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A Trace Formula for Long-Range
Perturbations of the Landau Hamiltonian

Tomaés Lungenstrass and Georgi Raikov

Abstract. We consider the Landau Hamiltonian perturbed by a long-range
electric potential V. The spectrum of the perturbed operator consists
of eigenvalue clusters which accumulate to the Landau levels. First, we
estimate the rate of the shrinking of these clusters to the Landau levels
as the number of the cluster tends to infinity. Further, we assume that
there exists an appropriate V, homogeneous of order —p with p € (0, 1),
such that V(z) = V(z) + O(|z|7°7°), € > 0, as |z| — oo, and investigate
the asymptotic distribution of the eigenvalues within the gth cluster as
q — oo. We obtain an explicit description of the asymptotic density of
the eigenvalues in terms of the mean-value transform of V.

1. Introduction

Our unperturbed operator is the Landau Hamiltonian
Hy := (—iV — A)?,

self-adjoint in L?(R?). Here, A := (—£% B&1) ig the magnetic potential,
and B > 0 is the generated constant magnetic field. It is well known that
the spectrum o(Hy) of Hy consists of infinitely degenerate eigenvalues A\, :=
B(2g+1),q€ 7, :={0,1,2,...}, called Landau levels.

The perturbation of Hy is an electric potential V' : R? — R which is

supposed to be bounded and continuous. Set H := Hy + V. Evidently,

o0
o(H) C | J g +inf VA, +sup V],
q=0
Moreover, if V' decays at infinity, and, hence, is relatively compact with re-
spect to Hyp, then o(H)\o(Hp) consists of discrete eigenvalues which could
accumulate only to the Landau levels. Recently, in [19] it was shown that if V/
satisfies

V()| <c(z)™?, z€ R?, (1.1)
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with p > 1, then o(H) is contained in the union of intervals centered at the

Landau levels Ay, of size O()\q_l/z) as ¢ — oo. Moreover, in [19] the asymptotic
density of the eigenvalue clusters was studied. To this end, the asymptotic be-

haviour of the trace Tr <p()\(1/2(H—/\q)) with p € C§°(R\{0}) was investigated,

and it was found that Trap()\ém(H — Ag)) is of order )\é/2 as ¢ — oo, and its
first asymptotic term could be written explicitly using the Radon transform
of V.

In the present article, we assume that V is long-range, i.e. in contrast to
[19], it satisfies (1.1) with p € (0,1). First, we show that the eigenvalue clusters
of H shrink to the Landau levels at rate )\q_p/Q as ¢ — oo (see Proposition
2.1). Further, we suppose that there exists an appropriate V, homogeneous of
order —p, which is asymptotically equivalent to V', and study the asymptotic
behaviour of the trace Tr cp()\g/z (H—)g)). We show that Tr cp()\g/2 (H—2y)) is
of order A\q as ¢ — o0, and its main asymptotic term could be written explicitly
using the mean-value transform of V (see Theorem 2.1).

The article is organized as follows. In the next section, we formulate our
main results, and briefly comment on them. Section 3 contains auxiliary facts
concerning the properties of Weyl pseudodifferential operators and Berezin—
Toeplitz operators which are the main tools in the proof of Theorem 2.1. The
proof itself could be found in Sect. 4, and is divided into several steps, contained
in separate subsections.

2. Main Results

Our first result concerns the shrinking of the eigenvalue clusters of H in the
case of long-range potentials V.

Proposition 2.1. Assume that V satisfies (1.1) with p € (0,1). Then there
exists a constant C > 0 such that
o0
o(H) < [ (= ON 720+ ON#2). (2.1)

q=0
The proof of Proposition 2.1 could be found in Sect. 3.4.

Remark. (i) Simple considerations (see the remark after Proposition 3.7)
show that the estimate O()\;” / %) of the size of the eigenvalue clusters is
sharp. This will follow also from Theorem 2.1.

(ii) In [19, Proposition 1.1], it was shown that if V satisfies (1.1) with p > 1,
then there exists a constant C' > 0 such that
o(H) < [ (A = CAFV2 00+ CAF1)
q=0

In the case of compactly supported V', such a result was already obtained
in [17].
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In order to formulate our main result, we need the following notations.
For d > 1 put

C(RY) = {u € C*(R?Y) | sup |D*u(z)| < ca, a € Zi} .
z€R

Following [26, Chapter 3, Section 8|, we write u € Hﬂ,p(Rd) if u € C°(RH\{0}),
p € (0,00), is a homogeneous function of order —p. Moreover, for p € [0, c0)
we set

Sy (RY) = {u e C=(RY)| sup (@) D(x)| < co, € Zi} .

zERC

Assume u € C(R?\{0}), and define the mean-value transform

u(x) == L /u(x —w)dw, =€ R*\S.
27

St
Our mean-value transform coincides with the 2D mean-value operator M?!
defined in [15, Chapter I, Eq. (15)] with n = 2, and is quite closely related to
the so-called planar circular Radon transform defined, for instance, in [1].

Next, we describe some elementary but yet useful properties of the mean-
value transforms of functions from appropriate classes. The proofs are quite
simple, so that we omit the details. If u € S;?(R?), p € (0,00), then the
mean-value transform 4 extends to a function @ € Sy *(R2). If u € H* »(R?),
p € (0,00), then ni € S;” provided that n € SY(R?) and suppn NSt = 0.
Moreover, if p € (0, 1), then the mean-value transform of u € H* ,(R?) extends
to a function @ € C(R?). Finally, if u € Hu_p(Rz), p € (0,1), and u(xz) = 0 for
each z € R?, then u(z) = 0 for each z € R?\{0}.

Theorem 2.1. Let p € (0,1). Assume that V € S;”(R?) and there exists V €
’Hﬂ,p(RQ) such that

[V(z) = V(z)| < Clz|~F7%, zeR? |z|>1, (2.2)

with some constant C and € > 0. Then we hcwe
Hm A, Tro(\/2(H — Ag) / (B*V (z (2.3)

g—o0 2 2B

for each ¢ € C3°(R\{0}).

