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Wilson Loops in 5d A/ = 1 SCFTs
and AdS/CFT

Benjamin Assel, John Estes and Masahito Yamazaki

Abstract. We consider %—BPS circular Wilson loops in a class of 5d super-
conformal field theories on S°. The large N limit of the vacuum expecta-
tion values of Wilson loops are computed both by localization in the field
theory and by evaluating the fundamental string and D4-brane actions
in the dual massive ITA supergravity background. We find agreement in
the leading large N limit for a rather general class of representations,
including fundamental, anti-symmetric and symmetric representations.
For single-node theories the match is straightforward, while for quiver
theories, the Wilson loop can be in different representations for each node.
‘We highlight the two special cases when the Wilson loop is in either in all
symmetric or all anti-symmetric representations. In the anti-symmetric
case, we find that the vacuum expectation value factorizes into distinct
contributions from each quiver node. In the dual supergravity descrip-
tion, this corresponds to probe D4-branes wrapping internal S® cycles.
The story is more complicated in the symmetric case and the vacuum
expectation value does not exhibit factorization.

1. Introduction

Wilson loops are important gauge-invariant observables in gauge theories,
and provide valuable dynamical information of the system. Since the pioneer-
ing works of [1,2], they have been studied extensively in the context of the
AdS/CFT correspondence.

In this paper, we consider Wilson loops in a class of 5d N' = 1 supercon-
formal field theories (SCFTs) and their holographic duals. There are very few
quantitative statements on such Wilson loops in the literature (see however
[3] where the holography of non-BPS Wilson loops in 5d maximally super-
symmetric SYM are considered). Part of the reasons for this is that 5d gauge
theories are non-renormalizable. There is a danger that infinitely many irrele-
vant operators could potentially contribute near the strongly coupled UV fixed
point, hence invalidating the computation from the effective Lagrangian. The
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goal of this paper is to overcome this difficulty, by first computing the vac-
uum expectation value of the Wilson loops in the effective theory at strong
coupling using localization techniques and then comparing to the dual super-
gravity description, which provides a definition of the strongly coupled UV
fixed point.

We consider a class of 5d N’ =1 SCFTs discovered in [4] (see also [5,6])
and generalized recently to quiver theories in [7]. The original SCFT arises
as the UV fixed point of a 5d N' = 1 supersymmetric gauge theory with
a Yang-Mills vector multiplet for a USp(2N) gauge group, Ny < 8 hyper-
multiplets transforming in the fundamental representation and one hypermul-
tiplet transforming in the antisymmetric representation. The more general
SCFTs arise as UV fixed points of quiver-type gauge theories labeled with
an integer n. The gauge group is G = USp(2N) x SU(2N)? for n = 2p + 1
and G = USp(2N) x SU(2N)P~! x USp(2N) or SU(2N)? for n = 2p. The
matter content is given by a bifundamental hypermultiplet in each pair of
adjacent gauge groups, one antisymmetric hypermultiplet in each external
SU(2N) (gauge factor at the beginning or the end of the line quiver pic-
ture) and Ny fundamental hypermultiplets in the ath gauge group factor,
with Ny = ZQNJ? < 8.

These theories are dual to warped AdSg x S*/Z, compactifications in
massive type ITA supergravity [7,8] (for massive ITA supergravity see [9] and
[10] for recent T-dual type IIB backgrounds), and are engineered from type
I" string theory on R*? x C2/Z,, x R with N D4-branes, N; D8-branes and
one 08 -plane. These 5d N = 1 theories are specified by the choice of N, N!
and n.? The existence of the fixed point requires Ny < 8 [6]; this is a neces-
sary condition for the inverse square effective gauge coupling constant to stay
positive everywhere on the Coulomb branch of the moduli space. In this case,
the moduli space is smooth and we could take the strong coupling limit where
the bare gauge coupling constant goes to infinity. One can then argue, without
proof, for the existence of the UV fixed point at the intersection (origin) of the
Coulomb and Higgs branches.

We consider these 5d SCFTs on the Euclidean S°.> We compute the
vacuum expectation value (VEV) of the %—BPS circular Wilson line operator,
placed on the great circle of S°:

(Wp) = ﬁ<TrR’Pexp/(iAH:'B“+U\$|)>, (1.1)

I The dual geometry proposed in [7] and the matrix model computations of [11] depend
only on the total Ny =" NJ‘}, however, our computations will show that the Wilson loops
in quiver theories do depend on the individual N}a). This subtlety is not reflected in the
gravity description in the literature. We will comment more about this later in the text.

2 When n is even, there is an extra twofold choice, corresponding to a compactification with
or without vector structure. However, as we will see the two choices give identical Wilson
loop VEVs in the leading large N limit.

3 More details for 5d A/ > 1 theories on S?, including explicit Lagrangians, can be found in
[12-15].
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where A, is the gauge field, o is the scalar in the 5d vector multiplet, P a
path-ordered product, and R a representation of the gauge group.

We compute the VEV of this Wilson loop in a general representation
represented by a Young diagram, both in gauge theory and gravity in the
large N limit.* The expression is simpler when we consider

(1) fundamental representation

(2) kth antisymmetric representation Ay, i.e., the anti-symmetric part of the
kth tensor product of the fundamental representation

(3) kth symmetric representation Sy, i.e., the symmetric part of the kth
tensor product of the fundamental representation

of the gauge groups.
For the case n = 1, we find a complete agreement in the leading large N
limit, with the VEVs given as:

(Wruna) ~ exp [677 (L 1 , (1.2)

2(8 — Ny)
3/2>‘|

3/2
(W) ~ exp [977 2(;173]\7” ((1 + ;ﬁ) — 1)1 : (1.4)

As expected, we find that for anti-symmetric representations %k is bounded,
while k£ can take arbitrary values for symmetric representations. Additionally,
Ay, is a reducible representation and in the leading large N limit, where k scales
with N, only the largest irreducible representation gives the leading expression.
In the case k is held fixed in the large N limit, all of the expressions reduce to
a product of fundamental Wilson loops.

We also discuss more general representations. A representation of
USp(2N) is specified by a Young diagram with at most N rows. When we
have a Wilson line in the representation specified by a partition (kq, ..., k),
with m held fixed in the large N limit, we find

3/2
Wik, ko)) ~ €XD [9# 38— Nf Z (( 4k ) — 1)1 . (1.5)

Similarly, when we have a Wilson line in the representation specified by a dual
partition (l1,...,L,), again with m held fixed in the large N limit, we find

3/2
)] e

4 For similar computations for %—BPS circular Wilson loops in 4d N = 4 theories, see
[16-18].

(Wa) = (W, ) P B\ L U P
And = W Aavod DI 97N N

l,
0% ~ 4 1-1- %
Wy, 7)) ~ €xp [ ™ 8 Nf E < ’
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In both cases this leads to factorized expressions in the leading large N limit:

Wty ooken)) = [T Wsi) W) = [ War,)- (1.7)

K3 3
Note that when the k; or [; are taken to be finite in the large N limit, both
expressions reduce to a product of fundamental representations, (Weynd), at
leading order. In particular, this is consistent with self-dual partitions. The
cases where m also scales with N require the back-reaction of the D4-branes
to be taken into account, along the lines of [19,20].
For n > 1, the expressions generalize as follows. When the Wilson loop
is in the fundamental representation of a single node we have

nN
%% ~ 67y | ———— | - 1.8
< fund> exp [ ™ 2(8 —Nf) ] ( )
The answer does not depend on the choice of the gauge group (node of the
quiver) the Wilson loops is turned on. For arbitrary configurations of anti-
symmetric representations, we find that the result factorizes into contributions
from each node in the quiver
3/2
N o

where the Wilson loop is in the k,th anti-symmetric representation for the ath
gauge group factor and ¢ is the total number of gauge group factors (equal to
[n/2] or [n/2] + 1 depending on the case). In contrast, for arbitrary configura-
tions of symmetric representations, we find that the result does not factorize.
We consider the special case that the flavors are distributed uniformly among
the gauge groups and the Wilson loop is in the k;th symmetric representation
for each gauge group satisfying the constraint that

ke 9
N + ica are independent of a,

where ¢, is defined to be 1 (or 2) when the ath gauge group is USp(2N)® (or
9

SU(2N)). We then find
4ktot )g
——n 1+ -1
V2(8 = Ny) < InN

where we have introduced kot = Z?zl k;. The qualitative difference between
symmetric and anti-symmetric representations arises in the matrix model from
the fact that anti-symmetric representations do not deform the background
eigenvalue distribution, while the symmetric representations do. In the sym-
metric case, this creates interactions among the eigenvalues and the problem
becomes much more involved, except in the case where all of the parameters
are distributed symmetrically.

nN ? ko
Mo [4” -3 2 (1 |-

njw

<WSk1,.,.,Skq> = exp [ %N

] . (1.10)

5 By USp(2N) we mean the compact real form of Sp(2N).
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On the gravity side, the representations mentioned above, respectively,
correspond to

(1) fundamental strings
(2) D4-branes with k units of electric flux, wrapping AdSs and an internal
SS
(3) D4-branes with & units of electric flux, wrapping AdS; and the space-time
S3.
The latter two are the analogues of giant gravitons and dual giant gravitons.
Wilson loops in more general representations correspond to multiple such D4-
branes. For the case n > 1, the internal space has p independent 3-cycles along
with their Hodge dual 3-cycles. The general anti-symmetric representations
labeled by Ag,, Ag,,..., Ay, correspond to ¢ D4-branes, where the ath D4-
brane has k, units of electric flux and wraps the ath 3-cycle. In the symmetric
case, we expect fractional D4-branes, i.e., D6-branes wrapping space-time S3
cycles and internal blown-up 2-cycles. The gravity description of these branes
are subtle since these cycles are of vanishing size, and possibly requires one
to take into account discrete holonomies of the B-field on these cycles. When
there are symmetries among the different eigenvalues, as discussed above, then
we have a simpler picture, where there is a single D4-brane wrapping the space-
time S? cycle, with kg units of electric flux. This explains the formula (1.10).
The paper is organized as follows. In Sect. 2, we discuss the derivation of
the CFT results. Section 3 contains the dual supergravity description. We con-
clude with comments and open problems in Sect. 4. We also include appendices
on technical material.

