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Abstract. We consider the semi-relativistic Pauli-Fierz model for a single
free electron interacting with the quantized radiation field. Employing
a variant of Pizzo’s iterative analytic perturbation theory we construct
a sequence of ground state eigenprojections of infra-red cutoff, dressing
transformed fiber Hamiltonians and prove its convergence, as the cutoff
goes to zero. Its limit is the ground state eigenprojection of a certain
renormalized fiber Hamiltonian. The ground state energy is an exactly
twofold degenerate eigenvalue of the renormalized Hamiltonian, while it
is not an eigenvalue of the original fiber Hamiltonian unless the total
momentum is zero. These results hold true, for total momenta inside a ball
about zero of arbitrary radius p > 0, provided that the coupling constant
is sufficiently small depending on p and the ultra-violet cutoff. Along the
way we prove twice continuous differentiability and strict convexity of the
ground state energy as a function of the total momentum inside that ball.

1. Introduction and Main Results

1.1. The General Framework

The scope of this paper is a mathematically rigorous investigation of the infra-
red (IR) problem for a single free electron in a simplified model for quantum
electrodynamics (QED). Due to the absence of external potentials the Hamil-
tonian for the electron interacting with the quantized radiation field is transla-
tion invariant, and it is, therefore, possible to decompose the Hamiltonian with
respect to the spectrum of the total momentum operator, i.e. the generators
of translations. In mathematical terms the Hamiltonian is unitarily equivalent
to a direct integral of fiber Hamiltonians. The ground state energy of the fiber
Hamiltonians as a function of the total momentum is called the mass shell.
While the mass shell can be computed explicitly when the interaction between
the electron and the photon field is set equal to zero, almost nothing is known
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a priori about its shape and regularity when the interaction with the ultra-
violet cut-off quantized radiation field is turned on. The shape of the mass
shell reflects the influence of the quantized radiation field onto the electron;
see for instance [2], where the mass shell enters into the implementation of an
effective dynamics for a non-relativistic (NR) electron coupled to the quan-
tized radiation field in a slowly varying external potential. Another example
for the importance of the mass shell is the definition of the renormalized elec-
tron mass as its inverse second derivative at zero. For this definition to make
sense it is of course necessary to prove sufficient regularity and strict convexity
of the mass shell. In the NR Pauli-Fierz model this has been achieved in [17].
Finally, information on the mass shell is an essential input for the construction
of infra-particle scattering states which, in the one-electron sector, has recently
been carried out in [12] for the NR Pauli-Fierz model and earlier in [30,31]
for Nelson’s model.

While a general guideline for the mathematical treatment of the IR prob-
lem and in particular of infra-particle scattering has been settled long ago in
a study of the Nelson model [14,15], several problems could not be treated
until the past decade. The main reason for these difficulties is the occurrence
of, in general, infinitely many soft photons in the ground states (understood
as positive linear functionals on a certain observable algebra) of the combined
electron—photon system described by a fiber Hamiltonian. Intuitively, due to
the vanishing photon mass arbitrarily small contributions to the total energy
may be spread over arbitrarily many low-energetic photons. This is reflected
in two technical difficulties: the spectrum of the fiber Hamiltonians is contin-
uous up to their ground state energies and their ground states (if any) may
give rise to disjoint coherent IR representation spaces for a certain algebra of
observables; see [33]. In fact, unless the total momentum is zero, the ground
states of the fiber Hamiltonians (still understood as functionals) are not normal
in the Fock representation and the fiber Hamiltonians do not possess ground
state eigenvectors. The analysis of these phenomena again requires non-trivial
knowledge about the mass shell: for a start one can directly show that a fiber
Hamiltonian attached to a total momentum p, where the mass shell is assumed
to be differentiable, can only have a ground state eigenvector provided that
the derivative of the mass shell at p vanishes. In the NR situation this has
been done in [18]. To show, however, that a non-zero p entails a non-zero
derivative one needs to prove strict convexity of the mass shell (or at least uni-
form convexity of approximations to it [3,9]) and to verify that its minimum
is attained at zero as it is certainly expected. In the NR Pauli-Fierz model
the disjointness of coherent IR representations associated with distinct total
momenta has been established in [10] based on bounds on the renormalized
electron mass from [9].

There are mainly two sophisticated multi-scale techniques which are
responsible for the recent progress in this area. The first one is the spec-
tral renormalization group introduced by Bach, Frohlich, and Sigal. In the
present setting it was applied first in [9] and later on in [3] to the stan-
dard model of NR QED. Here we will apply the second method, namely
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the iterative analytic perturbation theory (IAPT) developed mainly by Pizzo
in his analysis of Nelson’s model [30,31] and later applied in [11,17] to the
translation-invariant NR Pauli-Fierz model. In [4-6] the TAPT has been used
to provide expansions of atomic ground state energies and eigenvectors and
of scattering amplitudes. More recently, the removal of the ultra-violet cut-
off in Nelson’s model has been studied by means of the IAPT [8]. A related
procedure based on continuous flows instead of discrete iteration steps as in
the TAPT can be found in [7]. We should mention here that in the Nelson
model it is actually possible to show real analyticity of the mass shell near
zero [1] thanks to the applicability of path integral and cluster expansion
techniques.

In contrast to the previously mentioned works we will investigate the IR
problem for the semi-relativistic (SR) Pauli-Fierz model, i.e. we start from
the relativistic energy-momentum dependency for the electron and introduce
the quantized radiation field as usual via minimal coupling. The study of the
so-obtained square-root Hamiltonian was initiated in [28] where the bottom of
the essential spectrum of fiber Hamiltonians is characterized. The main results
of [28] are, however, obtained under certain simplifying assumptions that ren-
der the model more IR regular. A scalar square-root Hamiltonian appeared
earlier in the mathematical analysis of Rayleigh scattering [16]. In the study
of binding in the presence of electrostatic potentials the IR singularities of the
SR Pauli-Fierz model can be dealt with similarly as in the NR model; see
[19,22-24,27] where binding energies, exponential localization of low-energy
states, and the existence of ground state eigenvectors are investigated (in con-
trast to the NR model the SR one with Coulomb potential becomes unstable if
the Coulomb coupling constant is too large). One may hope, however, that the
large energy behavior of the interaction between the electron and the photon
field is described more realistically by SR operators. In fact, thanks to the SR
nature of our model we may choose an upper bound on the moduli of total
momenta covered by our results as large as we please, at the expense, however,
of choosing the coupling constant sufficiently small. The latter restriction is
likely to be a technical one, while in the NR setting the results of [10,11,17]
are not expected to be true for large total momenta where the influence of
soft photons is dominant in the low-energy states due to the NR dispersion
relation of the electron.

Fiber Hamiltonians with a relativistic kinetic energy for the matter par-
ticles and linearly coupled radiation fields appear, e.g., in [14,29] and more
recently in [13], where it is shown that even a mass renormalization in the
linearly coupled model cannot prevent the mass shell from becoming flat as
the ultra-violet cut-off tends to infinity.

Although one might expect the analysis of square-root Hamiltonians to
be technically more involved we are able to establish essentially all main results
of [10,11,17] in the SR case, viz. existence of the renormalized electron mass
(Theorem 1.1(1) below; cf. [17] for the NR case), existence of ground state
eigenvectors at total momentum zero (Theorem 1.1(2); cf. [9,11]), absence of
eigenvalues at non-zero momenta (Theorem 1.1(3); cf. [10,18]), existence of
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ground state eigenvectors of renormalized Hamiltonians (Theorem 1.2(1); cf.
[9,11]), and disjointness of coherent IR representations (Theorem 1.2(3); cf.
[10]). Needless to say, in many details and aspects we profit from the works
on the NR Pauli-Fierz operator and on Nelson’s operator [30,31]. Concerning
the TAPT, however, we also propose several new arguments or alterations of
earlier ones within its general framework which, as we hope, will be helpful
in future investigations including the NR case (To mention some keywords for
the experts: we do not employ contour integrals and avoid repeated Neumann
series expansions and certain bounds relating expectations of operators with
expectations of their absolute values; by a minor modification of the dressing
transforms we avoid the discussion of intermediate Hamiltonians). As a novel
application of the IAPT we further found a very simple and entirely self-
contained discussion of the disjointness of coherent IR representations, which
avoids the use of infinite tensor products and any reference to abstract results
on CCR representations.

Another novelty achieved here is a proof of the exact twofold degener-
acy of the ground state eigenvalues of renormalized fiber Hamiltonians in the
presence of spin; see Theorem 1.2(1) below (without spin the non-degeneracy
follows from Perron—Frobenius arguments [14]). As our corresponding argu-
ment is essentially based on a certain relative form bound required to get the
TIAPT started, it is clear that it also applies mutatis mutandis to Nelson’s model
(proving uniqueness of ground states) and to the NR Pauli-Fierz model (for
which it was still an open problem [20] to prove ezact two-fold degeneracy).

1.2. The Model and Main Results

In this subsection we explain the model under investigation and state our main
results. The organization of this article is explained in Sect. 1.3.

The semi-relativistic (SR) Pauli-Fierz Hamiltonian, Hy,, generates the
dynamics of a single free electron with spin one-half and mass unity interacting
with the quantized radiation field. The interaction is introduced via minimal
coupling, —iV, — —iV+e A, of the quantized vector potential, A, with sharp
ultra-violet cutoff at x > 0,

3
Z / 2|k‘ ]/2 7ik~m af(k,)\) +6ik_w a(k’)\)) (2(;_)]2/2 (11)

)\GZQlkl

The parameter ¢ > 0, chosen sufficiently small later on, models the elementary
charge; in our units the square of the elementary charge equals Sommerfeld’s
fine-structure constant whose physical value is roughly 1/137. Throughout this
article A satisfies the Coulomb gauge condition, V4 - A = 0. Therefore, the
polarization vectors appearing in (1.1) are chosen such that {k/|k|,e(k,0),
g(k,1)} is an oriented orthonormal basis of R®. A lot of attention by mathe-
maticians has been attracted by the standard model of non-relativistic QED
where the dispersion relation for a non-interacting electron is p?/2. In contrast
we choose a relativistic dispersion relation for the electron, i.e. its energy at
momentum p is (p? + 1)1/2 when the radiation field is turned off. The resulting
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total Hamiltonian, thus, is

Hy = /(0 - (—iVe @1 +¢A)2+1+1® H. (1.2)

Here H; is the energy of the free radiation field and o = (01, 02, 03) denotes the
vector of Pauli spin matrices. The Hilbert space for this Hamiltonian is the
tensor product of the electron Hilbert space L%[R3,C?] and the state space
of the photon field which is the bosonic Fock space, .7, over L*[R} x Zs)].
Since no external potentials are present the Hamiltonian is space translation
invariant and we may hence decompose it with respect to the generalized
eigenspaces of the total momentum operator. In mathematical terms Hy, is
unitarily equivalent to a direct integral of fiber Hamiltonians, H(p),

©®
Hy = | H(p)d’p. (1.3)
/

In a sense the Hamiltonian H(p) describes an idealized situation where the
total momentum of the system is fixed at p € R3. It is given by

H(p) :=+/(o-(p—pr +eA)?+1+ H, (1.4)

where A = A(0) and pr is the field momentum operator. We postpone a
rigorous definition of H(p) to Sect. 2. Here we just mention that H(p) acts in
the Hilbert space C? ® . (careful discussions of (1.2) and (1.3) can be found,
e.g., in [25] and [23], respectively). One of the main objectives of this paper is
the study of the mass-shell, that is, the ground state energy, E(p), of H(p) as
a function of the total momentum,

E(p) := inf Spec[H(p)], peR3.
In order to state our first main result we introduce the notation

By :={peR®: |p| <p},

for the set of all total momenta taken into account. Here the radius 0 < p < oo
as well as the ultra-violet cutoff 0 < k < oo can be chosen arbitrarily large.
The elementary charge, 0 < ¢ < ¢g, is treated as a small parameter with an
upper bound ¢y depending on p and k.

Theorem 1.1. For all k,p > 0, we find ¢g > 0 such that the following holds,
for all e € (0, ¢]:

(1) E is twice continuously differentiable and strictly convexr on B, and it
attains its unique global minimum at zero, E(0) = inf{E(p) : p € R3}.

(2) E(0) is a twofold degenerate eigenvalue of H(0). The expectation value of
the photon number operator in any corresponding eigenstate is finite.

(8) If p € B,\{0}, then E(p) is not an eigenvalue of H(p).

Proof. The assertions are contained in Theorems 4.6 and 5.3, Corollary 6.4,
and Theorem 6.5; see also (2.22). O
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While, for non-vanishing p € B,, E(p) is not an eigenvalue of H(p), it
is an eigenvalue of a certain renormalized Hamiltonian denoted by Hoo(p).
Let us briefly explain the construction of the latter operator and of associated
representations (all objects will be re-introduced in Sect. 2 in a systematic
fashion):

We introduce a sequence of regularized vector potentials cut-off in the
infra-red at p; := /27,

A3k
= [ S ) ratk )

AEZ2, kl<k

where j € Ng. We further define regularized fiber Hamiltonians by
H(p) == /(o (p—pr+¢A;))> + 1 + Hy.

(The purpose of the superscript co is to keep the notation consistent with
the one introduced in Sect. 2). Combining Lemma 3.3, Theorem 3.5, and
(2.22) below we shall see that, for all p € By, the Hamiltonian H3°(p) has
an exactly twofold degenerate ground state eigenvalue. We denote the corre-
sponding ground state eigenprojection by I13°(p). While H3°(p) converges to
H(p) in the norm resolvent sense, the projections I15°(p) cannot have a non-
trivial norm-limit by Theorem 1.1(3). To analyze this situation in more detail
we proceed as follows:

Let .%; denote the bosonic Fock space over L?[{|k| > p;} x Z>] and let
F5° be the one over L[{|k| < p;} x Zy]. In view of the natural embeddings

f C Zj41 C Z and the isomorphisms .7; @ Z° = .7 it makes sense to
deﬁne the C*-algebra, A, of local obbervableb by
A = Wl"l‘ls(c’é’@ﬁ‘")’ Y° = \/ B((C2 ® jj) ® ]]_g:JOc (15)
JjEN

(B(h) denotes the set of bounded operators on a Hilbert space §.) In physical
terms the observables in 2A° are unable to detect photon momenta below a
certain positive threshold value. To come back to our analysis of ground state
projections we define a sequence of states, w; p, on 2 by

wjp(X) = %Tr{H?O(p)X}, X e (1.6)

It will turn out that, unlike the projections I13°(p) themselves, the states w; p
do have a limit, say wyp, and the convergence takes place not only in the weak-*
sense, but even in the norm on the dual space of 2. These remarks apply to
allp € By.

In a particular coherent IR representation of £ the limit wp, turns out to
be normal. In fact, we shall find unitary Bogoliubov transformations, W;(p) €
B(C?*® Fi)® ]lgjoo, called dressing transformations in this context, having the
following properties: They are consistent in the sense that

Wj(p)XWj(p)* = Wm(p)XWm(p)*a X € B((C2 & ym) & ]1?35 , M < .7
(1.7)
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As a consequence the relations
mp(X) :=W;(p) X W;(p)*, X eB(C*® %) @1z, m<j,
and a continuous extension define a *-representation m, : A — B(C?®.7). Let

H3(p) == W;(p) H7* (p) W;(P)".
Then our sequence of dressing transformations further satisfies

Hoo(p) := lim ﬁ;o (p) exists in the norm resolvent sense. (1.8)
j—o0

In particular, E(p) = inf Spec(ﬁoo(p)). Finally, we can prove the following
main theorem which partly summarizes some of the above remarks. In its
statement we abbreviate

1 (p) == W;(p) I°(p) Wi(p)*,  Teo(p) = L{p(p)) (Heo(p)).

