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Abstract. We prove structural stability under perturbations for a class
of discrete-time dynamical systems near a non-hyperbolic fixed point.
We reformulate the stability problem in terms of the well-posedness of
an infinite-dimensional nonlinear ordinary differential equation in a Ba-
nach space of carefully weighted sequences. Using this, we prove existence
and regularity of flows of the dynamical system which obey mixed ini-
tial and final boundary conditions. The class of dynamical systems we
study, and the boundary conditions we impose, arise in a renormaliza-
tion group analysis of the 4-dimensional weakly self-avoiding walk and
the 4-dimensional n-component |¢|* spin model.

1. Introduction and Main Result

1.1. Introduction

Let V = R? with elements V € V written V = (g, 2, 1) and considered as a
column vector for matrix multiplication. For each j € Ny = {0,1,2,...}, we
define the quadratic flow ¢; :V — V by

1 0 0 VgV
g;(V)y=10 1 o0]|Vv—[VigV], (1.1)
oA VTV
with the quadratic terms of the form
B 0 0 0 3G
¢@g=10 0 0f, ¢= 360 0], (1.2)
0 0 0 0
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and
99 1,92 1,9n
G 3V; 3V;
no_ 1,92 2z 1,21
q = | 3] U3 sV |- (1.3)
1,90 1, 2p
3Uj 3Y; 0

All entries in the above matrices are real numbers. Our hypotheses on the
parameters of @ are stated precisely in Assumptions Al and A2 below. In
particular, we assume that there exists A > 1 such that A; > A for all j.

The quadratic flow @ defines a time-dependent discrete-time
3-dimensional dynamical system. It is triangular, in the sense that the equa-
tion for g does not depend on z or u, the equation for z depends only on g,
and the equation for p depends on g and z. Moreover, the equation for z is
linear in z and the equation for p is linear in u. This makes the analysis of the
quadratic flow elementary.

Our main result concerns structural stability of ¢ under a class of infinite-
dimensional perturbations. Let (W), cn, be a sequence of Banach spaces and
X; =W;@V. We write z; € X; as x; = (K;,V;) = (K, 95,2, tj). Suppose
that we are given maps v; : X; — W;4q and p; : X; — V. Then, we define
(I)j ZXj — Xj+1 by

D;(K;, Vi) = (¢(K;, V), 25 (Vi) + pj (K, V5)). (1.4)

This is an infinite-dimensional perturbation of the 3-dimensional quadratic
flow @, which breaks triangularity and which involves the spaces W; in a
nontrivial way. We impose estimates on 1; and p; below, which make ® a
third-order perturbation of @.

We give hypotheses under which there exists a sequence (x;);en, with
x; € X; which is a global flow of ®, in the sense that

Tjy1 = ‘bj(ﬂjj) for all j € Ny, (15)

obeying the boundary conditions that (Ko, go) is fixed, z; — 0, and p; — 0.
Moreover, within an appropriate space of sequences, this global flow is unique.

As we discuss in more detail in Sect. 1.3 below, this result provides an
essential ingredient in a renormalization group analysis of the 4-dimensional
continuous-time weakly self-avoiding walk [2,3,5], where the boundary condi-
tion lim;_,o pt; = 0 is the appropriate boundary condition for the study of
a critical trajectory. Similarly, our main result applies also to the analysis of
the critical behaviour of the 4-dimensional n-component |p[* spin model [4].
These applications provide our immediate motivation to study the dynamical
system ®, but we expect that the methods developed here will have further
applications to dynamical systems arising in renormalization group analysis in
statistical mechanics.

1.2. Dynamical System

We think of ® = (®,),en, as the evolution map of a discrete time-dependent
dynamical system, although it is more usual in dynamical systems to have the
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spaces X; be identical. Our application in [2-5] requires the greater generality
of j-dependent spaces.

In the case that ® is a time-independent dynamical system, i.e., when
®; = ® and X; = X for all j € Ny, its fixed points are of special interest:
x* € X is a fixed point of ® if * = ®(a*). The dynamical system is called
hyperbolic near a fixed point x* € X if the spectrum of D®(z*) is disjoint
from the unit circle [13]. It is a classic result that for a hyperbolic system
there exists a splitting X = X, & X, into a stable and an unstable manifold
near z*. The stable manifold is a submanifold X, C X such that z; — z*
in X, exponentially fast, when (z;) satisfies (1.5) and zo € X,. On the other
hand, trajectories started on the unstable manifold move away from the fixed
point. This result can be generalized without much difficulty to the situation
when the ®; and X; are not necessarily identical, viewing “0” as a fixed point
(although 0 is the origin in different spaces X;). The hyperbolicity condition
must now be imposed in a uniform way [6, Theorem 2.16].

By definition, ¢;(0) = 0, and we will make assumptions below which can
be interpreted as a weakened formulation of the fixed point equation ®;(0) = 0
for the dynamical system defined by (1.4). Nevertheless, for simplicity we refer
to 0 as a fixed point of ® = (®;). This fixed point 0 is not hyperbolic due to
the two unit eigenvalues of the matrix in the first term of (1.1). Thus, the g-
and z-directions are center directions, which neither contract nor expand in
a linear approximation. On the other hand, the hypothesis that A\; > A > 1
ensures that the p-direction is ezpanding, and we will assume below that ; :
X; — Wj41 is such that the K-direction is contractive near the fixed point
0. The behaviour of dynamical systems near non-hyperbolic fixed points is
much more subtle than for the hyperbolic case. A general classification does
not exist, and a nonlinear analysis is required.

1.3. Main Result

In Sect. 2, we give an elementary proof that for gy positive and sufficiently
small, there exists a unique choice of (2, fip) such that the global flow V =
(9,2, ) of @ satisfies (Zoo, ico) = (0, 0), where we write, e.g., Zoo = lim;_. o Z;.
Our main result is that, under the assumptions stated below, there exists a
unique global flow of ® with any small initial condition (K, go) and with final
condition (2uo, flee) = (0,0), and that this flow is a small perturbation of V.

The sequence g = (g;) plays a prominent role in the analysis. Determined
by the sequence (), it obeys

Gi+1 =35 — 3547, Jo=go > 0. (1.6)

We regard g as a known sequence (only dependent on the initial condition go).
The following examples are helpful to keep in mind.

Ezample 1.1. (i) Constant 8; = b > 0. In this case, g; ~ go(1 + gobj) ™! ~
(bj)~! as j — oo (an argument for this standard fact is outlined in the
proof of (2.5) below).
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(ii) Abrupt cutoft, with §; = bfor j < Jand 8; =0forj > J, with J > 1. In
this case, g; is approximately the constant (bJ)~! for j > J. In particular,
g; does not go to zero as j — 00.

Example 1.1 prompts us to make the following general definition of a
cutoff time for bounded sequences ;. Let [|]|cc = sup;>¢ |3;] < oo and let
ny = n if n > 0 and otherwise ny = 0. Given a fixed 2 > 1, we define the
Q-cutoff time jo by

jo = inf{k > 0:[8;| < QUM+ |8||, for all j > 0}. (1.7)

The infimum of the empty set is defined to equal oo, e.g., if 3; = b for all j
then jo = co. By definition, jo < jo if Q < €. To abbreviate the notation,
we write

Xj = O~ (—ie)+ (1.8)

The evolution maps ®; are specified by the real parameters n;, v;, A;, 3;,
0, (5, vjo.‘ﬁ, together with the maps ¢; and p; on X;. Throughout this paper,
we fix 2 > 1 and make Assumptions Al and A2 on the real parameters and
Assumption A3 on the maps, all stated below. The constants in all estimates
are permitted to depend on the constants in these assumptions, including €2,
but not on jo and go > 0. Furthermore, we consider the situation when the
parameters of ¢; are continuous maps from a metric space My of external
parameters, m € Mey, into R, that the maps v; and p; similarly have continu-
ous dependence on m, and that jq is allowed to depend on m. In this situation,
the constants in Assumptions A1l and A3 are assumed to hold uniformly in m.

Assumption Al. The sequence 3: The sequence (3;) is bounded: |||/ < oc.
There exists ¢ > 0 such that 3; > ¢ for all but ¢! values of j < jo.

Assumption A2. The other parameters of p: There exists A > 1 such that
Aj > Afor all 5 > 0. There exists ¢ > 0 such that ¢; < 0 for all but ¢~ 1 values
of j < jo. Each of n;, v4, 05, ¢;, U;?‘B is bounded in absolute value by O(x;),
with a constant that is independent of both j and jq.

Note that when jo < oo, Assumption Al permits the possibility that
eventually G = 0 for large k. The simplest setting for the assumptions is for
the case jo = oo, for which x; = 1 for all j. Our applications include situations
in which 3; approaches a positive limit as j — oo, but also situations in which
B; is approximately constant in j over a long initial interval j < jo and then
abruptly decays to zero.

In Sect. 2, in preparation for the proof of the main result, we prove
the following elementary proposition concerning flows of the 3-dimensional
quadratic dynamical system @.

