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On the Convergence to Equilibrium
of Unbounded Observables Under a Family
of Intermittent Interval Maps

Johannes Kautzsch, Marc Kessebohmer and Tony Samuel

Abstract. We consider a family {T’: [0,1] O},cjo,1; of Markov interval
maps interpolating between the tent map Ty and the Farey map T3.
Letting P, denote the Perron—Frobenius operator of T, we show, for
B €10,1] and « € (0,1), that the asymptotic behaviour of the iterates of
P, applied to observables with a singularity at 3 of order « is dependent
on the structure of the w-limit set of 3 with respect to 7T’.. The results pre-
sented here are some of the first to deal with convergence to equilibrium
of observables with singularities.

1. Introduction

Expanding maps of the unit interval have been widely studied in the last
decades and the associated transfer operators have proven to be of vital im-
portance in solving problems concerning the statistical behaviour of the un-
derlying interval maps [3,5,34].

In recent years, an increasing amount of interest has developed in maps
which are expanding everywhere except on an unstable fixed point (that is,
an indifferent fixed point) at which trajectories are considerably slowed down.
This leads to an interplay of chaotic and regular dynamics, a characteristic
of intermittent systems [36,39]. From an ergodic theory viewpoint, this phe-
nomenon leads to an absolutely continuous invariant measure having infinite
mass. Therefore, standard methods of ergodic theory cannot be applied in this
setting; indeed it is well known that Birkhoff’s ergodic theorem does not hold
under these circumstances, see for instance [1,2].
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We consider a family {7;.: [0,1] O},¢[o,1] of Markov interval maps inter-
polating between the tent map Ty and the Farey map T7. These interpolating
maps, we believe, were first defined in [10,15], and have since attracted much
attention. For r € [0, 1], the map T;.: [0,1] O is defined by

2—-r1)-x

i <z<
- 17 2 if 0<a<1/2,
’I“'T =
C=n-0=2) 4 ipcp<t
l—r+r -2 -

For r € [0,1), many properties of these maps are given in [10,15] and due to
the piecewise monotonicity of each T;., for r € [0,1), several results about the
associated Perron—Frobenius operator P,, can be deduced from, for instance,
[3,25]. These latter results can not be applied to the Perron—Frobenius operator
Py of the Farey map 717, since any absolutely continuous 7}-invariant measure
is infinite, whereas, for r € [0, 1), there exists a unique absolutely continuous
T,-invariant probability measure p,.. (See Sect. 2 for the definition of P,..)
However, recent advancements have been made on the asymptotic behaviour
of Py, see [24,35]. (For the role of piecewise monotonicity of the maps T;., for
r € [0,1] in our results see Remarks 1 and 6.)

For r € [0, 1), from the results of [25] it can be deduced that the essential
spectral radius of P, restricted to the Banach space of functions of bounded
variation is equal to 1/(2 — r). Moreover, in [15], for r € [0, 1], a Hilbert space
of analytic functions which is left invariant by each P, is constructed, and the
spectrum of each P, restricted to this Hilbert space is studied. Here we extend
and complement results of [3,20,25,37] on the convergence to equilibrium in
one-dimensional systems. In particular, it has been shown, for various classes
of regular functions (such as functions of bounded variation and Lipschitz con-
tinuous, Holder continuous, piecewise Holder continuous and C'*¢ functions),
that if f belongs to one of these classes then, for r € [0, 1), uniformly on [0, 1],
we have that

Jim P2(P) = [ 1 dx- 1)

Here A denotes the one-dimensional Lebesgue measure and h,. := du,./dA. Us-
ing arguments similar to those given in [40] one can also prove the above con-
vergence for proper Riemann integrable functions. Applying arguments similar
to those presented in [24,35], one can also show that, if f belongs to a certain
class of regular functions, then uniformly on compact subsets of (0, 1]

lim ln(n)-'Pln(f)Z/fd)\-hl.

n—oo

One of our main contributions to this theory is given in Theorem 3.1 where
we show that the convergence given in (1) also holds for improper Riemann
integrable functions with a finite number of singularities and that the type of
convergence depends on the structure of the w-limit set of the singularities with
respect to T, for r € [0,1). We would like to note that also in [7] unbounded
observables have been considered in the context of intermittent interval maps
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exhibiting a finite absolutely continuous invariant measure. There the authors
focus on probabilistic properties of the dynamical evolution process with re-
spect to these unbounded observables. In a slightly different direction, namely
concerning extreme value theory, and in the case that the invariant measure
is finite Gouézel [18] and Tyran-Kaminska [41] have considered stable limit
theorems for certain unbounded observables.

We also study the case when r = 1, for which any absolutely continuous
invariant measure has infinite mass. Thaler [40] was the first to discern the
asymptotics of the Perron—Frobenius operator of a class of interval maps pre-
serving an infinite measure. This class of maps, to which the Farey map does
not belong, have become to be known as Thaler maps. In an effort to generalise
this work, by combining renewal theoretical arguments and functional analytic
techniques, a new approach to estimate the decay of correlation of a dynamical
system was achieved by Sarig [38]. Subsequently, Gouézel [16,17] generalised
these methods. Using these ideas and employing the methods of Garsia and
Lamperti [14] and Erickson [9], recently Melbourne and Terhesiu [35] proved a
landmark result on the asymptotic rate of convergence of the ‘return time op-
erator’ (see Sect. 4.2.1) and showed that these result can be applied to Thaler
maps, AFN maps, and Pomeau—Manneville maps as well as to maps for which
the first return map is Gibbs—-Markov. Thus, the question which naturally
arises is, whether this asymptotic rate can be related to the asymptotic rate
of convergence of iterates of the transfer operator itself and hence the Perron—
Frobenius operator. This was already partially deduced in [19,24,35], namely,
for a specific class observables which are bounded. In this article we present
a proof of this result for the Farey map (Theorems 4.9, 4.10) and moreover
show that this class of observables can be extended (Theorem 3.2). Indeed,
we compute the asymptotic behaviour of the iterates of the Perron—Frobenius
operator P, acting on an observable with a finite number of singularities, and
show that the type of convergence depends on the structure of the w-limit set,
with respect to 11, of the singularities.

Let us take the opportunity to say a few words on the proofs of our main
theorems. The proofs of our results for r € [0, 1) rely on arguments from ergodic
theory, for instance those which can be found in [3,25,37], together with the
principle of bounded distortion. For the case » = 1 more sophisticated methods
are required. Indeed, we use results of [35] which are based on operator renewal
techniques which require Banach spaces with certain properties (see Page 16).
To obtain refined results on the set of points of non-convergence, that is to
show it is of Hausdorff dimension zero, it is important to choose a Banach
space which distinguishes functions pointwise.

We remark that from an ergodic theory point of view the Farey map
is of great interest since it is expanding everywhere except at the indifferent
fixed point where it has (right) derivative one. This makes the Farey map a
simple model of physical phenomena such as intermittency [36]. Further, from
the viewpoint of number theory, the Farey map encodes the continued fraction
algorithm as well as the Riemann zeta function. In particular, it has an induced
version topologically conjugate to the Gauss map [34]. Also, several models of
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statistical mechanics have been considered in recent years in connection to the
Farey map and continued fractions [12,30-33].

Finally, we would like to acknowledge that this work has arisen out of
our attempts to understand and generalise the work of [35,40].

1.1. Outline

In the following section we present essential definitions and state various pre-
liminary results. In Sect. 3 we formally state our results. Several further defin-
itions and preliminary results are given in Sect. 4. We divide this section into
three parts. In the first part we present some properties of functions of bounded
variation, the second part contains preliminaries for the case when r € [0,1)
and the third part contains preliminaries for the case when r» = 1. In this lat-
ter case, namely when r = 1, we present two key results (Theorems 4.9, 4.10).
These results provide mild conditions under which the asymptotic behaviour
of iterates of the Farey transfer operator ﬁ (and hence the Perron—Frobenius
operator P;) can be deduced from the asymptotic behaviour of the first return
time operators. Although, Theorem 4.9 appears in [35], recently a counterex-
ample was given in [24] which shows that this result does not hold in the full
generality as stated in [35]. Thus, here we present a full proof of this result.
Further, in the case that r = 1, we will make use of [35, Theorem 2.1] for which
we require the existence of a Banach space with certain properties. Such a Ba-
nach space is described in Proposition 4.8. In Sect. 5 we give the proofs of our
main results, Theorems 3.1, 3.2 and 3.3.

1.2. Notation

The natural numbers will be denoted by N, the real numbers by R and the
complex numbers by C. We will also use the symbol Ny to denote the set of
non-negative integers, R* to denote the set of positive real numbers and R to
denote the extended real numbers, namely R = R U {+o00}.

Following convention, we use the symbol ~ between the elements of two
sequences of real or complex numbers (b, )nen and (¢, )nen to mean that the
sequences are asymptotically equivalent, namely that lim, . b,/c, = 1,
and we use the Landau notation b, = 0(c,) if lim,,— 4 by /¢, = 0. The same
notation is used between two R-valued or C-valued functions f and g; that is,
if limy oo f(2)/g(x) = 0, then we write f = o(g).

2. Central Definitions

For r € (0, 1], the map T, has two fixed points, one at zero and one at 1 — (3 —
V9 —4r)/(2-r). For r = 0, the map Ty has one fixed point at zero and the
other at 2/3. The inverse branches f, o, fr1: [0,1] O of T, are given by

x 1+ (1 =r)-(1—2)

= d r : .
2—r+r-x and - fra(@) 2—r+r-x

fr,O(x) :
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In [15,28] it was shown that the absolutely continuous invariant measure g,
of T is given by

1 if =0,
dps - 1 .
= = f 1),
() d)\(x) Inl-r)l—r+r-x ifr € (0,1)
1/x ifr=1.

