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Einstein Constraint Equations on Manifolds
with Ends of Cylindrical Type
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Abstract. We prove that in a certain class of conformal data on a manifold
with ends of cylindrical type, if the conformally decomposed Einstein
constraint equations do not admit a solution, then one can always find
a nontrivial solution to the limit equation first explored by Dahl et al.
(Duke Math J 161(14):2669-2798, 2012). We also give an example of a
Ricci curvature condition on the manifold which precludes the existence
of a solution to this limit equation. This shows that the limit equation
criterion can be a useful tool for proving the existence of solutions to the
Einstein constraint equations on manifolds with ends of cylindrical type.

1. Introduction

It has been known for over 60 years that Einstein’s equations in vacuo can be
decomposed into a well-posed initial value problem in which a Riemannian
n-manifold (M,g) along with a symmetric 2-tensor K can be isometrically
embedded as a spacelike slice of a spacetime with extrinsic curvature tensor
K if and only if the Einstein constraint equations

Ry — [K|Z + (trgK)? = 2A (1.1)

are satisfied. Here, A is the cosmological constant.

The study of these equations has been an active field of research in recent
years, and several approaches have been taken to solve (1.1-1.2). The most
common is the conformal method, in which one specifies a background metric
g and looks for a solution of the constraints in the conformal class of g. In

particular, we seek a scalar function ¢ and a vector field W such that (g, K)
solves (1.1-1.2) where this pair is of the form:

9i5 = ¢N_2gz'j (1.3)
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Kij = %gij + ¢ (03 + (LW)45). (1.4)

Here, 7 = trgf, o is a specified transverse (i.e., divergence free) traceless
tensor, L is the conformal Killing operator which we define below, and N is a
dimensional constant we will frequently use throughout this paper, given by
2n
n—2
It is well known (see, for example, [8]) that the constraint equations are
thus reduced to solving a particular semilinear elliptic system in ¢ and W,

which is often called the LCBY equations in honor of Lichnerowicz, Choquet-
Bruhat, and York who first studied them:

Agd — caRyd = fad™ " — calo + LW[2p~ V! (15)

n

N =

;1¢Ndr (1.6)

divLW =

Equation (1.5) is known as the Lichnerowicz equation and in it we have intro-
duced the dimensional constant

_ n—2
T M —1)
and defined the function (G as
n—2 n—2
Ba = Ba(r) = -

4n T 2(n—1)

We will refer to Eq. (1.6) as the vector equation.

Many of the efforts aimed at finding solutions to the constraint equations
have been focused on determining the solvability of the system (1.5-1.6). One
of the earliest systematic studies of these equations was the 1995 paper of J.
Isenberg [13] which considered the case of constant mean curvature (CMC)
7 on closed manifolds, in which case the LCBY system decouples since the
vector equation becomes trivial. In the years since, many authors have sought
to generalize Isenberg’s results on closed manifolds with near-CMC conditions
[1,12], and more recently these near-CMC conditions have been relaxed by
Holst, Nagy, and Tsogtgerel in [11] in the non-vacuum case, and by Maxwell in
[16]. Their results required a Schauder fixed point argument to find a solution
to the LCBY equations under the condition that the tensor o have sufficiently
small norm.

These methods for finding solutions have been extended to other geome-
tries including asymptotically Euclidean [7], asymptotically hyperbolic [9], and
compact with boundary [6,10]. General results for the solvability of the LCBY
equations on manifolds with asymptotically cylindrical or periodic geometries
(which we collectively call geometries of cylindrical type) appeared in 2012
with the pair of papers [2] and [3] which analyzed the Lichnerowicz equation
and vector equation separately. It was noted in the first of these that several
known examples of black hole spacetimes admit CMC hypersurfaces with ends
of cylindrical type, including the extreme Kerr metrics. Solutions to the fully
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coupled LCBY equations were recently constructed on such manifolds in [15]
using an adaptation of the Schauder fixed point technique.

Another approach to finding solutions of the LCBY equations on closed
manifolds is the relatively recent result of Dahl, Gicquaud, and Humbert [4].
In that paper, the authors showed that in the absence of conformal Killing
fields, so long as the mean curvature 7 is non-vanishing and o # 0 for the non-
negative Yamabe classes, then the system (1.5-1.6) fails to have a solution
only if there is a nontrivial solution W to

divEW = ag, | | LW|dr (1.7)
Ba

for some ag € (0,2=1] [only the case A = 0 was addressed in [4], but their
method extends trivially to prove this result for non-zero A]. This is known
as the limit equation for reasons that will become clear in the proof of the
theorem. We will give a summary of their proof in the next section.

This result has thus far proven to be quite adaptable to other (i.e., non-
compact) geometries. Indeed, a limit equation result has very recently been
shown to hold in the asymptotically Euclidean near-CMC setting in [5] and
in the asymptotically hyperbolic setting in [9], but difficulties arose in proving
it in the compact with boundary case, c.f. [6]. It is thus natural to wonder in
which geometries such a result holds. In this paper, we prove that an analogous
limit equation result holds on a manifold with asymptotically cylindrical ends,
thus shedding more light on solvability of the constraint equations in such a
geometry. We will also give an example of (conformal) initial data which does
not admit any solutions to (1.7), and thus necessarily admits a solution to the
LCBY system (1.5-1.6). We will do this by imposing a particular reasonable
bound on the Ricci curvature.

We mention here a recent work of David Maxwell in [17]. In that paper he
discusses the conformal method along with two formulations of the related con-
formal thin sandwich method. He shows that these methods are all equivalent
and lead to the same solutions of the constraints. In the standard conformal
method which we use in this paper, the solutions are not conformally covari-
ant in the sense that conformally related data (including proper scaling of the
non-metric data) do not lead to the same solution. However, Maxwell shows
that there exists a conformally covariant interpretation of this method which
is equivalent to our own.

In the context of this paper, Maxwell’s results imply that if we replaced
the conformal Killing operator L in (1.5-1.6) with %L for some positive func-
tion f, we could treat our method as conformally covariant. Thus, we can work
with any metric in the same conformal class as g. In particular, assumptions
on scalar curvature, such as ¢, Ry + Sp > ¢ > 0, can be replaced by the as-
sumption that there is some metric ¢’ in the conformal class of g that satisfies
(all of) the postulated inequalities. However, since this paper was prepared
before Maxwell’s work was released, we did not make these adjustments.
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1.1. Notation and Definitions

We will assume that our manifold (M, g) is asymptotically cylindrical. This
means that there is some compact set  C M whose complement in M de-
composes as

m
M\ K = |_| E,.