2. Gauge Theory Computations

Let us first discuss the supersymmetry preserved by the Wilson loops defined
n (1.1). In the conventions of [13], the SUSY variation, which is used for
localization, is given by 64, = ie”&l"#)\JﬁJ = —€el¢ Ny, where I,J = 1,2
are SU(2) R-symmetry indices and &7, A\ are SU(2) Majorana spinors. The
SUSY variation of (1.1) vanishes if

¢ (Tone, ™" + |2]) = 0. (2.1)

When the Wilson loop wraps a great circle in S°, (2.1) is a projector equation
on &7 and projects out half of the supersymmetries, with 8 supersymmetries
remaining.%

In addition to the fermionic supersymmetries, the Wilson loop also pre-
serves the SU(2)r ~ Sp(2)r R-symmetry and breaks the space-time symme-
try to SO(1,2) x SO(4), where the SO(1, 2) is the conformal group associated

6 To see this explicitly, we write the metric on the S° as ds%5 = [Z?zl ( i;ll sin? ﬁk) dﬁﬂJr
<H;§:1 sin? ﬁk) d¢? defining ¢t = H?:I sin ﬁ? and taking the loop to be a great circle para-

metrized by ¢ with 39 = constant (i = 1,...,4), we have |#| = ¢ and (2.1) reduces to
elJ¢rt (s £1) = 0. We have used the frame e; = ]_[j<i (sinB;)dB; (i = 1,...,5) with

Bs = ¢, with the other components vanishing.
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with translations in ¢ and the SO(4) is the remaining unbroken rotation group
which leaves invariant the point where the Wilson loop resides in the transverse
space. These symmetries fit nicely into the supergroup D(2, 1;2) x SU(2) which
has exactly 8 supersymmetries and is a subgroup of F'(4) (see Table 2.7 in [21]).
The specific real forms we are interested in are F'(4;2) for Minkowski signature
and F'(4; 3) for Euclidean signature with subgroup D(2, 1;2; 1) x SU(2) for both
cases.” Additionally, we note that in the non-orbifold case, the Wilson loops
also preserves an extra SU(2)p; symmetry, under which the anti-symmetric
hypermultiplet transforms as a doublet. Thus the full symmetry preserved by
the half-BPS Wilson loops we consider in this paper is

D(2,1;2) x SU(2) x SU(2)u
D) SO(l, 2) X 50(4)space-time X SU(Q)]M X SU(Z)R (22)

The orbifold action will break the SU(2);; symmetry, however, the Wilson
line will remain neutral under this broken symmetry.®

Let us now move on to the S® partition function. The perturbative parti-
tion function Zgs of 5d A/ = 1 Yang—Mills theory coupled to matter hypermul-
tiplets on the 5-sphere S® with radius r has been computed in [14,15] (see also
[12,13] for earlier works), building on the localization techniques developed in
[23,24] for 4d and 3d supersymmetric gauge theories. By perturbative we mean
that the computation does not take into account the instanton contribution to
Zgs.2 The result is that the partition function Zgs reduces to an integration
over the Cartan subalgebra of the gauge group, divided by the order of the

Weyl group |W]:
1

Cartan

The integrand (the dots in 2.3) is a product of several contributions. The vector
multiplet gives a factor

3
_ 4; TTrp(a'z)
e 9Ivywm

detaq; (sinh(ro) e%f(i")), (2.4)
a hypermultiplet in a representation R of the gauge group gives a factor
det]:‘g(cosh(wa)i e_%f(%_i”)_%f(%ﬂa)), (2.5)

a Chern—Simons term with level k£ contributes a factor

k

e Trr(e”), (2.6)

7 There is a discrepancy between Table 3.75 in [21] and [22]. The real forms F(4;2) and
F(4;3) are listed as having SL(2, R) subgroups in [21] while in [22], they are shown to have
SU(2) subgroups.

8 Tt is interesting to ask if we could consider a two-parameter deformation of the Wilson
line which preserves the same supersymmetry, but charged under SU(2)5; symmetry and
SO(3) C SO(4)space-time Symmetry, which are not contained in the D(2,1;2) C F(4).

9 See [15,25] for the instanton part.
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Here, gy is the gauge coupling and Tri and detg are the trace and the deter-

minant in the representation R. The indices F' and Adj refer to fundamental

and adjoint representations, respectively, and the function f(z) is defined by
. 3 .

Camat 9 (PP | ¢(3)

flz)= 5 +a° log(1—e™™)+ ?ng (e =)+ ﬁng(e ey — EyoR

(2.7)

We can also incorporate a %—BPS Wilson loop along the great circle of S°,
in the representation R of the gauge group. In the localization computation of
the partition function [14,15], the saddle point equations imply A = 0 and o
constant,'¥ and hence the Wilson loop operator (1.1) reduces to an insertion
of the following exponential factor to the integrand of the matrix integral:

Trr (62”). (2.8)

The S® partition function depends on the value of the gauge coupling
constant gyni, which induces a relevant deformation of the UV fixed point. To
discuss the UV fixed point, we consider the limit where such a deformation is
completely turned off:

Gon > T (2.9)
Moreover, for the comparison with gravity we take the large N limit
N> 1, (2.10)

where N is the dimension of the Cartan subalgebra (number of integration
variables). In these limits the contributions from instantons and the contribu-

_ an3r T 2
tion from the Yang-Mills kinetic term e 9¥m ") are subleading [11], and

hence will be neglected in the rest of the computations.'!
After taking into account these considerations, we simplify the matrix
integral as

1
Zgs = I / do e F(0) (2.11)

Cartan

where in the large |o| limit we have

F(o) = TraaqiFv(0) + > Trg, Fr(o), (2.12)

J
with
T T T
Fylo)=ZloP —xlol. Fu(o)=-ZloP ~ Sl (213)

10 There are other saddle points with non-trivial profile of gauge fields, however, these
correspond to instanton contributions which does not change the leading large N analysis
in this paper.

11 Note that we are not taking the 't Hooft limit; there will be no dependence on gy for
the rest of the paper and we concentrate on the N dependence.
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2.1. Fundamental Representation

Let us first consider the theory with n = 1. This theory is 5d N' = 1USp(2N)
gauge theory with, in addition to the vector multiplet, Ny hypermultiplets in
the fundamental representation and one hypermultiplet in the antisymmetric
representation. In this case the matrix integral is over N real parameters o;
(j =1,...,N), parametrizing the Cartan as {o1,...,0n,—01,—0nN}-

The weights of the fundamental representation of USp(2N) can be taken
to be +e;, the e; forming a basis of unit vectors for RYV, the antisymmetric rep-
resentation then has weights e; +e; with ¢ # j, and the adjoint representation
has weights e; £ e; with i # j as well as £2e;.

We will evaluate the matrix integral in the saddle point approximation,
where, as we will justify later, the saddle point value of the eigenvalues is of
order O(N 1/ 2). This means that in our large N approximation we can take
the large |o;| limit inside the function F'(¢), and we have

Flo)=" (Fv(oi=0))+ Fy(0+0))+ Fia(oi=0,) + Fa(oi+05) )
i#£j

+ 3 (Fv(20,)+ Fy (=20,)+ Ny Fu(0,)+ Ny Fu(=0)).  (2.14)

The Weyl group of USp(2N) is given by W = &y x ZY, and hence |W| =
N2V,

The large N limit of the free energy Fgs = —log|Zgs| in the saddle point
approximation of matrix models is given in [11]:

927
Fgs = ———~="_ N°%2 4 O(N°/?), 2.15
s N ( ) (2.15)

We will comment on the holographic computation of this formula in Sect. 3.4.
Here we study the fundamental %—BPS Wilson loop Weyng, whose VEV

11 1|
Wind) = —— —— dN - 2mo —2mo; —F(o)
(Whuna) 7o |W|/ N Z +e )| e

j=1

<.

1 1 al
=—— [dVs 27 F(o), 2.16
Zgs [W| / Z (2.16)

Jj=1

We are looking for the saddle point of this integral in the large N limit. We
will assume as in [11] that the saddle point is given by o7 = N%z; with the
saddle point variables z; of order O(N?). We also assume that the variables
x; at the saddle point condense into a continuous distribution, p(z), which is
smooth on an interval of finite length L and zero outside the interval. These
assumptions will be justified in the computation that follows.
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We can then replace the N variables by a continuous variable x with
density p(z):

N
plx) = %25(:6 —x;), /dx plx) =1. (2.17)

In this limit the Wilson loop expectation value becomes

1 1 @
(Whuna) Zo TV / p [/dxp(x)e } e ,

Flo.u) = =S N** [ ddypla)oly)(ia = o] + fo + o)
7T(8 - Nf)

+ 3 N1F3e /dx p(x)|z]® + u(l - /dx p(a?)) (2.18)

where we have added a Lagrange multiplier u to impose the constraint

[dzp(z) = 1. We have [dxp(z)e?™ " ~ O(e>™N"F) which in the sad-

dle point approximation is subleading compared with other contributions in

F[p, ). The Wilson loop therefore does not affect the saddle point equations.
The saddle point equation reduces to

_OFlel_9m m(8—Ny)

71'
- [ayp)(o-al +lo+al)+ 70

0 dp(x) 4

N1+3a|l“37p“
(2.19)

Non-trivial solutions are obtained when the two terms are of the same order,
namely when a = %; only in this case the mutual repulsion among the eigenval-
ues balances the attraction from the cubic potential, giving continuous eigen-
value distributions as assumed previously. In this case the two first terms in
F[p, ] are both of order N 5/2 which justifies a posteriori the assumption that
the Wilson loop factor does not affect the saddle point equation.

It is easy to realize that F[p] only depends on the even part of p(=
1lp(z) + p(—x)]). So the integration over p can be reduced to the integration
over even p up to a factor coming out of the integration measure, which does
not affect the Wilson loop computation (because of the normalization of the
Wilson loop). Differentiating twice the equation (2.19) with respect to x, and
assuming an even distribution p, we get

|z| 9

plx) == for —uzp<z <, x%:zm,

2.2
2 (2.20)

which satisfies the normalization condition (2.17). Plugging this back into the
expression (2.18) we get at leading order in N:

exp(2mzoN'/?)
! und/ =
(Wiuna) ImaoN1/2

28— N 6rN1/2
= W eXxpl| —F—m————— 1, (221)
U \/ 2(8 — Nf)
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which is the advertised result (1.2). It is rather simple to understand the
leading contribution: the Wilson loop contribution €?™ is maximized when
the eigenvalues o take the maximal possible value, which is N/2z.

2.2. Anti-Symmetric Representations

Let us next consider the kth anti-symmetric representation Ay of the USp(2N)
gauge group. The Wilson loop in representation Ay, is given in the matrix model

by
1 1 [f2N\""
Wo )= ———
W= 7w ()
D S
1<j1 <2< <jr<2N
where 0 = 0j and o)y, ; = —o; for j=1,...,N.

In the sum of + o’ + -+ o’ it is possible that some terms cancel
each other. In particular, this expression is invariant under exchanging k with
2N —k, so that (W4, ) = (Wa,,_,)- Hence, we need only consider 1 < k < N.