We let £1([0,1]) denote the Banach space of equivalence classes [ f] of functions,
where for each representative f: [0,1] — C of [f],,

191 i= [ 191 i < o0,
and where f, g belong to the same equivalence class, if and only if|

If = gllr1 = 0.

Throughout, following convention, we write f € £1([0,1]) to mean a function
f:[0,1] — C which belongs to an equivalence class of £1([0,1]).

For r € [0,1], the Perron—Frobenius operator P,: L([0,1]) O of T; is
defined, for f € £§([0,1]), by

Pr(f) = frol - fofro+Ifral - fofr
Here f;, and f; ; denote the derivative of the contractions f,o and f. 1, re-
spectively. Note, the domain of definition of P, can be extended to any well-
defined C-valued or R-valued function. In [15,28] it has been shown that h, is
the unique fixed point function of P, namely that P, (h,) = h,, and so

dvso T, 7t
Pulf) = =5

for all Borel sets A C [0, 1].
Two important function spaces which we will use are defined below.

1. The space BV(0,1) which is defined to be the set of right-continuous
functions f: [0,1] — C such that the norm || f|[gv = Vio,11(f) + [|flloc
is finite. Here Vjo 1)(f) denotes the variation of f and ||f|lo denotes the
supremum of |f| and is defined by || f]|e := sup{|f(z)|: = € [0,1]}. Let-
ting a,b € R, we recall that the variation of a function f: [a,b] — C is
defined by

,  where v;(A):= /]IA-fd/\,

Vi (f) = Sl;)p {Z|f($k) - f($k1)|} :
k=1

Here the supremum is taken over finite partitions P := {I; = [x;_1,;]:
i€{1,2,...,n}}, where a := 29 < x1 < -+ < Zp_1 < T := b, is a chain
of points belonging to [a,b], for some n € N. We say that a function
[+ [a,b] — R is of bounded variation if Vi, 4 (f) is finite.

2. The space g, is defined for a € (0,1) and 8 € [0,1], and where
v: [0,1] — R belongs to Uz, if and only if
(a) limgigv(z) = limy g v(z) = +oo,
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(b) for any compact set K C [0,1]\{5}, we have v-1x € BV(0,1), where
for a set A C [0,1] we let 14: [0,1] — R denote the characteristic
function on A, namely 14(z) = 1, for x € A, and 0, otherwise.

(c¢) there exists a connected open neighbourhood U C [0,1] of /3, under
the (Euclidean) subspace topology, and two constants Cy, Cy such
that C1|8 — x|~ <w(x) < Cq|f —z|~%, for all z € U.

Note conditions (b) and (c) immediately imply that if v € g, then v is
improper Riemann integrable. Moreover, without loss of generality, throughout
we assume that v is positive.

Define the w-limit set of § € [0,1] with respect to T, to be the set of
accumulation points of the orbit (7*(5))nen, and denote it by

= () {T¢(B) : £ > k}.

keNy

We say that a point z € [0, 1] is pre-periodic with respect to T, if there exist
m € N and n € Ny with

T (@) = T (@), (2)

for all k& € Ny. Indeed, for r € (0,1], we have that 1 —(3—+/9—4-7)/(2-7) is
pre-periodic with respect to T.. For a given pre-periodic point x with respect
to T;., we define the period length of x to be the minimal m such that the
equality in (2) holds.

In the case when r = 1, as mentioned above, the map T3 is the celebrated
Farey map which encodes the continued fraction expansion algorithm. A con-
tinued fraction expansion of an irrational S € [0, 1] is denoted by [0; a1, as, . . .]
where

A= 1

ay +
a2+...

and a, € N, for all n € N. The continued fraction expansion of a rational
£ €[0,1] is denoted by [0;a1,as, . ..,ax|, where

1
R e

a + ———
! 1

ag

anp €N, for all n € {1,2,...,k—1} and ar € N\{1}, except in the case that
B =1 when k=1 and a; = 1. If there exist m € Ny and n € N such that
Gm+k = Gmtktnt1, for all k € N, then we write

B=10;a1,a2,...,0m, Cmil, Gmi2s - Cmtn)-
For 5 € [0,1], we let p, = p,(B) and ¢, = ¢,(5) be defined recursively
by

DPn = QpPn—1 + Pn—2, and qn ‘= anQn-1 + An—2; (3)
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where p_1 : =1, g_1 :=0, pp :=0, go := 1. Note, for n € N, that

p
= = [0;a1,0a9,...,a,] and  pu—1-Gn —pp - Gu-1 =1,
dn
and if 8 = [0;a1,a9,...,a,] is rational, then we set a,, = 0 for all m > n.
Given a € (0,1) we say that an irrational § = [0;a1,a2,...] € [0,1] is of
intermediate a-type if and only if there exists an € > 0, with
+oo an
D03 () HO < e,
n=1j=1
where s,, j/tn; = [0;a1,...,an_1,j] and where s, ;,t, ; € N are co-prime. (Us-

ing the terminology from continued fraction expansion one refers to s, ;/tn ;
as an intermediate approximant to 3.) We also note the following:

1. If g is pre-periodic, or more generally, if the continued fraction entries a;
of  are bounded, then f is of intermediate a-type, for all « € (0,1).

2. If @ < 1/2, then every irrational 3, is of intermediate a-type.

3. It follows from the results of [29] that

dimy ({B € [0,1]: § is of intermediate a-type for all & € (0,1)}) = 1.

Here and throughout we will denote the Hausdorfl dimension of a set
A C R by dimy(A), see [11] for the definition and further details on the
Hausdorff dimension of a set.

3. Main Results

3.1. The Case r € [0,1). Finite Absolutely Continuous Invariant Measure

Theorem 3.1. Forr € [0,1), ifa € (0,1) and 3 € [0, 1], then, for eachv € g .,
we have that

lim P/ (v) = /v dA - hy, (4)

uniformly on compact subsets of [0,1]\w.(83) and pointwise outside a set with
Hausdorff dimension equal to zero. If 3 € [0,1] is pre-periodic with respect to
T, and has period length strictly greater than one, then on the finite set w,(53)
we have that

lim+inf P (v) = /v dX-h, and limsupP;'(v) = +o0. (5)
n—T00 n—-+o0o

In the case that 8 € [0,1] is pre-periodic with respect to T, and has period
length equal to one then on the singleton w,(B) we have that the limit in (4)
18 equal to 400.

Remark 1. Theorem 3.1 holds for more general systems, for instance expanding
piecewise C''*¢ Markov interval maps T': [0,1] . The proof of such a result
follows in the same manner as those set out below.
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3.2. The Case r = 1. Infinite Absolutely Continuous Invariant Measure

Theorem 3.2. If a € (0,1) and if B € (0,1] is either rational or irrational of
intermediate a-type, then, for each v € g o, we have that

lim In(n)-Pl'(v) = / vdA- hy, (6)

uniformly on compact subsets of (0,1)\w1(83) and pointwise outside a set with
Hausdorff dimension equal to zero. If B € (0,1] is pre-periodic with respect to
Ty and has period length strictly greater than one, then on the finite set w1 ()
we have that

limJirnf In(n) - Pi'(v) = /v dA-h; and  limsupln(n) - P (v) = 4o0. (7)
n—0oo n—-+oo

In the case that B € (0,1] is a noble number, that is a pre-periodic number with
respect to Ty and has period length equal to one, then on the singleton wi(5)
we have that the limit in (6) is equal to +oo.

Remark 2. Tt is well known that the term In(n) in (6) and (7) defines a sequence
asymptotic to the wandering rate of the Farey map T}. Indeed this term is well
defined for any interval map T': [0,1] © and for the maps we are concerned
with it is given by

wy, <UT 1/21)

Indeed from this definition one sees that for r € [0, 1) we have that w,, (T}) ~ 1
and for r = 1 we have that w, (7)) ~ In(n).

Remark 3. We highlight an interesting difference between Theorems 3.1
and 3.2, which is a result of the Farey map having an indifference fixed point
at zero. In the case that r € [0,1), @ € (0,1), § is an r-rational (see Sect. 4)
and v € Ug o, we have that
lim P (v)(0) = +o0
whereas, for r = 1, o € (0,1), § is a rational number and v € g, we have
that
lim In(n) - P (v)(0) = 0.

n—oo

(Note that the points 0,1/2 and 1 are r-rationals for all r € [0,1].)

Remark 4. In the case that one replaces the norm ||-||s by the essential supre-
mum norm in the definition of BV(0, 1), and hence 43 , the limit in (6) holds
uniformly Lebesgue almost everywhere on compact subsets of (0, 1)\w1(3) and
pointwise Lebesgue almost everywhere on (0, 1).

Remark 5. Concerning the results given in (5) of Theorems 3.1 and (7) of
Theorem 3.2, we note that they do not immediately follow from [35, Theorem
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10.5]. Indeed, in the proofs of (5) and (7) we show that along sub-sequences
(kn)nen and (jn)nen of N both with positive density, we have that

lirJIr1 Pin(v) = /v dX-h, and lirf Pkn(v) = +oo,
for r € [0,1), and
lirf In(j,) - Pim(v) = /v dA-h;  and lirJrrl In(ky) - Pi» (v) = 400

pointwise on the associated w-limit set. On the other hand, the results of [35,
Theorem 10.5] show a convergence result for a class of bounded observables
along subsequences outside a zero density set.

In the following theorem, for the observable vgo(x) = |6 — z|~%, we
demonstrate that on the w-limit set the values of the limit superior depend on
the Diophantine properties of 3.

