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Abstract. We show that the Anderson model has a transition from lo-
calization to delocalization at exactly two-dimensional growth rate on
antitrees with normalized edge weights which are certain discrete graphs.
The kinetic part has a one-dimensional structure allowing a description
through transfer matrices which involve some Schur complement. For such
operators we introduce the notion of having one propagating channel and
extend theorems from the theory of one-dimensional Jacobi operators that
relate the behavior of transfer matrices with the spectrum. These theo-
rems are then applied to the considered model. In essence, in a certain
energy region the kinetic part averages the random potentials along shells
and the transfer matrices behave similar as for a one-dimensional operator
with random potential of decaying variance. At d-dimensional growth for
d > 2 this effective decay is strong enough to obtain absolutely continu-
ous spectrum, whereas for some uniform d-dimensional growth with d < 2
one has pure point spectrum in this energy region. At exactly uniform
two-dimensional growth also some singular continuous spectrum appears,
at least at small disorder. As a corollary we also obtain a change from
singular spectrum (d < 2) to absolutely continuous spectrum (d > 3) for
random operators of the type P.AqP, + AV on Z¢, where P, is an orthog-
onal radial projection, Ay the discrete adjacency operator (Laplacian) on
Z% and AV a random potential.
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1. Introduction

Anderson models are random Schrédinger operators given by the sum of a
kinetic operator and a random potential. In a discrete setting the kinetic
part is typically the adjacency operator or Laplacian of a discrete graph
and the random potential is a multiplication operator with real, indepen-
dent, identically distributed random values at each vertex. Most commonly
studied are the Anderson models on the lattices Z¢ and the Bethe lattices
(infinite regular trees). In these cases and for continuous versions consisting
of the negative Laplacian and random potential bumps in R¢ several things
are known. The Anderson model typically localizes (has pure point spectrum)
at spectral edges and for high disorder [1,3,8,15-17,23,24,33,39,47,49]. How-
ever, so far, the high disorder localization in the discrete setup requires some
regularity on the randomness, localization for the Bernoulli potential in Z¢,
d > 2 is still an open problem. In one dimension [15,26,40] and quasi-one-
dimensional graphs like trees with long line sequences [9] and strips [36,41]
the Anderson model localizes for any disorder. But it is possible that a built
in symmetry prevents localization for a quasi-one-dimensional random oper-
ator as, e.g. in [45]. For d = 2 one expects localization at any disorder and
for d > 3 the existence of some absolutely continuous spectrum (short a.c.
spectrum) is expected for small disorder. These conjectures remain big open
problems.

The existence of a.c. spectrum for the Anderson model has first been
proved on Bethe lattices (regular trees) [35] and was extended to other tree-like
graphs with exponentially growing boundary which are all infinite dimensional
[2,4,18,20,21,27,29,30,37,43,44,46]. It appears that the hyperbolic nature of
such graphs leads to conservation of a.c. spectrum and ballistic dynamical
behavior for small disorder [5,34,38]. Using the fractional moment method [3]
one finds localization at high disorder also on all these graphs (cf. [48]). We,
therefore, have some Anderson transition (change in spectral behavior) when
increasing the disorder.

Transitions of the spectral type are also known for random decaying
potentials on Z? when changing the decay rate [7,32] and similar families
of random Jacobi operators [11,12]. Even (at least) two transitions occur
when increasing a random transversally periodic potential which is added
to a random radial symmetric potential of fixed disorder on a binary tree,
cf. [22, Corollary 1.5]. Here we seek for a transition when changing the di-
mension. In fact, these results and open conjectures raise the following ques-
tions.

Question. Can one find some finite dimensional graph G (in the sense of a
polynomial growth of the graph) such that the Anderson model at small disor-
der with i.i.d. potential has absolutely continuous spectrum and such that the
analysis is simpler than the difficult problem on Z%, d > 2% Can one find a
‘nice’ family of graphs Gy of dimension d > 1 such that the spectral type of
the Anderson model changes at some d € [2,3] for low disorder?
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1.1. Dimension of Discrete Graphs

Let G be some graph with countably many vertices which is edge connected
and locally finite.! The graph distance, or better step distance d(z,y) € Z is
defined by the smallest number of steps needed to go from x to y along edges,
i.e. the smallest number n such that there is a sequence x = xg, 1,...,Tp =y
where z; and x;; are connected by an edge. We define further d(z, ) = 0 and
as G is edge connected we have d(x,y) < oo for any x,y € G. Let us choose
some non-empty, finite set of vertices Sy C G which we call the roots of G and
let

Sp:={z€G : d(So,z) =n}, Bn:={zxe€G : d(So,z)<n},
Gni={x By :dx,Snt1) =1}, sn:=H#(Sn), bn :=H#(Brn), 50 := #(Sn).

Clearly, B, = Uj_(Sj, bn = >j_¢s; and 0 < s; < 0o as G is connected,
has infinitely many vertices and is locally finite. S,, is the shell or sphere of
distance n around Sy. The boundary of a set A C G is given by OA = {z :
d(x,A) <1 and d(z,G\A) < 1}. One has an interior boundary A N A and an
exterior boundary OA\A. The interior boundary of B,, is &,, and the exterior
boundary is Sy,41.

Definition 1. Let d > 1 be some real number.

(a) We say that the volume growth of G is
e d-dimensional, if en? < b, < Cn? for C' > ¢ > 0 and all n.
e at least (at most) d-dimensional, if b, > Cn? (resp. b, < Cn?) for
some C' > 0 and all n.
(b) We say that (starting from Sp) the growth rate of G is
e d-dimensional, if ecn? ! < s, < Cn?! for C > ¢ > 0 and all n.
e uniform d-dimensional, if lim,, .. s, /nd_1 = (C for C > 0.
e at least (at most) d-dimensional, if s,, > Cn9~1 (respectively s, <
Cn?=1) for C > 0 and all n.
(¢) The logarithmic ratio of the interior (respectively exterior) surface area
and volume has a d-dimensional behavior if lim,, o log(s,) /log(b,) =
1— 1 respectively lim, o log(spt1) /log(b,) = 1 — L.

Except for the constant, the bounds on the volume growth do not depend
on the choice of the roots Sy. Clearly, the growth rate bounds on s,, imply the
corresponding volume growth bounds. A d-dimensional growth rate also im-
plies a d-dimensional behavior for the logarithmic ratio of the exterior surface
area and volume.

The more restrictive concept of a uniform d-dimensional growth rate will
be needed for some of the presented results. Let us mention that the lattice Z¢
has a uniform d-dimensional growth rate for any d and any finite set of roots
So (cf. Sect. 7).

The above concepts do not give much information about the structure
of edges. If the vertex degree is not uniformly bounded one may have strange

1 This means that at each vertex the vertex degree, i.e. number of edges at that vertex, is
finite. Note that we do not assume a uniform upper bound.
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effects. For graphs with such a uniform bound the adjacency and Laplace op-
erators are bounded. Therefore, in the general case one should allow for nor-
malizing edge weights, i.e. we assign some 0 # a(x,y) = a(y,z) € R whenever
d(xz,y) =1 and let a(x,y) = 0 if d(z,y) # 1. The weights shall be chosen such
that the matrix a(z,y) defines a bounded, self-adjoint operator A on ¢?(G)
with some delocalized energy region, i.e. there should be a non-empty open set
I C spec,.(A) such that the spectrum of A is purely a.c. in I. Let us denote
the class of such weighted graphs (G, a) by G.

The Anderson model on (G,a) is then given by the sum of A4 with a
random, independent identically distributed potential V' coupled with some
A > 0 determining the disorder, i.e.

(Ha)(@) = (A + AV)0) (2) = > alz,y)v(y) + Av(@)d(z), (1.1)
yid(z,y)=1
where the v(z), 2 € G are real, independent, identically distributed random
variables. Typically E(v(z)) = 0 and E(v?(z)) < oo where E denotes the
expectation value.

Problem. Find 'nice’ families of graphs (Gg, aq) € G with d-dimensional growth
rates for any d where the spectral type of the Anderson model changes at some
d € [2,3] in some interval.

We give such an example in this work.

1.2. Main Result

The main objects are the following graphs which (with standard weights
a(xz,y) = 1) are called antitrees in [10,31,50].

Definition 2. For a sequence s = (s, )n>0 of positive integers s, > 0 we let Ag
be the following graph: the nth shell S,, consists of s,, vertices, each vertex in .S,
is connected to each vertex in S,,1+1 and for x € S, y € Sp,+1 the edge from x
to y obtains the weight a(z,y) = 1/,/5,5,11. There are no edges within S, (see
Fig. 1). We call Ag with these weights the antitree with normalized edge weights
associated to the sequence s = ($p)n>0. The corresponding weighted adjacency

F1GURE 1. Example for an antitree
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operator given by the matrix a(z,y) will be called As. (Recall, a(z,y) = 0 if
there is no edge from x to y, also note that as above, S,, = {y : d(y, Sp) = n}.)

Breuer and Keller [10] calculated the spectrum of the Laplacian and
adjacency operator on antitrees with standard weights (a(x,y) = 1 when-
ever a(z,y) # 0). They considered general so-called spherically homogeneous
graphs where it is feasible to use the Gram—Schmidt orthonormalization pro-
cedure on a sequence v, Hp, H?y ... to get a Jacobi operator. Compared
to their paper the presented methods are different and the methods work in
principle for any potential and additional hopping terms within the shells .S,
destroying the spherical homogeneity.

The normalization of the edge weights in this way ensures that Ag is
bounded on £2(Ag) and the spectrum is [—2,2] independent of the sequence
s = ($n)n which corresponds to some remark in [10].

Proposition 1.1. The spectrum of the weighted adjacency operator As on the
antitree with normalized edge weights Ag is given by o(As) = [—2,2] and it
is absolutely continuous except for a (possibly) embedded eigenvalue at 0 with
multiplicity > .° (sn — 1) (which may be infinite).

For a better understanding of the normalization consider the ordinary
adjacency operator Ay on Z?, its spectrum is [—2d, 2d]. The graph distance on
7% is given by the 1-norm || - ||1, hence let s, = #{x € Z¢ : ||z||; = n}. Now
let P, be the orthogonal projection on the radial subspace H, = {¢ € (2(Z%) :
¥(x) = ¥(y) whenever ||z[|; = |ly[1}. Then, 3P, AyP, is basically the adja-
cency operator of an antitree Ag with weights a(z,y) = (14+0(1/n?))/\/Snsnt1
if [|z|l1 = n, |lylli = n+1 (cf. Corollary 1.3 and Sect. 7). Hence, asymptotically
éPTAdPT looks like As.

Basically we will show the following. Consider the Anderson model H)
on the set of antitrees Ag with uniform d-dimensional growth rate and certain
nice distributions P, of the singe site potentials v(x). Then, the spectral type
of H) in some set I is pure point for d < 2, it is mixed pure point and singular
continuous at d = 2 and it is purely absolutely continuous for d > 2.

Assumptions

(A1) The distribution P, of the i.i.d. random potentials v(x) is supported
n [—=1,1], has mean zero E,(v) = 0 and positive variance 0 < o2 :=
E,(v?) < 1.

(A2) The distribution P, of the i.i.d. random potentials v(x) is absolutely con-

tinuous with respect to the Lebesgue measure.

Here and below, E,(f(v)) = [ f(v)P,(dv). Assumption (A1) will be al-
ways important, (A2) will matter for the singular spectrum. We let supp(P,)
denote the support of the measure P,. Under assumption (A1) we can define
0<wvy <land —1<wv_<0by

vy = max(supp(P,)) and wv_ = min(supp(P,)).
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For E/\ & supp(P,) we define
hpaim -
BATE,(1/(E - M)
and set Iy:={FEe€R: E¢[M_, vg] and |hpa| <2}. (1.2)
Note that hg  could be technically infinite if E,(1/(E — Av)) = 0 but this will
not happen for E € I,. It is not difficult to see that Iy = (c), Av_) U (Avs,en);
however, for large A one or both of these intervals may be empty (see also

Remark 1.5). For concrete examples see Remark 1.5. Moreover, for E € I we
define

2 1 1 ’ hpATEA
opy =E, | ————— —hj > . VBN = = > 0. (1.3)
b (g 1 )
To get a feeling of these quantities for small disorder, note that for A — 0 we
have

hex = E+O(>\2), 0'2E,)\ = O(/\2) (1.4)
Last but not least, let us also introduce the canonical injection P, from
0%(S,,) = C* into £?(As) so that for ¢ € £2(Ag) one has P = (¢(2))zes, €
(%(S,,) = C*». One can identify ¢ with the direct sum &, Py € @,, £*(Sn) =
@P,, C*». The main result is the following:

Theorem 1.2. Let Hy = Ag + AV be the Anderson model on the antitree Ag
as in (1.1) with i.i.d. potential satisfying (A1) and let A > 0. Then, I is not

empty for A < 24 20" and for the graphs Ag with uniform d-dimensional

2—02
growth rate there is a transition of the spectral type in I\ at d = 2. More
precisely, we find the following:

(i) If As has at least d-dimensional growth rate for some d > 2 (i.e. s, >
end=1), and in fact, whenever >on s, 1 < oo, then, the spectrum of Hy is
almost surely purely absolutely continuous in Iy and Iy is in the spectrum.

(ii) If Ag has uniform d-dimensional growth rate for some 1 < d < 2 (s, /n?"!
converges), then the spectrum of Hy in Iy is almost surely singular and
I is in the spectrum.