(=1
Here, for each ¢, there is some closed (n — 1)-manifold N, such that Ey is
diffeomorphic to the half-cylinder R, x N,. Moreover, on each end the metric
g decays exponentially to the exactly cylindrical metric dt? + §,, where §y is
some metric on N, and ¢ is some C® coordinate function on the ends which is
“radial” in the sense that there are positive constants C; < Cy < (3 such that

Chi+t<(Cy+ diStg(~,aEg) < C3+t.

We impose a similar decay condition on its derivatives, which can be made
precise by requiring that on each end

[VFlg = (dt* + go)]| = O(e™")

for some positive w for all applicable k. Here, V is the covariant derivative as-
sociated with the exactly cylindrical metric. We will call a metric g conformally
asymptotically cylindrical if we may write it in the form § = w™~=2¢ where ¢
is an asymptotically cylindrical metric and w is a positive function such that,
on each end Fy, w — 1y at the rate O(e~“") along with its derivatives, where
wy is a smooth positive function on Ny. (“Smooth” in this paper will mean
“as smooth as the metric.”) Note that this condition implies that the metric
g does not decay on the ends, and so metrics with conic or cusp singularities
do not belong to the class of conformally asymptotically cylindrical metrics
according to our definition.

We would like the class of conformal initial data (g,o, T) we consider to
have certain nice asymptotic properties like the metric. We will thus restrict
to tame initial data, defined as follows.

Definition 1.1. Conformal initial data (g,o,7) is said to be tame if ¢ is (con-
formally) asymptotically cylindrical and both of the following are satisfied:

e (1) > Ba(1o) > 0 and 72 — 72 > 0 on the end N, at the rate O(e™?),
where 77 and (4 (79) are constants. Let 7 be a smooth function with 7 = 7
on each end Fy.

e |02 — &° at the rate O(e where 62 # 0 is some smooth nonnegative
function on Ny, or any smooth function on Ny if R < 0 on the ends.

—wt)

Now that we have defined our admissible initial data, we need to define
the function spaces in which we will perform our analysis. These will be defined
as in [15]. For any 1 < p < oo, define the weighted LP-Sobolev space ng’p to
be the space of all functions which are finite with respect to the norm:

. 1/p
X gy = (Z/M VJX|Pe—P‘”dVg> : (1.8)

J<k
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As in [3], we will denote the function space W; -2 by H g“. Next, assume without
loss of generality that the radius of injectivity for (M, g) is >1. Then if By(q) is
the ball of radius 1 about the point ¢ € M, we define local and global weighted
Holder norms by

k

; IVFX () — VF X (y)]
| Xk, ps 8 = sup |V'X|+ sup
i (@) ; Bi(q) z,y€B1(q) dg(xa y)li

1 X1k, = sup [| X[k, u:B,(q)
qeEM

and also the weighted Holder norms by
12X Ne,6 = Nle™ X1 -

The space of all functions (or tensor fields) for which the global Holder norm
is finite will be denoted by C*#, and the space of functions (or tensor fields)
which are finite with respect to the weighted Holder norm will be denoted
by C’f"“. We similarly denote the standard sup-norm by || - || (or by || - |lo
if restricted to C°) and the corresponding weighted sup-norm by || - ||s0.s (or

- lo.5)-

1.2. Preliminary Results

The conformal Killing operator L which appears in the LCBY equations is
given by

2
(LX)ij = VZ‘XJ‘ + Vin — ﬁdiVXgij.

This is merely the trace-free part of the deformation tensor associated with X.
Any vector field in the nullspace of L is called a conformal Killing field, and the
operator divL is known as the conformal vector Laplacian. The mapping prop-
erties of this operator acting between weighted Sobolev spaces were studied
extensively in [3]. The most important mapping property for us will be [3, Thm
6.1]. Before we state the theorem, we first define % to be the set of all globally
bounded conformal Killing fields with respect to the exactly cylindrical metric
on Fy. If we then define a smooth cutoff function x, which vanishes outside of
E; and is identically 1 where t > 1 on Ey, we set % = @¢{x,Y : Y € #;}. The
theorem then gives us the mapping properties of divL acting as an operator
between weighted Sobolev spaces:

Theorem 1.2. Let (M, g) be a Riemannian n-manifold with a finite number of
ends which are asymptotically cylindrical. Suppose further that there are no
global L? conformal Killing fields. Then there exists a number 6, > 0 such that
if 0 < 6 < 6y, then

divL : H¥**(TM) — HE(TM)
18 surjective and the map

divL : H*(TM) — H* (T M)
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is injective for every k > 0. Moreover, if 0 < § < d4, then for all k > 0 the
map

divL : H*(TM) @ % — H* (T M)
1s surjective with finite dimensional nullspace.

This theorem is proven using a parametrix construction found in [18] to build a
generalized inverse G : H” s — H ng @O (the latter space being a subspace of

H§+2) which satisfies divL o G = Id. As shown in that paper, this parametrix
is also a bounded map between weighted LP-Sobolev spaces and weighted
Holder spaces, and so Theorem 1.2 also holds when one considers divL as a
map between such spaces. The observation that divL : W]_fgz’p e — W}_C’ép
is surjective will be crucial in the analysis below.

The final analytical tools we will need are the Sobolev embedding theo-
rems for function spaces on asymptotically cylindrical manifolds. In general,
we will assume p > n and that § < ., where J, is as in Theorem 1.2. We
also need that the coefficients in the Lichnerowicz equation are regular enough
to imply that the solution ¢ € C2. This could be achieved by assuming the
coefficients are in WP or in C%? for some 1 > # > 0, and thus we make the
metric WP or C%# to guarantee this regularity of the scalar curvature. The
standard Sobolev embedding theorems hold with a subscript §. In particular,
we have the following theorem.

Theorem 1.3. Assume the radial variable t lies in C* with bounded derivatives

up to k-th order.

o Ifl—%=k—% and k > 1, then WEP(M) C Wea(M), with a continuous
embedding.

o Ifk—2% =r+a, then WP(M) C Oy (M), with a continuous embedding.

o Ifk— % > r, then the embedding W;’p(M) — Cf, (M) is compact for any
8 > 4.

One proves this theorem using an exhaustion of M by compact sets and stan-
dard embedding arguments. The details are left to the reader.

2. Summary of the Main Results

In what follows, we will first use a strategy very similar to that in [15] to prove
that there is a solution to the subcritical LCBY equations:

Theorem 2.1. Let (g,0,7) be tame conformal data on a complete Riemann-
ian n-manifold (M, g) with a finite number of asymptotically cylindrical ends.
Assume that there are no global L? conformal Killing fields. If o € WP,
T—TE Wi’f, and the scalar curvature R satisfies c, R+ Bp > ¢ > 0, then for
any 0 < € < 1 the subcritical LCBY equations

Agp — cnRyd = Bad™ ' — culo + LW |2~V ! (2.1)

n—1

diviW = oNcdr (2.2)

n
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have a solution (¢, W) with ¢ fgzcﬁ € Wff for some v > 0 and ¢ > 0 and
W e sz @© . The function ¢ is defined below in (3.2).

