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Semiclassics for Particles with Spin
via a Wigner—Weyl-Type Calculus

Omri Gat, Max Lein and Stefan Teufel

Abstract. We show how to relate the full quantum dynamics of a spin-1/2
particle on R? to a classical Hamiltonian dynamics on the enlarged phase
space R2? x S? up to errors of second order in the semiclassical parameter.
This is done via an Egorov-type theorem for normal Wigner—Weyl calcu-
lus for R¢ (Folland, Harmonic Analysis on Phase Space, 1989; Lein, Weyl
Quantization and Semiclassics, 2010) combined with the Stratonovich—
Weyl calculus for SU(2) (Varilly and Gracia-Bondia, Ann Phys 190:107—
148, 1989). For a specific class of Hamiltonians, including the Rabi- and
Jaynes—Cummings model, we prove an Egorov theorem for times much
longer than the semiclassical time scale. We illustrate the approach for a
simple model of the Stern—Gerlach experiment.

1. Introduction

We consider the semiclassical limit of a quantum system with spin. The under-
lying state space is the Hilbert space H = L?(R? C") of square-integrable
functions on configuration space R? taking values in C". The Hamiltonian H
generating the time evolution on H is assumed to be the Weyl quantization of
a matrix-valued symbol H : R2 — B(C"), i.e.

H = H(e,x,—ieV,) := Op(H(e)).

Under appropriate conditions on the function H, its Weyl quantization His
a self-adjoint operator on H and generates a unitary group e~ £ We will
be interested in the semiclassical asymptotics of the evolution of semiclassi-
cal observables. Let A : R?? — B(C") be another matrix-valued function on
classical phase space, then the time evolution of the semiclassical operator

A= Op(A) is given by
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and A(t) solves the Heisenberg equation of motion

d . ir~

CAny =1 [H A(t)]
5

Instead of solving the full quantum dynamics, one is often interested in simpler,
approximate solutions in terms of a classical Hamiltonian flow. In the scalar
case n = 1, this is the standard semiclassical problem. Under appropriate
technical conditions, the Egorov Theorem states that

tes[l(l)pT]HA(t)—Op (AO(I)?)H =0(e), (1.1)

where @9 : R?? — R2? denotes the classical Hamiltonian flow corresponding to
the principal symbol Hy (g, p) of H(q,p) = Hy(gq,p)+O(e). That is, on bounded
time intervals, one can approximate the quantum mechanical time evolution of
a semiclassical observable by transporting its symbol along a Hamiltonian flow.
As a corollary, the Egorov theorem also implies a semiclassical evolution for
states: here, the Wigner transform of the time-evolved density operator is com-
pared to the Wigner transform of the density operator at t = 0 transported in
time using the classical flow. In addition to its physical and practical relevance
for understanding the quantum time evolution, the Egorov theorem is also the
basis for a number of further mathematical results connecting properties of
quantum and classical systems. For example, in [1,25] quantum ergodicity for
classically ergodic systems was proved based on the Egorov theorem.

The result (1.1) has been generalized in many directions. For example,
when replacing the flow ®9 by the flow ® generated by Ho(q,p) + eHi(q, p),
where H(q,p) = Ho(q,p) +cHi(q,p) + O(g?), then the error is of order &2,

sup HA(t) — Op(Ao ®5)
t€[0,T)

‘ — O(2). (1.2)

It is also well known how to construct higher order approximations to A(t)
However, they cannot be written as the composition of A with a flow map on
phase space R??, see e.g. [18, Chaptre IV §6]. Depending on the details of the
classical flow, one can potentially extend this approximation to longer time
scales [3,5].

In this work, we consider the case n > 1 of matrix-valued symbols. Then,
basically two distinct cases appear: If the principal symbol Hy of H has eigen
spaces that are non-trivial functions on R??, then this is an adiabatic problem.
Hence, in a first step, the total state space H = L?(R? C") of the system can
be decomposed into orthogonal subspaces H; that are each unitarily equiva-
lent to spaces of the form L?(R? C") with Zj n; = n, see [7,14,16,17,19].
The operator H is then block-diagonal with respect to these subspaces up to
errors of order € and thus the reduced problems on each L?(R%, C" ) can be
analyzed independently. If a subspace H; is related to an isolated eigenvalue
band E; of the principal symbol Hy, i.e. Ej(q,p) depends smoothly on (g, p)
and is an eigenvalue of Hy(gq,p) with constant multiplicity, then the block of
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H on that subspace is unitarily equivalent to a semiclassical Hamiltonian H fi
on L%(R?,C") with principal symbol E; 1¢n; where 1¢n; = diag(1,...,1).

These semiclassical Hamiltonians H; ~ E; 1cn; + O(e) are an example
for the type of Hamiltonian we will study in this paper: here, the principal
symbol Hj is a scalar multiple of the identity matrix. Since higher order terms
do not contribute on the time scales we are interested in, we assume in the
following that the symbol of the Hamiltonian has the form

H(q,p) = Ho(q.p) + € Hi(q,p) = ho(q,p) Lc» + € Hi(q,p).

Also, the semiclassical limit for this problem has been studied extensively in
the literature, see e.g. [1] and references therein. However, the fact that A
is matrix-valued and that the quantum dynamics is non-trivial on the spin
degrees of freedom makes it impossible to approximate /i(t) in terms of a
classical flow only on R?? as in (1.1) or (1.2). Instead it is shown in [1] based
on [4] that the symbol of A(t) can be approximated, to leading order, by

A(t,q,p) = D*(t,q.p) (Ao ®}) (q.p) D(t.q,p), (1.3)

where @Y is the Hamiltonian flow of the scalar principal symbol hg(q, p) of H.
The orthogonal matrices D(t, q,p) are generated by the sub-principal symbol
H; according to

d .
ED(taq7p) = -1 (Hl o q)?) (qap> D(taQ7p)7 D(O7Q7p) = 1@”'

From the point of view of our results, this description has two shortcomings:
it gives only a leading order description, i.e. an error term as in (1.1), and the
time-evolved A(t, g, p) is not given in terms of a flow on phase space.