Proposition 1.2. Assume (A1-A2). If Go > 0 is sufficiently small, then there

exists a unique global flow V- = (V)jen, = (§j,Zj, [ij)jen, of @ with initial
condition Gy and (Zoo, fleo) =

(0,0). This flow satisfies g; = O(go) and
n g\ . L :
X;9; = O <1 —|—Ogoj> o 25 =0Wyg5),  Hj = O0(x;95) (1.9)
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with constants independent of jo and go, and with the first estimate valid for
real n € [1,00) with an n-dependent constant. Furthermore, VJ s continuously
differentiable in the initial condition go, for every j € N, and if the maps @,
depend continuously on an external parameter such that (A1-A2) hold with
uniform constants, then V; is continuous in this parameter, for every j € No.

In particular, by (1.9), above scale jo each of z;, fi; decays exponentially.
We now define domains D; C X; on which the perturbation (¢, p;) is as-
sumed to be defined, and an assumption which states estimates for (v;, p;).
The domain and estimates depend on an initial condition gy and the possible
external parameter m. For parameters a,h > 0 and sufficiently small gg > 0,
let (g;, 25, ) jen, be the sequence determined by Proposition 1.2 with initial
condition gy = go, and define the domain D; = D,(go, a,h) C X; by

Dj = {z; € X; : ||K;|w, < ax,g;,

l9; — 951 < hg}|log g,

|25 — Z;| < hx;;|log g;1,

s — 5| < hx;3;|log g;|}. (1.10)
Note that if 3; depends on an external parameter m, then the domain D; =
D;(go,m,a,h) also depends on this parameter m through g; = g,;(m).

Throughout the paper, we write D¢ for the Fréchet derivative of a map ¢

with respect to the component «, and L™ (X, X;41) for the space of bounded
m-linear maps from X; to X; ;. The following assumption depends on posi-

tive parameters (go, a, h, x,€, R, M). The norm || - ||y is the supremum norm
on R3.

Assumption A3. The perturbation: The maps ¢; : D; — W;41 C X4 and
pj:Dj —V C X411 are three times continuously Fréchet differentiable, there
exist k € (0,Q71), R € (0,a(1 —xQ)), and a constant M > 0 such that, for all
zj = (Kj,V;) € Dj,
1950, Vilwyar < BXj15410 os(z))lly < Mxgagi, (111
1D (@)l Low, wy) < 8, [1Drpj(@i)llooy,vy <M, (1.12)
and such that, for both ¢ =9 and p = p and 2 <n+m < 3,

IDv i ()l Lv,x,00) < MX;j4177415 (1.13)
DV Db ()| Lnsm (X, x,00) < M(XG413311)" (G541 log G l) ™™
(1.14)

The bounds (1.11) guarantee that ® is a third-order perturbation of ¢.
Moreover, since £ < 1, the ¢-part of (1.12) ensures that the K-direction is
contractive for ®. The bounds (1.14) permit the second and third derivatives
of ¢ and p to be quite large. The restriction on R in (A3) may seem unnatural
initially, but its role is seen in Lemma 1.3 below.

The following elementary lemma provides a statement of domain com-

patibility which shows that a sequence (K),;ecn, can be defined inductively by
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Kj1 =1;(K;,V;). Denote by mx D; the projection of D; onto W, i.e.,
mxDj = {K; € W« ||Kjllw, <rx;;}- (1.15)

Lemma 1.3. Assume (A3), let a* € (R/(1 — k), al], and assume that go > 0
is sufficiently small. Then 1;(D;(go,a*,h)) € mxDjt1(g0,a*, h).

Proof. The triangle inequality and the first bounds of (1.11)—(1.12) imply

||,(/Jj(Kj"/j)HWj+l < ij( )||WJ+1 + ij( g j) w](o V)||WJ+1
< ij+1gj+1 + Kka* ngj. (1.16)

Therefore,

105 (K, Vi)llw,on < BXj41G5 11 + a* 61+ O(g0))Xj+1G5 41
< a*Xj41G7 4 (1.17)

where the first inequality uses the facts that g?/g3,, = 1+ O(go) (verified
in Lemma 2.1(i) below) and that go > 0 is sufficiently small, and the second
inequality uses the restriction on R in (A3). O

The sequence Z = (K, V;)jen, is a flow of the dynamical system ® =
(v, @) in the sense of (1.5), with initial condition (Ky,go) = (Ko, go) and
final condition (Zs,fico) = (0,0). We consider this sequence as a function
(Ko, 90) — T(Ko, go) of the initial condition (Ko, go). Our main result is the
following theorem, which shows that flows x of the dynamical system & =
(¥, @+ p) = ® + (0, p) are perturbations of the flows Z of ®.

Theorem 1.4. Assume (A1-A3) with parameters (a, h, k,Q, R, M) and go = g,
and let a. € (R/(1 — kQ),a), b € (0,1). There exists h. > 0 such that for all
h > h., there exists g. > 0 such that if g} € (0,g.] and |[K}llw, < a.gg, the
following conclusions hold.
(i) There exists a neighborhood N = N(K{, g)) C Wo @ R of (K, g{) such
that, for initial conditions (Ko, go) € N, there exists a global flow x of
D = (Y, 04 p) with (2eo, floo) = (0,0) such that, with T the unique flow
of ® = (1, p) determined by the same boundary conditions,

1K — Kjllw, <bla—a.)x;g;, (1.18)
g9; — 3| < bhg;|log g, (1.19)
|25 — Zj| < thj?]?\ log g;l, (1.20)
i — 1] < bhx; 7| log g;l. (1.21)

The sequence x is the unique solution to (1.5) which obeys these boundary
conditions and the bounds (1.18)—(1.21).
(ii) For every j € Ny, the map (K;,V;): N —=W; &V is C' and obeys
9z
990

=0(1), % = 0(1). (1.22)
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Remark 1.5. The proof of Theorem 1.4 shows that N contains a ball centered
at (K, g,) whose radius depends only on g{, the constants in (A1-A3), and
ay, b, h, and that this radius is bounded below away from zero uniformly in gf,
in a compact subset of (0, g.].

Because of its triangularity, an exact analysis of the flows of ¢ with
the boundary conditions of interest is straightforward: the three equations for
g, z, it can be solved successively and we do this in Sect. 2 below. Triangularity
does not hold for ®, and we prove in Sects. 3—4 below that the flows of & with
the boundary conditions of interest nevertheless remain close to the flows of @
with the same boundary conditions.

Application. A fundamental element in renormalization group analysis con-
cerns the flow of local interactions obtained via iteration of a renormalization
group map [15]. The dynamical system (1.4) arises as part of renormaliza-
tion group studies of the critical behavior of two different but related models:
the 4-dimensional n-component |p|* spin model [4], and the 4-dimensional
continuous-time weakly self-avoiding walk [2,3] (see [5] for a preliminary ver-
sion). The main results of [2,3] are that, for the continuous-time weakly self-
avoiding walk in dimension four, the susceptibility diverges with a logarith-
mic correction as the critical point is approached, and the critical two-point
function has |z|~2 decay. Related results are obtained for the 4-dimensional n-
component |p|* spin model in [4], complementing and in some cases extending
results of [7-10]. Theorem 1.4 is an essential ingredient in analyzing the flows
in [2-4], and the uniformity of (1.18)—(1.21) in the cutoff time (for a given Q) is
needed. In [2-4], the index j represents an increasingly large length scale, the
spaces W; have a subtle definition and are of infinite dimension, and their j-
dependence is an inevitable consequence of applying the renormalization group
to a lattice model.

Remark 1.6. (i) For jo = oo and with (1.9), the bounds (1.18)—(1.21) im-
ply [|Kjllw, = O(®) and V; — V; = O(j?log j). However, the latter
bounds do not reflect that K;,V; — 0 as go — 0, while the former do.
Furthermore, (1.9) implies x;g; — 0 as j — oo (also when jo < 00), and
thus (1.18) and (1.20)—(1.21) imply K; — 0, z; — 0, u; — 0 as j — oc.
More precisely, these estimates imply z;,p; = O(x;g;) so that z; and
p; decay exponentially after the (2-cutoff time jo; we interpret this as
indicating that the boundary condition (2, fteo) = (0,0) is essentially
achieved already at jq.

(ii) We conjecture that the error bounds in (1.18)—(1.21) have optimal decay
as j — oo. Some indication of this can be found in Remark 3.2 below.

Theorem 1.4 is an analogue of a stable manifold theorem for the non-
hyperbolic dynamical system defined by (1.4). It is inspired by [6, Theo-
rem 2.16] which, however, holds only in the hyperbolic setting. Irwin [11]
showed that the stable manifold theorem for hyperbolic dynamical systems
is a consequence of the implicit function theorem in Banach spaces (see also
[13,14]). Irwin’s approach was inspired by Robbin [12], who showed that the
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local existence theorem for ordinary differential equations is a consequence of
the implicit function theorem. By contrast, in our proof of Theorem 1.4, we
directly apply the local existence theorem for ODEs, without explicit mention
of the implicit function theorem. This turns out to be advantageous to deal
with the lack of hyperbolicity.

Our choice of ¢ in (1.1) has a specific triangular form. One reason for
this is that (1.1) accommodates what is required in our application in [2-5].
A second reason is that additional nonzero terms in ¢ can lead to the failure
of Theorem 1.4. The condition that [; is mainly non-negative is important
for the sequence g; of (1.6) to remain bounded. The following example shows
that our sign restriction on the ¢; term in the flow of Z is also important, since
positive (; can lead to violation of a conclusion of Theorem 1.4.

