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Renormalization of the Commutative Scalar
Theory with Harmonic Term to All Orders

Axel de Goursac

Abstract. The noncommutative scalar theory with harmonic term (on the
Moyal space) has a vanishing beta function. In this paper, we prove the
renormalizability of the commutative scalar field theory with harmonic
term to all orders using multiscale analysis in the momentum space. Then,
we consider and compute its one-loop beta function, as well as the one on
the degenerate Moyal space. We can finally compare both to the vanishing
beta function of the theory with harmonic term on the Moyal space.

1. Introduction

Noncommutative quantum field theories appear to be interesting candidates
for new Physics beyond the Standard Model of particles (see [1,2] for a
review). They are based on “spaces” constructed from noncommutative geom-
etry [3] and involve new features concerning renormalizability, vacuum config-
urations,. . . The recent discovery at the LHC of a new particle, which could
be the Higgs boson, reinforces the interest for scalar theories in general, and
especially the interpretation of the Higgs field as part of a noncommutative
connection (i.e. a noncommutative gauge potential): see [4,5] for almost-com-
mutative geometries and [6,7] for the Moyal geometry.

In 2004, the φ4 scalar field theory on the (noncommutative) Moyal space
was showed to be renormalizable at all orders in perturbation [8] if a harmonic
term

∫
x2φ2(x) was added to the action. Otherwise, a new divergence, called

UV–IR mixing [9], spoils the renormalizability. Then, numerous proofs [10–13]
of the renormalizability of this action as well as studies of the renormaliza-
tion flow [14,15] showed that this theory is asymptotically safe and therefore
involves a new renormalization group. Even more, it seems to be a non-pertur-
batively solvable model [16]. This theory has other remarkable properties, like
a new symmetry called Langmann–Szabo duality [17], and is interpreted as a
grading symmetry [18]. The vacuum solutions of the theory with a negative



2026 A. de Goursac Ann. Henri Poincaré

mass term (m2 < 0) have been exhibited in [19] and are not constant. The
noncommutative Noether currents have been computed in [20,21]. Moreover,
even if the choice of a deformation structure Θ breaks the rotational invariance
of the model, it can be restored at all orders in the renormalization procedure
[22]. Finally, let us mention that the commutative limit of this theory is not
well defined, and this will be partly discussed in the present paper.

Note that there are now other renormalizable theories on the Moyal space.
For instance, the complex scalar LSZ-model [23] and the Gross–Neveu fermi-
onic model [24]. Another renormalizable real scalar model on the Moyal space
has been exhibited [25], in which the non-local IR counterterm

∫
1
p2 φ̂(p) φ̂(−p)

is now included in the classical action. The resulting theory is invariant under
translation, but does not possess the properties exposed above for the Grosse–
Wulkenhaar model (see also [26–29]). Some new features can also be found in
other noncommutative scalar theories [30,31]. A noncommutative gauge theory
involving a harmonic term has been constructed in [32,33], which is therefore
strongly related to the Grosse–Wulkenhaar model. It admits only non-trivial
vacuum configurations [34] and is a good candidate to renormalizability. The
BRST framework of this gauge model has been investigated in [35,36].

Besides, a recent paper [37] has showed that the φ4 scalar field theory
with harmonic term but on the usual commutative space R

4 emerges from
the spectral action of a supersymmetric spectral triple. The investigation of
its (non-constant) vacuum configurations led to a new interpretation of the
Higgs mechanism which gives mass to the fermionic and gauge fields. The
phase transition of the spontaneous symmetry breaking mechanism depends
on the configuration coordinate x in this theory, as well as on the mass flow.
Nonetheless, the question of renormalizability of the theory was not taken into
account in this analysis.

The aim of this paper was first to renormalize to all orders the com-
mutative φ4 scalar field theory with harmonic term, whose interest has been
underlined just above, by using multiscale analysis in the momentum space as
it has been done for noncommutative field theories but in the position space
[10,11]. Then, it makes sense to compute the (one-loop) beta function and to
compare it with the one of the Moyal space [14] and the one of the degener-
ate Moyal space. We want indeed to describe how the commutative limit is
pathologic at the level of beta functions so that the asymptotic safety is not
preserved.

2. Renormalization of the Commutative Field Theory
with Harmonic Term

2.1. Presentation of the Theory

The scalar theory with harmonic term on the (Euclidean) commutative space
R

D is given by

S(φ) =
∫

dDx

(
1
2
(∂μφ)2 +

Ω2

2
x2φ2 +

m2

2
φ2 + λφ4

)

, (2.1)
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where Ω is a real parameter of mass dimension 2, and the commutative point-
wise product has been used. The propagator of this theory is given by

C(x, y) =
(

Ω
2π

)D
2

∞∫

0

dt C(t, x, y),

C(t, x, y) =
e−m2t

sinh
D
2 (2Ωt)

exp
(

−Ω
4

coth(Ωt)(x − y)2 − Ω
4

tanh(Ωt)(x + y)2
)

.