The latter shortcoming was solved in [2], where the authors observed
that one can use a Weyl calculus for spin developed by Stratonovich [20] and
further elaborated upon by Gracia-Bondia and Varilly [23] to map matrix-
valued functions A on R?? to scalar functions a := Symbgz(A) on the extended
phase space ¥ := R2¢ x S?. Note that the two-sphere S? carries a natural
symplectic form, namely the volume form. The result is that A(t,q,p) as in

(1.3) can indeed be written in terms of a so-called skew-product flow ®3ke™
on R?? x 2,

Symbga (A(Lq,p)) =:a(t,q,p,n) = (a o @fkew) (g,p,n).

Note that the skew-product flow ®%*V is not a Hamiltonian flow and that the
initial “spin” n has no effect on the dynamics of the translational degrees of
freedom, i.e. with ®$keW =: (Qikcw, pgkew kacw) it holds that Q%% (q,p,n) =
Q5% (q,p) and Pk (q,p,n) = PV (q,p) are both independent of n. This is
somewhat unsatisfactory from a physical point of view, since the paradigmatic
experiment measuring the spin of a particle, the Stern—Gerlach experiment, is
based on the fact that the trajectory of a particle with spin in an inhomoge-
neous magnetic field depends on its spin orientation. However, this is a small
effect not seen in the leading-order approximation.

The main new result of the present paper is the construction of a Hamil-
tonian flow ®¢ on the extended phase space ¥ = R?? x S? that includes the
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influence of spin on the translational degrees of freedom and provides a better
approximation to the evolution of scalar observables A = a 1¢n,

s HA(t) — Opy, (a0 ®) \ — 0(2). (1.4)

Here, Opy, denotes the quantization map from functions on X to operators on
L?(R2%?,C™) and a(q,p,n) := a(q,p) (cf. Sect. 2 for details).

For a special class of Hamiltonians on L?(IR,C?), including the Rabi and
the Jaynes—Cummings models, we show that the above approximation remains
valid for longer times: Assume hg(q,p) = %(p2 +w?q?) is the one-dimensional
harmonic oscillator Hamiltonian and suppose that the entries of Hi(q,p) are
polynomials in ¢ and p of degree at most one. Then, we can prove (1.4) for
longer times at the expense of a larger error. More precisely, we arrive at the
estimate

sup A(t) — Opy. (a0 ®)

te[0,T/e7]

‘ = O(e*7%) (1.5)

for any 0 < v < 1/2. Note that, on this time scale, the influence of spin on the
position of the particle can be of order !727, so almost of order 1. Moreover,
even for general initial observables B = Ops;(b) with b = b(¢, p,n) depending
also on spin, we can go to slightly longer times and show that

|B(t) - Opg (bo )| = 0(*~) (1.6)

sup

te[0,T/e7]
holds for any 0 < v < 1/4. Concrete applications of these results to the Rabi and
the Jaynes-Cummings model are discussed elsewhere [11]. Note that without
spin the semiclassical approximation for the harmonic oscillator hg is exact.
On the extended phase-space R? x S? this is no longer true, even when hq is
linear in ¢ and p. However, in Theorem 3.4, we show that there is still an exact
evolution equation for the symbol a(t) of A(t). But this equation can no longer
be solved by classical transport.

The paper is organized as follows: In Sect. 2, we first recall the standard
Weyl calculus on R??, then introduce the Stratonovich-Weyl calculus on S?
and finally show how to combine them. While this idea is not new (e.g. [2,22]),
the results of Sect. 2.3 have not been worked out in this form before. Section 3
contains the rigorous statements and the proofs of the general and the long-
time Egorov theorems. Their proofs rely on estimates on the derivatives of the
classical flow on X which we show in Sect. 4. In the final Sect. 5, we illustrate
the method by applying it to a simple model for the Stern—Gerlach experiment.
We conclude, in particular, that the semiclassical approximation captures the
spin-dependent splitting of wave packets correctly.

2. Weyl Calculus
2.1. Standard Weyl Calculus on R2¢

We briefly recall the most important features of Weyl calculus and specific
properties that we will use in the following. Readers familiar with Weyl calculus
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and not interested in the mathematical technicalities can skip this section. For
more details on e-pseudodifferential operators, we refer e.g. to [12,15,21]. For
a short summary on Weyl calculus with operator-valued symbols, the readers
can also consult Appendix A of [22].

One common and well-studied class of pseudodifferential operators are
those which are Weyl quantizations of symbols. A symbol f of order k € R is
a smooth function from R?? to B(C") such that

- —k+|a] aaaﬁ H
‘=  max sup D q,p
”f”k’r o,BeN] (g,p)eR2d ®) b 94 J (@) B(Cn)
|| +|8|<r

is bounded for all r € Ny. Here, (p)* := (14 |p|>)*/>. Equipped with the family
of seminorms {||-||, . }ren,, the set of all symbols of order k, denoted with Sk,
is a Fréchet space. Functions in S* have the property, that derivatives with
respect to p improve the decay with respect to p. In particular, any partial
derivative of degree k with respect to p of a function in S* yields a bounded
function with bounded derivatives. The space of uniformly bounded functions
A:[0,e0) — S* is denoted by S*(e).

For a Schwartz function ¢ € S(R?,C") and A € S¥(¢), the action of the
Weyl quantization A = Oppgaa(A) of A can be defined through the oscillatory
integral

(A)(x) = (Opgea(A)¥) ()

1 ;
~ @me)d / dpdy A(e, 5z +y),p) "V y(y). (21)
R2d
For k < 0, by the Caldéron—Vaillancourt theorem [18, Thorme II 36], A can
be extended to a bounded operator on H = L?(R%, C"); we will discuss other
boundedness criteria in Sect. 3.
The inverse of Op is the Wigner transform: if K4 is the operator kernel
to A € B(L*(R?,C")), then we define

2 1 .
(W]RM (A))(Q7p) = o Nds dye WP Ky (q + %y’ q— %y) .
/

(2m)
Rd

The composition of operators induces a composition of symbols. For any A €
Ski(e) and B € S*2(e), there exists a symbol C € S¥1+F2(g) denoted by
C = A#B such that AB = C. The bilinear map # : ¥ x Sk2 — Ghitke
is called the Moyal product and it is continuous with respect to the Frechet
topologies uniformly in ¢, i.e. for any r € Ny there is a 7 € Ny and a constant
¢r,7 < 00 such that