(i) If additionally (A2) is satisfied and Ag has uniform d-dimensional growth
rate for some 1 < d < 2 with lim,_, sn/n“l_1 = C, then Hy has al-
most surely dense pure point spectrum in I. Moreover, almost surely the
random eigenvectors 1); for the random eigenvalues E; € I\ are sub-
exponentially decaying in the sense that

o (IPzw " + 175007 )

lim S/

n—oo 77,27‘1 N C(2 - d)
(iv) If additionally (A2) is satisfied and lim,_ oo sn/n = C, i.e. Ag has uni-
form two-dimensional growth rate, then, Hy has almost surely dense pure

singular continuous spectrum in Jy and dense pure point spectrum in
I\ J\ where

Jy = {EEI)\ : ’}/E’)\/C < 1/2}
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Moreover, almost surely, the random eigenvectors ; for the random
eigenvalues E; € I\\Jx are polynomially decaying in the sense that

lim log (\/'PN%” Pl ) _ OB

Note that by analyticity of yg ) in E € I, it is clear that J is a finite
union of intervals. Also note that for C' — oo the set Jy gets larger and
converges to I. However, as long as Iy = (¢, Av_) U (Avy,cy) is not empty
we have for £ — ¢y or E — ¢\ that |hg | — 2 and hence yg ) — oo.
Therefore, I)\Jy is not empty if I is not empty. From (1.4) one obtains that
for any energy F € (—2,2) N I and small enough A we get E € Jy, so in case
(iv) there is singular continuous spectrum for small disorder. All the results
are valid for any disorder A in principle, however, for large disorder, the set I
may be empty, cf. Remark 1.5.

As explained above one can get this type of antitree model from a ran-
dom operator on Z? with radial projections around the adjacency operator.
Therefore, one has the following corollary:

Corollary 1.3. Let Ay be the adjacency operator on Z2, P, the orthogonal pro-
jection on the radial subspace H, = {1y € £2(Z%) : ¥(x) = ((||z||1,0,...,0))}
and consider the operator

Hy = 3P, 84P, + AV

where V is a random i.i.d. potential with single-site distribution P, satisfying
(A1). Then, for d > 3 the spectrum of Hy is almost surely purely absolutely
continuous in Iy and it is almost surely purely singular in Iy for d < 2. Also,
I C specy(Hy) almost surely.

Part of the statements in Theorem 1.2 is that I is always part of the
essential spectrum of H), almost surely. In fact, even though the models are
not, ergodic, we obtain an almost sure essential spectrum.

Proposition 1.4. Let Hy = As+ AV be the Anderson model on Ag and let (A1)
be satisfied. We find almost surely that

spec(Hy) = [-2,2] + Asupp(P,) if sup{s,} < oo

and
SpeCess(Hx) = Asupp(Py) U {E & Asupp(Py) : |hpa| <2} D Iy

if iminf, o s,/n® > 0 for some a > 0, i.e. if Ag has at least 1 + « di-
mensional growth rate. In the latter case one may find random eigenvalues in
[—2,2] + Asupp(Py, )\ speca (H)y).-

Remark 1.5. In general, note that under assumption (Al) for E & [Av_, Avy]
and v € supp(P,) C [v_,v4] the sign of E — Av € [E — Ay, E — Mv_] is
determined and it is clear that hg ) € [E — Avy, E — Av_]. Moreover, by
convexity |hg | < |E| and hg ) is strictly monotonically increasing in E. It
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is not difficult to verify dhp /dE > 1. Thus, I, generally consists of two
intervals

[—2, \w_) U (Mg, 2] C Iy
= (\, - ) U (Avg,en) C (=24 Av_, Av_) U (Avg, 2+ Aoy ),

where he x = —2 and he,n = 2. For large A these values ¢\ < Av_ and
c\x > Avp may or may not exist in the sense that each of the intervals
(¢, Av_) and (Avy,cy) may be empty. More precisely, if E,(vy —v)™! = o0
then limpg|yy, hpx = 0 and for any A > 0, (Avy,cy) # 0. However, if
E,(vy —v)™! < oo, then Iy N R, is empty for large \. Correspondingly,
Iy NR_ is empty for large A if E,(v —v_)"! < oo and it is never empty
if E,(v —v_)"! = oo. If supp(P,) = [v_,vy], then the essential spectrum
has no gap. However, if there is a gap in supp(P,), then for any value e in
that gap and large enough X one will have |hex n| = |Ahe,1| > 2. Hence, a
gap in spec. (Hy) will open at some A. The intersection of these gaps with
[—2,2] 4+ Asupp(P,) contains random eigenvalues and can be seen as a Lifshitz
tail regime. For illustration, let us consider the following cases where v; =1
and v_ = —1.

(i) For the Bernoulli distribution P, = %(6_1 + &;) which satisfies (A1) but
not (A2) (0, denotes the normalized point measure at x), we find

IA:(—l—\/1+A27 —/\) U (A, 1+\/1+>\2)7 hiy = B-x

E
specess(HA):[—l—\/l—i—VJ—\/1+)\2}U[—1—|—\/1—|—)\2,1+\/1—|—)\2}

(ii) For the uniform distribution P,(dv) = 3 1;_11j(v) dv, where 14(v) de-
notes the indicator function of the set A and dv the Lebesgue measure,
we find

et +1 et 41 2)
Iy = [-A——, =\ A A——— hpy = —
A ( 1 >U(, eA—1>’ B\ n(E2)

A A
et +1 et+1
SPeCegs (H) = [—AeAl’ Aexl}

(iii) For P,(dv) = 1j_11(v) (1 — |v[)dv and E ¢ [\, A] we find with z :=
ME € (—1,1) that

Az
l1+z)ln(l+z) + (1—2)ln(1—2x)

hex =

Therefore, |hg x| > A/(2In(2)) for |E| > A, and I, is empty for A >
4In(2). For 0 < A < 4In(2) we find Iy = (—cn,—A) U (A, cx) and
specos(Hx) = [—cn,cn] and for A > 41n(2) we have spec.(H)) =
[_)‘7)‘]'

ess (
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(iv) For general distributions satisfying (A1)
that

{EeRi : /\vi<|E\§2+’\jgrz}

C {Ee]Ri Py < |E[<1-3+ (1+’2\)2+)\202} C L.

To obtain part (iv) let X = E — Av, h = hgx E = E, and note that h =
E(h?/X). Hence,

B1- 1 = 1 -1 = e - ) = B (1)

X
E(X —h)?)  MNo?+ (E(X —h))?
- |El+Xx |El+ X
Thus, |hga| < |E| — IE\+>\ Analyzing |E| — |E|+)\ < 2 one finds the second
relation in (iv). For the first relation note that va? + b2 > a + 717 and

2va2+b?
VI +X/2)2 +02X2 <5 for A < 2+ 22_"02 and 02 < 1. Note that part (iv)
shows the statement on I, being non-empty in Theorem 1.2.

Let me give some overview of the proofs. The operators considered in
Theorem 1.2 have a special structure which allows an analysis through 2 x 2
transfer matrices. We say that such operators have one propagating channel,
for a precise definition see Sect. 2. In fact, one of the novelties in this work
is the realization that many techniques from one-dimensional theory such as
subordinacy theory by Gilbert—Pearson and Kahn—Pearson [25,28] and links
between transfer matrices and spectrum as developed by Kiselev, Last and
Simon [32,42] can be translated to operators with one propagating channel.
The precise theorems are listed in Sect. 2 and details are carefully carried out in
“Appendix A” which shows the modifications that have to be made compared
to the Jacobi operator case. For instance, not for all real energies all the transfer
matrices will be defined. The set of energies where some transfer matrix is
not defined will be denoted by B, and to make a direct translation of the
subordinacy theory, one needs to stay away from the closure of B,,. Moreover,
some new technical estimates are needed which are completely trivial in the
Jacobi case (cf. Lemma 2.6 and the proof in Sect. 3). The kinetic part of Hy
effectively averages the potentials in the nth shell within the energy regions
I, which is expressed in terms of a harmonic mean of random variables in
the transfer matrices (cf. 4.5). Then one needs some estimates as done in
Sect. 5 and the spectral analysis tools translated from the one-dimensional
theory, to see that one can treat the problem analogue to random decaying
potentials in one dimension as done in [32]. One important step is to show
that it is in principle sufficient to consider the spectral measure at the roots
So, cf. Theorem 2.3. Here, this is not completely trivial because unlike in the
pure one-dimensional case Ag = Zy (s, = 1 for all n), the localized states at
the roots are not necessarily cyclic for Hy, cf. Remark 2.4 (ii). Starting from
identities between the Green’s functions and formal solutions of the eigenvalue
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equation (cf. Lemma A.1) one can still show that for the energies where all
transfer matrices are defined it is sufficient to consider the measure at a special
vector supported on Sp.

The paper is organized as follows. Section 2 lists all adapted theorems
from the theory of one-dimensional Jacobi operators to the more general setup
of operators with one propagating channel, they are deterministic (no random-
ness enters) and may be interesting on their own. The translation of subor-
dinacy theory requires some new estimates (Lemma 2.6) proved in Sect. 3.
Details of the adaption of these theorems are carefully carried out in “Appen-
dix A”.

In Sect. 4 we prove Proposition 1.4 based on Proposition 2.2 also proved
there. Section 5 summarizes some facts on harmonic means of random variables
and in Sect. 6 we conclude proving Theorem 1.2. There we combine some
of the theorems of Sect. 2 and techniques as in [32, Section 8|, particularly
Theorem 6.1 where some more details are given in “Appendix B”. Finally, in
Sect. 7 we prove Corollary 1.3.

1.3. Some Open Questions

In the set 7, := [Av_, Avy] the random variables E — Av(x) do not have a
distinct sign. The entries in the transfer matrices (cf. 2.8, 4.6) will be harmonic
means of such random variables (cf. 4.5). Depending on the energy and the
distribution of P,, these harmonic means may not have an expectation and
also hg » does not need to exist. Therefore, the transfer matrices have a lot
of randomness and one might expect localization in this region. On the other
hand, as s, — oo the set By, (cf. 2.10) where not all transfer matrices are
defined is dense in the interior of Asupp(P,). This sort of also reflects the
fact that we have an eigenvalue at 0 with infinite multiplicity for A = 0.
For positive X these ‘states’ may start to resonate and one could imagine the
formation of some delocalized states. However, similar as in a recent paper by
Aizenman et al. on resonances and partly delocalized states on the complete
graph [6], these states may only delocalize in the ¢! but not ¢? sense meaning
that one could have eigenvectors not lying in £!(Ag). A deeper analysis of these
resonances might be very interesting. The spectral type may also depend on
the distribution P, or be random, particularly in the region Z)\Asupp(P,).

Even though the set I, may not be empty even for large A and so one
may have some a.c. spectrum if Y s, ' < oo, there still should be some sort
of large disorder localization:

Conjecture 1. For any compact interval [a,b] and any sequence s, there is a
Ao > 0 such that for A > X\g the spectrum of the Anderson model Hy on Ag is
almost surely pure point in [a, b].

This conjecture is intertwined with the comment above as for any com-
pact set and large enough A one has [a,b] C Z,. This conjecture is trivially
true if 0 & supp(P,) because of a gap in the spectrum for large A. In terms of
the above theorems one may also conjecture the following:
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Conjecture 2. If Y s, ' = oo, then the spectrum of Hyx = As + AV is almost
surely singular at any disorder.

2. Operators with One Propagating Channel

Now let us examine the structure of the operator Ag + AV in more detail.
We will use the equivalence ((Ag) = @, ¢*(S,) = @, C*» and can, there-
fore, write ¢ = @~ 1(n) where 1(n) = (¥(n,1),...,¢(n,s,))" € C*». The
transpose shall emphasize that we will consider 1 (n) as a column vector and
the pairs (n,j), n € Zy,j =1,..., s, denote the vertices in As.

Define D,, € Mat(s,, X $p—1) by (Dy)jk = (0n,j | As On—1,x) where d,, ; is
the normalized /2(Ag) vector with entry one at (n, j) and entry zero on all other
vertices and (-|-) denotes the scalar product. Then, as each vertex in S,, is only
connected to vertices in Sy,41, we find (As)(n) = D;,  1¢p(n+1)+Dypip(n—1).
Note that

) 1---1 ) 1
D, = \/ﬁ 1 1 = ¢noy,_, where ¢, = Jon € Co,
(2.1)

and the term ¢,¢;_; has to be understood as a matrix product of a col-
umn vector with a row vector. Therefore, the Anderson model can be written
as

(Hxp)(n) = ¢n(Pp1¥(n+1) + 6, 19b(n = 1)) + AVap(n)  (2:2)
where V,, = diag(vy 1, ..., Uns, ) and the v, ; are real, independent identically
distributed random variables with distribution PP,,. Note, as the ¢,, are vectors,
the expression ¢} (n) is the standard scalar product between ¢,, and ¥ (n) in
C®». When necessary we will consider the v, ; as random variables on an
abstract probability space (Q,.4,P). Expectations with respect to P will be
denoted by E, so E(v, ;) = 0, E(v] ;) = 0®. At 0 we have Dirichlet boundary
conditions, i.e. formally s_1 =1, ¥)(—1) = 0 and ¢_1 is any number.

We will use some generalizations of well-known one-dimensional transfer
matrix techniques and list the corresponding theorems here. For the proofs one
has to go through the one-dimensional theory and adapt the proofs and results
step by step. As the situation here is different from the pure one-dimensional
case we give the details in “Appendix A”.