Let us comment briefly on Theorem 2.1.
o Let [, 8] C R\{0} be a bounded interval with oo < 3. For q € Z set

pq([cv, B]) == Z dim Ker (H — \).
Ag+ad7 P/ 2<A< A +8AT P2

Evidently, pq([er, 8]) < 00 if ¢ € Z is large enough. Put

#lle, B)) = Q%B {z R B < V(@) < pB
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where |-| denotes the Lebesgue measure, and V is the mean-value transform
of Ve HEP(RQ), p € (0,1), the homogeneous function introduced in the
statement of Theorem 2.1. Evidently, 0 & [«, 5] implies u([a, 5]) < co. We
extend 4 to a o-finite measure defined on the Borel sets O C R\{0}, and
supported on {BP inf,cpe V(z), B SUD, cR2 V(x)} \{0}; the compactness of

the support of the limiting measure p agrees with the fact that, in accor-
dance, with (2.1), we have supp u, C [—C,C)\{0} for sufficiently large q.
Then the validity of (2.3) for any ¢ € C§°(R?\{0}) is equivalent to the
validity of

Jim Az g ([es B) = (e, B))

for any bounded [, 5] C R\{0} such that pu({a}) = u({8}) = 0. Note that
if, for instance, the function V is radially symmetric, then p({a}) = 0 for
any « € R\{0}.

e As already mentioned, in [19] it was supposed that V satisfies (1.1) with
p > 1. Then the Radon transform

-~ 1
V(s,w):= o /V(sw +twh)dt, scR,
R

w= (wy,ws) € S, wt:= (—wa,wn),

is well defined, continuous, and decays as |s| — oo uniformly with respect
to w € St. Then, instead of (2.3), we have

Jim AP T (N2 (H = X)) = %//@(Bf/(s,w))dwds (2.4)
R st
(see [19, Theorem 1.3]). Note, in particular, that if V' # 0 satisfies (1.1) with
p > 1, then (2.4) implies that Tr<p()\é/2(H — Ag)) is of order )\(11/2, while it
follows from (2.3) that under the hypotheses of Theorem 2.1 Tr go()\g/g (H -
Ag)) is of order A\ as ¢ — o0 if V # 0.
e Theorem 2.1 admits a similar semiclassical interpretation as [19, Theorem
1.3]. Namely, consider the classical Hamiltonian function

H(E, )= (&+Bxa/2)* +(&2— Bx1/2)?, £=(£1,&) €R?, m=(z1,72) €R?.
(2.5)

The projections onto the configuration space of the orbits of the Hamil-
tonian flow of H are circles of radius vE/B, where E > 0 is the energy
corresponding to the orbit. The classical particles move around these circles
with period Tp = 7/B. These orbits are parameterized by the energy F > 0
and the center ¢ € R? of the circle. Denote the path in the configuration
space corresponding to such an orbit by (¢, F,t), t € [0,Tg), and set

Av(V)(c,E) = i / V(y(c, B,t))dt, Tp=r/B.
0
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It is easy to see that the r.h.s. of (2.3) can be rewritten as

5 o(B*V(x))dz = — lim % / o(EP? Av(V)(c, E)) de.  (2.6)
]R2

Given (2.6), we can rewrite (2.3) as

1 B 1
lim )\—Tr@()\Z/Q(H—/\q)) = — lim E/@(EP/Q Av(V)(c, E))dec.

g—00 Ag 2T E—oo

2.7)

Formula (2.7) agrees with the so-called “averaging principle” for systems
close to integrable ones, according to which a good approximation is ob-
tained if one replaces the original perturbation by its average along the
orbits of the free dynamics (see e.g. [2, Section 52]).

e Neither Theorem 2.1, nor [19, Theorem 1.3], treat the border-line case p = 1,
i.e. the case where V is, say, asymptotically homogeneous of order —1. In
this case the Radon transform of V is not well defined, while the mean-
value transform V of V € Hﬁ_l(RQ) generically is not bounded since it may
have a logarithmic singularity at S'. Therefore, in the border-line case,
the asymptotic density of the eigenvalue clusters of H should be different
from both the short-range case p > 1 and the long-range case p € (0,1).
Hopefully, we will consider in detail the border-line case in a future work.

The proof of Theorem 2.1 is contained on Sect. 4.

3. Auxiliary Results

3.1. Weyl Pseudodifferential Operators

Let d > 1. Denote by S(R?) the Schwartz class, and by S’(R?) its dual class.
If f € S(RY), then

f) = 2m 2 [ pa)da, ¢ e R,
Rd
is the Fourier transform of f. Whenever necessary, we extend by duality the
Fourier transform to S'(R?).
Let I'(R24),d > 1, denote the closure of Cg°(R??) with respect to the
norm

Il (gaa) = sup sup  [020¢s(,€)| < oo,
{o,Bezd | |al,|BI<[£]+1} (z,€)€RE

Proposition 3.1. [6,8] Assume that s € T'(R??). Then the operator Op"(s)
defined initially as a mapping from S(R?) into S’'(RY) by

(Op™ (s)u) (z) = (2) ¢ / / 5 (;””g) ey () dr'dE, @ € RY,
R4 R4
(3.1)
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extends uniquely to an operator bounded in L*(R?), and there exists a constant
co independent of s such that

10p™ (s)II < collsllp2e)-

The operator Op™(s) is called a pseudodifferential operator (¥DO) with Weyl
symbol s. Assume that s € S'(R??), 3 € L'(R??). Then the operator defined
in (3.1) extends to an operator bounded in L?(R%), and we have

1op™ ()l < (2m)~13]| 11 (z=a) (3.2)

(see [16, Lemma 18.6.1]). Assume now s € L?(R??). Then, evidently, the op-
erator defined in (3.1) extends to a Hilbert-Schmidt operator in L?(R?), and
we have

00" (5) = 20)* [ Iste ) dodg = (20) [ [3(z, )P dods. (33)

Let X be a separable Hilbert space. Then S, (X) denotes the class of compact
linear operators acting in X. If T € Seo(X), then {s; (T)};a:nlk T denotes the
set of the non-zero singular numbers of 7" enumerated in non-increasing order,
and S¢(X) is the Schatten—von Neumann class of order ¢ € [1,00), i.e. the
class of operators T' € S (X) for which the norm |||, := (Z;a:nlkT 85 (T)E) is
finite. Thus, S1(X) is the trace class, and S2(X) is the Hilbert—Schmidt class.
Similarly, S¢.,(X) denotes the weak Schatten—von Neumann class of order
¢ € [1,00), i. e. the class of operators T € Soo(X) for which the quasinorm
ITew == supjjl/lsj(T) is finite. Whenever appropriate, we omit X in the
notations S¢(X) and Sy ., (X).