Once we know that the system (2.1-2.2) can always be solved, we next establish
that the scalar part of such a solution ¢ can be uniformly (i.e., independent of
€) bounded above by the energy || LW/||z2. Thus to any sequence of sufficiently
small positive numbers €¢; — 0, we can associate a sequence of energies

i = /M LW ? (2.3)

where (¢;, W;) is some solution to (2.1-2.2) with ¢ = ¢;. It is natural to ask
what happens to the sequence {v;} asi — 0o. As was shown by [4] in the closed
manifold case, this limit gives us valuable information about the solvability of
the LCBY Egs. (1.5-1.6). In particular, if this sequence stays bounded, then
there exists a solution to the LCBY equations with the same hypotheses on
conformal data as in Theorem 2.1. On the other hand, if v, — oo, we show
that the limit Eq. (1.7) admits a nontrivial solution. The precise statement of
this result is our main theorem:

Theorem 2.2. Let (g,0,7) be conformal data on an asymptotically cylindrical
manifold satisfying the conditions of Theorem 2.1. Then at least one of the
following is true:

o The system (1.5-1.6) admits a solution (¢, W) with regularity as in Theorem
2.1. Also, the set of these solutions is compact.
e There exists a non-zero solution W € Wz’g’ DX of the limit equation

divLW = ayg ;—"|LW|dT
A

for some ag € (0, L] such that |[LW| < Ce=% for some C independent of
(]51‘, Wi and W.

Note that we have no reason to suspect that this result is a dichotomy.
That is, it may hold that the LCBY equations and the limit equation both
admit nontrivial solutions. The utility of the main theorem is that we may show
the existence of solutions to the LCBY equations whenever we can show that
the limit Eq. (1.7) admits no solutions. The idea behind the proof is that given
any sequence {;} as above, if the limit equation admits no solutions then the
sequence stays bounded, which in turn implies that the LCBY equations admit
a solution (these facts are proven in Sect. 4 below). From the perspective of
one trying to understand the constraint equations on asymptotically cylindrical
manifolds, this result is only useful if we can find examples of conformal data
which admit no solutions to the limit equation. In Sect. 5, we show that this
set is nonempty by proving the following corollary.

Corollary 2.3. Let (g,0,7) be conformal data on an asymptotically cylindrical
manifold satisfying the conditions of Theorem 2.1, and suppose Ric < (c1x? —
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cae M) g for some constants c;,u > 0 and a smooth compactly supported
function x. Then there is some C' > 0 such that if
< C,

‘ dr
o,

there is a solution to the LCBY Eq. (1.5-1.6).

VBa

Finally, in section 6 we discuss how these results can be extended to the
case where the metric g is only assumed to be conformally asymptotically
cylindrical.

3. Global Barriers

In this section we prove Theorem 2.1 by constructing a global supersolution
and a global subsolution (defined below) with desirable asymptotics. Through-
out this section, we assume for notational simplicity that our manifold has a
single asymptotically cylindrical end. It is easy to see that this assumption
results in no loss of generality; the extension of our analysis to multiple ends
is completely trivial. We shall make use of the following lemma, whose proof
is nearly identical to one found in [15]:

Lemma 3.1. Let ¢ be a bounded continuous function on a manifold M which
does mot admit any L? conformal Killing fields and dr € C° 5, (T M) for some
positive 8" < 6. If Wy is the solution of the subcritical vector Eq. (2.2) associ-
ated with a conformally asymptotically cylindrical metric, then for any § < §’,
there exists some constant K which does not depend on ¢ or T such that the
following pointwise estimate holds:

LWyl < K|ldr|lo,—s [ 6ll5"“e™". (3.1)

We define the constant K, = K]||dr|o,_s for brevity in our analysis
below. Note in particular that the lemma implies that |0 + LW|2 — % on
the end. Hence, we expect a solution which has an asymptotic limit on the
cylindrical end to approach a solution to the reduced Lichnerowicz equation,
which is

Agd — cnRp = Ba(7) PNt — c 529N (3.2)
Given tame data (g, o, 7), this equation admits a constant supersolution. More-
over, one easily checks that if cZo)l is a positive solution to the equation

Az — (enR + Br(F))u = —62,

then P<£1 is a subsolution of the reduced equation for any sufficiently small
p > 0. Hence, (3.2) admits a solution by [2, Proposition A.4]. We note that
this is the only place where we use the requirement that o Z 0 unless R < 0
on the ends. We extend this solution to a smooth function on all of M which
is t-independent on the end, and we will also label this function ¢.

Next, we define the nonlinear operator Lichg on C? by

Lichy(u) i= Agu — ey Ru — Bau™ "1 + ¢, |0 + LW¢|3u_N_1 (3.3)
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where Wy is the solution of the subcritical vector Eq. (2.2) (such a solution
exists by Theorem 1.2). We call ¢+ a global supersolution if for any 0 < ¢ < ¢,
Lichy(¢4) < 0. If ¢4 is of lower regularity so that this inequality only holds
in the weak sense, we call it a weak global supersolution. Given a (weak) global
supersolution ¢, we define an associated (weak) global subsolution ¢_ > 0
which, for any ¢_ < ¢ < ¢, satisfies Lichg(¢—) > 0. Having constructed
a pair of weak global sub/supersolutions ¢_ < ¢4 for the system (2.1-2.2)
which both approach (;5 asymptotically on the end, one argues as in [15] and
applies the Schauder fixed point theorem to produce a solution to the system.

In what follows, we construct a pair of weak global sub/supersolutions
for the subcritical LCBY equations. The construction below is independent
of the Yamabe invariant of the background metric, though we assume as in
[2] that ¢, R+ Bx > ¢ > 0 everywhere. If one drops this assumption in the
case where the Yamabe invariant is positive, the construction of a pair of weak
global sub/supersolutions proceeds almost exactly as in [15].

3.1. Global Supersolution

We first show that a sufficiently large constant B is a global supersolution for
the subcritical LCBY system. Suppose 0 < ¢ < B. Using Lemma 3.1, dropping
all subscripts “g,”

Lichy(B) = —¢,RB — BA BN + cp|o + LW, 2B~V 1
< —cuRB = SABY 1+ e, BN (|0 + 2|0 |[LWy| + [LW|?)
S —CnRB _ 6ABN—1 + ClB_N_l 4 C2B—1—e + C3BN—1—26

A

where we have used Lemma 3.1 and defined C; = ¢, sup,, |o|?,

Cy = 2¢c,supy, |o|K,, and C3 = ¢, K2. Since By > [a(70) > 0, this final
expression is negative for sufficiently large B and hence such a constant is a
global supersolution. Notice that subcriticality was crucial in establishing this
fact.

