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Inverse Scattering Theory for Discrete
Schrodinger Operators on the Hexagonal
Lattice

Kazunori Ando

Abstract. We consider the spectral theory and inverse scattering problem
for discrete Schrédinger operators on the hexagonal lattice. We give a pro-
cedure for reconstructing finitely supported potentials from the scattering
matrices for all energies. The same procedure is applicable for the inverse
scattering problem on the triangle lattice.

1. Introduction

Let us begin with recalling the study of inverse scattering problems for
Schrodinger operators on R™. For n = 1, it was solved by Gel’fand and
Levitan [9], Marchenko [24] in the 1950s. For n = 3, Faddeev [7] established the
uniqueness of the potential with given scattering matrices using high-energy
Born approximation soon after that. In the 1970s, Faddeev [8] and Newton [26]
investigated an analogue of Gel’fand-Levitan theory for the multidimensional
case by making use of Faddeev’s Green operator. A breakthrough in this direc-
tion, called J-approach, was brought in the late 1980s by Beals and Coifman
[2], Nachman and Ablowitz [1], Khenkin and Novikov [16], Weder [31]. See,
e.g. a survey article of Isozaki [12].

In discrete settings, it was pointed out early that the theory of Gel’fand—
Levitan—Marchenko is applicable for the discrete Schrodinger operator on Z
(e.g. Case and Kac [4]). On Z", n > 2, Isozaki and Korotyaev [13] studied the
inverse scattering problem for the discrete Schrédinger operator with a finitely
supported potential, recently. They used a kind of complex Born approxima-
tion and showed a procedure for reconstructing the potential.

In this paper, we consider the inverse scattering problem for the discrete
Schrodinger operator on the hexagonal lattice and derive a reconstruction pro-
cedure for the potential from the scattering matrices of all energies. The hex-
agonal lattice is a sort of two-dimensional lattice, which covers the plane by
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FiGure 1. The hexagonal lattice as graph

equilateral hexagons with honeycomb structure. We regard it as graph. Before
stating our main theorem, let us briefly recall the graph theory.

We denote by G = (V(G), E(G)) the graph that consists of a vertex set
V(G), whose cardinality is at most countable, and an edge set E(G), each
element of which connects a pair of vertices. Let v, u € V(G), and e € E(G).
We denote by v ~ wu, or simply v ~ u, when v is adjacent to u by e; by
N, = {u € V(G);v ~ u} the set of vertices which are adjacent to v. We also
denote by deg(v) = §N, the degree of v. We assume that the graph G is con-
nected, which implies that deg(v) > 0 for any v € V(G), locally finite, that is,
deg(v) < oo for any v € V(G), and simple, that is, there are neither self-loops
nor multiple edges. Here, a self-loop is an edge which joins a vertex to itself,
and multiple edges are two or more edges which join the same two vertices.
The discrete Laplacian Ay on G is defined as

(Aaf)(v deg Zf

for the function f on V(G). It is well known that —Ay is a bounded, self-adjoint
operator on

2(G) = F V(@) =Gl = S 1f0)deg(v) <o b,
veV(G)
and o(—Ag) C [0,2]. See, e.g. Chung [6].

Let G be the hexagonal lattice. Figure 1 illustrates it, where the verti-
ces are represented as big black and white dots and the edges as segments
between two of them. For simplicity’s sake, we adopt as a free Hamiltonian
Hy the operator which is unitarily equivalent to S(Ad + 1) on G. See Sect. 2
for the details. The discrete Schrodinger operator H is defined as H, plus
the potential ¢, which is a multiplication operator by a real-valued function:

(rjf)(v) = (j(v)f(v). Our main result is

Theorem 1.1. Assume that G(v) = 0 except for a finite number of v € V(QG).
Then from the scattering amplitude A(X\) for all X € aess(ﬁ), one can uniquely
compute (4(v))vev(c)-
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Note that, since our potential ¢ is a finite-dimensional operator, the exis-
tence and completeness of wave operators are guaranteed by the finite rank
and trace class perturbation theory, which were developed from the late 1950s
to the early 1960s by Kato [14], Rosenblum [29], Kuroda [20,21], and Birman
[3]; see also historical notes in [28].