[(A#B) (e [RIC

My s < r [1A@y, 5+ [ BEly, -

holds true for all e € [0,gp). The last statement follows e.g. from inspecting
the proof of Thm. 2.41 in [9]. If for A € S*(e) there exists a sequence (4;);en,
in S*(¢) such that
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< 0
k,r

sup
£€[0,e0)

g (m+1) <A(s) — i el Aj (5))

for all » € Ny and m € Ny, then one writes A = Z;io efA; in Sk(e). If
A € S*(e) has an asymptotic expansion with coefficients A; € S*¥77 not
depending on ¢, then A is called a classical symbol, Ag its principal symbol
and A; its subprincipal symbol. The Moyal product C := A#B € Skitkz(¢)
of symbols A € S*1(¢) and B € S*2(¢) has an explicit asymptotic expansion
=372, €9 Cj such that C; € S¥17+27J(¢) and the remainder maps

Rypyr 8™ x §h2 — ghithemm=t,

(Aa B) = Rm+1 = 57(m+1) <O(5) - igj CJ(€)>

are continuous. The expansion starts with the pointwise product Cy(e) =

A(e)B(e) and the Poisson bracket C(g) = —1{A(e), B(¢) }g24, where

d
{A, BYgea = VyA- VB~V A-V,B:=Y (aijaqu - aquaij).

Jj=1

For classical symbols A and B, the Moyal product C := A# B is also a classical
symbol with an asymptotic expansion starting with

A#B = AQBO + e (AlBQ + AoBl — %{Ao, BO}RQC‘) + 0(52).

If A= a1lce is a scalar multiple of the identity, then A and all its derivatives
commute pointwise with any B. As a consequence, one can show that in this
case

[AO, Bo]u = Ao#BQ — Bo#AO = 715{140, Bo}RQd + O(E‘d) (22)

The fact that the remainder term in (2.2) is of order €® and not only &2 is
at the basis of our higher order semiclassical approximations. It distinguishes
Weyl quantization from other quantization rules.

2.2. Stratonovich—-Weyl Calculus for Spin

Similar to Weyl calculus that maps functions on phase space R?? to operators
on the Hilbert space L?(R?), there is a Weyl calculus that associates functions
on the compact phase space S? to operators on the finite-dimensional Hilbert
spaces C™. It was first proposed by Stratonovich [20] and elaborated upon
further by Gracia-Bondia and Varilly [23,24], and has been applied to study
the dynamics at Josephson junctions [6].

To make the following as transparent as possible, we restrict the presen-
tation to the case of C? and use the letter n to denote a point on the unit
sphere S? from now on. Higher dimensional spin-spaces can be dealt with in
complete analogy [23,24]. The basic observation is that any 2 x 2 matrix can
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be written as a linear combination of the identity matrix 1¢2 and the three
Pauli matrices o5, j = 1,2, 3,

3
A:a01Cz+Zajaj:aolcz+a-a (2.3)

j=1
for some complex coefficients ag, . .., a3 € C. Now, the quantization map Opg» :

C>°(S?) — B(C?) can be defined most easily using the Stratonovich-Weyl
kernel

A(n) :==1(1c2 +V3n-0), nes? (2.4)
by setting
Opgz(a) == %/ dna(n) A(n). (2.5)
SQ

It is clearly many to one, but there is a natural way to define also a dequanti-
zation map Wez : B(C?) — C°°(S?) by

(Ws2(4))(n) := Trez (AA(n)). (2.6)

which maps onto the four-dimensional subspace Cy(S?) := span{1,n1,n2,n3}
of C>(S?). Using Trcz2 0; = 0, we find that the dequantization of A written
as in (2.3) is the linear polynomial

a(n) = Ws2(A))(n) = ag + V3a-n, (2.7)

and Opg: : C1(S?) — B(C?) is indeed one-to-one with inverse Wsz. The pro-
jection P = Ws2 0 Opgz maps any a € C*°(S?) to the representative in C(S?)
that quantizes to the same matrix and is explicitly given by

(Pa)(n) = i/ dk a(k) Trez (A(k) A(n)) = i/ dka(k) (1 + 3k - n)

2 A7
S2 2

zﬁ/dka(kwﬁ :l/f/dkka(k) ‘n
$2 §2

=ap+V3a-n (2.8)
For later reference we note that for all a € C°°(S?) we have that

Pa=a for all a € C;(S?) (2.9)
Ops2Pa = Opgza  for all a € C>°(S?). (2.10)
Since the symbol a of a given matrix A is not unique, there is a priori also

no unique way to define the corresponding Moyal product fisz, i.e. the matrix
product on the level of functions on S2. However, if we demand that it takes
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its values in C1(S?), it is unique and one finds
(afs2 b)(n) := Wa2 (Opg: (a) Opg2 (b)) = Wa2 (Ops: (Pa) Ops: (Pb))
= W2 ((Clo Icz+a-0)(boplez+b- J))
- WSQ((aObO +a-b)+ (agh + aby +ia Ab) -a)

= (agbo +a-b) + V3 (agb + aby +ia A b) - n. (2.11)

As for the calculus on R??, the applicability to the semiclassical limit of the
Heisenberg equations of motion rests on the observation that the commutator
of operators corresponds to the Poisson bracket of symbols. The natural sym-
plectic form on S? is the volume form 7, which we normalize such that for two
tangent vectors v,w at n € S?

(v, W) = fé(v Aw) - n.
Thus, the Hamiltonian vector field associated to a function a € C*(S?) is
a_ _ 2
X% = 7 Vawa An
and a short computation yields

{a,b}g2 := n(X“,Xb) = —%(V”a/\vnb) -n.