Theorem 1.2. For all k,p > 0, we find ¢,eg > 0 such that the following holds,
for allp € By, and ¢ € (0, ¢g]:
There exists a sequence of Bogoliubov transformations, W;(p), on C*®.%
satisfying W;(0) =1, (1.7), and (1.8) such that
(1) E(p) is an exactly twofold degenerate eigenvalue of Hoo(p), and
Jj—o

[T2°(p) — e (p) || < ce(1+ce)ip; 2= 0.

(2) There is a state wp € A* such that
1~
wjp — wp in A and  wp(X) = ?ﬁ{ﬂoo(p) (X))}, X e

(3) If g € B, \ {p}, then the representations mp and wq of A are disjoint and,
in particular, wp s not a mg-normal state on 2A.

Proof. (1) follows from Corollary 4.5, Theorem 5.3, (2.22), and (2.53). (2)
follows from Part (1) and the constructions explained above. (3) follows from
Corollary 7.1. O

Explicit formulas for the dressing transformations W;(p) can be found in
Sects. 2.4 and 2.5.

1.3. Organization of the Paper
The remainder of this paper is organized as follows:

e In Sect. 2 the most important definitions are collected and their relevance

is indicated. Sect. 2 is divided into six subsections:

2.1. The concept of second quantization in Fock space is recalled. The
scales underlying the IAPT are introduced.

2.2. Technically convenient “doubled” Hilbert spaces and fiber Dirac
operators are introduced.

2.3. IR regularized Hamiltonians H} (p) (acting in the doubled Hilbert
spaces) and related objects are defined.

2.4. Objects necessary to prove regularity of the mass shell, in particular,
“partially” dressing transformed operators H j(p) are introduced.
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2.5. “Fully” dressing transformed Hamiltonians I?,Jn(p) are introduced.
2.6. Coherent IR representations 7, are defined.
2.7. A general class of Hamiltonians K7, is introduced which contains

Hi (p), H;(p), and HJ,(p) as special cases.
e Section 3, devoted to preliminary results on the mass shell, is divided
into three subsections:
3.1. The ground state energy and the spectral gap of Hamiltonians
restricted to the initial scale are discussed.
3.2. Some a priori results on the mass shell are discussed (without regress
to the IAPT).
3.3. Spectral gaps are bounded from below. This subsection is one of the
key ingredients of the IAPT.
e Section 4 deals with the C2-regularity and strict convexity of the mass
shell. It has two subsections:
4.1. In two preparatory lemmas we state estimates crucially used in the
proof of the regularity. Both are proved in Appendix C.
4.2. The C?-regularity of the mass shell is proved.
In Sect. 5 the degeneracy of ground state eigenvalues is investigated.
The absence of ground state eigenvectors in the Fock representation for
p # 0 is proved in Sect. 6. The proof uses a formula for a(k) applied to
a ground state eigenvector of HJ, (p) derived in Appendix D.
e In Sect. 7 the disjointness of the representations 7, is proved.
The main text is followed by four appendices:
A. Self-adjointness of fiber Dirac operators and Hamiltonians is discussed.
Basic relative bounds involving various Hamiltonians are provided.
B. Analyticity of p — HJ,(p) is discussed. Hellmann—Feynman formulas and
bounds on the derivatives of Hj (p) are derived.
C. The proofs of two technical lemmas needed in Sect. 4 are given.
D. A formula for a(k) applied to a ground state of HJ, (p) is derived.

2. Definitions, Notation, and Outlines

2.1. Scales, Fock Spaces, and Second Quantization

The TAPT comprises a recursive application of perturbation theory to suc-
cessively increase the range of photon momenta taken into account in the
interaction part of the Hamiltonian, starting from the non-interacting situa-
tion. The iteration steps are labeled by j € Ng = {0, 1,2,... } and associated
with infra-red cut-offs p;, defined by

pji=r(1/2), jeNg, Poo =0, p_oo = 00. (2.1)

Here k£ > 0 is the ultra-violet cutoff parameter. Hence, the set of photon
momenta is split into a sequence of annuli,

R x Zy = AU | ) A7 u{o}, (2.2)

J€Ng
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Al = {(k,\) €R® x Zy ¢ pj <
A= {(k,\) ER* x Zy : p; <

k| < pm},
Notice that A; = Al w and R3 x Zy = A, = A>®_. The arguments of
photon wave functions are denoted by k = (k, \) where k is representing the

momentum and A the polarization of a single photon. We will frequently use
the following convention for the scalar product of f,g € L?[AJ ]:

(flg): /f k)dk = > / fk,N) gk, \) APk, (2.3)

ANEZ2

pi<|kl<pm
The bosonic Fock space over the one photon Hilbert space L2[A7 ] is defined
as
T, =Ca @ LA, m<j. (2.4)
n=1

Here, L2[(A%,)"] denotes the totally symmetric, square integrable wave func-
tions on (A%,)™ with respect to d"k. The elements of .#J, are sequences
¥ = {5, with ) € LI[(A),)"],n € N, and 9@ € C, satisfying

e
1917 == 1O + > [l ™) < oo.
n=1

The vector Q7 := (1,0,0,...) € .ZJ, is called the vacuum (vector) in .FJ,.

The Fock space over L?[A;] is denoted by .%Z; := .7 | its vacuum is Q;.
Moreover, . = .Z>_ and ) denote the Fock space over L?[R? x Zy] and the

corresponding vacuum, respectively.

Pointwise creation and annihilation operators are usually interpreted as
operator-valued distributions, but we refrain from using this formalism and
use a(k) with ¢ € ZJ, to denote a k-dependent sequence of wave functions
defined, for almost every k € A7, by a(k) v = {(a(k)¥)™ },en, with

(a(k) )™ (ky, .. k) = (n+ 1) (ke kLK),
and a(k) QJ, = 0. The (smeared) annihilation operator of a photon state f €

m

L2[AJ)] is defined as

o= /f K)o d,

on its maximal domain. It is densely defined and closed and the (smeared) cre-
ation operator is its adjoint, i.e. af(f) := a(f)*. Straightforward computations
yield the canonical commutation relations (CCR),

[@*(f),a* (@] =0, [a(f),a'(@)=(flg)L,  f geL’[A}], (25)

on a suitable domain, where af is a’ or a. Recall that all these remarks cover
the cases A; = A?  and R? x Zy = A>,.

o0
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Another application of (sharp) annihilation operators is the representa-
tion of the quadratic forms of second quantized multiplication operators, dT'(w),
given by measurable functions w : A4}, — R,

(] dT(w /w k) |ak) ) dk, (2.6)

for ¢ such that the integral exists. More precisely, the second quantization of
a multiplication operator w is the infinite direct sum

) = é dr™ (w)
n=0

where dT'(9)(w) := 0, and dT'™ (w) is the maximal operator in L2[(A7, )"] of
multiplication with

(K1, kn) = w(k) + -+ w(kn).
Writing w(k) := |k| and m(k) = k we define

H(m 7). =dl(wl 4 ), Hf(j) =dl(wla,),
p{" i=dl(ml,, ), p{ :=dl(mla), @7)
N = dT(1] ), N = dT(11,).

The operators in the first line are called field energy operators, the triplet in the
second line denotes field momentum operators, and the operators appearing in
third line are number operators. If the underlying Hilbert space is .%, then
they are denoted by Hy, pr, and Ng, respectively.

Moreover, the following relations hold:

la*(f) 1% = llaCf) I + LA 1112,

la(f) ¢l < Nl ™2 FIL AT (] 45,)" 9.

The identity in the first line follows from the CCR, for f € L?[AJ,] and ¢ €

dom([Nf(m’])]l/z)7 which is a core for af(f) and a(f). The bound in the second

line is valid, for ¢ € dom(dl"(wuzn)l/z) and f € L?[Al] with |[@™"? f|| < o
and w > 0 a.e.

For h € L*[Al)], we define field operators, on dom([N(™7)]"/?) to start

with, by

o(h) :==2""(@al(h) +a(h),  w(h):=2""(ia’(h) —ia(h)). (2.9)

The subspace of .%J, consisting of finite sequences (1/(*), ... (™ 0,0,...) is a

core of analytic vectors for p(h) and w(h), which, therefore, have unique self-

adjoint extensions, henceforth again denoted by the same symbols. We use the

notation ¢(f),a! (£), and a(f), for f = (f1, fa, fs) € L2[A2,,C?), to denote
triplets of operators,

o(f) = (e(1), olfo), o(f3), @ (f) = (&(fr), a*(fo), @*(f3)).

Finally, we sketch a construction of the frequently used isomorphism

Fi =Fr @ F, m<r<ij. (2.10)

(2.8)
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For a given orthonormal basis (ONB) {f,},en of L2[A7 ], the set
{90 @)™ @ (L)) - @ €N, nev €N, s =1,...,0}

defines a complete orthogonal system of vectors in .#J,. Now, let {g, },en be an
ONB of L?[A7,] and let {h,},en be an ONB of L?[A7]. Clearly, {gy, h.}v, pen
defines an ONB of L?[A7 ]. Thus, there is a unique isometric isomorphism
between .7}, and .F) @ FI satisfying
(a¥(gu )™ - (a(guo ) (al (R )™ -+ (a¥ ()™ 9,
)0 ) 2 0 ™ (0 )

2.2. Doubled Hilbert Spaces and Dirac Operators

Recall that the Hilbert space the operators H(p) and HSe (p) with p € R? are
acting in is C2®.% . For technical reasons it is, however, convenient to perform
calculations in the doubled space C* ® .# where we can represent square-roots
as absolute values of Dirac operators. In this subsection we introduce the

corresponding notation.
First, we introduce the Hilbert spaces

H;=C'® F;,  jeNgU{x}, A =, (2.11)
Many calculations will be performed on the dense subspace %; given by
G = C'® {w e F; = (w(o),..., 1/)("),0,0,...), for some n € N,

¥ has compact support for every i € N}. (2.12)

The 4 x 4-Dirac matrices,

_ (1 0 (0 g -
g = (0 ]1)’ ;= (Jj 0)’ j=1,2,3, (2.13)

! and the Clifford algebra relations

satisfy a; = of = o
{O[i7 O[j}:2(57;j]l, 1,] € {0,172,3} (214)

We recall that the 2 x 2-Pauli matrices appearing in (2.13) are given by

(0 1 (0 —i (1 0
17\ o) 270G o) 70 -1)-
As a consequence of (2.14) and the C*-equality we obtain

le-v] = o], weR? (2.15)

where @ - v := a1v1 + avs + azvs. With regard to (1.1) we define coupling
functions

Grulk) =14, () G(R),  G(k) = (2m) " Ly kI~ Pe(h),  (2.16)

where m € Ng U {oo}. Let p € R3 and let the fiber Dirac operator, DJ, (p), be
defined as the closure of the symmetric operator in JZ; given by

Di(p)t == a-(p—pY +ep(Gm)) b+ agty, o€ dom(HD). (2.17)
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Let us remark at this point that, most of the time, we shall drop the argu-
ments (p) in the notation for all operators introduced here and below to avoid
cluttered notation; i.e. we write DJ, = DJ (p), etc. We keep the explicit ref-
erence to p in the notation only when it becomes important and also in most
definitions to clarify the dependence on p of the new objects.

According to Lemma A.1 below D7, is self-adjoint and % is a core for
DjJ . Moreover, we give an argument in Lemma A.1 which also shows that its
square, (DJ))?, is essentially self-adjoint on €.

A direct computation shows, however, that

(DI =T ®T) on ¥, (2.18)

where the direct sum refers to the splitting of the spinor components C* =
C? @ C?, and where

T3 =Th(p) = (0 (p—p{ +e0(Gn))” +1.
In particular,
Spec(D?)) € (—o0, —1] U [1,00). (2.19)

We denote the resolvent at iy € iR and the sign function of the fiber Dirac
operator by

R, (iy) = R, (p.iy) == (D}, (p) —iy) ™",
S}, = S5.(p) = Dj,(p) D}, (p)| ™"
Invoking the essential self-adjointness of (D7 )? it is easy to see that two pos-
sibilities to make sense out of the square root in (1.4) yield the same operator:
we may take the square root of the closure of 7,7 defined by means of the
spectral theorem, or, equivalently, we may define the square root in (1.4) to
be equal to the upper left (or lower right) 2x2 block of the block-diagonal
operator |DJ |.

An advantage of working with Dirac operators is the linear dependence
of DJ. on the field operators. At the same time we have a convenient integral
representation of their sign functions in terms of their resolvents; see (2.58)
below. o

For shortness we write Dj, S;, R;, for the operators D7, S7, R7.

(2.20)

2.3. The Hamiltonians ’Hgn and H 3;1, Ground State Energies, and Spectral
Gaps

We define fiber Hamiltonians on four spinors by

H,(p) = |DJ,(p)| + HY, (2.21)

m
which are self-adjoint on the domain
dom(H3, (p)) := dom(H") C 7,
by Lemma A.3. These operators are block diagonal,
H3,(p) = Hip(p) ® Hin(p),  Hiu(p) = To(p)” + HY. (2.22)
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Hence, for j = oo, they are twofold copies of the operators acting on two-
spinors that appeared in Sect. 1.2. Clearly, it suffices to prove the analogs of
Theorems 1.1 and 1.2 for the Hamiltonians H2° acting in C* @ .% instead of
proving them for the operators HS® in C? @ 7.

Define the ground state energy and the spectral gap of HJ, (p) by

B}, (p) := inf Spec[H}, (p)],
gap}, (p) := inf(Spec[Hy, (p) — E7,(p)] \ {0}).
The ground state projection of HJ, (p) is denoted by

T5,(P) = 1 g,y (3 (P)) 5

i.e. by the same symbol we have used for the ground state projections of
operators acting on two-spinors. This should not cause any confusion in what
follows. For Re z > 0, we further define

Ri,(p,2) == (Hi,(p) — B}, (p) +2) (2.24)

and, in case EJ (p) is an isolated point of the spectrum, we define a projected
resolvent,

(R3)*(p) == (Hi,(p) (I,)* (p) — EL(p) " () (p),  (2:25)

where P+ := 1 — P, for any orthogonal projection P.

As agreed on in the previous subsection we shall usually drop all argu-
ments (p) in the notation; for instance, we shall write FJ , gap’ , HJ R (2)
instead of E7, (p), gapy,(p), H, (p), R}, (P, 2).

Similarly, as in the previous subsection, we further use H;, H;, R;(2),
(R4, 1L, B, gap, as shorthands for H;,H;,R;(z), (R;)l,H;,Ej,gapg.

Without any subscript we denote quantities associated with A% = R? x
Zo, that is, H := Hy,H := Heo, B := E, etc.

