij),
Lij(¢) + sin ¢(—ka Xij + kyYij — k2Zi5) : 1 <i < j <3}, (7.4)

where I;;(¢) = cos¢(Ey; + Ej;) + Ey, 1 € {1,2,3}\{4,j} and matrices
{Xi;,Yij, Z;;} are defined as in (4.5). We start from finding C(adx,). To this
end note that [bij,bgj] = 4k‘y (klZ,J — k‘ZXij). If [b”,bfj} 75 0 then bij and
by, generate su(2);;. Thus, we have access to all elements X,;, Y;; and Z;;
1 <4 < j < 3. Hence, X3 generates su(3) and C(ady,) = {A[}. If in turn
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[bij, b7;] = 0 then we need to consider four cases: (1) ky # 0 and k, =0 = ks,
(2) ky=0and k, #0and k, #0, (3) ky =0=+k, and k, #0, (4) ky =0=k,
and k, # 0.
1. In this case bj; = k,Y;; = b7;; therefore, we have access to all {Yi}i<i,
i,j € {1,2,3}. But by the commutation relations [Y;;,Yix] = —Xji,
[Yij, Yi] = =Xk, [Yij, Yis] = —Xur and [Xi5,Y55] = 2Z;;. Thus, we
can generate all basis elements of su(3) starting from Y;;’s. This means
Clady,) = {A\}.
2. In this case b;; = —bf;. Direct calculations show that elements:

[b12, [b12,b13]] ; [b12, [b12, b23]], [b13, [b13, b12]],
[b13a [b13a b23” ) [b23) [b23) bl?]] ) [b127 [b127 [b137 b23]” )
[b23, [b13, [b23, b12]]] , [b13, [D13, [D23, bi2]]] s
form a basis of su(3). Thus, C(adx,) = {\[}.
3. In this case the algebra generated by X5 is clearly so(3). Hence, C(adx,)
£ (AL},
4. In this case the algebra generated by X3 is abelian. Hence, C(ady,)
# {\}.

We have just shown:

Fact 7.2. For a 2-mode unitary beamsplitter B = I cos ¢ + sin ¢(k, X + kY +
k.Z), where k2 + k2 4+ k2 = 1 we have C(adx,) = {\} unless (a) ky, =0 = k.
and ky =1, (b) ky =0=k, and k. = 1.

Next we characterise C(Ads, ). The adjoint matrices Adp,; and Adpgg, are
elements of SO(su(3)) ~ SO(8). The rotation angles of both Adp,, and AdB;rj
are +¢, 2¢ and 0. On the other hand, by Fact 4.1 we know that C(Ads,) can
be different than C(ady,) only if the rotation angle is . This corresponds
to situations when either ¢ = 7 or ¢ = £7. In the first case B = —I; thus,
obviously C(Ads,) # {A}. The case ¢ = £7 corresponds to 7 - Sz = As.

Fact 7.3. For a 2-mode unitary beamsplitter B = I cos ¢ + sin ¢(k, X + k, Y +
k.Z) we have C(Ads,) = {A[} unless (a) ky = 0 = k, and k, = 1, (b)
ky=0=k, and k., =1, (c) 9 ==+F and k. = 0.

Proof. Recall that C(adx,) C C(Ads,). Cases (a) and (b) correspond to situ-
ations when C(ady,) # {A}. Case (c) follows from direct calculations for six
Ady matrices with ¢ = +3 and g € S3. They were done with the help of a
symbolic calculation software. We only verify that when ¢ = £% and k, =0
indeed C(Ads,) # {\}. Therefore, we define h = Spang{Z12, Z23}, dimgh = 2
and show that for ¢ = &5 and k. = 0 the space b is an invariant subspace for
matrices Adp,; and AdB;rj, i.e. of S3. To this end we calculate

Adp,,Z19 = —Z12, Adp,;Zi12 = —Za3, Adp,,Zi2 = Zi2 + Zaz, (
Adp,,Zs3 = Zos + Z12, Adp,,Zos = —Z12, Adp,,Zaz = —Zo23. (

and AdB;vj Zi = Adp,; Zp;. Therefore, the projection operator P : su(3) — b
commutes with matrices from Sz, and thus it belongs to C(Ads,). O
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It is interesting to look at the structure of the group < S3 > when k, =0
and ¢ = 3. Matrices are of the form B;; = einij — e’“"EJ—Z— + Ey, and
Bf; = —e " Eij+ eV Eji + Epy,, where 1 <i < j <3, k #i,j and ¢ € [0, 2n).
If ¢ is a rational multiple of 7, then it is easy to see that <S3> is a finite
group and when 9 is an irrational multiple of 7 the group < S3 > is infinite
and disconnected. In fact, these are groups isomorphic to A(6n?) and A(600?)
given in [20].

7.2. When 83 is Universal?

Having characterised when C(Ads,) = {AI'} we check in this section when the
group <S3> is infinite and this way we get the full classification of universal
2-mode beamsplitters.

7.2.1. The Case of the Orthogonal Group. Combining Theorem 4.12 with
Fact 7.1 for ¢ ¢ Lgos) we obtain that the group generated by Sz is

exactly SO(3). When ¢ € Lgos) we consider the matrix: O(y, EM) =
O(¢, EI)O((;S, Ez) The trace yields the following equation that relates v and ¢:

cos? ¢+ 2cosgp—1
5 .