Theorem 3.3. (a) There exist non-periodic 3 and o € (0,1] both with bounded
continued fraction entries but such that, on the one hand, for all a €
(0,1), on wi(B), we have

lirf In(n) - P (vg,a) = /v@a dA - hq,

and on the other hand, for all o € (0,1/2), on wi(p), we have

lim In(n) - Pl (va) = /v&a dA - hy;
otherwise, for all « € (1/2,1), on w1(p), we have
lim+inf In(n) - P (ve,a) = /vQ,a d\ - hy

and

limsup In(n) - P7'(vg,a) = +00.
n—-+4oo
(b) Let o € (0,1) and let 5 = [0;a1,az,...] € (0,1] be of intermediate a-type
such that

lim a, = +oc.
n—-+o0o

Fiz k € N and let | = (k) :== min{i € N: a,,, > k for allm > i}. For all
j =1, set ng; € N to be the unique integer satisfying

T (8) = [0k, 011,042, -

and set
_ (aj41)* - In(ng5)
Tha = T e
where gy, s as defined in (3). If limsup %% ; = 0, then
j—o0

lim In(n)- Pl (vs,a)(1/k) = /U@a dX - hy;

n—-+o0o
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otherwise,

liminf In(n) - P7'(vg,a)(1/k) = /vg’a d\-hy and

n—-+o0o

limsupIn(n) - P{'(vg,qo)(1/k) >/ V3,0 AN - By

n—-+oo

(Note that in this case w1(8) = {1/n: n € N} U{0}.)

Remark 6. Analogous results concerning Theorems 3.2 and 3.3, we believe will
hold true for more general systems with an infinite absolutely continuous in-
variant measure, for instance the d-expansive a-Farey maps considered in [24].
(Here, one would replace the conditions on the continued fraction expansion,
with conditions on the a-Liiroth expansion, see [27].) Indeed, in the case of the
Farey map 77, calculations simplify through exploiting the natural underlying
coding in terms of continued fractions.

4. Preliminaries

We let ¥ := {0,1}, ¥" := {0,1}", for n € N, and let XV denote the set of
all infinite words over the alphabet 3. For 8 € [0, 1] we let 9,.(3) denote the
infinite word (9,.1(8), 9r2(8),...) € TV, where

0 if Tn1(B) < 1/2,
1 otherwise.

ﬁr,n(ﬂ) = {

Unless otherwise stated, let n € N be fixed. For ¥ = (91,92,...) € IV, we
set V|, = (V1,...,9,) € X" and, for ¢ = (¢1,92,...,pn) € X", we set
frio = fripr 0 -0 frp, and (@] := fr ([0, 1]). The set [p], is referred to as a
cylinder set of length n with respect to T,.. We let 97 (3)],€ X" denote unique
finite words such that

[ (B)ln]r VW (B)ln)r # 0, [0 (B)nlr 0 [9(B) ) # 0

and such that either one of the following sets of inequalities hold,

fﬂ;(ﬁ)\n(x) < fo.@1. (@) < fﬁff(ﬁ)ln (z)

or

For @)1, @) < Jo, o)1, (%) < For (), (),

for x € (0,1). Note that in the case when there exists ¥ € £™, for some m € N,
such that either f, 9(0) = 8 or f,»(1) = 3, then it can occur that ¥, (3)], =
9y (8)|m or that 9,7 (8)|m = Ur(8)|m. We call such points r-rationals. (Note, if
r = 1, then the set of r-rationals is precisely the set of rational numbers in the
closed unit interval [0, 1].) For ease of notation, we set

Qnr,n(ﬁ) = {0;(ﬁ)|n7ﬁr(ﬁ)‘m'ﬁj—(ﬁ”n}
and

(Wen(B)] = [0 (B)In]r U [9r(B)In]r U [97(8) n]s- (8)
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Lemma 4.1. Let r € [0,1] and n € N be fized. If 9 = (V1,¥2,...,9,) and
v = (v1,va,...,vp) denote two distinct elements of X", with [9], N [v],. # 0,
then there exists a unique © € {1,2,...,n} such that ¥; # v; and ¥; = v; for
all j €{1,2,...,n}\{i}.

Proof. For n = 1 we have that [(0)], = f-0([0,1]) = [0,1/2] and [(1)], =
fr1([0,1]) = [1/2,1]. We now proceed by induction on n. Suppose the state-
ment is true for some n € N. Let ¢ = (¥1,%2,...,Y,41) and v = (v1,19,. ..,
Vp+1) denote two distinct elements of X"+, with [J], N [v], # (). We have two
cases to consider, namely, if there exists an £ € ™ such that [¢], U [v], = [£],,
or not.

In the case that there exists £ = (&1,...,&,) € " with [J], U [v], = [¢],
then, by construction, either

1. ¥=(&,%,...,5,0) and v = (&1,&,...,&n, 1), Or
2. ﬁ:(fl,fg,...,fn,l) andu:(§1,§27...,§n70),
in which case the result follows.

In the case that there does not exist an ¢ € X" with [¢], U [v], = [¢],
then, by construction, there exist & = (&1,&2,...,&:),m = (1,72, ...,1n) €
Y™ such that [&], N [n]. # 0, [9], C [§], and [v], C [n],. Therefore, by the
inductive hypothesis, we have that either f,.¢ is order preserving and f,., is
order reversing, or f;. ¢ is order reversing and f,.,, is order preserving. Assuming
the former of these two cases, by construction we have that ¥ = (&1,...,&,,1)
and v = (n1,...,Mn, 1), in which case the result follows. In the remaining case,
namely that f, ¢ is order reversing and f,, is order preserving, by construction
we have that ¥ = (&,...,§,,0) and v = (n1,...,7,,0), which concludes the
proof. O

Definition 4.1. Given r € [0,1], « € (0,1) and g € [0, 1], we define the r-tail
of the observable vg o: x — | — B|7 by

fvn’T = vﬁv“v”ﬂ‘ = P;L(Uﬁva : ]]‘[Wr,n(ﬂ)])
Z |fr/,19(x)| 'Uﬁ,aofnﬂ ifre [O’ 1))
= { vew, . (8) (9)

00, (@] V800 frowe),  ifr=1
Further, for r € [0,1], « € (0,1), 3 € [0,1], n € N and 1 > 0 set
4 ~ JHze[0,1]: ™" (x) > n} ifr€[0,1),
PO {z € [0,1]: In(n) - o™ (z) > 0} ifr=1.

4.1. Auxiliary Results for the Case r» € [0,1)
4.1.1. Bounded Distortion.

Lemma 4.2. ([26, Lemma 3.2] Bounded Distortion) Let r € [0, 1) be fized. There
exists a sequence (9n)nen,, dependent on v, with g, > 0 for each n € Ny and
limy, oo 0n = 1, such that, for allm,n € No, ¥ € £, p € " and z,y € [,
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we have that
ro() ‘
[N CT) )
(Here XY denotes the set containing the empty set and f, 4 denotes the
identity function [0,1] 3  +— x.)

Lemma 4.3. Let n € N be fized. If 9 = (¥1,92,...,9,) andv = (v1,va,...,Vy)
denote two distinct elements of 3™, with [9] N [v] # 0, then there exists a
positive constant K such that, for all x,y € [0, 1],

;,19(95)

I, (W)

Proof. This is a consequence of the chain rule and Lemmata 4.1 and 4.2. O

-1

m  —

K 1l<

<K

4.1.2. Classical Results on Convergence to Equilibrium.

Theorem 4.4. [3,5,25,37] For r € [0,1) there exist constants M = M(r) > 0
and p =p(r) € (0,1) such that, for all f € BV(0,1),
<M-p"-|flsv.

‘P?(f)/fdkhr N

Lemma 4.5. For r € [0,1), a € (0,1), 8 € [0,1] and v € Ug o we have,
uniformly on [0, 1], that

Jin P o apw,, ()) = / v

Proof. Let N € N be fixed. Since v - Topnw.8)x) € BV(0,1),
by Theorem 4.4, we have that

n—-+o0o

lim P?(U'ﬂ[o,ll\[wrw)\zv]))Z/U'ﬂ[o,u\[wrw)mn dA - hy

uniformly on [0, 1]. We will shortly show, with the aid of Lemmeta 4.1 and 4.2,
that, uniformly on [0, 1], there exists a positive constant K € R such that for
all € [0,1]

+oo
i P (0 g, (g () (@) < K Y (2—n)7FE 0 (10)
k=N

As v is improper Riemann integrable and as limpy_ oo A([9-(8)|n]) = 0, we
have that
yim v Toapw,e)in) A = /vdA
and by the properties of geometric series we have that
“+oo

li -r)F=0.
k=N
Thus assuming the inequality given in (10), since P, is a positive linear oper-

ator and since N was chosen arbitrarily, the result follows.
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We now show the inequality stated in (10). Let U C [0,1] be an open set
and let Cy be a constant such that Condition (c) in the definition of g, is
satisfied. Let n > N > 2 with [W,.(8)|n] C U be fixed. For all 2 € [0,1], we
have that

2-r)/a<|flo@) 1S (2)] <1/@2—r). (11)
This in tandem with Lemmata 4.2 and 4.3 and the mean value theorem, gives

that there exists a positive constant ¢ € R such that the following chain of
inequalities hold, for all x € [0, 1].