(2.2)

Its Fourier transform has the form

Ĉ(p, q) =
(

2π

Ω

)D
2

∞∫

0

dt Ĉ(t, p, q),

Ĉ(t, p, q) =
e−m2t

sinh
D
2 (2Ωt)

exp
(

−1
4Ω

coth(Ωt)(p + q)2 − 1
4Ω

tanh(Ωt)(p − q)2
)

,

(2.3)

where we use the convention f̂(p) =
∫

dDx f(x)e−ipx in this paper.
The mass dimension of the parameter Ω is an indication of the renormal-

izability of this theory, but it does not prove whether this theory is stable under
renormalization or not (see Sect. 4). That is why we study its renormalizability
with multiscale analysis in the following.

2.2. Power-Counting

We use below the multiscale analysis [38,39]. For that, we consider the regu-
larization of the Fourier transform of the propagator

Ĉρ(p, q) =
(

2π

Ω

)D
2

∞∫

M−2ρ

dt Ĉ(t, p, q)

where M > 1 is a fixed number in the following and ρ ∈ N plays the role of an
ultraviolet cut-off. Then, we cut this regularized propagator into slices

Ĉρ(p, q) =
ρ∑

i=0

Ĉi(p, q), Ĉ0(p, q) =
(

2π

Ω

)D
2

∞∫

1

dt Ĉ(t, p, q),

Ĉi(p, q) =
(

2π

Ω

)D
2

M−2(i−1)∫

M−2i

dt Ĉ(t, p, q)

(2.4)

for i ∈ {1, . . . , ρ}. i is called the scale or the index of the propagator Ĉi.

Feynman rules. Let G be an amputated Feynman graph of this theory. We
denote by I(G) the set of internal lines of G, I(G) the cardinal of I(G),V(G)
the set of vertices of G,n(G) the cardinal of V(G), N(G) > 0 its number
of external legs and L(G) its number of loops. The parity of the theory
implies that only the amplitudes of graphs for even N are non-vanishing. Due
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to the Euler characteristic and to the φ4 theory, we also have the classical
identities

L(G) = I(G) − n(G) + 1, 4n(G) = 2I(G) + N(G) (2.5)

where we assume that G is connected in the first identity. Finally, for a vertex
ν ∈ V(G), we define Lν(G) to be the set of internal or external lines � of G
hooked to ν. The Feynman rules are as follows: for each internal line � with
incoming impulsions p� and q� at each boundary, (2π)D

∫
dDp�dDq� Ĉρ(p�, q�)

contributes, while the contribution for each vertex ν is λ
(2π)3D δ(

∑
�∈Lν(G) p�)

where the p�’s are the four incoming (internal or external) impulsions to this
vertex ν.

Due to these Feynman rules, we can write the regularized amplitude AG

of the graph G

AG =
λn(G)

(2π)D(3n(G)−I(G))

∫ ∏

�∈I(G)

dDp�dDq� Ĉρ(p�, q�) Δ({p�, q�, ke}) (2.6)

where the distribution Δ depends on all (internal and external) impulsions and
summarize all the delta functions of each vertex. Note that AG is a distribution
on the external impulsions ke where we take the convention in the following
that the ke’s are incoming (e ∈ {1, . . . , N(G)}). By using the decomposition
(2.4) of the propagator into slices, the amplitude can be expressed as a sum over
the scales i� of every internal line �. We call μ = {i�}�∈I(G) ∈ {0, . . . , ρ}I(G)

an attribution of the graph G. Then

AG =
λn(G)

(2π)D(3n(G)−I(G))

∑

μ

Aμ
G,

with Aμ
G =

∫ ∏

�∈I(G)

dDp�dDq� Ĉi�(p�, q�) Δ({p�, q�, ke}). (2.7)

Now we introduce a key concept in multiscale analysis.

Definition 2.1. For a given attribution μ and i ∈ {0, . . . , ρ}, we consider the
subgraph of G composed of the lines � ∈ I(G) with index i� ≥ i and verti-
ces hooked to these lines. It is not connected in general. We denote by Gi

k

the connected components (indexed by k) of this subgraph and call them the
quasilocal subgraphs of G. By convention, G is also a quasilocal subgraph and
the indices of its external legs are set to −1. This name is justified by the
fact that all indices of internal lines of a Gi

k are greater or equal to i while all
indices of external lines of Gi

k (but internal lines in G) are smaller than i, so
Gi

k has a smaller spatial extension than its external legs.

We first want to have a bound for the propagator in a slice.

Lemma 2.2. The Fourier transform of the propagator admits the following
bound: there exists constants K, k, k′ > 0 such that for any i ∈ {0, . . . , ρ},
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∀p, q ∈ R
D,

|Ĉi(p, q)| ≤ KM (i+1)(D−2)e−kM2(i+1)(p+q)2−k′M−2(i+1)(p−q)2

where k = 1
4Ω .