FEzample 1.7. Suppose that (; = 6; = 8; = 1, that p = 0, and that go > 0 is
small. For this constant 3 sequence, jo = oo (for any 2 > 1) and hence x; =1
for all j. As in Example 1.1, g; ~ =% By (1.1) and (1.6),

_ _ _ _ _gjr1 _
Zit1 = %;(1 — gj) fng- =z I 52 (1.23)

Let y; = Zj/gj. Since gj/gj-i-l =(1- gj)_l > 1, we obtain ¥; > ¥;4+1 + g; and
hence

Ui = Unar + Y 41- (1.24)

l=j

Suppose that z; = O(g;), as in (1.9). Then g; = O(1) and hence by taking the
limit n — oo we obtain

n o0
g; > limsup (o1 + Y G| = -C+ > _a. (1.25)
e 1=j I=j
However, since g; ~ j —! the last sum diverges. This contradiction implies that
the conclusion z; = O(g;) of (1.20) is impossible.

1.4. Continuity in External Parameter

The uniqueness statement of Theorem 1.4 implies the following corollary re-
garding continuous dependence on an external parameter of the global flow for
(1.5) given by Theorem 1.4. In the statement of the corollary, we assume that
Dj is actually the union over m € Mey of the domains on the right-hand side
of (1.10). Recall that the latter domains depend on m through (5 and g.

Corollary 1.8. Assume that ®; : Dj X My — Xj41 are continuous maps
and that (A1-A3) hold for ®;(-,m), for every m € Mey, and with parame-
ters independent of m. Let x(m,ug) = (K (m,ug), V(m,up)) be the global flow
for external parameter m and initial condition uy = (Ko, go) guaranteed by
Theorem 1.4. Then x; is continuous in (m,ug) for each j € No.
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Proof. We fix m € My, ugp € N and show that z; is continuous at this fixed
(m,up). For any m’ € M, u € N, let x(m/,uf) = (K(m/,up), V(m/,uf))
denote the unique global flow of Theorem 1.4; it satisfies the estimates

155 (m") = K;(m)lw; < bla— au)x;(m')g;(m"), (1.26)
|gj(m”) — g;(m")| < bhg;(m')*|log g;(m")], (1.27)
|1 (m) — i (m)| < bhix; (m)g; (m)?|log g; ()], (1.28)
|2 (m) = 2;(m")| < bhix;(m')g;(m')?|log g (m’)] (1.29)

By Proposition 1.2, V;(m’, gf)) is continuous in (m’, gj), and thus in particular
Vo(m', gb) is uniformly bounded for (m’, g})) in a bounded neighbourhood I of
(m, go). With (1.27)—(1.29), we see that Vp(m/, u() is therefore also uniformly
bounded in I. Thus, for every sequence (m’,uy) — (m,ug), Vo(m',uj) has a
limit point. It suffices to show that the limit point is unique. To show this
uniqueness, we fix an arbitrary limit point Vj* and a sequence (m’,u}) —
(m, up) such that Vo(m', u,) — Vi Since K| — Ky, we also set K} = K.

Then define o} = (K, V") by inductive application of ®;(m, -) starting
from x5 = (Kg, V'), as long as o} € D;. Since (K, Vo(m', ug)) — (Kg, Vy'), it
follows by induction and the assumed continuity of 15, p; that z;(m’, ug) — 7.
By an analogous induction, using continuity of V; and 1;, it follows that
K;j(m',uy) — K;j(m,ug). Since x;(m’) — x;(m), we can now take the limit of
(1.26)—(1.29) along the sequence (m', ug) — (m,up) and obtain

1K — Kj(m)|lw; < bla —a.)x;(m)g;(m)?, (
|97 — 35 (m)| < bhg;(m)?|logg;(m)], (1.31

|15 — f1;(m)| < bhx;(m)g;(m)?|log g; (m), (

25 — z;(m)| < bhx;(m)g;(m)?|log g;(m)|. (
The uniqueness assertion of Theorem 1.4 implies that 27 = xj(m, up), and we
see that the above inductions can in fact be carried out indefinitely. We also
conclude that V" = Vj(m, ug), so there is a unique limit point of Vo (m/, uf) as

(m/,u) — (m,ug). This shows that Vj is continuous at (m, ug). The continuity
of z; now follows inductively from the continuity of the ®;. O

2. Quadratic Flow

In this section, we prove that, for the quadratic approximation ¢, there exists
a unique solution V' = (V}),en, = (Gj, Zj, fij)jen, to the flow equation

Vit1 = @;(V;) with fixed small go > 0 and with (Z, fies) = (0,0). (2.1)

Due to the triangular nature of ¢, we can obtain detailed information about
the sequence V. In particular, we prove Proposition 1.2.
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2.1. Flow of g
We start with the analysis of the sequence g, which obeys the recursion
Jj+1 =Gj — 5;’%2-7 Jo = go > 0. (2.2)
The following lemma collects the information we need about g.
Lemma 2.1. Assume (Al). The following statements hold if go > 0 is suffi-
ciently small, with all constants independent of jo and gg.
(i) For all j, g; >0,

9; = 0(55 Qk), and  g;g;15 =1+ 0(x;9;) =1+ 0(50).  (2.3)

For all j and k, g; is non-increasing in By.
(i) (a) Forrealn € [1,00) and m € [0,00), there exists Cy, mm > 0 such that
forallk > 35 >0,

k
log g™+t n=1
S il ogal™ < G g BT (24)
= X;9; |log g;] n> 1.
(b) For real n € [1,00), there exists Cp, > 0 such that for all j >0,

_ go \"

gl < C -] . 2.5

g} < (722 2:5)

(i) (a) For v > 0 and j > 0, there exist constants ¢; = 1+ O(x;g;)
(depending on ~y) such that, for alll > j,

1 N
[0 2307 = (ﬂ] ) () + Oua). (2.6)
Py gi+1
The constant c; is continuous in go and if the B; depend continuously
on an external parameter such that (Al) holds uniformly in that
parameter, then c; is also continuous in the external parameter.
(b) For ¢; <0 except for ¢ walues of j < ja, ¢; = O(x;), and j <1,
(with a constant independent of j and 1),
1
[T = an < o). (2.7)
k=3
(iv) Suppose that g and g each satisfy (2.2). Let § > 0. If |go — go| < 0go then
195 — 9;1 < 0g;(1+ O(go)) for all j.
Proof. (i) By (2.2),
gi+1 = 9;(1 = B;95)- (2.8)
Since B = O(x;), by (2.8), the second statement of (2.3) is a consequence of
the first, so it suffices to verify the first statement of (2.3). Assume inductively
that g; > 0 and that g; = O(infx<; gx). It is then immediate from (2.8) that
Gj+1 > 0 if go is sufficiently small depending on ||3||oc, and that g;41 < g; if
B; > 0. By (A1), there are at most ¢! values of j < jq for which 8; < 0.
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Therefore, by choosing go sufficiently small depending on || ]|« and ¢, it follows
that g; < O(infi<; g) for all j < jo with a constant that is independent of jq.

To advance the inductive hypothesis for j > jo, we use 1 —t < e~* and
Yoo 1B <3502, Q7™ = O(1) to obtain, for j >k > jo,

j—1 j—1
i < gk exp [— Zﬁzgl] < grexp [Cgr Y 16il| < O(g)- (2.9)
1=k 1=k

This shows that g; = O(inf;,<k<; gx). However, by the inductive hypoth-
esis, gj, = O(infr<j, gx) for j < jo, and hence for j > jo we do have
g; = O(infr<; gx) as claimed. This completes the verification of the first bound
of (2.3) and thus, as already noted, also of the second.

The monotonicity of g; in By can be proved as follows. Since g; does not
depend on S if k£ > j by definition, we may assume that k < j. Moreover, by
replacing j by j+k, we may assume that k = 0. Let g; = 0g;/00. Since g = 0,

g =—gs <0. (2.10)
Assuming that g} < 0 by induction, it follows that for j > 1,
i1 = 95(1 = 28;9;) = g3(1 + O(g0)) <0, (2.11)

and the proof of monotonicity is complete.

(ii-a) We first show that if ¢ : R; — R is absolutely continuous, then

9j
Zm /z/; dt + 0 /t2|w’(t)|dt . (2.12)
k41 Jk+1

To prove (2.12), we apply (2.2) to obtain

g1

K K k
> Bb(@)gd =Y (@)@ — giir) Z / t. (2.13)
1= 1= 1=

(]
The integral can be written as

g1 g g
/w@ /w )dt + / /w ) ds dt. (2.14)
Ji+1 Gi+1 Gi+1 t

The first term on the right-hand side of (2.12) is then the sum over [ of the
first term on the right-hand side of (2.14), so it remains to estimate the double
integral By Fubini’s theorem,

//d} Ydsdt = / /1/1 Ydtds = \/(S*gl_i_l)w/(s)ds. (2.15)

Ji+1 Ji+1 gi41 Ji+1

By (2.2) and (2.3), for s in the domain of integration we have

|5 = g1l < 130 — G| = 8197 < (1+ O(0))141lgE 1 < O(s%). (2.16)
This permits us to estimate (2.15) and conclude (2.12).
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Direct evaluation of the integrals in (2.12) with (¢) = t"~2|log t|™ gives

k
—n —m IOg Ik m n=1
Zﬁlgl |10ggl‘ < Cn,m |—n71 | —m (217)
=3 9; |10g9j‘ n> 1.

