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Modified Wave Operators Without Loss
of Regularity for Some Long-Range Hartree
Equations: 1

Jean Ginibre and Giorgio Velo

Abstract. We reconsider the theory of scattering for some long-range
Hartree equations with potential |z|~” with 1/2 < v < 1. More pre-
cisely we study the local Cauchy problem with infinite initial time, which
is the main step in the construction of the modified wave operators. We
solve that problem in the whole subcritical range without loss of regular-
ity between the asymptotic state and the solution, thereby recovering a
result of Nakanishi. Our method starts from a different parametrization
of the solutions, already used in our previous papers. This reduces the
proofs to energy estimates and avoids delicate phase estimates.

1. Introduction

This paper is devoted to the theory of scattering and more precisely to the
proof of existence of modified wave operators for the long range Hartree type
equation

i0u = —(1/2)Au + g(u)u (1.1)

where u is a complex valued function defined in space time R**! with n > 2, A
is the Laplace operator in R™ and

g(u) = klz| 77 x [ul? (1.2)

where k € R,0 < 7 <1 and * denotes the convolution in R™.

A large amount of work has been devoted to the theory of scattering for
the Hartree equation (1.1) with nonlinearity (1.2), both in the short-range case
~v > 1 and in the long-range case v < 1. See [2,3,5,6] and references therein
quoted. In order to prove the existence of wave operators, one has to construct
solutions of the given equation with prescribed asymptotic behaviour at +oo
in time. The asymptotic behaviour is that of solutions of the free Schrédinger
equation in the short-range case v > 1, thereby leading to ordinary wave
operators, and has to be modified by a suitable phase factor in the long-range
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case v < 1, thereby leading to modified wave operators in that case. The
asymptotic behaviour is parametrized by an asymptotic state, which plays
the role of (in the short-range case can be taken to be) the initial data for
the asymptotic behaviour. The main step in the construction of solutions with
prescribed asymptotic behaviour consists in solving the local Cauchy problem
with infinite initial time, with the asymptotic state playing the role of initial
data. From now on, we concentrate on that problem. There is a natural notion
of criticality for it: here as in [5], criticality is defined in terms of the space
regularity of the pseudoconformal inverse . of u, defined according to (1.10)
below, and, therefore, equivalently in terms of a suitable form of space decay
of u, more precisely in terms of space decay of @ defined according to (1.8)
below. Criticality corresponds to u. € H? for p = p. =1 — /2.

In [2] we have solved the local Cauchy problem at infinity in time for w, for
arbitrarily large data, in the range 1/2 < v < 1 (the easier borderline case v =
1 can be treated by the same method but requires slightly different formulas
containing logarithms). The method used in [2] consists in parametrizing the
solution u in terms of an amplitude v and a phase ¢ and solving an auxiliary
system of equations for the pair (v, ). It has two defects, namely (i) the
regularity required for the solution (in terms of u.) is significantly higher than
the critical one, namely the method does not cover the entire subcritical range,
and (ii) there occurs a loss of regularity (essentially a loss of two derivatives on
v) between the asymptotic state and the solution eventually obtained. These
two defects remedied in [5,6] for v = 1 and for 1/2 < v < 1, respectively,
by the use of two new ingredients, namely (i) a different parametrization of
the solution w and (ii) the clever use of a local conservation law satisfied by
Schrodinger type equations including (1.1). This allows in addition to fix the
new phase ¢ from the beginning, thereby leaving only one equation for the new
amplitude v. However, the method requires rather complicated phase estimates
in the more difficult case 1/2 < v < 1.

It turns out, however, that the two new ingredients used in [5,6] are
independent of each other. In particular, the local conservation law can also
be exploited with the parametrization used in [2], provided the latter is supple-
mented with the systematic use of an ultraviolet momentum cut-off. One can
then recover the main results of [6], namely solve the local Cauchy problem at
infinity in time in the whole subcritical range and without any regularity loss,
by elementary energy methods not requiring any delicate phase estimates. The
purpose of the present paper was to present that simpler alternative method.

The simpler method also lends itself naturally to an iteration scheme
which can be expected to cover the range v < 1/2, with the nth iteration
covering the range 1/(n + 2) < v < 1/(n + 1), still without any regularity
loss between the asymptotic state and the solution. However, the method does
not seem to make it possible to cover the entire subcritical range as soon as
~v < 1/2, and stronger regularity conditions seem to be required. Furthermore,
the necessary estimates, although still elementary, become more and more
cumbersome as n increases. In a subsequent paper, as an illustration, we shall
treat the problem in the range 1/3 < v < 1/2 by means of the first iteration.
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We now introduce the relevant parametrization of u needed to study the
Cauchy problem at infinite time, restricting our attention to positive time. The
unitary group

U(t) = exp(i(t/2)A) (1.3)
which solves the free Schrodinger equation can be written as
U(t) = M(t)D(t)FM(t) (1.4)
where M (t) is the operator of multiplication by the function
M (t) = exp(iz?/2t) (1.5)
F is the Fourier transform and D(t) is the dilation operator
D(t) = (it)~"/*Do(t) (1.6)
where
(Do()f)(@) = f(a/t). (L.7)
For any function w of space time, we define
w(t) = U(—t)w(t) (1.8)
and we define the pseudoconformal inverse w. of w by
w(t) = M(t)D(tyTe(1/4) (1.9)
or equivalently,
w(t) = Fw.(1/t) (1.10)

which shows that the pseudoconformal inversion is involutive.
The Cauchy problem at infinite initial time for u is then equivalent to
the Cauchy problem at initial time zero for its pseudoconformal inverse u..
Equation (1.1) is replaced by
i0ue = —(1/2)Auc + 72 g(ue ). (1.11)
We now parametrize u. in terms of an amplitude v and a phase ¢ according
to

uc(t) = exp(—igp(t))v(t) (1.12)
so that
u(t) = M(t)D(t) exp(ip(1/t))v(1/t)
= D(t) exp(iso(1/1)) D~ (t) M(£)D(t)o(1/1)

or equivalently

u(t) = exp(i(Do(t)p(1/t)))ve(t). (1.13)
The original equation then becomes the following equation for v
10w = —(1/2)Agv + (7 2g(v) — dr)v (1.14)

where s = Vp and
Ay = (V—is)?=A—2is-V—i(V-s)—|s|]> (1.15)
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We want to choose ¢ so as to cancel the divergence at ¢ = 0 of the last
term in (1.14), but that cancellation is needed only at large distances, namely
for low momentum. We, therefore, introduce a momentum cut-off as follows:
let y € C®*(RT,RT),0 < x <1,x(¢) =1for £ < 1,x(¢) =0 for £ > 2. We
define

_ 1/2 1
xo=xwt’?), xs=1-xz (1.16)
with w = (—=A)'/2, and correspondingly

gr(v) = xz9(v), gs(v) = xsg(v). (1.17)

We want to solve (1.14) with v continuous at ¢t = 0 with v(0) = vg. For that
purpose, we choose (assuming from now on v < 1)

p=—(1-7)"""""gr(v) (1.18)
so that
e =t 2g(vo) — (1 =)~ *Xg(v0) (1.19)
with
Xr = X(@t'?),  X(0) = (1/2)ex'(0). (1.20)
With that choice, Eq. (1.14) becomes
i0yv = L(v)v (1.21)
with
L(v)=—(1/2) As+1"2gs(v)+(1 = 7) "X 1.9(v0) + 7 *(gr(v) — gr.(v0))-
(1.22)

We shall also need the partly linearized equation for v’
i’ = L(v)v'. (1.23)

The method consists in first solving the Cauchy problem with initial
time zero for the linearized equation (1.23). One then shows that the map
v — v’ thereby defined is a contraction in a suitable space in a sufficiently
small time interval. This solves the Cauchy problem with initial time zero
for the nonlinear equation (1.21). One then translates the results through the
change of variables (1.12) to solve the Cauchy problem with initial time zero
for Eq. (1.11) or equivalently with infinite initial time for Eq. (1.1). The final
result can be stated as the following proposition, which is adapted to Eq. (1.1)
in a neighborhood of infinity in time. We need the following notation:

FH ={ucS :F 'uec HY.
Proposition 1.1. Let 1/2 <y < 1. Let 1 —v/2 < p <n/2.
(1) Let ug € FH? and define

p(t) = —(1 =) """ gr(Fuo). (1.24)
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Then there exists To, > 0 and there exists a unique solution u of Eq. (1.1)
such that ve defined by (1.9) and (1.12) or equivalently by (1.13) satisfies
U € C([Too,0), FHP) and such that

Ue(t) = ug  in FH” when t — oo. (1.25)
Furthermore, u € C([Teo, ), FHP) and w satisfies the estimate
(t); FHP|| < Cao(1 + a21=7) 1+ (1.26)

for all t > T, where [p] is the integral part of p and
apg = HUO,FHPH

(2) Let in addition p > 3/4. Then the map ug — v, is continuous from FHP
to L>°([T,0), FH?P) and the map ug — u is continuous from FHP to
L>® ([T, Th], FHP) for all Ty, Te < Ty < 00.