Comparing with (2.11), we immediately see that
[a, ]y, = afseb — blisza = —i {Pa, Pb}g, . (2.12)
Now, there is an observation which is crucial for the following:
Lemma 2.1. Let a,b € C*°(S?), then
{Pa,Pb}s. = P {Pa,b}g. . (2.13)

Proof. We write (Pa)(n) = ag +v/3a-n and (Pb)(n) = by + v/3b - n. Then,

2
P {Pa, b} = fﬂ/ dk (a A V,b(k)) - k
SQ

-3 f/dkk(aAvnb(k))% .
SQ

Integration by parts gives for the first term

/ dk (@ AV,b) - k = / Ak €1 a; Ob(k) iy = 0

S2 S2
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and for the jth component of the second term

/ dk k;j (a A V,b(k)) - k = / Ak kj €ms ) Omb (k) ks
S2 S2

= —/ dk €ljs A b(k) ks = —€5s1 O / dk b(k) ks

§? 52
= (Cl A b)J %
Comparing with {Pa, Pb}s> = —2v/3(a A b) - n proves the claim. O
Corollary 2.2. Let a € C1(S?) and b € C*°(S?). Then,
[Opsza,Opszb} = —1Opg{a, b}se. (2.14)
Proof.
(212)
[Ops2a, 028 = Opgz [a, 8], “2” ~i Opee {Pa, b}
(219 —1Opg2P {Pa, b} (19 —1Opg2 {Pa, b}
(2.9)

=" —iOpg: {a, b} .
0

2.3. Weyl Calculus on R2? x S2

It is now straightforward to define a Weyl calculus on the product ¥ = R2?x S2.
We say a € SE(¢), if a(e) € C*°(X) such that Opg.a € S*(¢). For a € S&(e),
define Opy, and Ws, by

OpE (CL) = Opde (OpSZ (a)),

WE(A) = W]Rm (WgQ (A)),

and let
{a, b}y :={a,b}gea + é{av b}sz.

We now formulate our assumptions on the symbol of the Hamiltonian.

Assumption 2.3. Let h(q,p,n) = ho(q,p) +<hi(q, p,n) such that hy € S? and

h1(g,p,n) = bo(q,p) + V3b(g,p) - n
with by and all components of h(g, p) in S*.

Note that in view of (2.8) and (2.10), assuming h is a linear polynomial
in n is not a restriction, merely a convenient way to write the symbol.
Lemma 2.4. Let h satisfies Assumption 2.3 and let a € S%(e).

(i) Then,

i
= |Opsh,Opsa] — Opufhials| = 0).

B(H)

(ii)  If, in addition, there is a symbol ag such that a(q,p,n)—ao(q,p) = O(e),
then
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= 0(e?).
B(H)

i
HE |:0th ) OpZa’:| - OpE{hv a}Z
(iil) Suppose that hg is a quadratic polynomial in the components of p and

q, and the components of hg and b are linear polynomials in q and p.
Then,

[Opzh, Opga| = Opsi{h,a}s + 5 Opgea ({Hl, Alpea — {A, Hifrea

—20pg: {h, a}RZd)
= Opz{ha a}E - % Opz{hla (1 - P>a}R2d

holds true where Hy = Opg2hq and A = Opgea.

i
€

The main ingredient in the proof of (iii) is the following auxiliary

Lemma 2.5. Let a,b € C*(X) such that a(q,p,-),b(q,p,-) € C1(S?) are at most
linear polynomials in n for all (q,p) € R??. Then,

R(a, b) = {OPS2CL, OpSQb}de - {Opgzb, Opgza}Rw — 20psz {a, b}]de =0.

Proof of Lemma 2.4. (i) For the scalar symbol hg € S?, we have according
to (2.2)

[Opg2ho OpSzah = —ie {Opgzho, Opsza} gou + O(%), (2.15)
where the remainder is order €3 in S~1(g). For hy,
[Opgzhl ,Opsw]ri = [Opgzhl, Opgw]

—¢ % ({Opg2h1, Ops20} goa — {Ops2a, Ops: hl}RQd) +0(e?) (2.16)
where the remainder is order £2 in S~!(¢). Hence,
1 [Opsh, Opza] = Opges ({Ops:ho, Obg2a} gay + i [Opzehr, Opgea]
+= ({Opg21, Ops2) oy — {OPs2a, Opgs bt ) ) +O(E),
C2Y Opgas (opgz{ho, a}pas + Opgz{h1, a}se
+ & Opge {1, afau + 5 ({opgml, Opgea}as
—{Opgea, Opgahi } oy — 2 Opga B, a}de>) +O@?)
= Opg{h,a}s + 5 Oppza ({OpSth, OPs20} gaa
—{Ops2a, Opgaht } oy — 2 Opgz {ha, a}de) O,

where the second term of order ¢ is a bounded operator and the remainder
is order £2 as a bounded operator.
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ii) Under the assumption of (ii), also the second term is of order £2, since
(i) p , :

{Opsz hl, Opgz CL}R2d — {Opsza, Opgz hl}R2d -2 OpS2 {hl, Q}Rm
= {OpS2h1a OpSZ (a - aO)}de - {OpSZ (a - a’O)v OpS2h1}R2d
-2 Op82 {hla (a - aO)}RQd
=0O(e).
(iii) For the first equality in (iii), just note that there are no remainder terms
in (2.15) and (2.16) in this case. In view of (2.10), Opg:a = Opg2Pa,
we can replace a by Pa in the above equation. Thus, both arguments

of the Poisson brackets are linear in n and we conclude with the help of
Lemma 2.5 that

{Opgzh]_, Opgza}de — {Opsza, Opsi’hl}de — 20pg2{h1,a}tpea
= R(hl, a) - Opg2{h1, (1 - P)G}de = —Opgz{h1, (1 — P)G}de-

This proves the second equality in (iii). O
All that remains is to prove the auxiliary Lemma 2.5:

Proof of Lemma 2.5. Let a = ag + V3a-nand b= bg+ v3b-n be the scalar
symbols to the matrix-valued functions A = ag 1c2+a-0 and B = by 1¢c2+b-o.
We can write the difference of the Poisson brackets as the difference of two
anti-commutators,

d
{4, Blsa = {B, Aba = > (10,4, 04, By — [0,,4,0, Bl ).

j=1
These anti-commutators can be expressed in terms of the coefficients,
[A,B]y = (aol(cz +C1'O') (bol(cz +b‘0') + (bol(cz +b'0') (aol(c2 +Cl‘0')
22(0.0[10—1—0.-[1)1@2 +2(aob+boa) - 0.