Pl Liw, (8) N W (8)]]) (%)
< > o M) sup{u(y): y € 9]}

Jex” \mr,n (6)
WICWr(8)IN]

<y ST o AW) - sup{u(y): y € W]}
E=N+1 9ex*\20, ,(3)
WICIW:(8)|k—1]

< ) > 0 Co - A([V]) - sup{ly — 8|7+ y € [V]}
k=N+1 9ex*\29, 1(8)
[WICIW,(8) |k —1]

. 2 4% A7 (B)|k—1]) 4% M0 (B)|k—1])'
<3 2 _02.< (([2(T))1|ia D N (([2(T))1|ia ) )

This completes the proof. O

Remark 7. In the case when one is in the situation of Remark 1, that is when
one considers a piecewise C''T¢ Markov interval map T: [0,1] O, a similar
result to Lemma 4.5 holds true. Specifically, one can show that for a compact
interval [a, b] of the open interval (0, 1), one has that

Jim P (v Lo w9)) = /vdk-hm (12)

uniformly on [a,b]. (Here P denotes the Perron-Frobenius operator of T'.) One
approaches this by first showing the results for the end points of a and b. This is
obtained by a similar arguments to those presented above, however, instead of

using Lemma 4.3, one uses the observation that there exists a positive constant
K such that

Kt -min{a, 1 — a} - [g,(0) — gn(1)| < |gn(a) — gn(t)]
< K -max{a,1 —a} - [g,(0) — g, (1)],

where g,, denotes an inverse branch of 7" and ¢ = 0 or ¢t = 1. This follows from
an application of the principle of bounded distortion and the chain rule. The
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result stated in (12) will then follow for all z € [a, b] by monotonicity, and thus
the convergence at z only depends on a and b, yielding uniform convergence
on the interval [a, b].

4.1.3. Convergence of the r-Tail.

Lemma 4.6. Forr € [0,1), « € (0,1), 8 € [0,1], n € N and nn > 0, we have
that

dimy (lim sup Anmn) =0,

n—-—+oo

where Ay, . is as defined in Definition 4.1.

Proof. Set z = T*(3) and observe that z is the unique real number in [0, 1]
with fr.9, (), (2) = 3. By the mean value theorem there exists u € (0, 1) such
that

18 = fr0.8)1n @) = [fr0,(8)1n (2) = fro.o)1. (@)
fyl-,ﬁ,‘(/a)\n(u”
= |z - T (B)]- ‘f;,ﬁr(ﬁ)h(u”'
Further, by construction, we have that |5 — f, ,+ 5, ()| = [8— fro,8), (@)]-

This in tandem with (11) and Lemmata 4.2 and 4.3, yields the following set
inclusions.

Ap oy ={z€[0,1]: 0™ (x) > n}
= {o €101 Sycm, Lo @)] 0300 fro > 0}
= {xe [0,1]: 3 peam, .| 1o @) - [ =T (B)] 7 - |f;,19T(5)|n(U)|7Q>77}

< {“” € [0,1]: Jo = TM(B)] < (2 =)/ (S-U-K)l/a}

=z —z|-

=B (Tr"(ﬁ), (2—r)=Vom (3., K)l/a)

(Here and throughout we denote by B(y, 1), the open Euclidean ball centred
at y of radius [.) Hence, given ¢ > 0, there exists M = M (d) € N such that

{B (Tﬁ(ﬁ), (2 —r)=t/ern (3. K)l/a) ‘n>Mandn e N}

is an open d-cover of limsup,, ,, . Ap 5. Therefore, for s > 0 and § > 0, let-
ting H5 denote the -approximation to the s-dimensional Hausdorff measure,
we have that

H; (hm sup Anm,n)
n—-+4oo

< 3 (B (1) 200 5 )
n=M

“+oo
< Y e gy Ky
n=M
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(3 - K)s/a . (2 _ r)(l—l/a)~s~M

1—(2—r)a=-1/a)s :
Since a € (0,1), this latter quantity is finite for all s > 0 and § > 0, and
so H*(limsup,,_, o An,ry) is finite for all s > 0. This yields that dimsy
(imsup,, ;o Anyry) = 0 as required. (Here H® denotes the
s-dimensional Hausdorff measure.) O

4.2. Auxiliary Results for the Case » =1

4.2.1. Infinite Ergodic Theory Revisited. The transfer operator Ty : £1([0,1])
O of Ty is defined by

fl(f) = %fl)

Namely, fl is the dual operator of T7 with respect to p1; that is the positive
linear operator satisfying

~ dl/1 fo T171
T =

1(f) iy

for all Borel sets A C [0, 1].
Note, the domain of definition of 77 can be extended to any well-defined

real-valued function.
Let Y C [0,1] be such that p;(Y) is positive and finite. For each n € N,

define the return time operator T)(,"): £1([0,1]) © by
T =1y - T Ly - f),
and define the first return time operator R, : £1([0,1]) O by

Ry (f) =1y - 17 (lm'f) -
Here ¢y (y) denotes the first return time of y € Y given by
oy (y) :=1inf{n € N: T1"(y) € Y'}.

We let £2°(Y") denote the Banach space of equivalence classes [f] of func-
tions, where for each representative h: [0,1] — C of [f], we have that h is a
Lebesgue measurable function with

1Pl zoe i= inf{||flloc: Ma: f(2) # h(z)} = 0} < +o0

and with A vanishing on the complement of Y. Here f, g belong to the same
equivalence class, if and only if, |f — g[[z~ = 0. Following convention, we
will write f € £°°([0,1]) to mean a function f: [0,1] — C belonging to an
equivalence class of £([0,1]).

Let B, equipped with a norm || - ||z, be a Banach space of C-valued func-
tions f € £1([0,1]) with domain [0, 1] that vanish on the complement of ¥ and
which satisfy the following five conditions.

(R1) If f € B, then f € £=([0,1]) and R(1)(f) € B, where R(1) := 3% R,.
(R2) The inequality ||f|lze < | f|/5 holds for all f € B.

,  where 1y f(A) = /]lA~fdu1,
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(R3) For all n € N, the operator R, |z is bounded and linear. Moreover, there
exists a constant C' > 0, such that [|R,[|< C - u1({y € Y: ¢y (y) = n}).

(R4) Spectral Gap: The operator R(1) restricted to B has a simple isolated
eigenvalue at 1.

(R5) Aperiodocity: For z € D\{1}, the value 1 is not in the spectrum of
R(z):= 312 2" R,,: BO. (Here D denotes the closed unit ball in C.)

Theorem 4.7. ([35, Theorem 2.1]) If conditions (R1) to (R5) are satisfied, then
the limit

tn(m)- (1) = [ 1

lim sup
n=F0 B | flls<1

)

B

exists and converges to zero.

In the following proposition, we give an example of when the conditions
(R1)—(R5) are satisfied. Analogous results in an £! setting are abundant in the
current literature; the Banach space considered here differs in that it distin-
guishes functions pointwise and so slight differences arise, which do not change
any of the theoretical properties.

Proposition 4.8. Let Y = [1/2,1] and let BV(Y') denote the space of C-valued
right-continuous functions with domain [0,1] that vanish on the complement
of Y and which are of bounded variation. We define, for all f € BV(Y), the
norm || fllev := || fllec + V¥ (f). The space (BV(Y), || - |lsv) is a Banach space
and satisfies conditions (R1)-(R5).

Proof. See [13, p. 74] for the statement that the space (BV(Y),||-|zv) is a
Banach space. Condition (R1) follows from [38, Proposition 1] together with
properties of functions of bounded variation, see [4, Chapter 2| and [13, p. 74
f.]. Condition (R2) follows directly from the definition of the involved norm.
Condition (R3) is a direct calculation using properties of functions of bounded
variation. By verifying the conditions of [21, Theorem XIV.3] (a generalisations
of the results of Doeblin and Fortet [8] and Ionescu-Tulcea and Marinescu [22])
one obtains Condition (R4). Finally, Condition (R5) can be deduced by using
similar arguments to presented in [16, Lemma 6.7]. O

For k € Ny, set
k=1
Vi =T 0O\ 1 (7).
j=0

Indeed, if Y = [1/2,1], then Yo =Y and Y, = [1/(k+2),1/(k+ 1)) for k& > 1.
For f: [0,1] — C with || f]oe < 00, we let fj, := 1y, - f and write f € B([0,1]),
if f € £1([0,1]) and TF(fx) € B for all k € No.

The operator ﬁ can be written in terms of the inverse branches of T7,
namely

Ti(f)(x) = fro(x) - fo fia(@)+ fii(z)- fo fiola). (13)
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This 1mphes on [0, 1] for all n € N and integers j > n, that 1y - 77 (fj)
and T1 (fn) =1y - T1 (fn), and hence, that

by T = Sty T (1 B (F)).
§=0

See [28, p. 11] or [23, Section 3.3.2] for further details on the transfer operator
Ty, the Perron Frobenius operator P; and the equalities given above.

Theorem 4.9. ([35, Theorem 10.4] and [24, Theorem 1.3(i)]) Fiz f € B([0,1])
with || f]le < 4o00. If

+oo
ST (fr)lloo < +o0,
k=0

then on'Y

o 750 < [ 740

Remark 8. If f € BV(0,1), then f/h; satisfies the conditions of Theorem 4.9.
To see this observe that, by the identity given in (13),

S T fofl
TP(f /-1y, =[] frae o =70 s v
k=0 1,0

Therefore, since f, fi1,0 and fi 1 are of bounded variation and the composition
and product of functions of bounded is again of bounded variation it follows
that 7"(f/h1-1y,) € BV(Y). Moreover, since a function of bounded variation
has finite supremum norm, we have that

+0oo too
DITES /b i)l < D (k+1)7% flloo < oo
k=0 k=

Theorem 4.10. ([23, Theorem 8] and [24, Theorem 1.1]) If f € £1([0,1]) sat-
1sfies

tnGe) - 77(F) [ fa
uniformly on Y, then the same convergence holds on any compact subsets of
(0,1].
Our next result, Lemma 4.12, is the analogous result of Lemma 4.5 for

7 = 1. In the proof of this result the following will play an essential role. For
n € N and g € (0,1], We recall that p, = p,(8) and ¢,, = ¢, () are as defined
in (3), and define k(n) = k(n, 8), m(n) = m(n, 8) and r(n) = r(n, 5) by

k(n) := max{k € {1,2,...,n}: 91 x(B) = 1},

m(n) :=card{l € {1,2,...,n}: ¥10(3) =1} and (14)

r(n) :=n— k(n).
The following list of properties can be discerned from the given definitions and
remarks.
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1. If k(n) = n, then a,,m) =n — k(n —1).
2. If (b )men is a sequence of positive real numbers, then, for n € N, we
have that

0501 — 1,b,...,by by > 1,
Tl([O;bl,bz,...,bn]):{[ 1 2 ] ifb

[0;ba,...,by] otherwise.