If ¢ = EHUT where k € Z, then matrices O(g, ky), O(¢, k) and O(¢, k) are
permutation matrices and they form three-dimensional representation of Ss.
For all remaining ¢ € Lgo(s) we calculate cosy using (7.7) and compare it with
the values of cosa for all a € Lgo(3). We find out they never agree. There-

cosy =

(7.7)

fore, v ¢ Lso(3), and we can apply Theorem 4.12 and Fact 7.1 to U(v, Erz)
Summing up:

T 37T

Theorem 7.4. Any 2-mode orthogonal beamsplitter with ¢ ¢ {2, 5

versal on 8 and hence n > 3 modes.

} 1S UNi-

7.2.2. The Case of the Unitary Group. Recall that by Fact 7.3 the space
C(Ads,) = {A[} if and only if all the entries of a matrix B € SU(2) are
nonzero and at least one of them belongs to C. So we are left with checking
if under these assumptions <S3> is infinite. Let {€’, e~?*} be the spectrum
of B. Matrices B;; and Bf; have the same spectra {e’?,e~*?,1}. Looking at
the definitions of the open balls B,, a® = 1 we see that a matrix from SU(3)
with one spectral element equal to one can be introduced (by taking powers)
only to the ball with & = 1. Moreover, the maximal n that is needed is exactly
the same as for SO(3) and the exceptional angles belong to the set Lgo(s)-
Therefore, by Theorem 4.12, ¢ ¢ Lgo(3) implies that the group generated by,
for example, Bio and Bog is infinite. In the following we show that <S3> is
infinite also for ¢ € Lgo(s) (providing ¢ is such that C(Ads,) = {\}).

Let us consider <R> = <B12(¢), Baz(¢)> with ¢ € Lgos). Our goal
is to show that R C S3 generates an infinite group. To this end we use the
following procedure:
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1. We calculate trace of the product Bia(¢)Bas(¢) and note that it belongs
to R. Therefore, spectrum of Bis(¢)Baz(4) is of the form {e??, e~ 1},
where the relation between ¢ and « is given by

trB12(¢) Baz(¢) = 2cos ¢ + cos? ¢ + k2 sin® ¢ = 2cosy + 1. (7.8)
2. Using (7.8), for each v € Lgo(3) we compute

12— 2cosy +1—2cosd — cos? ¢
o sin? ¢
and check whether 0 < k2 < 1. The pairs (¢,7) that fail this test are
excluded from the further considerations. We note that k2 = 1 corre-
sponds to diagonal matrices Bia(¢), Baz(¢) and k? = 0 corresponds the
situation when C(Ads,) # {\}.
3. For the pairs (¢,v) that give 0 < k2 < 1 we consider the matrix U(y') =
B12(2¢) Bas(26). Its trace is again real, and we get

, (7.9)

trB12(2¢) B23(2¢) = % (24 4cos(2¢) + (1 — k2) (cos(4¢) — 1)) = 2cosv' + 1,
(7.10)

where k2 is determined by ¢ and ~. Direct computations show that +/ ¢
Lso) if ¢ ¢ {i% i%”} We treat both of these cases separately.
4. For ¢ = i%ﬂ and the fixed k2 we consider yet another product of matrices

U('y”) = B3,(¢)B?5(¢)Bas(¢)Bi12(¢) with a real trace:
trBSS(d))B%z (¢)B23(¢) B12(o)
— 1 (cos 6 + 3c0s(2) + 4 cos(36) + 6 cos(46) + 4 cos(56) + cos(66) — 2)

8
+32k2 sin* ¢ cos® ¢ + 8kZ sin® ¢ (—2 cos ¢ + 4 cos(26) + 2 cos(3¢) + cos(4¢p) + 4)
= 2cos*y”. (7.11)

Direct computations show that 7// ¢ Lso(s); thus, we are done for ¢ €
Lsoe3)\{5, —%}. The same composition for Uz (5) , Ur2 (5) may give a
: _ 27
matrix of the spectral angle v = 5.
For ¢ = &7 an additional treatment is needed. It consists of three steps:

1. Assume B;j (g) does not commute with its permutations Bf;(5) for 1 <
1 < 7 < 3. In this case we can use Bij(v) = By, (g) ij (g)7 1<i1<j<3
as the new set of generators. Note that the angle v depends on the trace
of Bij (3) Bf; (5) as cosy =1 — 2k2. Thus, v # £75 if k2 # § and then
we can apply the previous procedure to show that <Bia(y), Bas(vy)> is
infinite.

2. For ¢ = £5 and ki = %, k2 4+ k2 = % we consider yet another product

™ Y ™ ™ 11
B, (5) Bua (3) Baa (3) Bl (3) =8 = 20089
We find out that the only v € Lgo(s) satisfying 2cosy = k? — 1 for

0<k2< % are y = :i:%’r. But then k2 = 0. Thus, by Fact 7.3 the space
C(Ads,) is larger than {AI}.
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3. Finally, we assume that matrices Bj; (g) commute with their permuta-
tions. Recall that it happens if either by = £1 and k, = k. =0or ky =0
and k;, k. # 0. The group generated for k, = +1 is, of course, finite.
Therefore, we need to consider only the case when &, = 0 and k,, k., # 0.
But in this case Step 2 of the previous procedure is never satisfied (from
Eq. (7.9) one can only obtain k? = 0 for v = +27).

Summing up:

Theorem 7.5. Any 2-mode unitary gate such that all its entries are mnonzero
and at least one of them is a compler number is universal on 3 and hence
n > 3 modes.
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