Proof. For i = 0, one integrates t over [1,+∞). One easily obtains the bounds
sinh(2Ωt) ≥ sinh(2Ω), exp

(
− 1

4Ω coth(Ωt)(p + q)2
)

≤ exp
(
− 1

4Ω (p + q)2
)

and
exp

(
− 1

4Ω tanh(Ωt)(p − q)2
)

≤ exp
(
− 1

4Ω tanh(Ω)(p − q)2
)
, which gives the

result.
For i ≥ 1, we have to integrate t over [M−2i,M−2(i−1)]. By using

Taylor’s inequality, there exist constants α, β, γ > 0 independent of i such
that ∀t ∈ ]0, 1], sinh(t) ≥ αt, coth(t) ≥ 1

βt and tanh(t) ≥ γt. Inserting these
inequalities in (2.3) produces:

|Ĉi(p, q)| ≤
(

2π

Ω

)D
2

(M−2(i−1) − M−2i)
MDi

(2αΩ)
D
2

× exp
(

−M2(i−1)

4βΩ2
(p + q)2 − M−2i

4γ
(p − q)2

)

We set K =
(

π
αΩ2

)D
2 (M2 − 1)M2−D, k = 1

4βΩ2M4 , k′ = M2

4γ and obtain the
result. �

Theorem 2.3 (Power counting). Let G be a connected amputated graph of the
theory (2.1). Then there exists a constant K > 0 such that for any attribution
μ of G,∀ϕj ∈ S(RD),

∫
dDk1 . . . dDkN Aμ

G(k1, . . . , kN )ϕ̂1(k1) . . . ϕ̂N (kN )

≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N−2‖1‖ϕ̂N−1‖2‖ϕ̂N‖2

∏

(i,k)

M−ω(Gi
k),

where Gi
k are the quasilocal subgraphs of G and the superficial degree of diver-

gence is given by

ω(G) = (4 − D)n(G) +
1
2
(D − 2)N(G) − D. (2.8)

Proof. We use the expression (2.7) of Aμ
G to bound

Aμ
G =

∫
dDk1 . . . dDkN Aμ

G(k1, . . . , kN )ϕ̂1(k1) . . . ϕ̂N (kN )

where ϕj ∈ S(RD), i.e. ϕj are Schwartz functions (smooth and rapidly decreas-
ing at infinity), and we recall that ke are the external impulsions. First, let
us solve Δ. We choose a spanning rooted1 tree T of the graph G and perform
the following change of variables: u� = p� + q� and v� = p� − q�. Then, the Δ

1 Spanning means that the tree T reaches every vertex of G; rooted: we fix a vertex to be
the root of the tree.
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function allows to evaluate all the variables v� of the lines � of the tree T , with
rest:

δ

⎛

⎝2
∑

�∈I(G)

u� − 2
∑

e

ke

⎞

⎠ . (2.9)

Note that this rest depends on the variables u� because of the translation
invariance breaking of the model. With this rest, one can evaluate the variable
kN(G) =

∑
� u� −

∑
e<N ke. Using Cauchy–Schwartz inequality, we obtain

∣
∣
∣
∣
∣

∫
dDkN−1 ϕ̂N−1(kN−1)ϕ̂N

(
∑

�

u� −
∑

e<N−1

ke − kN−1

)∣
∣
∣
∣
∣
≤ ‖ϕ̂N−1‖2‖ϕ̂N‖2.

Due also to Lemma 2.2, we get the bound

|Aμ
G| ≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N−2‖1‖ϕ̂N−1‖2‖ϕ̂N‖2

×
∫
⎛

⎝
∏

�∈I(G)

dDu� M (i�+1)(D−2)e−kM2(i�+1)u2
�

⎞

⎠

×

⎛

⎝
∏

�∈I(G)\T
dDv� e−k′M−2(i�+1)v2

�

⎞

⎠

by neglecting some exponentials. Note also that K > 0 denotes a new constant
at each inequality for simplicity (depending only on n(G) and I(G)). Next,

|Aμ
G| ≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N‖2

∏

�∈I(G)

M−2(i�+1)
∏

�∈I(G)\T
MD(i�+1) (2.10)

by performing the Gaussian integrals of the remaining variables. We use the
concept of quasilocal subgraphs Gi

k introduced in Definition 2.1:

∏

�∈I(G)

Mα(i�+1) =
∏

�∈I(G)

i�∏

j=0

Mα =
∏

�∈I(G)

∏

(i,k)|�∈I(Gi
k)

Mα

=
∏

(i,k)

∏

�∈I(Gi
k)

Mα =
∏

(i,k)

MαI(Gi
k). (2.11)

To optimize our estimates, we choose the spanning tree T which solves the
function Δ to be with lines � having highest indices i� as possible. This means
that T ∩ I(Gi

k) is a spanning tree of Gi
k and in particular that �(I(Gi

k) \ T ) is
equal to the number of loops L(Gi

k). Next, like for (2.11),
∏

�∈I(G)\T
Mα(i�+1) =

∏

(i,k)

∏

�∈I(Gi
k)\T

Mα =
∏

(i,k)

MαL(Gi
k). (2.12)

Inserting (2.11) and (2.12) into (2.10) and using the identity (2.5), we find

|Aμ
G| ≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N‖2

∏

(i,k)

M−ω(Gi
k),

where ω(Gi
k) is an integer (due to the parity of the theory) given by (2.8). �
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The expression of the superficial degree of divergence (2.8) of the theory
implies that

• if D < 4, there is only a finite number of graphs G (with parameters
(n(G), N(G))) such that ω(G) ≤ 0, so which need to be renormalized.
The theory will be superrenormalizable.

• if D = 4, there is an infinite number of graphs G with ω(G) ≤ 0 but
always with N(G) = 2 or N(G) = 4. The theory will be just renormaliz-
able.

• if D > 4, there is an infinite number of graphs G with ω(G) ≤ 0 and
arbitrary N(G). The theory is non-renormalizable.