3. The function fy g,(g)|, is a Mobius transformation and for all z € [0, 1],

limy, - 4o f1,9,(8)], () = B.
4.  For n € N, we have that

pm n
iy, (0) = =20

B Am(n)

= [O;al7a27 e 7am(n)]

and

(r(n) + 1) Prn(n) + Prm(n)—1
(r(n) +1) - @m(n) + dm(n)—1
= [0;a1,az,. .., pem,r(n) +1].

fr0.08). (1) =

Lemma 4.11. Forn € N and § € (0,1], we have that

: (15)
(T‘(TL) “Gm(n) + Qm(n)—l) “T A+ dm(n)

fl,m(ﬁ)ln (z) =

where p, = pn(B) and q, = ¢, (B) are as defined in (3).

Proof. The function f; 9, (), is a Mobius transformation and moreover, a
Mobius transformation is uniquely determined by its values at three distinct
points. Let us consider the case when 1 ,, () = 1. By definition we have that
r(n) = 0 and so the function on the RHS of (15) becomes

s Pm(n)—1 T + Pm(n)

. 16

xT

By Property (4) given above,

= fo,),(0) and 1— ———"— =

0+—

for(e)1., (1)

Since f1,9,(s)|, 18 a contraction, by Banach’s fixed point theorem, there exists
a unique = € [0, 1] such that f1 9, (), (z) = 2. By Properties (1) and (2) given
above the pre-periodic point

[O;CLla e ,am(n)]
= 10501, G(n)s Q1s s ()5 Oy - -y Qi) s+ o3 Gy - s G () s - - ]

is a fixed point of fy y, ()|, Further, by [6, Exercise 1.3.10] it follows that the
point [0; @1, .-, G (n)) is a fixed point of the map given in (16). This completes
the proof of the result for when 9, = 1.

The result for the case when 9|, # 1, follows from the definition of
r(n) and the case when 9J,, = 1, together with the observation that f{'y(x) =
z/(1+n-x), forn € Nand all z € [0,1]. O



Vol. 17 (2016) Equilibrium of Unbounded Observables 2603

Lemma 4.12. For a € (0,1), 8 € (0,1] of intermediate a-type and v € Ug 4,
we have that

nlLIIgO ln(n) Tln(’l) . 1[0,1]\[191([3)|n]/h1) = /v dA

uniformly on compact subsets of (0,1).

Proof. Let K be a compact subset of (0,1) and let a,b € (0,1) be such that
K C[a,b]. Let N € N be fixed. By Proposition 4.8 and Theorems 4.9 and 4.10
together with Remark 8, since the function v - L 1)\[9,(3)|5] 18 of bounded
variation, it follows that, uniformly on K,

1ﬁn1HUU'7T(U'1mAhw1wnNMh1)ZL/U'ﬂthwlwnN}dk

n—o0o

Therefore, by linearity and positivity of the operator ﬁ, and since
limy 400 A([91(8)|k]) = 0, since the observable v is Lebesgue integrable and
since ( is of intermediate a-type, it suffices to show that there exists a positive
constant C' so that

+oo ag
. Sn 2-(a—1)+e
Jm In(n) - T7(vg.a - Ly (g) n)\92 911/ 1n) = C > Ztk,ﬁ e
k=N J=1

for some given € € (0,2 - (1 — «)) and where

1. t,,; is as defined at the end of Sect. 2 and
2. N is the unique integer so that a; +--- + ay < N<ai+--- +aﬁ+1.

To this end, for each integer k > 1, we let ¥;(3)[x € X* be the unique word
of length k such that [¢1(8)|k—1] = [91(8)]x] U [91(8)|x]. By Lemma 4.11 we
have that for all x € K

L | @) 72 () + 1) g + 1)

2. ifr(k) 4+ 1 # apm), then

(a)
+2)  Prn(k) + Py —1 _ (r(k) + 1) Prn(r) + Prn(i)—1
+

2) Gmk) t Gmky—1 (k) + 1) - Gomr) + dmr)—1
1

> bl
T2 ((r(k) + 1) k) + @me)—1)?

3. if r(k) + 1 = ), letting

18- o

(r
(r

Bl
()
()

>

L b if m(k) is even,
"“Ya  itm(k)is odd,
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then

18~ fr, @)

(r(k) + 1) Py + Pmk)—1 (7(K) * Prn(k) + Prm(r)—1) - T+ Pm(r)

(k) + 1) - Gy + Gny—1 (7)) + dn(i)—1) * T + Gy
11—z

((r(k) +1) - @) + Gmr)-1)?

>

Since a constant function is of bounded variation, we have by Proposition 4.8
and Theorems 4.9 and 4.10 together with Remark 8, that there exists a positive
constant C’, so that

Cl

TE1 /) (2) < (k1)

for all k € N and x € K. Noting that t,,,x) rk)+1 = (7(k) +1) - @) + Gm(r)—1
and, letting € be such that

+00 an
ZZ o 2ma)te o +00,

n=1j=1

we have that

lim In(n) - 17" (vg,a - L, (8) w1\01 (8101 P1)

n—-+oo

n—1

= i Tk Tk . R

=i () 3 T (TI (Uﬁ’a ﬂ[m(xa)m/hl))
k=N+1
C/

< lim —e——

=~ n—1>+oo 2 a2 (1 o Zk)

S In(n) 1
W =k 1) ((r(k) +1) - gy + 1))

Cl

< lim

n—+too 2-a?- (1 — z)

& ) 1
. Z In(n/2) ((r(k) + 1) - @om(k) + Gmgry—1)> 19—

k=N+1
C/
ilm ——
+ n—+oo 2-a? - (1 — z)
n—1

k=n/2)+1 ne ((r(k) + 1) Gmer) + Gmry—1) > 7 7¢
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—+oo

- c’ Z 1
T a? (1= z) Wi (P(R) +1) - dmwy + A (ky—1) > (1)
‘oo ag

'’ 2-(a—1)+e€
< —5——— t .
S D DI {

k=N =1

This completes the proof. O

4.2.2. Convergence of the 1-Tail. The aim of this section is to provide an
analogous result (Lemma 4.13) for » = 1 of Lemma 4.6. The idea behind the
proofs of Lemmata 4.6 and 4.13 are similar, however, in the case that r = 1,
several technical difficulties arise and thus need to be taken care off.

Lemma 4.13. For a € (0,1), 8 € [0,1] irrational, n € N and n > 0, we have
that

dimyy (limsup An,lm) =0.

n—-+4oo

Proof. Tt is sufficient to prove, for all k € N, 7 > 0 and € € (0, (2k(k + 1))~ 1),
that

n—-+o0o

dimy <limsup ApinN(1/(k+1)+e1/k— e)) =0.

To this end, for n € N, set z = z(n) := T7"(8) and observe that z is the unique
real number in [0, 1] such that f, y, (g, (2) = 8. If z € (1/(k 4+ 1),1/k), then,
forallz € (1/(k+1)+e€,1/k—¢), by the mean value theorem and Lemma 4.11,
there exists u € (1/(k + 1),1/k) such that
16 = fro.0)1, (@) = [f1,0,8)1.(2) = fro.8)1,. (2]
=z — 2| \f{,ﬁl(g)\n(u)\
= |£L' - Tln(ﬂ” ' |(r(n)u + 1)qm(n) + Qm(n)—1u|72
>k o = T (B)] - |(r(n) + k)dm(n) + Gmimy—1 17>
If 2 ¢ (1/(k+1),1/k), then, for all x € (1/(k+1) +¢,1/k —¢€), since f1 9,(s),,
is order preserving or order reversing, we have that
18 = fro@l. @) = [frLou@n (2) = Froe (@)]
> min{| f1,0,(8)1, (1/%) = fr,0,(8)1, (@)1 [ fr008)1, (1/ (B+1)) = fro, (81, ()}

and so by the mean value theorem and Lemma 4.11, there exists v € (1/(k +
1),1/k) such that

18 = fro.). @) = € |19, 8, (W]
- €|(’I"(’I’L) U 1) *Gm(n) + dm(n)—1" U|72
> e k2 |(r(n) + k) - domgn) + Gm(n)—1] 2
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Hence, for z € (1/(k + 1) +€,1/k — €), we have that

In(n) - v™!(x)
In(n) 1
~((r(n) 2+ 1) do(n) + dmgmy—1 - @)? 1B = Froue (@)
(k+1)% -1In(n)
TP (B) — x| - k2 - ((r(n) + k) - Gin(n) + Gm(n)—1)> )

itTy(B) € (1/(k+1),1/k),

IN

(k+1)2 - 1In(n)
€x - k2o ((T(n) + k) *Gm(n) + Qm(n)71>2'(1_a)

ifT7(8) & (1/(k +1),1/k).
Since,

lim (k+1)%-1n(n)
n—-too € . 2. ((T(n) + k) “Gm(n) + qm(n)—l)Q.(lia)
. (k + 1)2 : IH((T(R) + k) *Gm(n) + qm(n)—l)
< lim
n—+too € . k2. ((’/’(Tl) + k) : QW(TL) + Qm(n)—l)Ql(l_a)