To deduce (2.4), we only consider the case n > 1, as the case n =1 is similar.
Suppose first that j < jo. Assumption Al implies that

1< @ + (1 + W) 1ﬁz<c < O(ﬁl) + O(lﬁz<c)7 (2'18)
and therefore
k Jjo JjQ
> xaglogal™ <Y 0B)g log g™ + > O(1s,<0)g;"| log gi| ™
=j I=j I=j
k .
+ ) @ Iegrlog gi| ™. (2.19)
I=ja+1

By (2.17), the first term is bounded by O(g;?‘1| log g;|™). The second term
obeys the same bound, by (A1) and (2.3), as does the last term (which is only
present when jo < 00) due to the exponential decay. This proves (2.4) for the
case j < jg. On the other hand, if j > jq, then again using the exponential
decay of x; and (2.3), we obtain
k

> xiailog ™ < Cx;g7log g;|™ < Cgox;a} ' logg; ™. (2.20)

1=
This completes the proof of (2.4) for the case n > 1.

(ii-b) To prove (2.5), let ¢ > 0 be as in Assumption Al and set §j41 = §; —ngz
with go = go. The sequence (§;) satisfies the bound (2.5), since application of
(2.12) with ¥(t) = t=2 gives (k+1)c = g,;jl — Gyt +0(log(go/gr+1) and hence
gj ~ go/(1+ cgoj). It therefore suffices to prove that x;g; < O(g7}).

We first show that it suffices to prove that

X;9; = g; < 0(g;) forall j < jo (2.21)

(the first inequality holds since x; = 1 for j < jo by definition). To see this,
we note that for gg > 0 sufficiently small and for all j,

Q< (1 —cgo)" <(1—cg)" = (gﬁl) . (2.22)
9j
For j > jq, by (2.21) and the fact that g; = O(gj,,) by (2.3), this implies that
Jj—1 g "
=n ~n 1+1 ~n ~n
ngj <0(Q —(i— m) ) <0(Q —(i— m)gm) <0 o ar, = O(gj).
l=jo

(2.23)
For j < jq, since x; = 1, it suffices to prove (2.5) with n =1, i.e., (2.21).
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Let Bj = min{c, §;}, and define §; by the recursion g;+1 = g; — 3; gj with
Jo = Go. By the monotonicity in 3 asserted in part (i),
95 < 95s 95 < 9j- (2.24)

Denote by 0 < j; < ja < -+ < jp the sequence of j < jo such that 8; < c.
By (A1), the number of elements in this sequence is indeed finite. By the first
inequality of (2.24) and the definition of g;, it follows that, for j < jq,

Jj—1 ~
G = 3§ 1 — BinGin
=gog (1—5ig) = H L—cg) [[ =% (22)

=0 k<m:jm<j—1 €9jk
Thus, with go = go, the second inequality of (2.24), and the definition of §;,
_ A . 1—05,.9; R 1—08.4;
g<oollO-an I 5=F%=0 11 5255
‘ 9o k<mijm <j—1 i
(2.26)

The product on the last line is a product of at most m factors which are each
1+ 0O(go), and can thus be bounded by 1+ O(gp). In particular,

g; < (14+0(g0))g; < O(g;) for j < jo, (2:27)
and the proof of (2.5) is complete.
(ili-a) By Taylor’s theorem and (2.2), there exists r, = O(Bxgx)? such that

(1 —7Bkgr) " = (1 — Brgr) T(1 +11) = (gf_];)v (1+7rg). (2.28)

For [ > j, let
=[] +m) =exp | D log(1+m) | . (2.29)

Since log(1 + 7%) = O(xxg3), it follows from (2.4) that the sum on the right-
hand side of (2.29) is bounded by O(x;g;) uniformly in [. We can thus define

cj = exp Zlog(l +ri) | =14+ 0(x;05)- (2.30)
k=j

The bound on the sum also shows

Cj—Cj1=¢4 (1 — exp ( Zlog(l + T'k)>> =¢;(14+00(ua)). (2.31)
k=1

Moreover, these estimates hold uniformly in a neighborhood of gy and in the
external parameter, by assumption. Thus, the dominated convergence theo-
rem implies continuity of c;, both in gy and in the external parameter, and
the proof is complete.
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(iii-b) Since ¢; < 0 for all but ¢! values of j < jq, by (2.3) with go sufficiently
small, szj(l — Cegr) "t < O(1) for I < jo, with a constant independent of

ja. For j > jo, we use 1/(1 — z) < 2¢” for x € [—3, 1] to obtain

1 l %)
H(]. — Ckg_]k)_l < 2exp ZCk?]k < 2exp ng Z Xk | < O(].)
k=j k=j k=jo
(2.32)
The bounds for [ < jo and j > jo together imply (2.7).
(iv) If [g; — g;] < 6;g; then by (2.2),
19541 — Gj+1l = 195 — g;1(1 = B;(95 + 75)) < dj+1951 (2.33)
with
L5 ta) (o )
§ivg =0, —3 D) 5. (1 I ) 2.34

In particular, if 8; > 0, then 0,41 < §;. By (A1), there are at most ¢~! values
of j < jq for which §; < 0, and hence 6; < §(1 + O(go)) for j < jo. The
desired estimate therefore holds for j < jq. For j > 1 > jg, as in (2.9) we have

J J
11+ O(Bigr)) < exp |O(@1) ZXk] <1+ O0(go). (2.35)
k=l k=1
and thus the claim remains true also for j > jq. O

2.2. Flow of Z and &

We now establish the existence of unique solutions to the z and fi recursions
with boundary conditions Z,, = fic = 0 and obtain estimates on these solu-
tions.

Lemma 2.2. Assume (A1-A2). If go is sufficiently small then there exists a
unique solution to (2.1) obeying Zoo = [isc = 0. This solution obeys Z; =
O(x;g;) and fij = O(x;g;). Furthermore, if the maps @; depend continuously
on m € M and (A1-A2) hold with uniform constants, then g;, zZ; and [i;
are continuous 1n Meyy.

PT’OOf. By (11), 2j+1 = Ej — ngjzj — ngjz, so that

n

n l
Z = 10— Gan) " 2ar + D [T = Geaw) 0137 (2.36)
k=j 1=j k=j
In view of (2.7), whose assumptions are satisfied by (A2), the unique solution
to the recursion for zZ which obeys the boundary condition Z,, = 0 is

oo 1

zi=> [0 - Gan) 0t (2.37)

l=j k=j
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and by (A2), (2.4), and (2.7),

171 <> 00a)gi < O(x;95)- (2.38)
I=j

Since g; is defined by a finite recursion, its continuity in m € Mey follows
from the assumed continuity of each 3i in m. To verify continuity of z; in
m, let Z;, = Z?:j Hﬁc:j(l — (xgr) " 10,g7. Since g; is continuous in My for
any j > 0, Z;, is also continuous, for any j < n. By (2.7) and (2.4)-(2.5),
|Zj — Zjn] < O(Xngn) — 0 as n — oo, uniformly in m, and thus, as a uniform
limit of continuous functions, Z; is continuous in m € Mex.

For fi, we first define

oj = njgj + 'Yjéj — ’U?gg?- — ’U]g»zgjéj — ’U;ZZJQ-7 Tj = U;’Ngj + ’Ujuéj, (239)
so that the recursion for fi can be written as
i+ = (A = 7)) + ;. (2.40)
Alternatively,
fij = (A\j = 73) " (@41 — 7). (2.41)
Given o € (A1, 1), we can choose gy sufficiently small that
<y -t < (2.42)

The limit of repeated iteration of (2.41) gives

0 l
i = — Z H()\k — Tk)_l ol (2.43)
1= \k=j

as the unique solution which obeys the boundary condition po, = 0. Geometric
convergence of the sum is guaranteed by (2.42), together with the fact that
0; <0(x;7;) < O(1). To estimate (2.43), we use

251 <> oM O0am). (2.44)
1=

Since « < 1, the first bound of (2.3) and monotonicity of y imply that

|15 < O(x;95)- (2.45)
The proof of continuity of fi; in My is analogous to that for z;. This completes
the proof. 0

2.3. Differentiation of Quadratic Flow

The following lemma gives estimates on the derivatives of the components of
V; with respect to the initial condition go. We write f’ for the derivative of
f with respect to go = go. These estimates are an ingredient in the proof of
Theorem 1.4(ii).
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Lemma 2.3. For each j > 0, VJ = (g;, Zj, fi;) is twice differentiable with respect
to the initial condition go > 0, and the derivatives obey

) =2 72

_ g; _1 9j = 9j
g_: = , Z:O XT s M:O XT 5 2.46
: <gé> : (Jgg AN -

_2 =2 a2

_ 9; . i . 9i
g-0(2). g-0(xZ) w-o(ul) emn

90 90 90

Proof. Differentiation of (1.6) gives
i1 = 9;(1 = 25;9;), (2.48)

from which we conclude by iteration and gj = 1 that for j > 1,

j—1
7, =110 -2 (2.49)
1=0
Therefore, by (2.6),
_\2
5= (Z) a+ o, (2.50)