By a straightforward computation, we can verify that P(3(a-n) (b-n)) =a-b
holds true and hence

Opg: (3(a-n) (b-n)) = Ops2P(3(a-n) (b-n)) = (a-b)Lce.
This means the right-hand side of
d
20pg:{a,b}pe =2 ) Opg ((apj a0+ V30,0 n) (9,60 + V30, - n))

j=1
+ other terms

d
=2 Z Opg:2 ((0pj ag 0g; b0 + 3 (0p,a-n) (0g,b - n))
j=1
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+ V3 (g, b0 Op,a + 9y, a0 b) - n) + other terms

= ([0p,A,04,Bls — 04,4, 0y, Bl )
j=1
agrees with {A, B}ga — {B, A}ga, and R(a,b) vanishes identically. O

3. Egorov Theorems

Suppose h satisfies Assumption 2.3 and denotes by ®¢ the Hamiltonian flow
associated to Hamilton’s equation of motion

G = +V,h = +V,ho + & (Vypho + V3V, (h - n))
p=—-Veh=—-Vho—¢c(Vyho+V3V,(h-n)) (3.1)
n=2HAn

on extended phase space & = R?? x S2. To shorten the notation, we will often
use z = (g, p) € R?? for the translational variables and 0. stands for either Oy,
or 8y,. Then, the Hamiltonian flow ® = (Z°(t), N°(¢)) similarly splits into a
translational part Z°(t) = (Q°(t), P*(t)) and spin N°(t). It is easy to see that
under the assumptions placed on h, the flow ®¢ exists globally in time and is
smooth (Proposition 4.1).

If we replace h by the leading-order term hg in the first two equations
of (3.1), we obtain the skew product flow ®° from [2]; this flow also exists for
all t € R, is smooth and agrees with the Hamiltonian flow ®; = ®? + O(e) to
leading order for all bounded times. We will write ®9 = (Z°(t), N°(t)) for the
translational and spin part. Here, translational and spin dynamics decouple
and there is no back-reaction from the spin dynamics onto the translational
dynamics, the spin is just “dragged along”.

Now, we have the necessary terminology to prove our semiclassical lim-
its: combining standard Weyl and Stratonovich—-Weyl calculus with standard
arguments, we obtain an Egorov theorem for times of order 1. The proofs of
the relevant properties of the flow are postponed to Sect. 4.

Theorem 3.1 (O(1)-time Egorov-type theorem). Suppose h satisfies ho € S° in
addition to Assumption 2.3. Then, for any a € S% and T < oo, the following
two statements hold:

(i)  sup He"‘iﬁg Opy,(a) e ihe Opy (a o ®7) ‘ =0(e)
te[—-T,T] B(H)
(ii)  If in addition a is independent of n, then the error is of second order,
sup et Opy(a)e ™ — Opg(ac®f)| =02,
te[-T,T) B(H)

Proof. (i) By Proposition 4.1, the flow @ exists and all its derivatives are
bounded for all |t| < T. We abbreviate the classically evolved observable
with a(t) := a o ®f and set & := Opy(a). Then, a Duhamel argument
yields
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t
e ge e — a(t)z/dsd—(elgha(t—s)eﬂ?h)
s
0

P — -
)e iZh

= / dscith (é [fz,a(t —s)]+Lalt-s)

= / dselth (é [ﬁ,a(T-—\s)] — Opy{h,a(t — s)}2> e ith, (3.2)

Combining Corollary 4.2 with the usual Caldéron—Vaillancourt theorem
[18, Théoreme IT 36] and Lemma 2.4 (i), we obtain

sup é[ﬁ, a(?—\s)] — Opy{h,a(t —s)}

te[—T,T)

O(e)

P

B(H) -

and thus we have shown (i).

(i) If a(q,p,n) = alq,p), then a1(t) := ao ® —ao d) = O(e) by Proposi-
tion 4.1 where ®° is the decoupled flow introduced in the beginning of
the section. Thus Lemma 2.4 (ii) applies and

su ifz,a?—\s -0 h,a(t —s H =0(e?
o[ ol =5)] = Ot = ) |, = O
holds which in turn implies (ii). O

Note that (i) just shows that we can replace the skew product flow (1.3)
with the Hamiltonian flow ®¢ without changing the size of the error. For purely
translational observables, one can improve the error estimate by a factor of
when going from the skew product flow to ®°.

As an immediate corollary, we obtain a semiclassical limit for states: here
we compare p(t) = e 12" petieh with Wy (p)o®< ,, where Wy (p) is the Wigner
transform of the density operator p.

Corollary 3.2. In addition to the conditions of Theorem 3.1, assume that p is
a density operator with Wigner transform W := Wx(p).

(i) Ifa € SY depends non-trivially on spin, then

X 11 .
Tr(Opyx(a) p(t)) = Gn)iir / dqdp/dna(q,n n) Wo @2 ,(q,p,n)
R2d s2

+0O(

holds for all |t| < T.
(i) If a € S is independent of n, then

m

)

Tr(Ops(a) p(t)) = (Qi)d% / dqdp/dna(q,n n)Wo®Z,(q,p,n)
R2d s2
+ O(e%)

holds for all |t| < T.



1980 O. Gat et al. Ann. Henri Poincaré

Proof. The proofs of (i) and (ii) rely on Theorem 3.1,

Tx (Opz(a) A1) = Tr (Opg(a) e 7 petiEh) = T (1% Opg(a) e 7147 5)
the observation that p(t) and W o &5 solve the equations of motion for observ-
ables backwards in time and Liouville’s theorem. O

Attempting to extend Egorov theorems to longer time scales is hard and
requires more detailed information on the flow. The non-linearity of the clas-
sical system limits the time scale of validity of semiclassical approximations to
the Ehrenfest time ¢t = O(|Ine|). While for quadratic Hamiltonians on phase-
space R??, one finds that A(t) = Op(A o <I>?) holds without error since the
equations of motion are linear, any coupling between translational and spin
degrees of freedom introduces additional non-linear terms for the equations of
motion on extended phase space. However, in the case that hg is a quadratic
polynomial in the components of p and ¢, and the components of hy and h are
linear polynomials in ¢ and p, we can still find bounds on the derivatives of
the flow for times of order O(¢~7) for some v > 0 (cf. Proposition 4.3). The
Jaynes—Cummings- and Rabi-type Hamiltonians which, among other things,
describe the interaction between an electromagnetic mode in a cavity and an
atomic two-level system, are of this type.