In the rest of this subsection and in the next one, we restrict to the case of
D ≤ 4 and we will show that the theory is renormalizable.

Definition 2.4. We call a connected graph G strongly convergent if ∀H con-
nected subgraph of G,ω(H) > 0.

Theorem 2.5. Let G be a connected amputated graph of the theory (2.1) which
is strongly convergent. Then there exists a constant K > 0 such that ∀ϕj ∈
S(RD),

∣
∣
∣
∣

∫
dDk1 . . . dDkN AG(k1, . . . , kN )ϕ̂1(k1) . . . ϕ̂N (kN )

∣
∣
∣
∣

≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N−2‖1‖ϕ̂N−1‖2‖ϕ̂N‖2.

Proof. Let G be a connected strongly convergent graph of the theory. By
use of Theorem 2.3, we just have to sum over all the attributions μ (with
ρ → ∞). By a careful analysis on ω(G) for D ∈ {0, . . . , 4} and using the
identity N(G) ≤ 2n(G) + 2 (obtained from (2.5)), we can show that

ω(G) ≥ 1
4
N(G). (2.13)

The value 1
4 is the optimal one since it is reached for (D = 3, N = 4, n = 2).

We then use Theorem 2.3 and follow the lines of the corresponding proof given
in [39] which we reproduce here for selfcompleteness. For a vertex ν ∈ V(G),
we set eν = max�∈Lν(G) i� and iν = min�∈Lν(G) i� to be the highest and the
lowest indices of lines hooked to ν. Then, for i ∈ {0, . . . , ρ}, we can see that
ν ∈ V(Gi

k) is an external vertex2 of Gi
k if and only if iν < i ≤ eν . Since the

number of external vertices is smaller than the number of external legs and
due to (2.13), we have
∏

(i,k)

M−ω(Gi
k) ≤

∏

(i,k)

M− 1
4 N(Gi

k) ≤
∏

(i,k)

∏

ν∈V(Gi
k)|

iν<i≤eν

M− 1
4

=
∏

ν∈V(G)

∏

(i,k)|
iν<i≤eν

M− 1
4 =

∏

ν∈V(G)

M− 1
4 (eν−iν)

2 An external vertex is a vertex hooked at an external legs at least.
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For the φ4-theory, we have ∀ν ∈ V(G), eν − iν ≥ 1
8

∑
�,�′∈Lν(G) |i� − i�′ |, which

implies that

∏

(i,k)

M−ω(Gi
k) ≤

∏

ν∈V(G)

∏

�,�′∈Lν(G)

M− |i�−i
�′ |

32 .

Finally, we choose another rooted tree T ′ (not spanning) of G such that every
line of G is hooked to a vertex of the tree. Therefore, for any � ∈ I(G), there
exists ν ∈ V(T ′) (we fix it) such that � ∈ Lν(G). Moreover, there exists a
unique line �ν of the tree T ′ hooked to ν and directed towards the root. We
can perform the unambiguous change of variables: j� = |i� − i�ν

|. Then,

∏

(i,k)

M−ω(Gi
k) ≤

∏

ν∈V(T ′)

∏

�,�′∈Lν(G)

M− |i�−i
�′ |

32 ≤
∏

�∈I(G)

M− j�
32 .

Allowing ρ → ∞ and summing on the attributions μ = {i�}�∈I(G), we find

∣
∣
∣
∣
∣

∑

μ

Aμ
G

∣
∣
∣
∣
∣
≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N‖2

∑

μ

∏

�∈I(G)

M− j�
32

≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N‖2

∏

�∈I(G)

∞∑

j�=0

M− j�
32

≤ K‖ϕ̂1‖1 . . . ‖ϕ̂N−2‖1‖ϕ̂N−1‖2‖ϕ̂N‖2.

�

2.3. Renormalization

In the above subsection, we have seen that a graph G endowed with an attri-
bution μ has a convergent amplitude if all its quasilocal subgraphs Gi

k have
strictly positive superficial degree of divergence ω(Gi

k) (see Theorem 2.3).
Then, for a general graph (G,μ), the subgraphs to renormalize are the quasi-
local ones Gi

k such that ω(Gi
k) ≤ 0 (and with at least one loop).

• In dimension D = 4, they correspond to quasilocal subgraphs Gi
k with

N(Gi
k) = 2, 4 external legs.

• In dimension D = 3, they correspond to quasilocal subgraphs Gi
k with

N(Gi
k) = 2 external legs and n(Gi

k) = 1, 2. There are only four (topolog-
ically different) such subgraphs.

• In dimension D = 2, they correspond to quasilocal subgraphs Gi
k with

N(Gi
k) = 2 external legs and n(Gi

k) = 1, which in fact correspond to only
one subgraph called the “tadpole”.

• In dimension D = 0, 1, there is no subgraph to renormalize.
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In the proof of Theorem 2.3, we have seen that the amplitude AG (2.6)
of a graph G contains the overall delta function (2.9), so that we define BG as

AG(k1, . . . , kN−1, kN ) =
∫ ∏

�∈I(H)

dDu� BG(k1, . . . , kN−1, kN , u�)

×δ

⎛

⎝
N∑

j=1

kj −
∑

�∈I(H)

u�

⎞

⎠ .