Next, we recall that u € L2 (R?),d > 1, the weak Lebesgue space of order
p € [1,00), if the quasinorm [|u|| 1z (ge) 1= sup,~q t {z e R ||u(z)| > t}|1/p
is finite. Evidently, u € Hﬁ_p(Rd), p € (0,d), implies u € LZ,/’)(]RCZ).

Interpolating between (3.2) and (3.3) (see [4, Theorem 3.1]), we obtain
the following

Proposition 3.2. Let m € (2,00), m' :=m/(m —1).
(i) Assume that s € S'(R*%), 5 € L™ (R%*?). Then Op™(s) € S,,(L2(RY)),
and

w _ _ 1 ~
10D (8) . < (27) == 18] s 2

(i) Assume that s € S'(R%%), § € L™ (R??). Then Op™(s) € Sp.w(L*(RY)),
and
w —d(1—1\y
100 () lme0 < (27) 0775 oy
3.2. Operators Op” (Vg * ¥,) and Op" (Vg * dk)

Introduce the harmonic oscillator
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self-adjoint in L2(R). It is well known that the spectrum of h is purely discrete
and simple, and consists of the eigenvalues 2¢ 4 1, ¢ € Z,. Denote by p, the
orthogonal projection onto Ker (h — (2¢ + 1)), g € Z. Set
—1)¢ (22
0,06 = TV L0 + @), g R gez,, (34)

where

q(4dp—t 4 _#)k
L,(t) := ql!etd(étq) = ; </Z> ( kt!) , teR, (3.5)

are the Laguerre polynomials. Then 27W¥, is the Weyl symbol of the operator

Dq-
Denote by Py, q € Z, the orthogonal projection onto Ker (Hy — A;). Set

Vp(z) =V (=B Y2y, —B™Y22)), 2= (21,22) € R (3.6)

Proposition 3.3. [19, Corollary 2.13] There exists a unitary operator Up :
L*(R?) — L?(R?) such that for each V € L'(R?) 4+ L>(R?) and each q € Z
we have

UpP,VPUp = p, @ Op” (Ve * ¥,). (3.7)
For k > 0, define the distribution 5 € S'(R?) by

2

1

O(p) == > /gp(k: cos, ksinf)dd, ¢ € S(R?).
0

Proposition 3.4. Assume that V € Sy ”(R?) with p € (0,00). Then the operator
OpY (Vg * 6k), k > 0, is bounded and there exists a constant ¢ such that

kit pe (0,1),
10p™ (Vi # 6)[| < er k' Ink if p=1, kel2,00). (3.8)
k1 if p e (1,00),

Proof. Proposition 3.4 is an extension of [19, Lemma 3.2] which concerned
only the case p > 1. By Proposition 3.1,

Op™ (Ve x dp)| < DV %6 . 3.9
OB V=l o max sup [(D°V+0)() (39)

By V € 8 *(R?), we have
1DV (z)] < cra(@) 1P <1 0(x)™, zeR? acZ,  (3.10)

with constants ¢; , which may depend on B but are independent of . Now
(3.9) and (3.10) imply

|Op™ (Vi * 6k)|| < ¢} sup (-) 7 % 0 (2). (3.11)
z€R2
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Note that the function (-)~? % dj, is radially symmetric. Arguing as in the proof
of [19, Lemma 3.2], we get

2
(() 7P *0k)(2) = % /((k‘ cosf — |z|)2 4 kZsin%0 + 1)—0/2d9
0

27 /2
1 2
< X [0+ 1) 20 = 2 / (k2 sin20 + 1)=/2d6
27T ™
0
1
S/k2t2+1 P12t =: (k). (3.12)
0

Elementary calculations yield

O(k—") if pe(0,1),

L(k)={ Ok 'Ink) if p=1, k € [2,00). (3.13)
O(k~1) if pe(1,00),
Putting together (3.11)—(3.13), we obtain (3.8). O

Proposition 3.5. Assume that V € S;”(R?) with p € (0,00). Then Op™ (Vg *
U,) — Op™(Vp * 5\/ﬁ) € So, and there exists a constant co independent of
q, such that

|Op™ (Vg * T,) — Op™ (Vg * 6\/m)||2 < 02)\(1—3/47 qEZy. (3.14)

Proof. Proposition 3.5 is an extension of the second part of [19, Lemma 3.1]
which concerned the case V € C§°(R?). By (3.3) we have

[Op™ (VB * ¥,) — Op™ (VB*5\/2qT)||2

:7/| (Vis # U)(2) — (Vi # 6 gory) (2)|2dlz
- / (Vo Ba)(Q) ~ (Vo) OPAC. (315)

An explicit calculation (see [19, Eq. (3.9)]) yields

(Vi * %) (€) = (Vi % 6.y (€)
= (La(I¢2/2)e™ 1 — o(V2g +1IC)) VB (0), CER®, (3.16)

where L, is the Laguerre polynomial defined in (3.5), and Jy is the Bessel
function of zeroth order. Moreover, there exists a constant é such that

[Lo(r)e™ 2 = Jo(V/(a+2)r)| < & ((a+ 1)1 4 (g + 1)),
q€Zy, r>0, (3.17)
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(see [19, (Eq. (3.10)] for the generic case ¢ € N; if ¢ = 0, then (3.17) follows
from [e™"/2 —Jo(y/r)| = O(r?)],7 € (0,1), and |e™"/> = Jo(v/7)| = O(1),r > 1).
Further,
O([c|=>*#) if p€(0,2),
VB(Q = 4 O(n[c]]) if p=2, (I <1/2,
0(1) if p>2,
and

Vel =0(¢™), I¢l>1/2, N>0,

M)
(see [25, Chapter XII, Lemma 3.1]). In particular, the functions |C\m\//;;(g“),
¢ € R?, with m > 1—pif p € (0,2) or with m > —1if p > 2, are in L*(R?).
Combining (3.15), (3.16), and (3.17), we get

0p™ (Vi * ¥q) — Op™ (Vi * 8 mgrr) 13
~2
C _ _ —
<2 [ ((a+ D721 + (@ + D722) TB(OPAC, (3.18)
R2
which yields (3.14). O

Remark. Estimate (3.14) could be interpreted as a manifestation of the equi-
partition of the eigenfunctions of the harmonic oscillator h, i.e. the appropriate
weak convergence as ¢ — oo of the Wigner function 27¥, associated with the
qth normalized eigenfunction of H, to the measure invariant with respect to
the classical flow (see e.g. [5,7,28] for related results concerning various ergodic
quantum systems).