Because of the more general nature of these theorems we drop the cou-
pling constant A and let V,, € Her(s,) be general Hermitian matrices and
¢n € C* be any sequence of non-zero vectors such that the operator

(HY)(n) = én ($r419(n+1) + ¢, _19(n — 1)) + Vath(n) (2.3)

acting on ¢ = @, o ¥(n) € @, C* 2 P, >0 2(Sy) = (2(As) is uniquely
self-adjoint and B -
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Do=1 9= @z/}(n) € @C“‘" : 1p(n) = 0 for all but finitely many n
n>0 n>0

(2.4)

is a core. By Remark A.3 this condition is satisfied if >0 [[¢n¢} 417" = oo.
Now for n € Z, let ®,, = @, ®,(k) € (*(As) be defined by

®, =P,p, ie. P,(n)=¢, and P,(k)=0 forn #k, (2.5)

~

where as above P, is the canonical injection of C*» = ¢%(S,,) into €, C** =
??(Ag). In the direct sum notation used above this means ®,, = Z;é 0D, D

@k>n 0.

Definition 3. A self-adjoint operator of the form (2.3) is said to have one
propagating channel defined by the sequence of the vectors ¢,,.

Let us explain this notion. Consider the kinetic part Hy (all V,, equal
zero), then the modes of the nth shell connected to n — 1 shell are given by
Ran(P*HyP,_1) and the modes of the nth shell connecting the nth with the
n+ 1-st shell are given by Ran(PHP,,+1). In this case, both are given by the
one-dimensional space spanned by ¢,,, i.e. these modes propagate through the
nth shell. The sequence (¢, ), forms a channel through which quantum waves
can travel. An obvious generalization is to have an operator as in (2.3) where
the ¢, are s, x k matrices of rank k. Then Ran(P*HyP,,—1) = Ran(P*HoP,,11)
would be always a k-dimensional space and one would have k propagating
channels.

Let us start the analysis with the following trivial facts.

Proposition 2.1. Let V,, C C*» = (%(S,,) be the cyclic space of ¢, w.r.t. to Vi,

i.e. V,, is the span of VF¢, for k =0,...,s, — 1. Then one has the following:

(i) The direct €% sum V := @@, oV, C (*(Ag) equals the cyclic space gen-
erated by the family (®,)n>0. One has V = (*(Ag) if and only if ¢n, is a
cyclic vector for V,, for all n € N.

(ii) H leaves the space V and the orthogonal components in (*(S,), i.e. V- N
0%(S,) = Vi invariant. In particular, the spectrum spec(H) = spec(H|V)U
U,, spec(H|VL), where spec(H|V;}) consists of finitely many eigenvalues
with corresponding eigenvectors in £2(S,,).

If V, = 0 and ||¢,]| = 1 for all n, then we find V,, = ¢,,C and H|V
is isomorphic to the adjacency operator on Z, with pure a.c. spectrum on
[—2,2]. This shows Proposition 1.1.

The eigenvalue equation Hiy = z1) with ¥(n) € V,, can be written as

(z=Va)vb(n) = én(p 1 ¥(n+1) + ¢, _19b(n —1)). (2.6)

Let us define u,, = u, () := ¢Xp(n) € C and let z & spec(V,|V,,) which is
always the case for non-real energies. Then (2 —V,,)"1¢, € V,, is well defined,
even if 2 € spec(V,,|V1). For a solution ¢ of (2.6) with z & spec(V,,|V,,), n > 1,
we obtain for u,, = u,(¢) that
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up = (¢, (2 — Vn)71¢n) (Ung1 + Up—1). (2.7)
Assuming ¢7 (z — V,,) "¢, is not zero, this can be rewritten as

<Un+1> =1, , ( Un ) where T, , = <((,25:L(z — Vn)il(’bn)*l 1) |
Uy, T\ U1 7 : -
(2.8)

The T, ,, are the 2x 2 transfer matrices at stage n associated to the operator H.
By this equation for n = 0 we may also define u_; for such a solution. Again,
for complex z € R, ¢ (2 — V,,)"1¢,, exists and is invertible as the imaginary
part will be negative. For o € V,,, V,,a = Ea, multiplying (2.6) with a* from
the left gives 0 = a* ¢y, (upn+1+upn—1). Therefore, u, 11 = —u,—1 for a solution
if E € spec(V,|V,,) (then o € V,,, so a* ¢, # 0). Hence, define

Tpm = <(1) _01> if E € spec(V,|V,). (2.9)

In fact, (2.9) extends z — T, holomorphically to z € spec(V,|V,,). Further-
more, let us define

n—1 0
A, ={EcR: ¢.(E-V,) ¢, =0}, B, := U Ag, B = U Ag.
k=0 k=0

(2.10)

So A, is exactly the finite set where T, is not defined and consists of
dim(V,,) — 1 points interlaced between the eigenvalues® of V,,|V,,.

For any complex z ¢ B,, we can define the transfer matrix 7, (n) from 0
to n by

Tz(’I’L) = dzn-1 Tz,sz707 then ( tn ) = Tz(n) (UUO ) . (2'11)
n—1 —1
For convenience we also define
1 (2 = Vo) Lo

Az - ¢Z(Z— Vn)_l(bn’ QZJZ,” : fL(Z — Vn)‘lqﬁn. (2.12)
Note that
In(as,0)/ Tm(2) = [ o] > \da > 1 and ol = Lapn.
wall” 2 | Zoen| 2 5 "= g
(2.13)

As above, if z = E € spec(V,|V,,) then we let ag, = 0 and ¢g, can be
defined by analytic extension leading to ¥g, = a/(¢}a) where o is a unit
eigenvector for the eigenvalue E of V,,|V,, [cf. proof of Lemma A.2 (ii)]. Hence,
a.n and ¥, , are defined for z € A,,.

First let us consider the spectrum as a set. Following the transfer matrices
let us define the corresponding Jacobi operator 7, on ¢(Z, ) for any z & By,
by

(TzW)n = Ung1 + Un—1 — Gyp Un. (2.14)

2 Note that by cyclicity, the eigenvalues of V;,|V,, are simple.
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Then J, has the same transfer matrices at energy 0 and Jg is self-adjoint for
real energies F ¢ Byo.

Proposition 2.2. Assume sup,, ||¢n| < 00 and E ¢ Bs. Then, 0 € spec(Jg) =
E € spec(H) and 0 € speco(Jp) = E € specy(H). If, moreover, E ¢
spec(V) where V = @, Vi, then we have equivalence: E € spec(H) < 0 €
spec(Jg) and E € specy(H) < 0 € specees(TE).-

Let p,, denote the spectral measure at ®,,, i.e.

/ Fdpn = (| F(H)| ). (2.15)

Following the relations between Green’s functions and solutions to (2.7) and
using arguments by Carmona [13,14] we find the following relations of spectral
measures. Part (i) and (iii) are analogue to the one-dimensional theory.

Theorem 2.3. We have the following:

(i) Let ¢ € V,, C C* and define ¢ = @, p(k) € B, C* by (n) = ¢,
p(k) =0 € C* fork # n. Moreover, let ji,, , denote the spectral measure
at ¢, i.e. [ fdpn, = (|f(H)|p). Then, on R\A,, the measure pu, , is
absolutely continuous with respect to p,, and one has

1R\An(E):“n,<p(dE) = 1R\A7L(E) |50*wE,n|2/un(dE)
Moreover, the set of energies where * g, = 0 is finite.

(ii) On the set where Tr(n) is well defined, R\B,,, the measure p, is ab-
solutely continuous with respect to py and we have

15, (E) ptn(dE) = 1py5, (E) | (10) Ta(n) (3) [* o(dE).

In particular, po is a spectral measure for H|V on R\ Boo = R\ (Up—o Ak)-
(iil) There exists a positive point measure v supported on Boo such that ug is
given by the weak limit

. p\p (E)dE
HoldE) = 8 ) ()2
The measure v includes a delta measure at & € By if and only if for the
smallest integer m such that E € A,, one finds that Tg(m) (§) = (9) for
some ¢ [cf. Remark 2.4 (iii)].

Remark 2.4.

(i) Note as A,, is finite, u, is pure point whenever p, ., is pure point for
some ¢ € V,,. Similarly, as B, is countable and V. finite dimensional
one immediately sees that H has pure point spectrum, whenever the
measure g is pure point.

(ii) One might get the impression that ®( should be a cyclic vector for V;
however, this does not need to be the case. It is possible to have an
eigenvalue in B,, with an eigenvector ¥ € V which is orthogonal to ®.
To see this assume that E € A,,, i.e. ® (V,, — E)"1®,, =0but E ¢ A,
for all n > m, thus Tk, exists. Let uy = 0, upmyr = 1 and (“3H') =
Tgn (wnt,) for n>m and assume that >, . |un[*[[¥p,||* < oo. Then

+ v(dE).
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let ¥(n) = upg., for n >m, v(m) = (E— V) tédmtmi1 and ¢(n) =0
for n < m. It is easy to check that Hiy = E1 and v is orthogonal to ®,,
form=1,...,m.

(iii) In part (iii) of the above theorem one can construct an eigenvector con-
tributing to v in a similar fashion. For Tg(m) () = (%), E € A, C B,
let u_y = 0,u; =1 and (uy",) = Tg(n)(§). Then set ¢(m) = (E —
Vi) "L tm—1, (n) = 0 for n > m, ¥(n) = upg, for n < m. Using
all the assumptions one easily verifies HyY = Ev and (®g|v)) = ug = 1.
Moreover, any eigenvector must have ¢} 1 (m) = 0 as can be seen from
(2.6), thus the condition Tr(m) () = (¥) is really needed. This eigen-
vector is an eigenvector for any cutoff of H at N > m and any boundary
condition and hence contributes to v (cf. proof in Sect. A.2).

(iv) Constructing eigenfunctions similarly as in (ii) and (iii) one sees that E €
By can be a multiple eigenvalue of H|V. For F € A, N A,,, n < m and
E ¢ A, for n < k < m one may construct an eigenvector 1,, ,, supported
from the nth to the mth shell iff a solution of (2.7) satisfies both boundary
conditions u, = 0 = u,,. Allow n = —1 to denote eigenvectors as in (iii).
As ¢_1 , and ¥, ., are not orthogonal, more than one such eigenvector
can contribute to v({E}).

To ensure pure a.c. spectrum we will use the following theorem, a version
of [42, Theorem 1.3]. It follows directly from Theorem 2.3 and [42, Lemma 3.8]
with essentially the same proof as [42, Theorem 1.3].

Theorem 2.5. Assume that the transfer matrices T, exist for all E € [a,b]
and alln € N, i.e. [a,b] N Boo = 0, and assume for some p > 2 one has

b
liminf/ ITe ()P dp < oo.

Then, the spectrum of H on the cyclic space V generated by the {®, : n € N}
is purely absolutely continuous in (a,b).

The subordinacy theory of Gilbert—Pearson [25], or better Kahn—Pearson
[28] also translates to some extent. However, there are some differences. First,
the actual solution of the eigenvalue equation is €, un¥ g n, so we need to
adjust the norm of the sequence accordingly and define:

Definition 4. Let E ¢ Bo,. A solution w = (wy, ), to the modified eigenvalue
equation (2.7) at energy E will be called subordinate iff for all linear indepen-
dent solutions v = (vy,), one has
=0 where [wlg, = Y il [[Yekl*.

k=0

o Jwls

n=oe [v]lgn

But also after this adjustment we require some more estimates for the
subordinacy theory. This is somehow related to the fact that ®; may not be
cyclic for the space V, the cyclic space generated by all the ®,,. Energies in
B, may lead to eigenvectors orthogonal to ®(. Following the proofs in [28]
closely, it turns out that we need the following estimates which may also be
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useful in other circumstances. As this estimate is a new ingredient (which is
trivial in the pure 1D case), we singled out its proof in Sect. 3.

Lemma 2.6. We find the following estimates:
(i) For any E ¢ Bs we have

|aE+i n aE,n| |aE+i n aE‘,n|
K 3 = q K <, sz,nll < HwE,n” (2-16)
H@bE,n” | (@az,n)|z:E|
(ii) Assume that (E —3e, E + 3¢) N Bo =0 for some e > 0. Then we find a
uniform constant C' > 0 such that for all 0 < n < e and alln € Z; one
has

1 < |[Wenll/[YE+inall < C. (2.17)

The second estimate is only available for energies not in the closure Boo
of Bs. Indeed, the ratio ||¢¥g ,||/||¥E+inn| may blow up for any n > 0 along
subsequences in n where E gets arbitrarily close to the sets A, (in which
case F € By,). So we need to restrict the subordinacy characterization to the
complement of B.,. Together with these estimates one can follow the paper by
Kahn and Pearson [28] as explained in “Appendix A.3”. To state the result,
let ¥, denote the support of the absolutely continuous spectrum of H and let
3 denote the support of the singular spectrum of H|V, i.e. H restricted to V.
The following theorem corresponds to [28, Theorem 3].

Theorem 2.7. Let

Y. = {E & Bo : there is no subordinate solution}

Y= {E € Bo : up = (10)Tr(n)(}) is a subordinate solution}

¥y = {E € By : wy, = (10)Tgr(n) (") is subordinate for some m € R}.
Then %, is an essential support of the a.c. spectrum of H on R\Bo, and ¥ is
an essential support of the singular spectrum of H|V on R\ By which is optimal
with respect to the Lebesgue measure. This means 110,qac(Xac\(Xhe U Bso)) = 0,
10.s(Es\ (2L U By)) = 0, |20 \Zac] = 0 and |X.| = 0. Here, po.qc and pos
denote the a.c. and singular part of po and |- | denotes the Lebesgue measure

of a set. Moreover, for Lebesgue almost all E € X{ with subordinate solution
wy, where w_1; = =1, wg = m(E) € R we find

ln (@, | (H = (E + 1)~ | #0) = w,. (2.18)

The proof of the characterization [42, Theorem 1.1] of an essential support
of the a.c. spectrum depends on subordinacy theory and a similar identity as
Theorem 2.3 (ii). So after establishing these theorems one might think that at
least away from B, one should have a similar characterization of an essential
support of g 4, the a.c. part of . Unfortunately, following the arguments in
[42] does not quite give this result, unless one finds uniform constants 0 < ¢ <
C such that® 1 < ||¢g .| ||én]] < Cand ¢ < ||[Yg.ull |¥En—1] < C uniformly in
n and F (locally). In that case the sets X¢ and 3y as defined below are equal.