We would like to construct a supersolution which approaches the function
qcb on the ends asymptotically. This way, the solution obtained from the fixed
point theorem will also approach ¢ For this, we prove the following proposition
whose proof is similar to Proposition 3.5 in [15] and Theorem 4.3 in [2]:

Proposition 3.2. Choose some positive v < §/(2N + 2) so small that
Lichg(¢) = O(e=2*).

With the initial data above, there exists some T > 0 such that the function
d(1 + be™ ") is a global supersolution for any sufficiently large b on the set
where t > T.

Once we establish this proposition, one easily sees that we can choose b so large
that ¢(1 + be™"") > B whenever t < T and therefore inf[B, ¢(1 + be™"")] is
continuous and thus a weak global supersolution with the desired asymptotics.
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Proof. Define a new metric § = qDSN ~24, and denote with a tilde all operators
and quantities associated with this metric. The Lichnerowicz equation is well
known to be conformally covariant, which means that ¢u is a solution to

Ay(du) — enRydu = Ba(¢u)V ™" = colo] (Gu) N
if and only if w is a solution to
Azu — cpRzu = BaulN "t — cn|$*20|§u*N*1.
It follows from this pointwise property that for any ¢ < ¢(1 + be™"t),
Lichg(¢(1+ be ")) = (A — ¢, R)(d(1 + be ")) — Ba(d(1 + be )N !
+ nlo + LWy |2 ($(1 + be~ "))~ N1
= (A —c,R)(14be ") — Ba(1 4 be VH)N 1
+ enlo™? (o + LWy (1 + be™") V!
= (A = ¢, R)(1 4+ be ™) — Ba(1 + be VH)N L
+cnl + dTELWy|2(1+ be )TN
Next, observe by the covariance of the conformal Laplacian that
(A= cpR)u= ¢ N"D(A = ¢, R)(u) (3.4)
for any function u € C?, and so taking u = 1 gives
—e R = (g—(N—l)(ﬁAéN—l _ Cn|0|2<z_N_1 + O(e= )
=B — cn|6\§ +s

where s is some function satisfying |s| < Ce=2"t. Thus, Lich¢(<;°5(1 +be™v)) is
given by the expression

(A + B — cald |2 + s) (14 be™t) — Ba(1 + be~H)N-1
+enld + dT2LW[2(1 + be ) "N !

which, after adding and subtracting (N — 1)Babe™"t, we may rewrite as

(A - (cn|5|3 + (N —2)6p — s)) (be™") + Ba (N — 1)be™"*
+1— (1 +be YN e o+ 2 LWy 2 (14+be ™) "N~y |52 +s.

We now make a few observations about this expression. First, since (G (79) > 0,
for some large Tj,

hi=cul6]2+(N—=2)8y—5>c>0 (3.5)

for all ¢t > Tp. Note too that the expression (N —1)be ! +1 — (1 +be v4)N -1
is negative, as may be seen by differentiating the function r(z) = (N — 1) +
1 — (14 2)¥~1 and observing that r(0) = 0.
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Having chosen Tp as above, note that for any p > 0 satisfying 4p% < c, if
v < p then Ae "t < 2p%e~"* and hence (A — h)e "t < —2p%e~"!. From this,
we conclude that for ¢ > Ty, Lichy(¢(1 + be~"")) is bounded above by

_2bp2e—1/t s+ ﬁAbN—lf(b7 t) + 20n|5'|§‘(E_QLW(z;lgb_N_le(N-‘rl)yt
e TP LW 2 N (N vt

where we have simultaneously used the basic inequalities

|6+ o2 LWIZ < (613 + 216510 LW 5 + [¢ LW 3

(1+be™) ™71 < min(1, b~ VeI

and set

N—-1
1 N-1_, 1,
f(b? t) = bN*l + bN72 € t - (b + & t) .

Noting that LW = gZ’(N’Q)LW, one applies Lemma 3.1 and the fact that
¢ < ¢(1+ be ") to find that the bound for Lichy(¢(1 4 be~**) we obtained
can itself be bounded above by

—2bp?e ™V + s + BabN TLF (b 1)
+k1 ‘q(;(l + be_’/t)||£_€b—N—1e((N+1)V_5)t
+I€2H(£(1 + be_l/t)||2N—2€b—N—1e((N+1)V—26)t. (3.8)

where ky = 2¢, K- |5l 01X % and ky = ¢, K2||6)|2¥~8 are constants. Fi-
nally, when b >> 1 we may factor out the b from the expression ||¢(1+be™!) ||
to find that (3.8) is bounded above by

_2bp26—ut 454+ ﬁAbN_lf(b, t) + k/lb—l—ee((N—i-l)y—&)t
+k/2bN—1—2€e((N+1)V—25)t (39)

where K} = (2/|¢]loo)N k1 and kj = (2][¢]lo0)2N "2ky. We may thus choose
some by so large that, for all b > by,

— Ba(ro)bN T H KT kRN 12 < 0. (3.10)

Now to prove the proposition, we show that there is some choice of T' > 0
such that (3.9) is negative for any ¢ > T and b > by. Clearly, there is some
T, > Ty such that —2p%e™"* + s < 0 for all ¢t > T3, so our task is reduced
to proving that the sum of the final three terms in (3.9) is negative for such
a choice of ¢t and b. The analysis of these terms differs slightly depending
on whether N > 3 (i.e., n < 6) or N < 3, so we consider these cases
separately.

First, suppose N > 3. For any fixed t, we see that f(b,t) — —e~(N-1vt
as b — o0o. On the other hand, we find by differentiating that f is increasing
in b, so we thus conclude that f(b,t) < —e™W =Y for all b and t. The final
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three terms in (3.9) are thus bounded above by

_ ﬂA(TO)belef(Nfl)Vt + kllbflfee((NJrl)Vfﬁ)t + k/QbN7172€€((N+1)V726)t

< 6_(N_1)Vt(—ﬁA(TO)bN_1 4 k/’ib_l_e 4 kébN—l—Qe)
<0

where we have used our smallness condition on v in the first inequality and
the fact that b > by in the second. This completes the proposition in the case
where N > 3.