=0,

there exists M € N such that, for all x € (1/(k+ 1) +¢,1/k —¢€) and n > M,
it TP (6) & (1/(k +1),1/k), then In(n) - v, 1(x) < n. Therefore, for all n > M,
i€ 77(8) & (1/(k +1),1/k), then

AnanN(A/(k+1)+€1/k—e) =0;
otherwise, if T7"(5) € (1/(k +1),1/k), then

ApingN(1/(k+1)+€1/k—e¢)
={ze/(k+1)+¢1/k—e): In(n) o™ (z) >n}

C {xe (1/(k4+1)+€e1/k—e):

(k+1)% -In(n) -
IT7(8) — z|* - k> - ((r(n) + k) - dm(n) t Qm(n)—l)Z(lia) =1
n (k+1)2/a .ln(n)l/a
cB (Tl (B), nt/a . k2. ((r(n) + k) - Gm(n) + qm(n)1)2~(1/a—1)>
A+ 1) + 617k~ o)
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Hence, given § > 0, there exists a natural number K = K(J§) > M such that

" (k+ 1)%/@ . In(n)Y/« )
{B <T1 (ﬁ)7 nl/a k2. ((’I’(’I’L) + k’) i qm(n) + Qm(n)—l)z(l/al)) :

l
nzKandﬂleNsothatn:—k+Zai}

i=1

is an open é-cover of limsup,, , | o, An 1,y (1/(k+1)+¢€,1/k—e¢). Therefore, for
s> 0and 6 > 0, letting H5 denote the é-approximation to the s-dimensional
Hausdorff measure, we have that

H; (limsupAmn NA/(k+1)+el/k— e))

n—-4oo
+oo 2:(1/a-1) , 2/a . 1/ox
< YA BTRB), 5 2 (k + 1)*/ - In(n)
oy /e k2. ((r(n)+k+1) Gm(n) + qm(n)_l)z-u/aﬂ)

N (1/(k+1)+e71/k—e)>

m s/a
9s+2-(1/a—1) (k+ 1)2-s/a < In (Zz:ﬁl aé)

77s/ac . k2 e (qm+1)2-5-(1/a71)

95+2-(1/a—1) (k‘ + 1)2-s/a +oo IH(Qm—i-l)S/a

ns/(x L k2s e (qm+1)2-s~(1/a_1) .

(In the above we have used that if y € [1/(¢ +2),1/(¢ + 1)], for some ¢ € N,
then T3 (y) € [1/(€+1),1/¢].) This latter infinite sum is finite for all s > 0 and
6 > 0 since, by the recursive definition of ¢,, we have that g, grows at least
at an exponential rate as n — +oo. Thus H*(limsup,, o, An,1,y) is finite for
all s > 0. This yields that dimg(limsup,, ., An,1,y) = 0 as required. (Here
‘H* denotes the s-dimensional Hausdorff measure.) O

5. Proof of Main Results
5.1. Proof of Theorem 3.1

Proof of Theorem 3.1. By linearity of the Perron—Frobenius operator we have
that

Pr(v) =Prv-Lppw,.e) + Prv-Lw,..))
where [W,.,,(3)] is as defined in (8). Further, by Lemma 4.5 we have that

lim ’P;L(’U . ]1[071]\[‘/1/7‘,”(5)]) = /’U dA - hr

n—-+4oo
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uniformly on [0, 1]. By the facts that v is non-negative and P, is a positive
operator, we have that
0 < lim P,f‘(v . ]I[Wrn(ﬁ)]) < lim P;L(vn’r),

n—oo n—o0

where v™" is as defined in (9). By Lemma 4.6, this latter limit is equal to zero
outside a set of Hausdorff dimension zero.

All that remains to show is that if 5 € [0, 1] is pre-periodic with respect
to T, and has period length strictly greater than one, then on w, () we have
that

liminf P*(v) = [ vdA-h, and limsup P (v);= +o0;

n—-4o0o n—-+o00
and in the case that 8 € [0, 1] is pre-periodic with respect to T). and has period
length equal to one then on the singleton w,(3) we have that the limit in (4)
is equal to +oo.

By linearity of P and Lemma 4.5, it suffices to show, if 5 € [0, 1] is pre-
periodic with respect to T, and has period length strictly greater than one,
then on w,(3)

liminfv™ =0 and limsupv™” = +oc;

n—-+0o0o n—-4o0o
and in the case that 8 € [0, 1] is pre-periodic with respect to 7). and has period
length equal to one, then on the singleton w,(3)

lim v™" = 4o0.
n—-+oo

Indeed if 3 is pre-periodic with respect to T, and has period length m > 1,
then letting n € Ny, be the minimal integer so that T2+*(3) = TnHE+m(3),
for all k£ € Ny, we have that

Fri@rser @ etenesen (@) (T (8)) = T (B),
for all j € {0,1,...,m — 1}. Further, w,(8) = {T*(3),..., T ™"1(3)}, and
hence, for j € {0,1,...,m — 1}, it follows that v/ +Fmr(Tn+i(3)) = +o0,
for all £ € Ny. To complete the proof we will show, for m > 1 and 4,5 €
{0,1,...,m — 1} with i # j, that

kETOO pvtIitkmr (T:r‘ri (ﬂ)) = 0.

For this set L := min{|T""7(3) — T+ (B): 4,5 € {0,1,...,m —1} and i # j}.
By (11) and Lemmata 4.2 and 4.3, there exists a positive constant ¢ € R such
that the following chain of inequalities hold.

kETOO vn+j+k~m,7' (T;l-‘ri (ﬂ))

= dm T (TY@) 18- fe (L)
V€W, ntjtk-m(B)
n+1

< Jm 30 o @ty (T O)]
18— fT,ﬁ1(3)|n+j+k-m (Trn+i(ﬁ))|_a
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§ hm 3-0- |fr79 ‘nHMm(TﬁH(ﬂ)N

|fmsl Norsrrm (TEEITTEBY) = fro ssem (TETHB)) 7
< Jm 30" o @)l (T B

TR () — TR (B)
=3 QU TP (B) — TRH(B)| 7 Jim (2 — ) (k)

=30 L lim (2 — )@ D-(mtithm) — g,

k—oo

This completes the proof. O

5.2. Proof of Theorems 3.2 and 3.3

5.2.1. Proof of Theorem 3.2. We divide the proof of Theorem 3.2 into two
cases; the first case is when ( is a rational number and the second case is
when [ is an irrational of intermediate a-type. We emphasise that when [ is
an irrational of intermediate a-type, then the method of proof of Theorem 3.2
is the same as Theorem 3.1, whereas in the case that ( is a rational, this
method is no longer applicable.

Proof of Theorem 3.2 for [ Rational. Let a € (0,1), 8 € (0,1] be a rational
number and v € Ug . As 3 is a rational number, there exists a minimal n € N
such that T"(3) = 0, let n be fixed as such. Further, we have that w(5) = {0}.
We will first prove the result for 5 # 1. By definition of the Farey map, there
exist exactly two finite words 7,7’ € £™ such that

(@) fi1n(0) =B = f1,,(0),
(b)  fin(z) < B < fi,y(x), for all z € (0,1], and
(c)  fre(x) # B, for all words & € £"\{n,n'} and all = € [0, 1].

By definition, we have, for k € N, that

Pl Z|f1g| vo fie.

gexk

Hence, by linearity of the operator P;, we have, for all natural numbers k£ > n,
that

Pr(v) =Py " (Pl (v))
=Pr " (PP (v Loapmnoanm))) +Pr=" (PF (v Lggup))
=P (Zeezk\{n,nf}lf{,gl ‘vo flé) + Py (PF (v Lpop)) -

It ¢ € {0,1}""\{n, 7'}, then since 8 & f1,¢([0,1]), since the functions f1 ¢, f{ ¢
1/hy are all of bounded variation, since v € g, and since [¢] is a compact
interval bounded away from (3, by the fact that the composition, sum, differ-
ence and product of two functions of bounded variation is again of bounded
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variation (see [4, Chapter 2]), it follows that the function

1 /
[0,1] 9$'—>m Z |fie(@)]-vo fie(z)
! £exk\{n,n'}

is of bounded variation. Hence, by Proposition 4.8 and Theorems 4.9 and 4.10
together with Remark 8, we have that

lim In(k) - Py (v - Lo 1\ prinio, 1) = /P?(”']1[0,11\[nmo,1]\[n/1) dA - hy

k—oo
= /v Lo 1)\mnf0, 1\ ['] dA - P

Therefore, to complete the proof we need to show that
kEI-&I-loo hl(k) : ’Pf(’U . ]l[n]U[n’]) = /1} : ]I[W]U[n'] dX- hl.