Let us first consider the k-plets (ji,...,jx) (with & < N) such that there
is no cancellation in o’ + o, +---+ ) (which means all ¢; are different).

)
These terms contribute a factor (%) I; with

k
1 1
k= o
Zss [W|
X /dNa Z Z e%(ﬁldn+620j2+"'+6k0jk) e~ F(o)
€15y =E11<j1 < <jp <N
The symmetry of F' implies that all terms in the sum over €y, ..., € produce
the same contribution, so that
1 1 N
I, = — ok dNg e?m(ortortetoy) o —F (o) 2.22
YT Zss W) <k) / (2.22)

Again we assume that the saddle point eigenvalues are distributed along an
interval of length of order N with o7 = Nz;.

We can again argue that the Wilson loop does not modify the saddle
point (2.20) in the large N limit; the Wilson loop operator contributes at
most a term of order N'T¢ to the saddle point equation and this is again
subleading compared to the term coming from F(N%x;) with a = % However,
this does not mean that the answer is k times the fundamental representation.
This is because we need to choose k distinct eigenvalues o1, ...,0; from the
eigenvalue distribution, and therefore we cannot always take the maximal value
oj = N2z when k is large.

The dominant contribution to the integral (2.22) comes from configu-
rations when the first k eigenvalues cover an interval [xgcosfy,xo] at the
right end of the saddle point distribution p so that the factor ¢?7(71+o2++ok)
attains maximum. Here, the angle ), € [0, 7/2] is chosen such that we indeed
have k eigenvalues in the interval:
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M
—

FIGURE 1. Insertion of a Wilson line in anti-symmetric rep-
resentation shifts part of the eigenvalues by a constant, or
equivalently an excitation of a “hole” in the eigenvalues

— I .

xo
k=2N / p(x)dz = N sin® 6. (2.23)
x cos O

Intuitively, the Wilson line operator corresponds to a constant electric flux for
k of the eigenvalues, hence shifting the k eigenvalues and creating a “hole” in
the eigenvalue distribution (cf. [16]), see Fig. 1.

The maximal value for the ith eigenvalue o; is N2z, cos;, and hence
contributes 2"/ %o cos ¢

over these contributions:

k
N
I, = 2k<k) exp (Z 27X cos@iN1/2>

i=1

i to the integral. We then evaluate (2.22) by summing

Ok
(N ok
~ ok < k> exp /d@ka—ek%'xo cos ()iNl/Q
0
This gives

N 4
I, = 2k(k> exp [;onB/Q (1 — cos® Hk)}

=2k (]ID exp lll;rxo]vi*/? <1 — (1 — ]];)3/2” , (2.24)

where the prefactor 2% (]Z ) gives only a subleading correction of order N to the
exponent.

Now we consider the terms in the sum over ji,...Jj; such that two 03-

cancel. These terms will contribute a factor (QIJCV) _1(N —k+2)I;_o. From the

previous explanation it follows that this contribution is suppressed, as com-

1
pared to the contribution (*)) Iy, by a factor of order e~ 22mN P cos0y) 12

Similarly, all the other terms left in the sum over ji, ..., ji are also subleading.

12 When k — N we have cos, — 0 and the contribution is not suppressed, however, it
leads to the same contribution as I and the sum over all the contributions reduce to the
same leading term in the exponent.
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Thus the leading contribution in the large N limit is (% )_llk.. Explicitly we
have
4 ARE
log (Wa,) = gon?’/? [1 — ’1 -5 , (2.25)

which coincides with (1.3).'® This expression is valid for 1 < k < 2N, ensuring
(Wa,) = (Wa,y_,)- As a consistency check, when k < N we have

log (Wa,) ~ k (27rN1/2x0) , (2.26)

which could be interpreted as the k times the fundamental string contribution
(2.21). Of course, this follows directly from the derivation presented above.

As explained in Appendix A, the anti-symmetric representation Ay
defined in introduction is a reducible representation, and in particular (when
1 < k < N) contains the irreducible representation defined by the Young
diagram with a single column with &£ boxes. The arguments similar to those
already explained in this subsection shows that the contributions from other
irreducible representations are exponentially suppressed, and the leading con-
tribution comes from this irreducible representation.

2.3. Symmetric Representations

Let us move onto the case of kth symmetric representation Sy of USp(2N).
We have

1 1 [2N+k—1\"!
We )= — ——
W) Zgs |W|< k )
x / dNo > (Tt Tt ) o F @) (9.97)

1<j1<je < <jp<2N
In the sum o} + 0}, + -+ + 0} some of the terms could cancel out from the
expression; however, these give only exponentially suppressed contributions,
by the reason already explained in the case of anti-symmetric representations.
If we neglect these contributions we have

11 (2N+k— 1)12k
Zgs |[W| k
X /dNU Z e2m(ontosttos,) o=F(o),
1<j1<je < <jr<N
The summation here still contains several different terms. If we denote the
partition of k by = (u1,..., ), >, pi = k,'* then

Z o2 (o oty ) Z (e% i kioi 4 cyclic) . (2.28)

1<j1<g2 < <jp<2N Iz

13 The subleading correction is of order N when k and N are of the same order.

14 Readers should not confuse this partition with a partition specifying a representation of
USp(2N). Rather, it actually corresponds to a symplectic semi-standard Young tableaux
in the language of Appendix A. Here, we have avoided use of such terminologies for the
minimality of the explanation.
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FI1GURE 2. Insertion of a Wilson line in symmetric represen-
tation corresponds to exciting one of the eigenvalues to a large
value, or equivalently an excitation of a “particle” in the Fermi
sea

This contains many different contributions. For example, the contribution from
the partition p = (1,...,1) is the same as that from the anti-symmetric rep-

—1
resentation (2.26), except for the overall factor of (2N2k_1) :

OIN +k—1\"" /2N
p=(l1) ( k ) ( i ) (Way). (2.29)

This is not the only contribution, however. On the other extreme, there
is a contribution from p = (k), i.e.,

1 1 (2N+k-1\", N orke P
W, - N [ Vg 2k o F (o),
W) p=(k)  Zss W] ( k ) / 7¢ ‘

<W5k>

(2.30)

This is the contribution from the “large winding Wilson loop”.

Let us evaluate this contribution. We can replace all the o; by the con-
tinuum distribution determined by (2.20), except for oq. Since there is a the
factor of k multiplying o1 and since k can be large, the Wilson line does affect
the saddle point for o;. This happens when k is of order N or larger; the lead-
ing contribution of free energy is of order N%/2, however they cancel out when
we compute the Wilson loops (due to the normalization factor Zgs), and the
subleading contribution of order N3/2 becomes comparable with the Wilson
loop contribution of order kN'/2, when k is of order N. Intuitively, the eigen-
value o1 moves inside the effective potential created by the other background
eigenvalues, and can be regarded as a “particle” in the eigenvalue distribution
(Fig. 2).

We now have

<2N +k— 1>12kN [ doy exp [~ Fegr (015 k)] (2.31)

k [ doy exp [~ Feg(o1;k = 0)]’



602 B. Assel et al. Ann. Henri Poincaré

with
Fug(o1: k) = —2rkoy + 2 [Fy (201) + N Fiy (01))]
1oN /dy (y) [FV (cn . N%y) +Fy (01 + N%y)
+Fy (o1 = Niy) + Fy (o1 + Nhy)] (2.32)

where the factors 2 comes is due to the property Fy g (—0) = Fy (o). We will
evaluate the integral (2.31) by the saddle point approximation with respect to
x1 = 25" N~Y20,. We assume that the saddle point is given by z1. > 1.
This will be justified a posteriori by the result of our computation. Under this
assumption we have

k9 3
Fog(x1; k) ~ maxgN3/? [_ggl (2 + ) + zmif] , (2.33)

where we used

/dy,o ) [Bv (o1 = Niy) + Fv (o0 + Ny

=2 % (N%x ) (x1 + 33:1) —w(N%xo) xl] ,
(2.34)
/dyp( [FH (Ul 1y>+FH (01+N%y)]
=2 % (N%x())?) (xl + 2371) -3 (N?xo) } .
This is extremized by
Tix = g—]ﬁ; +1, (2.35)

which justifies our previous assumption. Note that the eigenvalue oy, =
N1/2x0:1c1’* is outside the range occupied by other eigenvalues (Fig. 2).
At the saddle point we have the contribution to the free energy

log (W,
B e

= — (Fei (01,45 k) — Feg (01,45 k = 0))

(1 + 94]]3)3/2 - 1] . (2.36)

In general, there are many contributions from various different choices
of 1, and we need to take all of them into account. For example, when k is
small all of them has the same leading contribution, with g = (1,...,1) having

9T e
2(8 — Ny)

the largest subleading correction due to the largest multiplicity ( ) However,
when k is large, of order IV or larger, we can verify from the expressions above
that the contribution from p = (k) dominates.
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Some readers might worry about contributions from other p, say p =
(k—1,1). However when k is large this is suppressed by an exponential factor
97

(cf. [26]):1°
0 Ak \
eXPlakQ(g_Nf)N <”9N> 1H

67 1 4k
=exp | ——————=N24{/1+ — |. 2.37
P l 25N, VTN ] (2:37)

Similarly, we can check that contributions from other y are likewise exponen-

tially suppressed.
Therefore, we finally have
A\ 32
1+ — -1
(1+5%) ,
(2.38)

3
2

9

_ N3/2
u=  /2(3 — Ny)

10g<WSk> = 10g<WSk>

as claimed in (1.4). Let us note that

log(Ws,) _ 3N Ak )
g (W) = 2 L+ 5x 1. (2.39)

For k < N, this reduces to
log(Ws,) _ k (2.40)
log(Wiuna)

as expected.

2.4. General Representations

We can consider more general representations (see Appendix A for represen-
tation theory of USp(2N)). An irreducible representation of USp(2N) can
be labeled by a Young diagram with at most IV rows. We can label the
representation by a partition k = (k1,...,kn), or its dual (transpose) by
kT =:1 = (I,...,lx,). The main question we want to answer is when does
the Wilson line expectation value factorize into a product of symmetric or
anti-symmetric contributions?

The Wilson line operator in representation R corresponds to an insertion
of

SD(kr,e ) (627”71, e eQWN) , (2.41)

where spy, is the symplectic character for representation, introduced in Appen-
dix A.