Proposition 1.1 follows from Propositions 4.1, 4.2, 5.1 and 5.2 through
the change of variables (1.9) or (1.10), which implies in particular that

[w(t); FH?|| = [Jwe(1/t); HP|| = [lwe(1/t); H?|. (1.27)

The condition p > 1 — /2 in Proposition 1.1 is the subcriticality condition
mentioned above. For technical reasons, the continuity properties in Part (2)
are proved only under the stronger condition p > 3/4.

This paper is organized as follows: in Sect. 2, we introduce some notation
and collect a number of estimates which are used throughout this paper. In
Sect. 3, we study the Cauchy problem for the linearized equation (1.23) with
initial time ty > 0. In Sect. 4, we solve the Cauchy problem with initial time
zero for the nonlinear equation (1.21). In Sect. 5, we prove the continuity of
the solutions of (1.21) with respect to the initial data. In Appendix Al, we
prove Lemma 2.4 on commutators. In Appendix A2, we sketch the proof of
the preliminary Proposition 3.1.

Throughout this paper (as in [2]) we assume that 1/2 < v < 1. The easier
case 7 = 1 can be treated by the same method, but requires slightly different
formulas.

2. Notation and Preliminary Estimates

In this section we introduce some notation and collect a number of estimates
which will be used throughout this paper. We denote by || - ||, the norm in
L™ = L"(R™). For any interval I and any Banach space X we denote by C(I, X)
(resp. Cy (I, X)) the space of strongly (resp. weakly) continuous functions from
I to X and by L>°(I, X) the space of measurable essentially bounded functions
from I to X. For real numbers a and b we use the notation a V b = Max(a,b)
and a A b = Min(a, b). We define (a)y = a V0 and

la]+ = (a)+ for a #0

=¢ for some e >0 fora=0.
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We shall use the Sobolev spaces H? and H? defined for —0o < o <

400,1 <7 < o0 by
HY ={u: |lu; HY || = |jwul, < oo}
and

HY = {u:flus HY|| = [[(w)7ul|, < oo}

where w = (=A)Y2 and (-) = (14| - [*)"/2. The subscript r will be omitted

both in H? and in the L™ norm if » = 2, and we shall use the notation

w?0u|| = (|Jw e ul|[|w”cul)?  for some & > 0.
|
Note also that for 0 < v < n [7]

g(u) = k2|77 x [ul?* = KCy e " |uf®.

We shall use extensively the following Sobolev inequalities:

Lemma 2.1. Let 1 < q,r < 00,1 <p< o0 and0< 0 < p. If p =00, assume

that p — o > n/r. Let 0 satisfy o/p <0 <1 and
n/p—o=(1-0)n/q+80(n/r—p).
Then the following inequality holds:
lwull, < Cllully ™ lwPul;.

We shall also use extensively the following Leibnitz estimates:

Lemma 2.2. Let 1 < r,r,r3 < co and
1/r=1/ri+1/ro =1/rs+ 1/r4.
Then the following estimates hold for o > 0:
o ), < Clweall, o], + w7l lull,)
An easy consequence of Lemmas 2.1 and 2.2 is the inequality

lw? full < CIfllog + llo™ 2 f D]l ul]-
< Cllw™ =0 £l u]

(2.2)

(2.3)

which holds for |o| < n/2. For o > 0, the first inequality in (2.3) follows from
Lemma 2.2 with v = f,r = r; = 2,79 = 0o and suitable finite r3,r4. For o < 0,

the result follows from the result for o > 0 by a duality argument.
Another consequence is the following lemma:
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Lemma 2.3. Let 0 < 0 = 01 + 09 and 01 V 02 < n/2. Then
w2 (wo)|| < Cllw ul||w>v]. (2.4)
We shall also need some commutator estimates, which are most conve-

niently stated in terms of homogeneous Besov spaces B;’ 4 [1]. In the applica-

tions, we shall use only the fact that B;Z = H°. The following lemma is an
extension of Lemma 3.6 in [5] and may have independent interest. The proof
will be given in Appendix Al.

Lemma 2.4. Let P;,i = 1,2 be homogeneous derivative polynomials of degree
a; or w* for a; > 0. Let X\ > 0. Then for any (sufficiently reqular) functions
m,u and v the following estimates hold:

|(Pru, [w*, m]Pyv)| < Cllm; By, NV~ ot ™ L ||us B, 0 L%

xlv; By2, N L% (2.5)

with 0 <v <1,1<r;,q <00,0<7<2;
6(q0) = 00 +6(ro) —v, 6(q;) =03 +6(ry), i=12. (2.6)
> oi+6(r) =AM+ +az+n/2 (2.7)

0<i<2

0’0+(0’1/\O‘2)2>\+C¥1+ag
(2.8)
o1+ o> A4+ar+ag —v

where §(r) = n/2—n/r and V1wl =V L9 is the space of tempered distributions
m such that w’~1Vm € L9.

Remark 2.1. The condition (2.6) implies that the various spaces occurring in
the RHS of (2.5) are homogeneous under dilation, and the condition (2.7) is the
global homogeneity condition of the estimate. More general, possibly nonho-
mogeneous, estimates can be derived by the same method (see Appendix Al).

We shall repeatedly use the estimate of s = Vi with ¢ defined by (1.18)
I 975l + /297 5] < Cllw™/>209is]) < CO5 o HP> (2.9)
for j = 0,1, where
A== A/ + 5+ 204 (2.10)
The first inequality in (2.9) follows from Lemma 2.1 and the second one from
o OV = O w41 20 ),

from the definition of xr and from Lemma 2.3. Note that up to an ¢ in the
case of equality
)\0:’7/\(1/2+6), Al =7A0 (2.11)

where § = p — 1+ /2, so that Ay > 0 and Ao > 1/2 for v > 1/2 and
p > 1 — /2. The latter condition is the subcriticality condition mentioned in
the introduction.
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We shall also need some phase estimates. The following lemma is a variant
of Lemma 3.3 in [5]:

Lemma 2.5. Let ¢ be a real function. Let 0 > 0 and 1 < q,r < co. Then the
following estimate holds:

I(exp(ip) = 1); B || < Clle; BZ (1 + [l B oolD!?
where [o] is the integral part of o.

An essential tool in this paper, as in [4-6], is an estimate which follows
from a local conservation law for solutions of a suitable linear Schrodinger
equation.

Lemma 2.6. Let 1/2 < p < n/2, let I be an interval, let s € L (I, L°NH™?)s

loc
real R™ vector valued and let v € C(I, H?) be a solution of the equation

i+ (1/2)Asv =V (2.12)

in I for some real V€ LS (I,L>°). Then for any ti,t € I,t; <t, one can
write

[o(t)|* = [v(t1)[* = Vi(ts, t) + Va(ts, 1) (2.13)

where V1 and Vs satisfy the following estimates:

t
w222V, (11, )| < © / at' o ()| (2.14)

t1

for1/2 <o <pA(l+n/4), and

t
12V (1, 1) | < C/dt’(IIS(t')IIOO + [l s () ) llw o ()]
ty

(2.15)
for0<o <p.
Sketch of proof. The formal conservation law
Ov|* = —Im A v = —Im TAv + V - s|v|? (2.16)

yields (2.13), where for any test function ¢ of the space variable
t
Vit 0).6) = ~(i/2) [ at (o), [, 010e)), (2.17)

t1
t

(Valtr,£),9) = — / at’ (s(t") o (#)[2, V). (2.18)

ty
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By Lemma 2.4 with a; =0,A=2,7,=2(0<i<2), 01 =0y =cand v =1,
and therefore 0g = n/2 + 2 — 20, we obtain

t
(Malta, ), 0] < Ol 20y [atlru@) (219)
ty

for 1/2 <o < pA (14 n/4), from which (2.14) follows by duality.
In order to estimate V5, we estimate

w250 * ] < Cl1sll o + ko™ ?s]) lwol|* (2.20)
by (2.3) and Lemma 2.3. The estimate (2.15) then follows from (2.18) and
(2.20) by duality. O

We next exploit the previous lemma in the relevant situation.
Lemma 2.7. Let 1/2 < p < n/2. Let vy € HP and let s = Vo with ¢ defined by
(1.18). Let I = (0,T] and let v € L>=(I,H?)NC([0,T], L?) satisfy Eq. (2.12)
in I for some real V € LS (I, L>). Then |v(t)|> — [v(0)|? tends to zero in H*

for =1 —n/2 < u<2p —1075/2 when t tends to zero. Furthermore,
[o(®)* — [0(0)* = Vi (0, 1) + V2(0,) (2.21)
with
[w?=2"/21,(0, 1) < Ca®t (2.22)
for1/2 <o <pA(l+n/d), and
w2 =1="/215(0, 1) || < Ca?alt™ (2.23)

for 0 <o < p, with
a = ||lv; L(I,H?)|, ao= |lvo; H?||. (2.24)

Proof. We first prove that Vj(t1,t) and Va(t1,¢) defined by (2.17) and (2.18)
converge when ¢t; — 0 in the norms occurring in (2.14) and (2.15) and that
the limits satisfy (2.22) and (2.23). This is obvious for V;. As regards Vs, we
estimate s in (2.15) by (2.9) with j = 0. The resulting power of ¢ in the
integral is then integrable at t = 0 since A\g > 0. This proves the convergence
of Va(t1,t) as t; — 0 and the estimate (2.23).