To motivate the above definitions we note the following:

(2.23)

Remarks on Sect. 3. In the iteration steps of the IAPT one infers spectral
information on H; from the corresponding knowledge about operators with a
larger infra-red cutoff, H,,,m < j. It is trivial to analyze the initial operator
in this sequence, Hy, as it contains no field operators, Gy = 0; it is merely a
multiplication operator; see Lemma 3.1. In principle one would like to compare
H,, and Hj; with m < j directly. However, these operators are defined on
different Hilbert spaces so that effectively none of the usual spectral methods
can be applied. This problem is solved by introducing HJ, which contains the
same field operators as H,, but acts in the same Hilbert space as H;, namely
#¢;. To explain this more precisely we recall that

H; = Ao © Fhy = P 2,7,
n=0

2 = Aoy @ LAY, meN, 2 = A (2.26)
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It is essential to note that HJ leaves this decomposition invariant. More-
over, by a natural identification, see for instance [32], we have ;) =
LE[(A},)": ], and
®
H},(P)] mn = / (Hn(p— k) + [k1| + - + [kn|) dky ... dk,,  (2.27)
(A"

with k := k1 +- - -+k,,. Thus, we can deduce the spectrum of HJ (p) from that
of H,,(p — k); see Lemma 3.3. As a result of Sect. 3, obtained by combining
Lemma 3.3 and Theorem 3.5, we shall see that the ground state energy is an
isolated, fourfold degenerate eigenvalue of Hj, (p), for all m < j < oo, p € By,
and small ¢ > 0, and that

gap;(p) > cp; and  E,(p) = E.(p).

Here the constant ¢ can be chosen independently of j and e € (0, ¢g], for some
¢o > 0. One of the consequences of this result used later on is the following:

By means of the formula (2.58) (below) for the absolute value of Dirac
operators it is straightforward to prove type A analyticity of the family
{HJ,(p) }pers; see Lemma B.1. For small e, this entails analyticity of EY ,m <
J < 00, on the set B, where it is an isolated eigenvalue of constant multiplicity,
and it allows to express its derivatives by means of Hellmann—Feynman type
formulas; see Lemma B.1:

On B, = Tr{1L], (On H7,) T, } /4,
Op B3, = Te{Il, (0h H3,) 1, } /4 — || (R3,) )2 (On H3,) T, B /2-

Here, || - ||us denotes the Hilbert—Schmidt norm and 9, the derivative in direc-
tion h € R3. We should mention here that parts of the proofs in Sect. 3 are
formulated for more general operators.

(2.28)

2.4. The Partially Dressing Transformed Hamiltonians H ;.

Since E; turns out to be analytic on B, it suffices to show that

> sup |04 B (p) — 05 Ej(p)| <00,  v=0,1,2, heR?, (2.29)

=0 pEB,
to prove C?-regularity of E = FE., which is the pointwise limit of F; (in
fact, H7° converges to H in the norm-resolvent sense; see Lemma A3). If
we attempted to prove (2.29) by means of the Hellmann—Feynman formulas in
(2.28) for 0} Ej+1 and 8,”LE5+1 = O} E; applied to the operators H;;q and Hf‘l
(which both act in J%j11) we would encounter the problem of estimating the
difference between H§+1 and IT; 1. But if we expect Theorem 1.1(3) to be true,

then the norms ||1'I§Jr1 —IIj4+|| cannot be summable at p # 0, for otherwise
one could infer the existence of ground states of H(p). In fact, anticipating a
result of Lemma 3.3(1), we have

I =11 @ Py € B(HA41) = B(AG) @ B(F] ), (2:30)
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where P;+1 is the one-dimensional projection onto the space spanned by Qg“
J

in ﬁj *1 In other words, there are no photons in the range of H;‘H with
momentum in Ag“. A moving electron, however, emits and absorbs radiation
and is thought of being surrounded by a cloud of soft photons. So, if the total
system is moving with a non-vanishing momentum p, then H;-'H(p) will not
be a good approximation to its ground state projection. Roughly speaking the
idea is then to remedy this situation by introducing a unitary (partial) dressing

transformation, U (p), that dresses Qg“ into a cloud of soft photons.

Hence, we compare Hjﬂ not with H;, but with

Hj+1 = UjHj_HU;
instead. The definition of the p-dependent unitary Uj is given in formula (2.32)
below. Clearly,

Spec[Hj1] = Spec[H;11],  Ejy1 = inf Spec[Hj 1],

gapj+1 = inf(SpeC[Hj+1 - Ej+1] \ {O})7

and the ground state projection of H j+1 satisfies

1 o= Lyp,,,} (Hjn) = Ul U7
By unitary invariance of the trace and the Hilbert—Schmidt norm we obtain
from (2.28)

OnEji1 = Tr{llj 41 Uj(0nH;41)U; 111} /4,
OnBjr = Te{lj 1 U (05 Hjsr)U; 1} /4
— I(Ryj1) )2 U (0nH;41)U; 4171 /2, (2.31)
where (R;11)* = U, (Rj41)"Us; see also (2.41) below. For Uj(p) one chooses
a Bogoliubov transformation of the form
U;(p) = eiew (] (P),

Gt VE;(p) (2.32)

‘.j+1 = ———— ]:+1':]lj1 .
i) -k VEp ¢ TlanC

We define fj+1(p) only for p € B, and sufficiently small e. In fact, by

Lemma 3.2, Theorem 3.5, and Lemma B.1 below,

sup sup sup|VE;| <q<1, (2.33)
e€(0,e0] JEN By

where ¢g and q depend only on x and p. ‘
It is well known that, for every real-valued h € LQ[A;H, R],

U@ (W) U; = d(h) = (hIf7), Uy U; = o(h) = 2(h | FH),

on the domain of [Hf(] I H)]l/ * (which stays invariant under U;). So, U; actually
gives rise to a new representation of the CCR. The explicit choice of fJJ 1 can
be motivated by the bound (6.3) below which reflects the IR behavior of the
ground state eigenvectors of H;.
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The action of U; on various operators can be expressed by means of the
quantities

FIh= e+ I = (T I GO,
b= (S w T,
which all depend on p through fj 1 For later reference we note the bounds
Bl bl <epr [ <epn o EI <ol (230)

On account of (2.33) the bounds (2.34) hold true uniformly, for j € Ng,p € By,
and ¢ € (0, ¢g], with ¢, eg > 0 depending only on k and p. The following identity
will lead to some crucial cancellations:

1 Lun e.VE;
@2m)2 w1 k- VE,

FIt . VE; = =wfIt k= [k k. (2.35)

Abbreviating
Dji1:=U; Dj;1 Uj, a9 = Uy aE Y Uy, J € No,
we deduce the following explicit formulas for these operators:
Hf(j+1) _ Hf(j+1) —ep(w f;+1) + ¢2b;, (2.36)
Djy1 =D o {ep(FIT) — e%¢;}, (2.37)
which hold true on the domain of Hf(j 1 The resolvents of D; and
Hy =Dl + B

are tagged with a check on top, i.e. we set

Rj(iy) = R;(p,iy) := (D;(p) — iy) ™", y €R, (2.38)

733(2) = ﬁj(p, z) = (Hj(p) — E;(p)+ z:)_l7 Rez >0, (2.39)
Ry (2) = Ri (p,2) = (H;(p) — E;(p) + 2) '} (p), Rez> —gap,(p),

(2.40)

Rj = R;(p,0) = (H;(p) — E;(p))”" I (p). (2.41)

The latter resolvents will only be used when E; is an isolated point of the
spectrum.

Outline of Sect. 4.2. To give the reader an idea on where and how ﬁj+1 cru-
cially enters into the analysis we add a few remarks on Sect. 4.2: A simple but
lengthy calculation (carried out in Lemma 4.1) using (2.35) yields
([:Ij+1 — H;Jrl —+ ezzj) H?Jrl
i+1 .
= Q(Hj_ijHj) ® ~{(ﬂ(F§-Jr ) — QC]'}PQ?JA + O(ep),

where s; > 0. Since E; belongs to the resolvent set of HjH ij-H we further
have

I TE = (Hjpy — By + )7 Iy (Hjp — HIP 4 )T, (242)
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for every t > 0. Using a “resolvent comparison lemma” (Lemma 4.2) and the
two identities above we deduce in Lemma 4.3 that

1 — I s < A I s < cepy LY+ O(epy),  (2.43)
where
LY = (R IF VH; Ij|lus,  j €No, s € {1/21}. (2.44)

Notice that it is essential not to estimate the operator norm of the resolvent in
(2.42) trivially in the leading order contribution to (2.42). Rather it has to be
related to Rj- by means of Lemma 4.2. The square of Lg-l/ 2 s up to a trivial
factor the second part of the Hellmann-Feynman formula (2.28) for 03 E; and

its control is, therefore, necessary to derive (2.29). We shall prove the following
relations:

LY <@rett =1, (LW L7 <cepl’(L+ce);  (245)

see Lemma 4.4 and Corollary 4.5. Estimating the resolvents in L;s) trivially,
1 _

LY <eprt, LY <ep (2.46)

would again by far not be sufficient. It is a guiding theme in the TAPT to
avoid such trivial bounds by relating singularities of resolvents recursively to
those corresponding to a preceding scale. (In the initial scale Lés) = 0.) The
final result of Sect. 4.2 on the C%-regularity of the mass shell (Theorem 4.6)
is based on the estimates (2.43) and (2.45).

2.5. The Fully Dressing Transformed Hamiltonians H gn
In order to establish Theorem 1.2 we define the following dressing transforms:

=[[Ulp), m<j<oo,  Wp:=W" (2.47)

We shall often identify W7, = WJ @ 1 5, if m < j < £. Of course, we assume

here that Uy is well defined, i.e. we assume that we are in the situation described
in the paragraph below (2.32). Furthermore, we abbreviate

—

3
L
3

fm(@):=>_ i (p), Fpn(p):= ) F;"(p),
=0 4

¢
en(p) = (fu(®) |G+ Fu(D)),  bn(p) = (S (P)|w [ (D)),
where m € Ny U {oo}, |p| < p, and empty sums are zero. Then we define
D},(p) = {p—p{’ +¢p(Gu + Fuu(p)) — @ Culp)} + 0. (2.48)

a priori as an essentially self-adjoint operator on %}, and then by taking its

Il
=]

closure; see Lemma A.3. Furthermore, we define, on the domain dom(Hf(j )),

Hi,(p) = | D3, (p)| + HY” — ¢ p(w fin(p)) + ¢ b (p). (2.49)
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In (2.48) and (2.49) we may choose j,m € Ny U {oo} with m < j. Notice,
however, that
HI, = W,, HI, W, if m < oo, (2.50)
while there is no analog of (2.50) with m = oco. In fact, it does not make
sense to define W, by (2.47) because > " f;“ ¢ L%[R3 x Zsy)]. In view of the
identity
inf Spec[HJ,] = EJ,,

which is obvious for m < oo and follows from Lemma A.3(iii) in the case
m = j = 00, we set

m

117, (p) = ]1{E-7‘ (p)}(HrJﬁ(P))~
In view of (2.50) we then have
I, =W, I, W5,  if m< oc. (2.51)
By virtue of Lemma 3.3(1) and Theorem 3.5 below we shall see that
I =1;® P =TI @ Py |, j € No. (2.52)
Hence, the ground state projections defined so far are related as

TT00 100 * +1 *
55, — 57 = W, (UL U =117 ) W) @ Pasg,
™ 41 *
= W; (1 =T W @ Posx . (2.53)
In particular, (2.43) combined with (2.45) implies the convergence of ﬁ;’o to
some limit projection, provided that e¢ > 0 is sufficiently small. This limit

projection is discussed in Sect. 5.

2.6. Coherent IR Representations

We define an algebra analog to that in the introduction,

o =gl =en  ge \/ B(A) @1z (2.54)
jEN '

(It differs from the one in (1.5) only in that we now consider Hilbert spaces of
four-spinors instead of two-spinors. We shall use the same notation for algebras
and representations in both cases. This should not lead to any confusion).
In (2.54) we have used the identifications 7 = 7 ® Z#° and B(H) =
B (A7) @ B(F;°), which follow from (2.10). The coherent representations are
the unital -representations mp, : A — B(J) determined, for each p € B, and
sufficiently small e, by

Tp(X @ lge) :i=W; X W) @ Lgsx, X e B(HA5), jeN.
Note that we have the consistency relations (1.7) so that mp is well defined and

isometric on A°. It, therefore, has a unique isometric extension to the whole
C*-algebra 2 which is again denoted by 7.
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Since we are now dealing with four-spinors instead of two-spinors we
define the states w; p by

1
wip(X) = [IH{IE(p) X}, X €

Of course, we shall employ this definition only in a situation where we already
know that I13°(p) has rank four. On account of the invariance of the trace with
respect to unitary conjugations we obtain, for m < j and X € B(57,,),

1 1 ~

In view of (2.43), (2.45), and (2.53) we thus have convergence of w; , to some
state wp with respect to the norm on A*.

The disjointness of representations m, corresponding to distinct p is
shown in Sect. 7.

2.7. Generalized Operators

We define generalized operators K7, which cover the special cases

{H2,(p)tm<jr {Hj(p)};, and {HJ,(p)}tm<- (2.55)

In what follows we pick g € L*[AS°, R3], h € L?[AL,R], and ¢, € R3, b, €
R,m € N, and set ¢y := 0, by := 0, and for m < j,

| e — J .—}.
cli=cj—cp, b, :=bj— by,

gl = 1, 9, hi = Ly hy g,m:=90, hm:=Dhg.
On the dense domain ; [introduced in (2.12)] we define

D9,(p) = a- (p—pY +ep(g,,) — e2em) + a,

" , 0 (2.56)
K},(p) = |97, (p)| + H” — e p(hy) + by

Notice that D7 (p) is essentially self-adjoint on %; by Lemma A.1. Denoting
its self-adjoint closure again by the same symbol we have (D7, (p))? > 1 and
we define

R, (p,iy) == (D), (p) —iy)™', yeR

As 0 belongs to the resolvent set of D7 its sign function can be represented
as a strongly convergent principal value (see, e.g., 21, Page 359]),

™

, . ) I d
Sh(P) b = D4 (p) [0 p) 10 =l [ w . (25

for all ¢ € 7. This yields a convenient representation of its absolute value,

T

. S . d )
D9 [ =8 DI = lim [ (1+iyW,(iy))Y —2, € dom(D,), (2.58)
T—00 T
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where, as usual, all arguments (p) have been dropped. For convenience we will
assume that

Hf(m) - e‘ﬂ(hm) + 82bm 2 07 (259)

which is fulfilled by the Hamiltonians in (2.55). Furthermore, we assume the
existence of a constant, ¢y > 0, such that, for all 0 < m < j < o0,

sl 1051, 1L+ w™7)g; [l (1 +w™ ")yl < o,

. , . o o ~(2.60)
(hals 13l ghalls 1]l < copmy 0™ glall, llw™"> b, || < o pif”-

The results of Sect. 3 shall imply that, for given x,p > 0, we find some ¢g > 0
such that, for all e € (0,¢] and p € B, the choices g,, = G, + Frp, by, =
W fms Cm = Cmy by, = Em satisfy the assumptions (2.59) and (2.60). This is a
consequence of straightforward estimations based on (2.32) and (2.33); recall
(2.34).

We shall again write K;,9;,S;,R; instead of Kj,i)g,S]j,‘ﬁ; to reduce
clutter.

Relative bounds involving the above operators and a discussion of their

self-adjointness can be found in Appendix A.