Let us first consider the representation described by k = (ki,...,km).
We assume that m is a finite number which stays constant when N grows
large. However, there are no restrictions on the size of the k,’s, and they
can grow with some power of N. The symplectic character spy(z) is a sum of

15 The presence of this factor ensures that our Wilson loop is not simply the multiple wound
string, but a loop in the symmetric representation.
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FicurE 3. Wilson lines in general representations can be
described either as the excitation of several non-interacting
particles above the Fermi sea (left) or the excitation of non-
interacting holes (right). The two descriptions correspond to
a Young diagram and its dual, i.e., taking the transpose could
be thought as a Bogoliubov-like transformation

terms labeled by symplectic semistandard Young tableaux (A.3). By arguments
similar to the previous subsections, we can argue that the leading contribution
comes from the tableaux

LJ1]1]1]1]e]e]1]
212|12|2|e0|0|2
3|3|e|e|3

L BN J

L BN J

mim

This corresponds to an insertion of

eQTr > kaoa

into the integrand of the matrix model. Again, there are multiplicities associ-
ated to this factor which do not alter the leading contribution and hence will be
neglected for the rest of the computation. When all the k, are large (of order
N or larger), this factor excites N eigenvalues o1, ...,0,, out of the Fermi
sea and we can then write down the effective matrix model for oq,...,0.,.
Note that interactions among o,s are subleading of order N %, hence at this
order the eigenvalues behave independently; the excitations from the Fermi
sea behave as non-interacting particles in the leading order (Fig. 3). Within
these approximations, the Wilson line evaluates to

(1 + 3?;)3/2 - 1] . (242)

We can also consider a similar situation, where this time the transpose
of the Young diagram, [ := k7 takes the form [ = (I1,...,l,,) with m a finite
number. Note that we have [, < N, however, [, can still be of order N. In the
symplectic character spy(z), the leading contribution in this case comes from
the tableaux

m

97
10 W _ 71\]3/2
B Wksreoion)) = s 2

a=1
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From the ath column, there is a contribution of the form

Z 627T(0j1+0j2+m+0“a)7

J1<j2 < <Jig

which contributes a leading contribution which coincides with that from the
l,th anti-symmetric representation A;,. Summing up these contributions over
a, we find

An y m k 2/3
— 3/2 ~ Fa _
log (Wity....tm)7) = 3 8foN > [(1 N> 1] . (243)

a=1

This again takes a factorized form, and has an interpretation as excitation
of non-interacting holes inside the Fermi sea (Fig. 3). Note that factorization
breaks down in the subleading order since the multiplicity of the leading con-
tribution, which contributes to the subleading correction, is affected by the
presence of the neighboring columns.

We thus find that for a general representation, the Wilson line expectation
value factorizes into either symmetric or anti-symmetric contributions only
when either the k; or m, but not both, scale with some power of V.

In the gravity dual discussed in the next section, the two descriptions,
particles or holes, correspond to'®

(1) multiple D4-branes wrapping AdSs and space-time S3,
(2) multiple D4-branes wrapping AdSs and internal S3.

Such an identification of a Wilson line with multiple D4-branes naturally
matches the factorization found above in gauge theories. However, we should
keep in mind that the factorization is far from trivial; the factorization holds
only for limited representations and there are subleading corrections which
lift the factorization. In the dual gravitational theory, this can be understood
as a break down of the probe approximation. Here, the CFT analysis gives a
quantitative prediction for when the probe approximation breaks down. Addi-
tionally, the factorization does not hold for the quiver theories discussed in
the next subsection.

16 The related discussion for circular Wilson loops for 4d N' = 4 theory can be found in
[18], where combinatorial formulas, Giambelli’s formula and Jacobi-Trudi formula, played
crucial roles. Analogous formulas are known for symplectic groups.
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FIGURE 4. Description of the different 5d N' = 1 quiver
gauge theories, without mention of the fundamental hyper-
multiplets. The nodes symbolize either SU(2N) or USp(2N)
vector multiplets. Solid lines between two nodes symbolize
bifundamental hypermultiplets and a box with an A denotes a
hypermultiplet transforming in the antisymmetric representa-
tion of the node to which it is linked. a n = 2p+ 1 case. There
are p SU(2N) nodes. b n = 2p with vector structure. There
are p — 1 SU(2N) nodes in total. ¢ n = 2p without vector
structure. There are p SU(2N) nodes in total

2.5. Quiver Theories

In [11], more general quiver-type gauge theories were considered depending
on an integer n. The gauge group is G = USp(2N) x SU(2N)P for n =
2p+1and G = USp(2N) x SU(2N)P~t x USp(2N) or SU(2N)? for n = 2p.
The matter content is given by a bifundamental hypermultiplet in each pair
of adjacent gauge groups, one antisymmetric hypermultiplet in each external
SU(2N) (gauge factor at the beginning or the end of the line quiver picture)
and N¢ fundamental hypermultiplets in the ath gauge group factor, with Ny =
Yo N%. The quiver gauge theories are summarized in Fig. 4.

The saddle point of the corresponding matrix model has been analyzed
n [11]. They assume that all the eigenvalues scale as N%, just as in n = 1.
The integrand of the matrix model contain terms of order N2+3% which is
extremized by the ansatz

N(a) =0 (a=1,...,p), (2.44)
l=—ohy (i=1,...,N, a=1,....p). '

However, the extremal value of N2t3% term vanishes under (2.44), and we
need to discuss subleading terms, which are given by
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Flol = -~

7T(8—Nf)
3

BELPNETR / dz dy p(2)p(y) (|2 — | + | + y])

+ N1+3a/dx p(x)|z]?, (2.45)
which is identical to the leading free energy for the USp(2N) theory, up to a
factor of n. This means that we again have ov = 1/2, and that at the saddle
point the matrix model is the same as the matrix model of USp(2N)™ gauge
group without bifundamentals [11].17

We can compute the VEV of Wilson loops in these theories. For the ath
gauge group (either USp(2N) or SU(2N)) we could turn on a Wilson line in
representation R,, and compute its expectation values (Wg, r,... r,). Here,
we take R, to be either a anti-symmetric representation Ay, or a symmetric
representation Si,, and ¢ is the total number of gauge groups, i.e., g =p+1
form=2p+landg=porqg=p+1 for n=2p.

The computation is straightforward as long as the saddle point is unaf-
fected. This is the case, for example, when there is a Wilson line on a single
gauge group, which gives (1.2)—(1.4). Similarly, when all the representation are
anti-symmetric we have the leading contribution

3/2) ‘|

(2.46)

The result (2.46) is simply a product of contributions from the Wilson loops
located at each gauge node. We will come back to the holographic interpreta-
tion of this result later.

The case with symmetric representations, however, is more subtle. Let us
consider (Wg,, s,,,....sy, ), for example. By the same logic as in Sect. 2.3, we
find that the dominant contribution is from the large winding Wilson loops.
This means that the matrix model reduces to an integral over the eigenvalues
a%a), while all other eigenvalues can be replaced by the smooth eigenvalue
distribution. The resulting effective matrix model is similar to (2.31); however,
this time J%a) with different values of a interacts among themselves, and a
careful analysis is required. In other words, for the n > 1 case there are several
different species of particle-like excitations above the Fermi sea, and there are
non-trivial interactions between them (Fig. 5).

Since the general case is notationally involved, let us first study the sim-
plest non-trivial case of n = 2 with gauge groups USp(2N) x USp(2N). We
parametrize the Cartan of the two gauge groups by p;,0; with i = 1,...  N.

17 In the discussion above we have assumed that n is small. However, it is also possible to take
n large, for example n = n’ N with n/ finite. In this case, the leading contribution is of order
nN7/2 which vanish under (2.44). However, in the next order (2.45) gives a = (1 + 3)/2,
and hence the free energy scales as O(nN3/2) = O(N(5+35)/2),
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FIGURE 5. Wilson lines in symmetric representations for the
quiver theories (n > 1) can be described by excitations of
interacting particles above the Fermi sea. The size of the Fermi
sea scales as y/n. There are several different types of particle
species, corresponding to different nodes of the quiver. In this
figure the different particle species are represented by different
types of dots

In this case, the integrand of the matrix model is e~ ¥17:?] with

Flp,0] =Y [Fv(pi + ps) + Fv(pi — pj) + Py (0i + 05) + Fy (07 — )]

i#£j

+22 Fy(2p:) + Fv(200)] + 2> [Fulpi + 05) + Fu(pi — 05)]
i,j

+22[ ) Fry (pi +N(2)FH(UL)] (2.47)

The leading contribution to the symmetric Wilson loop (Wg, s,) comes from
large winding modes, contributing e?7(¥#1+92) to the matrix model. This is
justified by arguments similar to the n = 1 case. By replacing p;, 04, (i > 2)
with smooth eigenvalue distribution, we have an effective matrix model

[ doyexp [~ Fei(p1,01; k, 1))
[ doy exp [~ Fegt(p1,0150,0)]

<W5'k,731> = (248)

where we neglected the multiplicity factors which does not affect the leading
behavior, and defined

Feg(p1,01;k,1) = —27kpy — 27loy + 2 [Fu(p1 + 01) + Fu(p1 — 01)]
+2[Fy (2p1) + Fy (201)] +2 [N Fu(p1) + Nf? Fiu ()]

—|—2N/dyp(y) (FV (p1 +N%y) + Fy (Pl - Né?J)

+Fy <U1 +N%y) + Fy (01 - NéiU))
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+2N/dyp(y) (FH(Pl + N2y) + Fy (p1 - N%y)
Fy (01 + N%y) + Fy (01 - N%y)) . (2.49)

This contains terms of order kN2 and N2 and lower; terms of order N 3 cancel
between Iy, and Fy. Dropping terms of order N %, we obtain

l 9
(25 +3)

1 1 1 2
—|—§x(2) (S—Nf( )) 33?1’ + ga:g (S—NJ(c )> x3

1

3

3 E 9
Fogt(w1,2; k,1) = TN 2 [ ) (2N + 2) — 2y

— x% (|1’1 + 9:2|3 + |z — x2|3) ] , (2.50)

V25 01,29 = N™Y225%p; and we assumed

where we defined 7y = N~
xT1,Ty > 0.

Carrying the same analysis for arbitrary even n = 2p with symmetric
representation orders (ki1, ks, ..., kpt+1) (still considering the case with vector

structure) leads to the generalization of (2.50)

s [R ko 9 1 (@
. _ 3 a 2 a 3
Fei(xq; ka) = mgN 2 [ g (7 Tq <2 + 2ca) + gxo (8 — Nf ) xa)

a=1

P
o Z %x(% <|ma - xa+1|3 + [7a + xa+1|3)1 ) (2.51)
a=1

where ¢, = 1 (¢, = 2) when the ath gauge group is USp(2N) (SU(2N)).