Then we note τ the Taylor operator acting on amplitudes: if ω(G) ≤ 0,

τAG(k1, . . . , kN ) :=
−ω(G)∑

j=0

1
j!

dj

dtj

∫ ∏

�∈I(H)

dDu�

×BG(tk1, . . . , tkN−1, kN , u�)δ

⎛

⎝
N∑

j=1

kj − t
∑

�∈I(H)

u�

⎞

⎠

∣
∣
∣
∣
∣
∣
t=0

.

The action of τ on the amplitudes will allow to isolate the divergences and to
renormalize them.

Theorem 2.6. Let (G,μ) be a connected graph of the theory (2.1) with an attri-
bution. For any quasilocal subgraph H = Gi

k with ω(H) ≤ 0,

• The counterterm τAμ
H(φ) :=

∫
dDk1 . . . dDkN τAμ

H(k1, . . . , kN )φ̂(k1) . . .

φ̂(kN ) is a functional of the form of (2.1) in the field φ (but divergent
for i → ∞ together with ρ → ∞).

• The rest (1 − τ)Aμ
H(φ) is convergent for i → ∞.

Proof. • We have seen that only quasilocal subgraphs with N = 2 or N = 4
external legs have negative superficial degree of divergence. Let us start
with the case of N = 4 (only needed in D = 4 dimensions). We consider
(G,μ) a connected graph with an attribution and H = Gi

k a quasilocal
subgraph with N = 4 external legs so that ω(H) = 0. In the notations of
the above subsection,

Aμ
H(φ) =

∫
dDk1 . . . dDkN φ̂(k1) . . . φ̂(kN )

×
∏

�∈I(H)

dDp�dDq� Ĉi�(p�, q�) Δ({p�, q�, kj}).

By the proof of Theorem 2.3, we can choose a spanning tree T of H,
introduce variables u�, v�, and evaluate the Δ-function: for any line of
the tree � ∈ I(T ), the variable v� can be written in terms of the other
variables

v� = V� + U� + K�, where V� =
∑

�′∈I(H)\T
α�,�′v�′ ,

U� =
∑

�′∈I(H)

β�,�′u�′ , K� =
N∑

j=1

γ�,jkj ,
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and α, β, γ are some coefficients. Moreover, the overall delta function
(2.9) remains. It gives

Aμ
H(φ) = K

∫ N∏

j=1

dDkj φ̂(kj)
∏

�∈I(H)\T
dDu�dDv� C̃i�(u�, v�)

×
∏

�∈T
dDu� C̃i�(u�, V� + U� + K�)δ

⎛

⎝
N∑

j=0

kj −
∑

�∈I(H)

u�

⎞

⎠ ,

where K is a constant and we write for simplicity C̃i�(u�, v�) = Ĉi�( 1
2 (u�

+ v�), 1
2 (u� − v�)). It can be reexpressed as

Aμ
H(φ) = K

∫ N∏

j=1

dDkj φ̂(kj)
∏

�∈I(H)\T
dDu�dDv� C̃i�(u�, v�)

×
∏

�∈T
dDu� C̃i�(u�, V�+U�+sK�)δ

⎛

⎝
N∑

j=0

kj − s
∑

�∈I(H)

u�

⎞

⎠

∣
∣
∣
∣
∣
∣
s=1

.

(2.14)

We use now the Taylor expansion on the variable s : f(1) = f(0) +∫ 1

0
∂
∂sf(s)ds. For s = 0, we recognize exactly the expression τAμ

H(φ),
which is just the amplitude taken for vanishing external impulsions since
ω(H) = 0. So, the counterterm has the form

τAμ
H(φ) = K(μ)

∫ 4∏

j=1

dDkj φ̂(kj)δ(k1 + · · · + k4) = K ′(μ)
∫

dDx φ(x)4,

while the rest is given by

(1 − τ)Aμ
H(φ)=K

∫ 4∏

j=1

dDkj φ̂(kj)
∏

�∈I(H)\T

dDu�d
Dv� C̃i�(u�, v�)

×
1∫

0

ds
∏

�∈T
dDu�C̃

i�(u�, V�+U�+sK�)

[

−Uν∂νδ

(
4∑

j=0

kj −sU

)

+D(u�, U� + V�, K�, s)δ

(
4∑

j=0

kj − sU

)]

.

where U =
∑

�∈I(H) u� and ∂
∂s C̃i�(u�, U� + V� + sK�) = D(u�, U� +

V�,K�, s)C̃i�(u�, U� + V� + sK�). By an analysis similar to the one lead-
ing to Eq. (2.10), we can observe that the term in Uν∂νδ brings at least
M−ω(H)−i = M−i and norms of the type ‖φ̂‖1, ‖φ̂‖2, ‖∂ν φ̂‖2, ‖kν φ̂‖2. The
second term, in D(u�, U� + V�,K�, s)δ brings also at least M−i and other
norms like ‖kνkσφ̂‖2. This concludes the second assertion of the Theorem
for the case N = 4 since M−i → 0.
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• We focus now on the case of N = 2 external legs with ω ≤ 0, in dimension
D = 2, 3, 4, whose amplitude is given by (2.14). As before, we perform
a Taylor expansion on the variable s but at the third order: f(1) =
f(0) + f ′(0) + 1

2f ′′(0) + 1
2

∫ 1

0
(1 − s)2f (3)(0)ds. The first three terms of

the expansion coincide with τAμ
H(φ) which takes the form

τAμ
H(φ) = K

∫
dDk φ̂(k)(α1(μ) + α2(μ)k2 + α3(μ)∂2

k)φ̂(−k)

after calculations, or by the Parseval–Plancherel theorem,

τAμ
H(φ) = K ′

∫
dDx φ(x)(α′

1(μ) + α′
2(μ)∂2

x + α′
3(μ)x2)φ(x).