3.3. Norm Estimates for Berezin—Toeplitz Operators

Proposition 3.6. (i) Let V € LP(R?), p € [1,00). Then for each q € Z, we
have P,V P, € S, and

1PV Byllf; < *HVHLP R2)- (3.19)

(i) éet v edL’u’)(R2), p € (1,00). Then for each q € Z4 we have P,V P, €
pw AN

1PV P2 < VI oy (3.20)

Proof. Using the explicit expression for the integral kernel of P, (see e.g. [12,
Eq. (3.2)]), we easily obtain

B
gV Pyllx < %”V”LI(R% (3.21)
with an equality if V =V > 0. Moreover, evidently,
1P,V Pyl < IV oo m2)- (3.22)

Interpolating between (3.21) and (3.22) (see [4, Theorem 3.1]), we obtain (3.19)
and (3.20). O
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Remark. The first part of Proposition 3.6 has been known since long ago (see
[20, Lemma 5.1], [12, Lemma 3.1]).

Corollary 3.1. Let V € LP(R?),p € [2,00). Then for each q € Zy we have
PV =(VP)*€S,, and

1P Vip = IV EIp < 5 ||VHLP(]R2)' (3.23)

Proof. Estimates (3.23) follow immediately from (3.19) since we have

p/2 B

2
1P VIE = [PV R < oo V2 gy = 5 IV ey

p/2 =
O

Proposition 3.7. Assume that V satisfies (1.1) with p € (0,00). Then there
exists a constant co, such that

A if pe(0,1),
[PV P < coo{ Ag /2 InA,| if p=1, q€Zy.  (3.24)
)\;1/2 if pe(1,00),

Proof. An elementary variational argument implies that we may assume with-
out loss of generality that V(z) = (z)7?, z € R?; then, V € S/ ”(R?). By
Propositions 3.3 and 3.5 we have
[PV E| = [|Op™ (VB = ¥
< [[0p™ (Vi * 0 yaggr) | + [|Op™ (Vi * ¥q) — Op™ (Vi * 6 jagrr)
< |Op™ (VB * 8 sagx1)ll + 10p™ (VB * ¥q) — Op™ (VB * 6 sagr1) [l

< O™ (VB * 0 yzgz1)ll + 02)\;3/4. (3.25)
Now, (3.25) and (3.8) yield immediately (3.24). O

Remark. Estimates (3.24) with p # 1 are sharp. For p > 1 this follows from
the argument of [17] where the estimate |[P,VP,|| < cocAq /2 was obtained
for compactly supported V. Namely, if {qﬁk’q}z(;ﬂ is the so called angular-
momentum orthonormal basis of the Hilbert space P, L?(R?), q € Z (see e.g.
[21]), and 1p is the characteristic function of a disk of finite radius R > 0,
centered at the origin, then

lim inf )\1/2<]1R¢0 0 $0,q) 2 (R2) > 0,

g—o0
which implies the sharpness of estimates (3.24) with p > 1. Similarly, if p €
(0,1), we can show that

lim inf )\p/2<<_>—p¢_q)q7 ¢—q7q>L2(R2) > 0,

q—00
which entails the sharpness of estimates (3.24) with p € (0,1). We do not

know whether estimate (3.24) with p = 1 is sharp, but it is sufficient for our
purposes.
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Corollary 3.2. Assume that V satisfies (1.1) with p € (0,1). Then for each
€ > 2/p there exists a constant c; such that

1_p
IP,VP,|le <cde 2 (14 |InA\)DYE qez,. (3.26)

Proof. Similarly to the proof of Proposition 3.7 above, an elementary varia-
tional argument shows that we may assume without loss of generality that
V(z) = (z)~P,x € R2. Note also that in the proof of estimate (3.26) we may
assume that ¢ is large enough since for any fixed ¢ it follows from (3.19).

For brevity, set T, := P,V P,, ¢ € Z4; by [21], rankT, = co. By (3.20)
with p = 2/p, there exists a constant C such that

si(Ty) <Cj~*?, jEN, qelZ,. (3.27)
On the other hand, (3.24) implies
s1(Ty) < coo)\q_p/Q, qEZLy. (3.28)
Fix £ > 2/p. By (3.27)—(3.28), for any N € N, we have
e N oo
Hang = Zsj(Tq)Z = Zsj(Tq)g + Z Sj(Tq)Z
j=1 j=1 j=N+1
< 51(T, /’Zsj ﬂ—l—Cé Z]T
j=N+1
_2
v 23—1 ver S
j=N+1

< const. ()\(11_7(1 +InN) + Nl_J;)

with a constant independent of N and ¢. Assuming that ¢ is large enough, and
choosing N equal to the integer part of A,, we obtain (3.26). O

Remark. Estimate (3.26) should be regarded as an a priori estimate which is
sufficient for our purposes.

3.4. Proof of Proposition 2.1

Given estimate (3.24) with p € (0, 1), the proof of Proposition 2.1 is analogous
to the one of [19, Proposition 1.1]; we include it just for the convenience of the
reader.

In order to prove (2.1) it suffices to show that there exist C' > 0 and
so € N such that s > sg implies

o(H)N[\s — B, A\ + B] C ()\s —CATPI2 A + C*)\S‘P/Q) . (3.29)
Set Ro(z) = (Hy — 2)71, 2 € C\o(Hyp). By the Birman—Schwinger principle,

A € R\o(Hp) is an eigenvalue of H if and only if —1 is an eigenvalue of
V|2 Ro(\)V'/2 where

1204 .— ‘V(x)‘lﬂ signV(z) if V(x)#
v ()._{0 if V(z)=

)

0
0.