On the other hand, by Lemma 2.3, |v(t)|? is bounded in H?*~"/2 uni-
formly in t. Together with (2.13) and with the previous convergence of
Vi(t1,t) and Va(t1,t), this implies that |v(t)[> — |v(t1)]? converges in H* for
—1—n/2 <y < 2p—n/2 when t; tends to zero for fixed ¢. We next identify
the limit. Now

l(®)]* = u(t)]? = [o(t)]* = [0(0)* = (ju(t1)|* = v(0)[*)
and from Lemma 2.3
w2 (Jo(t2) > = [0(0)*)]] < Cllu(ta) — v(0)|[[lw” (v(t1) + v(0)) ]

for 0 < o < p, so that |[v(t)]? — |v(t1)]? tends to |v(t)|?> — |v(0)|? in H* for
—n/2 < p < p—n/2 when t; tends to zero for fixed ¢. By an appropriate
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abstract argument, this implies that the same convergence holds in the whole
range —1 —n/2 < p < 2p —n/2. This also implies (2.21), which together with
the available estimates, completes the proof of the stated convergence. O
Remark 2.2. The difference |v(t)|> — |v(0)|? tends to zero in some norms which
are not expected to be finite for [v(¢)|? and |v(0)|? separately, typically in H*
for -1 —n/2 < p < —n/2.

Remark 2.3. In most of the applications, we shall take vg = v(0), but this is
not needed in Lemma 2.7.

3. The Linearized Cauchy Problem for v

In this section we study the Cauchy problem for the linearized equation (1.23)
with L(v) defined by (1.22) for a given v, with initial time ¢, > 0. We first
give a preliminary result with ¢y > 0, where we do not study the behaviour of
the solution as ¢ tends to zero.

Proposition 3.1. Let p > ~/2, let I = (0,T], let vo € HP and let v €
LS (I,HP). Let 0 < p/ < n/2, let 0 < tg < T and let v) € H”. Then

Eq. (1.23) has a unique solution v' € C(I, H?") with v'(to) = v}y. The solution
satisfies
lo" @O = ool
for all t € I and is unique in C(I, L?).
The proof is sketched in Appendix A2.
We next study the boundedness and continuity properties near ¢ = 0 of
the solutions of (1.23) obtained in Proposition 3.1. Since we shall eventually

be interested in taking p’ = p, we already impose the condition p < n/2 in the
next proposition (see, however, Remark 3.2 below).

Proposition 3.2. Let 1 —v/2 < p <n/2, let I = (0,T] and letv € L>(I, H")N
C([0,T], L?) with v(0) = vg. Let s = V¢ with ¢ be defined by (1.18). Let v
satisfy Eq. (2.12) in I for some real V € L3S (I, L™°). Let 1/2 < p/ <n/2 and
let v' € C(I,H?") be a solution of Eq. (1.23) in I. Then
(1) v' € (CNL®)I,H”)NCy([0,T), H* )N C([0,T), H?) for 0 < o < pl.
(2) For allt € [0,T),t; € I, the following estimate holds:
V' (@) < Jlo o () Bt~ ta]) (3.1)
where
E(t) = E(t,a) = exp{C(a*t" + a*t**~ 1)}, (3.2)
a = [lv; L=(1, H)|
and \; is defined by (2.10).
(3) For all t,t1 € [0,T], the following estimate holds:

o/ () =o' (k)| < Clt = 2| */2ACD (L4 @®P o (1) HY . (34)
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Remark 3.1. The estimate (3.1) for ¢,¢; € I holds for 0 < p’ < n/2, as will be
clear from the proof. The condition p’ > 1/2 is needed to derive (3.4) which is
used in turn to extend (3.1) to ¢t = 0.

Remark 3.2. The assumption p < n/2 in Proposition 3.2 can be dispensed
with at the expense of using slightly different estimates, which yield different
powers of ¢ in (3.2) and (3.4).

Proof. We know already that the L?- norm of v’ is conserved. The bulk of the
proof consists in deriving the estimates (3.1) and (3.4) for ¢,¢; € I. We begin
with (3.1). From (1.22) and (1.23) we obtain

A |lw” || =Im (v, [w*", L(v)]')
=Re (v, [w*,s]- VV') +Im (V, [0, ') (3.5)
where
f=1(1/2)s* + 17 2gs(v) + (" 2gr(vo) — ep) + 17 (gL (v) — gr(v0)). (3.6)

We estimate the first term in the RHS of (3.5) by Lemma 2.4 with A = 2p/, a; =
0,0 =1,7,=2,01 =09 = p and v =1, so that o9 =14+ n/2 and ¢y = co.

We estimate similarly the last term by Lemma 2.4 with A = 2p', a7 =
ag =0,1, =2,00 =03 =p' and v =1, so that o9 = n/2 and 6(go) = n/2 — 1.
We obtain

10cllw? o' |17 < C([lw™?Vs]| + [ Vsl + ™2 £ 10?1 (3.7)

We estimate the various norms successively. We first estimate Vs by (2.9) with
j =1 so that

lw" 2V s|| + || V5]l < Cath (3.8)
and similarly
||wn/282” < Hwn/Z:I:OSH? < Ca4t2)\0—2 (3.9)

by Lemma 2.1 and (2.9) with j = 0.
We next estimate

172w g (v)|| < CEYTHEPTI2 WPy
< Ca*tM! (3.10)
for p > ~/2, and similarly (see (1.19))
™2 (@up — 2 gr(wo)) | =(1 =)~ 2w *XLg(vo)
< O WPy || < Ca?th (3.11)

The contribution of the last term in f is estimated by the use of Lemma 2.7.
From (2.21), from (2.22) with 0 = (1 ++/2) A p > 1/2 and from (2.23) with
o= (1+7)/2Ap>0, we obtain

172w (g (v) = gr(v0))|| = CE 2 W2 XL (VA(0,8) + Va(0,1))]|
< Cfa? th=1 4 @22, (3.12)
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Collecting (3.7)-(3.12), we obtain

[0l v’ ()17 < N() o' (1)) (3.13)
where

N(t) = C(a*tM ™ 4 a2 =2), (3.14)

The crucial point of this estimate is that N(¢) is integrable in time at ¢ = 0
since v > 1/2 and p > 1 — /2 (see (2.11)). Note that

v/2<1/2<1—7/2<(14+7)/2<1+~v/2

for 1/2 < v < 1. Therefore, the condition p > 1 — «/2 implies the conditions
p > /2 and p > 1/2 used in the proof of (3.10) and (3.12), respectively.
Furthermore, there exists an interval, namely 1 —v/2 < p < (1 + 7)/2 where
the [ ]+ brackets are inactive. The estimate (3.1) and (3.2) follows from (3.13)
and (3.14) by integration for ¢1,t € I.