The case in which N < 3 is not much more difficult. The key difference
is that we now have df/9b < 0. Note first that for any fixed b, one computes
the limit (using a Taylor expansion, for example)

o fbt) BTNV -1)(N - 2)
tli)rglo e 5 , (3.11)
so we may thus choose some b; > bg such that this limit is less than —2 for all
b > by. Hence, there exists some Ty > Ty such that f(by,t) < —e~2"! for all
t > Ty. But since 9f /b < 0, we see that f(b,t) < —e~2* for any b > b; and
hence for any such b the final three terms in (3.9) are bounded above by

_/6/\ (TO)bN—le—Ql/t + k_ib—l—ee((N—&-l)l/—ts)t + kébN_l_Qﬁe((N+1)V_26)t
< 672ut(7ﬂA(7_0)bN71 + k/1b7176 + k/QbN7172e)
<0
for any t > T5. This proves the case and the proposition. O
3.2. Global Subsolution

Based on our construction of a global supersolution, we may suspect that the
function ¢(1 —ae~*) will provide a global subsolution far out on the end. We
will show this to be the case. First observe, again by the conformal covariance
of the Lichnerowicz equation, that for any ¢ > ¢(1—ae™""), Lichy(¢(1—ae™""))
is given by
(A = ¢, R)(1 —ae™t) — Ba(1 — ae™"*)?
+ el + ¢T2LWy2(1 — ae™t) N
— (A + A — cn|c~r\§ +8)(1 —ae ") — Ba(l — aeil’t)Nfl
+enld + P LWy|2(1 — ae )N !
= —ale "t + s(1 —ae ") 4 (Br — cn|&|§)(1 —ae ") — Bl —ae V)N
+cplo + QDS_2LW¢\§(1 —ae V)TN
As noted in [2], given any positive number p < 1, there is some p’ > 0 such

that for all y € [u, 1),
_ o N—1
y—y
L—y
Hence, fixing a and choosing ¢ so large that p < 1 —ae™"* < 1, we find that

Ba(l —ae™) — Ba(l —ae "N > Brape . (3.13)

> (3.12)
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o

We thus conclude that, for such a choice of ¢, Lichy(¢(1 — ae™*)) is bounded
below by

—ale ™" + 5(1 — ae™"") + Ba(mo)ap'e ™" — cu|5]2(1 — ae™")

+enld + dT2LWy|2(1 — ae™Vt) N L

Now using that (1 —ae™")" V=1 > 1 >1—ae " and that |6 + $_2LW¢|§ >

(16]5 — 2| LWy|5)2, we see that the previous expression is bounded below by

—alAe vt + s(1 —ae™") + Ba(mo)ap' e "t + cn|gz72LW¢|g(|gzD5*2LW¢|g —2|55)
—|—cn|&|§[(1 —ae "N (1 —ae™)

> —ale ™t 4 5(1 — ae™") + Ba(ro)ap'e ™t — 20|02 LW,y ;5055

At this point we use the fact that ¢ < ¢4 := ¢(1 + ae™"t) and Lemma 3.1 to
conclude

Lichy (¢(1 — ae™")) > —aAe ! + 5(1 — ae ™)

+Ba(ro)ap’e ™" — k| p4 || 70",

where the constant ki is defined in the previous section. Now, there exists a
constant C' > 0 such that Ae %" < Cv2e "!, so the previous expression is
bounded below by

—aCv?e " + 5(1 — ae ") + Ba(ro)ap’e ™t — C'e™o, (3.14)

We thus see that if we choose v < \/fa(70)p’/C, the total contribution of the
first and third term is positive. Since the second term decays like O(e=2"%),
we conclude that, with this choice of v, for some T” > 0 the expression (3.14)
is positive for all ¢t > T".

Our next objective is then to find a global subsolution on the compact
piece K = {t < T’} which is positive, yet sufficiently small on the boundary
of K. Calling such a function 7, the function sup(n, d(1 + ae~**)) is then
continuous and thus a weak global subsolution. To accomplish this, we merely
define a slightly larger compact set K' = {t < T"}, where T” > T’ is so large
that ae™"?* < 1/2 for all t > T", and solve the Dirichlet problem

(4 enlt fam =0 (3.15)
nlax: = 5 inf(1,infps ).

The function 7 is positive and less than 1 on the boundary of X' and
hence on all of X’ by the maximum principle. One easily checks that 7 is a
global subsolution on K/, and it is less than ¢(1 — ae~"*) near the boundary of
K’ by our choice of T”. Therefore, if we extend 7 to be zero identically outside
of K', we conclude that sup(n, ¢(1 + ae~**)) is a weak global subsolution. We
note that this is the only place where we used the condition that ¢, R+ (55 > 0.
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3.3. Continuity of the Solution Maps

Having constructed global sub and supersolutions of the subcritical system
(2.1-2.2), one finds a solution to this system with an application of the
Schauder fixed point theorem as in [11], [16], or [15]. The fixed point theo-
rem we need, a proof of which can be found in [14], is the following:

Theorem 3.3. Let X be a Banach space, and let U C X be a non-empty,
convez, closed, bounded subset. If T : U — U is a compact operator, then there
exists a fized point u € U such that T(u) = u.

To apply this theorem in the present context, we look for a solution (¢, W)
where ¢ = g?)er and ¢ € Wff . In this way, we think of the subcritical system
as having a solution (¢, W) € W>P(M) x (W*P(TM) & %), and 1 shall be
found as a fixed point of a particular function on the set

U={$peL®, ¢ -¢<v<d,—¢} (3.16)
where we choose some positive v/ < v. The set U clearly meets all the criteria
of Theorem 3.3 as a subset of the space L>,.

Let W, : U — WEg’(TM) ® % be the map which sends 1 € U to the

vector field G(n=*(n — 1)(¢ + )N ~¢dr), where G is the bounded generalized
inverse defined above for the operator divL. One can easily see that the map
W, is continuous. For any traceless 2-tensor ¥ € C° satisfying L2 — &2
on the ends at the rate e~%, we define Q(X) to be the unique solution of
the Lichnerowicz equation (1.5), with o + LW replaced by X, which satisfies
¢— < Q(X) < ¢4. This map is shown to be well defined in [15]. We thus define
amap S, : C¥5(S(M)) — W2 (M) by

7= Qo+ 1) — . (3.17)
If we could show this map to be continuous, then the map N, . =S, 0 Lo W,
would itself be continuous. The range of this function lies in U by definition,
and the composition of N, . with the compact embedding ng — (Y , gives
us a map T which satisfies the hypothesis of Theorem 3.3. If 1; is this fixed
point, then (¢ + 15, Wi& i 12)) is a solution of the subcritical system by construc-
tion. We thus need only show that S, is continuous, and to do this we require
the following lemma.

Lemma 3.4. The map S, : C° ;(S2(M)) — W2P(M) is continuous.