The hexagonal lattice can be viewed as a discrete model of graphene,
which is a two-dimensional, single-layered carbon sheet with honeycomb struc-
ture. Graphene is one of the most interesting subjects due to the peculiar
behavior of electrons and very actively studied recently in physics, where tight
binding models for the Schrédinger operator are employed as standard tool,
which give interesting band structures in momentum space. Moreover, the tight
binding models for single-layered graphene can be easily extended to more com-
plicated structures, such as bilayer graphene and graphene nanoribbons (Neto
et al. [5]). Another approach would be a quantum graph model (Kuchment
and Post [19]); unfortunately, there are no physical papers on graphene which
are using it as far as the author knows at this point.

As for the inverse problem, there are few results on graphene media. We
mention Korotyaev and Kutsenko [17], in which some inverse spectral problem
for graphene nanoribbons in external electric fields is considered.

Let us consider the tight binding Hamiltonian on the hexagonal lattice
using Fourier transform. Then we have the characteristic energy bands, which
are similar to those for particles described by the massless Dirac equation, at
Dirac points. See, e.g. [5]. In fact, by expanding the Hamiltonian with respect
to momentum around Dirac points, we have the Dirac operator on R? approx-
imately (Semenoff [30], Gonzdlez et al. [10]). Therefore, in a sense, we are
considering a discrete version of the inverse scattering problem for Dirac oper-
ators in two dimensions. It is not known so much about the inverse scattering
theory for Dirac operators, relative to that for Schrédinger operators. We refer
to Isozaki [11].

The rest of this paper is organized as follows: In Sect. 2, we review spec-
tral properties of the free Hamiltonian on the hexagonal lattice, and define
a conjugate operator to derive Mourre estimates. As a consequence, we show
the absolute continuity of the discrete Schrodinger operator on the hexagonal
lattice. In Sect. 3, we construct a spectral representation and then obtain a
representation of the S-matrix. Our main result, the reconstruction procedure
for the potential, is shown in Sect. 6, and the key lemmas for it, analytic
continuation and estimates of the resolvent, are proved in Sects. 4 and 5,
respectively. Section 7 remarks that our reconstruction procedure also works
on the triangle lattice in almost the same way as on the hexagonal lattice and
the two-dimensional square lattice.

2. Discrete Schrodinger Operators on the Hexagonal Lattice

2.1. Preliminaries

As far as the discrete Laplacian is concerned, we only have to take care of
the adjacent relations between the vertices, which enables us to illustrate the
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FIGURE 2. The hexagonal lattice can be deformed as above,
where the black and white dots are placed on Z? and corre-
spond to those in Fig. 1, respectively

hexagonal lattice G as Fig. 2, where the vertices are placed on Z?2. Therefore,
we can regard that

V(G) =172,

E(G) ={[m,n};m,n € ZQ,nl =my +1,me =no}
U{[m,n];m,n € Z?,m; = ni,mg € 2Z+ 1,ny = my + 1}
U{[m,n);m,n € Z?, my = ny,my € 2Z,ny = my + 1},
where m = (mq,m2) and n = (n1,ng), and the segment between m and n is
denoted by [m,n]. Also, noticing that the degree of the vertices on the hex-
agonal lattice is always three, we can regard [?(G) as just the [*>-space on Z2
equipped with the norm ”9”122(6:) =3 ,eze o).

We next introduce the hexagonal lattice structure on Z2, which is differ-
ent from the standard lattice one, in the following manner. We split Z? into
two parts: Z2 = 72 UZ2, where

Zg = {(nl,ng);nl “+ no € QZ}, Zg = {(nl,ng);nl +no—1€ ZZ}

In Fig. 2, Z2 and Z2 are represented as the black dots and the white ones,
respectively, each of which has a lattice structure with basis €; = (1,1) and
€y = (—1,1). Therefore, there exist canonical isomorphisms:
Zg 3 (n1,n2) —— (m1,m2) € Z?, ny =my —my, ny =my + ma, (2.1)
72 5 (n1,ns) — (m1,ma) € Z?, ny = mq —ma, ng = 1 +my + mo.
(2.2)
Noticing that ZZ? and Z? are the minimal periodic lattice structures in the

hexagonal lattice, we need to use a system of difference operators to analyze
the discrete Laplacian on the hexagonal lattice.