For the second derivative, we use g5 = 0 and g7, ; = g7 (1 —208,g;) — Z/ngf to
obtain

Jj—1 Jj—2
9/ =-2> 6g” [[(1—28:9x). (2.51)
1=0 k=1
With the bounds of Lemma 2.1, this gives
~\2J-1 o a2
g‘;/ -0 <€J> Zﬁl% =0 (?é) . (2.52)
1=0 0

For z, we define 0;,; = H;Zj(l — Ckgr) ' Then (2.37) becomes z; =
Z?ij 0;101g7. By (2.7), 0j; = O(1). It then follows from (A2), (2.50), and

l l _
ot =030 30— Gan) Gl = 3 0(Ga) = O <xj) (2.53)
k=j 0

k=j
We differentiate (2.37) and apply (2.50) and Lemma 2.1(ii) to obtain

0o 00 =2
_ _ _ g;
7= 05,000 +2> ;059 = O (Xj_]g) (2.54)
1=j 1=j 9o
Similarly, o7/, = O(g;/ g3) and

0o o] o'} =2
- _ _ _ _ 9j
5 = 3ot + 43 o 0mal + 230yl + ) = O (ngé )
I=j I=j I=j 0
(2.55)
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using the fact that g; 3/95 = O(g /90) by (2.3). It is straightforward to justify
2.5

the differentiation under the Sum in ( 4)—(2.55).
For fi;, we recall from (2.42)—(2.43) that
[eS) l
i :*Z :l_[(/\k*ﬂcf1 o1, (2.56)
1=j \k=j

with 7; and oy given by (2.39), and with 0 < (\; — 7;) 7! < o < 1. This gives

[’} l l
fiy = — Z H()\k —m) ) ol + Z()‘i —-n)7 ] (2.57)
1=j \k=j i=j

The first product is bounded by /=71, and this exponential decay, together
with (2.39), (2.38), and the bounds just proved for g’ and z’, lead to the
upper bound i} < O(ngj?gg2) claimed in (2.46). Straightforward further
calculation leads to the bound on fif claimed in (2.47) (the leading behaviour
can be seen from the 27 contribution to the o7’ term). O

2.4. Proof of Proposition 1.2

Proof of Proposition 1.2. The estimates (1.9) follow from Lemma 2.1(ii) and
Lemma 2.2. The continuity of g;, z;, and fi; in m follows from Lemma 2.2, and
their differentiability in the initial condition gy follows from Lemma 2.3. [

3. Proof of Main Result

In this section, we prove Theorem 1.4. We begin in Sect. 3.1 with a sketch of
the main ideas, without entering into details.

3.1. Proof Strategy

Two difficulties in proving Theorem 1.4 are as follows: (i) from the point of
view of dynamical systems, the evolution map ® is not hyperbolic; and (ii)
from the point of view of nonlinear differential equations, a priori bounds that
any solution to (1.5) must satisfy are not readily available due to the presence
of both initial and final boundary conditions.

Our strategy is to consider the one-parameter family of evolution maps
((I)t)te[o,l] defined by

o' (x) = ®(t,x) = (Y(z),p(x) +tp(x)) fort € [0,1], (3.1)

with the ¢-independent boundary conditions that (Ko, go) is given and that
(2005 f1oo) = (0,0). This family interpolates between the problem ®! = @ we
are interested in, and the simpler problem ®° = & = (3, ). The unique

solution for ¢ is z; = (K;,V;), where V is the unique solution of @ from
Sect. 2, and where K is defined mductlvely for j > 0 (recall Lemma 1.3) by
J+1 d}]( )? KO = Ko. (32)

We refer to T as the approximate ﬂow.
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We seek a t-dependent global flow x which obeys the generalisation of
(1.5) given by

ti1 = B () (3.3)
Assuming that x; = «;(t) is differentiable in ¢ for each j € Ny, we set
) 0

Then differentiation of (3.3) shows that a family of flows x = (2;(t)) jeny,tej0,1]
must satisfy the infinite nonlinear system of ODEs

Ejp1 — Da®;(t,25)d5 = pj(a;),  2;(0) = 75 (3.5)

Conversely, any solution z(t) to (3.5), for which each z; is continuously differ-
entiable in ¢, gives a global flow for each ®?.
We claim that (3.5) can be reformulated as a well-posed nonlinear ODE

& =F(t,z), z(0)=z, (3.6)

in a Banach space of sequences x = (zg, 21, ...) with carefully chosen weights,
and for a suitable nonlinear functional F. For this, we consider the linear
equation

Yjr1 — Da®;i(t, )y = 1y, (3.7)

where the sequences x and r are held fixed. Its solution with the same boundary
conditions as stated below (3.1) is written as y = S(¢,z)r. Then we define F,
which we consider as a map on sequences, by

F(t,z) = S(t,x)p(x). (3.8)

Thus, y = F(t,z) obeys the equation y;+1 — D, ®;(¢t, z,)y; = p,;(x), and hence
(3.6) is equivalent to (3.5) with the same boundary conditions.

The main work in the proof is to obtain good estimates for S(¢,x), in
the Banach space of weighted sequences, which allow us to treat (3.6) by the
standard theory of ODE. We establish bounds on the solution simultaneously
with existence, via the weights in the norm. These weights are useful to obtain
bounds on the solution, but they are also essential in the formulation of the
problem as a well-posed ODE.

As we show in more detail in Sect. 4.1 below, the occurrence of D, ®;(t, x;)
in (3.5), rather than the naive linearisation D,®;(0) at the fixed point = 0,
replaces the eigenvalue 1 in the upper left corner of the square matrix in (1.1)
by the eigenvalue 1 — 203;g;, which is less than 1 except for those negligible
Jj values for which 8; < 0. This helps address difficulty (i) mentioned above.
Also, the weights guarantee that a solution in the Banach space obeys the final
conditions (zeo, fioo) = (0, 0), thereby helping to solve difficulty (ii).

3.2. Sequence Spaces and Weights

We now introduce the Banach spaces of sequences used in the reformulation
of (3.5) as an ODE. These are weighted [°°-spaces.
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Definition 3.1. Let X* be the space of sequences x = () en, With z; € X;.
For each oo = K, g, z, p and j € Ny, we fix a positive weight w,; > 0. We write
z;€X; =W;®V as xj = (Ta,j)a=K,g,2,u Let

sl = | max (o))" Hlzallx,,  llallxe = sup flagllcy, - (3.9)
- RE-Rlad] ] 0

and
Y={ze X" |z||xe < o0} (3.10)

It is not difficult to check that X is a Banach space for any positive
weight sequence w. The required weights are defined in terms of the sequence
g = (gj)jen, which is the same as the sequence g for a fized go; i.e., given
go > 0, it satisfies gj11 = g5 — 5; 9]2 We need two different choices of weights
w, defined in terms of the parameters a,h of (1.10) and the parameter a* of
Lemma 1.3. These are the weights w = w(go, a,a™, h) and r = r(go, a,a*, h)
defined by

la a*)XjQ? o=k (a—a)x;9; a=K
wai =Rl ez res=qp 00T
S — I~ M

hx;g;log gj| o=z, u,
(3.11)

where (;) is the Q-dependent sequence defined by (1.8). Furthermore, let
7= (K,V) = 2(Ky, go) denote the sequence in X* that is uniquely determined
from the boundary conditions (Ko, go) = (Ko,g0) and (Zs, fise) = (0,0) via
Vier = ¢j(V;) and Kj11 = ¢;(Kj, J) whenever the latter is well-defined.
Given an initial condition (Ko,go) let © = :L‘(K0790>

Let sB denote the closed ball of radius s in X". If g9 = go and IO{O =
Ky, the desired bounds (1.18)—(1.21) are equivalent to x € & + bB. Also, the
projection of & 4+ B onto the jth sequence element is contained in the domain
D, defined by (1.10). We always assume that gy is close to go = go, but not
necessarily that they are equal. The use of § rather than g permits us to vary
the initial condition gy = go without changing the Banach spaces X%, X".
The use of gyp-dependent weights rather than, e.g., the weight j2logj for
Jo = oo [see Remark 1.6(i)] allows us to obtain estimates with good behaviour
as go — 0. Note that the weight w, ; does not include a factor x;, and thus
does not go to 0 when jo < oo [see Example 1.1(ii)].

Remark 3.2. The weights w apply to the sequence & of (3.4). As motivation for
their definition, consider the explicit example of p;(z;) = x; g?. In this case,
the g equation becomes simply

gi+1 = g5 — 3597 + X, (3.12)
With the notation g; = % g;?, differentiation gives

gj+1 = 9;(1 —2B,9; + 3thgj2-) + ng]?-’~ (3.13)
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Thus, by iteration, using gg = 0, we obtain

J—1

Z xwg? [T (1= 28kgx + 3txegi)- (3.14)

k=I+1

For simplicity, consider the case t = 0, for which g = g. In this case, it follows
from (2.6), (2.3), and (2.4) that

j—1 _ 2 j—1

. g; _ _ _ _

g <0 (glj-l) xigt =0Mg? Y xig < 0()g2|log |, (3.15)
=0 =0

which produces the weight wy ; of (3.11). (It can be verified using (2.12) that
if we replace x; by §; in the above then no smaller weight will work.)