The proof of this lemma is an implicit function theorem argument which goes
through exactly as the proof of [15, Lem 4.2] with the obvious modifications.

4. Convergence of Solutions

In this section we show that any solution of the subcritical equations has an
L bound depending only on the L?2-norm of LW. We essentially follow the
proof of this for closed manifolds found in [4], though the geometry of the ends
clearly necessitates several modifications to their argument. Let € € [0,1) be
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arbitrary, and let (¢, W) be a solution to the subcritical Egs. (2.1-2.2). We
define the energy of the solution by

6. W) = [ LW de,
M
and let 4 = max{~,1}. Note that ¥ is finite by Lemma 3.1. We rescale ¢, W,
and o as
$=7"Wg, W=7:W, 5=7 i
The deformed equations can then be renormalized as
1

=i (Ad — cnRP) = Brd™ ' — cnld + LW 2o~ N1, (4.1)

divLW =

- 72w N =dr. (4.2)

Notice that because of our rescaling,

/ LW dv < 1.
M

Throughout this section, “bounded” will mean “bounded independent of
€,¢ and W7, and all constants C or C; will be similarly independent of €, ¢,
and W. We first prove an important lemma.

Lemma 4.1. Suppose that k > 0. Then, for any solution ¢ of the renormalized
subcritical equations (4.1-4.2), and any 6 > 0,

Eranut
e </ e&tqg2N+Nk> +ﬂA(7’o)/ 0t G2N+NE
M M
§20n/ e-5t|a\2¢3Nk+02/ LT 26N, (4.3)
M M

Proof. We multiply Eq. (4.1) by e =% ¢N+1+Nk and integrate over M to get

~11/ / (—e_&(iN"‘l"'NkA(i+cne_5tR(5N+2+Nk> dv
Y IM
—|—/ ﬁAe_ét(§2N+dev=cn/ e % + LW|2pNkdv. (4.4)
M M

Consider the first integral on the left:
/ _e—étéN+1+NkA¢Z = / cld(e—5t)d(¢~5N+2+Nk) + /026—5tq§N+Nk|d¢g|2
M M

>_C A(e—zSt)q;N-i-Q-i—Nk
n M

> —C/ e—étq;N-i-Q-i-Nk
M

where ¢; = m and ¢ = N +1+ Nk. The first and second lines are by in-
tegration by parts. These integration by parts are valid because of the exponen-
tial falloff term e~%¢. The third line follows from the inequality Ae=% < Ce™0,
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since ||t]|c2 < oo. Using this, and combining with the R term, the first integral
in Eq. (4.4) is greater than or equal to

/ (CnR _ C)e—étqu-&-Q-&-Nk.
M

Let v = Igf;_ﬁ\;fk, u = 20E8E Note that L + 1 = 1. Let u = 1/u. We then

use Holder’s inequality to see that

/ (caR — C)€—6t$N+2+Nk _ / (cnR — C)e—zstp&N+2+Nke_5t(1_#)
M M

> _H ‘CnR o C|e—6tu”Lu |‘(Z~5N+2+Nke—6t(1—u) ||Lv

N+24+NEk

ot I2N+Nk ANANE
> —llenR = Cllusu < / et 2N+ ) .
M

Note that [[c,R — C|ly,5/, < 00, since R € L* and d/u > 0. After using

A4~ < 1, this gives us the first term of the desired inequality.

The second term is easily found by pulling out the infimum of 5. The
right hand term is found by the inequalities | + LW |? < 2|5|* + 2|LW|?,
e~% < O, and |5|> < |o|?. This completes the lemma. O

Proposition 4.2. Suppose ¢ is a positive solution of the subcritical Eqs. (2.1-

2.2) for tame initial data which satisfies ¢ — d) on the ends. If € € [0,1),
then

¢ < Cyov.

Proof. As in [4], we will prove this proposition in four steps.

Step 1. L} bound on ¢*N

Suppose dr € L” ;. Then using Lemma 4.1 with k = 0, ¢~>2N is clearly bounded
in Lé as long as the right hand side of (4.3) is bounded. However, since k = 0
and 0 — 0, it is easy to see that both integrals are bounded. Thus, q~52N is
bounded in L}.

Step 2.Bounds for LW .

Suppose by induction (ipr is bounded in L} for some 2 < p;. Let % = i + %.
1

If ¢; > n, we continue on to step 4. Otherwise, define % = % We will

show at the end of step 3 that we can ensure ¢; is never n.
Let o = max{¢ (L - 1) ,—0./2}. Note that
pi
N —e¢ 1

IN—€ N € N -
N N S <oV 4
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Using this and Eq. (4.2),
JdvEW | g = O3~ = ¥ <[ar | o

<c|(#+ 5 )tar

L%

5(17%_71)
<C N 1 —i.t ot
< o + i |dr|e” »i'e

L%
~ 1 _s
= <¢N+)e e
N Lo
<C (161 + NIz, Ylldrlize,.  (45)

The second line holds because ¥ > 1. The fourth line is Hélder’s inequality
with p; and p. The last line follows from the definitions of the norms and the
triangle inequality.

This last inequality shows that ||divLIV|| e is bounded since the first
norm on the right is bounded by hypothesis and the second is bounded since
dr € L” 5. We also calculate, since ¢; < n,

1L, < CILW |y
< C’”WHqur@@/
< O\ divLW|| pas.

The first line follows from Theorem 1.3 and the fact that §/r; > «. The second

line is because L maps % to an exponentially decaying piece. The last line is

by the existence of generalized inverse of divL implied by Theorem 1.2.
Thus, ||LW||L;1-/ ~ is bounded.

Step 3. Induction on p;

Define k; by 2 + sz = 1. Lemma 4.1 implies that we can show that ¢2N+Vki
is bounded in L} as long as

e, [ Mo a4y [ LIRSS
M M

is bounded. For both integrals, we use Holder’s inequality with % and £* to
bound this above by

cllr™

ki/pi e
i GO

The norm on ¢ is bounded by assumption. The norm on o is bounded since
d/r; > 0 and by our conditions on o. The norm on LW is bounded by the
previous step.
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All of this shows that ¢~)2N+N’“i is bounded in Lé. Let piy1 = 2+ k;. With

this,
5 2+ k; 2 2 2 1 1
p+1_+_+1_+12(>
Pi Pi Pi T pi q; n
2 1 1 1 2 2
==41-2(—+-—=—)=1+>-=>1
i Di p n n p

since p > n. Hence p; — 00, and so ¢; — p. We continue steps 2 and 3 a finite
number of times until some k, such that ¢, > n. We can avoid the case that
q¢; =n by blightly decreasing p and § at the beginning of the proposition, since
LP s C LP§5  for small € > 0.