Let us here assume that flavors are distributed evenly, i.e., N J(Ca) are the
same for all a. Let us moreover assume that k,/N + (9/4)c, are the same for
all a; when k, > N this simplify means that k,’s are the same for all a. Then
by symmetry considerations it is easy to see that there are saddle points at
the locus x, = x1 for all a. This ansatz kills almost all the cubic terms and we
are left with

1
F, . _ 3 ZT% a L, s (@) | .3
ot (213 ka) = mxoN2 | — 29 ~ —|—§ —|—§x0 S—ZNf x5,

(2.52)

where we used the relation Za 1Ca = n. With kit = Zp+1 ko, Ny =

Zgi J(ca) and the rescaling z; = n'/2%,, we obtain

- FRE k 9 3.
Feff(l‘l; ktot) = WﬂiongNg |:—x1 (2 nt;; + 2) + 2$:13:| . (253)

This brings us back to the non-orbifold case (2.33) with a n/2 prefactor and
the replacement k — kot /n.
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We thus obtain in the end

97 3 3
Ws, ... =exp | ——————=n2N2
(Wsi,...5,) = exp l T

<1 + 3%‘{;)3 — 1H . (2.54)

As we will see in Sect. 3.3, this result matches with the holographic computa-
tion.

The same analysis can be done for odd n and even n without vector
structure and it leads, under the same assumptions, to the same result (2.54).

The more general cases, when the ko, /N + (9/4)c, are different and the
numbers of flavor N ;.a) in each node are different, are more involved. The z, at
the saddle point are no longer equal. In this case, a match with gravity compu-
tations would require a more complete description of the type ITA background,
for example, by including discrete holonomies of the B-field on the 2-cycles of

the geometry and restoring the dependence on the NV J(ca) parameters.

3. Holographic Computations

In this section, we reproduce the same results from the holographic computa-
tion in the dual massive ITA supergravity background [7,8] (see also [27] for
uniqueness). First we review the solution. The metric is given by

L? 2 4 2 2 2
. [dsAdSG + g (da + cos adssg/znﬂ , (3.1)

ds? = ——
(sina)s

where o ranges as a € (0,7/2]. The orbifold is realized by writing the S3
metric as

1
ds%s g, = 1 [d67 + sin® 6,d03 + (df3 — cos 61d6:)?] (3.2)

and taking the angles to range as 61 € [0,7),62 € [0,27) and 63 € [0,47/n).
The AdS radius L is related to the integer parameters n, N, Ny by

L* 18m2n N
—_— = 3.3
4 8 — Ny (3:3)
The dilaton ¢, and Roman’s mass Fj, are given by
_ 3(8—N;)3(nN)z . s 8— N
e 2 = ( 2JC%7T( sins a, Flo) = ol L (3.4)

Note that the dilaton diverges at o = 0. Near this region the curvature also
diverges, and the supergravity approximation breaks down.
There is also a 6-form flux corresponding to the presence of D4-branes

F(G) = —457TTLNLQZ§ WAdSg» (3.5)

where wyqs, is the unit volume form on AdSs. The number of D4-branes this
flux corresponds to can be computed as follows. First, we compute F(4)y = *F(g)

4
2
Fyy = 45mnN13 (3) (siné o cos? a) da ANwgs )z, (3.6)
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where wgs 7, = (sin(61)/8)df A dfa A df3. Integrating to get the charge, we
have

1
Qb4 = @/F@) =TyN, (3.7)

where we have used 2x?> = (27)71%® and the D4-brane tension is Ty =
1/[(27)*13]. To help with computations, we introduce the notations

o200 . 3(8 — Nf)%(”N)%

3
227

2\* f
, Qq =457 N3 (3> , Q¢ := —45mnNL*13.
(3.8)

This solution preserves 16 supersymmetries. As discussed in Appendix C,
the ten-dimensional supersymmetry parameter can be decomposed into a basis
of Killing spinors as follows

e=Y XX © 0@ Cra XY, (3.9)
n==+

where )ng) is a Killing spinor on AdSs, )2573) is a Killing spinor on S2 and Xf)

is a Killing spinor on S®. The remaining components ¢, _, and (4 4 satisfy
the projection conditions

(ot = [cos(@)o?® +sin(@)o] 4 1,

- ~ 3.10
Cpo—n = 1 [io® sinh(z) 4 o' cosh(z)] ¢ -y (3.10)

Additionally, each Killing spinor and (; —, and 1 + satisfy reality conditions.
Note that the combination X(f) = Zn:i 5(5,2) & 5(7(73) & 577,*77 yields a Killing
spinor on AdSg. Counting degrees of freedom, we have 8 x 2 = 16 parameters.
The 2 comes from Xf) while the 8 comes from Xf).

The gravitational dual of the Wilson loop (1.1) in the fundamental rep-
resentation is the fundamental string [1,2]. However, when we consider gen-
eral anti-symmetric or symmetric representations, the fundamental string is
replaced by D-branes (for the similar case of D3-branes see [16,18,28]). There
are two possibilities:

(1) D4-branes wrapping AdSs and an internal S3,
(2) D4-branes wrapping AdSs and the space-time S®.

Roughly, they respectively correspond to anti-symmetric and symmetric repre-
sentations. To be more precise, they should be dual to irreducible representa-
tions. For USp(2N) groups the anti-symmetric representations are reducible,
as discussed in Appendix A, and the D4-branes are dual to the largest irre-
ducible component of the anti-symmetric representations. The corresponding
flat space brane configuration is given in Table 1.
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TABLE 1. Supersymmetric brane configurations

0 1 2 3 4 5 6 7 8 9
08~ /D8 X X X X X X X X X
D4 X X X X X
F1 X X
D4antisymm X X X X X
D4symm X X X X X

The two types of D4-branes, D4symm and D4ap¢isymm, preserve the same %—BPS
supersymmetry as preserved by the fundamental string

This identification can be motivated as follows. First, these two D4-branes
are the only branes which preserve the same %—BPS supersymmetry as pre-
served by the fundamental string (Table 1).1® Secondly, if we consider funda-
mental strings stretched between the background stack of branes and the stack
of D4-branes in case (1), we find the number of Dirichlet—Neumann directions
is 8. This means the zero energy ground state of such strings is in the R sector
in the NSR formalism. This behaves as a fermion and hence anti-symmetrizes
the Chan—Paton indices, so that the fundamental strings are naturally anti-
symmetrized. Similarly, for case (2) the ground state is in the NS sector, and
correspondingly we end up with symmetric representations.

Let us comment more on the orbifold case n > 1. The orbifold Z,, does not
have a fixed point on S®/Z,,, however, it does have a fixed point on the 4d space
spanned by «, 01, 0, 03. Locally near a = 7, we have an orbifold singularity of
the form C?/Z,,. Correspondingly, the geometry contains additional 2-cycles
associated to the twisted sectors. The (probe) D-branes wrapping different
2-cycles will correspond to Wilson loops in representations of different gauge
nodes in the quiver theory.

As detailed in [7] the various 2-cycles can be seen in the resolved geome-
try where the Z,, orbifold is blown up to a n-centered ALE space. The orbifold
corresponds to the limit when all centers merge to the same point. More pre-
cisely in our ITA geometry, there are n — 1 vanishing 2-cycles ¥; wrapping the
coordinates 61,0 at the orbifold singularity o = 7/2 and n — 1 dual 2-cycles
>, wrapping the coordinates «, 03 (Fig. 6). However, not all of these cycles
are independent; the orientifold projection maps the ith twisted sector with
the (n — 4)th twisted sector, this implies that the X; (3;) should be iden-
tify with En_i(f)n_i). The branes wrapping these cycles have the following
interpretation.

Wilson loops in (the largest irreducible component of) the anti-symmetric
representations of one of the quiver nodes are dual to D4-branes wrapping
an AdSy x S?, with the 3-sphere S = S} x S2, where S? is the 2-sphere

18 In general, the branes impose projections on the supersymmetry parameters. For each
brane we introduce, there is a quantity d; which imposes the constraint d;e = €. Generically
the §; are traceless matrices with eigenvalues +1. In order for the projection operators to
be compatible, the §; must commute. The explicit d; for the above branes are given by
08— /pg = IT%,0D4 = D4y = IP675T%, 6py = 1234978,

antisymm
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half s*

o="mn/2 — 2
FIGURE 6. Vanishing 2-cycles ¥; at the pole of the semi-S4
and dual 2-cycles ¥; (1 < i <n — 1) spanned by coordinates
« and 6; (S! transverse to the picture)

parametrized by 61,05 and 5’} is the circle in 3; parametrized by 03 (Fig. 7).
To support this picture, we match the number of D4-brane embeddings to
the number of Wilson loops as follows. When n is odd, there are [n/2] such
additional Sf’ cycles. The D4-branes wrapping these cycles correspond to anti-
symmetric representations of the SU(2N) gauge groups, while the D4-brane
wrapping the original cycle corresponds to a representation of USp(2N). When
n is even, there is a cycle which is mapped into itself under the orientifold
projection. There are then two cases to consider. In either case, there are
[n/2] — 1S3 cycles which the D4-branes can wrap yielding anti-symmetric
representations of SU(2N) gauge groups. In the case with vector structure,
the D4-branes wrapping the remaining S f’n /2] cycle and the original cycle yield
representations of the two remaining USp(2N) gauge groups. Finally in the
case without vector structure, the D4-branes wrapping the remaining 5[‘2 /2]
cycle and the original cycle must combine to yield representations of SU(2N).

For Wilson loops in symmetric representations of one of the gauge factors,
the holographic dual is a D4-brane wrapping the space-time AdS; x S3 and
sitting at the point a« = 7/2 in internal space (Fig. 7). To obtain such a
configuration, we can either have a true D4-brane sitting at o = 7/2 or D6-
branes with the same space-time embedding wrapped on the vanishing two-
cycle ¥; at a = 7/2.19

When we have Wilson loops in non-trivial representations for several
gauge groups, we might expect the dual to be described by several D-branes
wrapping distinct cycles. For anti-symmetric representations, we have several
D4-branes parallel to each other at different values of « (see Fig. 8), and this

19 This is analogous to the fractional D4-branes that are D6-branes wrapped on ¥; and
which increase the rank of the corresponding gauge factor in the quiver theory. However, to
determine the gravity duals of quivers with factors of different ranks, one should take into
account the backreaction of the fractional D4-branes.
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half s*

D4antisym

a=m7?2 / D4sym

F1GURE 7. D4-branes embeddings in the internal space for
symmetric and antisymmetric cases. The D4antisymm-brane
wraps the fibered S? (01,6:) in red and the St (63) trans-
verse to the picture

half s*

a=m/2

FI1GURE 8. General antisymmetric representations for Wilson
loops correspond to having D4-branes of different type (wrap-
ping different cycles) at different positions in internal space.
Note that each line wraps a different 5‘} cycle

picture is naturally realized in the CFT result (1.9). For symmetric represen-
tations, we have seen that the factorization does not hold. This unexpected
result could be related to the fact that the D4-branes corresponding to symmet-
ric representations are really fractional D6-branes wrapping different 2-cycles
whose size is vanishing in the orbifold limit. In this case, there are additional
contributions one might have to take into account, for example, from discrete
holonomies of the B-field on these 2-cycles. Additionally, one needs to be able
to account for the N J(f) dependence appearing in the quiver gauge theories.
In the rest of this section, we compute the worldsheet action of the single
fundamental string and the world-volume actions of D4-branes in the anti-
symmetric and symmetric embeddings. We find perfect agreement with the
matrix model computations of the previous section. For completeness, we also
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evaluate the ITA action on the supergravity solution and match it with the
free energy computation on the 5-sphere.