3 The bound ¥ g, || > 1/||¢n|| is trivial and already mentioned in (2.13).
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We find that [42, Theorem 1.1 and 1.2] generalize to the presented situation
in the following way.

Theorem 2.8. Let X, be the support of the absolutely continuous spectrum of H

as before and let @, =diag(| x|, |6x-1]) and ¥ = diag (6.1, [¥,0-1 ).
Moreover, define the sets

T 2
Yo = {EER:hnHigfn’;H@leE(k)H <OO}’

" CRTek) |
Sy = {EeR : liminf k=t PERTE®IT - L
n—oo 3y det(Wp )

Then, one has the following:
(i) For Lebesgue almost all E € ¥,. we find E € 3.
(ii) For E € Xy there is no subordinate solution at E and thus for Lebesgue
almost all E € Y.4\Bs we find E € 3.
(iii) Defining the transfer matriz from k to m by Tr(k,m) = Tg(k)Tg(m)~?
we find for any fixed sequences k,, m, and Lebesgue almost every E €
Yo that

liminf || @ " T (kn, 1) B,/ det(®@,,) || < 0.

n—oo

Let us finally give some remark on a possible extension of the above
theorems. In general one may also want to consider operators as in (2.3) with
some infinite dimensional fibers, i.e. allowing s,, = oo in the sense C* 2 (?(N).
Then, V,, should be a Hermitian operator on £2(N). As long as all the V;, have
pure point spectrum without accumulation point, similar techniques apply,
only the sets A,, defined above are possibly countably infinite. However, more
care must be taken when V,, has some continuous spectrum or dense point
spectrum. These cases might be interesting for further investigation.

Now, for the singular spectrum we will essentially use the Simon—Wolff
criterion in combination with (2.18) in Theorem 2.7. To show how this leads to
the pure point or pure singular continuous spectrum, let us finish this section
by proving the following general statement:

Theorem 2.9. Let ¢ = ¢ & €P,,», 0 with ¢ € Vo.

(i) Assume that for Lebesgue almost every energy E € (a,b) we find a sub-
ordinate solution wg, to (2.7) at E such that

S w2 < oo.
n=0
Then, for Lebesgue almost every ¢, the operator H + c|p){p| has pure
point spectrum in (a,b).
(i) Let (a,b) N Bs = 0 and assume that for Lebesgue almost all E € (a,b)
there is a subordinate solution wg., to (2.7) at E such that

Z |wE,n|2 ”'@ZJE,n”2 = Q.

n=0
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Then, for Lebesque almost every c, the spectral measure of H + ¢|p){¢|
at ¢ (i.e. po,, as in Theorem 2.3) is purely singular continuous in (a,b).

Proof. For part (i) first note that if w, is a subordinate solution of (2.7)
for B ¢ Bo such that 3 [wn|?|[¢.[> < oo, then either w_; = 0 and
V=@, wyE,, is an eigenvector of H for the eigenvalue E, or w_; # 0 and
(H — E)Y = —w_1 Dp. In the latter case one finds

H-F
sup |[(H — E —in) ' &y||2 = sup || —————
n>rg||( n)~" Dol e o 7y

< 19117 /lw-1]* < oo

2

1/1/11),1

Using the Green’s function identities in Lemma A.1 one finds
(H—=2)""o=((Vo—2)" (g — do¥%00) & P12 00)g:(1,0)¢- ).
n=1

where g.(n,m) = (®,|(H — 2)~1®,,) (our scalar product (-|-) is linear in the
second and anti-linear in the first component.) Comparing the general case
with p = ¢g (i.e. p = ®g) we see that for E & spec(Vp|Vo) U Ay it follows that

supl|(H — E —in) Lo || < oo.
n>0

As there are only countably many eigenvalues of H and Vj, the latter equation
is true for Lebesgue almost all E € (a,b). Using the Simon—Wolff criterium,
Theorem 2’ in [47], we find for ¢ € L, a set of full Lebesgue measure, that
the spectral measure at ¢ of H + c|¢){(p| in [a,b] is pure point. Clearly, for
¢ € Lo, another set of full Lebesgue measure, ¢ is in the cyclic space of ® with
respect to Vo + ¢ pp*. Hence, by Theorem 2.3 [Remark 2.4 (i)] the operator
H + c|p) (| has pure point spectrum in [a,b] for ¢ € Ly N Lo.

For part (ii) note that for (a,b) N B, = () we can apply Theorem 2.7
and (2.18). We will use the notations as in Theorem 2.7. By assumption, the
Lebesgue measure of X/, .M (a,b) is zero; therefore, there is no a.c. spectrum in
(a,b).

As the Lebesgue measure of 3 is zero, there is still a set of energies of full
Lebesgue measure where w_; = —1 and w,, = lim,¢ g.(n,0) is a subordinate
solution with Y |w,|?||¢YE,n||* = co. This implies

sup [[(H — E — in)®o||> = oo and  sup [[(H — E —in) el = oo

n>0 n>0
for Lebesgue almost all energies E € [a,b]. By the Simon—Wolff criterium this
means that for Lebesgue almost every ¢ the spectral measure of H + c|¢){¢p]

at ¢ is purely continuous in (a,b). As there can be no a.c. spectrum in (a,b)
as mentioned above, it has to be purely singular continuous. O

3. Proof of Lemma 2.6

The proof of part (ii) of Theorem 2.9 depends heavily on the subordinacy
theory and in particular on (2.18). In fact, subordinacy theory is the key for
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parts (ii)—(iv) of Theorem 1.2. As we mentioned above, the estimates given in
Lemma 2.6 are crucial which we prove in this section. They may also be useful
in other circumstances. Recall that we want to show:
(i) For any E € R\By we have |agyinn—apn|/||VER
[¢¥E nll-

(ii) If (E — 3¢, E + 32) N Bs = 0 then we find a uniform constant C' > 0
independent of n (and in fact of V) such that for all 0 < 7 < & one has
1 < [Yenll/[Yetinnll < C.

One may note that these estimates are completely trivial in the one-dimensional
Jacobi matrix case.*

‘2 < nand ”djzmH <

Proof of Lemma 2.6. For part (i) note that for z = E + in

|azm - a'EJL| > |Im(a2,n)| =" ||¢z,n

2| S
=1 dzaz,n

d
> \Mufzm—am) .

Using the mean value theorem it follows that for any 1 > 0 there is 0 < n’ < ¢
such that |din(|aE+m/ —agl)| > |din(|aE+i,, — ag|)| and hence the maximum
derivative must be at n = 0. Thus, by the mean value theorem,

[V Etinnll® <0 Hapsim — asl

d

L g —aE,nD] < ]

_ 2

d
dEaE,n

proving (2.16).

For part (ii) note that the first inequality is proved in part (i) and we
only need to worry about an upper bound for |V g, ||>/||¢E4in,n|/* uniformly
in V,, and ¢,,. Without loss of generality we may assume E = 0 by changing
V, to V,, — E. Let us further use an orthonormal basis of eigenvectors in V,,
such that V,|V,, = diag(—z1,..., =2k, Y1,...,y) where z; > 0 and y; > 0.
All these values are different as ¢,, is a cyclic vector. Moreover, we let ¢,, =
(@1,..., 0k, B1,-..,3)" in this basis and let a; = |a;|> > 0 and b; = |3;|> > 0.
By cyclicity, none of these values is zero. Then we define

F@) = e = Vo) o = Y -

—~ i + yj—x

By assumption (—3¢,3¢) N B = 0 and hence f(z) # 0 for || < 3¢. Moreover,
f(z) is decreasing from 400 to —oco between single poles located at the —x;
and y;. So f(x) has at most one pole inside (—3e, 3¢) which we may assume
to be —x1 (the case of a pole at a different —x; or some y; inside (—3¢, 3¢) is
completely analogue). Thus, without loss of generality we may assume f(§) > 0
for all 0 < § < 3¢ and y; > 3¢ for all j and z; > 3¢ for ¢ > 2.

4 Indeed, in that case one simply has sp, = 1, az.n = (2—vn)/(|én|?) and ¥z.n = ¢n/(|Pn|?).
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Case 1 We have 1 € [0,¢]. Then f(—3¢) < 0 and f(3¢) > 0 and for any
0 <n < 3¢ we find

1 k k
aq a; bjyj a;T;
45_a:1+35 z:: -—35 in—i—Ss_Zy?—H]? Z$2+772

i=2 j=1 =2 !
(3.1)

l k l
Q; bj a;T; bjyj
— > — .
z; + 3¢ Zyj—i%a_Zm?—i-nQ Z 2412

ay ai

-

> >
2 " 3e—z o j=1 i=2 i =Y
(3.2)
Combining both equations gives
Yj "oa2r a a
J ] _ il <8
Z Y3+ Zx?+n2 T 2 T 2m
and summing both equations and dividing by 6¢e gives
a b a l b a l b
1 i i J
Syt D R PP
2 = 2 _ 0.2 — 0.2 2 2 2 2
8e Pl 9e ley 96 T tn oY +n
for any 0 <7 < e. Using these estimates one finds
k l
[onll? = Sy aifxd + 251 bj/yjz' - a1 /x? +ay/(8z%) - 9
0, = < S o
U (/i = o b/y)? T (@fen—a/(221))? T 20
and
2
k iTg ! biy;
1 - (Zi:l zgf’r] - Zj—l Y3 ]+7]7 ) i ain? Z
) 2 k 2 2 2
Hd’mm“ Zz 1 I2+772 + Z] 1 y2 ‘H] =1 Ty +77
( a1z ﬂ)2 2‘1%3”% (’i 9
z2+n2 2e ai aq (z2+n2)2 22 ai
S 1a1 — n2<2+2+82>§ I1377 - +?
42 Be? rpTn = 17342

8 x? 423407 9 16 9
= ) < 42
<3x1+17 t3T a2 tg)ral 3ty

where we used 7,7 < € at several places. Both estimates together give the
required uniform upper bound on || ,||/||%in,n || Which also remains valid in
the limiting case 1 = 0.

Case 2 x; > ¢ for all 4, recall that also y; > 3¢ for all j. We find for z € (0,¢)
that

k ! k !
1 a; b £ (0)]
Yt (e ) <
)2 — )2 2 2
pt (x4 —|— x) = (y; — ) 4 ST Oy 4
Combining this estimate with the fact that f is decaying on (0,¢) and f(g) > 0
we find f(0) = [f(0)]. Using |37 — ¢4 < 5“7 coming from n?/z; < ¢,
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we obtain

Zxafiy Z 2’% - f0)| < <lf o)

for n < e. With this estimate and the expressions for [|¢g,|> and |[¢i, |2
as above we then find for n € [0, ] that

17 (0)] 1 FO) el O 4.
GOP°  TanP = Ipo WO

which using €] f'(0)|/f(0) < 4 gives < /66. O

lvo.nll® =

4. The Essential Spectrum

4.1. Relation of Resolvents of H and the Jacobi Operators Jg

We first prove Proposition 2.2 and will then apply it to the Anderson model
H) on Ag. Let us introduce the following notations:

Definition 5. For a sequence w = (wy,)n, w, € C%+ we define

YEOw = @(wnwE,n) and ¢ Ow = @(wn ¢n)
n=0 n=0

If the resulting direct sums do not give 2 vectors, then one may still understand
it formally as a collection of vectors (w, @), € X, C.

A crucial part is now the following equation that is easy to verify,

(H = 2) (¢ Ow) = ¢ O (J=(w)), (4.1)

with 7, as in (2.14). Another important point which is not hard to check is
that (H — 2)¥ = ¢ ® u for some sequence u implies ¢ = ¢, © w, J,(w) = u
and wy, = ¢X1p(n).

Proof of Proposition 2.2. Recall that we assumed ||¢,| < C for some C uni-
formly in n. First, assume E ¢ spec(H ), then (H — E)~! exists as a bounded
operator. Then by uniform boundedness of ||¢, ||, the operator
(Rw)y = (0 |(H = E)" (¢ ©w))

is bounded on ¢?(Z, ). Moreover, it is not hard to check that (H — E)~1(¢ ®
w) = ¢Yg ©@ Rw and hence ¢ © w = (H — E)(¥p © Rw) = ¢ © Jg(Rw).
Hence, JpRw = w for all w and, therefore, JpR = 1, R*Jg = 1 and
R* = R*JeR = R. Thus, R = J, ' and 0 ¢ spec(Jg). Thus, we have shown
0 € spec(Jg) = E € spec(H).

Now let 0 ¢ spec(Jg), i.e. Jp' exists and assume E ¢ spec(V), V €
@D, Va. Then,

(H-E)V-E)""¢ =¢ - ¢Ow(y) where (4.2)
w(w)n = ¢n+1(E_ Vn+1) 1pn+1 +¢n71(E_ anl)_lwnfb (4'3)
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It follows that (H — E)(Ag ) = ¢ for
Apt = (V= E)"" ¢ + $p 0 T5 ' (w(¥)). (4.4)

Hence, E is in the resolvent set and Ag = (H — E)~! if A defines a bounded
operator on H. Now, (V — E)~! is bounded and |Jw(%)||2 < 2(sup,, ||énl)](V —
E)~|[¥||. Therefore, it is enough to show that Ap(w) = g © J5 ' (w) is
bounded from ¢?(Zy) to €, C*".