We next derive the estimate (3.4) for ¢, ¢, € I. For that purpose we define
(see (1.8))

v (t) =U(=t)v'(t) (3.15)
L=L0w)+ (1/2)A=is-V+(i/2)(V-5)+ f (3.16)

with f given by (3.6). We rewrite (1.23) as
0,0 = U(—t)LU (t)v' (3.17)

so that for t,¢ € I, for fixed ¢4,
Q[T (#) =¥ (t1)[|* = 2 Tm (¥ (t) — ¥ (t2), U (=) LU (1) (1))

=2 Im (w, Lv,) (3.18)
where
ve = Ut —t1)v'(t1)
(3.19)
w =0 (t) — vs.
We estimate
Drllw]?] < 2[Re (w, s - Vo)
+ Cllw||(lw™/ 27715 - s]| + [/ 271 f ) lwP* o' (t)l] - (3.20)
for some p; with 0 < p; < p’, to be chosen later.
For 0 < p’ < 1, we write
(w,5-Vu,) = —(w 'V - sw,w” v,) (3.21)
and we estimate by Lemma 2.2
[(w,s- Vo) < Cllw ™ wl(lIsllo + &™)l V' (E)I (3.22)

For p' = 1, we estimate

[(w, 5 - Vo) < Jlwllls]lo o o ()] (3.23)
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For p’ > 1, we estimate
[{w, s Vuu)| < Cllul[lw"?= 7 Vs|l[|wf* o' (1) (3.24)

for 1< pp <p.
Collecting (3.20)—(3.24) yields

Bellwl*| < C{x(p" < Dl wl| (sl + ™28l ' (1)
+ [[wl (™2~ s + [l 272 fl) [l o' (#)]1} (3.25)

with 0 < p; < p’ and p; > 1 in the Vs term if p’ > 1.
For 1/2 < p’ <1, we interpolate

o' =7t < g [l w]
where
y = lw@®]? 6=1-1/(20)
so that (3.25) becomes
91yl < O < D(lslloo + lw™2sla’y” o
+ (w2 + w20 f | ary' 2 (3.26)
with a} = ||[v/(t1); H?'||. We estimate s in the first term in the RHS of (3.26)

by (2.9) with j = 0 and we estimate the various contributions to the second
term for suitable values of p;. We first estimate

w271 Vs| < CETH w2 g |
< CO w22 (3.27)

by Lemma 2.3 with 0 < p1 < p/,0 < p2 < p,p1 > 1if p > 1 and p +
2ps = 2 + 7, in the case where p’ + 2p > 2 + ~. In the opposite case, we take
p1 = p', p2 = p, and we use the cut off y so that finally, for the relevant choice
of P1,

|w/2=P1Vs|| < Ca?tr—! (3.28)
with
pr=7—(1/2)(2+v—2p—p)4. (3.29)
Similarly, we estimate
/2721 s[?[| < Olwr/2=71/2s®

= Ct 72| P22y g PP < Catt?om? (3.30)

with
po=7~—1/2)A+v—=2p—p'/2)+. (3.31)
We next estimate, with p; = p’
t’Y—ZHwn/Q—p/gS(v)” < Cath—l’ (3.32)

[w™ 2P (D — 7 2gL ()| < Ca?tr L. (3.33)
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We next consider
72w 2P (g1 () = gr(ve))|| = CE 2w =T 2y (Vi + VR

where V; = V;(0,t),i = 1,2, are defined by (2.17) and (2.18). By (2.14) we
estimate

t
o7 P il < € [ at o) (334
0

for 0 < p1 < p,1/2 < ps < p and p; + 2p2 = 2+ v in the case where
o +2p > 2+ ~. In the opposite case, we take p; = p’, p2 = p and we use the
cut off xr,, so that finally, for the relevant choice of p1,

172 w2y | < CaPti (3.35)

We next estimate

t
o2 BTl < [ et el ) )
0

t
<C [atfortrr o ()

0
t

< [attn oot Pt o (o P
0

t
< Cllw??vo|? / 't w2 (') (3.36)
0

by repeated use of Lemma 2.3, for 0 < p1 < p',p1 < 1+7,0 < ps < p and
p1/242ps = 14+, in the case where p'/2+2p > 1+~. In the opposite case, we
take p1 = p/, p2 = p and we use the cut offs x1(¢) and x(¢'), so that finally,
for the relevant choice of pq,

2w 2 Vol < Cloos HY |02

t
y / AP o) HP | < Cati2ho=2, (3.37)
0

(Note that in the second case
P <2+2y—4dp<dy—-2<1+~ fory<l.

Collecting (3.26), (2.9) with 7 = 0 and (3.28), (3.30), (3.32), (3.33), (3.35) and
(3.37) yields

10,y < Clx(p' < D)ato~1a' VPP 4 (@21 4 q42r0=2)g y1/2). (3.38)
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Using the fact that the differential inequality
Oyl <Y bt ™
i

with 0 < 0; < 1,; > 0 implies
< CZ 1|tl/1 _ |)1/(1 0;)

for ¢,t; > 0 and y(t1) = 0, we obtain
lwll < C{x(p" < 1)a'[t = t1]° 2 + a®[t — t1 " + a'[t — 1>~ }ay
< Cx(p < 1)a* + a*(1+ a?))|t — t1]"d). (3.39)
where

= p'Xo A pr A (2po — 1)
=Py AP (L/2+ ) Ny A(p'/2+0) A (27 — 1) A(p'/2 + 20)
>p /2N (27 —1) (3.40)

since 1/2 <y <1land 6 =p—1++/2> 0. On the other hand, we estimate

[0 () = v ()| < [lwll + [(U(E =) = Do/ (t)]

< feoll + [¢ = 2] /DM w2 (8)] (3.41)

Collecting (3.39) and (3.41) yields (3.4) for ¢,#; € I.

We now exploit (3.1) and (3.4) in I to complete the proof of the proposi-
tion. From (3.1) it follows that v/ € L (I, H”"). From (3.1) and (3.4) it then
follows that v’ has a limit v’(0) in L? and that (3.4) holds for t,¢; € [0,T].
It then follows by a standard abstract argument that v'(0) € H?', that
v € Cyu([0,T],H” )N C([0,T], H%) for 0 < ¢ < p’ and that (3.1) holds for
allt € 0,7),t, € I. O

We have not proved so far that o' € C([0,T],H?"). This is true but
requires a separate argument.

Proposition 3.3. Under the assumptions of Proposition 3.2, v' € C([0,T], H*")
and (3.1) holds for all t,t; € [0,T].

The proof is identical with that of Proposition 3.3 of [4].
We can now state the main result on the Cauchy problem for the lin-
earized equation (1.23).

Proposition 3.4. Let 1—v/2 < p <n/2. Let I = (0,T] and letv € L>(I, HP)N
C([0,T), L?) with v(0) = vg. Let s = Vi with ¢ defined by (1.18). Let v satisfy
Eq. (2.12) in I for some real V € LS (I,L>). Let 1/2 < p' < n/2 and let
vy € HP . Let to € [0,T). Then there exists a unique solution v’ € C([0,T], H"")
of Eq. (1.23) with v'(tg) = v}. Furthermore, v’ satisfies the estimates (3.1) and
(3.4) for all t,t1 € [0,T]. The solution is actually unique in C([0,T], L?).
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Proof. For ty > 0, the result follows from Propositions 3.1-3.3. For tg = 0, it
will be proved by a limiting procedure on t. For any ¢, € I, let v, be the
solution of (1.23) with v, (t1) = v; given by Propositions 3.1 and 3.2. Let now
0 <ty <ty <T.Tt follows from (3.1) that

lw? v, @I < E(Jt — ta)|w” vl (3.42)

for i = 1,2 and for all ¢ € [0, T]. Furthermore, from (3.4) and (3.42) and from
L?-norm conservation, it follows that

[Jog, (8) — v, (D) = [lvg, (t1) — woll = [[vg, (t1) — vg, (=)
< Clty — 11| P/ (1 4 a2)?||wl; H . (3.43)

From (3.43) it follows that v; converges in L°(I,L?)-norm to some v’ &
C([0,T], L?) when t; — 0. From the uniform estimate (3.42) it follows by
abstract arguments that o' € (C, N L>®)([0,T], H?) N C([0,T], H?) for 0 <
o < p/, that v’ satisfies the estimates of Proposition 3.2 and that v'(0) = vj.
Furthermore, v’ is easily seen to satisfy (1.23) in I, so that v/ € C(I, H*"). It
remains to be proved that actually v’ is strongly continuous in H P at t = 0.
This follows from Proposition 3.3, which has not been used so far. Alternatively
it follows from the estimate (3.42) with ¢; = 0 that

lim sup [ o/ (0] < [l v [ E(0) = 1o/ (O)]
which together with weak continuity implies strong continuity at ¢t = 0. 0

Remark 3.3. Note that in the case where tq = 0, Proposition 3.3 is not needed
for the proof of Proposition 3.4.

4. The Nonlinear Cauchy Problem at Time Zero for v and u.

In this section we prove that the nonlinear equation (1.21) for v with initial
data at time zero has a unique solution in a small time interval. We then
rewrite that result in terms of u., related to v by (1.12), and we give some
additional bounds and regularity properties for u.. In order to solve Eq. (1.21)
for v, we show that the map I" : v — v’ defined by Proposition 3.4 with
to = 0 is a contraction. For that purpose, we need to estimate the difference
of two solutions of the linearized equation (1.23). For any pair of functions or
operators (f1, f2), we define

fr = (1/2)(f2 £ fr)-
Lemma 4.1. Let 1 — /2 < p < n/2. Let I = (0,T] and let v;,i = 1,2 satisfy
the assumptions of Proposition 3.4 with v;(0) = vg. Let 1/2 < p’ < n/2 and
let v}, i =1,2 be the solutions of Eq. (1.23) with v}(0) = v € H*' obtained in
Proposition 3.4. Then the following estimate holds for all t,0 <t <T':
o5 22((0,8, HY )| < CE(t, a)ad’(* + a”**~ ) [Jo_; L=((0,1], H))|
(4.1)
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where E(t,a) is defined by (3.2) and

a = Max |jv;; L>(I,H?)|, o = Max ||11£;L°°(I,le)||. (4.2)
Proof. From (1.23) we obtain

i’ = Lov” + L_v}
where L; = L(v;),9; = g(v;), so that
L_=t""2g_.