The fourth term, the rest (1 − τ)Aμ
H(φ) is convergent when i → ∞, by

the same analysis as before. �

Due to Theorems 2.5 and 2.6, BPHZ renormalization can be directly
performed by defining recursively the renormalized amplitudes, e.g.

AR
H := (1 − τ)AH(φ)

if H does not contain subgraphs with negative degree of divergence ω, and
by using the Zimmermann forest formula [40]. See also chapter 1 of [39] for a
good overview on this procedure. Thus, we have shown here that the theory
(2.1) is renormalizable at all orders in perturbation.

3. Beta Functions

3.1. Commutative Theory

In this subsection, we perform the calculation of the one-loop beta function of
the model (2.1) in D = 4 dimensions. Due to the Feynman rules (2.6), we find
the one-loop two-point correlation function as

A2(x) = −12λC(x, x)φ2(x) =
−3λΩ2

4π2

1∫

ε

dt

4Ω2t2
(1 − m2t − Ω2tx2)φ2(x),

(3.1)

where the integral on t is regularized by a UV cut-off ε near 0, and up to finite
contributions in ε → 0. It gives

A2(x) =
−3λ

16π2

(
1
ε

+ m2 ln(ε) + Ω2x2 ln(ε)
)

φ2(x).

In the same way, the one-loop four-point correlation function is

A4(x) = 288λ2

∫
dy φ(x)2φ(y)2C(x, y)2
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Therefore, with a Taylor expansion on the fields, it becomes

A4(x) = 288λ2

∫
dz φ(x)2C(x, x + z)2(φ(x) + zμ∂μφ(x)

+
1
2
zμzν∂μ∂νφ(x) + · · · )2

Using the expression of the propagator (2.2) regularized as above by a cut-off
ε, we obtain

A4(x) =
−9λ2

8π2
ln(ε)φ4(x),

up to finite contributions.
Combining these contributions, we find that the one-loop effective action

can be expressed as

Γ1l(φ) =
∫

d4x

(
1
2
(∂μφ)2 +

Ω2

2

(

1 +
3λ ln(ε)

8π2

)

x2φ2

+
m2

2

(

1 +
3λ

8π2m2ε
+

3λ ln(ε)
8π2

)

φ2 + λ

(

1 +
9λ ln(ε)

8π2

)

φ4

)

.

(3.2)

We express the one-loop beta functions with respect to the physical (renormal-
ized) constants: λR,m2

R,ΩR. Here the renormalization of the wave function is
Z = 1 because of the coefficient of (∂μφ)2 in (3.2). The gamma function (for the
renormalization of the wave function) and the beta functions of the different
constants are

βλ :=
∂λ

∂(− ln(ε))
=

9λ2
R

8π2
, βΩ :=

∂Ω
∂(− ln(ε))

=
3λRΩR

16π2
,

βm2 :=
1

m2

∂m2

∂(− ln(ε))
=

3λR

8π2
− 3λR

8π2m2
Rε

, γ :=
∂ ln(Z)

∂(− ln(ε))
= 0. (3.3)

3.2. Theory on the Moyal Space

We present here the beta function of the scalar field theory on the Moyal space
with harmonic term given by

S(φ) =
∫

d4x

(
1
2
(∂μφ)2 +

Ω2

2
x̃2φ2 +

m2

2
φ2 + λφ � φ � φ � φ

)

, (3.4)

where Θ is a non-degenerate skew-symmetric matrix, x̃ = 2Θ−1x,Ω is a real
dimensionless parameter, and the Moyal product is given by

(f � g)(x) =
1

π4θ4

∫
d4yd4z f(y)g(z)e−iyz̃−izx̃−ixỹ.

This theory is renormalizable to all orders [8] for a non-zero Ω. Note that
this action has been interpreted as coming from a deformation of a superspace
[41,42]. Its propagator is given by the Mehler kernel in the position space [43]
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C(x, y) =
(

Ω
πθ

)2
∞∫

0

dt

sinh2( 4Ωt
θ )

e−m2tC(t, x, y),

C(t, x, y) = exp
(

− Ω
2θ

coth
(

2Ωt

θ

)

(x − y)2 (3.5)

− Ω
2θ

tanh
(

2Ωt

θ

)

(x + y)2
)

which corresponds to (2.2) up to a redefinition of the constant Ω.
Owing to the computations of [14], the one-loop effective action of the

theory (3.4) can then be showed to be

Γ1l(φ)=
∫

d4x

(
1
2

(

1+
λΩ2 ln(ε)

4π2(1+Ω2)3

)

(∂μφ)2+
Ω2

2

(

1+
λ ln(ε)

4π2(1+Ω2)3

)

x̃2φ2

+
m2

2

(

1+
λ

4π2m2(1+Ω2)2ε
+

λ ln(ε)
4π2(1 +Ω2)2

)