3.3. Implications of Assumption A3
For ¢ equal to either of the maps p, ¥ of (1.4), we define ¢ : & + B — X* by

(@(2))o =0, (8(x))j4+1 = ¢;(x;). (3.16)
The next lemma expresses immediate consequences of Assumption A3 for p
and v in terms of the weighted spaces.
Lemma 3.3. Assume (A3) and that go > 0 is sufficiently small. The map p
obeys
lp()||xr < Mh™*. (3.17)

Let w > kXY, and let ¢ denote either 1 or p. The map ¢ : &+ B — X" is twice
continuously Fréchet differentiable, and there exists a constant C = C(a,a*,h)
such that

IDrp(@)|Lxwxy <O, |Dr (@) pxw,xny < w,
1Dy é(2) || 1 xw,x7) < O(gollog gol),  1D2d(x) || p2(xw,xr) < C.

Proof. The bound (3.17) is equivalent to (1.11) [recall (3.16)] since

(3.18)

||p.7($])||X]+1 = gj+1Hp](x])HV > g;+1MXj+1§§')+1 = M/h. (3.19)

Next, we verify the bounds on the first derivatives in (3.18). By assump-
tions (1.12)—(1.13), together with (2.3), the definition of the weights (3.11), and
for (3.21) also the fact that x;/x;+1 < Q by (1.8), we obtain for z € £ + B,

1Dvies (@) ) € MG arich aWos < Oliollog o). (3.20)
IDr; ()l Lixexr, ) < AW < QL+ O(Go)), (3.21)
1Dy pj (@) Ly, xr,,) < MX]+193+1rgj+1Wg,j < O(go|log gol), (3.22)
1Dk pj (@) lLixe xi, ) < Mryjwie; < O(1), (3.23)

which establishes the bounds on the first derivatives in (3.18), for go sufficiently
small.
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The bounds on the second derivatives are also immediate consequences
of Assumption A3. First, (1.14) and the definition of the weights (3.11) imply
that, for 2 < n +m < 3,

D DV ¢l Lrtm (xw xry < C. (3.24)

In addition, these bounds on the second and third derivatives imply that
lp(z +y) — ¢(x) = Do(x)yllx < Cllyll5w, (3.25)
ID(x +y) — De(x) — D*¢(x)y| Lixew,xr) < Cliyllze, (3.26)

and hence that ¢ : £+B — X" is indeed twice Fréchet differentiable. The above
bound on the third derivatives also implies continuity of this differentiability.
This completes the proof. O

The smoothness of Z is addressed in the following lemma.

Lemma 3.4. Assume (A1-A3), and let 6 > 0 and go > 0 both be sufficiently

small. Then, there exists a neighbourhood N=Ns C Wy @R, of (Io(o,éo) such
that T : N — z + 0B is continuously Fréchet differentiable, and

| DgoZ x+ < O(g5*|og go| ). (3.27)

The neighbourhood N contains a ball centered at (ID(O, Jo) with radius depending
only on go, d, and the constants in (A1-A3), which is bounded below away from
0, uniformly on compact subsets of small go > 0.

Proof. Let
N = ([%§0,2§0] x Wo) Nz~ (x + 0B). (3.28)

We will show that N is a neighbourhood of (Ia(o,fyo) and that Z : N — & + 6B
is continuously Fréchet differentiable. Since z71(& + 6B) = V~1(& + §B) N
K~1(&+ 0B), it suffices to show that each of V~1(i +B) and K (i +B) is
a neighbourhood of (f(g, o), and that each of V and K is continuously Fréchet
differentiable on N as maps with values in subspaces of X".

We begin with V. Let Vj’ denote the derivative of V; with respect to g,
and let V' = (VJ’ ) denote the sequence of derivatives. It is straightforward to
conclude from Lemma 2.3, Lemma 2.1(iv), and (3.11) that

IV[lx~ < O(d5 *log Go| ™). (3.29)
In particular, this implies that V~!(Z + §B) contains a neighbourhood of §o
satisfying the condition stated below (3.27). That V' is actually the deriva-
tive of V in the space X% can be deduced from the fact that the sequence
V"(go) is uniformly bounded in X" for gy € N, (though not uniform in o) by
Lemma 2.3, using

Vi (g0 +€) = Vi(g0) — €V (g0)llxy < O(e?) JSup Vi (g + &)l xy-
(> g

(3.30)

The continuity of V’/ in X% follows similarly.
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For K, we first note that || Dx, Kol rovewe) = 1, [[DgeKollw, = 0. By
(A3) and induction,

1Dk Kl owo,wys) < Kl Dro Kl oo,y < w771 (3.31)
Since k < Q7 < 1, and since gj41/g; — 1 by (2.3), we obtain
1Dk K1l Lowe i) < O30 Wk js1)- (3.32)
Similarly, by (1.13) and Lemma 2.3,
1Dgo Kj1lw;n < Kl Dgy Kjllw, + O(x537) 1 Dgo Vi llv

< K[| Dg, K llw; +O(x;87/95). (3.33)
By induction, again using x < Q! and g; < go, we conclude
I1Dgo Kjs1llw, s < Ox;3;/95) < O(d5 Wi j+1)- (3.34)

These bounds imply that K (i + 0B) contains a neighbourhood of (Ko, do)
satisfying the condition stated below (3.27), and also that the component-wise
derivatives of K with respect to go and K are respectively in X" = L(R, X%)
and LWy, X").

To verify that the component-wise derivative of the sequence K is the
Fréchet derivative in the sequence space X%, it again suffices to obtain bounds
on the second derivatives in X%, as in (3.30). For example, since Df(g Ky =0,
Dy, V; =0, and

Dy Kj41 = D (K;,V;)Di K; + Dy (K, V;) Dy, K; D K, (3.35)

it follows from (3.31), (1.12)~(1.14), and induction that, for (Ko, go) € N with
N C Wy @ R chosen sufficiently small, and with w € (k2, 1),

1D%, Kjall < 6] DE, Kl + O(g °k'w’) < O35 *wic 1), (3.36)

and thus that the component-wise derivative D%(OI_( is bounded in the norm
of L?2(Wp, X") for (Ko, go) € N. Similarly, slightly more complicated recursion
relations than (3.35) for D K; and Dy Dg, K; show that the component-
wise second derivative of K is bounded in L?(W, @ R, X*) when N is again
chosen sufficiently small. This shows as in (3.30) that K is continuously Fréchet
differentiable from N to X¥.

We have thus shown that T is continuously Fréchet differentiable from
a neighbourhood N of (Ko, ) to X%, and (3.27) follows from (3.29) and
(3.34). O

3.4. Reduction to a Linear Equation with Nonlinear Perturbation

For given sequences x,r € X*, we now consider the equation
Yj+1r — Da®j(t, 25)y; = 75 (3.37)

With x and r fixed, this is an inhomogeneous linear equation in y. Lemma 3.5
below, which lies at the heart of the proof of Theorem 1.4, obtains bounds on
solutions to (3.37), including bounds on its z-dependence. The latter allows
us to use the standard theory of ODE in Banach spaces to treat the original
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nonlinear equation, where x and r are both functionals of the solution y, as a
perturbation of the linear equation.

In addition to the decomposition X; = W; ® V, with z; € X; written
x; = (K;,Vj), it is convenient to also use the decomposition X; = E; & Fj
with E; = W; @ R and F; = R @ R, for which we write 2; = (u;,v;) with
uj = (Kj,g;) and vj; = (zj, ;). We denote by 7, the projection operator onto
the a-component of the space in which it is applied, where a can be in any of
{K, VE Au, vy = {(K, 9), (2, 1)}, or {K, g,z 1}

Recall that the spaces of sequences X" are defined in Definition 3.1 and
the specific weights w and r in (3.11). The following lemma is proved in Sect. 4.

Lemma 3.5. Assume (A1-A3). Then there is a constant Cg, independent of
the parameters a and h in (1.10), and a constant Cy = C4(a, h), such that if
Jo > 0 is sufficiently small, the following hold for allt € [0,1], x €  + B.

(i) For r € X", there exists a unique solution y = S(t,x)r € XV of (3.37)
with boundary conditions m,yo = 0, TyYso = 0.
(ii) The linear solution operator S(t,x) satisfies

1S(t, @)l 1(xr,x) < Cs. (3.38)
(iii) As @ map S : [0,1] x (z + B) — L(XY,X"), the solution operator is
continuously Fréchet differentiable and satisfies

DS (t, )| Lxw,Lixr,x%)) < Cs. (3.39)

Lemma 3.5 is supplemented with the information about the perturbation
p given by Lemma 3.3, and by the information about the initial condition Z
provided by Lemmas 2.2. (Note that the sequence T serves as initial condition,
at t = 0, for the ODE (3.5), not as initial condition for the flow equation (1.4).)