To this end let m > n be a fixed natural number satisfying

A([¢)) < min{la — 5], [b - 5]}

for all £ € £, where U = (a,b) is the open connected set such that Civg,, <
v < Cyvgo on U, for some constants C,Cs. Let v,/ € ™ be the unique
words satisfying [v]N[V'] = {8}, [v] C [n] and [/] C [']. Indeed, we necessarily
have that f1,(0) = 8 = f1,,/(0). Using identical arguments to those above, we
can conclude that

GHim (k) - P (0 T pioin) = /v Aol 9A - b
Moreover, by positivity of the operator P; we have that
C1 Py (U, Lpgup) < P10 Tpjupn) < CoPr(vga - Lpjup)-
We claim (and will shortly prove) that
Jim (k) Py (Vg0 - Lpjup) = /UM Apjop dA - by (17)
Assuming this, we may conclude, for all m € N, that

lim inf In(k) - Py (v)

> /v,@,a “Apjupy dX - hy + /U Lo, 1\ [wnpo, 1\ ] A - P (18)
and

limsup In(k) - Py (v)
k—-+oco

< CQ/'Uﬁ’a : ]l[u}u[u’] d\-hy + /’U : 1[071]\[1,]”0’1]\[”/] d\-hy. (19)

(Note that the words v, " are dependent on m.) Since the LHS of (18) and (19)
are independent of m and since A\(v), A\(¢') both converge to zero as n — 400,
the result follows.

We now prove the equality given in (17). By Proposition 4.8 and The-
orems 4.9 and 4.10 together with Remark 8 it is sufficient to show that
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0,1 5 2 — TM (v - Tjup/hi)(x) is of bounded variation. In order to
show this, recall that f;, and f;,, are Mobius transformations and observe
that

2 . [e%
N (_1)z+1
17" (g0 - Lpup/ha)( Z ( — |
i=1 Cz T+ d ﬁ - ZZZ:*FdZ
where a;, b;, ¢;,d; € Z, for i € {1,2}, are such that
al'l'+b1 (12'1'+b2
v =75 d v’ = -
fo(@) L fo (@) P
The desired conclusion, namely that f{”(v@a -Tpjupy/ha) is of bounded vari-
ation follows from the following four observations.
1. Forall t € (0,1], we have that Vi, (flm(vﬂ,a Apjup/h)) < +oo.
2. Forie {1,2}, by L’Hopital’s rule we have that

<_1)i+1 Y _ d2
x—0 ﬂ _ aiwtby -
ci-x+d;
3. By L’Hopital’s rule, we have that

lim 77" (g, - o)/ 1) (@)

2 . «
-1 i+1
= Z hIIl x ) ( a)‘a:-i-b- = 0
=0 (ci-x+d;) B—
4. We have that
d ~
o 10 Wsa - Lpjup)/hn) (@)

d - (—1)i+1 ¢

da (¢ -2+ dy)? (ﬁ)
—ci-x+d; ( (—1)i+1 )“

oot \f- ez

(-1)Ft ez [ (—1)HE atl
— (Ci'x+di)4 ﬁ—m

ci-x+d;

1+ 11-

which is non-negative on an open neighbourhood of zero.

The case when 3 = 1 is a simplification of the above case. O

Proof of Theorem 3.2 for 3 irrational of intermediate a-type. By linearity of
the Perron—Frobenius operator we have that

In(n) - Pi'(v) = In(n) - P (v L ap\w,(8)).)) +10(n) - Pr(v - L, (s)),1)-
Further, by Lemma 4.12 and the fact that hy - 71 (f) = P1(f - h1), we have that

Jim () - T3 (0 Lo, 91,0/ h1) = /'UdA
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uniformly on compact subsets of (0,1). Moreover, by the facts that v € Uz
is non-negative and P; is a positive linear operator, there exists a positive
constant C' with
0< lim In(n) - PP (v- L, (p),)) < lim In(n) - C 0™,
n—oo n—oo

where we recall that v™! := Pl (v - L1y, ()].])-

By Lemma 4.13, this latter limit is equal to zero outside a set of Hausdorff
dimension equal to zero.

All that remains to show is that if 5 € (0,1] is irrational, pre-periodic
with respect to 77 and has period length strictly greater than one, then on
w1(B) we have that

liminfIn(n) - P (v) = /v d\-hy and limsupln(n) - Pl (v) = +oo;
n—-—+oo n—-+o0o
and in the case that 8 € (0, 1] is pre-periodic with respect to 77 and has period
length equal to one then on the singleton wy (/) we have that the limit in (4)
is equal to +oo.
By positivity and linearity of P and Lemma 4.12, it suffices to show, if

B € (0,1] is irrational, pre-periodic with respect to T and has period length
strictly greater than one, then on wi(f),

liminfln(n) - ™' =0 and limsupln(n)- o™ = +o0;

n—-+o0 N oo
and in the case that 5 € (0, 1] is pre-periodic with respect to 77 and has period
length equal to one, then on the singleton wy (5),

lim In(n)-v™! = +oo.

n—-+oo

Indeed if 3 is pre-periodic with respect to 77 and has period length [ > 1, then
letting n € Np, be the minimal integer so that 7)™ () = T *+(3), for all
k € Ny, we have that

fl,(191,n+j+1(5),..‘,191,n+j+z(5))(T1n+j (ﬂ)) = T1n+j (6)7

for all j € {0,1,...,1 — 1}. Further, wi(8) = {T7(B),..., T 1(B)}, and
hence, for j € {0,1,...,1—1}, it follows that v +EL1 (T (5)) = 400, for all
k € Ny. To complete the proof we will show, for / > 1 and 7,5 € {0,1,...,1—1}
with i # j, that

im0 (T () = 0.

To this end set L := min{|T]""7(3) =T (8): i,j € {0,1,...,1—1} and i # j}
and set

a:=min{T"7(8): j € {0,1,...,1—1}}
and

b:=max{T]""(8): j € {0,1,...,1—1}}.
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Since [ is irrational and pre-periodic with period m > 1, it follows that 0 <
a < b <1 and therefore,

FEENT YIS ()]
<a((r(n+j+k D)+ Dmntjskt) T Gmntrithin—1)
for all i,j € {0,1,...,1 — 1} and k € N. Further, we have that

1B = f1,01(8) sy st (TTT(B))]
> 1 F1,0 ) st TETTHUBY) = F101 () s et (TETHD)))]

> U@, LT (8) — T4 (6)

> ((r(n+74k-1)+ Dammrjtrn) + Gmmsjren—1) "> L,

for all 4,57 € {0,1,...,1 — 1} with ¢« # j and k € N. Hence, for all i,j €
{0,1,...,1— 1} with ¢ # j, we have

0< lim omHittmlrnti(g))

l——+oc0

< hm |f1 e TTTON 1B = 1008 sy i (TTH (B
< hm a2 L7 ((r(n+j 4+ k- 1) + Dm(ntjrn
=+

+ Gm(nsjirn—1) @ =0.
This completes the proof. O

5.2.2. Proof of Theorem 3.3.

Proof of Theorem 3.3(a). Within this proof set
B=1[0:1,1,2,1,1,1,1,2,1,1,1,1,1,1,2, .. ]
~N Y Y——

2-1 2:2 23
and
k=1[0;1,1,2,1,1,1,1,2,1,1,...,1,2,.. ]
~— —— —,,
21 22 23

and, for n € N, set

A, 7) n-(n+2) if 7 =7,
,T) 1=
2" 4+n —2 if 7 = k.

Observe that 3, k € [1/2,1]. Letting a,,(8) and a,, (k) denote the nth continued
fraction entry of 8 and k, respectively, an elementary calculation yields that
aA(n,8)—1(B) = ar(n,x)—1(K) = 2. Further, one can show that
wi(B) =wi(k) ={[0;1,1,...,1,2,T]: k € No} U {y:= (v/5—1)/2 = [0;T]}.
———
k
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Recall from (9) that vy an1 = |f] o1 ()| T = Jro(r)). | Following the
same arguments as in beginning of the proof of Theorem 3.2, it is sufficient to
show, on w; () = wy(k), that

limsupIn(n) - v3,4,n1 =0
n—-+oo

and

limsupIn(n) - ve,a,n1 = (20)

n—-—+o0o

0 if o € (0,1/2),
oo ifae(1/2,1].

To this end fix £ € Ny and set
Ce:=1[0;1,1,...,1,2,1] € [1/3,1].
———
k

We will show that the equalities given in (20) hold for (i, the result for ~ is
a simplification of this case. To this end let 7 € {3, x}. By the mean value
theorem, for each n € N, there exists u, (1) € (1/3,1) such that

17— f1,00 (7)) (Ch)|
= T7(r) = Gl - f1 g1 1, (7))
= TP (r) = Gl - (P 7)) + Dt (7) + @)1 (7)1t (7)) 2
{z 572 - (G, (7)) 2 - T (7) — G,
< (G (1) 2 TP (7) = Gl

where m(n,7) and r(n,7) are as defined in (14) and where, for [ € Ny, the
integers p;(7) and ¢;(7) are as defined in (3). Thus, for 7 € {8, s} and k € Ny,
we have that

limsup In(n) - vr,a,n,1(Ck)

= limsup In(n) !

n—oo ((r(0,7) - G+ 1) Gm(n,r) (T) + Gmin,m)—1 - )2 [T = fro,(m)1, ()
. In(n) 1

> lim sup
P B (Gt (O [T = G
. 5% .1In(n) 1

< lim sup
n— o0 (qm(n T) (T )2 (1=a) ‘T{L(T) - Ck|a
. In(n) 1 1

> lim sup
n—oo 5% (Gm(n,r)(7))> =) P~ () o [(f¥1 0 fro o fr1)'(0)]*

5% . In(n) 1 1

< lim sup .
n—oo (@m(n,) (7)) A=) | Tr=GF0 (1) _ yja |[(ff1 0 froo fi) (1]

Hence it is sufficient to show that, for a € (0, 1),

1 1
lim sup n(n)

=0 21
n— oo (Qm(n,ﬁ)(ﬂ)) (1-a) |T k+1)( )_'7|a ( )
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and
, In(n) 1 0 if o € (0,1/2),
lim su =
nerob () (1))2 ) T~ T () — e {+oo if € (1/2,1).
(22)