3. First Results on the Mass Shell and Spectral Gaps

3.1. The Spectrum at the Initial Scale

In the TAPT one infers estimates on the ground state energy and the spectral
gap of an operator like H;,; from estimates on the same quantities correspond-
ing to an operator on a preceding scale (i.e. H;). It is, therefore, important to
ensure existence of a spectral gap and estimates on the ground state energy
at the initial scale. 4 ‘ ‘

First, we recall that #(p) = ((p—p{”’)? +1)"* + H". Moreover, recall
that pE]) and Hf(]) act in L2[(A;)"] simply by multiplication with k1 +---+k,,
and |ki| + -+ + |ky|, respectively, and plgj) Q; = O,Hf(j) Q; = 0, where Q; is
the vacuum vector. In particular, it is an elementary exercise to derive the
following lemma. We present its proof only for the convenience of the reader:

Lemma 3.1 (spectrum of HJ(p)). For all p € R® and j € Ny U {oo}, the

following holds:

(i) E}(p) = (p* +1)/2 is a fourfold degenerate eigenvalue of Hj(p). The
corresponding eigenspace is {v ® Q; : v € Cc*}.

(i) gapy(p) = min{p;, 1}/(2(p|* + 1))

Proof. (i): It is obvious that (p® 4 1)/2 is an eigenvalue of HJ(p) and that
C*®9; belongs to the corresponding eigenspace. It follows from the arguments
below that the latter is actually the whole eigenspace (even in the case j = o)
and that (p? +1)"* is the infimum of the spectrum.
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To prove (ii) we observe that the spectrum of HJ(p) restricted to the
invariant subspace {C* ® ;} is given by the closure of

D{({pikir*ly/z*i%l kil > py, i —1,...,n}. (3.1)

n=1 i=

On account of the triangle inequality | S ki | < Yoi |k;| this implies
/2

inf Spec [Hj (p)l e, 1] > inf, (Ip— k) + 1) + max{p;, [k]})

= inf (([lpl =112+ 1) + max{p,.r}).

Writing g(r) == ([lp| = r]* + 1)"2 = (0* + 1) + max{p;,r},r € [0,00), we
find ¢’ > 0 on [p;,00); thus min,>,. g(r) = g(p;). The possible minima of g
on [0, p;] are g(p;), g(0) = p;, and g(|p|), if [p| < p;. Since R > ¢ = (¢* +1)"2
is convex Taylor’s formula yields, for all p € R?,
p| Pj Pj
) > pj - = > .
HPi) 2 0 = G 1 P G (R T ) B 2+ )
In the case |p| < p; we apply the inequality

f):=1—+1)"*+t>min{t,1}/2, >0, (3.2)
to get g(|p|) = 1 — (p> +1)"72 + p; > min{p,, 1}/2 (At least for ¢ € [0,1], (3.2)
is clear by Taylor’s formula; for ¢ > 1, then, use f(t) = tf(1/t)). O

3.2. A Priori Bounds on the Mass Shell

Note that the next lemma is valid even when E; belongs to the essential
spectrum of H; and when no ground state exists. In particular, it holds for
FE = E-. The bound on the derivative of E}]C derived in the following lemma
justifies the definitions of Hj (p) and ﬁ],jc (p), at least for almost every p € B,,
if ¢ is sufficiently small. The bound of Lemma 3.2(3) is a crucial ingredient in
the estimation of spectral gaps in the next subsection; it follows from the fact
that E; tends to infinity as |p| gets large and on the bound on the derivative
mentioned before. Here, it suffices to have absolute continuity of E; along
every line in R3. This property is fulfilled in many models and is usually proved
without regress to the TAPT; see [15]. However, the fact that the derivative of
E; is strictly smaller than one, even for arbitrarily large p, is a special property
of semi-relativistic models: It is false for the non-relativistic model, at least at
scale j = 0.

Lemma 3.2. (1) There exists ¢ > 0 such that, for all e € (0,1] and p € R?,
(1—ce) Eo(p) < Ej(p) < (1+ce) Eo(p). (33)

(2) There is some ¢ > 0 such that, for all e € (0,1], j € NU{oc}, normalized
u €R3, and p € R3 for which 0,E;(p) == S E;(p+tu)|i—o exists,
1

|0uEj(p)| <1 - 21 +ce) Eo(p)? + ce Eo(p). (3.4)
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(3) For allp >0, we find eg >0 and q € (0,1/2] such that
Ej(p+h) - E;(p) = —(1 —q) |hl, (3-5)
for all e € (0,e0],h € R®,p € By, and j € Ny U {o0}.
Proof. (1): The form bound (A.7) implies Hg < (1+ce) Hj and (A.8) implies
Hj < (1+ce) Hy. Hence, Part (1) is a consequence of the variational principle
and the identity £ = Fj.
(2): Let ¢ € dom(Hf(j)) and j € NU {oo}. On account of Lemma B.1,
Hj(p+h)¢— Hi(p)¢ = OnH;(p+h) 6+ [hPO(1) ¢, |h] -0,
where the norm of O(1) € B(.%;) can be bounded uniformly in p € R® and in
j. Note that H](p + h) = (v +1)"/? +Hf(j) with v :=p+h — p?). Since the

components of v and pgj ) commute strongly we obtain

(01OnH(p+h) &) = (o|h-v(v”+1)" ")
> —[h][|g]* + Rl (] (1 = |v] (v* +1)7) ¢)
> —|hlll¢]* + |h| (o] (v* + 1)1 ¢)/2.
By the trivial bound (v? + 1)~ > (Hi(p + h))? (between multiplication
operators) this yields 0, H} (p + h) > —|h| + |h| (H}(p + h))~2/2. Next, we
have, pointwise at every value of the total momentum,

(H3) ™ = (Hy) > = ((H) ™" = H; ") (H)) ™'+ Hy ((H)) ™ = H).

j
Using Lemma A.3(ii) and ||(H])™!, ||H71|| < 1 we find some ¢ > 0 such that
I(HE) ™2 = (Hy) 2| < 2|(H; — HY)(H) ™| < 2¢e, (3.6)
at every value of the total momentum. We end up with
OnHy(p + h) > ~[h| + (|h|/2) (H;(p + h))~* — ce|h]. (3.7)
By virtue of (B.1), {0, H, — OnHi} < ce|h|(HY + 1) < e |h| H;, whence
Hj(p+h) — Ej(p) > Hj(p+ h) — H;(p)
> —|h| + (|k|/2) Hj(p + k)~ —ce|h|
—d¢|h| Hj(p + h) — O(|h[?).
In particular, we obtain by means of the spectral calculus
Ej(p+h) — Ej(p) > —|h| + |h| Ej(p + h)"*/2 — ce|h|
~de|h| Ej(p + k) — O(|h[?). (3.8)
Now, let p € R3, let w € R® be normalized, and assume 0, F;(p) exists.
Replacing h by £ su, for small s > 0, in (3.8), dividing by +s, and passing
to the limit s \, 0, we obtain an estimate for |9, E;(p)| in terms of E;(p).

Employing (3.3), then, we arrive at (3.4).
(3): We fix p € B, and some normalized u € R? and define

e(t) == Ej(p+tu), he(t) == (¢ | Hj(p+tu)d),
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for all normalized ¢ € dom(H(J)) and all ¢ € R. Thanks to Lemma B.1, we
know that |hy(t)] = (¢ 02H;(p + tu)¢)| < ¢;. Consequently, the function
defined by A¢,( )i=—c t2+h¢( ),t € R, is concave. Thus, A(t) := inf{A4(t) :
¢ € dorn(Hf(]))7 lloll = 1},t € R, defines a concave function, as well. By a
general theorem on concave functions, we know that the left derivative A’ (t)
and right derivative A, (t) exist, and that A/, are both decreasing, and coincide
outside a countable set. A is differentiable at every point ¢t € R where A’ (t) =
A, (t). Moreover, A(t) f A ( . Since e(t) = A(t) + ¢1 t?, the
function e also has left and rlght derlvatlves e’i on R which coincide almost
everywhere, and

e(t) —e(s) = /e’i(r) dr, s,teR. (3.9)
Given h # 0 we may choose w := h/|h| and, inserting ¢ = |h| and s := 0 into
(3.9), we obtain

||

E;(p + h) — B;(p) = e(|h]) — e(0) = / ¢(r) dr. (3.10)

0

Finally, we prove (3.5). If (3.5) happens to be true, for all p € By, h € R3,¢ €
(0,1], and q = 1/2, then there is nothing left to show, of course. So, let p €
By, h € R3¢ € (0,1], and assume that E;(p + h) — E;(p) < —|h|/2, which
together with (3.3), E; > 1, Eg(p) = /p?> +1 < |p| + 1, and |p| < p implies
|h| < 2(1+ce)Eo(p) —2 < 2p+ 1, if e > 0 is sufficiently small, say ¢ €
(0,¢0]. Thus, Fo(q) < c¢(p + 1), for every g on the line segment from p to
p + h we integrate over in (3.10) and for e € (0, ¢g]. Thanks to (3.4) we may
conclude that |0, Fj(q)| < 1+ e (p+1)—1/4c*(p+1)?, for all g on the same
segment, where 9, E;(q) exists, and for small e. Combining this with (3.10)
and decreasing the value of ¢, if necessary, we see that the assertion of (3)
holds true. 0

3.3. The Spectral Gap
The results of this subsection shall be applied to the families of operators

{H;,(P)tm<; and  {H;,(p)}m<

for p € B, and for ¢ > 0 at least so small, that Lemma 3.2(3) holds true, for
some q € (0,1). In this case fI{n is well defined by Lemma 3.2 almost every-
where on B, to start with. Notice, however, that Theorem 3.5 below together
with the type A analyticity of the Hamiltonians H; proven in Appendix B
shows that Ej,j € N, is actually analytic on By, and we may then conclude
that ﬁﬂn is well defined on all of B,.

Recall that, in the case m < oo, the operators FNI J and HJ, are unitar-
ily equivalent. This is not true anymore if m = j = oo. Hence, the state-
ments of Lemma 3.4 below involving H = H®> > do not follow at once from
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corresponding statements on H = H>_. Therefore, we employ the generalized
notation of Sect. 2.7. More specifically, we fix the convention

KJ, = KJ (p) is either HJ, or HJ, throughout Sect. 3.3. (3.11)
In particular, we then know that

EJ. .= inf Spec(H?,) = inf Spec(]flﬂn) = inf Spec(K?)), m < j < oo,
by unitary equivalence, if m < oo, and by Lemma A.3(iii), if m = oco. Likewise,
under the convention (3.11) the spectral gap of Hj, defined in (2.23) satisfies

gap}, = inf(Spec[K7, (p) — EJ,(p)] \ {0}), if m < oo.

Recall that K, := K], E,, := E]" gap,, := gap.,., etc.

The main result of this subsection (Theorem 3.5), an estimate on the
spectral gaps of K; and K ]J +1, is obtained by induction on j. In fact, as usual
in the IAPT we successively estimate the gaps of

1 2 j41
K&Ky KK KT K

Notice that K} = H{, so that the result of Lemma 3.1 is applicable.

To our knowledge this is the first version of the IAPT that is elaborated
for an operator with spin where one expects a degeneracy of eigenvalues. The
additional problem that occurs is to rule out a splitting of the lowest eigenvalue
which would probably destroy the gap estimate. The absence of a splitting
follows, however, from Kramer’s degeneracy rule as observed in [28] for (a
slight modification of) our model. We also remark that in [28] the authors
show the existence of a spectral gap, for strictly positive photon masses and
small ¢ > 0, when a pre-factor v € (0,1) is introduced in front of the square-
root in (1.4) (motivated by requirements of adiabatic perturbation theory).

Lemma 3.3. Let m, j € No U {co},m < j. Assume there exist p,eq > 0 such
that, for all p € By and ¢ € (0,¢0), E(p) is a fourfold degenerate eigenvalue
of Kin(p). Let P := lyp, 1 (Ky) denote the spectral projection onto the cor-
responding eigenspace. Then the following holds, at every p € Ep and for all

e c (07 2()],’
(1) Ey, is the minimum of the spectrum of K}, and B, = g, 1(K},) =
PBm @ Py . In particular, the ground state energy of Kj, is an ezactly

four-fold degenerate eigenvalue.
(2) With q as in Lemma 3.2(3) we have, for all p = 0 and \ > 0,

min {ga‘pm7 qu}7 E'gn - E”“ (312)
max{q~ ", A7} (K7, — Em + Ap). (3.13)

gap},
Hf(m’j )4 p

VANA\Y

Proof. We will give the proof only for HJ , but by unitary equivalence the
result is also valid for HJ,. By the natural identification in (2.27) and by
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virtue of (3.5), we obtain

D

Hfﬁ(p)r%gm,j» / (Bm(p—K) + k1| 4+ + |kn|) dky ... dky,
(Ad)m
D
> En(p) +4q / (Jk1| + -+ |kn|) dkr ... dk,
(AZ”)TL

= (Em() + A H{™ ) ym,
for n > 1. Since
H%(P)T%m,ﬂ: H,,(p)

we may easily deduce EJ, (p) = E,,(p), B @ P < J . Estimate (3.12) and
Estimate (3.13). On the other hand,

ran‘B’ C ker H(m’J) %(m’J)

Hence, every ground state eigenvector lies in % 9)
the range of B, ® P,; . Notice that 1& P, is the projection onto 5&”0 . O

and is hence an element of

In what follows we shall use the notation

pip) = sup inf {(6|(K;(p) — Es(p) 0) : 6 € QUH”), |6l = 1,61 L},
Le9a(H5)

where ¥4 (5¢;) is the set of four-dimensional subspaces of 7. According to the

minimax principle z (p) is the fifth eigenvalue of K;(p)— E;(p), counting from

below including multiplicities, or the lower bottom of the essential spectrum

of K;(p) — E;(p). This notation shall be useful in a situation where we do not

already know whether 1 (p) be equal to gap;(p)-

Lemma 3.4. Let m, j € NgU{oo},m < j, and suppose that all assumptions of
Lemma 3.3 are satisfied with ¢y sufficiently small depending on k and p. Then
the following form bounds hold true on Q(Hf(j)), at every p € By and for all
e € (0,e0] and X > 0, with constants depending only on p and ey:

|9;| < max{l,c¢/A}(K; — E;j + ), (3.14)

+(K; — K1) < e max{1,1/\} (K%, — Ep + Api), (3.15)

+H(K; — K1) < "¢ (Kj — Em + pm). (3.16)
Furthermore,

|E; — Em| < cepm, (3.17)

and, if j < oo and gap,, > 0, then

gl > (1—ce)gap), — cepm. (3.18)
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Proof. To start with we observe that (3.3) implies the upper bound, E;(p) <
(1 + ceo) max|q<p Fo(g) =: C, which is uniform in j € NU {oo},e € (0, ¢o],
and |p| < p. From now on we again drop the reference to p in the notation.
Then |9;| < K; — E;+C (recall (2.59)) which implies (3.14). Combining (A.8)
and (3.13) we further obtain

+ (K — K1) <cepm |99 | +ce (Kl — Ep+ pi) (3.19)

on Q(Hf(])). Adding the term ce p;, (Hf(j) —e@(hm)+ e by, —Epn+C) >0to
the RHS of (3.19) and absorbing one factor p,, < & in the constant we arrive
at (3.15). If; say, ¢’e < 1/2, then (3.16) follows from (3.15) and some trivial
manipulations. From (3.15) we further deduce that E; — E,, < K; — E,,, <
(1+ce)(KJ, — E,) + ce pp. By Lemma 3.3 we have E,, = inf Spec[K7 ] and,
hence, the variational principle yields E; — F,, < ce py,. Using this we infer the
bound E,, — E; < ¢ e p,, from (3.16) in a similar way. Altogether this proves
(3.17). Writing N 1= ker(Kp — Ep)©Q3, and S; := {¢ € QHD) : ||yp[| = 1}
and employing (3.15) and (3.17) we finally obtain

> inf K, — FE;
5 ¢e/\lfrj.}-msj<¢‘( J ])¢>

>(1—ce) inf (| (Kl —En)¢)+FEn—Ej—cepy
PENFNS;

> (1—ce)gapl, — e pm.
O

In the next theorem we combine the previous lemmas in an induction
argument to derive a bound on the spectral gaps of K; and K]J-'H,j € N. Let

0 1 0 0 0
Y= (‘62 02> C, X,:= (0 0)’ Xo 1= (]1 0)’ (3.20)

where oy is the second Pauli matrix and C denotes complex conjugation.