2.2. Discrete Laplacian
There is a natural unitary mapping J : (?(Z?)®1?(Z?) — I?(G); more precisely,

o e Am), ifnez?
T (f1, f2) — g, V34(n) = {ﬁ(m), if n € 72,
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where m = (my,ms) is defined by (2.1) and (2.2), respectively. Note that /3
comes from the degree of the vertices, which contributes to the definition of
the norm of I?(G).

The adjacent vertices of (ny,ng) € Z2 are (ny + 1,n2), (n1,n2 + 1), and
those of Z2 are (n1 = 1,n2), (n1,ny — 1). Therefore, 3(A;+ 1) on G is written
as

(B(Ag+1)g)(n) = {

g(ny —1,m) 4+ g(ny + 1,ny), if n € Z2,

g(n17n2+1) +
g(ny —1,n2) + g(ny + 1,n2), ifn € Z2,

Jr
g(nlan - ]-) +
for g € I2(G). This implies that

(T*3(Aa+ 1)T r(m) = fo(ma,ma) + fo(ma — 1,ma) + fo(m1,ma — 1),

(T*3(Aa+ 1T fa(m) = filmi,ma) + fi(mi + 1,ma) + fi(my, ms + 1),

for f = ((f1(m)mezz, (Fa(m))mezz) € 12(Z2) @ 12(22).
Let us define

1*(Z%,C?)

o o .]fl(m) I FN2 — £ m 2 f m 2 o0

meZ?

There is a unitary mapping Z : 1?(Z?; C?) — [2(Z?) @ [?(Z?), under which we
can naturally identify [2(Z2; C?) with 12(Z?) @ [?(Z?); more precisely,

L: <(£EZZ;>) — ((fl (M) mez2, (fz(m))mezz).
meZ?
Let Hy = T*J*3(Aq + 1)JZ. Then we can write

yoF fa m1,m2)+fi2(m1—17m2)+fj2(m1>mz—1)>
(Hof)(m) = (fl m1,me2) + fi(m1 +1,mg) + fi(mq,mg + 1)

for f = ((f1(m), fa(m Mmez: € (2% C2).
We put T? = R?/(27Z)? and

L*(T?;C?)

— o~

A\_/

= { = (O Ao ey = [P + 172N < o0
T2
We define a unitary operator F :1%(Z%) — L*(T?) and its adjoint F* by
f lnﬁ * f 7’L’I’L€d€’
'ILEZZZ /

and extend them naturally on [?(Z2; C?) and L?(T?;C?). They are the usual
Fourier series and Fourier coefficients for each component. We also put

Hy = FHoF*.
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Then H, is a multiplication operator by a symmetric matrix on L?(T?; C?):

(10 )(6) = HOF(©). o) = (z0e) ).

where
() = a1(€) =1+ e 462 £ = (£,8) € T?, (2.3)
a(¢) = az(§) = a(§).

Next, let us define the unitary operator U as

unie =v©s©. vo = (1 Yl )

on L?(T?;C?), where U(€) is a unitary matrix for each ¢ € T?. Its adjoint U*
is a multiplication operator by the adjoint matrix U*(£) = U(£)*. We put

Hy = UHU".