By our assumptions, ¢z .| = [|(V, — E) *énlllas .| < Clag,,| for some
constant C. Define the scalar product norm [v||2 = > (1 + 612Em)|vn|2 for
sequences v = (vp)n. This norm is equivalent to the norm [jv[|% = [jv]|3 +

| TEv||3. Therefore, the domain of Jg is exactly the set where ||-||4,, is bounded
and Jg has an inverse on £2(Z, ) (i.e. 0 is in the resolvent set), if and only if
Jg is invertible as an operator from ¢2(Z, || ||a,;) to £2(Z. ). In particular, in
this case one has a bound for the norm || 7" (w)]|a, in terms of |lw||2. Hence,
if 0 & spec(Jg), i.e. jbfl exists, then

[ve© Tg ()| < ClITE (W)llas < ClT5 l2—as w2

This shows boundedness of Ag, and hence of Ag and E ¢ spec(H ). Therefore,
we have shown F € spec(H) < 0 € spec(Jg). Now let j]é") denote the
restriction of Jg to 2({m € Z : m > n} and let H®™ denote the restriction
of H to @ C*m. Then,

m>n

0 € speces(TE) < 0€ spec(jé")) forall neZ;y &

E espec(H™) forall neZ, < E €specy,(H).

ess (

The first equivalence is a special case of the last equivalence when setting s,, =
1 for all n and the second equivalence was proved above®, so let us consider the
last claimed equivalence. The direction ‘<=’ is clear as finite rank perturbations
like formally changing ¢,,—1 to 0, do not change the essential spectrum. Assume
E € spec(H™) for all n and E ¢ spec..,(H). This would imply that F is an
isolated eigenvalue of finite multiplicity for any H™. As E ¢ Bo, U spec(V)
and ||Ygn| > 1/|¢nll > ¢ > 0 uniformly, this means one finds two linear
independent solutions (uy,), and (v,), to (2.7) that are both ¢? at infinity.
This contradicts the invariance® of the Wronskian W = Up41Vn — Un4+1Uy, that
cannot go to zero. O

4.2. Essential Spectrum of the Anderson Model

In this subsection, we will prove Proposition 1.4. From now on (except for the

“Appendix”) we will consider the random operator Hy as in (2.2). Recall that

for Hy we have ¢, = 551/2(1,1,...,1)—'— and AV, = Adiag(vn,1,.-.,Uns,)

5 If E € spec(V) then we have only the implication ‘=" in the middle
6 The invariance can be easily checked, comes from the fact that the determinant of the
transfer matrices is 1.
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which replaces V,, in the definitions of ag n, YEn, TEn and Tg(n), ie.

apm = (B3(E — AVy) )} = e

4.5)
T (
Sn Z]‘:l E—Xvg,

Sn

Ve =apn(E— /\Vn)_1 ¢n and Tg, = (abi’" 01> . (4.6)

These are now random objects as (v, j)r,; is a family of independent identically
distributed random variables supported in [—1, 1] with mean zero, E(v,, ;) = 0,
and positive variance. As before we let V = @@, V,, so that Hy = As + AV.
Similarly as in (2.14) we define the Jacobi operator with potentials —ag , on
¢*(Z+) which is now a random, A-dependent Jacobi operator which we call
JEe.a- Let us start with the following lemma.

Lemma 4.1. Let s = (s,)n be any sequence of positive integers characterizing
the antitree As and the operator As. Let E be an energy that is almost surely
not in Bs such that there exists a real k so that for any € > 0 we have
liminf,, o P(lag,, — 2cos(k)| <€) > 0, formally

EcR, P(EF€By) =0
and Fke€RVe >0 : liminfP(lag, — 2cos(k)| <e) > 0.

n—oo

Then almost surely E € spec(H)).

Proof. 1t is sufficient to show that we have 0 € spec(Jg,») almost surely.
For this we follow the usual proof as for the almost sure spectrum of the one-
dimensional Anderson model by constructing a Weyl sequence. Let ¢ > 0, then
there is § > 0 and N > 0 such that for all n > N we have P(lag , —2cos(k)| >
g) > 6. Therefore, with probability one we find arbitrarily long sequences where
ag.n is e-close to 2 cos(k), i.e. there is a (random) sequence n,,, m € Z4 such
that for all m and all 1 < j <m we have |ag n,,+; — 2cos(k)| < €. Define

ikn

0 forn >mn, +morn <n,,
Wmn =
e for n,, <n < n,y +m

and consider wy, = (Wyn)n € €2(Z4). Then ||wp |3 = m and | Tp wm 3 <
2 + e%m, thus limsup,,_, . [|[TerwWmll2/||wm|l2 < € showing [E — &, E + €] N
spec(Jy) # (0 almost surely, for any fixed ¢ > 0. Now take a sequence £; — 0
and one obtains almost surely that E € spec(Jg ). O

We also need the following

Lemma 4.2. Let s, > cn® for some ¢ > 0, > 0 and let the single-site dis-
tribution P, be compactly supported. We have almost surely for n — oo that
ag}n — hE}A for all E & Asupp(P,), i.e. apn — hpx if E(1/(E — v, ;) #0
and |agn| — oo if E(1/(E — Av, ;) = 0.

Proof. Let the X; be independent identically distributed random variables
with compactly supported distribution in [—a,a] and zero expectation. Let
Y =1%"  X;. Then

T n
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m 1 .
E(Y?™) = —am > E(Xi, - Xiy,,)
i1, yiom=1
1 (2m)! " ) ) (2m)! a®™
— n2m 2mm!j Zj E?(Xj X ) - 2mm! npm
1,¢.., Tﬂ:

where we use that g?ln), is exactly the number of pairings on the set {1 ,2m}

and any unpaired index leads to zero expectation. Choosing X; = 1/ (E -
Avy, i) — h;)\ for j =1,...,s, and using Markov’s inequality this gives

E(ag, —hph)*™ __C . o

—1 —1
IP(|G’E7TL - hE,A' > 6) < g2m - 2mg2m — pma
n

Choosing m large enough the right-hand side is summable over n. Hence, by
Borel-Cantelli ]P’(|a;371n - hgl)\| > einfinitely often) = 0. Taking a sequence
€; — 0 the almost sure convergence follows for a single energy Hence, We have
almost surely aE, — hE \ for all E € Q\Asupp(P,). As hE ,, and all aE are
continuous and monotone decreasing in R\Asupp(P,) the claim follows. [

Proof of Proposition 1.4. First note that one always has spec(H,) C spec(AV)
+[—2,2] = [-2,2] + Asupp(P,). Consider first the case that the sequence s,
is bounded, i.e. s, < N and let E € ([-2,2]\{0}) + X supp(P,), i.e. E =
2 cos(k) + t where cos(k) # 0. Then we find for £ < 2 cos(k) that

P(lagn — 2cos(k)| < &) > P(|AV,, —t1| <e) > [P,(A " (t —e,t+2)¥ >0

uniformly in n. For the first inequality note that if ||[E — A\V,, — 2cos(k)| < €
then each summand in (4.5) lies between 1/(2cos(k) +¢) and 1/(2cos(k) —¢).
Moreover, the probability of F € B, can only be positive for at most countably
many energies, for the rest we can apply Lemma 4.1 showing F € spec(H))
almost surely. Taking a countable dense set of energies we find [—2,2] +
Asupp(P,) C spec(H)) almost surely, showing the first part.

Now let s,, > ¢n® and consider first E € Asupp(P,). We find with prob-
ably one a strictly increasing sequence ny such that |E — Av,, 1| < 1/k and
|E — Avp, 2| < 1/k. Set ¢ = dpp1 — Ony2 16 Yp(n) = 0 for n # ny and
Yp(ng) = (1,—1,0,...,0)T € C**. Then,

I(Hs — Bl = | W = B) S — (Mo — B) by | < 2/k — 0.

Hence, 1)y is an orthogonal Weyl sequence and E € spec..(H») almost surely.
Taking a countable dense set of energies we get Asupp(P,) C spec..(Hx)
almost surely.

Let E & Asupp(P,). By Lemma 4.2, P(lag , —hg x| <€) — 1 forn — oo
whenever |hg | < co. Hence, we can use Lemma 4.1 for a countable dense
set of energies to find {E : |hg,| < 2} C spece,(Hy) almost surely.” By
Lemma 4.2 almost surely we find for all E with |hg | > 2 some random
N = N(E) > 0such that |ag,| > 2 forn > N(F). This shows 0 ¢ (J,,~ y[—2+

7 By monotonicity properties of hg,x this set has no isolated points so it must be in the
essential spectrum.
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agn,2 + agy,) which includes the spectrum of spec(jﬁgN)) and hence 0 ¢
SP€Cess(JE) C spec(jgv)). Thus, {E : |hg x| > 2} Nspecy(Hy) = 0 almost
surely. O

5. Harmonic Mean Estimates

Recall that for E € I we either have that for all v, j, £ > Av, ; or that for
all v, ;, E < Av,, ;. Moreover, we have |hp x| < 2, where

hE7,\ = [E(l/(E — /\’Un,j))]_l =: 2008(/6]1,\). (51)

The latter equation is the definition of kg € (—m, 7). To use the machinery
in [32] we need some explicit moment estimates. Therefore, let us start with
the following general theorem:

Theorem 5.1. Let X; € [a,b], 0 < a < b, be independent identically distributed
random variables. Define the harmonic mean M, and the harmonic average h
by
1 1
M, = ——, h = ——.
% Zj:l )% ]E(l/Xj)
Moreover, define the following moments of the centered random variable 1/ X ;—
1/h
om :=E((1/X; —1/h)™)

and note that oy = 0 and o9 is the variance. Then, there exists a continuous
function C' = C(a,b, h,09,03) such that uniformly in n,

b h? h3 C
0<E(M,—h) < =22, [E(M, —h) - —2| < —. (5.2)
a? h? oy b2 h2 oy hioy C
<E((M, —h)?) < E((M,, — h)?) — < .
LT <R, - ) < 0 B(on, - ) - | <
(5.3)
Moreover, for the higher moments we find
C
|E((Mn — )% | < —,

| H2m p2m
and E((M, — h)>™) < % nim for m>2. (54)
Proof. Clearly, as a > 0, we find M, € [a,b] and M,, < %ijl X, as well as
h < E(X;) by convexity. Let Y = 1/M,, —1/h = %E;Zl(x% —1/h), then one
finds E(Y) =0, E(Y?) = 02/n, and E(Y?) = o3/n%. A similar calculation as
in the proof of Lemma 4.2 shows E(Y?™) < gi’",,i'. —s—=. Moreover, one finds
M, = h — hY M,, and, therefore,

M, —h=—hY M, = —h*Y + h?Y?M, = —h*Y + h3Y? - h3Y3M,. (5.5)
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As M, € [a,b] we can estimate E(h?Y2M,,) < h%boy/n and

h(los| + 3ba™?)
[E(VEM,)| < [B(RY?)| + [E(RYM,)| < =——5——
which with (5.5) (using the second-last and last term) gives (5.2). Taking pow-
ers of (5.5) and using similar estimates lead to (5.3) and (5.4). For the general
moment bound note that 1 — Y M, = M, /h € [a/h,b/h], so |1 — Y M,| < b/h
and hence E((M, — h)?™) < (b/h)?™ E((h2Y)2™) = h2mp2mE(Y2™). [

Clearly, for E € I, all the transfer matrices Tk ,, exist and we may define
the family of independent random variables
-1
Ap n — hE,A

1 & 1 :
Ty = m = g Z m — hE,)\ /bln(kE)\). (56)
> j=1 »J

The introduced factor sin(kg, ) will simplify some formulas later.
For many calculations we will fix some A and E € I, therefore, we will
now often omit the indices F and A in future calculations and use

h=hgx, k=kpx o>=o0p,=Var(l/(E—v,;)).

Note that all this quantities depend continuously on (E, ) for E € T. Without
loss of generality we may assume E > 0 which also corresponds to E > h > 0,
k > 0 and E(x,) > 0. The considerations for E < 0 are completely analogue.
Then, in the notations of the above theorem we find that sin(k) x,, corresponds
to M, — h, the X; correspond to E — Av,, j, a = F — Ay and b= E — Av_,
and we have

E—- ) vy E—JXv h3 o2 9
n . ) . ’ E n) = TN n .
n € sin(k) sin(k) 0 < E(@n) sin(k) sy, +0(s7) (5:7)
h* o2
E(z}) = +0(s5%), E(z3) = 0(s,%),  E(@3™) = O(Cpns,™).

sin?(k) s,

(5.8)
The error terms O(s;,?) and O(C,, s, ™) mean that the absolute value of the re-
minder terms are bounded by Cs;? and C,,s,,™, respectively, where C' = Cg
and C,, = C, g, depend continuously on (E,\) for E € I. In particular,
the error terms are uniform in E on compact subsets of Iy. Note that from
Lemma 4.2 we get for F € I

Lemma 5.2. Let s,, > c¢n® for some a > 0. Then, for P-almost all w € Q) we
have
lim z, = lim z,(w) = 0.

n—oo n—oo

6. Modified Priifer Variables and Results

We established that for £ € I, and s,, — oo the random transfer matrices
behave like in the case of a one-dimensional operator with random potentials
of decaying variance. The conclusions can now be obtained in a similar way as
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in [32] with some slight differences. One minor difference is the fact that E(x,,)
is not zero and depends on n. Another difference for the case of the pure point
spectrum is the fact that unlike in [32] the support of the distribution of x,, is
not getting smaller in n. But this input can be replaced by Lemma 5.2.