Theorem 3.5 (spectral gaps of K; and Kg+1). There exist eg > 0 and q € (0,q)

such that, at every p € By, and for all ¢ € (0,¢0] and j € Ny, the following
holds:

1) E; = inf Spec|K | = inf Spec Kt is a fourfold degenerate eigenvalue of
J J J
both K; and K7*" and
gap; > qpj/2 and gaup;'Irl > qpj/2. (3.21)
(2) The operators ¥, X1, and Xo commute with K; and KjJFl, If 1/)5»1) is a

normalized ground state eigenvector of K; satisfying X, wj(.l) = qu(.l) (which
always exists), then four mutually orthonormal ground state eigenvectors
are given by wj(.l) and

Wi = Xopl), P =9y, = X0, (3.22)

(3) Any vector Y € I is a ground state eigenvector of Kj, if and only if
P ® Q;+1 is a ground state eigenvector of Kf’l.
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Proof. (1)&(3): It suffices to prove the following assertions by induction on
j S NOZ

A & Ejis a 4-fold eigenvalue of K; and gap; > qp;/2.

In fact, if j € Ng and the assertion 7; holds true, then Lemma 3.3 implies
gap?r1 > g min{p;/2, pj+1} = ¢p;/2 and all the remaining statements of (1)
and (3).

Assertion o follows, however, from Lemma 3.1, if |p| < p, provided that
q is sufficiently small.

Now, assume that <7 holds true, for some j € Ny. Then the bound (3.18)
is available as well as our conclusion gap;+1 > ¢p;/2. In combination they
give

= (1 —ce)qp;/2—cepj=qpip1 (1—de) = qpji1/2,

for small ¢ > 0. In particular, there is some non-vanishing ¢,11 € dom(K;41)
with K11 ¢j41 = Ej41 ¢j41. Below we apply Kramer’s degeneracy theorem
to show that E;4 is an at least fourfold degenerate eigenvalue of Kj ;. After
that it also follows that gap,,; = > qpji)/2.

(2): Since 0y = 0 has purely imaginary entries we have 92 = —1 and
(ol9v) =—(v[V¢), ¢ €. (3.23)

Obviously, ¥ leaves dom(K;) = dom(Hf(j)) invariant and using {0y, 0} =
201¢ 15 and the fact that ag, a1, and ag have real entries it is straightforward
to check that 90, =D, v on dom(Hf(J)). Since the fiber Dirac operator ©; is
essentially self-adjoint on dom(Hf(J )) we deduce that it commutes with ¥ on
Y dom(®D;) = dom(D;) and its resolvent satisfies ¥ R; (iy) = R;(—iy) ¥ on JZ;.
Using, e.g., (2.58) (and a substitution y — —y) we infer that 9 |9;| = |D,|V
on dom(®;). Altogether it follows that ¥ K; = K; ¢ on dom(K;) and the same

argument can be applied to K']Hl. In view of (2.22) it is clear that X; and X,
commute with the Hamiltonians.
So, let z/)§1) be as in the statement of Part (2). Then @3) = 19%(-1) €

dom(K;) and K; ¢§-3) =L ¢§3)~ Upon choosing ¢ := ¢ := wj(-l) in (3.23) we
further see that ¢§3)l1/)§1)- Since the lower two components of the four-spinors
q/;](,l) =X %@) and qp§3) =X wj(-g) are zero and since K is block diagonal it

follows that ’(/J](-l), e ,wj(-4) as in (3.22) are mutually orthonormal ground state
eigenvectors of K. O

4. Regularity of the Mass Shell

4.1. Preparatory Lemmas
Recall the definitions of H]ﬁl and Hg“ in Sect. 2.3 and the definitions of

Hj+1 and ﬂj+1 in Sect. 2.4. Thanks to Theorem 3.5 we know that, on B,
and for small ¢, both H;H and f[j+1 are rank four projections and that the



890 M. Kénenberg and O. Matte Ann. Henri Poincaré

ground state eigenvalue F; is separated from the rest of the spectrum by a
gap satisfying (3.21).

In the following important lemma we compare the Hamiltonians H;4q
and Hj“ on the range of the projection H;H. Thanks to (2.35) the error
term A; in the next lemma is of order e p?. If it were of order ¢ p; only, then
the proof of Lemma 4.3 did not work. The term 22%j in the next lemma, with

j+1 j+1 41 i+1
wji=c;-VE = (fIT wfiT) =(f]T|VE;-G;T ) 20, 3 =0(p)),
does not cause any harm to Lemma 4.3 since it is non-negative.

Lemma 4.1. For all p > 0, there exist c¢,eg > 0 such that, for all e € (0,¢] and
J € No, we find some rank four operator A; € B(H;41) with || 4;| < cep? and

(Hj+1 I‘IJJr +€ ; ) H]Jrl
= e(I VH;IIj) @ {a' (F/™) — e;} Potr + Aj.

In order to control the difference of various operators attached to succeed-
ing scales in the TAPT it is necessary to prepare a number of resolvent compar-
ison estimates. These are collected in the following lemma where we employ
notation introduced in (2.25) and the paragraph below it, (2.26), and (2.40).
The resolvents in (4.1)—(4.3) are well-defined because of (3.5) and Theorem 3.5:

Lemma 4.2. Pickp > 0 and let §; be some real-valued function of small e > 0
with §; = O(e p;j). Then we find ¢, eq > 0 such that the following holds, for all
p € By, e € (0,¢], and j € Ny:

(1) For all+ € % and (k,\) € Ajq1,

1(H;(p — k) — B;(p) + k) " T () vl < c[R7(@) v (41)

(2) For ally € %(j’jﬂ) @ %(j’jﬂ) C Hjtq,s € {1/2,1}, we have the bounds
R0 (65)° () = To, (R 5) o

< cepy (Il + IR 1), (4.2)

[Rj1(8;) M | < (L4 ee) (R0l +ce gl (4.3)

The proofs of Lemma 4.1 and Lemma 4.2 can be found in Appendix C.

4.2. Proof of C?-regularity

The main objective of this section is to show that E., is twice continuously
differentiable and strictly convex on By, at least for small ¢ > 0. The start-
ing point of our analysis are the Hellmann—Feynman type formulas (2.28) for
the first and second derivatives of the ground state energy FE;,j € N; see
Lemma B.1 for their derivation.

Let k,p > 0 be fixed in the whole section. The first step is to bound
the difference of the rank four projections I:IJH and HJ'H in terms of L(l)
compare this with Sect. 2.3.
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Lemma 4.3. We find c,eq > 0 such that, for all p € By, e € (0,¢0], and j € Ny,
L1 — T8 s, (0L T s, ([0 ML s < cepy (L5 + 1),

Proof. Step 1. First, we consider Hﬂj-HH;HHHS. Let 5¢; > 0 be the constant
appearing in Lemma 4.1. By (3.17) and (3.21) we have |E;11 — E;| < cep; <
gapj+1/2, for small ¢ > 0, and we conclude that

[(Hj1 — Ej + ¢%5¢5) ' || < cpy !

Since 41 and H j] ! have the same domain, which contains the range of
this permits us to write

Oy 5T = (Hjr — B+ e5g) 7 I (H — HY 4 ) I

J+1
1,

Applying Lemma 4.1 we obtain
. i1 . L
I = (Hjyr — By + ¢%55) L, ©; + O(e py),
where the rank four operator

@j = Q(HJL VHJ' Hj) (39 {aT(F§+1) — eéj}PQ;Hrl

satisfies ||©;|lus < cep; , due to HF;:'HH7 |&;| < cpj, see (2.34), and due to
the boundedness of VH; relative to Hj, see (B.7). Since we have Ran(©;) C
Raun(l’[?"’l)L H{EKO(MH) ® Qfl(mﬂ)} we may apply (4.3) (with 0; = E; 11 —E;
using s¢; > 0) to deduce that

T T s < (14 ce) [[(RFF) 4 O lms + cepy.

Next, we consider the action of (R;H) on ©; more closely, taking into
account that (H;Jrl)J- = Hj‘ ® PQ§+1 +1® PSJ{?H and, hence,

‘] b)
D

i -1
(R yaen = / (Hj(p — k) — E;(p) + |k|) ' dk
Al

ANl ol
(R5™) ft%u,nm—R

For the member of ©; without creation operator we thus have
(R} VH; I @ Poga) = (Ry VH;IL) @ Py
Applying (4.1) we further deduce that
IR (5 VH; ) @ af (F) Pogenlgs < e IlFS T IRV H; s,

by computing the Hilbert—Schmidt norm on the LHS in a basis of the form
{e; @€y}, where {e;} and {e}} > Q§+1 are orthonormal bases of J¢; and ﬂjﬂ,
respectively. Using the boundedness of VHj relative to Hj, see (B.7), as well
as [|0;]lus < cep;, and ||F§+1||7 |&;| < ¢pj;, we obtain, for sufficiently small e,

1 1
[ cep; (LY +1) < 1/2. (4.4)

s <
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Step 2. Next, we turn to || fH;:HHHS and ||(H]+1) I1,41||ms. Choose any
orthonormal basis, {xx}72,, of 21 with ﬂj+1 Xk = Xk, for k=1,2,3,4, and
ﬁﬁ_l Xk = Xk, for k > 5. Then

i} - . -
41— T s = > 10T — T x|

4
= DI W ) +Z||HJ+1 el (45)
k=1

k=5

The last expression on the right side of (4.5) is just
L1 17 j+1
Z T Ty Xl = 1T T s = (T T s (4.6)

Thanks to Theorem 3.5(1) we may pick a normalized ¢, € Ran(H?‘H) satis-
fying X; ¢1 = ¢1. By (4.4) we have ||TI;41 ¢1]| = 1/2. Thus, we may define
X1 = I:Ij+1¢1/||f[j+1¢1||. Clearly, X1 x1 = x1. Since X1, X5, and ¥ commute
with U; we may choose x2 := X2 X1, X3 := ¥ x1, and x4 = X2 9 x1; see Theo-
rem 3.5(2). Moreover,

4
(I s s = Z IS My xall? = 41T M xa |

< 16 ||(H]+1)LH]+ I |1? <16 100 T Ifs. (4.7)
Combining (4.4), (4.5), (4.6), and (4.7) we conclude the proof. O

Lemma 4.4. There exist c,eq > 0 such that, for all p € By, e € (0,¢], and
J € No,

1 1 1 1
§+)1 (1+ce)L()+ce |L§.ﬁ)—L§/2)|gcepj/z(L§)+l). (4.8)

Proof. Let s € {1/2,1} and recall the notation (2.41). We derive a bound on
the difference between the two numbers
- H RJH (U; VH;j1U) J+1HHS’

dyi= (R} VHT I s

Notice that as = L§?1 by unitary invariance of the Hilbert—Schmidt norm,
and al, = L;s) because H;H = II; ® P+ and (Rﬁ:H)J- and VH;+1 reduce

to R]l and VHj, respectively, on %”O(j’jﬂ) =R CQ?H. To compare these
two numbers we successively replace each operator in as by a corresponding
one associated with the preceding scale j. More precisely, we estimate

|as _als‘ < as = bs| + [bs — ¢s| + |es — ds| + [|ds — es| + [es _als‘» (4.9)
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with

F1)° (U VHj Up) T
—H Rin)” VHI T |y,
= |(Ry)® () VETT |,
= [ (RS vET T I

Each of the followmg five steps deals with one of the absolute values on the
RHS of (4.9):

s

Step 1. First, we replace the projection ij+1 in ag by H?H,

00— bl < [ H o (RE )7 157 - 1o
From (B.7) and the spectral calculus we deduce that

1] s (4.10)

1/2
I H HJ+1 Hg+1

IVHjp1 (RE)* || < IVHjsr H LY .
Hj1 — Ejq)

Jj+1

<cp; . (411)

By Lemma 4.3 we obtain |as — bs| < cep (L 5.1) +1).

Step 2. Next, we replace the velocity U; VH; 1 U; in bs by VH5+1. This
is just a direct application of the bound (B.3) below which together with
1(R1)* ] < cpy® and (HPHY 4 p)) 2T = p* T implies
* J+1 +1 —s
|(Ri31)° (U;VHUf — VH] )Hj s < cep;

S‘

By definition of b, and cs we thus have |bs — cs| < ce pl
Step 3. By (2.28), ie. INV'VHI/T M = VE; T/, and by Lemma 4.3 we

obtain
j+1 —s 1
les — di| < [VE| [[(Riy )|y T |1 < cepl™ (2D 4 1).

Step 4. We employ (4.2) with 0; := 0 to deduce that |ds —es| < cepj (a1 +1),
1
i

where aj = L

Step 5. By Lemma 4.3 and the fact that the Hilbert—Schmidt norm dominates
the operator norm,

e = all < IMen () s} < cepy (LY + 1)l (412)
Here the projection (Hg“)l in (4.12) is coming from the resolvent (R;:H)J-
(1’[?"‘1%(73?'*'1)L in e; and aj.
Collecting the results of the above steps and using as; = L§J217 al, = L(é)
and a < ¢ p;® (by (B.7)), we arrive at |Lg+1 L( )| cepj (L; )—i—l), which
implies (4.8). O

Corollary 4.5. There exist ¢c,eq > 0 such that, for all p € By, e € (0,¢0], and
J € Ng, we have

Lgl) < (14ce) —1, L;lh) Sce(l—(1/2)2(1 +ce)),
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as well as
- i+1 1 EENIE j
T — T s, T T s, (TSI Jas < ce (1+ ce)p;

Proof. First, we prove the bound on L§-1) by means of (4.8) using Lés) =

0, which follows from the fact that Op Hy and Ily are merely multiplication
operators which commute with each other. After that we use again (4.8) to

obtain the recursion formula Lﬂzl) < L§.1/2) +ce(l+ce) p]/ ?, which together
with Lél/ - yields the second asserted bound. The remainder of the proof
follows from Lemma 4.3 and the bound on L§1) we have just obtained. O

Theorem 4.6. There exist c¢,eq > 0 such that the following assertions hold,

for all ¢ € (0,e0]: we have Es = limj_.o E; in the norm of CE(By) and
|Es — Eollczs,) < ce. More precisely, we have the following estimates:

|E; — Ex| < cepj, (4.13)

|0h(E; — Ex)| < ce(1+ce)ip;, (4.14)

|02(B; — Boo)| < ce(L+ce)p), (4.15)

uniformly on By and for all h € R3, |h| =1, and j € Ny. In particular, Ex is
strictly conver on By, and attains its global minimum, infgs E, at p = 0.