3.1. Fundamental Representation

The Wilson loops preserve the bosonic symmetry SO(1,2) x SO(4) x SU(2) g x
SU(2)m, when n =1 (Sect. 2). We will therefore choose coordinates on AdSg,
which make this symmetry manifest

ds%gs, = cosh? (2)ds%4s, + sinh®(z)ds%s + da?, (3.11)

where for the symmetric spaces, we choose the coordinates (see Appendix B)

. dp2 - d¢2 )
sinh? p( ) (3.12)

d¢? + sin®(¢1)de3 + sin®(¢1) sin®(¢2)d¢3.

When n > 1, the Wilson loops are not charged under the broken SU(2); sym-
metry and the brane embeddings for the n = 1 case map, in straightforward
way, to brane embeddings in the n > 1 case. In the following we will allow for
general values of n.

We first consider a fundamental string with world-volume coordinates
& with i = 0,1. We take the fundamental string to wrap the AdSs slice. In
order to preserve the SO(4) x SU(2)r x SU(2)p symmetry, the string must
sit at locations where the two S3s vanish, namely at = 0 and a = 7/2. One
can check that this choice is in fact an extremum of the Nambu-Goto action.
Denoting the induced metric as Gy, the on-shell action is given by

1 . 3v2nN 1
Sp1=———— [ d¢'\/—det(Gij) =———— [ dpdtp —5—.  (3.13
i 27712/ ¢ et(Gy) =3 s, ) ¢sinh2(p) (3.13)

This answer is divergent even after taking 1 to be compact. To get a finite
answer, we compute the Legendre transformed action.?’ The reason for the
Legendre transform is that the dual of a supersymmetric Wilson loop is a
fundamental string which satisfies Dirichlet boundary conditions parallel to the
boundary and Neumann boundary conditions perpendicular to the boundary
[29]. For our simple string, we take ¢° = ¢/ and keep &' arbitrary. The profile
of the string is then given by z = &' and the Legendre transformed action is
given by

2 _
dsAdSQ -

3V2nN
2,/8 — Ny

0SF1
AF1=SF1—/d¢ (Z ) =
8(851 Z) =0
where we have taken the 1 direction to be compact with periodicity ¢ =
Y +21Ry. Going to the Euclidean, we set Ry = 1, as discussed in Appendix B.
We then arrive at the advertised result (1.2) for n =1 and (1.8) for n > 1.
Next, we check the supersymmetry of the embedding. The projection
corresponding to the fundamental string is given by

(27Ry),  (3.14)

20 Alternatively, one can use holographic renormalization, including counter-terms, to arrive
at the same result.
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€ = +T0%e = 423456789 (3.15)

where one chooses a definite sign. Using our conventions given in Appendix C
we have

2456789 — 1, @ o' @ o' @ 1s. (3.16)

This is compatible with the projections (3.10) on (4 + and 57,,,7, provided
x = 0,a = m/2 and n = £1, where the sign choice is correlated with the
choice in (3.15). The restriction of 1 to a definite sign reduces the number of
supersymmetries by half.

3.2. Anti-Symmetric Representations

We consider a D4-brane with world-volume coordinates & with i = 0, ..., 4.
We take the D4-brane to wrap the internal S® and the AdS, slice. In this case
we can make the identification

C =y, =p =0, &=0, & =05 (3.17)
We take a world-volume flux proportional to the AdSs volume
12
F— qy% Ay, (3.18)
sin® («) sinh(p)

where ¢ is an arbitrary coefficient, which can depend on both « and z. It will
be necessary to have an explicit expression for C(3)

C(g) = Q4% sin% (a)[7sin(a) + sin(3a)]w53/zn — Q4%§WS3/Z”- (3.19)
Note that the choice of C'(3) is not unique and in particular one can make large
gauge transformations which are proportional to the unit volume form on the
S3/7,,. However, we note that the S3/Z, is a vanishing cycle at a = 0. In
order for C(3y to be regular, we should then require C(3) to vanish at a = 0,
which then fixes the gauge freedom as above.

In order to preserve the symmetry of the space-time 52, the D4-brane
must sit at * = 0. It is then consistent to take the remaining embedding
coordinates, namely «, to be constant. One can check that this satisfies the
general equations derived in [30]. Introducing the induced metric G;; and the
pullback of C(3) as C'(g), the D4-brane action is given by

Sps = =Ty /dSE €7¢)\/7 det(Gij + fij) + T4/fA é(g)

sinh?(p) sin%(oz) (]__pw)2>é

L5
—Tyvol(S3/Z, /dd [l i
4VO. ( / ) P ¢6 Sinhg(p) ( L4

(=3

—Tyvol(S?/Z.,) /dpdeprQzl Li) sin’ (a) (7 sin() + sin(3a)) — E] :

(3.20)
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We take dip A dp A wgs gz, to be positive, which accounts for the sign in the
second term. Minimizing the above action for « with fixed F and then plugging
in the expression for F yields an equation which determines «

—81g\/1 — q2Q4 cos(a) sin(a)+8e~*0 L3 [¢*(1 — 10sin*(@))+9sin’(a)] = 0.
(3.21)

Of course the above procedure is not necessarily consistent and we have checked
that this equation can also be obtained using the general equations derived in
[30]. Plugging in the explicit expressions for Qq, ¢p and L leads to

(9 — 10¢?) sin®() + q(q — 51/1 — ¢2) sin(2a) = 0. (3.22)
This can be solved to give ¢ in terms of a. There are two solutions:

1 — cos(2a)

— 45 =49 55 " %0 cos2a)”
q sin(a), q 9 82 — 80 cos(2a)

(3.23)
The first solution is compatible with supersymmetry while the second is not.
We therefore consider only the first solution. The quantization condition of
the fundamental string charge is given in (E.7)

in’ ()
NFlzN—N81n «

4q
v 1—¢?
with Ng; the number of fundamental strings dissolved into the D4-brane. After
plugging in the expression for ¢, we obtain an expression giving Ng; in terms
of «

(sin(3a)+7sin(a)— cosg(oz)> . (3.24)

Ny = N — Nsin’ (a). (3.25)

Note this solution satisfies Ng; = 0 when o = 7/2 and Ngy = N when o = 0.
This is consistent with the matching of these D4-brane embeddings to anti-
symmetric representations.

Computing the on-shell action, we find

. N
Spy = _T4/d5§e‘¢\/— det(Gij + Fij) +T4/JTAC<3> -

_'FL
272
3
2N Ny 2
P05
The last term in the first line is a boundary term resulting from the coupling
of the world-volume gauge field to the boundary of the open string. As a
consistency check we remark that in the limit of small Ng; the position of the
D4-brane goes to a = 7/2 where the internal S3 vanishes and we recover the
fundamental string wrapped on AdSs, sitting at (z, ) = (0,7/2) as expected.
Surprisingly the result agrees with the gauge computation when Np; —
N (k — N). In this limit the position of the D4-brane is pushed to @ = 0
where the orientifold sits and we might have expected that the supergravity
background gets corrected in this region. The reason why the holographic com-
putation remains valid in this region is unclear and deserves more attention.

Sp1. (3.26)
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For n = 1, (3.26) gives the advertised result for anti-symmetric repre-
sentations (1.3). The result for more general representations, (1.6), can be
interpreted as the sum over contributions from multiple D4-branes, with one
D4-brane for each [, in the representation sitting at the position «,, as deter-
mined by the value of I,. Similarly, the result (1.9) for anti-symmetric repre-
sentations for Wilson loops in quiver theories (n > 1) is obtained simply by
adding contributions of multiple D4-brane actions, with each D4-brane sitting
at a position ¢, in the internal space determined by the order k, of the rep-
resentation in the node a (Fig. 8). However, the important difference between
the two is that in the latter case the D4-branes are distinct in the sense that
they wrap different S’il—cycles, as discussed at the beginning of this section.
If we consider general representations for quiver theories, we have in general
several D4-branes, sitting at different positions and on different cycles.

We now check the supersymmetry of this embedding. The projection
matrix (D.2) reduces to

1 q
P— - 23456 _ 9 prso
V1= q2 V1= g2
1
=———— (LR L ®R1,)
1—¢?
q

(129 1L, ® 1, i ®1,). (3.27)
11— g?
At x = 0, the project condition (3.10) on Q:,,,,,, reduces to 0’1577’,77 = 775,,,,7,.
The constraint € = I'e then reduces to

Crt =1 <q01 -V1- q202) Gt (3.28)

This is compatible with (3.10) for n = —1, provided we take ¢ = — sin(«). One
can easily check that taking the second solution in (3.23) yields a projection on
(+,4+ which is incompatible with (3.10) and thus breaks all supersymmetries.

3.3. Symmetric Representations

We consider a D4-brane with world-volume coordinates &* with ¢ = 0,..., 4.
We take the D4-brane to wrap the space-time S® and the AdS, slice. In this
case we can make the identification

50 = w, 51 =P 52 = ¢1, 53 = ¢27 54 = ¢3' (329)
We again take a world-volume flux proportional to the AdSs volume
h2
F= qLQ% . (3.30)
sin? (a) sinh”(p)

We will need the 5-from gauge potential. In the coordinates (3.11), Cs) is
given by

Qs cosh®(x) 4
h(2z) — —
n2(p) 30 (3cosh(2z) — 7) + 30

x sin’(¢y) sin(¢o)dp A dp A doy A dea A ds. (3.31)

C(5) - Z
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As before, we have the freedom to make large gauge transformations, which
are proportional to the unit volume forms on the AdS, and S®. Since the S3
vanishes at = 0, we require C(5) to vanish there as well, which fixes this
gauge choice.