Proof of Theorem 1.4(i). Let Cg be the constant of Lemma 3.5, fix § > 0 such
that b > 20 and 1 — b > 26, and define h, = CsM/((b— 20) A (1 — b — 20)).
As in the statement of the theorem, assume h > h, with this value of h,. For
te€0,1] and z € £+ B, let

F(t,z) = S(t,x)p(x). (3.40)

Let (Ko, §o) = (K}, g6). Lemmas 3.3 and 3.5 imply that if go > 0 is sufficiently
small then F : [0,1] x (£ 4+ B) — X" is continuously Fréchet differentiable and

CsM
1B 2) | xw < [[SE2)|Lxrxm (@)l xe <

< (b—20)A(1—b—26).
(3.41)
Similarly, by the product rule, there exists C' such that

[ Do F(t, )| (xw xv) < [I[D2S(E 2)]p(2) || L, x0)
+ 5t 2)[Dap()][[Lixw,x) <C, (3.42)

and thus, in particular, F' is Lipschitz continuous in = € = + B.
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We can now apply the standard local existence theory for ODE in Banach
spaces, as follows. For y € B, let

F(t,y) = F(t,&+y). (3.43)
Let XY = {y € XV : muyo = 0} and By = BN XY. Then Lemma 3.5(i)
and (3.41) imply that F(t, (b — 20)Bo) C F(t,Bg) C (b— 26)By. Let N be the
neighbourhood of g defined by Lemma 3.4 with the same & so that # : N —
Z + 0B. With (3.41)—(3.42), the local existence theory for ODEs on Banach
spaces [1, Chapter 2, Lemma 1] implies that the initial value problem

Y= F(t7y)’ y(O) = ‘%(UO) s (344)
has a unique C'-solution y : [0,1] — X such that y(¢) € (b — 25 + §)By =
(b — 6)Bg for all ¢ € [0,1]. In particular, [1, Chapter 2, Lemma 1] implies
that the length of the existence interval of the initial value problem (3.44) in
(b —9)B is bounded from below by (b —20)/((b—25) A (1 —b—26)) > 1 since
IE(t,y)|| < (b—28) A (1—b—25) when ||y —y(0)|| < b—2d. It does not depend
on the Lipschitz constant of F.

As discussed around (3.6), it follows that = @ + y(1) is a solution to
(1.5). By construction, m,zg = m,Zo + T,y (0) = o + (up — tp) = ug. Also,
TpYoo (1) = 0 because y(1) € XV, and since m,Zoo = TyToo(up) = 0, it is also
true that m,x~ = 0. Thus, x satisfies the required boundary conditions.

To prove the estimates (1.18)—(1.21) for x(ug) with ug € N C N, we apply
|z (up) — || xw < b— 26 and ||Z(ug) — Z||xw < J to see that

1K — Kjllw, < I1K; — Kjllw, + 1K = Kjllw, < (b= 0)(a — a.)g} (3.45)

and analogously that

|95 = 3i| < (b= 8)hg3|log 531, (3.46)
|25 = 2] < (b~ 8)hx; g5 ] log g1, (3.47)
|15 = gl < (b= 8)hx; g5 log g3 (3.48)

Since b — ¢ < b, by assuming that |go — go| is sufficiently small, i.e., shrinking
N to a smaller neighbourhood N if necessary, we obtain with (2.46) that

(b~ 0)g;|log g7| < bg;|log 73| (3.49)

The required shrinking is uniform on compact subsets of gy > 0. With the
property of the neighbourhood N stated below (3.27), this shows the assertion
of Remark 1.5.

To prove uniqueness, suppose that z* is a solution to (1.5) with boundary
conditions (K¢,g5) = (Ko, g0) and (2%, us) = (0,0) that satisfies (1.18)-
(1.21) (with z replaced by x*, and with Z as before). Let & = Z(K{, g{) as
before. By assumption and an argument analogous to that given around (3.45)—
(3.49), x* —x € (b+29)By. It follows that F : [0,1] X (z*+(1—-b—2§)By) — XV
is Fréchet differentiable and ||F(t,z)||xw <1 —0b— 2§ for all ¢t € [0,1] and for
all z € ' + (1 —b—2§)By C & + By, as discussed around (3.40)—(3.42). By
considering the ODE backwards in time, which is equally well-posed, there
is a unique solution z*(¢) for ¢ € [0,1] to &* = F(¢,2*) with 2*(1) = z*
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and x*(t) C @ + By. It follows that z*(0) is a flow of ®° = & with the same
boundary conditions as z. The uniqueness of such flows, by Lemma 2.2, implies
that 2*(0) = &, and the uniqueness of solutions to the initial value problem
(3.44) in & + By then also implies that x = 2* as claimed. This completes the
proof of Theorem 1.4(i). O

Proof of Theorem 1.4(ii). By Lemma 3.4, the map z: N C N — & + 6B c X"
is continuously Fréchet differentiable. It therefore follows from [1, Chapter 2,
Lemma 4] that the solution to the initial value problem (3.44) is continuously
Fréchet differentiable in the initial condition. To denote the dependence of the
solution on the latter, we write y : [0,1] x N — X¥. Let x(ug) = & + y(1, uo),
as before.

By Proposition 1.2, V] is continuously differentiable in gy for each j € Ny.
Note also that V; is independent of Kjy. It can be concluded from the differ-
entiability of V; and from (A3) that K; is continuously Fréchet differentiable
in (Ko, go). Together with the continuous differentiability of y in the sequence
space X", this implies that as elements of the spaces X;, each z; = (Kj;,V})
is a C! function of ug. To prove that the derivatives of zy and o with respect
to go are uniformly bounded, it suffices to verify this for the contributions to
x due to y, by Lemma 2.3. To this end, observe that

%(Dy)(t) =D, F(t,z +y(t)) oDy, Dy(0)=id. (3.50)

Thus, by Lemma 3.5 and Gronwall’s inequality [1, Chapter 2, Lemma 2],
[1Dgoy(t: Ko, go)llxw < C'|Dgy (Ko, 90) | x - (3.51)

With Lemma 3.4, this gives
1Dgoy(t, Ko, o)l xu < O(g5 *[10g g0l ™). (3.52)

Since 0zy/dgo = O(1) and Ofg/dg9 = O(1) by Lemma 2.3, it follows from
(3.52) and the definition of the weights (3.11) that

920 o(1 %

20— o), —0(1). 3.53
a0 95, ~ CW (3.53)

This completes the proof of Theorem 1.4(ii). O

4. Proof of Lemma 3.5

It now remains only to prove the key Lemma 3.5. The proof proceeds in three
steps. The first two steps concern an approximate version of (3.37) and the
solution of the approximate equation, and the third step treats (3.37) as a
small perturbation of this approximation.
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4.1. Step 1: Approximation of the Linear Equation

Define the map @9 1 X — X1 by extending the map ¢; : V — V trivially to
the K-component, i.e., <I>9- = (0, @;) in the decomposition X;11 = W11 ® V.
Thus, ®(t,z) = ®°(z) + (¥(x),tp(x)). Explicit computation of the derivative
of @; of (1.4), using (1.1), shows that

0 0 0 0
) 0 1-28;g 0 0
D3 () = o ) 41
5(%5) 0 —¢; 1-Ggj 0 )
0 75 Y Aj
with
i =n; — 205795 — vz — vituy,
Y= v = 207z — vy, (4.2)
A=A — il —vita,

éj = 20jgj + Cij.
The block matrix structure in (4.1) is in the decomposition X; = E; & F}

introduced in Sect. 3.4. The matrix D®Y(x;) depends on z; € X, but it is
convenient to approximate it by the constant matrix

=0/ A, 0
L =08 = (5 ) 4.3

where the 2 x 2 blocks A;, B;, and C; of L; are defined by

00 0 —¢ 1= gy o)
A = ), B = S o= O ) (44
! (0 1- 25]'%') ! (0 ;i ) ! ( Y Aj (44)

with 7;, ¥, )O\j7 and éj as in (4.2) with z replaced by . Thus, we study the
equation

Yi+1 = Lyy; + 1y, (4.5)
which approximates (3.37). To analyze (4.5), and also for later purposes, we
derive properties of the matrices A;, B;, C; in the following lemma.
Lemma 4.1. Assume (A1-A2). Let o € (A1, 1). Then for go > 0 sufficiently
small (depending on «), the following hold.

(i) Uniformly in alll < j,

0 0
A= (o O@J?ﬂ/é%))' o
(ii) Uniformly in all j,
_ (0 O(x;95)
Bi = (0 O(x;) ) )

(iil) Uniformly in all l > j,

GGt = <OO<(><1]-)> 0<aloﬂ‘+1>)' "9
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Proof. (i) It follows immediately from (4.4) that
J
Ay A =TT = 28kgi)my, (4.9)
k=l
and thus (2.6) implies (i).
(ii) It follows directly from (4.4) and Lemma 2.2 that (4.7) holds.

(iii) Note that
c1 0 Cn 0\ (¢ 0
<b1 a1> (bn an) a (b* a*) (4.10)

n

* * *

a"=ar--an, b :E a1+ @i—1biCiy1 - Cpy CF=c1rcp. (4.11)
=1

with

We apply this formula with the inverse matrices
- 1—Ggy) 0 >
C:t= (1=Ggs) = 4.12
! (—(1 = Gig:) T by 4y (4.12)

where &; = )\j_l. Thus

_ _ 7 0
cloort= (D0 413
! : (%l & (4.13)
with
l
g =dy-du, Fa= 0= Ggr) (4.14)
k=j
l=j+1 l j+i—2
Gia= > | T -G | Hgwem) | T | (415
=1 k=j+i k=j

The product defining 7;; is O(1) by (2.7). Assume that go is sufficiently
small that, with Lemma 2.2 and (A2), &, < « for all m. Then ¢;; <
O(a!=7*1). Similarly, since %, < O(xm),

I—j+1
|65] < Z a"O(Xj+i-1) < O(x;5)- (4.16)
i=1
This completes the proof. O

The following lemma provides a solution to (4.5).