Let us now briefly mention the appropriate basis change for the transfer
matrices that leads to the modified Priifer variables that were also used in
[32,42]. By the definition of transfer matrices Tg,, in (4.6), the definition of
k=kg asin (5.1) and x, as in (5.6) one obtains

T = (o 7) () eiy) e M=o i)

Next define the modified Priifer variables 6,, = 6,,(6) € R mod 27 and R,, =
R.(0,E) € Ry by
Ruiio, = M~ Tp(n)Miy where iy = (<) (6.1)
n'wo,, E 6 6 sm(9) ) .

cos(O0pn+k)+x, sin(0,+k) )

then some simple calculation shows R, 14, ., = Ry ( sin(0, +k)

which gives

R2., =R} (1+x,sin(20,) + 22 sin?(0,)), cot(n41) = cot(6,) + z,

(6.2)
for 6,, := 6,, + k. Note that the random variables R,,, 6,, 8, depend on the
starting value 6 = 6y and zq,...,z,—1 and are, therefore, independent of x,,.

By equivalence of norms one finds for any two linear independent angles iy, iy
some positive constants ¢, C' such that

c max(R,(0), R,(0")) < ||[Te(n)|| < C max(R,(0), R,(¢")).
Therefore, it will be enough to study the R,, to investigate || T (n)]|.

6.1. The Absolutely Continuous Spectrum

oo —1

Now assume ) > s, " < oo. By (5.7) and (6.2) we find for any starting angle
0= 90 that

E(R;11)

IN

E(R;) + E(2sin(20,)R;) E(z,) + E(Ry) E(322 + 2|2, |* + }.)
E(Ry) (1+2[E(z,)| + E(4a}, +223)) < E(Rp) (1+Cps,')

IN

where the bound Cg can be chosen continuously in £ € I. As Cgs,! is
summable it follows

sup E(||Tg(n)||*) < CsupsupE(R:(E,0)) < C H(l + Cgs;') < o
n n 6

n=0

where the bound is uniform in E on compact sets E € [a,b] C I. Using
Fatou’s lemma and Fubini we realize that P-almost surely

b
liminf/ |Tn(E)||* dE < oo
n—oo a
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which by Theorem 2.5 used for any [a,b] C Iy, a,b € Q, implies that the spec-
trum of H) (restricted to the space V) is almost surely purely absolutely con-
tinuous in I. For the proof of Theorem 2.5 see Sect. A.2. As |E| > X\ > [|A\V,,]|
for E € I, we also see that there are no eigenvalues in I, with eigenvectors in
V-+. This proves Theorem 1.2 (i).

6.2. The Singular Spectrum

In this section we want to prove Theorem 1.2 parts (ii), (iii) and (iv). All will
be based on the following observation which is a variant of [32, Theorem 8.2
and Lemma 8.8]. We set o = d — 1 where d is the growth rate dimension.®

Theorem 6.1. Assume lim, . s, n® = c¢ > 0 for some 0 < a < 1, E € I,
such that k = kg x & w/4Z. Then one has almost surely
log |Te(n) || iAo

log ||
im 2 lTe) Iy los] - = vpa. (6.3)

oo Z?:o Sj_l n—ee Zj:l cj—« 8 sinz(k'E,A)

Moreover, almost surely, there is a real, subordinate solution wg., i.e.
(wE,nwE,n—l) = TE(’H,) (ﬁEEyfl ), such that

1 2 2

=1 |+ n—
lim 2 Og(|wE7 |U}E7 1‘ ) - 1. (64)
n—oo log || T (n)||

Remark. The first equation is trivial provided the limit exists as (Z?:o sj_l) /

(325=17%) — cforn — oo. Moreover, note that for a < 1 we have 77, j~*

~ (1 —a) "t nl=® whereas for a = ' i1 ~ log(n). The last equation
1 1 pl= whereas f 1, Y0, j7! ~ log(n). The last equati

follows from (1.3) and (5.1).

The proof can be done using the techniques of [32]. Differences are firstly
that E(z,) varies with n which will give some additional oscillatory term to
take care of and secondly that the support of the distribution of x,, is not
getting smaller which can be replaced in the proofs by Lemma 5.2. For conve-
nience of the reader, some more details are carried out in “Appendix B”.

Proof of Theorem 1.2. Part (i) is already proved above. The remaining proof
is based on subordinacy theory” mainly in the form of Theorem 2.9 which is
proved at the end of Sect. 2.

For a = 0 the formula (6.3) does not hold. However, if s,,/n® = s,, — C
then s,, is constant for large n and then the corresponding transfer matrices are
independent, identically distributed. Therefore, by standard arguments, one
has a positive Lyapunov exponent and a limit as in (6.3) does exist, only the
formula on the right-hand side is not valid. It is also well known that a solution
wg,, satisfying (6.4) will exist almost surely (cf. [42, Theorem 8.3]). Note that

for E € I, NRy one also has that ||[¢e.] = [[(E — AVa) " oull/|0h(E —
AVy) L, < gfigi < 00, and a similar bound holds for £ € Iy NR_. Hence,

the solutions wg,, of (2.7) are subordinate in the sense of Definition 4.

8 Note that o corresponds to 2« in [32].
9 Theorem 2.7, for the proof see Sect. A.3.
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By a Fubini argument we find for 0 < a < 1 almost surely such subor-
dinate solutions for Lebesgue-almost all F € Iy. By Theorem 2.7 this implies
that there is no a.c. spectrum in I proving Theorem 1.2 (ii).

For 0 < a < 1 we find lim,—.con® ' $log(|lwpnl? + [wpnt1?) =
—cvyg,» and @n WEnVE,, 1S an £? vector where the decay rate is given by
the decay rate of the sequence wg ,,. Under assumption (A2) (P, is absolutely
continuous), we can use Theorem 2.9 (i) with the basis vector'® ¢ = & ; to
obtain the almost sure pure point spectrum in I [see also Remark 2.4 (i)].
Finally, the almost sure decay rate of the subordinate solutions gives the decay
rate of the Green’s functions and hence also the decay rate of the eigenfunctions
almost surely (cf. [47, Theorem 9]). By Proposition 1.4 the point spectrum also
has to be dense (almost surely), finishing the proof of Theorem 1.2 (iii).

For d =2 or v = 1 we find lim,, o0 2 log(|wgn|* + [wE i1 |?)/log(n) =
—cEg,» for the subordinate solutions wg ,,. However, the vector @n WEnYE R
is in (2(Ag) only for E € I)\Jy. If E € Jy it is not in £?(Ag). Again, using
Fubini, assumption (A2), Theorem 2.9 (ii) and similar arguments as above we
obtain the following: The spectrum is almost surely pure point with the cor-
responding decay of the eigenfunctions in I\ Jy, and the spectral measures at
do,; (for all j) and at @9 = >, do,;/+/S0 are almost surely singular continuous
in Jy for all j = 1,...,s0. Note that possible eigenvectors in V+ (cf. Propo-
sition 2.1) are outside Jy and Jy N By, = 0. By Theorem 2.3 we, therefore,
obtain that the spectrum of H) is almost surely singular continuous in Jy,
finishing the proof of Theorem 1.2 (iv). O

7. The Operator P, Ay P, + AV on Z2¢

Finally let us prove Corollary 1.3. On Z% the adjacency operator is given by
Ay () = Zy:ywc ¥(y) where y ~ x means that y is a nearest neighbor of
z, ie. |lz —yl1 = 1. Let

S, :={x € 2% : |z|y =n}, spn=7#(S,) for nezZ,

and note that (z|A4]y) # 0 can only happen if the difference of ||z||; and ||y]|1
is one. Therefore, there are s, X s,_1 matrices D,, such that using spherical
coordinates ¢ = @, 1 (n) € @,, C* = @, (*(S,,) = (*(Z%) one has

(Aa9)(n) = Dyap(n+1) + Dnip(n—1)
where the entries of D,, are zero or one giving the edges from S,,_; to S,.
Lemma 7.1. P.AyP,. — d As is trace class on the Hilbert space @Zo:o Csn.,
Proof. Let ¢, = 1/\/3,(1,...,1)T € C* as above, the radial projection is
given by (P,1))(n) = ¢n¢;, ¥(n) or in Dirac notation P, =Y |®,)(P,| where

10 d0,j = ¥ is defined by 1 (n) = do,ne;, e; the jth basis vector of C°0, the Dirac notation
would be |0, j)).
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®,, = P,¢, is the natural embedding of ¢,, into £(Z?). Therefore,

(PrAaPr)(n) = dplant1 dp(n+1) + an @)1 (n—1))
with  an, = ¢ Dyppp_1.

Now let o, be the total number of edges between S,, and S, 11, then

Sn Sn—1 1
o, = E g (Dn)jr and  a, = ———— ap_1.
J=1 k=1 Vondn-1

To estimate «,, define for k =0,1,...,d

Spr={rc(Z): ||lz|1=n and #{j:z; =0} =k}, Spr=#(Snk)
In words, S, C S, is the subset of vectors where exactly k£ entries are zero.
Clearly, s, = >, sn,k- Bach vector & = (x1,x2,...,24) € Sp can be mapped
to an increasing sequence of d positive integers (|z1],|z1| + |z2],...) and a
vector of signs (sgn(z1),...,sgn(z,)). This is a bijection; therefore, one obtains
Sn0 = 2d (Zj) Similar reasoning shows for n > d > k (note s,, 4 = 0 for n > 0)

d n—1—k
_—-— 2d-k :
Sn.k (k) (d—l—k)
Moreover, each = € S, has exactly d 4+ k edges to Sp4+1 and d — k edges

to Sp—k, thus oy, = 37, (d+ k)snj = >_;(d — k)sny1,5. Up to errors of order
O(n4=3) we find

2d ,nd—l 2d—1dnd—2 2d—1dnd—2 2d nd—l
n,0 = - 07 n,1 = 07 n VY @
OSGTT (d—2 T T gy O T gyt
and
= d2? 1
n = d+k n _ d—1 Z(d—1 d—2 d—3 )
ap ;0( + k) sn.k =1 <n +2( n + O(n*7)
This gives
PO S e | R ) N SRS
n+l Sp Spal n2d=2 4 (d — 1) n2d=3 4 O(n2d-14)
which implies a,, = d + O(n~?) and
||737"Ad79r - d-AS||1 = Z(an - d) (|(I)n><q)n—1| + |‘I)n—1><(1)n‘)
n=1 1
< 22|anfd| < o0.
n=0
Thus, the difference is trace class. O

Proof of Corollary 1.3. The cases d < 2 follow immediately because a trace
class perturbation does not change the a.c. spectrum. For the purity of the a.c.
spectrum in the case d > 3, note that when exchanging Ag by %PTA’PT we have
to change ¢, by ¢!, = (14by,)¢, with b, > —1 where (1+4b,)(14b,—1) = a,/d.
We have a free choice of by > —1 and it determines all other b,,. By the formulas
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above it is clear that a2 is a rational function in n converging to d? and so
it has to be monotone for large n. As ani1/an, = (1 + bpya)/(1 + by) we
find that the sequences (1 4 ba,) and (1 + bo,41) are either both increasing
or both decreasing (for large n) and converging. Adjusting by we can arrange
for b, — 0 and then for some n > N all b, have the same sign and one
must have b, = O(n~2) as a,/d = 1 + O(n=2). The upper right entries of
the transfer matrices would change to ajgyn = apn/(1+b,)? = apn(l+
O(n=2). Therefore, in the proof of the pure a.c. spectrum in Sect. 6.1, z,
would change to !, = z,(1 + O(n=2)) + O(n=?). As n~2 is summable, we
still obtain liminf,, f(f |Te(n)||*dE < oo almost surely. Therefore, we get the
almost sure a.c. spectrum as before. O

Appendix A. Operators with One Propagating Channel

In this appendix we will prove the theorems of Sect. 2 and consider the operator
H asin (2.3),

(HY)(n) = ¢n (¢ 10+ 1)+, 19(n—1)) + Vaign
with Dirichlet boundary conditions ¢(—1) = 0 where v = @, ¢(n) €
@, Cs» = (%(As), and ¢,, € C*». The sequences ¢, V,, are chosen such that
H restricted to Dy as in (2.4) is essentially self-adjoint. As in (2.5) we let
&, =P,p, = Z;é 03 ¢n ®P,_,, 1 0. For the spectral theory recall Propo-
sition 2.1 which states some possibly trivial eigenvalues and eigenvectors of H
in the orthogonal complement of V.= &, V,,, the cyclic space generated by all
the ®,,. We may, therefore, restrict the investigation of the spectral theory and
Green’s functions to this space. Recall from (2.8) that we defined the transfer

matrices
* —1 -1
— -1
T, = (( Mz én) O)

and Tz(n) = Tz,nTz,nfl T Tz,sz,O~
For z = E in the spectrum of V;, we have the holomorphic extension T, =
(93'). As the introduction of the transfer matrices in (2.8) suggests, one

can use the arsenal of transfer matrix methods developed for one-dimensional
Jacobi operators in this setup.

A.1. Green’s Function Identities

Let us start with the Green’s functions and consider truncated operators with
different boundary conditions. Hence, let Hy g denote the operator H re-
stricted to @7, (2(S,,) = @)_, C*» with the boundary condition PN (N+
1) = —BoN¥(N) at N, ie. for 3 = 0 we have Dirichlet boundary conditions
and Hy g = Hn,o— |®n){(®n|. For Im z > 0 we define the radial components
of the resolvent by

g=(m,n):= (@ | (H —2) 7 ®n), gonp(m,n) i= (@ | (Hnp — 2) 7" [ @n).
(A1)
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Clearly, Hy gy — H1 for any ¢ € Dy and hence, Hy g — H in strong
resolvent sense. Therefore, gy g(m,n) — g(m,n) for N — oo and varying (.