1534 T. Lungenstrass and G. Raikov Ann. Henri Poincaré

Hence, in order to prove (3.29), it suffices to show that for some C' > 0 and
so € N, the inequalities s > sg and

CA;P2 < |X\s— N <B (3.30)
imply
V2 RoN) VY2 < 1. (3.31)

Pick m € N such that ||V ®2) < A /2. For s > m write

s+m
Ro(A) = Y (A& =N "Pu+ Ro(X;s,m).
k=s—m
Then
s+m B
VM2 Ro V< Y = AT Pl VIP |+ NIV Ro(As s, m) [V
k=s—m
(3.32)
By the choice of m, we have
- 1
IVI2Ro(X s, mVIY2| < 5. (3.33)
On the other hand, by (3.24) with p € (0,1), we have
s+m )
D e = ATV < eoo 20 (2m + 1A = A
k=s—m
which implies
s+m 1
o e = ARV < 3 (3.34)
k=s—m

provided that the first inequality in (3.30) holds with appropriate C. Now,
(3.31) follows from (3.32), (3.33), and (3.34).
In the proof of Theorem 2.1, we will need also the following

Proposition 3.8. Assume that V satisfies (1.1) with p € (0,1). Then there
exists a constant C' > 0 such that for each q € Z we have

o ((I —P)H(I - Pq)\(I—Pq)Dom(Ho))

c U (/\s S OATP2 N C’)\;P/Q) . (3.35)
seZi\{a}

The proof of Proposition 3.8 is quite the same as that of Proposition 2.1,
so that we omit the details.
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4. Proof of Theorem 2.1

4.1. Passing from V to its Weinstein Average (V')
Assume that V' € L>°(R?) and set

(V):= > PJVP, (4.1)
Elsy/m

where, a priori, the series converges strongly; this is the case if, for instance,
V =1 identically. If

lim [P,V P,[| =0 (4.2)
q—00

which, by Proposition 3.7, is the case if V satisfies (1.1) with p > 0, then the
series in (4.1) converges in norm. In order to check this, it suffices to show that
{(V)a}yen, with (V)q = > _oPsVPs, q € Zy, is a Cauchy sequence in the
uniform operator topology. By P;j P, = 0 for j # s, we have

[(V)gm = (Vigll < sup [P VP, q€Ziy, mEeN,
j>q+1

which combined with (4.2), implies the required property of the sequence
{<V>q}q€Z+' Since

(V)=

s

/B
/ e—itHo VeitHo dt7
0

we call (V) the Weinstein average of V' (see [27]). Set (H) := Hy + (V).
Proposition 4.1. Under the hypotheses of Theorem 2.1 we have

Tep(N2(H = ) = Tro(N2((H) = A) +0oA)s g — o0, (4.3)
for each ¢ € C°(R\{0}).

Proof. First, let us write the difference of the traces in (4.3) according to the
Helffer-Sjostrand formula (see the original works [11,14], or the monographs
[9, Section 2.2], [10, Chapter 8]). Let ¢ € C5°(R\{0}), and let $ € C5°(R?) be
an almost analytic continuation of ¢ which satisfies

supp @ C ((a—,b-) U (as,by)) x (—c,0) (4.4)
with —co <a_ <b_ <0< ay <by <oo,and 0 < ¢ < o0, as well as

[¥(z,y)] < CN|y|N7 (z,y) € Rza N >0, (4.5)
where 1 1= 1 (% —H’%‘j). For (z,y) € R? set z = x + iy and

Ya(@,y) == N2Y(N2 (= Ng), N/ Py), q €. (4.6)
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Then the Helffer—Sjostrand formula yields
1 —
w(/\Z/Q(H —Ag)) = P /¢($7y)(>\2/2(H —Ag) — 2) 'dady
R2
1 —1
= — [ ol )T — ) dady,
RQ

Similarly,

PO =) = 1 [l ) ()~ 2) dndy.
R2

Further, let ¢, be the smallest integer (strictly) greater than 2/p. Write the
iterated resolvent identity

-1
(H—2)"= > (=1)°((Hy— 2)"'V)*(Hy — 2)~"

s=0

H(=1)*((Ho — 2) 7' V) (H — 2) 7. (4.7)

In the sequel, assume that ¢ € Z, is so large that —2B < a,)\gp/Q and

b+)\,;p/2 < 2B (see (4.4) and (4.6)). Then the sum on the r.h.s of (4.7) is
holomorphic on the support of 1,. Therefore,

—1)¢+
90()‘5/2(‘,{ —Ag)) = ( jr) /wq(w,y)((Ho —2)7 W) (H — 2)"'dady.
Rz

Similarly,

p2((H) — A = &

™

Ly
O [ (@t~ 2 v ) oy,
RZ

Thus we get
(~D)r T ($O8/2(H = A)) = o(N/2((H) = 7))

= [ vule) (o — 2V (1)
R2

~((Ho = 2) M V) (H) —2) ') dady = Y Tj(q) (4.8)

J=1,2,3

where
n@:ﬂ/%mmmm—www
RZ

—(N\g — 2) (P V)5 (H — 2)~ Mdady,
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Ty(g) = Tx / Ba(z,y) (Mg — 2)7 4 (B (V)
RZ

~((Ho — 2)7H(V))"™) ({(H) — 2)"*dady,

Ty(q) = Tx / Ba(z,y) (Mg — 2) 5 (B
RZ

x (H—2)"" = P,((H) — 2)7") dady.

Writing T3(q), we have taken into account that (P,(V))*+ = (P,VP,)*+ =
(P,V)% P,. Hence, in order to prove (4.3) it suffices to show that

Ti(q) = o(Ag), j=1,2,3, q— o0

To this end we need some preliminary estimates. Namely, we will show that
if Ve LP(R?), p € [2,00), (z,y) € suppty, and q € Z, then (I — P,)(Ho —
2)7'V € S,, and there exists a constant ¢, such that

sup  [[(1 = Py)(Ho = 2)"'Vllp < |Vl Lo(re) (4.9)

(z,y)Esupp ¥q
for sufficiently large ¢. Assume at first V € L>°(R?). Then, evidently,
1= P)(Hy— 2V < sup g — 2| Vo). (410)

s€Z+\{q}

Note that if (z,y) € supp ¢y, then

|z — Ag] :()(/\;’)/2)7 q — 00, (4.11)
see (4.4) and (4.6)). Hence, for ¢ large enough we have
(see (4.4) and (4.6)). H for ¢ larg gh we h
sup  |As —2|7P< B7Y, (z,9) € supp Y, (4.12)
s€Zy\{qa}

Assume now that V € L?(R?). Then we have

”(I_Pq)(HO_Z)_l‘/H% = Z I/\S_Z|_2TI"PS|V|2PS
s€Z4\{q}

B —
- o Z |As — 2| QHVH%2(R2) (4.13)
s€Z4\{q}

(see (3.21)). Taking into account again (4.11), we find that for ¢ large enough
we have

7T.2

-2
E [As —2]7% < 352 (x,y) € supp ¢q. (4.14)
s€Zi\{q}

Interpolating between (4.10) and (4.13) (see [4, Theorem 3.1]), and bearing in
mind (4.12) and (4.14), we obtain (4.9). Further, since