In order for the D4-brane to preserve the remaining SO(4) symmetry of
the internal S®, it must sit at o = 7/2. With this requirement, we can then
again take the remaining embedding coordinates to be constant. Again, one
can check that this satisfies the general equations derived in [30]. Introducing
the induced metric G;; and the pullback of C5) as 0(5), the D4-brane action
is given by

Spa = =Ty /d5§ 6_¢\/— det(Gij + fij) + T4/é(5)

5

= —Tyvol(S?) /dpd¢ e %0 111/72 cosh? () sinh®(z)
sin

(p)
. (1  sinh'(p) )<fpw>2)é

LA cosh*(z
Qs [cosh3 (z) 4

30 (3cosh(2z) = 7) + 301

(3.32)

Minimizing the above action for x with fixed F and then plugging in the
expression for F yields an equation which determines x

L? (1 - 6¢> cosh?(z) + 5cosh(2x)) + e?\/1 — ¢2Qg sinh(2z) = 0.  (3.33)

Again, this equation can also be obtained using the general equations derived
in [30]. Plugging in the explicit expressions for Qg, ¢ and L leads to

—1+3¢% + (3¢° — 5) cosh(2z) + 5/1 — ¢ sinh(2z) = 0. (3.34)

This can be solved to give ¢ in terms of z. There are two solutions

—Tyvol(S?) / dpde Snk2()

1 13 + 5 cosh(2x)
=t+—- =4 —F. 3.35
7 cosh(z)’ 7 9 + 9 cosh(2x) (3:35)
As we will see, the first solution is compatible with supersymmetry while the
second is not. The quantization condition is given in Appendix (E.9)

9
Npy = onN—21

4 \/1 — q2
with Ng; the number of fundamental strings dissolved into the D4-brane. After
plugging in for z, we obtain an expression giving Ng; in terms of x

sinh®(x), (3.36)

9
N = nN sinh®(x). (3.37)
Note that in this case, ngll) is unbounded as x — oo while it goes to zero for
x — 0. This is consistent with the matching of these D4-brane embeddings to
symmetric representations. Computing the on-shell action gives
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A N,
Spa = 7T4/d5€€7¢\/* det(Gij +~7:ij) +T4/C(5) _ /.7:

27l2

30N 4 Ngy \ 2

Again here we remark that in the limit of small Ng; the position of the D4-
brane goes to * = 0 where the space-time S® vanishes and we recover the
fundamental string wrapped on AdSs, sitting at (z,«) = (0,7/2) as expected.

The result (3.38) gives the advertised result for symmetric representations
(1.4), for n = 1, and (1.10), for n > 1, after we identify Np; = ktot. In the
latter case, the fractional D6-branes wrapping different cycles recombine into
a D4-brane, whose fundamental string charge is the sum of that of all the
D6-branes.

We now check the supersymmetry of this embedding. The projection
matrix (D.2) reduces to

I =_ 1 56789 _ 9 234
1 —q? 1—¢g2
1
= (1L®LEARLOL) — —— (1Lb® 1,0 ®1,).
1—¢q? 1—¢?

(3.39)

At o = /2, the projection condition (3.10) on ¢ + reduces to o' ¢4 + = (4 4.
The constraint € = I'e then reduces to

. 1 VIi—@E. -
quzgn,,n. (3.40)

Cny—n = 501@7,*77 +

This is compatible with (3.10), provided we take ¢ = n/cosh(x). One can
easily check that taking the second solution in (3.23) yields a projection on
C4+,+ which is incompatible with (3.10) and thus breaks all supersymmetries.
Since the solution picks a specific sign choice for 7, the D4-brane preserves half
of the supersymmetries.

3.4. Free Energy

In [11], the authors computed the free energy on the gravity side using holo-
graphic entanglement entropy and obtained

Fopp = —— V2
CFT = —¢ B—N;

To complete the picture we reproduce their result by a direct computation of
the gravity action, regularized appropriately. We follow the same method as
in [31]. First we truncate the ITA supergravity background to pure gravity on
AdSg and then regularize the AdSg infinite volume by holographic renormal-
ization techniques [32-34]. This is a consistent truncation since we can replace
AdSg space with any space which obeys the same Einstein equations.

In this computation, we are using the supergravity background described
in the last subsection. This background contains both an orbifold singularity

7 n3/2N32 4 O(N®/?). (3.41)
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at a = 0 and an orientifold singularity at a« = 7/2. Therefore, the supergravity
description breaks down in these regions and so a priori our computation might
miss an important contribution. Nevertheless, we assume the correction to our
result is subdominant in the large N limit and the match with the gauge theory
computation will justify a posteriori this assumption.

The effective action after the reduction reads

Seft = fiLg e~ 2%0 <é>2(sin )3 (cos a)?
2K2 9
S4/Z’VL
X / Ve (Be) — 2A)), (3.42)
AdSe
where the subscript (6) shows that the metric, Ricci scalar and the cosmological
constant are 6-dimensional, and we have Ay = —10.2! Since we want to
evaluate the on-shell action, we take R = 3A ) = —30. We therefore have
L2
S = e n?N? (—10) vol(AdSs) voly, (3.43)

The factor voly is a volume factor of the internal space, with the AdS warp
factor taken into account:

~ vol(S5%) 13 3 9n?
voly = T/da (sina)/“(cosa)” = Ton® (3.44)
where we used vol(S®) = 272. The regularized volume of AdSs is given by??
8
vol(AdSg) = —1—5773. (3.45)

Combining these results and (3.3), we can verify that (3.43) reproduces (3.41).
This result matches both with the gauge theory and the holographic entan-
glement entropy computations, providing a non-trivial check of the concerned
holographic dualities.

4. Discussion

In this paper, we have computed the large N limit of the VEVs of Wilson loops
for a class of 5d A/ = 1 SCFTs, both in field theory and in the dual massive ITA
supergravity background. It is non-trivial and surprising that we can extract
exact quantitative results about non-renormalizable gauge theories, and we

21 For AdSp space-times we have R = %A and A = fw.

22 The volume of AdSg is regularized by holographic renormalization techniques, see [34,
Section 5] for a pedagogical introduction. The gravity action contains the bulk action plus
the Gibbons-Hawking surface term. To regularize this action one needs to add (universal)
covariant boundary counter-terms making the action finite. We can extract the volume of
pure AdS from the renormalized gravity action. In our problem we choose Poincaré patch
for the Euclidean AdSg so that the conformal boundary is S°; in the language of [33] the
coordinates are given by formula (8) with n = 5,k = 1. Then the action can be computed
using formulas (63)—(65) of [33], where o, = 01,5 = 7 is the volume of the unit 5-sphere.
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hope that our computation will serve as a prototypical example for a deeper
understanding of more general classes of non-renormalizable theories.

For quiver theories, we have found that a complete analysis would
require more information coming from the holographic background. Espe-
cially the dependence on the flavors of the different nodes is absent from
the current gravity description. We suspect that it could be recovered by
including discrete holonomies of the B-field on the 2-cycles of the orbifold
background or perhaps by appropriate couplings of the D-brane world-volume
theories to the Roman’s mass Fy. A related issue is to consider the generaliza-
tion to backgrounds describing quiver theories with nodes of different ranks.
This would correspond on the gravity side to having fractional D4-branes
(D6-branes wrapped on vanishing 2-cycles). For this purpose, it would be useful
to construct fully backreacted geometries (cf. [19,20,35]). Further investiga-
tions in this direction would certainly improve our understanding of AdS/CFT
for quiver theories/orbifold backgrounds.

There are a number of generalizations we can consider. We can consider
defects of other dimensionality, such as surface operators, or place the theory
on 5-manifolds other than S° (cf. [36,37]). We could also try to extend the
analysis to 5d N = 1USp(2N) theories with Ny = 8, or to 5d N/ = 2 theories.
This will lead to quantitative understanding of 6d (1,0) theory or 6d (2,0)
theory on S° x S', and the Wilson surfaces therein.
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Appendix A. Representation of USp(2NN)

In this Appendix we summarize representation theory of the Lie algebra
USp(2N) needed for the main text, especially in Sect. 2.4 (see for example
[38]). The representation is similar to the case of U(N) gauge groups, but
there are important differences.

An irreducible representation of USp(2N) is specified by a Young diagram
with at most N rows. This is expressed as a partition p = (p1, p2, ..., ),
satisfying p1 > po > ... un > 0, where u; denotes the number of boxes of the
ith row. For simplicity we often drop from the notation those p;’s which are
equal to zero. For example, u = (7,5, 3,2, 1) represents
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We can also represent this by the dual partition v = p”. In the example above,
we have v = (5,4,3,2,2,1,1).

In the body of this paper we discussed kth symmetric and anti-symmetric
representations, obtained by symmetrizing (or anti-symmetrizing) the kth
power of the fundamental representation. For kth symmetric representation
Sk is an irreducible representation, and is described by the Young diagram of
the form (shown for k = 7),

LITTITT

However, the kth anti-symmetric representation Ay is not irreducible, and
decomposes into several irreducible components. The component with the
largest dimension is described by

For the computation of Wilson loops we need a character of the represen-
tation . This is given by the “symplectic character” sp,(z) = spu(z1,...,2n),
defined by
det. - (xufrn*jﬂ _ x*(ufrn*jﬂ))

i.j \Ti j

K2 7

deti,j <$n7j+l — x.i(nijJrl))

K3 2

(A1)

spu(x) ==

This is a generalization of the standard Schur function for U(N) groups, and is
invariant under the action of the Weyl group W, generated by (1) permutations
of x;’s and (2) inversions z; — x; * for some i.

For our purposes, it is sometimes useful to use another expression for
spu(x), given by the “symplectic semistandard Young tableaux” [39]. This is
defined by a filling of the Young diagram p with the letters 1 <1 <2 <2 <
.-+ < n < n such that:

(1) the entries are weakly increasing along rows and strictly increasing down
the columns,
(2) all entries in row i are larger than or equal to i.

Given such a tableaux T', we can define its weight w(7T) by

w(T) = [[2:#O-#0). (A.2)

Then we have
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For example, let us consider USp(4). When we have u = (2) =[], there
are 10 symplectic semistandard Young tableaux

[afa] [af2], [212] [d3) [202] (2] [3f2] [Z[I] [%l2], [2[2]

giving
@ =a?tmmtadr2s 22y L Lo Loy
s ) =]+ 120 + — S —+ 5 .
P ! 12 ro  m TP xim9 X3

This gives dim [ [ 1= 10, which is consistent with fact that [ I ]is the symmetric
part of [L1® L.

Similarly, when we have p = (1,1) = H, there are 5 symplectic semistan-

dard Young tableaux

Z1 Z2
sp(z) = v + — + — +
T2 Ty T1T2

giving

+1. (A.5)

This gives dim H = 5. This is smaller by one than the dimension of the anti-
symmetric part of [J® [J. In fact, anti-symmetric part of [1® [] decomposes

into H and a singlet.