The conjugation by U () diagonalizes Hy(§), which means that Hy is a multi-
plication operator by a diagonal matrix on L?(T?;C?):

(1 (©) = FOF(©). Fo©) = U@ m©r© = (7§ 1),

where

p(&) = la(f)| = \/3 +2cos&1 +2cos&s + 2cos (& — &3). (2.5)

One computes that

2
&1 ;& 1 & ;_&) — cos? % + 1. (2.6)

p(€)? =4 <cos + 5 cos
We put
2t 27w 27 2w
— _n =(-= =) eT2 2.
5071 <37 3>7§O,2 ( 373>€ (7)

Then we have
Proposition 2.1. p(§) is continuous and
0<p() <3

on T?. Moreover,

1. p(&) =0 if and only if € = &1 or &o 2,
2. p(&) =3 if and only if £ = (0,0),
3. p(&) is real-analytic on T? \ {&o.1,&0.2}-

Proof. Clearly, p(¢€)? is real-analytic and
0<p(€)>=3+2cos&; +2cos&s +2cos (£ — &) <9

on T2, which proves the first statement.
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By using (2.6), we have p(§) = 0 if and only if
G—-& 1  &G+& S§1+€2
2

COS

+ — cos 0, co = =1,

2 2 2

which means that the zeros of p(§) are exactly & ;, j € {1,2}.

The next statement is obvious.

Noticing that &1 and &y o are all the zeros of p(£)?, we have the last
one. 0

We denote by o(T') the spectrum of a self-adjoint operator T'; by 04.(T),
0s¢(T), and o0,,(T) its absolutely continuous one, its singularly continuous
one, and its pure point one, respectively. By using the above proposition, we
have

Proposition 2.2. o(Hy) = ac(Ho) = [~3,3] and o,p(Ho) = 05e(Ho) = 0.

Remark 2.3. In the graph theory, the hexagonal lattice is, in general, called an
abelian covering graph of a finite graph. For more general treatments for the
spectrum of the discrete Laplacian on such a graph, we refer to Kotani et al.
[18].

2.3. Discrete Schrédinger Operators

The potential on [2(Z?; C?) is denoted by ¢, which is a multiplication operator
by real-valued, diagonal, 2 X 2 matrices:

. A ND . 1(n) O . .
= i), dm) = (5 0 ) Gmer jena, @)
nez? 0 92 (Tl)
where P(n) is the projection onto the site n € Z2 on (*(Z?; C?) written as
(P(n)f)(m) = pm f(m).
Here 6,,,, is Kronecker’s delta. Throughout the paper, we shall assume that

(A). ¢ is finitely supported, that is, §(n) = 0 except for a finite number of
n € 72

Note that some parts of our arguments are extended to more general
decaying potentials.
We put

q=FqF", ¢§=UqU".

Then ¢ and ¢ are written as

/ @€ — O R0
1 2 ~ (Gf)1(€)
(af)§)=—|" . @nNE =1 ,: :
2 / @26 — O f2(0)dC <(Qf)2<’5)>

T2
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for f € L?(T?;C?), where

0 = 50 X Bl T2
A = 55 / (06 =0+ S as ~ SN A0
3 [@(€-0 - Sale - OSEDR
J
@f)z(s):2(;%[@1(5—0—;“((3%@ OSEDAC
+35m5 T/ (06 = 0)+ S8 as ~ O SN RO,

The discrete Schrodinger operator is denoted by
H=H+4.
We also put
H=FHF*=Hy+q, H=UHU" = Hy +q.

We denote by o.ss(T) the essential spectrum of a self-adjoint operator T'. Then,
by noticing that the potential is a compact perturbation, we have

Proposition 2.4. 0..(H) = [-3,3].

2.4. Sobolev Spaces and Mourre Estimates

Let Lg be the self-adjoint extension of the operator

-A 0
0 -A

on C’OO(']I‘2'C2) = {CZ?-valued smooth function on T2}, where A = (% +
85 ) We denote by H*, s € R, the domain of the operator L 5/2,

He = {f € D (T C)|If s = (14 Lo)*/?f]| < o0},
where D' (T?; C?) = {C2-valued distribution on T?}. Also, we denote

H = FH.

We put H = HO = L2(T%;C?) and H = H° = [2(Z2; C2). The next proposition,
which characterizes H?, is obvious by Parseval’s equation.