Let u,,, and v, , be solutions of the modified eigenvalue equation (2.7)
with u, 1 =0=v,0 and u, o =v,,_1 =1, then

T.(n) = ( Yz Uz > (A.2)

Uz n—1 Vzn—1

Moreover, let ng’ﬁ ) be a solution with B-boundary condition at IV, i.e.

w8 _ (N.) winih win”
won =1 wont =6 (w(Nﬁ)> = T ( (NB)> (A-3)

By self-adjointness and hence existence of (H — )1, for Im(z) > 0 there exists
a unique solution wg‘”) such that

w!™) = Z\w<°°>|2||¢E,n||2 < oo

In particular one finds for ¢ = @nZO wﬁ?ﬁ)wﬂn that (H — z)y = ®y. For two
solutions u, v of (2.7) we further define the Wronskian

W (u,v) = U105 — UpUpt1 (A4)
which is independent of n.

Lemma A.1. For Im(z) > 0 we find the following identities:

(i) Any solution w, (in particular, u,, v, w w™?, Oo)) of the modified eigen-
value equation (2.7) satisfies

N
()3 12l < Z|wm| 62l

n=0

= Im (wz,N+1 Wy N — Wz Wy, —1). (A.5)
(ii) We have
[W(wiN’m, uz)]” w,(z]\fnﬂ)uz n for N>m>n>0

W (W™ w ) s w? for N>n>m>0
(A.6)

g=.Np(m,n) = {

and similarly

[Se >n >0
g=(m,n) = {w mUzn  Jor mzn2 (A7)

uz,mw,(zcﬁ) for n>m >0

For the last equation, note that T/V(wioo)7 uy)= (Oo)uz 1 —wi?f)l uy0=1.



Vol. 17 (2016) Anderson Transition at 2D Growth Rate on Antitrees 1663

(iii) Let P, : C*» — ¢%(S,,) C £*(As) be the canonical injection so that Py, ¢, =
®,,. Then P is the canonical projection from £?(Ag) to C¥» = (%(S,,) and
for m #n one finds

* _ ) lp = m.n (Vi — Z)_1¢m¢;(vn —z)!
Pl =) = ) e =2 0 (6, Va — 2) 1)

= g=(m,n) om0z, (A.8)

and for m =n,

Py (H — Z)_lpn = g.(n,n) wz,nw;,n + (Vi — Z)_l (1 — ¢n w;n)
G St )1
= V’I’L —Z + n — n . A.9
( g-(n,n) ¢:L(Vn —2z)71o, ( )
Changing H with Hx g one has the same formulas with g, changed to
9z,N,3-

Note that the ¢, 1., are column vectors, hence expressions like ¢, ¢},
or ¥, m¥%,, are sp, X s, matrices that may also be written as [, ) (¥z 0,
but we only want to use the Dirac notation for operators on the complete
Hilbert space (?(As). Also note that ¢} , = a. ¢}, (z — V) ™" as the complex
conjugation included in the adjoint changes z back to z.

Proof. For (i) note that (2.7) and (2.12) imply

We 1 Wz + Wen—1Wz = (05, (2 = V)7 0) T fwznl® = azm [wenl™.

Taking imaginary parts, summing over n and using (2.13) yields (A.5).
For parts (ii) and (iii), let ¢ be the solution of (Hyg — 2)¥ = ® or
(H — z)y = ® respectively, where ® = P, ¢, i.e. ®(I) = d,,1, ¢ € C*. Then,
(NV,B) (c0)

for m > n one must have ®; ¢ = ciwz ', or ciwz n, respectively, and for
m < n one has ®} ¢ = cou, ,,,. Moreover, for m # n,

$(m) = (2 = Vi) " (P [9) + (@ra1[90)) = Yz m (Pml9),
where you should note that (®,,|y) = ¢5,1(m). Furthermore,
Y(n) = (2 — Vn>_1(¢n(<@n+1|w> + (Pn-1lh)) — ‘P)

= (Vo — Z)_l (¢nm — On ¢:,n‘P+‘P) )

note that % ¢ = (¢ (2—Va)~'¢) /(¢5,(2— V) "' ¢n). This implies in the case
of the operator Hy g that

Clwil\;ﬂ _ <<‘I)n+1|¢>)
clw%m (Pnl1h)

— <®n|¢> ;,n@ _ [ C2Uzn+1 +a
= Ins (<(I)n1w>> M < 0 ) - < CoUz )

Some algebra then gives

Clzwznwuzn/W( (Nﬂ Z) and CQsznwwNﬁ)/W( (Nﬂ )
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The analogue equations hold when replacing Hy g with H. Noting that
ta®n = 1 the case p = ¢, gives (A.6) and (A.7). Together with the ex-
pressions for ¢(m), 1¥(n) above, (A.8) and (A.9) follow. O

A.2. Proof of Theorem 2.3

An immediate consequence of the above calculations is the following lemma
which also proves parts (i) and (ii) of Theorem 2.3. As the sets A,, and B, in
Theorem 2.3 are finite, it will be enough to consider compact intervals inside
the complements.

Lemma A.2. We let u, denote the spectral measure at ®,, i.e. ffdun =
(O f(H)|Pp).
(i) Assume that for all E € [a,b] and k = 0,1,...,n—1 the transfer matrices
Tg ) exist in the sense as in (2.8) and (2.9), i.e. [a,b] N B,, = 0. Then
restricted to the interval [a,b] one finds

10,0} (E) pin(dE) = 1(44)(E) ug,, po(dE).

In particular, in the interval [a,b] the measure p, is continuous with
respect to L.

(ii) For ¢ €V, let uy,, denote the spectral measure at Py, i.e. ffdﬂmg =
(Poplf(H)|Ppp). Assume that for all E € la,b] the matric Ty, exists
(as expressed above). Then, one finds

L) (B) pino(dE) = 1ja4(E) [¢"¥p.nl” pin(dE)
where p*g ,, has only finitely many zeros in [a,b] for ¢ # 0.
Proof. By Lemma A.l one has p,(dE) = hmnﬂo Im(w(EJr)m WUE+inn) dE

where the limit has to be understood in the vague sense. For the case n = 0

note that u, o = 1 for all z. Now, by the definitions one easily sees w( o) =

w'™ O)uz n — Uz, and hence wg,n)uz,n = wfg)uz n — UznUz . Thus, we find

| Im(w(oo)uz n) — Re(ui
< |Re(w)| | Im(u?

Using wifg) = f(E/ — 2)"'duo(dE), and splitting the integral one finds for

any ¢ that |Re( | < 1/eIm(w (Oo)) + ¢/n. Moreover, by the assumption,
UEn and Vg, are Well defined for E € [a,b] and holomorphic in E; therefore,
|Im( s \Im(uz nUzn)| < Cn for small imaginary part 7 uniformly in [a, b].
Puttmg these estimates together, one finds 7. for any ¢ such that

| Im(w(Eo-T—)in,nuE‘H’fl,n) - u2E,n Im(w(EO-T-)m,OH <ée+te Im(w(on-)zn)

for any 0 < n < 1. and any E € [a,b]. Therefore, for any f € C([a,b]) one
finds

| 1En@r) ~ [ 1By o@E)| < [IFEAE + endB)
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which goes to zero for € — 0 as pg is a bounded measure. This finishes part
(i).

For part (ii) let us first see that 1, ,, indeed extends holomorphically to
[a,b]. The only critical values are the eigenvalues of V,, restricted to V,,. Thus,
let the eigenvalue decomposition be given by V,,|V,, = ", epvpv) where the v;
form an orthonormal basis of V,,. As ¢,, is a cyclic vector, all the eigenvalues
e; are different. Then

dojajaidn/(ej —2)
Zj |O‘;¢n|2/(ej —2)

As ¢y, is a cyclic vector for V,|V,,, ¢F oy, # 0 and v, ,, is holomorphic at z = ey.
From (A.9) we find

(Pool(H = 2) 7 [Pa) = gz(n, n)p* e nthk o+ @ (Vo — 2) 1o
—(@* Yz V% n0) (65 (Ve — 2) ")

Using e, 42,0 = o/ (@fcu) + O(z) and the spectral decomposition of V,,|V,
as above one easily checks that the sum of the last two terms extends holo-
morphically to z = e; and hence defines an analytic function for z = E € [a, ]
with zero imaginary part. Moreover, f(z) = ¢*¢. %% ¢ is holomorphic for
z ¢ R and for z = E € [a,b]. By cyclicity of ¢,, f(z) is not the zero function,
and f(E) = |¢*¥g.n|* has only finitely many zeros in [a,b]. A similar argu-
ment as in (i) now gives pi, o (dE) = f(E)un(dE) for the measures restricted
to [a, b]. O

wz,n =

giving the extension e, ,, = ax /(o).

To prove Theorem 2.3 (iii) [part (i) and (ii) are Corollaries of Lemma A.2]
we will consider an average over the boundary conditions [ for the finite ma-
trices Hy g. By the definition of wi™ as in (A.3) one finds

(n.8) _
T.(n+1) (w?rfﬁ)> = ( f) .
Wy, —1
Using this equation together with (A.2), (A.6), the fact that the transfer ma-
(n.08)
—w

.1, one obtains

trices have determinant one, as well as W(wgnﬂ ), Uy) =

_ ﬁvz,n + Vzn+1

My 6(2) = g2n,6(0,0) = (o | (Hpp — 2) 71 | @) = By + Unmst
PR PR

The first equation defines m,, g(z), the second one reminds of the definition
of g, np in (A.1). For fixed z with Im(z) > 0 and 3 varying along R, m,, g(2)
forms a circle, the Weyl circle, in the upper half plane. Moreover, by (A.5) we
have Im(u, ,+1%,.,) > 0 and Im(8) > 0 implies Im(B|up . |* + Uz ni1Us0) > 0
showing that the denominator will not be 0. Hence, m,, g(z) can be extended
to Im(B) > 0 and for ImB > 0, m,, g(z) lies inside the Weyl circle. Now,
setting 8 = i, m,, () is a Herglotz function in z for Im(z) > 0. The corre-
sponding measure, ji, ;, equals the integration of the measures i, g associated
to my, g(z) over the Cauchy distribution in 8. The measure p, ; is also given
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by the distributional limit of lim,_.o £ Im(m,, ;(E + in))dE. We find

lim Im(mnvl(E + 177)) = Im (?'UE, + VEn+1 ) =
n—0 WE R + UE ntl

2 2
Up p T UR pt1

for energies £/ ¢ By, 1 where all Tg ,,, for m < n exist. Here we used that the
Wronskian is one, W (ug,vg) = 1.

This measure is absolutely continuous except for possibly some points E’
in the set B,,+1. It is clear from rank one perturbation theory that these delta
measures in f, ; can only come from energies that are eigenvalues of H,, g for
all 0 with eigenvectors that are fixed in # and orthogonal to ®,. As shown
in Remark 2.4 (iii) and (iv) one can indeed construct such eigenvectors under
certain conditions. Thus, we may define v, to be the pure point part of jy, ;
(and in fact of all p,, g) supported on B,,11. As these eigenvectors will remain
compactly supported eigenvectors for n — oo and n = 0o, the sequence v, is
increasing and has a limit v supported on B,,. Remark 2.4 (iii) also classifies
when v({E}) > 0.

As H, 3, — H in strong resolvent sense, there must be a unique limit
point lim,, o My g, (2) = (Po|(H — 2) "1 ®g) = wi?g) for all Im 3 > 0. Hence,

one also has lim,, oo my () = wgfg) and, therefore, it follows in the weak

sense that 1, ; — po and by the considerations above,

) 1 Ipp (E)dE )
dE) = lim | — = + vp(dE
IUO( ) s 00 <7T |UE,n|2 ¥ |uE,n+1|2 ( )
. Ip\B,, (F) dE
= lim = + v(dE).
n—oo || Tg(n +1) () |12
This completes the proof of Theorem 2.3. O

Remark A.3. The radius r,(z) of the Weyl circle is given by

27.“( ) = sup ﬁvz nt v, n+1 . Vzn
BER ﬁuz n Tt Uz n+1 Uz,n
1 1 1
= Sup ~ —
BER |uz,n‘ ‘ﬁuz,n + uz,n+1| Im(uz,nuz,nJrl)
where we used W(u,v) =1 and |u, »| = [Tz ,|. Using u, o = 0 and (A.5) we

get

-1
" g |? Uz ks 1]
2rn(2) 1 < :
n(2) Im(z) (,; |¢n2> (Z = 1||>
-1
- C
(s 3
- <,§ lPrll |¢k—1||>

Therefore, if > ||¢n¢n_1]~" = oo, then r,(z) — 0 for Im(z) > 0 (limit
point case), H, 3 — H in strong resolvent sense and the compactly supported
vectors Dy form a core.
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A.3. Subordinacy Theory

Analogue to above let us now define the m-function for the infinite operator
H by

m(z) := g.(0,0) implying w§°;j> = m(2)Uzp — Vzn

or short w™ = m(z)u, — v,. Note that u, and v, play the role of ¥(z) and

—p(z) as in [28].
An essential support of the a.c. part of the measure g (spectral measure
at @), and hence of the a.c. spectrum of H, is given by the set of energies

Y. i={E€R:m(E):= li%m(E—&—in) exists and Imm(E) > 0}.
n

Similarly, an essential support of the singular part of pg is given by
YW ={FeR: liﬁ)l Im m(E +in) = oo }.
n

Recall that we call a non-zero solution w = (wy, ), of (2.7) at energy E subordi-
nate if for any linear independent solution w one finds lim,, .« |w|| g0/ ||W] £,

= 0 where we define

)2, o= > lwnl? [z ]
k=0
for any complex energy z € C\ By, and sequence w,,. Following Kahn—Pearson
one can show the following analogue to [28, Theorem 1 and Theorem 2].