Appendix B. AdS, x S Slicing of AdSs

In this section, we discuss an AdSs slicing of AdSg suitable for our problem.
To do so, we embed AdSg into 7-dimensional flat space, more precisely R?°.
The AdSg surface is described by the equation

X XX XI A X2 XX =12, (B.1)

where the X; are flat coordinates on Ry 5.
We first solve the constraint as follows

sin(¢1 ) sinh(gs)
X_1 = Lcoth(A Xo=L——"—-—=
1 Co ( )7 0 Sth()\) ;
sin(¢1 ) cosh(¢pa) cos(¢1) o .
Xy =L————"= X, =L— X; =2,3,4,5, B.2
! sinh(\) ’ sinh(\) ! (B-2)
where XZ describes a unit S2. This leads to the induced metric
L2
s? = ——— (d\? + dp? — sin®(p1)dep3 + cos(pr)dss ) - (B.3)
sinh*(\)
Upon analytically continuing po — i¢o this leads to the Euclidean metric

L2

2 _
dsp, =
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We will be interested in a Wilson loop which wraps a great circle in S°. This
can be taken to be a string worldsheet whose boundary sits at ¢1 = 7/2 and
wraps ©s.

For computations, this metric is not the most efficient and it will be
convenient to work with an AdS; x S slicing of AdSs. This can be introduced
by solving the constraints as

X_1 = Lcoth(p) cosh(z), Xo = Lsslliz((zﬁ)) cosh(x),
cosh(v) . 5 ;
= h i = i = 4 ‘
X, Lsinh(p) cosh(z), X; = Lsinh(2)X;, i=2,3,4,5, (B.5)

where X; again describes a unit S3. The induced metric is now given by
12
ds? = L2 (C?SQ(”C)(dp2 — dy?) + sinh?(z)ds%s + dx2> . (B.6)
sinh?(p)

The two coordinate systems are related by first identifying the two S3s and
then taking

coth(X) = coth(p) cosh(z), cot(p1) = sinh(p) tanh(x), @ = ). (B.7)

Reaching the boundary by taking p = 0 and z finite maps to the surface
with ¢ = m/2. Thus taking the string to wrap p and ¢ gives a string whose
boundary is the great circle described above. Going to the Euclidean by taking
1 — 1), we see that i has periodicity 2.

Appendix C. Supersymmetry of the Background

First we need to work out the supersymmetry of the background. The metric
(3.1) is in string frame, in Einstein frame (g = e~#/2g,) it becomes

4
ds? = L?e~%/%(sin a)%z {dsidb«s + ) (da2 + cos? adség/zn)] . (C1)

It will be convenient to introduce the frames

e :L67¢°/4(sina)714ém, m=0,...,5,

2
el = 5L6_¢°/4(sin a)ida, (C.2)
e = 5L6_¢°/4(sin 04)i cos(a)é’, 1=1,8,9,

where é™ are unit frames on AdSg and é’ are unit frames on S*/Z,,. We use
M to collectively denote the frame indices so that M =0,...,9.
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In ITA supergravity, the spinor satisfies a reality condition ¢* = Be. The
BPS equations in string frame, after setting B(g) = 0, are given by [9]23

o= |:(DM¢)F +-— F(0)€4¢+%64 (FMNPQPMNPQ):| e=0, (03)

[}
er 20
0y = DM—*F(O)emrM-&- wvrqr | Tar FOR— 20y, NT PR
32 128 2 3
e=0.

Plugging in the solution summarized in Sect. 3, the dilatino equation reduces
to the projection condition

€ = [cos(a)I'® — sin(a)°™] e. (C4)
To reduce the gravitino equation, we introduce the I' matrices as
[M=7"@c'®1,, =1l I'=gedey, (C.5)

where 7™ satisfy {y",y"} = 2n™" and ~* satisfy {7%,7/} = 26%. Introduce
v# = i7%123%5 and Bg) and B by

and so that they satisfy B(*G)B(G) = —1g and B?S)B(g) = —1s. In terms of
these quantities, we can write B as B = Bg) ® ol ® B(3) and we have (M) =
BT'MB~1. Next we introduce Killing spinors Xﬁﬁ) and Xq(f;) on AdSe and S3/Z,,
respectively, which satisfy the equations

Al T n

AT Elym) A® =0,
3

( Vi 2 R ) =

Using the symmetries of the above equations, we impose the conditions

(C.7)

6 6 6)*
'ynxgh) = X£%17Xg71) = B )Xm and X(2 = B )an~ We next decompose
€ in the above basis of Killing spinors
€= D X5 © Goim © X3 (C8)
1,72

The reality condition reduces to

C* = 01C7 (09)

23 We have changed conventions as follows. We have inverted the sign of the dilaton and
rescaled it by a factor of 2,m is identified with F() and all of the fluxes have been rescaled
by a factor of 2, we have also redefined A and 1 by multiplicative constants.
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and we can express the covariant derivatives of ¢ along the symmetric spaces
as
ebo/4

Dpe = — %frmremg (Xm) ® Gy ® X(3))
e 2 Lsin?i(a)
1
+§(em ' wn6)rn6€> (ClO)
2 3 e¢'0/4
Z 227 e X1NA (Xm) ® Coymp @ X 3))
S cos() sin24 ()
1 .
+§(ez . Wj(;)l—‘j6€7
where wysy is the spin-connection defined by de™ + w™ yeN = 0 with
m e®/* cos(a) . i 3ebo/4 cos(a) sin(a) \
= ———e", W' = - — e'.
16L sin3i(a) 2L sin? (o) \24sin(a)  cos(a)
(C.11)
The gravitino equation along AdSg reduces to
=—16 Z 11 sin(a)0789 (X%GI) ® Cryymgo @ X%?)
1,12
+ cos(a)T% + 15 sin(a) T, (C.12)

This reduces to the dilatino equation provided ¢_ ,, = 0. The gravitino equa-
tion along S3/Z, reduces to

=-24 Z 12 tan(a)'7®? (Xm ® Copyme @ X(3)>

n1:M2
425 cos(a)Ce — cos(@) % — 25 sin(a)T978%. (C.13)
This reduces to the dilatino equation provided (,,,— = 0 and (1 4 is the only

surviving component. Since x +) has 8 real degrees of freedom and X( ) has 2
real degrees of freedom, we conclude that there are 16 real supersymmetries.
It will be convenient to further decompose AdSg into AdSy x S2 slices
using the coordinates given in (3.11). We denote the directions along AdSs
as mp = 0 1 and the directions along S? as mg = 2,3, 4. Introducing Killing

spinors an and X on Ang and S3, respectively, we can write Xf) as
Z X1(723) ® X ) ® Cnam (C.14)

73,M4

(2 (

As before, we can impose reality conditions on Xy, ) and X,,4) The reality condi-

tion on XS_) then leads to a reality condition on an, .- We write the v matrices

as

P =" @ L e, Y=L ek P =LeLed,
(C.15)
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where the 4™ satisfy {3™1,3™} = 2np™"™ and ™2 satisfy {772,732} =
26"2"2 Proceeding similarly as before, we arrive at the projections

57}37714 =13 (i02 sinh(z) + o cosh(z)) 5173,7747
Coona = —na (i0? sinh(z) + " cosh(2)) Cygms-
The first equation comes from the Killing spinor equation along AdS,, while

the second equation comes from the Killing spinor equation along S3. The

compatibility of these two equations sets (; + = (—,— = 0. This leaves 8 real

degrees of freedom for X(+6) as expected.

(C.16)

Appendix D. Supersymmetry Conditions

The conditions for supersymmetry of the probe Dp-brane are derived in [40].
We summarize the results here in the conventions of [30]. A probe Dp-brane
embedding preserves supersymmetries which are consistent with the projection

e =Tke, (D.1)
where the matrix I' is defined by the following equation
1
V= det(Gij + Fij)

The quantity X is a sum of world-volume I'-matrices:

_ 1 i2n 7 n+1
X = 67? ((271—|—1)!d§ AN AN dE 1Fi1...i2n+1> (Ty)" ™, (D.3)

AP = — e” A Xyl (D.2)

where the I'; are pullbacks of space-time I'-matrices so that I';, ;.
05, X™ ... 0;, X™ 'y, .m, and the chirality matrix is given by I'y
To123456789-

Appendix E. Quantization of World-Volume Flux

Here, we follow closely [16] and [30]. The Dp-brane action including the cou-
pling of the world-volume gauge field to the boundary of a stack of Ng; fun-
damental strings is given by

Spp = —Tp/dp+1ge*¢\/— det(Gyj + Fij) +T,,/JAC*+NF1 / ds - A,
oF1

(E.1)

where G; is the pullback of the space-time metric, in string frame, C is the
pullback of the RR-forms and F = (27(2)F + B(g), where B(Q) is the pullback
of the NSNS two-form and F' is a world volume flux with F' = dA. Note that
C'(p) is really defined as the gauge potential of the pullback of F{, 1) so that

dCp) = Fipy1)-
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We shall restrict to the case where By = 0. It is convenient to introduce
the matrix

My; = (0: XM 0; X" gun + Fij), (E.2)
where XM are coordinates on the space-time. We also define the inverse matrix

MU with upper indices, and the anti-symmetric part 0% = (M% — M7?)/2.
Varying with respect to the world-volume gauge field yields the equation

, L 1
. -,/ 17 ) __ Jt2-.1p - - U . ; .
8 (e VM0 ) JJizeipta nz T A UREIE S
1 N1 .(r1)
_ _ E.3
BT, (E.3)
(F1)

where j; is the fundamental-string current.?* Introducing a flat metric and
treating e~?v/— M@ as a two-form, this equation can be re-expressed as

1 N
ds (e7OVEN0) = 37 —d [(F") A Cpram] = —(=1)" 5o 570,

2
= 2ml2T,
(E.4)

where we have used the fact dF = 0 when B3y = 0. Integrating the above
equation over a p-volume V), which is orthogonal to the boundary of the fun-
damental string, we have

1 A N
-/ _ L n o F1

/ * (e v Me) > —(F)ACprzmy | = SxBT, (E.5)
M,_1 n>0
where M,_; is a p — 1-dimensional closed surface which encircles the funda-
mental string.

For the D4-brane of Sect. 3.2, which wraps the internal S3, the above
expression reduces to

[ Blm) -2t eo

S3 /)Ly,

evaluated at an arbitrary value of p and . Plugging in the explicit quantities
and solving for Ng; gives

_dq
Vi-¢

For the D4-brane of Sect. 3.3, which wraps the space-time S2, the above expres-
sion reduces to

in’ ()
NFlzN—NSID «

(sin(?)a) + Tsin(«) — cos3(a)> . (E7)

/ [# (e7v=ni0) | = 255}47 (E8)
A

24 Note that the extra factor of 1/(2712) comes from restoring the factors of 272 in [30].
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evaluated at an arbitrary value of p and . Plugging in the explicit quantities
and solving for Ng; gives

9 q .13
NF1 = anTqQ Slnh (ZC) (Eg)
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