We estimate for 0 < o < p/

B||w"||> = 2Im (w0 ,w” Lo’ ) + (w0, w L_v})). (4.3)

By the estimates in the proof of Proposition 3.2 (see in particular (3.1); see
also Remark 3.1), we obtain

t

lw” ()] < E(ta)/dt’t”_Qllw”gfvi(t')H- (4.4)
0

We next estimate
lw” g_vi]| < Cllw™*=0g_|[||lw v} I, (4.5)
w2065 _|| < O Jwhu_lwPvs | (4.6)

In order to estimate g, we use again Lemmas 2.6 and 2.7. From the conser-
vation law (2.16) and from the fact that v_(0) = 0 we obtain (see (2.21))

((®)F) = Vi (0,8) + Va_(0,1) (47)
where (see (2.17) and (2.18))

t

Vi (0,4) = — / At'Tm (5, Av_ 47 Avs)(t),

0
t
Vi (0,4) = / 'V - (25Re 740 )(t").
0

By the same estimates as in Lemma 2.6, we obtain
t
w722V (0, )]) < C/dt'(llw"v+llHw"v—ll)(t'), (4.8)
0
for1/2 <o <pA(l+n/d)

lw? =12V, (0, 1)

<c / Q' (sl oo + o™ s oo o[ (E). (4.9)
0
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for 0 < 0 < p. In the same way as in Proposition 3.2 (see especially (3.12)),
we obtain

7w gvi || < Cad' (™7 + a2t oo LO((0, 8], HP)||. (4.10)
Substituting (4.10) into (4.4) yields (4.1). O

We can now state the main result on the Cauchy problem at time zero
for Eq. (1.21).

Proposition 4.1. Let 1 —v/2 < p < n/2, let vo € H? and define ¢ by (1.18).
Then there exists T > 0 and there exists a unique solution v € C([0, T, H?) of
Eq. (1.21) with v(0) = vg. One can ensure that

[[o; L=([0,T], H?)[| < R = 2][vo; H”|| (4.11)
CR*(T* 4 R?*T?*~ 1) =1 (4.12)
for some C independent of vg.

Proof. Let T > 0. Let F(T,v9) be the set of v € C([0,T], H?) such that
v(0) = v and satisfying Eq. (2.12) in (0, T] for some real V' € L ((0,T7], L>).
It follows from Proposition 3.4 that F(T, vy) is stable under the map I' : v — v’
defined by that proposition with ¢p = 0 and v = v. In fact, v’ satisfies

Eq. (2.12) with
V =1t""%g(v) = dyp € Li.((0,T], L™).

Let B(R) be the ball of radius R in C([0,T], H?). From Proposition 3.2 it
follows that B(R) N F(T,vo) is stable under T if

E(T,R) <2 (4.13)
with R = 2||lvg; HP||. Furthermore by Lemma 4.1, I' is a contraction in the
L*>([0,T7), H?)-norm on that set under the condition (4.12) for a suitable C.
Such a condition at the same time implies (4.13). Therefore, for T sufficiently
small to satisfy (4.12), the map I" has a unique fixed point in B(R) provided
F(T,v) is not empty. That set is not empty because it contains the solution of
the linear equation (2.12) with v(0) = vo and V = 0, obtained by a simplified
version of Proposition 3.4. Clearly the fixed point v satisfies Eq. (1.21) and,
therefore, belongs to F(T, vp). O

We finally translate the main result of Proposition 4.1 in terms of u. and
we derive additional bounds and regularity properties for u..

Proposition 4.2. Let 1 —v/2 < p < n/2, let vo € H? and define ¢ by (1.18).
Then there exists T > 0 and there exists a unique solution u. € C((0,T], H")
of Eq. (1.11) such that v defined by (1.12) satisfies Eq. (1.21) with v(0) = vy.
Furthermore, u. satisfies the estimate

uc(t); H?|| < Cag(1+agt? ") 1) (4.14)

for all t € (0,T], where [p] is the integral part of p and

ag = ||vo; H?||.
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Proof. The first statement follows from Proposition 4.1, except for the con-
tinuity of u.. We first prove the estimate (4.14). By Lemmas 2.1 and 2.2 we
estimate

lw? exp(—ig)v)|| < C(1 + [lw”(exp(—ip) = DI, ), )lw 0] (4.15)
It follows from Lemma 2.5 that for 0 < p < n/2
| (exp(~ig) ~ V)l < Cllexp(—ig) ~ 1: 2,
< Cllg; B, oll(1+ llps B oo™
< Clw 2] (1 + /2], (4.16)
Using (1.18) and Lemma 2.3, we estimate
Jw™/20]| < COH w2 < CaZer? (4.17)

which together with (4.15) and (4.16) implies (4.14).

It remains to prove the continuity in time of u. in H”. For that purpose
it suffices to show that the multiplication by exp(—iyp) is strongly continuous
in ¢t as an operator in H”. Now for fixed v and tg

[[(exp(—ie(t)) — exp(—iep(to)))v; H”||
< C([16¢llo + w280l (1 + [[w™/280]) P || exp(—ip(to) Jvs H ||
(4.18)

where d¢ = (t) — p(tp) and it suffices to prove that o(t) is a continuous

function of ¢ in L° N H™/2. This follows immediately from estimates similar
to (4.17). O

5. Continuity with Respect to Initial Data

In this section we prove that the map vy — v defined by Proposition 4.1
is continuous in the natural norms and that the map vy — wu. defined by
Proposition 4.2 satisfies similar continuity properties. As mentioned in the
introduction, the proof of those properties given here requires the additional
condition p > 3/4, which is stronger than the condition p > 1—~v/2 for v > 1/2.
We need to estimate the difference of two solutions of the linearized equation
(1.23) corresponding to two functions v; and vs not necessarily satisfying the
condition v1(0) = v3(0). The following lemma is an extension of Lemma 4.1
where we drop that condition. Furthermore, we assume for simplicity that
P =p

Lemma 5.1. Let 3/4 < p <n/2. Let I = (0,T] and let v;,i = 1,2, satisfy the
assumptions of Proposition 3.4 with v;(0) = vo; € HP. Let vi,i = 1,2 be the
solutions of Eq. (1.23) with v[(0) = vy, € H” obtained in Proposition 3.4. Let
0<o0<p—1/2 with p+ 0o > 1. Define

y=y(t) = oo @) + o=@ ~ [lo-(t); H |
Y =y'(t) = llw o @) + @01 ~ v (t); H|?

Q

2
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and yo = y(0). Then the following estimate holds:
|8ty'\ S C t)\l_l

t
% a2y'+aa’2yé/2+aa'y’l/2 yé/z+y1/2+t_1/dt'y1/2(t’)
0

t
+O2P0—2 a4y/+a3a/y/1/2 yé/2+t_)‘°/dt/t//\0_1y1/2(t/) (5.1)

0
for allt € I, where Ao, \1 are defined by (2.10), and a,a’ are defined by (4.2).

Proof. In the same way as in the proof of Lemma 4.1, we obtain from (1.23)
i0 = Lov” + L_v] (5.2)
where L; = L(v;),
Lo=is -V +(i/2)(V-s-)+ f- (5:3)
and f is defined by (3.6). We estimate for 0 < o < p
A l|wv’ ||” = 2Im (w0’ ,w Lo’ ) + (w0’ ,w L_v})). (5.4)

We estimate the first scalar product in (5.4) as in the proof of Proposition 3.2,
namely (see (3.13) and (3.14)).