Lemma 4.2. Assume (A1-A2) and that go > 0 is sufficiently small. We write
y as a column vector y = (u,v). Then

j—1
Uj = Z Aj_l s Al+17ru7“l (417)
=0

v; = _ZC;L--CIA(Blul + ToT1) (4.18)
l=j
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is the unique solution to (4.5) which obeys the boundary conditions uy = Vo =
0 and for which the series (4.18) converges.

The lemma indeed solves (4.5): given r we first obtain u via (4.17) and
then insert w into (4.18) to obtain v. The empty product in (4.17) is interpreted
as the identity, so the term in the sum corresponding to [ = j — 1 is simply
Ty Tj—1-

Proof of Lemma 4.2. The u-component of (4.5) is given by
Uj1 = Ajuj + murj. (4.19)
By induction, under the initial condition ug = 0 this recursion is equivalent to
(4.17).
The v-component of (4.5) states that
vj+1 = Bju; + Cjuj + mury, (4.20)
which is equivalent to
v; = Cj_lvj_H - Cj_lBjuj - Cj_lmrj. (4.21)
By induction, for any k > j, the latter is equivalent to

=C Ol — ZC Lo oY (B + mm). (4.22)

By Lemma 4.1(iii), with some o € ()\_1, 1) and with gy sufficiently small,
|Cy -+~ C Y| is uniformly bounded. Thus, if y; = (u;,v;) satisfies (4.5) and
v; — 0, then C(;l e C];lvk+1 — 0 and hence

ZC Lo Blul—&-mjrl) (423)

which is (4.18). O

4.2. Step 2: Solution Operator for the Approximate Equation

We now prove existence, uniqueness, and bounds for the solution to the ap-
proximate equation (4.5).

Lemma 4.3. Assume (A1-A2) and that go > 0 is sufficiently small. For each
r € X" and x € & + B, there exists a unique solution y = (u,v) = S%r € X%
o (4.5) obeying the boundary conditions m,yo = 0, TyYoo = 0. The solution
operator S° is block diagonal in the decomposition x = (K, V), with

1 0

0 _

o= (0 S?/V) (4.24)

There is a constant Cgo > 0, such that, uniformly in small go,
”S?/VHL(X',XW) < Cgo. (4.25)

The constant Cgo is independent of the parameters a,h which define the do-
main Dj in (1.10).
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Proof. By Lemma 4.2, it suffices to prove that the map r — y defined by
(4.17)—(4.18) gives a bounded map S° : X" — X¥. For this, we use Lemma 2.1
(ii), from which we recall that for all k > j > 0 and m > 0,

k
. i log §;,|™+! n=1
> xagiog g™ < Crm | On_l‘ o (4.26)
= X;9; " |logg[™ mn > 1.
(i) K-component. Since g A; = 0, we have mgu; = mgr;—1. Therefore, by

(3.11) and (2.3),

Iyl < sup mrers—allxy < sup (Wi ;oo Jllrllxe < 2|rllxe. (4.27)
J J

(ii) g-component. By Lemma 4.1(i), (3.11), (2.3), and (4.26),

J—1
Iyl < sup Wy Img A Aamr]

=0
j—1

< supw 3> 1105/ a0 17 xe
=0

j—1

< cllrflxsup [log ;171 > xade < eflrllxr- (4.28)

7 1=0

(iii) z-component. By (4.7)—(4.8), (4.28), (3.11), and (4.26),

|yl xw < supw Z |7rzC_ (Blul + )]

< SupW ZO (Xigwg,tlIrllxe + xarzallrllxe) < ellrfx-. (4.29)
(iv) p-component. We begin with

|Tuyllxw < 5upwuj Z |7THC_ O (B + o). (4.30)
=3

It is an exercise in matrix algebra, using (4.7)—(4.8) and (4.28), to see that
7, Cy - O Bru ] < O(1) (xadn + o' 74 ) w7l xr, (4.31)
|7TMC;1 O < O(1) (Xt + ) )|k (4.32)
Now, we use (3.11), (4.26), and also

o0
S M g log aul™ < O(x; 47 log aul™), (4.33)
1=j

to conclude that ||7,y||xw < ¢||7| xr. This completes the proof. O
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4.3. Step 3: Solution of the Linear Equation

Now, we prove Lemma 3.5, which involves solving the Eq. (3.37) and estimating
its solution operator. In preparation, we make some definitions and prove two
preliminary lemmas.

We rewrite (3.37) as

Yi+1 = Dy ®;(t, x5)y; + 15 = Ljy; + Wit z5)y; + 1, (4.34)
where
W;(t,zj) = Dy ®;(t,z;) — Lj. (4.35)

It is convenient to define an operator W (¢, ) on sequences via (W (t,z))o =0
and (W (t,x));+1 = W;(t,x). This operator can be written as a block matrix
with respect to the decomposition z = (K, V) as

~ (Wkx Wky
W(t,x)—(WVK va>, (4.36)

with Wo5 = 1, W (t, z)mg.

Lemma 4.4. Fiz w € (kQ,1). The map W obeys W : [0,1] x (z + B) —
L(XY, X"), W is continuously Fréchet differentiable, and if x € & + B then

Wik lloxw xy <w,  [Wykllpxw,xny <C, (4.37)
IWrvloxwxy <o(1), [[Wyvlpxwxny <o(l), asgo—0, (4.38)
HDIWj(tvxj)HL(X;",L(X;“,X;H)) <C. (4.39)

Proof. By definition,
W(t,z5) = [Da®)(x;) — D@ (2)] + Dy (v (), tpj (). (4.40)

The first term on the right-hand side of (4.40) only depends on the V-
components, and is continuously Fréchet differentiable since, by (4.1), D?®!
is a constant matrix for each j with coefficients bounded by O(y;). Therefore,
for x €  + B (with weights chosen maximally),

I[D®F(E5) — DBJ(ws))my [l Lixy.x;.0) < Xty jeaWasllds —ajllxy
= O(hgol|log go|*). (4.41)

This contributes to the bounds (4.38), with gy taken small enough.
Lemma 3.3 gives bounds on the second term on the right-hand side of
(4.40), as well as its derivative, and with these the proof of (4.39) is complete.
O

Lemma 4.5. For x € Z + B, the map 1 — SOW (t,x) has a bounded inverse in
L(XY, X"Y).

Proof. As in (4.24), we write SY as a block matrix with respect to the decom-
position x = (K, V) as

1 0
SO = < ) 4.42
0 SYy (4.42)
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By definition, 1 — S°W (t,2) = A — B with

- 1 - Wkk 0 . 0 Wkgkv
4= (‘SxO/vWVK 1- SSVva>’ b= (0 0 ) 4

For any bounded operators A, B on a Banach space, with A~ bounded and
|A=1B|| < 1, the operator A— B = A(1 — A7'B) has a bounded inverse since
(1 — A=1B)~1 is given by its Neumann series. Thus, it suffices to prove that
the matrices A, B defined in (4.43) have these two properties.

By (4.37)-(4.38) (with go sufficiently small), [|[Wk k| rxw x+ < 1 and
1SV Wy || Lxw,xw) < 1. Thus A is a block matrix of the form

Ak 0
A= 4.44
<AVK Avv)7 (4.44)

where Agg and Ayy have inverses in L(X™, X%). It follows that A has the
bounded inverse on X* given by the block matrix

Al = ( Ak 0 ) (4.45)
ApvAvk A Ayy
By (4.37)—(4.38) (with go sufficiently small), ||A_1B||L(XW’XW) < 1, and the

proof is complete. O

Proof of Lemma 3.5. (i) By the assumption that y € X", Lemma 4.3, and
(4.38), the equation (4.34) with the boundary conditions of Lemma 3.5(i)
is equivalent to

y = SW(t,z)y + S°r. (4.46)
It follows that the solution operator is given by
S(t,x) = (1 —SW(t,z))~*S°, (4.47)

with the existence of the inverse operator guaranteed by Lemma 4.4.

(ii) This follows from (4.47) and Lemmas 4.3 and 4.5.

(iii) By (4.47), continuous Fréchet differentiability in x of S(t, x) follows from
the continuous Fréchet differentiability of SYW (¢, x), which itself follows
from part (i) and from D,S°W (t,z) = S°D,W(t,z) by linearity of S°.
Explicitly,

D,S(t,x) = (1 — S°W(t,z)) ' D, SW(t,)(1 — SOW (t,z))~1S°.
(4.48)

By (4.39),
||DmSOW(t7:L‘)”L(XW)L(XW,XW)) < CllDzW(t7.’L‘)HlL(XW,L(XW7XI’)) < C. (449)

Together with the boundedness of the operators (1 — S°W (¢, z))~! and
S, this proves (3.39) and completes the proof. O
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