(Hyo—2)"'V =\, —2) 'P,V+ (I - P)(Hy—2)"'V,
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elementary combinatorial arguments yield the estimate

-1
LUED S (0 (4.15)
m=0

where

Tym(q) = / gl ) II(T — By)(Ho — 2)!

ly—m — —
XV g = 2 TR VIZINH — 2) 7 |dedy.  (4.16)

Ly
Our next goal is to show that
Ti.m(q) =0(Ng), g— 00, m=0,...,04 —1. (4.17)
To this end we apply:
e estimate (4.5) with N = 2 in order to get
sup  [ig(@,y)| < CoXI 2y
(z,y)Esupp Yq
e estimate (4.9) in order to handle ||(I — P,)(Ho — 2) ' V|, ;
o the fact that, due to (4.4) and (4.6), we have
sup Mg — 27t =0(N?); (4.18)
(z,y)Esupp Yq

e estimate (3.23) in order to handle || P, V||, ;
e the standard resolvent estimate ||(H — z) 71| < |y|=%;
e the elementary estimate

/ lyldzdy = O(A,;*"/?). (4.19)
supp ¥q
As a result, we obtain
T1 m(g) < const. ATP/Q, m=0,...,04 —1, (4.20)

with a constant independent of ¢. We have /\an/2 = 0(Ag) as ¢ — oo in all the
cases except the one where 2/p is an integer, and m = ¢, — 1 = 2/p. In this
exceptional case however we have m > 3 and in all the terms of

((Ho—2)"'V)™ = (A —2) " (P,V)"

which contain m = ¢4 — 1 factors of the type (A, — z) "' P, V, at least two of
these factors are neighbours. Therefore, in this exceptional case we can replace
HPqV||Z by ||P,;,V||Z_1||P,;,VPq||Lr in (4.16), apply (3.26) with £ = ¢, = m+1,
and obtain

T m(q) =0 (/\(1,+W_m(ln /\q)mL) =o0(Ng), ¢q— 0. (4.21)

Now, (4.20) and (4.21) entail (4.17), which combined with (4.15) implies
IT1(q)] = o(Ag), q— oo. (4.22)
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Similarly, we get
[To(q)] = o(Ag), ¢ — 0. (4.23)

Let us now turn to T5(q). First, note that due to the cyclicity of the trace, we
have

L) =T [ nlo)O -2 RV
R2
X ((H = 2)7'Py = Py(PV Py + Ay — 2)" ' P,) dady.
Next, we need the Schur—Feshbach formula (see the original works [13,23], or a

contemporary exposition available, for instance, in [3, Appendix]). According
to this formula,

(H—2)"
= PqRH (Z)Pq — PqR” (Z)V(I — Pq)RL(Z) — (I — Pq)Rl(z)VPqRH(Z)
+(I = Py) (Ru(2) + RuU()V PRy (2)V (I = P)RA(2)) (4.24)

where R, (z) is the inverse of the operator (I — Py)(H — z)({ — P,) de-
fined on (I — P;)Dom Hj, and considered as an operator in the Hilbert space
(I — P,)L*(R?), while R (2) is the inverse of the operator

P,VP,— P,V(I — P)Ry(2)VP,+ Ay — 2

considered as an operator in the Hilbert space P,L*(R?). Applying (4.24) and
the resolvent identity, we obtain

(H — Z)_lpq = Py(A\g+ P,V P, — Z)_lpq
= RHPqV(I_Pq)RJ_(Z)VPq(PqVPq'i—)\q—2)71 —(I—=P))RL(2)VR(2)P,

Thus,
T3(q) = T3,1(q) + T32(q) (4.25)
where
. 1/} (l',y) £
T5.1(q) == Tr /W(qupq) "
R2
X R (2)PyV (I — P)R1(2)V Py (P,V P, + A\ — 2) " 'dady,
and
Taa(a)i= =T [ wnlein)h — )7
RQ

X (P VP)* " 'PV(I — P))Ry (2)V PRy (2) Pydady.

We have
QZ} x,y 4
Toa(@l < [ L2DLyp v p o ry RV IV R IRLE)]

e |)‘q — 2|+

x||(P,V Py + Ay — 2) || dady. (4.26)
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In order to show that

|T3,1(q>| = O(Aq)’ q— o0,
we apply:
e estimate (4.5) with N = 3 in order to get

sup  [vg(x,y)| < CsA|y[?;
(z,y)Esupp ¥y

e estimate (4.18) in order to handle |\, — z|~%;
e estimate (3.26) with £ = £ in order to handle || P,V Py¢, ;
e the standard resolvent estimates

IR () < [yI7 NPV Py + g —2)7HI < Jyl ™

e estimate (3.24) in order to conclude that

AgP if pe(0,3),

—1/2 .
IPVIIVE = |BV2R|| < coo § Ay PlIn )| if p =1,

A2 if pe (i),

e the elementary estimate (4.19);
e Proposition 3.8 in order to deduce the estimate

sup  [|[RL(2)[| =O(1), ¢ — oo
(z,y)€Esupp ¥q

As a result, we obtain
T5,1(q)| = O (@1,,(Ag)) s g — o0,
where
ti=r/2|Int| if p€(0,3),
&y (1) =< ¥4 Int)? if p=1, t>0.
t40)/2| It if pe (3,1),
Now, (4.31) implies (4.27). Finally, we have

%ams/WNWMM—wﬁ
RQ

(4.27)

(4.28)

(4.30)

(4.31)

ly—1
<[PV Bylley 1PV lle 1RV Ry (2) | dedy

£y
In order to show that

|T3.2(q)] = o(Ag), ¢q— oo,

(4.32)

we apply (4.5) with N = 2, (4.18), (3.26), (3.23), the first estimate in (4.28),

(4.30), (4.19), and (4.29). Thus we obtain

(£4 —1) _
+ % (2+ 1)

T32(q)| = O (Aq -

(1nAq)f+q>27p(Aq)>, g— oo,  (4.33)
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where
t=r/? if pe(0,3),
Dy (t) i= ¢ V4 Int[V2 if p=1, t>0,
t1/4 if pe(3,1),

and (4.32) follows from (4.33).
Now the combination of (4.8), (4.22), (4.23), (4.25), (4.27), and (4.32)
yields (4.3). O

4.2. Passing to Individual Berezin—Toeplitz Operators

Proposition 4.2. Assume the hypotheses of Theorem 2.1. Then for each ¢ €
C§°(R\{0}) there exists qo € Z4 such that