Hw' ,w” Lyv' )| < N(t)|Jwv"||°. (5.5)

We next estimate the second scalar product in (5.4) and we estimate the
contribution of the various terms of (5.3) successively. We first estimate the
contribution of s_ - V, namely

M = (w7, ws_ - Vi)l (5.6)

We consider separately the cases 0 > p—1land o <p—1. Foro > p—1, we
estimate

M < Ol 720 ||([Is- oo + ll™ 25— ) |lwPw1]] (5.7)
by Lemma 2.2. We next try to estimate
ls—llo + ™25 || < COTH w7725y g 2 |
< OO HwPH vg || [|w2vo- | (5.8)
by Lemma 2.3, where |vg|2 = (Jvo|?)_, with
0<p2+ <p, 0<09< 0, poyxt+oa=1+7=¢, (5.9)

which implies g9 < 1+ —e. We choose o9 = A (1 +7v —¢).
Ifo>14+v—¢,thenoy=1+v—cand por =cte<p.
If o <14~ —¢,then 05 = 0 and por = 1+ v — 0 + ¢, which satisfies
potr < pfor p+o >1+~. For p+ 0 <1+, we use the cut off xr, to replace
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pa+ by p, so that
ls—lloo + llw" 25| < Y= =W/DUET=r=elt |y s B2
X [lw? NIy (5.10)
Now o > p— 1 implies 1 +v — p — 0 < 24 v — 2p. Substituting (5.10) into
(5.7) then yields
M < CtMtaad||w2 =Py || [|lwo N ATy, . (5.11)

The first norm in (5.11) is controlled by the H? norm of v’ only if ¢ < p—1/2,
and that is the origin of that condition, which is otherwise not used to derive
(5.11).

We next estimate M in the case where 0 < p — 1 which we rewrite as
o < p—1—¢. We estimate

M < Ollwol ||l 2P+ s [lwfrf | (5.12)

by Lemma 2.3 for

0<o<p —1-—e¢. (5.13)
We next try to estimate
Jn/2-prttes | = G W et 2 g2 |
< O w 2 vou [||wvo- | (5.14)

by Lemma 2.3 again, with
0<p,p2<p, 0<o02<0, p2toa=2+y—p1+o (5.15)
which together with (5.13), implies 05 < 1+ v — . We choose again oo =
oN(1+v—¢).
Ifo>1+v—¢,thenos =1+~ —cand p; + ps =1+ 0 +e. We choose
p2=0and py =14 0+ ¢, so that ps < p1 < p.
If o <14+ —¢, then 05 =0 and p; + p2 = 2 + . We choose
m=0+v/2)V(1+o+¢)
(5.16)
p2=(1+7/2)AN(1+7—0—¢)

which implies po < p; < p and, therefore, ensures (5.14), except in the case
where 0 < 7/2 —¢ and p < 14 v/2. In that case, we use the cut off x to
replace p; and ps by p, so that

/2P| < O lwPug | vo- . (5.17)

Substituting (5.14) or (5.17) into (5.12), together with (5.11), yields the esti-
mate

M < CtM~taa! ||w?V o0y ||[|wo Y=y (5.18)

for 0 <o < p.
We next turn to the remaining terms from (5.3). They take the form

(W' W7 F vy)
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for some function F' and are estimated as

(w70l W Fop)| < Cllwol[|[|w™2 157 F o] | (5.19)
by Lemma 2.3, for some p1,0 < p; < p, with
0<o<p —e (5.20)

We now estimate the middle norm in the RHS of (5.19) for the relevant choices
of F' and suitable choices of p;.
We first consider the contribution of V - s_. We try to estimate

w240 5| < O T 2 |
< OO v || o | (5.21)
with p1, p2, o9 satisfying (5.20) and (5.15), which imply o9 < 2+ v —e. We
choose o3 =0 A (247 —¢).
If o > 24~ —¢, we choose p;1 =0 + ¢ and ps = 0.

If o <24+ —¢, so that oo = 0, we choose
p1=(1+7/2)V(oc+e)
(5.22)
p2=01+7/2)AN2+y—0—¢)
which ensures (5.20) and (5.15) and (5.21) for p > 14 /2. For p < 1+ /2,
we use the cut off xr, to replace p; and p2 by p, so that finally
|w2=P1Hoy s || < CtM T la|wo N YTy, (5.23)

We next consider the contribution of the various terms of f_, where f
is defined by (3.6). We first consider the contribution of |s|? (= (|s|*)_). We
estimate

lw™ /22152 || < Cllw™#*0s ||l 2P s | (5.24)
by Lemma 2.2. The first norm in the RHS is estimated by (2.9). We try to
estimate the second norm by

w27 s_| < OO [T 2 g |

< OO Hlw 2o | w2 vo- | (5.25)
with p1, pa, o9 satisfying (5.20) and
0<p1, p2<p, 0<o03<0, patoa=1+y—pi+o (526)
which imply o9 <14 v —e. We choose 03 =0 A (1 4+ —¢).

If o > 14~y —e¢, we choose p; =0 + ¢ and py = 0.
If o <147 —¢,sothat o9 = o, we choose
p1=(1+7)/2V (0 +e)
(5.27)
p2=01+7)/2AN1+v-0—¢)
which ensures (5.20) and (5.26) and (5.25) for p > (14+)/2. For p < (14+7)/2,
we use the cut-off xz to replace p; and py by p so that finally

||wn/2—p1+0'87|| < CtA0—1a||wU/\(1+’Y_5)UO7|| (528)
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and

lwn /2=t 52 || < O #2207 263w Ty, |, (5.29)
We next estimate the contribution of gs_ to f_ by

122 gs | = OO W ol |

< OO |wPuy |||lwu_||

< CtMlaljwu_ || (5.30)
for p1 = p > /2.
Similarly,
o204 (02 () — B )| < O aluo-|. (33)

We next consider the contribution of (gr.(v) — gr(vo))— to f—. We want
to estimate

J = 772w 2P (g1 (v) — g (o)) ||
_ try—2||w'y—p1+o—n/2XL(|U|3 _ |’U0|2,)|| (5.32)

From the conservation law (2.16), we obtain

w2 = Joo|2 = Vio + Vo + V5o (5.33)
where
t
Vi =— /dt' Im (D Av_ +0_Avy)(t) (5.34)
0
t
Vy = V. /dt’(s+|v|2,)(t’) (5.35)
0
t
Vs =V- /dt’(s,mi)(t’). (5.36)
0

We first consider the contribution of Vj_. By the same estimates as in
Lemma 2.6, we obtain

¢
lwptoa=2mn 2y, || < C/dt'llw’”wllIIW"QU—H(t') (5.37)
0
for 0 < po,090 <n/2,1 < pg 4+ 02 <2+ n/2. We try to estimate
t
S A (I [ OW*Q/dt'(llW”MHHW”U—||)(t') (5.38)
0

with p1, pa, 09 satisfying (5.20) and (5.15) and p2 + o9 > 1. We proceed as for
the estimate of the contribution of V-s_ (see (5.21) and (5.23)) and we obtain
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finally
t
12| wympte /2y Y| < Ot / dt'|wo CE =Dy ()] (5.39)
0

The condition ps + o9 > 1 is ensured provided p + o > 1.

We shall also need an estimate of ||’ ||. In all terms but V;_ this is done
by taking ¢ = 0 in the available estimate. Doing so for V;_ would require the
stronger condition p > 1. We shall instead estimate the corresponding norm
of Vi_ in terms of the norm ||w”2wv_|| for the previous choice of o9, thereby
obtaining

t
t’Yf2||w’Y*P1fn/2XLV1_H < Ct)\172a/dt/”woA(ZJr'yfs)v_(t/)” (5.40)
0

by a similar computation.
We next consider the contribution of Vo_. We try to estimate
A P
t
<2 [ap |t ot ) s o) @)
0

t
<€t [l + o2t or oo )E) (41
0

with p1, p2, 02 satisfying (5.20) and (5.26). We estimate the norms of s; by
(2.9) and we proceed for the remaining norms as for the estimate of s_ (see
(5.25)—(5.28)), thereby obtaining finally

A P L A A |
t
< Ot 24? / At wT Ny (1)), (5.42)
0

We next consider the contribution of V3_. We estimate

72wyt 2y |
t
< t7_2/dt’l\w1+7‘”1+°‘"/2XL(t)(sf|U|2+)(t/)||~ (5.43)
0

For p > (1 ++)/2, we estimate the last norm by
|1l < € ¢ o w2 s |

1Ao—1 O'/\(1+"/—E),U07H (544)

< O WM o |2 |w2 v o
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by Lemma 2.3 and by (5.25) with the choice (5.27) of p1, p2. For p < (147)/2,
we take p; = p and we use the cut off y twice to estimate

£ T 2 () (s o) ()]
< OO P T2 (s o)1)
< OOl s (1)
O N e T

< Ct)\gf2t/>\0*1 |

2 o
|wPv ||| wPvo [[[|w”vo|| (5.45)

by repeated use of Lemma 2.3. Substituting (5.44) or (5.45) into (5.43) and
integrating over time yields

t’Y—2||w’Y—P1+U—n/2XLVv3_ H < Ct2A0—2a3||wo/\(1+’y—s)vO_ ” (546)

We substitute (5.23), (5.29)—(5.31), (5.40), (5.42) and (5.46) into (5.19) and
substitute the result as well as (5.5) and (5.18) into (5.4), thereby obtaining

o 2 o 2
|0 ]|lw” o ()] < N(#)l|lw”||

+ Caad' t}q—l ||wav(20+1—p)UL||Hwo/\(1+'y),

vo—||
| { o™ w0 || + 7o | + w0
t
! / At ()]
0
+Cddd t2>‘°_2||w”v',|| ||w<fA(1+v)—UO_H
t
w70 [ ot (1)) (5.47)
0

where (j +7v)- = (j +v —¢) for j = 1,2. Together with the similar estimate
for 0 = 0 (see, however, the discussion after (5.39)), with (3.14) and the fact
that the second norm of v’ in the RHS is bounded by «’ for o < p —1/2, this
yields (5.1). O

Remark 5.1. All the estimates leading to (5.47) hold for 0 < o < p except for
the estimate of V;_ which requires p+ ¢ > 1. On the other hand, the estimate
(5.18) coming from the transport term s_ -V can be used only for o < p—1/2.
Those two conditions force the restriction p > 3/4.