A second important ingredient in our long-time semiclassical limit
involves using suitable boundedness criteria for ¥DOs: the usual Caldéron—
Vaillancourt theorem [18, Théoreme II 36] requires us to control 2d + 1 deriv-
atives where d is the dimension of translational configuration space, i.e. there
exists a constant c¢g > 0 depending only on d such that

||Op2(a)||B(H) < callallo,2d+1

holds for all a € S uniformly in € € (0,&0). To reduce the number of deriva-
tives, we will use other bounds: if a decays sufficiently rapidly at oo, we only
need to control d 4 1 derivatives. More specifically, a straightforward general-
ization of [10, Lemma 1.1] and [8, Lemma 3.1] to matrix-valued symbols gives
the following estimate:

Opx,(a <c¢g max  sup ( D d+1 d%a(q,p,n ) 3.3
H x( )HB(H) le|<d+1 (g,p,n)ex ») ‘ )‘ (3:3)
Again, the constant ¢4 > 0 depends only on d and is uniform in ¢ € (0, ).
Finally, for compactly supported symbols a € C°(X), we can give a bound
which only involves the sup norm,

Opy( Vol(suppa) sup |a(g,p,n)|. (3.4)
H % ||B(H) / ( )(q,p,n)GE

It is the last two boundedness criteria which enter the proof of the long-time
semiclassical limit.

Theorem 3.3 (Long-time Egorov theorem). Let d = 1, ho(q,p) = 3 (p*+w?q?),
ho = 0 and b be a linear polynomial in q and p. Then, for any T < oo, the
following statements hold:
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(i) Suppose a € 552. Then, for any v < /4, there is g > 0 such that for
e < é€g

sup

etith Opyx:(a) emith _ Ops, (a o <I>§)
[t|e[0,T/e]

=0("*). (35

oy = O 69)

(ii) If in addition a € C°(X) is independent of n, then for any vy < 1/2 there
is €9 > 0 such that for e < ey we have

sup

etith Opy,(a) eith Opy; (a0 0F)
|t|€[0,T/e7]

- 3/2—3y
‘B(H) O(737). (3.6)

Proof. (i) Assumet = O(£77) for some y > 0 that has yet to be determined.
Moreover, let b,g > 0 be the constants defined in the proof of Proposi-
tion 4.3 and « = 1/2. Lastly, for better readability, define the remainder

R(a(t)) = _OPSQ{hlv (1 - P)a(t)}de

which involves first-order derivatives of a(t) in ¢ and p. Then, the chain
rule

9. (a0 ®)(z,n) = Da(®;(z,n)) 0.®;(z,n)

and analogous expressions for higher order derivatives, equation (3.2),
Lemma 2.4 (iii) and boundedness criterion (3.3) imply

+ith —ith e
sup e<" Opx(a)e™ <" —Op ao@’
jtleloT/e] = 2(20 20| 5
t
<e /ds HOpde (R(a(t)))HB(H)
0

2
<e[t| C max (Z%I;EQM I\aﬁ‘(a°¢§)(z7n)!!)~

Proposition 4.3 allows us to estimate the right-hand side by

max sup <<p>2 102 (a o @f)(z,n)“) <C(1+ |t|3)

la|<3 (z,n)en

for [t| < e '/? V2bg . Hence, for t = O(e™7), v < /4, we obtain the
bound

sup
[t|€[0,T/e7]

<eC(t| + |t|") = 0 ().

+ith —ith e
e Opy(a)e =" =0 aod H
pz( ) Pz( t) BH)

(ii) Again let t = O(e77) for some v > 0 that has yet to be determined. In
case a is initially independent of n and has compact support, we have
a(t,z,n) = a(Z¢(t,z,n)) and thus

d.a(t, z,n) = Da(Z°(t,z,n)) . Z°(t, z,n).
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Since the volume measure on phase space coincides with the Liouville
measure, the above equation combined with Liouville’s Theorem implies
that for all ¢t € R, we have
Vol (supp d.a(t)) < Vol(suppa(t)) = Vol(suppa).

The function ag(t) := a o ®? is independent of n and thus Pag(t) = ag(t)
holds for all ¢. This means, we can insert ag(t) into the remainder and
estimate its norm for times [¢t| < e~/2 V2bg " using equation (3.4) and
Proposition 4.3,

e lt] sup |[Opges (R(alt) — ao(t)))

|s|€[0,4] HB(H)

C
<e¢|t| —= max sup sup
€ |a[<1s)€0,t] (2,n)ex

(’Da(ZE(s,z,n)) - Da(ZO(s,z))‘ |08 Z (s, 2,n)|
+ |Da(ZO(s,z))’ |8§‘(Za(s,z,n) - Zo(s,z))D
<VEC [t] (et +ebg [t]’) = O(72737).
Hence, as long as t = O(e™7) for v < 1/2, the right-hand side goes to 0
as ¢ — 0 and we have shown (ii). O

In the special case of a quadratic Hamiltonian, we can actually get an
exact equation for the time-evolution of the symbol of a semiclassical operator,
albeit not in terms of a classical flow.

Theorem 3.4. Let d = 1 and ho(q,p) = %(p2 + w2q2), ho = 0 and § be a
polynomial in g and p of degree 1. Let a € 552 and a(t,q,p,n) be a solution of

ata(ta q, D, n) = (P {h7 a(t)}z) (qupv ’I’L)
such that a(t) € S% for all t € R. Then,

et ae e = Opy(a(t)). (3.7)

Proof. By definition a(t,q,p, ) € C1(S?) for all t € R. Thus, by Lemma 2.4
(iii) we have

£[Opgh, Opsa(t)] = Ops{h, a(t)}s = OpgP{h,a(t)}x = Opg(a(t)).

4. Estimates on the Classical Flow

In this section, we study properties of the flows ®° and ®° as defined in the
beginning of Sect. 3: ®f = (Z°(t), N°(t)) is the Hamiltonian flow associated to
(3.1) while ®) = (Z°(t), N°(t)) is the flow associated to (3.1) after replacing h
by hg in the first two equations. Existence for all times and smoothness follows
from standard arguments from the theory of ordinary differential equations.
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Proposition 4.1. Suppose h satisfies h € S° in addition to Assumption 2.3.
Then, ®° and ®° exist globally in time and are smooth, i.e. for any t € R,
®° and 0 are diffeomorphisms on ¥ and depend smoothly on time. Moreover,
for bounded time intervals [T, +T), we have ®; = ®Y + O(g) and all partial
derivatives 020205 and 0202®Y are uniformly bounded.