Trp(NS/2((H) — Ag)) = Tro(M/2 P,V Py) (4.34)
for ¢ > qo.
Proof. We have

Tro(\2((H) = Ag)) = D> TroM/?(As = Ay + PV P))  (4.35)

SEZL 4

Due to the presence of the factor )\Z/Q in the traces Tr go()\g/z (As—Aq+PsVFy)),
s € Z, it suffices to show that there exists gg such that for ¢ > gg the operators

As — Ay + PsVP, =2B(s —q) + P,VP;, s#q, (4.36)
are invertible, and

sup  sup [|[(As — Ay + PVP) ! < o0. (4.37)
a=4q0 s€Z4\{q}

Since ||PVPs|| < [|[V[poo(r2), s € Zy, there exists m € N such that the
operators in (4.36) with |s — ¢| > m are invertible, and

sup sup [(As = Ay + PV P) Y| < oc. (4.38)
q€ZLy s€Zi:|s—q|>m

On the other hand, Proposition 3.7 implies that for any fixed j € Z we have
qli_)rglo [ Pg45V Pa;ll = 0.

Therefore, there exists gg € Z4 such that the operators in (4.36) with |s —¢| <
m are invertible for ¢ > ¢, and

max [(As = Aq + PsVPy) 7! < o0, (4.39)

sup
¢>qo0 S€Z+\{q}:|s—ql<m

Putting together (4.38) and (4.39), we obtain (4.37), and hence (4.34). O
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4.3. Passing from P,V P, to Op™ (Vg * 6\/m)
Introduce the operator Op™(Vp * 6, jag77). We have

Vi #8 mgr1(Q) = VB () Jo(v/2a + 1[¢]), ¢ € R%
Note that Jp is an entire function, and [Jy(r)| < 1, » € R. On the other hand,
Vp € H',,(R?). Therefore, V% 8 7 € Li/ * 7 (R?), and by Proposition
3.2 we have Op™(Vp * 0 /3577) € S2/p;0- The main result of this subsection is

Proposition 4.3. Under the hypotheses of Theorem 2.1 we have
Tr o(Ao/2 PV P)) = Tr o(M/20p™ (Vg 6 ggrr)) + 0(Ag), @ — oo (4.40)

In the proof of Proposition 4.3, as well as in the next subsection, we will
use systematically the following auxiliary result.

Lemma 4.1. Let ¢ € Cg°(R\{0}), and let T = T* and Q = Q* be compact
operators. (1) Assume Q € Sy, m € [2,00), T € Sy, £ € [m,00). Then

Jo(T +Q) = ¢TI < comell@lm (ITI™ +1QU™)  (4.41)

with m’ =m/(m — 1) and a constant ¢, m ¢ independent of T and Q.
(i) Assume Q € S, T € Sy, £ € [2,00). Then

lo(T + Q) = o)l < el @l (1T + 1Q2) (4.42)

with a constant c, independent of T and Q.
(iii) Assume Q € So, T € Sp.y, £ € [2,00). Then

lo(T + Q) = oDl < cpeal@llz (ITIE + Q) (4.43)

with a constant cy . independent of T' and Q.

Proof. By [18], for each p € (1,00) and each Lipschitz function f : R — C
satisfying
2 —
Hf”Lip = sup M < 00,
AER, pER, A#p |>\ — lj,|

there exists a constant c, such that

[F(M + N) = fF(M)lp < epll Flluip 1V (4.44)

for each self-adjoint M, and each N = N* € S,. Further, assume f €
C§°(R\{0}), and set ¢ := dist (0,supp f). Then for any M = M* € S, we
have

1/s

IF (M5 < max|f (V)] > . (4.45)
jisj(M)>6
Let M = M* € Sp, p € [1,00). Then

> o1<ar|Me. (4.46)
jisj(M)>6
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Finally, let M = M* € S, ,, p € (1,00). Then
Jisi(M)>6 Gl Mp g /2>6

Next, pick a real function v € C§°(R\{0}) such that » = 1 on the support

of . Then p(T) = o(T)v(T), (T + Q) = (T + Q)v(T + Q). Assume now

Q€ Sm, me[2,00), T €Sy, £ [m,o0). Then

lep(T + Q) = (1)
ST + Q) = w(T)lm (Tl + (T + Q) — (T || V(T + Q)

(4.48)

and (4.41) follows from (4.48), (4.44) with M =T, N = Q, and p = m, (4.45)
with M =Tor M =T+ Q and s =m/, (446) with M =T or M =T+ Q
and p = ¢, and the convexity of the function t — ¢/ m/, t > 0. Further, assume
Q@ € Ss. Then, instead of (4.48), we can write

le(T+Q)—(T)l1 < [T + Q) — v(T)ll2llo(T)]2
+lo(T + Q) —(D)l2 (I (D)ll2+ (T + Q) —v(T)|l2) -
(4.49)

If we assume now T' € Sy (resp., T' € S¢.) with £ € [2,00), then (4.42) (resp.,
(4.43)) follows from (4.49), (4.44) with M =T, N = @, and p = 2, (4.45) with
M =T and s = 2, and (4.46) (resp., (4.47)) with M =T and p = . O

Proof of Proposition 4.3. Pick a real radially symmetric € C§°(R?) such that
0 <n(z) <1forall z € R2, n(z) =1 for |z| < 1/2, n(z) = 0 for |z| > 1. Our
first goal is to show that

Trp(N/2PV Py) = Tro(AS/2Py(1 —n)VP,) + 0(\;), q— o0o. (4.50)
Evidently,
| Tr p(N§/2 PV Py) = Trp(Ag/2 Py (1 — )V P,)|
< llpNg2PV Py) = (N2 Py (1 = m)V Pyl
HleN2P (1 =mVPy) — (N2 Py (1 =) VP (4.51)

Applying (4.42) with £ > 2/p, T = Ao/ P,V P, and Q = —X\/> PV P,, (3.19)
with p = 2, and (3.26), we obtain the estimate

(N2 PV Py) — (M2 Py(1 = )V Py) 1
-0 ()\g”p)“(ln Aq)1/2> =o(),), ¢ — . (4.52)