Step 4. L*> bound on (;5.
Since g > n, similar to (4.5) in step 2,
LW |1z < CIW |20 < ClldivEW ||
<0 ([l

1/pi
AN ) e,

where the right hand side is again bounded. Since o < 0, this implies that
|LW| is bounded as well.

From the fact that the Laplacian acting on functions only involves first-
order derivatives of the metric, and since the coefficients of the Lichnerowicz
equation (4.1) are at least in C%# for some 8 > 0 (since p > n), it can be
easily seen that the function QNS is in C%#. We can thus apply the maximum
principle. Let x € M be where (;3 reaches its maximum value, if it has one. At
such a point,

Nl/anﬁme Y <enld o+ LW PN

which simplifies to

~1/n ¢N+2_’_6 ¢2N < Cn|0+LW‘2
Since R € L™ and 7 > 1, ¢ is bounded.

If ¢ > sup M¢? at some point, it (and thus (/B) has a maximum. Thus, if
¢ does not have a maximum, ¢ < sup,, QOS, which is an even stronger upper
bound than the proposition reqmres

By recalling that d) o B ¢, we have proven the proposition. O

Now that we have the bound, let us consider what happens as € — 0.

Lemma 4.3. Assume that there exist sequences ¢; and (p;, W;) such that ¢; \, 0
and (¢;, W;) is a solution of the deformed Eqs. (2.1-2.2) with € = ¢;. Also,
assume that y(¢;, W;) is bounded. Then there exists a constant v > 0 and a
sequence of the (¢;, W;) which converges in the Wf’g) @ Y norm to a solution
(oo, Weo) of the original conformal constraint equations.
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Proof. From the previous proposition, we know that the ¢; are uniformly
bounded in the L norm. As in (4.5),

Willw2poa < C (16ilg" +111/Nlo) ldrlzr . (4.6)

the sequence W; is uniformly bounded in Wz’g) @ % . The operator L : WE’g’ @
@ — C° s is compact by Theorem 1.3 and the fact that # is finite dimen-
sional. Thus, up to selecting a subsequence, we can assume that the sequence
LW, converges in 095, to some LW .

Thus by Lemma 3.4, the functions v; := qbi—(g converge in ng (and thus
in L>)) for some v > 0 to a function ¢),. We must assume we picked ¢’ close

enough to § in the previous paragraph, such that v < %. Since ¢; — (;5 on the

ends, this implies that ¢ := Yoo + d) approaches ¢ on the ends exponentially
fast. Since the right hand side of the vector Eq. (1.6) converges in L” ;, the

sequence W, converges in the WE’(?EB@/ norm as well. The regularity of ¢, and
W4 guarantee that they are solutions of the conformal constraint equations
(with e = 0). O

Lemma 4.4. Assume there exists sequences €; and (¢p;, W;) such that €; \, 0 and
(¢i, W5) is a solution of the subcritical Eqs. (2.1-2.2) with € = ¢;. Also, assume
that v(¢p;, W;) — oo. Then there exists a non-zero solution W € Wf’f QY of

the limit equation
AvIW = agy | 22| LW |dr
Ba

for some o € (0, %] such that [LW| < Ce= % for some C independent of
¢i7 Wi, and W.

Proof. Arguing as in the previous lemma, the W; are uniformly bounded in
Wz’gj @ % . Without loss of generality, we can assume that v > 1, and so

/ |[LW;|? = 1.
M

Up to selecting a subsequence, we can then assume that LW; converges in
095, for some 0 < ¢’ < 8 to some LW,.

We can show the falloff of LW, by considering
ILWi|L=, < Cllg = ldr]l| v,
<O @Y +1/N)drl|

< C3;

2
Pldr] e,
as in (4.5), but using Proposition 4.2 and 4 > 1. Thus,

ILWi L, < C
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for some C' independent of e, W; and ¢;. Since LW; converges weakly in Wi’f,
and thus also weakly in L2,

|[LWao| < Ce™ 0
for the same C' as for LWi.
Let ¢ be defined by

5A¢]oV<>71 = cn\LWm|2¢;}N71.
If we can show that (;;Z — qzoo in L then the continuity of the vector equation
implies that W, is a WQ’p @ % solution to the limit equation with ay =
=L Tim (s, W;) ™ 2% . Since (¢, W;) — 00, ag € [0, 2 2—1] Note that

/ LW |? =

since LW; converges in C° s> and so Wao % 0, and so the solution is nontrivial.
Since we assumed there are no global conformal Killing fields in L?, we cannot
have the case oy = 0.

To show this convergence, we will show that for any € > 0 that |(§Oo —q~51| <
e for large enough i. Take a C? function with bounded derivatives q~5+ such that

~ 6 ~ ~
¢00+§S¢+S¢oo+e~

i.e., poo satisfies

We show that (;~5+ is a supersolution of the rescaled Lichnerowicz equation (4.1)
if 7 is large enough. Multiplying the rescaled Lichnerowicz equation (4.1) by
¢N+1 we need to show that

¢N+1 B ~ ~ .
Fi/m (*A¢+ + CnR¢+) + Bad3N > |G + LW

B> (et ) 2 (5,

the previous inequality will be satisfied provided that
IN+1

S (~ads t ki) 40 (5) 7 2 el + LW - oL

Since

Note that everything goes to zero as i — oo except for the e term. Since
Ba > Ba(70), there exists an ig such that for all ¢ > ig, ¢4 is a supersolution.

Note that q~5+ > £, Also, ¢; — ¢ = 1/2N¢ on the ends for every i.
Thus, for i large enough ¢1 5 outside some compact set K. Inside K, since

qi)oo is a supersolution and qﬁl is regular enough, we can apply the maximum
principle to show that ¢+ remains larger than qSZ Thus, qﬁl < ¢+ < d)oo + € for
large enough 1.
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We proceed similarly with a ¢_ € C? with
&OO*GSQ;—SQI;OO*%-

Since LW, — 0 on the ends, é is negative on the ends. On the set where it
is positive, however, we can show that it is also a subsolution to the rescaled
Lichnerowicz equation (4.1). By the same argument as before, ¢; > ¢_ >
qNSOO — €. This completes the theorem. O

We are now able to prove Theorem 2.2:

Proof of Theorem 2.2. Assume that the limit equation admits no such solution
for any ag € (0,2-1]. From Theorem 2.1, we know there exists a sequence
of solutions (¢;, W;) with appropriate regularlty of the deformed constraints
(2.1-2.2) with ¢; = 1/i. If the sequence y(¢;, W;) was unbounded, there would
be a non-zero solution to the limit equation by Lemma 4.4, a contradiction.
Thus the sequence is bounded, and so by Lemma 4.3 there exists a solution
(oo, Weo) with appropriate regularity of the conformal constraint equations
(1.5-1.6).