Proof. All claims follow from the fact that the vector fields (r.h.s. of (3.1)) have
globally bounded derivatives to all orders. Moreover, the difference between
the vector fields which define ®° and ®° is bounded and O(e), and thus the
Gronwall lemma implies ®§ = &9 + O(e) for bounded time intervals. O

This immediately implies that the actions of ®° and ®° preserve
Hormander classes.

Corollary 4.2. Let h satisfies Assumption 2.3 and, in addition, let h € S°.
Then, for a € SE(e) it holds that a o ®,a 0 ®Y € SE(e) for all t € R and for
any T < oo and r € Ny

sup sup ||ao<1>§||kr < 00 and sup sup ||ao<I>t0||kr < 00.
te[—T,T) e€(0,e0) ’ te[—T,T) e€(0,e0) ’
Now, let us turn to the case of Jaynes—Cummings- and Rabi-type Hamil-
tonians. If b is the prefactor of h; = V3§ - n, we define the skew symmetric
matrix

0 —bs  +be
$H:=2|+b3 0 —b1
—bh2  +bhy 0

This convention allows us to write down proofs of the long-time flow estimates
in a more compact fashion.

Proposition 4.3. Let d =1 and

ho(q,p) = 2 (p* +w?¢®),  hilg,p,n) = V3 (b +qby +phy) - n,

where b, by, b, € R3. Then, the flows ®° and O exist globally in time and the
two are O(g)-close,
sup ’Zs(t,z,n) -2, 2)| = 0(et]),
(z,n)€X

sup |N°(t,z,n) — N°(t,z,n)| = O(e |t|2).
(z,n)€X

We abbreviate Z = Z¢ and N = N¢ and introduce the norms

I Xl := sup ’X(S)|
sE[—t,t]

Let’ denote a derivative with respect to either q or p. Then, there are constants
b,g > 0 depending only on hy such that for any 0 < o < 1 and all |t| <

g~/ \ /ba—q it holds that
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| b|t|
12, < 7= IVl < 7=
ablt| b2 |t\
1271l < T = oy NIl < =gy
4ab?|t)? 4030t)3
12”1l < T 1Nl < = o
and
Hzl _ ZO/ < 5:bg|t|2
t— l—a’

Proof. To write the equations of motion in a concise form, we abbreviate
T
0 1 +b
a=( ", and G=v3( .
—w 0 _nT
by
Then,

Z=QZ+eGN, N=9H(Z)N=9Z")N+9H(Z—-2Z°)N. (4.1)

Let Rz(t) € SO(2) be the propagator of the harmonic oscillator satisfying
Rz(t) = QRz(t) with Rz(0) = 1ge, then the “variation of constants” formula
gives
¢
Z({t)=Rz(t) | Z(0)+¢ /ds Rz(—s)GN(s)

_ 200 +s/dsRZ(t _ G N(s).

Thus, sup(, , n)es |Z ,q,p,n) — Z°(t,q,p)| = O(elt]). For N, we find analo-
gously with Ag(t) € SO(3) the propagator of the “homogeneous” system

Ao(t) = 9(2°(1)) Ao (1)

that
N() = Ao(t) | N(0) + / ds Ao(—s) 5(Z(s) — 2°()) N(s)
= NO(t) + /ds Ao(t —s)9(Z(s) — Z°(s)) N(s)
0
and thus sup(, , »)ex ‘N(t,q,p, n) — NO(t,q,p,n | = O(glt]?)

We now turn to the derivatives of the flow. Let ’ be a derivative with
respect to the initial ¢ or p. Then, the derivatives of the flow map satisfy the
equations
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7' =QZ +eGN', N =$9(Z)N'+ B(Z')N,
where B(Z') is a skew-symmetric matrix with all components linear in Q" and
P’ Let Rz(t) € SO(2) be as before and Ry (t) € SO(3) be the propagator of
the “homogeneous” system

Ry(t) = 9(Z(t)) Rn (1),

then the variation of constants formula and ®§(z,n) = (z,n) gives

Z'(t) = Ry(t) Z’(O)—i—e/dsRZ(—s)GN’(s)

N'(t) = Rn(t ds Ry(—s) B(Z'(s)) N(s)
(o f )

¢
_ /ds R(t — 5) B(Z'(s)) N(s).
0

From this, we infer that

121, < |[2' )] +eglel [ N'[], = 1 +eglel [N,

=1

Ivl], < olel [ 27,
where g = ||G||prs r2) and b is a constant depending on B. Combining these
estimates, we find that for any oo < 1

1

blt| blt|
t = 2 = <
1 —ebglt| 1

Ht T l-ebglt T 1-a

12']], < and [N
uniformly for [t| < /-%;. Similarly, from

7' — 2% =GN,

and the norm estimate for N/, we deduce

ebg |1’
l-«
Bounds on higher derivatives are obtained in the same way:
Z" =QZ" +eGN"
=9H(Z)N" + B(Z")N + B(Z')N'

|7/ - 2| <eqltl IN'l, <

implies

127]], < |2"(0)] + e glt] |[N"]|, = e glt| [|N"]],

bt
197, < e (2l + 020, 1,) < ol (11270, + s
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and thus
b2 |t|2
[Nl < ebglt* NIl + 7052
Solving for HN”Ht gives
1"
N 1 b2|t|? - b2 |t|?