Theorem A.4. Let E € R\ B, i.e. all transfer matrices exist in a neighborhood
of E € R.
(i) If m(E) exists and is real, then m(E)ug — vg is subordinate.
(ii) If lim,_o|m(E 4 in)| = oo then ug is subordinate.
(iii) If wj(,;o) ‘= mug — vg 15 subordinate, then m is real and along some
sequence 1; — 0 we find

; N — : () _, (o0)
]lggo m(E +mn;) = m  and hence jlfgowE-ﬁ-mm =wp .-

(iv) If ug is subordinate, then lim;_,o |m(E + in;)| = oc.

Note that by general theory about Herglotz functions the limit m(FE)
does exist for Lebesgue almost every E, hence the limits along sequences 7; are
limits 1 | O for Lebesgue almost all £ where one has a subordinate solution.
Using the fact that m(z) = [(E — z)"'uo(dE), Theorem 2.7 immediately
follows by standard arguments as in [28].

For the proof we focus on (i) and (iii), parts (ii) and (iv) follow similarly
by considering w! )/m( ) = u, —v,/m(z), which replaces the role of m(z) by
1/m(z) and reverses the role of u, and v,. As in [28] the following estimate
is important. Note that by (A.5) and the fact that wé%? — 0 for n — oo one
finds

s m(2) = 0o = Z|wzk2||wzk||2 me o
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This estimate and Lemma 2.6 are crucial to make the proof of [28, The-
orem 1] work. So let E € R\By and for n > 0 define the operator L = L,
acting on a sequence w = (Wy)n>0 by

n

(Lw)n = —vEn Y (Upk(@Erink — apk)wr)
k=0
tupn Y (VB E(QE ik — GBk) WE) . (A.11)
k=0
Then it is straight forward to verify that w!™ = m(z)u, —v, = m(z)ug —

vp + Lw!™ with » = B + in. Using Lemma 2.6 (i) and Cauchy—Schwarz we
find

< nvelenllwlen

n

AB+ink — OBk
S i o | 2k~ 0E) - )
k=0 Bk

and (cf. [28, Eq. (27), (28)]

[Lwllgn < 20llupllen lvEllEn lwlEn
and hence || L|gn < 20 |uglen |lvellEn- (A.12)

Assume now m(E + in) — m(E) € R for n | 0 and as in Lemma 3 (i) of [28]
define 7,, to be the smallest positive number such that

m = Vit T )/ (yflulenloslen (el + loslsa) ).

Then n,, — 0 and for z, = E + in, we find as in [28, Theorem 1] (cf. [28, Eq.
(29)))

lim vz, m(zn) — UanEn
n—oco [lugm(zn) — UEHEn

oy (Y
n—o0 s luellen + lvelEn

The latter estimate corresponds to the term F3 in [28]. The term corresponding
to F5, however, needs a slight modification here at first sight, which is that we
have to use the norm || - ||, » in the numerator. More precisely, combining the

:1’

above estimates with (A.10) now gives ||w§:°7)1||znn/ (] + lvellen) —
0 . Tt is precisely at this point that Lemma 2.6 (ii) is crucial to change the

| - ||, » norm to the || - || g, norm and to obtain
i L) — ooz _ L s m(E) — velen _
n—oo +lvelen n—o |lug|g.n
(A.13)

giving the subordinacy of ug m(E) — vg. This proves part (i) of Theorem A.4.

For part (iii) let ug m—vg be a subordinate solution, then clearly, m € R.
We can basically follow the proof of [28, Theorem 2]. To get to the equivalent
of [28, Equation (33)] we need to use both estimates of Lemma 2.6 again [part
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(i) for the bound on the operator L similar to above and part (ii) to replace
the || - || 2,n norm by the || - || ,, norm in (A.10)] and obtain

lug m(zn) — vElEN
o (14 Im(m(2,))

lim

n—oo |

=0

where 2, = E + i1, with

Tw(m(E + in,))
lug |32 /T+ Im m(E + i) [|Juslen

Np = ] .
Using the subordinacy of ug m — vg we then obtain m(z,) — m as in [28].

As mentioned above, parts (ii) and (iv) follow analogously to (i) and (iii),
respectively.

A.4. Proof of Theorem 2.8

Theorem 2.8 now follows from the subordinacy theory and Theorem 2.3 (ii).

Proof of Theorem 2.8. From Theorem 2.3 (ii) we obtain that

/ Ips (B)ud,, io(dE) < [ @] = [l

Following the arguments in [42] we also look at the ‘Neumann’ boundary con-
ditions at n = 0. Thus, let H11) denote the operator H restricted to the
,,~, ¢*(S,) with Dirichlet boundary conditions at n = 1. Moreover, let ugH)
denote the spectral measure at ®; of H(11). As vpo = 0, vp1 = —1 we
obtain completely analogously that [ 1g\p_v%, (1+)(dE) < ||énll?. The
standard Green’s function recursion in spherical coordinates (cf. [19]) coming
from the resolvent identity gives in this case for ¢/ := (®1|(HIH) — 2)~1®;)
that ¢.(0,0) = — (g, + (¢§(z — Vo)71¢0)71)71. This relation can also be ob-
tained using (A.7) for H and H(*). Tt shows that the singular parts of pq
and uglﬂ are mutually singular whereas the a.c. spectrum has the same
support. Now we follow the proof of Proposition 3.3 of [42], defining the

absolutely continuous measure pq. = min(uo,uglﬂ) given by pa.(S) =

infa B, scaun (uo(A) + u§1+)(B)) . Then the above inequalities show that

[E>0 H o, Tr( )H2 tac(dE) < 4. Fatou’s lemma then implies Theo-
rem 2.8 (i). Furthermore,

1@ Te(k) Te(m) ™ @ / det(®m) || < || @ Te(k) || || @5, Te(m) |

which together with the Cauchy Schwarz inequality [ |fg| ttac < ([ |f[*tac)?
(f |92ftac)? shows uniform boundedness of the integral of the left-hand side
over fig.(dE). Again, Fatou’s lemma then yields part (iii).

So it is only left to show part (ii) analogue as in [42, Section 3]. As above

let iy = (COS(Q)) and define

tdg(n) = g ,Tp(n)tdy and vy(n) = Yg,Te(n)dpsz.
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Then, clearly >, [|Ta(k)[|> < > ¥ g,k Te(k)||?. Moreover, let J=( % §)
be the symplectic form. Then Wg 1, J¥ g, = det(¥p )J and as Tr(k) leaves
the symplectic form invariant, one obtains (@p(k), J Up(k)) = det ¥ . This
leads to

(;dm> < Zuue NG (Z I ||2> (immn?)

k=1

which together with the above estimate gives the following analogue of [42,
Lemma 3.1]

S [T (R)[ ( St [k T (k)] ) (A.14)
ppyay 7100] > k=1 det W g ' '
Now, letting ug,, = (10)Tg(n)idy be the solution of (2.7) we see that ||is(n)]|?
= |ugn?[[VEnl* + [ugn-1*|VEn—1]* By similar arguments as in [42, Sec-
tion 3] we see that the right-hand side of (A.14) must go to infinity if a sub-
ordinate solution ug , exists in the sense of Definition 4. Hence, for £ € Xy
no such solution exists. O

Appendix B. Proof of Theorem 6.1

The proof is pretty much the same as in [32]. One slight difference is that the
support of the distribution of the random variable x,, is not shrinking in n.
Therefore, we use Lemma 5.2 instead. It will be enough to show the limit for
R, for any starting angle 6. From (6.2) we obtain

log(Rn11) = log(R,) + f(2n,0,) and hence log(R, 1) Z f(z;,0;

(B.1)

where

f(z,0) := % log (1 + z, sin(20) + z2 sin®(0) )
2
= % log <(1 + %xn sin(29_)> + 22 sin4(§)> . (B.2)

By uniform boundedness of z,, (cf. 5.7) the expression inside the logarithm
is uniformly bounded and uniformly bounded away from zero. Using f("™) for
Af™/0x™, a Taylor expansion gives

f(@n, én):f(l)(Q én) Tn + %f(2)(074§n) xi + éf(?’)(o, én) m?z + %f(‘l) (&ns én) wi

where &, depends on z, and 6,. By compactness of the support of z,,
|4 f B (&, 0,) 24| < Cxt for some uniform constant C.
As s, ~n~* we have E(z]7") = O(n~%) and by [32, Lemmas 8.3 and 8.4]

we can replace 7" by its expectation E(2}") with errors of order O(Zj 1 j_l)
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Furthermore, note

S CE@)) + D> 2f90,0)E@]) | < C> st =0> i
=0 =0 =0 =1
Thus, up to errors of order o(}7_; s;') = o(>.7_; j~*) one has
n 2 n
_ 1 _
D flag0) =D — (0,0, E(x}")
j=0 m=1j=0

h2+m0'2

Ly gy T
Zm!f (O’HJ)Sinm(k)sj

h3o? - S
= - sin(26;) + -
= sin(k)s; ! j;) sin“(k) s;
1 1 _
{371 cos(26;) + = cos(49j)> .

Therefore, (6.3) follows from

n

Z sin(26) Zs cos( + zn:sj_l cos(40) | = o Zj_a
J=1

(B.3)

Using Lemma 5.2 and the existence of the limit lim,, o, s, 'n®, this can be
proved analogously as in [32]. To see this, let us recall the following lemma:

Lemma B.1 (~Lemma 8.5 in [32]). Let kg € R be not in wZ. Then there exists

integers q — oo such that for any 0q, ..., 04,
a ] q
Zewi §1+Z|9J—90—]]€0|
j=1 j=1
O
For illustration how to obtain (B.3) let us pick the first term. Also note
that by convergence of s,,/n® and Y, s,! =3 n~® = oo one obtains
n n n
Zsj_ sin(6 Z sin(d;) + o ija ,
j=0 j=1 j=1

thus, we can consider Zj J7sin(20;).

So let ¢; be the sequence as in Lemma B.1 for ky = 2k. By Lemma 5.2
we find almost surely a random sequence n; > g7 such that for any n > n; one
has |z,| < ¢ % and q1 a/z(n + ¢)~* > n~“. Then one obtains for n > n,
that

J
|§n+j - én - .]k" < Z|xn+l| < .JQZ_Z

i=1
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Let N =n; + Kq, then

K-1 a

Z J- Sln ) < Z Z[(nl + mQI)_a 2 ‘éanrmq;,Jrj - éﬂﬂrmq:, —Jjk

j=ni+1 m=0 j=1
+ [ +maq +5)"% — (e +maq) ]

K-1 N
< D BFa)(mtma) <4 Y G0
m=0 j=n;+1

In the second estimate we used concavity of the function —z~¢ for the second
term giving that tangents always lie above the graph and hence for N > ¢?,

qi
ZN"‘ (N+j)™* <> aN*j<aN“g/N < aN"“
Jj=1
The last estimate comes from g, */* Sili(ntg) e > g “Ptq)c>n"
for all n > n; which was one of the conditions on n;. Therefore,

N
lim sup Z] sin(26;) | / ijo‘ <q“—0 for ¢ — oo.

N—o0

Repeating these arguments for the second and third term in (B.3) finishes the
proof of (6.3).

For a < 1, (6.4) follows directly from (6.3) and [42, Theorem 8.3]. In the
case a = 1, i.e. d = 2, we need to use [32, Lemma 8.7] and verify the conditions
following the arguments of the proof of [32, Lemma 8.8].

Solet @ =1,d=2 and 8 = cyg,, then we have log ||Tg(n)|/log(n) —
(. Moreover, let RSZ) and 5,(3) = 0,(3') + k for j = 1,2 be defined as R,, and
0, = 0, +kin (6.1) and (6.2) with starting angles 9(()1) =0 and 9(()2) =m/2. As
in [32] we get almost surely log \09) —o |/log(n) — —23. Then, using f(z, )
as in (B.2), define the random variable

Following the proof of [32, Lemma 8.8] the main point is to show that for any
€ > 0 we have (cf. [32, Eq. (8.22)])

(oo}

> L(n)

n=N

< C N0 (B.4)

almost surely, for some random variable C,, (recall that w € € denoted the
randomness). There are some differences in the setup here to arrive at this
estimate.

Taking J > 2 + 204 and noting that s, ~ n in this case (d = 2), we
have by (5.8) that E(x2/) = O(n™7) = o(n=272%). A Borel Cantelli argument
as in Lemma 5.2 shows that 227 = o(n=2#~1%¢) almost surely. Furthermore,

o — o)) =

we have | o(n=2A*¢) almost surely. Taking a Taylor expansion of
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f(z,0) in the first variable up to reminder term O(z2”) we see that E(L(n)) =
o(n=2A=1%%) and

2J—-1
Ln) = Y (@~ B(a) [£90,60) ~ £9(0,62)] + o(n2-1+).
j=1
éél), 5512) depend only on zq,...,x,—1 and the variance of each term is of

order o(n~*0=1%2¢) Therefore, we can use [32, Lemma 8.4 part(3) with 2a =
1+ 48 — 2¢] to obtain (B.4). After this estimate we can conclude as in [32,
Lemma 8.8] and obtain that the assumptions for [32, Lemma 8.7] are fulfilled
almost surely. This gives (6.4) in the case d = 2.
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