Proof. For sufficiently small e, we may infer (4.13) from (3.17). Recall the
formulas in (2.28) for the first and second derivative of EJ = E,,. When we
represent Oy Ej1,v = 1,2, by means of these formulas we actually replace all
involved operators by unitarily equivalent ones using the fact that the trace
and the Hilbert—Schmidt norm are invariant under conjugation with U;. For
instance, 4 Op Ej4+1 is equal to a; with

ay i=Tr[ U {05 Hjs1 } U 1], v=1,2. (4.16)

In order to deal with operators defined on the same Hilbert space we represent
OpEj,v=1,2, in terms of the Hamiltonian Hjﬁl. In particular, recalling that

E; = EI* we write 40, E; = a} with

v=1,2.

i+1 ¢ v i1y i+l
al, = Tr[Hj-+ {ath.* }H?‘ I,
We plan to estimate |a, — al,| < |ay, — b, | + |b, — ¢u| + |cy — al,| with
bl, =Tr [].z.[j+1 Uj {8ZHJ-+1} U;-( H§+1]7
- v i1y i+l
¢, = Tr[I {op HIT T,
for v = 1,2. Here, we have

] v * +1 -
lay — by| < |41 Ui{05 Hj 1 YU s [T — T4 [,

and because of [|ILj11 Uj{0fHj41} Usllig < 4|{0Hjs1 } 4| it follows
from the boundedness of 0y H; 1 relative to H;1, see (B.7), and Corollary 4.5
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that |a, —b,| < ce(1+ce)ipj, v =1,2. By (B.3) we further have
by — co| < [[(U{05 Hjs1}U; — 3ZH1+1)(H(j’j+1)+ Al
NCHPTD 4 p) 1 s - 1T ls < ey,

since (Hf(j’j+1)+ pi)/? H§+1 = p;/2 Hg“ by Theorem 3.5(3). Again by (B.7)
below and Corollary 4.5 we finally know that

V< IHORH I s T = T s < ce(L+ce)py.
Altogether this yields

lc, —a

ifv= 1|

410n(E; — Bp)l " Ja, — )| < ce(1+ee)py, (4.17)

which implies (4.14), if e is sufficiently small; compare (4.20) below.
Next, we turn to the second member in the formula (2.28) for the second
derivatives. We have

40h(E; — Ejp1) = ay —ag + 21, (4.18)
with
= [(Rj11) P Ui{OnHy 13U T lls — (RS ) Y {0n HT 1T .

Employing the definition (2.44), Lemma 4.4, and Corollary 4.5 we infer
that

18] = @51 + L - L)
<L)+ LN ILWD L) < e (L4 ceip)”. (4.19)

Combining (4.17)—(4.19) and using py = p; (1/2)77,£ > j > 0, we get
Z|8h (Eeir — Ey)| ceZl—Heé 2 <

=3

b(l +ee)pl?, (4.20)

uniformly on By, provided that ¢ > 0 is sufficiently small with b := (1 +
ce) (1/2)72 < 1. By the Weierstra8 test this implies (4.15). Since E; and Ey
are rotationally symmetric this also implies convergence in C? (Byp).

To discuss the convexity of E., we recall that Ey(p) = (p* + 1)"/?. Since
infg, 92 Eo > 0, we obtain inf, 92 Es > 0 from (4.15), provided that e is small
enough. So E is strictly convex on By,. By rotational symmetry, VE(0) = 0;
thus E attains its unique minimum in B, at 0. Thanks to Lemma 3.2(1) we
know, however, that for small e, the global infimum of E is located in B,,
ie. at p=0. O

5. Existence and Multiplicity of Ground States
By Lemma 3.3, Corollary 4.5, and (2.53) we may define the rank four projection

Q(p) = lim T (p) = lim T1;(p) © Pox, (5.1)
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if e is sufficiently small. The goal of this section is to show that @ is the ground
state eigenprojection of the operator H., i.e.

Q(p) = ue(p) = Lp_ (p)} (Hoo(P)). (5.2)

This will prove the first assertion in Theorem 1.2(1). From (2.22) and Corol-
lary 4.5 we then also infer that the rate of convergence asserted in Theo-
rem 1.2(1) is correct.

The proof is based on the following consequence of (3.16) and (3.17):

4] (HOO—EOO—FQPJ‘)ZH;O—EJ‘. (53)

Proposition 5.1. Let p € B, and suppose that ¢ is a normalized ground state
eigenvector of Hoo(p). If ¢ > 0 is sufficiently small depending on p, then

lim inf [|TI3°(p) ¢|| > 0. (5.4)
j—oo
Proof. Defining F;(t) := (1+tcy e p;)/2(1+tc)(Hoo — Eso+ep;)) 2t > 0,5 €
N, we observe that, since ||F};|| < 1,
1= Jim ()] < Jim [F5(0) 1@ Py ¢l + |1® P o]
< lim (I, 11} @ Pox ol| + 1L, ® Pag 0]l + 1 © Pa- ol

for every 5 € N. If ¢ > 0 is sufficiently small, then (5.3) and the operator
monotonicity of the inversion T — T~' permit to get

IF;(8) I} @ Pase 61> < (1+teyepy) || (1 + ¢ (H® — E;)™ 72T ® Po ¢|?
= (1+ter epy) [{(L+ ¢ (B — Ey)~ 7Tt} @ Pos 9|

1+tclepj<1+tC1epj t—o00
o l+tgap,  14tqp;/2

2c1¢/qg < e < 1,

for all j € N. Since also lim;_o. [|(1® Pa~) ¢|| = 0 (by dominated convergence)
]~
this implies 0 < 1 — \/c2 < liminf; . [[TI3° ¢||. O

For later use we record the following observation. In the case p # 0
we shall use it to produce a contradiction showing that ¢ as in the following
statement cannot exist:

Corollary 5.2. Given p > 0 we find eq > 0 such that, if p € By, e € (0,¢0], and
if ¢ is a normalized ground state eigenvector of Hoo(p), then {II; ® Poge o}tien
contains a subsequence with a non-zero weak limit, ¢’ # 0.

Proof. The bound (5.3) holds true also with H., and H 2° replaced by Ho
and H;*, respectively. Hence, by exactly the same proof as above (just drop
the tildes) we obtain liminf; .o [[II; ® Pox ¢[| =2 1 — /ca.

Now, the bounded sequence defined by ¢; := II; ®PQ]O,C ¢,j € N, contains
a weakly convergent subsequence, say ¢, = ¢;_, € N. Denoting its weak

limit by ¢/, we have (¢ |¢') = lim,, oo (P | P, ) = (1 —/c2)?, thus ¢/ #0. O
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Theorem 5.3 (ground states). For every p > 0, there exists ¢g > 0 such thal,
for all p € By, the ground state energy E(p) is an exactly fourfold degenerate
eigenvalue of Hoo(p) and the corresponding eigenprojection satisfies

im T15°(p) = Mo ().

— 00

J

In particular, Ex(0) is a fourfold degenerate eigenvalue of Hu(0).

Proof. According to Lemma A.3(iii) H 2= H ., in norm resolvent sense and

Ey =lim;_ o E; = inf Spec[ﬁm]. By the definition of @ in (5.1) this implies
Q = limj oo (H$® — Ej + 1)1 = (Ho — Ese + 1)~ Q, which shows that
Ran(Q) C dom(H,) and Ho Q = Es Q.

Suppose ¢ is some normalized ground state eigenvector of ETOO contained
in the range of Q+. By Proposition 5.1 and (5.1) we then obtain the contra-
diction 0 = (¢ Q ¢) = lim; oo ||ﬁ§’o |2 > 0. Therefore, Q = I O

6. Absence of Ground States at Non-Zero Momenta

While the Hamiltonians H. oo (p) possess ground state eigenvectors, for small e,
the original Hamiltonians H, (p) do not, unless p is equal to zero. The latter
assertion is proved in the present section. To this end we frequently use the
abbreviation

Z;(p,k) == (H;(p — k) — E;(p) + |k|)~".

Recall also the abbreviation (2.20) for the resolvent of the fiber Dirac operator
and the very last remark in Sect. 2.2. The starting point is the following lemma
proved in Appendix D:

Lemma 6.1. Let p € R?,j € NU{oo}, and ¢ > 0, and assume that ¢; = ¢;(p)
is a ground state eigenvector of H; = H;(p). Then the following representation
is valid, for almost every k € Aj;:

a(k‘) (,Z5j +e Gj(k) . %j (p, k) VHJ gf)j

. ; , d
— ¢ [ o,k Ry~ ki) ok Ry () - Gih) Ry (i) 05
R

(6.1)
It immediately implies

Corollary 6.2. Let p € R3,j € Ng,e > 0, and let ¢; be a normalized ground
state eigenvector of H;. Then, for almost every k € A;,

Ly <ikl<n

la(k) 6+ 250, ) G (k) - VH; 6] < e 450,

(6.2)

Proof. Follows from (2.16), |k| Z;(p,k) = O(1), and || R;(iy)|| < (1 +y?)~ 72
g
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Together with Corollary 4.5 this implies the following analog of an esti-
mate stated in [10, Proposition 5.1] (with an improved exponent on the RHS,
in fact):

Proposition 6.3. Let p > 0. Then there exist ¢,eg > 0 such that, for all p €
By, e € (0,¢],7 € Ng, every normalized ground state eigenvector, ¢;, of H;,
and almost every k € A;,

Gj(k)-VE; 1, <iki<x
k) &b A\ Yy H < ZPiISIRISK 6.3
H“( Vit e v, Yl S ¢ T (6.3)
Proof. On account of (2.44), (4.1), and Corollary 4.5 we have
12,0, k) TV H; 65 < ¢ |R VH; 5] < e 157 < ¢ (6.4)

(Here and below all derivatives are evaluated at p.) On account of (6.2) and
|G (k)] < cl, <irj<n |k|~*/? it thus remains to treat %;(p,k)I1; VH; ¢; =
VE; Z;(p, k) ¢;. For this we again write R;(|k|) = (H;(p) — E;(p) + |k|)~*.
Then the second resolvent formula implies
#i(p, k) &5 = R;(|k[) ¢; + %;(p, k) {H;(p) — H;(p — k)} R;([K]) ¢
= k| ¢ + k|7 Z;(p. k) {k - VH; + O(k[)} ¢5. (6.5
Writing VH; ¢; = VE; ¢; +Hj‘VHj ¢; and solving (6.5) for Z;(p, k) ¢; yields

1
Z;i(p, k) ¢; = K[~k VE,

Here %;(p, k) {IL+k - VH; + O(|k[2)} ¢; = O(|K|) by (6.4). O

Recall that VE;(0) = 0, for all j € Ny, so that the coherent factor in the
formula (6.3) vanishes at p = 0. As an immediate corollary we observe that the
expectation value of the number operator, g, in a state belonging to the range
of e (0) = Mo (0) = L{5__(0)} (Hoo(0)) is finite. Recall also I15°(0) — T (0)

in norm, as j — oo.

(¢ + 25 (p, k) {Tl5 k - VH; + O(|k[*)} 65).

Corollary 6.4. There exist ¢,eq > 0 such that Ran(I1(0)) C dom(Nfl/Q) and
IN;* T (0)]| < ce, for all e € (0, ¢).

Proof. Let ¢ € dom(Nfl/z) and ¢ €  both be normalized. Then, by (6.3),
. ~ oo 2
(N0 Thoe (0) )" < | lim (6| Ny T (0) )]

~ A3k
< sup / |a(k) I13°(0) wHQdk <ce / -,
jeN k|
R3 X Zo |k|<l€
which implies the assertion, since Nfl/ % is self-adjoint. O

In an essentially traditional fashion we next infer the absence of ground
states of Hoo(p), p # 0, from Proposition 6.3; compare, e.g., [18,33].

Theorem 6.5. Given p > 0 we find ¢g > 0 such that, for all p € B,\{0}, and
¢ € (0,¢9], the ground state energy Eo(p) is not an eigenvalue of Hoo(p).
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Proof. We write H = Ho,, E = E,. Suppose that ¢ € dom(H) is normalized
and H(p) ¢ = E(p) ¢. To get a contradiction we exploit that VE(p) # 0 which
follows from the strict convexity of E on B, and VE(0) = 0.

Let ¢; := II; ® Pos ¢. Borrowing an idea from [18] we pick some 7 €
dom(Nfl/z)7 n]] = 1. Furthermore, let g, := L« |kj<x} G - VE/(|k| — k- VE),
for r € (0,k). Then ||g,||* = ¢; In(x/r) with some ¢; € (0,00) because 0 <
IVE| < 1. Finally, let ¢ := 1y, <)<} G - VE;/ (k| — k- VE;). By virtue of
(6.3) we then have

L1 |V + 1]
> ol nlo)] =] [ o) (nlawk)e;)ar

RSXZQ

> ¢l(gr 195 ) (nlés)| —ce /

r<|k|<s

le(k) - VE| dk
1—k-VE |k?

for every j € N. By Corollary 5.2 {¢,}en converges weakly to some non-zero
vector ¢ along some subsequence. We fix 7 such that (n]¢’) > 0. Since also
VE; — VE, thus (g, | gg) Y — |lgrlI?,j — oo, we arrive at ci/Q In(k/7)"?||(Ne+
D)72n|| = ecy In(k/r) (n]¢’') — e (k —r). For sufficiently small r € (0, x), this
gives a contradiction. O

7. Coherent Infra-red Representations

To complete the proofs of our main theorems it only remains to show disjoint-
ness of two distinct representations 7, and mq, defined consistently in Sect. 2.6
by

WT(X(X)]IQJ{N):Wj(’I’)XWj(T)*@ILQJ‘?O, XGB(%), ’I’GBP.

This is done in the following corollary. Notice that the strict convexity of F is
the crucial ingredient of the proof:

Corollary 7.1. Let p,q € By, p # q. Then the representations mp and mgq of
are unitarily inequivalent and, thus, disjoint as they are irreducible.

Proof. Step 1. Let m € N. We claim that

Jim (O, | Wi (p) Wi (@), ) = 0. (7.1)
(Recall the notation (2.47)). In fact, we have
Jj—1 Jj—1
(9 | Wh(P) Wi(@) @) = [T (6t e =5 ity = [T e il
l=m l=m

where
_ G, -VE(p) G"'-VEi(q)
- w—k-VE(p) w-k-VE(q)

WO = f (p) — 7 (q)
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By strict convexity of E on By, we have |VE;(p) — VEi(q)| > ¢ > 0, for all

sufficiently large ¢ € N. Hence, it is elementary to check that >, 112 =
00, which implies (7.1).

Step 2. Suppose for contradiction there exists a unitary 7' € B(4#) such that
p(X) =T " me(X) T, (7.2)

for all X € 2. We consider the expectation of the previous identity in the state
n ® €, where n € C* is normalized and 2 is the vacuum in .%. Choosing

Xj =L, @ {W;,(@)" Py, Wi(a)} ® Lo
the expectation of both sides in (7.2) then reads
(n@Q|mp(X;)n®Q) = [, |W.(p) Wi, (a) %, )
(n@QT* 7g(X;) Tn@ Q) = (T(n®Q) | (L, @ Py ®]19;°)T(77®Q)>~
According to Step 1 we obtain
jlirgzo<U®9|wp(Xj)ﬁ®Q> =0,

2
)

Jim (9@ QT 7q(X;) Ty Q) = (T (1 ©Q) [ (L, ® Paz) T (@ Q)).
(7.3)

Passing to the limit m — oo in the second line of (7.3) we arrive at

Jim (T (1©9)| (L, © Poz) T 9)) = |T (e Q) = 1.

m m

Under assumption (7.2) we arrive at the contradiction |7 (n ® Q)| =0. O
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Appendix A. Self-Adjointness and Relative Bounds
A.1. Fiber Dirac Operators

In this subsection we derive estimates on fiber Dirac operators and we prove
their self-adjointness. We employ the notation and general assumptions of
Sect. 2.7.