<
tT 1—ebglt]? 1—a)2 = (1—a)?

and

" e b?glt® ablt|
HZ Ht < (1 _ a)3 < (1 _ Q)S'

For the third derivatives, we find
7" =Qz" +GN"
N"' = §(Z)N" + B(Z")N +2B(Z')N" +2B(Z")N’
and thus
12"]], < & glel [|N"]],
Il <ot (1127, + 2020, 137, + 2027, 18),)

20%[t12 2 b3g|t]!
Q- (1-a)
203[¢)3 (1 + e bg|t|*)

<ol (Jl2", +

< ebgltl [ N[l +

(I—a)t
403(t)3
< Ebg|t‘2 ||N”IHt + (1—O|é)4

where in the last step we have used 0 < o < 1 and [t| < e7"/2 /55 Solving

again for N/, we find

4b3|t)?
IN“lle < =y

4eb3glt|*  dab?|t]?
(1-a)® = (1-a)

and |27, <

5. The Stern—Gerlach Experiment

To illustrate our method, we discuss how the Stern—Gerlach experiment can
be understood in terms of the semiclassical flow on extended phase space
¥ = R6 x 2. In this famous experiment, neutral atoms with magnetic moment
g and spin-1/2 are sent through a weak, inhomogeneous magnetic field B =
(Bl,BQ,Bg) € C°(R3,R3). For simplicity, we will absorb g into B. In the
experiment one observes that a beam of such particles splits into two parts
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with intensities depending on the initial spin-state. The Hamiltonian describing
a single atom in the beam is the Weyl quantization of

H(g,p)=1p* —€iB(q) -0
:opgz( p? — e LB(g) - ):; Ops: (h(a.p. ). (5.1)

Due to the assumption on the magnetic field and the fact that the leading-
order term of H(q,p) is quadratic, Theorem 3.1 applies and for observables
a € S which are initially independent of spin, we have a semiclassical limit
with error O(g?). In particular, this implies that we can compute quantum
expectation values

TrL2(]R3,(C2) (e—th Opz ((l) e_iﬁﬁ 1f}>

1 1
= W/dqdpﬂ/dnao@?(q,p7n)w(q7p’n)+O(E2)

RS S2

with respect to the state @ = Opy,(w) for times of order 1.

To be able to solve the semiclassical equations of motion (3.1) analyt-
ically, we will make some simplifying assumptions: first of all, we take the
magnetic field to be of the form

B(q) = (0,0,b(q1)) = b(a1) e

where b € C*°(R), and thus V;-B =0, V,B; = 0for j = 1,2 and V, B3 = V' ¢;.
It is easy to solve the equations of motion

q=p
pza%V (B- n)—sfb’ngelz(Q(e) (5.2)
n=be es N\

explicitly up to O(?): the leading-order flow on R® x §? is given by

q+tp
®7(q,p,n) = P
NO(t,q,p,n)
where N(t,q,p,n) solves
NO(t,q,p,n) = b(qi + tp1) es A N°(t,q, p,n), N°0,q,p,n) = n.

Note that the spin precesses around the ez-axis and thus N3 (¢, q,p,n) = ns.
The flow which solves (5.2) can be found up to O(g?) by iteration: § =

e@b’(ql) ng e and hence, for initial momenta p = (0, pa, p3) in the pop3-plane,
we compute

¢ (t,q,p,n) = q+tp+et? LV (q)nzer.

Thus, classical trajectories starting at (g, p) split into a whole fan of possible
directions depending on ng € [—1,+1]. This apparent inconsistency with the



1988 O. Gat et al. Ann. Henri Poincaré

quantum mechanical predictions disappears after averaging over an initial dis-
tribution of spin. Let us assume for simplicity that the initial state is a product
state, W = Wge @ Wse, with symbol w(q, p,n) = wgs(q, p) wsz(n). The fact that
wgz2(n) = 1 (so + V35 n) is the symbol of a density matrix, i.e.

Opgz (wg2) = Opgz (wg2)*, 0 < Opga (ws2) <1,  Trez (Opge (ws2)) =1,
implies 50 = 1, 5 € R? and |s| < 1. The pure states have “spin-direction”

s € S?, while the completely unpolarized state is wQ(n) = % Taking the
spin-average of the ej-deflection

AGi(t) = gi(t) — @ = et* 22V (q1) ns
for initial momenta p = (0, pa, p3) with respect to Opge (wg2) = %(1(@2 +5- 0)
yields
Eoy (Aqi (t)) = Tree (Opg2 (Aqf(t)) Opg2 (’wgz))
2 V(a1)
2
v(q1)

=ct? —y % (5.3)

To conclude that the distribution of Ag¢$(t) is concentrated in two points, we
need to compute higher moments of Agj(t). To this end, note that

(omes(aai0)) ™" = (e )™ o (o POI)™,

=ct Tr((jz (0'3 Op§2 (U)S2))

2 2
and
2m+1 b/ 2m—+1
(Opsz (Aqgi(t ) = <5t2 | (glﬂ)
2m—+1
o2mtl _ <€t2 |b/(Q1)|) os.
2
Hence,
9m b/ q 2m
]EwSQ((Aqg(t)) ):< 2 | (21)|>
and
2m+1 V()
By, ((A(JT(t)) ) = (5 t? 5 53
This computation shows how a continuous distribution of classical trajectories

in RS x S? leads to a distribution concentrated in two points +e 2 @ with
weights %(1 + s3) after averaging against a spin Wigner function wgz. Since
wgz is always equivalent to a linear polynomial, Pwsz(n) = %(1 +3s- n)
is never concentrated around a point on S? and takes negative values in case
|s| > 1/v3 is large enough.

Of course, we still need to average over an initial distribution wgs (g, p) of
position and momenta. According to the uncertainty relation, we can assume
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that the width of the initial position distribution is Agy = O(e"/?) and the
width of the initial momentum distribution is Apy = O(¢¥?). After time ¢ o
e='/2, the width Aq = Aqg + tApy = O(e'/°) of wave packets following the
classical trajectories is smaller than the separation £t2b'(q1) = O(1) of the
trajectories due to the deflection by the inhomogeneous field.

In conclusion, we see that the semiclassical model can correctly repro-
duce the splitting of wave packets in inhomogeneous magnetic fields. For the
particular case where b(q1) = ¢1 is linear and initial momenta p = (0, pa, p3) lie
in the paps-plane, we arrive at an effectively one-dimensional problem. Thus,
Theorem 3.3 applies and we obtain a semiclassical limit for times of order up
to O(e™7), v < 1/2, for suitable observables which are initially independent
of n. Hence, we even have a rigorous proof that the semiclassical predictions
agree at leading order with the quantum mechanical distributions up to times
where the splitting is visible.
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