We can now state the continuity properties of the map vy — v defined in
Proposition 4.1.
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Proposition 5.1. Let 3/4 < p <n/2. Let R > 0 and let T be defined by (4.12).
Let Byo(R/2) be the ball of radius R/2 in HP.

(1) Let 1 —p < 0 < p and 0 > 0. Then the map vo — v defined by
Proposition 4.1 is continuous from H to L>((0,T], H”) uniformly for
vo € Bo(R/2). Furthermore, for 1—p < o < p—1/2 and for two solutions
vi,i = 1,2 of Eq. (1.21) with v;(0) = vy € Bo(R/2) as obtained in that
proposition, the following estimate holds for allt € (0,T)

lo—(£); H||> < (14 Ot exp(CH)) (o + C (o +17))  (5.48)

where X = Ay A (2o — 1) and yo = |Jvo_; H°|?.
For p—1/2 < o < p, a similar estimate can be obtained by interpo-
lating between (5.48) with o = p — 1/2 and boundedness in HP.
(2) The map vo — v defined by Proposition 4.1 is (pointwise) continuous
from HP to L*((0,T],H*) for vy € Bo(R/2).

Proof. Part (1). Let v;,i = 1,2, be two solutions of Eq. (1.21) as defined above.
Then (5.1) with ¢ = y and o’ = a yields
t
0] < C O [y 4y 202 g2 g2 /dt/yl/2(t/)

0
t

Hyt/2 o /dt’t’AO’lyW(t’) : (5.49)
0
(The constant C depends on a through a factor (a®+a?)). Using the inequalities

t t 1/2
t*l/dt’yl/z(t’) < [t /dt'y(t’)
0 0
t t 1/2
o /dt't’)‘o_lyl/2(t’) < | (2x — 1)—1t—1/dt’y(t’)
0 0
yields
t
|0y < CH I p+y+ A1 /dt’y(t’) (5.50)

0
where n = yo + yé/ ?Integration of (5.50) over time yields
y <yo+C(t*n+2) (5.51)
where the new constant C' now depends on )\, we have used the fact that
0<A<1, and
¢
2= /dt’t’A’ly(t’) (5.52)

0
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so that
Oz <t lyg + C#Pty + 11 12). (5.53)

Integrating (5.53) and substituting the result into (5.51) yields (5.48) from
which Part (1) follows.

Part (2). The proof is identical with that of Part (2) of Proposition 5.1 in [4].
U

We finally prove the continuity of the map vy — wu, that follows from
Proposition 5.1:

Proposition 5.2. Let 3/4 < p <n/2. Let R > 0 and let T be defined by (4.12).
Let Bo(R/2) be the ball of radius R/2 in HP. Then the map vy — u. defined
by Proposition 4.2 is continuous from HP to L>=([t1,T), H?) for vo € Bo(R/2)
and for any t1,0 <ty <T.

Proof. By Proposition 5.1, Part (2) and (1.12), it suffices to prove that the
multiplication by exp(—iy) is strongly continuous from vy € H? as an operator
in L*([t1,T], H?). Let v,; € H?,i = 1,2 and let ¢; be the associated phases
defined by (1.18). For fixed v € L*([t1,T], HP) and for all ¢t € [t;,T], we
estimate

[[(exp(—itp2) — exp(—ig1))v; HP||
< O(I6¢ll o + [l *8lI (1 + [l 280l | exp(—icor)o; HP |

where 0 = 2 — 1 and it suffices to prove that ¢ is a continuous function of
vo in L>®([ty, T], L N H™/?). This follows from the fact that ¢ is quadratic in
vo and from estimates similar to (4.17). O

Appendix Al

In this appendix, we prove a slightly more general version of Lemma 2.4 where
we drop the requirement that the estimating spaces are homogeneous under
dilations. This extension would be useful to treat the main problem of this
paper in spaces H? with p > n/2.

We introduce the usual notation for the standard Paley—Littlewood
decomposition. We use the notation f for the Fourier transform of f. Let
wo € C°(R",RY), wo(g) 1 for |¢] < 1,40(€) = 0 for |¢| > 2. We define

Bo(6) = o(&) — ¥o(28),;(8) = do(277€) and B;(&) = Go(277¢) for all j € Z.

For any positive integer v, we define

~(V) Z Pk-

[i—Fk|<v

The superscript v will be omitted for v = 1. For any u € &', we define u; =

©j*u, u( V) = =o; 1) 4 and S;(u) = 1j*xu. We shall repeatedly use the estimates

v v+1 ~(v v+4+1 ~(v
aN, < 1A E, = 29 ey TR, (AL

lw?@;” I, < llw@
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which holds for all A € R and 1 < r < oo, and
S (@), < Ml sl lull, = 2M [[wroll, [[ull, (A12)

which holds for all A > 0 and 1 <r < cc.
We shall use the following elementary lemma:

Lemma Al.1. Let
M = [ dgdnf(emaEamm )
Then
] < £l el ol Il (AL3)
for1<r; <oo,S1/ri = 1.

Proof. By the definition of the Fourier transform

M= / dz dyf(z, y) / dzu(—z — 2)o(—y + 2)m(2)

so that
M| < [ dsdyifle)] Suw | [ dzu(-z = 2oy -+ m(z)
T,y
from which (A1.3) follows by the Holder inequality. O

We want to estimate (Pju, [w?, m]Pyv) which up to inessential complex
conjugation reduces to

M = [ dgdn(Pa)©)(Pad) (s - ml€ - ol
= 3 [ deanPa)OPsImme - m - ) (ALY

7,k

by introducing the Paley-Littlewood decompositions of u, v, m.
The basic estimate is the following lemma:

Lemma A1.2. Let A > 0 and let Py, Py satisfy the assumptions of Lemma 2.4.
Then M can be decomposed as a sum

M = My + Ms + M3 + M, (Al.5)
where the M;’s satisfy the following estimates:
|My| + [Ms| < Cllus B [[vll,, lms BS54 (AL.6)
|Ma| + [Ms| < Cllull,, [lv; Bﬁs,znnm B (ALT)
M| < Cllu; Bff*; s BEV# Nl Vml,, (ALS)

where p = A+ a3 +a2,0 < v < 1,1 <r; <o0,>1/r;, =1 and 6§ € R.
The parameters r; and 0 can be chosen independently in the estimates (A1.6)—
(A1.8).
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Proof. The decomposition (A1.5) is obtained by splitting the sum in (Al.4)
into four regions.

Region 1. That region is defined by the condition k£ < j — 3, so that
272 <E — [l < (€ -l < [€] + [n| < 2772

and, therefore, |j — ¢| < 2. We obtain

M= Y [ g dn(Pa) (s SaP) €~ (P ). (4L9)

The contribution of |¢|* is estimated by (A1.1) and (A1.2) and the homogeneity
of P, P as
~ (2
Mg < 3w Pryl,, [1S5-5(Poo)ll,, 73571,
J

Ap ~ j— ~ (2
< [lw* Prgoll, I1Pevolly Y 229722 uy |, ol 1757,
J

5(1—6
o], llms BS54 (A1.10)

7‘0,2

< C||U§BQM2|

T1,

The contribution of |n|* is estimated as
(2
(M| < D1 Prusl, 1S5 5(Poo) 57,

J

~ - ~ (2
< (1P Golly lw* Parpolly, 3 200430 |l || o], 1,
J

and is, therefore, estimated by the last member of (A1.10). This proves the
estimate (A1.6) for M.

Region 2. That region is defined by the condition j < k — 3. The estimate of
M is then obtained from that of M7 by exchanging P; with P, and u with v.
This proves the estimate (A1.7) for Mo.