We will first show the equality given in (21) after which we will show the
equality given in (22). For this observe that if n — (k+1) = A([,8) + (I — 1),
for some [ € N, then

T3y = 0;2,1,1,...,1,2,1,1,...,1,2,1,1,...,1,2,...] € [1/3,1/2],

2:(14+1) 2-(14+2) 2-(14+3)

and hence,
In(n) 1
(am ﬂ)wﬂz'““” 77~ (8) = e
In(A(,3)+ (- 1)+ (k+1)) 1
(aaq,5)(8))> (=) (1/2) =~
2 - 1In(l) 1
(@142 (8))2 =) [(1/2) = ]
Since the sequence (g;j)jen grows exponentially, this latter term converges to
zero as | — oo. (Here we have used the fact that n—(k+1) = A(l, )+ (1—1).)
In the case that n — (k+1) € {A(j,8)+(j—1): j €N}, set I=1(n) e N

to be the maximal integer such that n — (k4 1) > A(l, 8) + (I — 1), in which
case

(23)

=By = 05 1,1, 1,2,1,1,...,1,2,1,1,...,1,2, .,
3-(I4-1)+(k+1)+A(1,8)—n 2:(1+2) 2-(143)
<2.(I141)+1
and hence,
In(n) 1
(@m(n,) (B)Z =) jp= D (3) _ e
B In(n)
(Qm(n,ﬁ)(ﬁ))z(l_a)
1
3-(I+1)+(k+1)+A(1,8)— A(+1,8)+1 3-(I+ 1)+ (k+1)+A(l,8)—n «
fl,l( )+(k+1)+A(1,8) n(Tl( B) (ﬂ))*f“( )+ (k+1)+A(L,8) (y)

_ (1 +2)- (1 +5)) 1 1

— 2-(1704) ) . A(l,B)—n ! 1 2 —y|e
(q-a+2)(8)) 1nfu€[0,1]|( 13}1(z+1)+(1<+1)+ (L.3) ) ()] (1/2)—~|

L4 5)) (¢3-(041)+(k+1)+A01,8)—n (1)
Z(1-a) (1/2) —~]*

(14 5)) (g2-q41)+1(8))

=) |(1/2) =y
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Since the sequence (g;(8));jen grows exponentially, this latter term converges
to zero as | = [(n) — oo. The equality stated in (21) now follows from (23)
and (24).

We will now prove the equality given in (22). The result for, o € (0,1/2),
follows in a similar manner to the previous case. Indeed, observe that if n —
(k+1)=A(l,k)+ (I —1), for some [ € N, then

T () = [0;2,1,1,...,1,2,1,1, ..., 1,2,1,1,...,1,2,.. ] € [1/3,1/2],

2l+1 21+2 21+3

and hence, for n sufficiently large,
In(n) 1 (I+1)-1In(2) 1
(@) (£))2 07 =D 0y a0 ™ (go(r))> (7 [(1/2) — ]

The sequence (g;(k))jen grows exponentially, in particular there exists a pos-
itive constant ¢ so that k7 /c < q;(k) < ¢~ kJ. Therefore, the latter term in
(25) converges to zero as | — oo. (Here we have used the fact that n—(k+1) =
Al k) +(1-1).)

In the case that n — (k+1) € {A(j,k) +(j—1): j €N}, set I =1(n) €N
to be the maximal integer such that n — (k+ 1) > A(l, k) + (I — 1), in which
case

TRt ey = [0 1,1, 1,2,1,1,...,1,2,1,1,...,1,2, ...

(25)

2 4 (14 1)+ (k+1)+A (LK) —n 2l+2 2t+3
§2H1+1

We also observe that ¢;(v) < gi(k), for all i € Ny. Therefore, it follows that
In(n) 1 . 142 ;@)

() (5O =04 () — e ™ (g ()7

< (1+2)-In(2)

T (g (7)* ) - (gaagipo(7) 7
(26)

(QQ-2l+2(7))a

Since there exists a positive constant ¢ so that v=7/c < g;i(y) < ec- ~~I, if
a € (0,1/2), this latter term converges to zero as | = [(n) — oo. The equality
in (22) for o € (0,1/2) follows from (25) and (26).

Let us now examine the case that o € (1/2,1). It follows from an inductive
argument that, for alln € N, ¢;(k) < 2"-¢(7) for all integers [ € [A(n, x), A(n+
1, &)). Further, for all n € N we have that

Loy =T ) =y = [0:2,1,...,1,2,1,...,1,2. . ]| > |y — (1/2)]

2n+1 2n+2
and
2. |y = TN ) =y — [051,...,1,2,1,...,1,2, .|
—_—— N—
on on+1
pan (7)’ 1
<|v- < .
‘ g ()]~ (g2 ()
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Therefore, if a € (1/2,1), since there exists a positive constant s so that
Y "/5 < gn(y) <s-~47", for all n € N, we have that

Jimn sup In(A(n, k) +n+1) 1
oo (Qa(nm)(R))2 (=) |T1A(n,n)+n+1(n) e
- 1 2 N n 2'a
> lim sup " 122) - (@2 (7))
oo 22n-(1-a) . (q2"+n72(’y))2.(lia)
n - 1n(2)
2. 2 2= D)2 (@n=4)-(1-a)

> lim sup = +400.

n—-+o0o 5

Moreover, since the sequence (g;(k));en grows exponentially, it follows that

i inf In(A(n,k) +n—1) 1
n—+o0 (QA(n,R)—l(H))z.(lia) |T1A(n’ﬁ)+n71(:‘€) — ,ﬂ(x
.. . In(A(n,k)+n—1) 1
< liminf =0.
=409 (qa(n,m)—1(K))> 17 |y = (1/2)]*
This completes the proof. O

Proof of Theorem 3.3(b). Since lim,_, 4o an, = +00, we have that wi(5) =
{1/k: k € N} U{0}. Let vg,q,n1 be as in (9). Following the same arguments
as in beginning of the proof of Theorem 3.2, it is sufficient to show, for a fixed
k € N, that

=0 if limsup “,; = 0,

limsupIn(n) - vg an1(1l/k J=oo
imsupln(n) - vp.an1(1/k)4 if lim sup .7, ; > 0.
Jj—o0

and

liminfIn(n) - vg,a.n,1(1/k) = 0.

n—-+o0o

To this end fix k € N and, for n € N, set z = z(n) := 17 (8). (Note, z is the
unique real number in [0, 1] such that f », gy, (2) = 8.) If z € (1/(k+1),1/k),
then, by the mean value theorem, there exists u = u(n) € (1/(k+1),1/k) such
that

18 = f1,019)1, (1/K)]
= |f1,9.8)1. (2) = fr,9.08)1, (1/K)]
= [1/k =z - |fi 9, (W]
= [1/k=TP(B)] - |(r(n) -1+ 1) - Gony + Gy 1+ 0l 2
{z B2 [1/k = TP - [(r() + k) - () + Gy 1172,
< (k4 12 [1/k = TP - [(r(n) + b+ 1) - Guin) + Gy 117
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If 2 ¢ (1/(k+1),1/k), then, since fi g, gy, is either order preserving or order
reversing, we have for n € N sufficiently large that

18 = Froum1, (/)
= fro:008)1. (2) = fr0:8)1. (1/K)]
[f1,008)1, (1/2) = fr,00()1, (1)] ith=1,
> win{|fro, @), (1 + 1) = fro ). (1/F)];
[f10,)1, (26 = 1)/ (2k(k = 1)) = fr,o,(8)1,, (1/K)[}  otherwise.
By the mean value theorem there exists u € (1/(k + 1), (2k —1)/(2k(k — 1)))
if k#1and u e (1/2,1) if kK =1 such that
18 = frou@). (@) = 2-k-(k+1)"" - |f1 5,08, (@]
> (6 : k)_l |( ( ) +max{k -1 1}) dm(n) +qm(n) 1‘
We now consider the following cases z ¢ (1/(k +1),1/k) and z € (1/(k +
1),1/k).
1. Ifz¢(1/(k+1),1/k), then
0 <In(n)-vgani(l/k)
B In(n) 1
B ((r(n)/k + 1) *Gm(n) + Qm(n)—l/k)2 |ﬂ - f1,191 \n(l/k”
< 62 . k>(1=) . In(n)
- ((r(n) + 1) . qm(n) + Qm(n)fl)z'(l_a) -

As (r(n) + 1) - Gm(n) + Gmy)—1 > N, for all n € N, it follows that
hmlnfln( ) - V8,a,n,1(1/k) = 0.

2. Ifze (1/(k+1),1/k), then z = T{"(B) = [0;k, Gm(n), Gm(n)+1, - - -|; that
I8 = N m(n)- Thus, we have that

limsup In(nx 5) - v8,a,n,;,1(1/k)

= lim sup L () !
i—too ((r(k,g) +K) - dmny 5) + Gmne )-1)% 18 = fro.)1,, , (L/K)|
2:(1-a) | )

< limsup T k In(ng,;) —
j—too |L/k =Ty (B)|* - ((r(nk,5) + k) G ;) + Gmin ) —1)% )
) k2.(1+a) 5 ln(nk j)

> lim sup 5 o : 51
j—+oo 2 a|1/k_T1 N (ﬂ)la'((T(nk,j)+k)'Qm(nkyj)—"_qm(nk,])—l) (1=e)

k- (aj41+1)* - In(ng )

< limsup = limsup k” - i

j—too 2142 (g]j)z(lia) j—+oo
KPO29 . (g,01) In(ng (42a) -
Z lim sup 22. (?‘]‘;;)(1 r)l(nk?,]) = lim sup k2 (1+42-@) .4 a yk,]
j—too o, q;)* —« oo

This completes the proof.
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