For compactness, let (¢;, W;) be an arbitrary sequence of solutions to the
conformal constraint equations. Using Lemma 4.4 with ¢, = 0, v(¢;, W;) is
bounded. Lemma 4.3 then says that a subsequence of (¢;, W;) converges. This
completes the proof. O

5. Existence Results

Theorem 2.2 says that if we can show that the limit Eq. (1.7) has no solutions
with particular properties, then there is a solution to the full constraint Eqs.
(1.5-1.6). In this section, we will prove Corollary 2.3 which uses this result to
show that for certain tame near-CMC seed data, there is no solution to the
limit equation.

Proof of Corollary 2.3. Assume W € Wz’f @ ¥ is a solution of the limit equa-
tion. We claim that for any such W,

/|LW\2 > C/|W\26*2/“

for some positive p < §,C > 0. If so, we can then take the limit equation,
multiply by W and integrate by parts to get

/|LW\2 < (”; 1@) /|LW|W\;Z;A

1/2
< | LW || 2 /W26—2#t> .
Hm L ( Wl

We then immediately see that there is a constant C' (the one used in the
hypotheses) such that
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>C.

...

This contradicts our hypotheses, and so there is a solution to the constraint
equations.

We prove the claimed inequality first for compactly supported vector
fields V € Wf’f . First, recall the pointwise Bochner-type formula

1 2
§divLV =AV + (1 - n) V(divV) + Ric(V, ),

which is shown, for example, in [9, App B]. Multiplying both sides by V and
integrating by parts, we get

3 [ e = [ovie+ (1 - i) (divV)? — Ric(V, V).

Dropping the divV term and using the Ricci curvature bound, we get

1
5/|LV|2+C1/X2|V\2 > /|VV|2+02/|V|26*2/”

> C”VH%/VLQ(suppx) (51)

where the C' depends on x and p.
Next, we want to show that [ |[LV|*> > C [ x?|V|?. Assume this were not
true. Then there exists a sequence V; such that

/|LV|2 /x Vil

We normalize the V; such that [ x?|V;|> = 1. Because of inequality (5.1),
[ Villw12(suppy) 1 bounded. Thus, V; converge strongly to some V in
L%(suppy) by the Rellich-Kondrachov theorem. In particular, [ x?|V[? = 1
and so it is non-zero. Also, since [|VV;|? is bounded, we get weak conver-
gence of |[LV;|, and so [|LV|* = 0. This implies V is a nontrivial global L?
conformal Killing field, contradicting our assumptions. Therefore,

/\LVP > C/x2|V|2,

and this immediately gives that

Jiuve zc [pe

for compactly supported V. We claim the same inequality holds for
W € W2’p @ %. Indeed, there are smooth cutoff functions n; such that for

—nZW
1
H and ’/|W|262Ht/|Wi|262m <

Jr-
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This is because LW decays exponentially fast outside a compact set and be-
cause |W| is bounded. Thus,

C/|W|26_2"t < C/|Wi‘26_2“t+ 9
2
2 2 —2ut c
< (1+€) |LWZ| — Ce ‘Wl| et +7
C+1
< (1+e)/|LW|2 —Ce/|Wi|26_2”t+¥

for some small fixed € > 0. Thus, for large enough ¢, the last two terms add
together to be negative, and so

C’/\W|28_2“t < (1+e)/|LW|2

for any small enough € > 0. Thus, the desired inequality holds. This completes
the proof. O

6. Extension of Main Results to Conformally Asymptotically
Cylindrical and Asymptotically Periodic Metrics

While the results in this paper have been proven only for asymptotically cylin-
drical manifolds, analogous results hold for conformally asymptotically cylin-
drical manifolds (see Subsect. 1.1) as well with only a few changes in the proof.
First, as explained in [15], the LP-Sobolev version of Theorem 1.2 holds even
for conformally AC metrics, and this observation is the basis for the proof
of Lemma 3.1. Now, let w be any conformal factor (as in Subsection 1.1)
such that § = wV"2g, where ¢ is an asymptotically cylindrical manifold. It
follows from the covariance of the Lichnerowicz equation that ¢ is a global
sub/supersolution of the LCBY Egs. (1.5-1.6) for ¢ if and only if w¢ is a
global sub/supersolution of the equation

Agh — ey Rgb = Ba0N ! — ¢, |w? (o + LyW) 207N ! (6.1)

coupled with the vector Eq. (1.6) for §. Notice that only the L operator is
defined with respect to g, while the rest are with respect to g.

Because of this fact, we can find global sub/supersolutions ¢_, ¢4 to
Eq. (6.1) as in Sect. 3, since that metric is asymptotically cylindrical. Then,
¢_/w, ¢4+ /w are global sub and supersolutions to the original conformal con-
straint equations for §. Note that these will produce a solution ¢ to the Lich-
nerowicz equation that asymptotes to d)/ wy, which is still a valid asymptote
since wy is also a function on Ny. The rest of the proof proceeds in the same
way.

In the discussion of the conformal method on manifolds with ends of
cylindrical type, it is often of interest to consider metrics which are asymp-
totically periodic as well. This is to say that the metric and its derivatives
decay exponentially on each end E, to a metric ¢, which is periodic in t. If
the period is given by some Ty > 0, we may think of this metric as a lift to
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R x Ny of a metric on the closed manifold (R/7y) x Ny. These metrics are of
particular interest because they arise when one wants to conformally change a
cylindrical end to a metric with constant scalar curvature. In particular, one
may quotient an exactly cylindrical end by any period and apply the complete
theory of the Yamabe problem on closed manifolds to find a conformal factor
which gives rise to a constant scalar curvature metric on the quotient. One
then lifts this conformal factor to the cylinder to produce a periodic end with
constant scalar curvature.

To prove that Theorem 2.2 holds for a manifold with an asymptotically
periodic end, we first define the asymptote (i) to be a solution of the reduced
Lichnerowicz equation (3.2) on (R/T;) x Ny. Note that since this manifold is
also of dimension n, the reduced Lichnerowicz equation is, in fact, precisely the
Lichnerowicz equation. The existence of solutions to the subcritical LCBY Egs.
(2.1)-(2.2) which have ¢ as an asymptote for the conformal factor is proved
in precisely the same way as Theorem 2.1, for one can show that the central
theorems used in Sect. 3 all apply in the asymptotically periodic case except
for a minor change in the definition of % (see [3], [15]). As in the conformally
asymptotically cylindrical case, the arguments in Sect. 4 carry over essentially
unchanged to the asymptotically periodic case.
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