The remaining region |j — k| < 2 is split again into two regions 3 and 4.
The important term is My for which the commutator produces a cancellation,
and the estimate of My requires that 7€ 4+ (1 — 7)n stays away from zero for
0 < 7 < 1. The harmless term Ms; takes care of the situation where that
condition is not satisfied.

Region 3. That region is defined by the conditions |j — k| < 2 and ¢ > j — 4.
The first condition implies that ¢ < j + 4 so that |¢ — j| < 4 and, therefore,

My =Y [aganPa)© PP € - wel ~ ). (A1)
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We estimate M3 by
3 3
M3 < (|0 Puoll, 1P 1, + IIPL@olly lw* P52 11,
2 4
x> 209 g |, NS RS
J

< O((llus BYYo | |v; B

71,

1—-6
(llus B, oo lllvs B2, D) [[ms BESVH|
(A1.12)

Pasooll) A

from which the estimates (A1.6) and (A1.7) for Mj follow.

Region 4. That region is defined by the conditions |j — k| < 2 and ¢ < j — 5,
so that

Mi= Y [ dganPia) @) (s, sim)E-m (P —li). (A113)

We rewrite
1
P — ol = A / ar(€ — ) - (7€ + (1 — )m)|r€ + (1 — )2
0

so that

M= Y [ dganfy (e n (P € R (VS stm)E 1) (AL14)

where

Fi(€m)=—i / dr3;(€)7 “”’( Yj—a(€ —n)(T€ + (1= 7)n) |[7E+(1—T)n* 2.
0

(A1.15)
On the support of f;, we have
€ —nl <277 < [¢]/2
so that
7€+ (1 —7)nl = ¢ = [€ —nl = [£]/2

and, therefore, f] € C5°. We then estimate by Lemma Al.1 and the fact that
f; is homogeneous of degree A — 1

~(2
M) <SP 1P 1S5 (Vm)
7
< P ~ P. ~(3) 1—v
< 1 foll 1P @oll 1 P2 1y o~ ol
—)j ~(2 v—
x 3 26 gy | NP, o ], (AL.16)
J
from which the estimate (A1.8) follows: O
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Remark A1.1. The only assumptions needed on P, P> beyond homogeneity
are the fact that Pig,w™Pipg, Pitbg and w* Py all belong to L. If the P;’s
are smooth outside of the origin, this is obvious for ¢q, and follows from the
dyadic decomposition of ¥y if «; > 0. The assumptions made in Lemma 2.4
are trivially sufficient.

We now derive a slightly more general lemma than Lemma 2.4.

Lemma A1.3. Let A > 0 and let P;,i = 1,2, satisfy the assumptions of
Lemma 2.4. Then the estimate (2.5) holds with

0(q1) = p+n/2 = (00 + d(ro) + 02 + d(r2))
8(g2) = p+n/2— (004 6(ro) + o1+ 6(r1)) (A1.17)

d(qo)=p—v+n/2—(o1+(r1)+ 02+ (r2))
under the conditions 0 <v < 1,1 <r;,q; < 0o and

oo+ (o1 No2) >
(A1.18)
o1+ 09 2 n—v

where 4t = A+ a1 + ag and 6(r) =n/2 —n/r for 1 <r < oco.

Proof. We rewrite the basic estimates (A1.6)-(A1.8) with a slightly different
notation, namely

|My| + [M3] < Cllus BE ollllvlly, [Ims BSG (AL.19)
| Mo| + | M| < Cllully, llvs BE 5 llllms By, | (A1.20)
[Ma| < Cllus BE 5l llo; B lllw” = Vil (A1.21)
under the conditions 1 < s;, s}, ¢; < o0,
p1 A po = plo + g =
(A1.22)

Hi+py =p—v
and the Holder condition
1/s1+1/qa+1/s0 = 1/qu+1/sa+1/s{, =1/s) +1/s5+1/q0 = 1. (A1.23)
We want to choose the parameters p;,ul, s;,s; in such a way that the B

norms in (A1.19)-(A1.21) are controlled by the corresponding norms B in
(2.5) through Sobolev inequalities. This holds provided

ri <s; s <oo, i=0,1,2, (A1.24)
p1+8(s1) =p'1+0(s1) =01 4+6(r)
p2 +6(s2) = p'a +0(s'2) = 02 + d(r2) (A1.25)

to +0(s0) = p'o +9(s'0) = a0 + d(ro)-
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Eliminating ;, p; between (A1.22) and (A1.25) yields
op+01 = U+ (5(80) — (5(7’0) + (5(81) — (S(Tl)

o0+ 02 = p+0(sy) —0(ro) + d(s2) — d(ra) (A1.26)

o1+oy=pu—v+8s)) —8(r1) +0(sh) — d(ra).
The conditions (A1.24) are then equivalent to
w<oo+or <p+n-—=0(rg)—0o(r1)

w<oog+oe <p+n-—20(rg) —o(re) (A1.27)

p—v<or+oy<pu—v+n—0(r)—3(r).
On the other hand, the Holder condition (A1.23) can be rewritten as
0(s1) + 0(q2) + 0(s0) = 6(q1) + 6(s2) + d(sp) = (s7) + d(s3) + 6(qo) = n/2

and reduces to (A1.17) by the use of (A1.26). The left-hand conditions of
(A1.27) coincide with (A1.18) while the right-hand conditions reduce to the
already imposed conditions ¢; > 1. O

Lemma 2.4 is the special case of Lemma A1.3 where one imposes in
addition the global homogeneity condition (2.7) under which (A1.17) reduces
to (2.6).

Appendix A2

Proof of Proposition 3.1. The proof proceeds by a parabolic regularization and
a limiting procedure. We consider separately the cases t > tg and ¢t < ¢y and
we begin with ¢ > ty. We replace (1.23) by

0 = —(1/2)(1 —in)Av' + Lo’ (A2.1)

where L is defined by (3.16) and 0 < n < 1. We recast the Cauchy problem
for (A2.1) with initial data v'(tg) = v}, in the form of the integral equation

t

V' (t) = U, (t — to)vg —i/dt'Un(t —t"\Lo'(t) (A2.2)
where
U, (t) = exp(i(t/2)(1 — in)A). (A2.3)

We first solve (A2.2) locally in time by contraction in C([to, to 4+ To], H” )
for some Tp > 0. The semi group U, satisfies the estimate

1T (&) Vol < () =2]Jo]
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so that by Lemmas 2.1 and 2.2

w7 (¢ — ) Lo/ ()]
< ((t — )20/ ()] + w7 (V - $)0' ()] + [l £/ ()]
< C{(n(t — )2 w08 | 4 /20T s
™20 f [}l ()] (A2.4)

for 0 < o < p/. We estimate the various terms in the same way as in the
proof of Proposition 3.2 (see especially (3.8) and (3.9)), except for the terms
containing g(v) or g(vg) for which we use the elementary estimate

w209 (vg)) || < Cllvgoy: H?|I” (A2.5)

with p > 7/2 instead of the more elaborate estimates (3.10)—(3.12). We can
then continue (A2.4) as

< O{n(e =) Padt T a4 agt )
ad + ot HPP)0 2w ()] (A2.6)

where ag = ||vg; H?||. It then follows from (A2.6) that (A2.2) can be solved
by contraction in C([to,to + To], H?') for Ty sufficiently small. By a standard
argument using the linearity of (A2.2), one can extend the solution to [to, T].
Let v;, be that solution.

We next take the limit where n tends to zero. For that purpose we first
estimate v, in L*°([to, 77, H?") uniformly in 7. In the same way as in the proof
of Proposition 3.2, we estimate

el vy (O = —nllw” Vo (01| + Im (0], (1), (w7, L(v)]oy, ()
Clw™2Vsll + 1Vl oo + ™2 1)l (8)]

< No(t) w7 vr, (1) (A2.7)

IN

with
No(t) = C{ag(t" " + adt> ™) + (ag + [lo(t); H|[* )72} (A2.8)

for 0 < o < p’. Here we have again used (A2.5). It follows from (A2.7) by inte-
gration that vy is estimated in L>([to, T], H f’/) uniformly in 1. By compact-
ness, one can find a sequence of v;, for 7 tending to zero which converges in the
weak-x sense to a limit v/ € L>([ty, T], H?'). The limit v’ satisfies Eq. (1.23),
so that v’ € C([to, T], H” ~2) N Cw([to, T, H"). Furthermore, vy, tends to v’
weakly in H? pointwise in ¢ so that v’ (to) = v{. A similar argument yields
the same results for ¢ < ¢y. Uniqueness follows from L2-norm conservation
and linearity. Strong continuity in H ¢ follows from the estimate (A2.7) which
implies continuity of ||v/(t); H?'|| at to and from uniqueness through a change
of initial time. O
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