φ2

+λ

(

1+
λ ln(ε)

4π2(1+Ω2)2

)

φ�4

)

in the regularization scheme of expression (3.1). Note that it does not corre-
spond to the one chosen in [14]. We present here the results in this scheme
to compare them with the beta functions of the commutative case and of the
Moyal degenerate case, where a similar scheme is chosen. Due to the non-triv-
ial contribution of the kinematic term (∂μφ)2, we have to perform the change
of field φ = Z

1
2 φR. Since the effective action takes the form

Γ1l(φ) =
∫

d4x

(
1
2
(∂μφR)2 +

Ω2
R

2
x̃2φ2

R +
m2

R

2
φ2

R + λRφ�4
R

)

,

in function of the physical (renormalized) constants, λR,m2
R,ΩR, we deduce

that the renormalization of the wave function is

Z =
(

1 +
λΩ2 ln(ε)

4π2(1 + Ω2)3

)−1

.

By expanding the bare constants λ,m2,Ω and Z in terms of λR, we can com-
pute the following beta functions:

βλ =
λ2

R(1 − Ω2
R)

4π2(1 + Ω2
R)3

, βΩ =
λRΩR(1 − Ω2

R)
8π2(1 + Ω2

R)3
,

βm2 =
λR

4π2(1 + Ω2
R)3

− λR

4π2m2
R(1 + Ω2

R)2ε
, γ =

λRΩ2
R

4π2(1 + Ω2
R)3

. (3.6)

We see that for Ω = 1, βλ = βΩ = 0. These results coincide with [14] up to the
change of regularization scheme.

3.3. Theory on the Degenerate Moyal Space

Let now Θ be a skewsymmetric matrix degenerate in the two first coordinates.
Each position x ∈ R

4 will be written as (x0, x∗) where x0 = (x1, x2) ∈ R
2
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correspond to the two first coordinates, while x∗ = (x3, x4) ∈ R
2 represent the

third and the fourth ones. The associated star-product is given by

(f � g)(x) =
1

π2θ2

∫
dy∗dz∗ f(x0, y∗)g(x0, z∗)e−iy∗∧z∗−iz∗∧x∗−ix∗∧y∗

where y∗ ∧ z∗ = 2y∗Θ−1
∗ z∗ and Θ∗ represents the non-degenerate part of Θ.

The action we want to consider here is

S(φ) =
∫

d4x

(
1
2
(∂μφ)2 +

Ω2
0

2
x2

0φ
2 +

Ω2
∗

2
x̃2

∗φ
2 +

m2

2
φ2 + λφ � φ � φ � φ

)

+
κ2

θ2

∫
d2x0d2y∗dz∗ φ(x0, y∗)φ(x0, z∗), (3.7)

where x̃∗ = 2Θ−1
∗ x∗,Ω0 and Ω∗ are, respectively, a dimensionful and a dimen-

sionless parameter. The term with parameter κ has been added for the renorm-
alizability of the theory [44]. The corresponding propagator is

C(x, y) =
Ω0Ω∗
8π2θ

∞∫

0

dt

sinh(2Ω0t) sinh(4Ω∗t
θ )

e−m2tC(t, x, y),

C(t, x, y) = exp
(

−Ω0

4
coth(Ω0t)(x0 − y0)2 − Ω0

4
tanh(Ω0t)(x0 + y0)2

−Ω∗
2θ

coth
(

2Ω∗t

θ

)

(x∗ − y∗)2− Ω∗
2θ

tanh
(

2Ω∗t

θ

)

(x∗ + y∗)2
)

.

(3.8)

In [44] it has been observed that only terms for κ = 0 were involved in
the renormalization of the wave function, the harmonic term, the mass term
and the quartic interaction term. So, we compute the corresponding part of
the one-loop effective action by setting κ = 0. At the level of the planar regular
part of the one-loop two point correlation function, it gives

A2(x) =
−λ

8π2(1 + Ω2
∗)

((
1
ε

+ m2 ln(ε) + Ω2
0x̃

2
0 ln(ε)

+
Ω2

∗
1 + Ω2

∗
x̃2

∗ ln(ε)
)

φ2(x) − Ω2
∗

1 + Ω2
∗

ln(ε)φ(x)∂2
∗φ(x)

)

,

where ∂2
∗ = ∂2

∂x2
3

+ ∂2

∂x2
4

and ∂2
0 = ∂2

∂x2
1

+ ∂2

∂x2
2
. The two-point graph with one

loop and two broken faces gives also a divergent contribution, contrary to the
fully noncommutative case, but it contributes only to the renormalization of
the constant κ [44], so we do not compute it here. Then, the computation
of the planar regular one-loop four point correlation function yields

A4(x) =
−λ2

4π2(1 + Ω2
∗)

ln(ε)φ�4(x),

up to finite contributions. The one-loop effective action can therefore be
expressed as
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Γ1l(φ) =
∫

d4x

(
1
2
(∂0φ)2 +

1
2

(

1 +
λΩ2

∗ ln(ε)
4π2(1 + Ω2

∗)2

)

(∂∗φ)2

+
Ω2

0

2

(

1 +
λ ln(ε)

4π2(1 + Ω2
∗)

)

x̃2
0φ

2 +
Ω2

∗
2

(

1 +
λ ln(ε)

4π2(1 + Ω2
∗)2

)

x̃2
∗φ

2

+
m2

2

(

1 +
λ

4π2m2(1 + Ω2
∗)ε

+
λ ln(ε)

4π2(1 + Ω2
∗)

)

φ2

+λ

(

1 +
λ ln(ε)

4π2(1 + Ω2
∗)

)

φ�4

)

.