Lemma A.1l. D/ (p) and DJ,(p)? are essentially self-adjoint on €;, for all
p€R3 and m,j € NgU {occ},m < j.
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Proof. Assume that ¢ = (@, ... 4 0,0,...) € % and that ™
L2[(R3 x Zg)™,C4] is supported in ([—R, R]> x Zs)", for every n = 1,...,4,
and some £ € N and R > k. A trivial estimate using v, := el - (¢(g,,) —
eCm) (Nf(j) +1)72|| < oo shows that

1D7,(p) ¥l < C(m, R, p)(¢ + 1) [¢]l, C(m,R,p):=[p|+R+vm. (A1)

Furthermore, we observe that (D7, (p)v)™ is still supported in ([—R,
R]? x Zy)™, for every n € N, and (D7, (p) )™ =0, forn =0 +2,0+3,....
Applying (A.1) repeatedly we conclude, for ¢ € €}, such that #™ is supported
n ([=R, R]? x Zy)", for every n € N, and ¢(™ =0, forn =0+ 1,0+2,...,

e e+
240" o]l < Clm. Bpy LR o v e 1,2,
Since ((ZVJ;)”!SZ)!I = (“}”S) < 2¢FV5 this implies
LtV , .
> ol 197.(p)"* ¢|| <00, wve{1,2},
s=0 :

for all 0 < t < 277/C(m, R, p). Consequently, every ¢ € €; is an analytic
vector for DI (p) and a semi-analytic vector for D7 (p)?, which implies the
assertion; see [32, Theorems X.39 and X.40]. O

Lemma A.2. Forv >0, we find p € (0,00) and Y, (y), T, € L (H;) with
R, (iy) (H +p) ™ = (H +p) " R (i) Yly), Il <2, (A2)
ShHY +p) = (H + )7 (S5 AT, TS (A3)
for y € R. In particular, R}, (iy) and SJ, map dom((Hf(j))V) into itself. Fur-
thermore, the following resolvent identity is valid, for all A > 0:
(987, i) — R (i) (H{™ )+ )72
= R;(iy) o~ (e olgh) — ¢ ch) (B + 1) 7%, (iy).
In particular, the following useful estimate holds true:
(6| (R (i) = R0, ) (H™ + o) ™20
cepl/z\lfﬁj(—%y) SR, (i) vl < cep?(L+y%) 7 (A4)
for all normalized ¢, € %
Proof. We put © := Hf(j) + p and recall from [26, Lemma 3.2] and [27,
Lemma 3.1] that, for every v € R,[a - ¢(g},) ©77] ©¥, defined a priori on
¢;, extends to a bounded operator on 7, henceforth denoted by T,, and

|7, < C(v,K)/p"/?, for all v > 0. We choose p so large that ||T, | < 1/2. For
¢ € G,

R, (iy) 0" (D], —iy) ¢
=R, (iy) (DI, —iy) O ¢+ R (iy) [0, - (g?,)] &
= (1 -9, (iy) T,,) O~ R], (iy) (D7, — iy) .
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Since D7, is essentially self-adjoint on €; we know that (D7, —iy) €; is dense
in 7, whence
R, (iy) O = (1 — R, (iy) T,) O~ "R, (iy).

As |2, (iy) T, || < 1/2(1 +4?)"/? we may define X, (y) := (1 — R, (iy) T,) "},
so that X, (y) R, (iy) ©7Y = ORI (iy). Thus, we get (A.2) with Y, (y) :=
X, (y)* =1+ Z,(y), where | Z,(y)|| < 1/(1 +y?)7?. Computing the strongly
convergent principal value of (A.2) and, using the definition of S, in (2.57),
we also obtain (A.3). Next, we verify the asserted resolvent identity first on

the domain of Hf(j ) by applying ®; — iy on both sides and using that 7, (iy)
and (Hf(m’J)—l— A\)~/2 commute. O
A.2. Bounds on Hamiltonians
The next lemma applies in particular to the families of operators
{H],(P)}m<j» {HIT'(P)};, and  {H},(p)}m<;.
We will use the notation and assumptions for generalized operators intro-

duced in Sect. 2.7.

Lemma A.3. Assume that the estimates in (2.60) hold true. Then there exists
¢ > 0 such that, for all p € R3 in (2.56), m,j € NoU {oo},m < j,6 > 0, and
€ (0,1], the following holds:

(i) The Hamiltonians K; and Kj, are self-adjoint on dom(Hf(j)) and essen-
tially self-adjoint on (ﬁ

(it) For all ¢ € dom(H; ))
1565 55) 1 < ceplf? 105 (H™ + o) 0
< Sepl KD ol + e 0l/6, (A5)
Il 1H ol < ¢ IKT ol 0<e<. (A.6)
(iii) K — Ko in the norm resolvent sense, as m ‘—> 00.
(iv) The form domain of both K and K3, is Q(H; ) and the following form
bounds hold true on Q(H; )
+ (K; — K3,) < 0¢ pm |D5] + ce (H™ + p,,) /5, (A7)
H(K; — KJ) < Sepm @ +ce (6 +682) (H™ 4 pn).  (A8)
Proof. First, we derive the relative bounds of (ii) and (iv) on the dense domain
¢;: We may write, for n,1 € ¢,
(n|(K; = K,)v) = e(Sinle-(olgh,) —ech)v) + (n|(S; — §,) D v)
+e(n | (p(hl,) +ebl)v)
= e(a- (p(gh,) —ech)n|Shv) +(D;nl(S; - Si)v)
+e(n ] (p(hl,) +ebl) ).

In order to treat the difference of the sign functions let (7, s) be either (1,0)
r (0,1), and let €,5r € (0,1),e + 3 = 1, and 1,9 € €;. Then a successive
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application of (2.57), (A.4), and || |7, [VR7, (iy)|| < (1+y*)~O=/2 v € [0,1),
permits to get

(@) 1| (Sj = S5) (H™ + p) ~2(D1,)°0)|

T

lim /< 77’ Y i (iy)) (Hf(m’j)+pm)_l/2(©%)5¢>%’

T—00

—T

/ | 51798 (i) 170l o 1 | 102 %, i) [0, 22

<c@)epy (|51 nll 1971 ¢ (A.9)
Choosing (r,s) = (0,1),¢ := 1/4, and using (2.8), (2.60), |DJ,| > 1, and the
fact that ©7, and (H™? + p,,)~"2 commute on €;, we obtain

(K5 = K) vl = Sup, [(n] (K5 = K,) v)

<ella- (o(gh,) —ech) vl + S (0] (S; = S)) D], v)]
/"] =
+ell(p(hd,) +ebl,) Y|
< cepP|[1OL1HHT D + pm) |

<cep2 |10 20| |(HE 4 po) ||
<cep (K)o || K2, |7
<

ce o [l K, w7 (A.10)
In the penultimate step we applied |D7,| < K/, to the left norm and used

that |97 | + Hf(m)+ ¢ (@(hm) + eby) = 0 and Hf( ™J) commute on %; and
Hf(m) + Hf(m’J) = Hf(j) to bound the right one. By Young’s inequality this
implies (A.5), for all ¢ € 6. To prove (A.7) we choose (r,s) = (1,0),e :=1/2
n (A.9) and obtain
[(n (K = K) )| < ellac ((gi,) —eeh)nll nll + [(Dim | (S; = Si)n)
+ell(o(h,) + e o) ]l [l
< cepl? |15 nll 1 CHE™ 4 pm) 1,
which holds, for all § > 0 and 1 € €. Setting hJ, = 0 and b/, = 0 for the

moment we see that (A.7) with 1/§ = 2ep,, implies |D;| < ¢ (|D,| + Hf(m’j)),
from which we finally infer (A.8) (for non-zero h?, and b/ ).
By (A.5) we have

(K7, — KD vl < ell KGwll +cllgll, K7, oIl < CIEG I,

for ¢ € €. Since Kj = ((p — (j)) +1)72 + H(j) is obviously self-adjoint on
dom(H; @ )) and essentially self-adjoint on € this proves Part (i) by virtue of
the Kato-Rellich theorem. We also conclude that (A.5) extends to every ¢ €
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dom(Hy"). Since | H{ || < | K3 o and |[[97] %] < ¢(157 %] + [ Hv])
we further obtain (A.6).
(iil): Choosing j = oo we readily infer from (A.5) and the second resolvent

identity that ||(K° —i)™! — (Ko — ) 7Y < cepi,éz — 0, as m — o0. O

Remark A.4. We can use the arguments of the above proof to compare Hamil-
tonians H} with the same scale parameters but for different fibers, say p and
p + h. For instance, choose K7, = H] (p),®, = DJ, (p), etc., and replace

(K;(p), S;(p), D;(p), R, (p, iy), H™ + p,)
— (H3,(p+h), S5, (p+ h), D}, (p + h), R;(p + h,iy), 1).

In accordance, replace ep(gl, ) — ¢?cl, by h, set hi, = bl

/. = 0, and replace

e p;-/ * by |h|. Then we immediately obtain by inspection of the blocks (A.9)
and (A.10) of the above proof that

|(H3,(p + h) — Hj,(p))Y|| < clh| [||D], ()"0
and thus by monotonicity

|(H7,(p + h) — H, ()| < clhl || H, ()"0, (A.11)

)

for all p,h € R,m,j € No U {oo},m < j, and ¢ € dom(H).

Appendix B. Analyticity and Hellmann-Feynman Formulas

Lemma B.1. For all m, j € Ny and e € (0, 1], the following holds true:

(1) {H%,(p)}pers extends to an analytic family of type A indezed by the set
{zeC?: |Im 2| < 1}.

(2) For p,h € R®, we know that Op HJ,(p) is bounded relative to HJ, (p)"/*.

All higher derivatives of HJ, are bounded uniformly in p € R®,m, and j.
(3) For p,h € R? and { € N, we have

[0k H; — R HJ) (™ + pp) =72 < c(0) e p? || (B.1)

(4) Let p,eg > 0 and assume that EJ, is an isolated eigenvalue of constant,
finite multiplicity of H3, on the ball By, for all e € (0,¢q]. For all h € R3,

we then have
OB}, = Tr{11),, (O H},) 1T, } /4, (B.2)
OpEj, = Te{Il, (Of H},) T, } /4 — [[(R,)5)* (O H},) T, |Ifis /2.

(5) For every p > 0, we find c,eq > 0 such that, for all p € By, e € (0, ¢],
¢ =1,2, and h € R?, we have

|30 Hy1U; = O H ) (HEFD )2 < cepf* B (B3)
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Proof. (1)&(2): Representing the absolute values by means of (2.58) and using
a Neumann series expansion we deduce that

T

, . . . v d
Hj, o+ ) = 3, (p) + s [ (R (p o+ hoiy) = B, (9, iy)
o~ 1 )
:ZEGhHm(p), on dom(H;"), |n| <1, (B.4)

where we define (again dropping all p’s so that R? (iy) = Ri, (p,iy))

m
T

OnHi, & == lim R%(iy)a.hR;(iy)w—yidy, v e dom(HY), (B.5)
T—00 T
¢ 7 41 i (s oo Yy
Op i, = (=1)" 4 | Ry, (iy) {ee - h By, (iy)} == € B(A), (B.6)
™
R

where ¢ > 2. In fact, since ||a-h RY, (iy))|| < |h|(1+y?)~"? the integrals in (B.6)
are absolutely convergent and one easily verifies ||0f, HJ, || < 20!|h|*/7(¢ — 1),
for £ € N,¢ > 2. So, indeed, the part Y o°... of the series in (B.4) converges
in B(4), if |h| < 1. It is then clear that the limit in (B.5) exists. Combining
(A.11) with (B.4) we further infer that the closure of the symmetric operator
On HJ,—henceforth again denoted by the same symbol—is defined on a domain

containing the domain of |DJ, |/* and ||0p Hj, |DL,|~*|| < c|h|+ O(|h|?); thus
onH, (H3) ™| < |00 Hj, |1 D3|~/ < clhl. (B.7)

The first-order term in the series (B.4) is, therefore, an infinitesimal perturba-
tion of the self-adjoint zeroth-order term H/, and, as all higher-order terms are
bounded, we conclude that the series (B.4) defines an extension of {HJ (p)}
to an analytic family of type A defined on {z € C3 : |[Im z| < 1}.

(3): We represent the difference of the ¢-th derivatives by means of (B.5)
or (B.6) and rearrange the integrands in a telescopic sum of terms which
are proportional to (Rj a - h)"(R; — RJ,) (e - h Ri,)*",n = 0,...,L. Then
we multiply the telescopic sum from the right by (Hf(m’j )4 pm) /2, observe
that (- h RJ)*™™ and (Hf(m’J) + pm) " commute, and estimate all terms
by [|RE|| < 1/(1 +y?)* and (A.4). Each summand in the telescopic sum is
absolutely integrable. (For ¢ = 1, we start with ¢ € dom(Hf(J )) and extend
(OnH; — 6hH£1)(Hf(m’J)+ pm)”/? to all of % by continuity, preserving the
same symbol for the extension).

(4): By the additional assumption we know that EJ, and IIJ, depend
analytically on p [21]. Then, by differentiating ( Hj, ¢ |1 1) = EJ (¢ |11 1)
we obtain the following Leibniz formula, for all ¢ € dom(Hf(J N, e S, peN,
and h € R?,

2 Iz

> (’j) (O Hp, @ |0p T, ) = (5) (OLEL) (6| 0V, ¢). (B.8)

v=0 v=0
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In view of dom(dy H,) D dom(Hf(j)) = dom(H},) D Ran(IlJ,) we infer from
(B.8) by induction on p that ORI, : 5 — dom(Hj,) = dom(Hf(j)) and, in
particular,
(OnH;, — OnE}) 1L, = —(H}, — E7,) OplL,,
(Op H3) T, = —2(0n H, — On 2}, ) OnlE, (B.9)

We deduce from the first line in (B.10) that
(I, On11], = —(R7,) " (OnH,)IE,,

onm = on (B.10)
(OnE),) 10, = 113, (Op H),) 117,

Multiplying the second line in (B.10) by II7, and using (B.10) and Tr{Il7 } = 4
we arrive at (B.2).