Similarly, assuming without loss of generality that e € (0,1 — p) in (2.2), and
then applying (4.41), with £ =m > 2/p, T = )\Z/ZPq(l —-nMVP,, Q= —)\Z/Q
P,(1—n)(V —=V)P,, as well as (3.26), we obtain

||‘P(>\Z/2Pq(1 - W)VPq) - ‘P(/\Z/2Pq(1 - U)VPq)||1
~0 (Aﬁ(mq)) = o(),), ¢ — . (4.53)
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Now, (4.51), (4.52), and (4.53) imply (4.50). Further, by Proposition 3.3 we
have

Trp(\/2Py(1 = n)VPy) = Trp(\/20p™ (1 = n)V)p * ¥y)).  (4.54)
Our next goal is to show that
Trp(A/20p™ (((1 = n)V)p * ¥,))
= Tro(\/20p™ (Vi # 0 mgrr)) + 0(Ag),  q— oc. (4.55)
Similarly to (4.51), we have
[T (/20 (1 = )V) 5 % ,)) — Tr p(A/20p" (Vi % 6. ysr))|
< p(N20D™ (1 = ))V) * W,)) — $(A/20D™ (1 = )W) * 8 yzz1)) s

+p(A20p™ (1 = )V) 5 # 0 zgrr)) — L(N/20D™ (Vi # 8 garr)) 1.
(4.56)

Applying (4.42) with ¢ > 2/p,
T = X20p™ (L= n)V)5 + ¥y),
Q = X7 (0p™ (1 =m)V)5 * 8 zgr) = OB (L = V) * )
as well as Proposition 3.3, (3.26), and Proposition 3.5, we get
le(A\g/20p™ (1 = mV) 5 * ¥y)) = o(A20p™ (1 = ) V) B * 8 ygg1)) 1
~0 (A?*%(ln M)V2) =o(A), q—oc. (4.57)

In order to estimate the second factor at the r.h.s. of (4.56), we need an
estimate of the Hilbert-Schmidt norm of the operator Op™ ((nV)p * d ja577)-
By (3.3) and the generalized Young inequality (see e.g. [22, Section IX.4]) we
have

w 1 —
[0P™ (V) B * 6 zgrr) 15 = 2 1V 8 ogrrllze e
B? -
- o / 17 ) (B20)Jo(v/2q + 11¢))2C
]RZ

B ~ <7112 ~l12 <72
< G 19 % VI|Z2(r2) S eBlIAllz2ra4m @) VI 2/ -0 a2y

(4.58)

with a constant ¢ which depends only on p. Applying (4.42) with £ > 2/p and

T = X20p" (1= V)5 * 0 yazgr)s Q@ = Ay 20D (V) * 8 ). s well
as Propositions 3.3 and 3.5, Corollary 3.2, and (4.58), we get

lp(\/20p™ (1 = V)5 * 6, /g51)) — (N/20p™ (Vs * 6, jggr))
-0 (Aglﬂ’)“(ln Aq)l/Z) =o(\), q— oc. (4.59)

Now, (4.56), (4.57), and (4.59) imply (4.55), while (4.50), (4.54), and (4.55)
imply (4.40). O
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4.4. Semiclassical Analysis of Tr <p()\g/20pw (VB * 0 smq771))
Proposition 4.4. Under the hypotheses of Theorem 2.1 we have

L N 1 .
lim A, Tr o200 (Vi # 8 1) = 5 / o(BPV(x))dz.  (4.60)
RQ

q—00

Proof. Let s : R?* — C be an appropriate Weyl symbol. For A > 0 set

sn(@,€) = s(x, hE), (x,6) € R¥,
and define the A-¥DO Opy (s) := Op™(sp). Set

Sn(x,€) == s(Vhx,VhE), (x,€) € R¥,
A simple rescaling argument shows that the operators Opy (s) and Op™(35)
are unitarily equivalent (see e.g. [24, Section A2.1]). Set
s(z):= B’ Vy(z), zeR2
Due to the homogeneity of V we have

NP2V %6 marr(z) =s((2q+1)7122), 2z € R

Therefore, the operator @(Afj/ *0p™(Vp * 6 /27¥1)) is unitarily equivalent to
©(Opy (s)) with A := (2¢ + 1)~!. Now, in order to prove (4.60), it suffices to
show that

1

lim T p(Op () = 5 / p(s(x))dz (4.61)

]R2

since [, o(s(z))dz = [po ©(BV(z))dz. If the symbol s were regular, then
(4.61) would follow from standard semiclassical results (see e.g. [10, Theorem
9.6]). Due to the singularity of s at S, we need some additional final estimates.
Pick the function 7 defined at the beginning of the proof of Proposition 4.3,
and for r > 0 set 7,.(z) := n(r~'z), x € R?. Define the symbols

s1.(2) = B” (1 = n,)V1)(2), 82, (2) := B (n.V1)(z), = €R?,
so that s = s1,. + sg,.. Evidently, s; . € S *(R?). By [10, Theorem 9.6],

lim T (OB, (51.,)) = o [ (o1 (@) (4.62)

R2
On the other hand, estimate (4.43) with ¢ = 2/p, T = OpJ(s) and
Q = —Opj (s2,) implies

[Tr ¢(Opy, (s)) — Tr ¢(Opy; (s1,-))|
< c.twllOBy (52.0)ll2 (I10DY (S)113/2, + 10D} (52,0)2) - (4.63)
By Proposition 3.2,
10D () 1200 < h77227) ™8]] 22 o (4.64)
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and, similarly to (4.58),
10D} (s2,0)[l2 = h™*/2(2m) 72527l 2 22
< h_1/2c||v”qu/(2*P>(R2) ||7/7\r||L2/<1+P>(R2)~ (4.65)
Finally,
190l L2 g2y = PNl 2o R2) - (4.66)
As a result, we find that (4.63)—(4.66) imply the existence of a constant C' such
that the estimate
Tr o(Opy (s)) — Trp(Opy (s1,4))| < Ch™Hr 177 (4.67)
is valid for each /i > 0 and r € (0,1). Now, (4.62) and (4.67) yield
1
2
R2

< liminf ATr ¢ (Op} (s)) < lim sup hTr ¢(Op; (s))
Rl0O K10

o(s1,(x))dz — Crl=r

1
< o o(s1,0(z))dz + Cri=r.
]RQ

Letting r | 0, and taking into account that

tin [ o1, (@)de = [ os()de,
R2 R2
we obtain (4.61), and hence (4.60). O

Putting together (4.3), (4.34), (4.40), and (4.60), we arrive at (2.3) which
completes the proof of Theorem 2.1.
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