We see that the Laplacian terms renormalize differently for the commutative
coordinates and the noncommutative ones. We decide to introduce a coefficient
a in front of the commutative part of the Laplacian which has to be renor-
malized. Then we can define the wave function renormalization. But note that
this procedure is not unique: we could have chosen to introduce a coefficient in
front of the noncommutative terms. This problem cannot be avoided for the
degenerate Moyal case.

We perform the change of fields φ = Z
1
2 φR. Since the effective action

takes the form

Γ1l(φ) =
∫

d4x

(
a

2
(∂0φR)2 +

1
2
(∂∗φR)2 +

Ω2
0,R

2
x̃2

0φ
2
R

+
Ω2

∗,R

2
x̃2

∗φ
2
R +

m2
R

2
φ2

R + λRφ�4
R

)

,

in function of the physical (renormalized) constants, λR,m2
R,Ω0,R,Ω∗,R, the

renormalization of the wave function is given by

Z =
(

1 +
λΩ2

∗ ln(ε)
4π2(1 + Ω2

∗)2

)−1

.

We expand as before the bare constants λ,m2,Ω0,Ω∗ and Z in terms of λR,
and we obtain the beta functions:

βλ =
λ2

R(1 − Ω2
∗,R)

4π2(1 + Ω2
∗,R)2

, βΩ0 =
λRΩ0,R

8π2(1 + Ω2
∗,R)2

, βΩ∗ =
λRΩ∗,R(1 − Ω2

∗,R)
8π2(1 + Ω2

∗,R)2
,

βm2 =
λR

4π2(1 + Ω2
∗,R)2

− λR

4π2m2
R(1 + Ω2

∗,R)ε
, γ =

λRΩ2
∗,R

4π2(1 + Ω2
∗,R)2

. (3.9)

These results have also been obtained in [45] for the case Ω0 = 0. But here,
one need to treat also the commutative directions with a harmonic potential
for the discussion, so to consider Ω0 �= 0.

4. Discussion

We have seen in Sect. 2 that the commutative scalar field theory with harmonic
term (2.1) has the same power counting (2.8) as the usual theory without har-
monic term (Theorem 2.3). One could have said that the mass dimension of
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the parameter Ω straightforwardly gave this result, but the usual argument
based on mass dimension of the parameters is not valid if the quadratic part
of the action (here (2.1)) involves terms with both momenta p2 and positions
x2. That is why it was important to check this power-counting. Moreover,
Theorem 2.6 showed the quantum stability of the theory (2.1), i.e. that the
harmonic term does not generate other terms than the one involved in the
classical action. So the theory is renormalizable to all orders in D = 4 dimen-
sions and superrenormalizable for D ≤ 3 dimensions. In particular, this result
stresses the interest of the analysis of [37], describing a modified Higgs mecha-
nism for this theory from non-constant vacuum configurations. So far, it would
be interesting to continue this analysis with respect to the results of the present
paper, namely to investigate the quantum stability of the vacuum configura-
tions exhibited in [37].

The theory (3.4) with harmonic term on the Moyal space is known to
have a ill-defined commutative limit θ → 0, for a fixed parameter Ω. The sim-
plest solution was then to assume that the harmonic term also vanishes Ω → 0
when taking the commutative limit. In the present paper we can analyze what
happens if Ω

θ is fixed to a certain value Ωcom > 0 during the commutative
limit. If it were well defined, Ω and Ωcom would have to run in a similar way.

• In the commutative case (3.3), Ωcom does not have any effect on the flow
of the other constants. The renormalization of the wave function does not
take place at one-loop like without the harmonic term.

• Contrary to this, in the Moyal case (3.6), the parameter Ω has a strong
effect on the flow of the coupling constant λ due to the non-vanishing
renormalization of the wave function. Ω = 1 is a fixed point of the renor-
malization group and for this value, βλ = 0 [14,15], so that the theory is
asymptotically safe.

We see therefore that this commutative limit, preserving Ω
θ = Ωcom, is not com-

patible with the renormalization flow. In particular, the commutative scalar
field theory is not asymptotically safe. Notice that the property of asymptotic
safety appears as soon as there are noncommutative directions, as shown by
the degenerate Moyal case (3.9). The parameter of selfduality is then Ω∗ of
these noncommutative directions. Another consequence of this analysis is that
the kinetic and harmonic terms are renormalized in a different way for the
commutative and noncommutative directions.

One of the advantage of considering the scalar theory with harmonic
term on the Moyal space is therefore this property of asymptotic safety, which
could permit to define it at a constructive level. The vacuum configurations for
negative mass term (m2 < 0) have been investigated in [19]. These non-con-
stant solutions may share some interesting features with the one examined in
[37]. In view of a modified Higgs mechanism, one could also look at the quan-
tum stability of the vacuum solutions of [19] as well as at their asymptotic
properties.
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