(5): The proof is similar to that of (3). In fact, by definition we have
the relation Rj+1(iy) = Uj Rj11(iy) U; which implies the following analogs of
(B.5) and (B.6):

UjOpHj+1 Uj ¢ = lim / Rjt1(iy) - h Rjyq(iy) v %
> . 5 5o o2 Wdy
UjOptljp1 U =2 [ Rjpa(iy) {a-h Rja(iy)}” =,
R
where ¢ € dom(Hf(jH)). As before we employ (B.5) and (B.6) themselves to
represent, derivatives of H- ]] . Let

Aj(y) = Ry (iy) — R (iy). (B.11)
Then a brief computation using (2.37) and Lemma A.2 yields
(Djr —iy) Aj(y) = e {e* & — e (F] ™)} R (iy) (B.12)

on dom(Hf(jH)). Applying (2.34) and Lemma A.2 we conclude that
|83 HET 4 p) ™| < cep/* (14497 (B.13)

Now, we follow literally the steps described in the proof of Part (3) using
(B.13) as an analog (in fact special case) of (A.4) to arrive at (B.3). O

Appendix C. Comparison of H JJ 1 and H j+1
C.1. Proof of Lemma 4.1

The proof Lemma 4.1 uses heavily cancellations which follow from (2.35).
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Proof. Let ¥ € dom(Hf(j)). Using the abbreviation (B.11) we have
. 1 j+1 . Jj+1 Zy dy
L= {1Dyl DI 9000 = im [ am)@e 0 YL (o)

In view of (B.12) we further have

Aj)@ @ Q) = Ry (iy) a (Ry (i) ¥) @ {e2¢; Q)7 —e[FT)}. (C.2)
We recall that |¢;|, HF;HH < cpj, IR (iy)|| < (14+y?)~"/2, and observe that the
resolvent R;H(iy) leaves the subspaces 2, = %n(j’jﬂ), n=20,1,..., defined
in (2.26), invariant. Moreover, the restriction of the field operator go(Fj 1y s

bounded as a map from 2y & Z1 to Zo e £1 & 23, with norm < ¢ ||FJ+1H
’p;. Taking all these remarks into account we infer from (B.12) that

1AW el < cepy (L+y*) 7 (C.3)
Rearranging (C.2) using R7+1(1/) ® Q7+1) (Rj¢) ® Q;-H we further obtain
Aj(y)(0 @ Q) = (R;(iy) a R (iy) ¥) @ {?e; Q7 =V + W,
V = R (iy) o (Ry (i) 9) @ [e FI+Y), (C.4)
W= A;(y) o (R;(iy) ¥) ® {2¢; Q1! — e |[FIT)}
We represent V € 27 as V ={V(k)} € LQ[.A]Jrl ;) with
V(k) = eFi+1(k) Ri(p—k,iy) a R;j(p,iy) Y, ae ke Ag“.
Since |k| < pj, for k € AH' the resolvent identity implies R;(p — k,iy) =
Rj(p,iy) + O(p; (1 +y*)~ 1), and together with ||F§+1|| ¢ p; this gives
V = (R;(iy) a R;(iy) 9) @ [e F}) + O(ep} (L4 %) 7 [|9]).-
The inequality (C.3) applied to the third member on the RHS of (C.4) yields
IWI < cepi(L+y*) IR (iy) Ol {e21e5] + e FT 1}
< (1 +y%) ||l

Altogether, employing the formula (B.5) for the derivative of H; and using
Jr dy/(1 4 y?) < oo, we see that the term in (C.1) can be written as

1= (VH,; 0) @ {e|FI*) — 26, 11} + O(e 2 ]).
But we have (Hj, — H]]-'H)(ﬁ ® Q;'H) = I + II with
1= (A - B9 ) = e @ {e|wFT PR — |w T}
Applying these formulas for every ¢ € Ran(Il;) C dom(Hf(j )) we arrive at
(Hyr — HJP)IET = VH; I @ [F (@) = eI @ Jwf] ) (@)
+ (2 (I w T — ey - VH) I 4+ O(e p?),
and we conclude by means of (2.35) and VH; Il; = VE; II; + I VH; 1I;. [
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C.2. Proof of Lemma 4.2

In this subsection we give the proof of a Lemma in which the resolvents of
H;q and HJJ-'|r1 are compared. We use the notation

Z;(p. k) = (Hj(p — k) — E;(p) + |k|)~"

in the proof. This operator occurs in the direct integral representation of
Rj-“(p) restricted to 3&”1(““),

o
R?“(p)ﬂ%u,jﬂ): /%j(p,k)dk.
AT
We recall that the resolvents R; ,Rji1, and R+ j+1 are defined in (2.24),

(2.39), and (2.40), respectively. The resolvents R; and R]l are introduced in
and below Eq. (2.25).

Proof. (1): On account of (3.17) and |k| > pj41 = p;/2 we have
rj(p. k) = Ej(p — k) — E;j(p) + [k[ > pj/4. (C.5)

Hence, E;(p) — |k| belongs to the resolvent set of both H,;(p — k) and H,;(p)
and (A.11) together with the second resolvent identity implies

|(%;(p,k) — R (p. |k|)) ¥|| < clk| || H;(p — k)" %;(p, k)|| | R;(p. |Kk|]) ¥

for all ¥ € J%. Here |k| < p; and, by the spectral calculus, the first norm
on the RHS is not greater than E;(p — k)"*/r;(p,k) < ¢(p)/p;. Choosing
U := Il ¢ we obtain (4.1) since, of course, ||Rj(p, |k:|)H]L1/JH < |R5 (p) 1vp||

(2): We may apply Lemma A.3 with K;H = qu+1 and K = Hjqq.
Indeed, let ¢t > 0,6 > 0, and z := t + ic. Then §; = O(epj), |Ej — Ejq| =
O(ep;), the first inequality in (A.5), and |D§+1| > 1 imply
vj+1 (7%“(2 +d5) — Rﬁ“(Z)) (H§+1)L¢||

<cep* IMf Ry +5)
DI EPTED 4 ) )R (2) 0.

Here, (3.17) and (3.21) permit to get

[Rjs1(z+ 0;) I || < (gapj oy + 6 +8) 7 <oy +1)7,

uniformly in € > 0 and small ¢ > 0. Moreover, (Hf(j’j 4 pj)l/ ? commutes
strongly with (Hﬁ-“)J— and R;H(z). Since also |D§+1| < (HJJ»+1 — E;)+ E;
and E; < ¢(p) on By, we deduce that

0= lim || (D2 (HP D 4 o)) PRI () o

N 0 (RISl 4 B0 RS
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Next, we use that 1 and, hence, ((Rgﬂ)l)S 1, belong to %(j’jH) &) %(j’j+1)
and that n € %”O(j’jﬂ) @ %1(j’j+1) entails H(Hf(j‘jﬂ)—i- pi) 20l < (2p;) 72l
Taking this observation into account we obtain
1 i+1 2 j+1 1 i+1
0 <cp/ (IRTHN 0l + IRTD el < o/ (el + (R 0)-
Altogether we arrive at

lim Nio < ceps(og +0)7 (Il + IR 9,
for every ¢ € 2,77 @ 2,09 For ¢ = 0, this is (4.2) with s = 1, which
immediately implies (4.3).
Let Nél/g) denote the LHS of (4.2) with s = 1/2. We have 7?,j-+1(§j)1/2 =
I 7V€J-L+1(t +d;)t~"/2dt /7 and an analogous representation of the square root
of (R?H)J-. Therefore,

(/2) (v _dt pi_ dt G+ L
NS < [N S e [ S (ol IR ul),
0 0
which is (4.2) with s = 1/2, as the integral on the RHS equals p;-/z. O

Appendix D. A Formula for a(k) ¢;

In this section we derive the formula for a(k)¢; stated in Lemma 6.1 where ¢;
is a ground state eigenvector of H;. We will frequently use the abbreviation

Z;(p. k) := (H;(p — k) — E;(p) + [k|)~".

Proof of Lemma 6.1. Let f € C§°[{|k| = p;}],q € R3\{0}, and u € Z,. More-
over, let

fk) = f(R)Or,, k= (KN €R’xZy.

We fix p € R? and the scale parameter j € N U {co}, and abbreviate D :=
Dj(p), Dq := D;(p — q), R(iy) := (D — iy) !, Rq(iy) := (Dg — iy)~".

Finally, we recall that m denotes multiplication with k.

On the dense domain dom((Hf(j ))3/ 2) we then have the operator identities

H dl ()] =a' @), b al(Dl=almf), (D)
and, hence,
Dal(f) ~a' (/) Dg = a- {(G | ]) —a'((m —q) )}

Thanks to Lemma A.2 we know that Rg4(iy) maps dom((Hf(j))%) into itself.
On that domain we thus have

a'(f)Rq(iy) — R(iy)a' (f) = Riy)a - {(G | [) — a'((m — q)f)} Rq(iy).
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Since ¢; € dom(Hf(j)), the previous relation implies, for all o’ € €,

A(g, f.1') = (Dl [a(f) ;) — (a' (/)0 [ID] 6;)

— lim /( R(iy) - a'((m — q) ) Rq(iy) ' | &) Wy

™

T

Gy Jim [ (Bl a Ryt o) .

T—00

-7

where we used the representation (2.58) of the absolute value. In the integral
appearing in the second line we now write Rq(iy)y/i = 1 — Dg Rq(iy) and
apply the formula (2.57) for the sign function S := sgn(D). In the third line
we expand the right resolvent as Rq = R + Roa - gRq and apply the formula
(B.5) for the derivative of the Hamiltonian. Proceeding in the way we arrive
at

A(‘Lfﬂ?/) = <SaaT((qu)f)n/|¢j>7J(q7f-a77/)
—e(f1G)-{(|VH;¢;) + I(g,7)}.
Here and below VHj is evaluated at p and

Ha') = [ (R acRG) (@ p) Ralin) | 8;) L2,

R
Ha Fl) = [ (Raliy) Do [e-allm — ) R-in) ;) 2.
R

By means of (A.2) it is easy to see that the latter integral is absolutely
convergent. In fact, let p > 1 be sufficiently large and set © = Ht(j ) 4+ P
and B, := a - a((m — q) f)©~">. Then (A.2) shows that the composition
F(y) := ©2R(—iy)©~"? is well defined on 7 and ||F(y)| < ¢ (1 +y?)~"2
Moreover, || By|| < ¢|[(1+1/w)”?(m — q) f|| by a standard estimate. From the
representation

~ 1 1 / 1/2 d
3@.Fonf) = [ Ra(in) 1Dl 2} D410 | By Fy) ©0;) L.

R

where the operator in curly brackets satisfies ||{--- }|| < ¢ (1 +?)~"*; we may
thus read off that the map 4; > 0’ +— J(q, f,n') is continuous when C; is
equipped with the form norm of Hg := H;(p — gq). Since € is a form core for
H, we may hence extend the definition of J(q, f,7') to all ' € Q(H,).

We further find by means of (D.1) and a virial type argument

((Hq = E;(p) +la) ' |a(f) ¢;)
= (Hqr' | a(f) 6;) = (a' ()" | Hj(p) ;) + lal {n' | a(f) &)
=Alg, f.') + (' |al(la| = w)f) &5 )- (D-2)
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Since ¢; € dom(Hf(j)) we know that a(f)¢; € Q(Hf(j)) and, according to
Lemma A.3(iv), the form domain of Hyg is Q(Hf(j)). Taking this and the above

remarks on J(q, f,n') into account we conclude that the first and the last
line of (D.2) are continuous in i’ w.r.t. the form norm of Hq. Approximating
Rqn = X;(p,q)n, where n € £ is arbitrary, by some sequence in ¢, which
is convergent w.r.t. the form norm of Hp; we thus obtain

(n]a(f)d;) =Ala,f,Zqn) + (n| Zqa((la] — w)f) ¢; ). (D.3)

Now, let fq.o(k) := he(k — q) Ox, ., he(E) := h(k/e)/e3, for tiny & > 0, where
h e C[{|k| < 1},]0,00)] satisfies [ps h = 1. In the next step we insert
the peak function fq . into (D.3), multiply the resulting expressions with g €
C§°[R3\ {0}], and integrate with respect to g. Proceeding in this way we arrive
at

5

/ 0(@) (1 a(fye) ;) Pq =3 Cule), (D.4)

R3 (=1

with (in C3(g) we have S ¢; € dom(a((m — q)fq,c)) because of (A.3))

Cr(e) = —e/g<q> (Far |G (0| g VH; 6;) d%q,

R?’
Ca(e) = / 9(a) (n] Zqal(la - ©)Fae) &5 ) da,
R3
Cy(e) = / 9(@) (1| Rq o a((m — q)fye) S & ) dq,
R3
Ci(e) = — / 9(@) ( far |G) - T(q, Zqn) &,
R3
Cs(e) == /g(q)J(q,fq,E,%q n) d*q.
R3

It is straightforward to see that the LHS of (D.4) converges to (n|a(g) ¢;),
as € > 0 tends to zero. Furthermore, |(n|%q VH; ¢;)| < clnl|/|g] < ¢||n|| on
the support of g by (B.7), and [I(q.%qn)| < clgl [|%q] [l < ¢ . Hence,
qg— 9(q)(n|%qVH;¢;)and g — g(q) I(q,%qn) belong to L*[R3, C3]. Since
also ( fg.o |G) = (he * G)(q, 1) Ox, and he ¥ G — G(-, )3, in L2[R3, C?] we
conclude that

liy C1(2) = ~¢ [ 9la) G (a.1) - (1] %a VI, 05) g (D.5)
R3
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lim Ci(e f// (- G; (k. 1)) R(iy) (o - k) R(i)
R R3
x%kn|¢j>d3k%. (D.6)

Next, we show that C5(¢) goes to zero: we have supp(g) C {r < |g| < 1/r}, for
some r > 0, and we shall always assume that 0 < & < r/2. Then q € supp(g)
and he(k — q) # 0 implies 1/|q| < 1/r and 1 < 2|k|/r. By Fubini’s theorem
we thus have

< [ [ [ ls@1he = a) e~ all{ Dy Byli) o} 0]
R R3 R3
x a(k, ) O~ F(y) ©'2¢; )| d®k d®q
In the previous expression we have |k — q| < € if he(k — q) # 0. Furthermore,
1+~ I < 1Dg Rq(iy) |Dgl ™ || ||| Dg| *Zqll < ¢ (1 +y*)~*/r.

We estimate the remaining factors of the integrand by Young’s inequality,
[{(u]v*w)| < cllull2]|v]1]jw]2, applied to the d*kd®g-integration. In this way
we obtain

ce
|Cs (&) <~ [lhell [lgl2 Il

1/2
. k| ||la(k, n) ©~ 2 F(y) 2 »2d3k} Ay
R {er A Z/J otk 27 () 06, P’k ) =

Here, the integral ||

K[>/ .. d?k is not greater than

I(H)Y 2072 F(y) ©'2¢,|> < |[F@)I* | H, 651> < e (1 +37) 7"

Since also ||he|l1 = 1 we conclude that Cs(g) — 0, as € N\, 0.

Obviously, C5 and C3 can also be treated by means of Young’s inequality
and we easily verify that lim.\ g C2(e) = lime\ o C3(e) = 0, again using that
llg| — |k|| < |k — q| < &, when h.(k — q) # 0. For C5 we actually find

Ca(e) < (/) gl el lInll (/) > [ (H)Y2 S 650, 0 < e <7/2,

where last norm H(Hf(j))l/2 S ¢;|| is well defined and bounded because of (A.3)
and ¢; € dom(Hfm).

Putting everything together we see that (n]a(g,)¢;) is equal to the
sum of terms on the RHS of (D.5) and (D.6). As this holds true, for every
gu(k) = g(k) - 0, with g € C5°[R?\ {0}], we conclude that

(nlalke,n)d;) =—eG;(k,n) - (n|Ru(kl) VH;¢;)

e [ (Rliv) (o Gy (0. ) Reiw) (- k) Rui) | 6,) U,
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for all k € R3\ N,, where IV, is some 7n-dependent zero set. Applying this
results to all 7 in some countable dense domain in .7 we obtain (6.1). O
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