Proposition 2.5. f € H*, if and only if 3,22 (1 + [n)* | f ()22 = E,eze
1+ \n|2)s(|f1(n)|2 + |f2(n)\2) < o0, where f = ]—'f,
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We derive Mourre estimates. At first, we perform formal calculations and
then modify the conjugate operator by introducing a cut-off function to prove
its self-adjointness. Let A be a first-order differential operator defined as

Vp-V+V-Vp 0
A = i[Hy, Lo] = ( 0 —(Vp-V—i—V-Vp))

By a straightforward calculation, the commutator of Hy and A is
i[ﬁo,A] - 2|Vp(£)|212a

where I5 is the 2 x 2 identity matrix.
A simple calculation shows that

=]
If sin&; + sin (&, — &) = 0, then
& —&=¢& +mor —&  (mod 27).
Also, if sinés — sin (€1 — &) = 0, then
G—&=&or —&+7 (mod 2m).
Note that we cannot define Vp(€) at £, and &,s. Therefore, we have
{€ € T* Vp(€) = 0} = {(0,0), (0, —W) (=m,0), (=m, =)}

From (2.6), p(¢) =1 if and only if cos 8552 =0 or cos $552 52 =—cos 5”'52
If cos % = 0, then

(2.9)

G -8

5 g (mod 7).
Also, if cos & 52 = —cos %, then
& ;fz = :I:51 _552 +7  (mod 27).

Therefore, we have
{€ e T%p(¢) =1}
={(&1,&) € [-m,m)*} 6 = —mor & = —mor § = & £ ),

which includes the set {€ € T?; Vp(¢) = 0} except the origin.
Let us define

={¢ € T%p(¢) = E}. (2.10)
Then we have
Proposition 2.6. For E € (0,3)\ {1}, Mg is a real-analytic compact manifold.

Proof. We have Vp(£) # 0 on Mg for E € (0,3) \ {1}. Noticing Proposition
2.1, we have the claim. O
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FIGURE 3. The surface graph and the contour lines of p(&)

on [—m,m)?2
Put Cy(F) = 2infeepm,, [Vp(€)|?. Note that Co(E) > 0 for E € (0,3) \

{1}. Then, for small ¢ > 0, there is 6 > 0 such that
IVp(&)] = Co(E) —€ >0

on p~Y([E — 6, E + §]), which shall imply that
Z[H(),A} > Co(E) —&.

cut-off function x(&): for small p > 0,
07 lff € Bu(go,l) U BM(&O,Q)a
if § ¢ Bau(€0,1) U B2,u(80,2),

x(€) = xu(§) = {
where B, (&) = {& € T?|¢ — &| < p}. Let us define
A, = xAx.

Then, by Nelson’s commutator theorem (Theorem X.37, Reed-Simon [27],

where we take N = Ly + 1), A, is essentially self-adjoint on C>°(T?;C?).
Let us choose sufficiently small 4 > 0 depending on E and ¢ > 0. Then
(2.12)

We have already shown that p(& ;) = 0, j € {1,2}, which means that
Vp(§) has singularities at £ 1 and o 2. To avoid them, we introduce a smooth
(2.11)

L,

we have the Mourre estimate for Hy:
f(Ho)i[Ho, A\] f(Ho) = (Co(E) — €) f(Ho)?
for any real-valued f € C§°((E — 0, E 4 0)). Figure 3 helps us to understand
We can write (i[g, A,]f)(€) as a sum of the following terms: for some

what we have done so far in this section.
a(€), b(€), c(€), d(§) € L>=(T?), and j, k, I € {1,2},
Jq;
/ 6?;(5 = Q)d(¢) fr(€)dC.

a(€) / 456 — OB fe(O)dC, ()
T

T2
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Our assumption (A) makes those operators compact. As a result, we have the

Mourre estimate for H, that is, there is a compact operator K = K depending
on the interval I = (F — §/2, E + §/2) such that

Eq(D[H,iA)E5(I) > (Co(E) — e)Ez(I) + K, (2.13)

where E 7 ( ) is the spectral pI‘Q]eCthIl for H.

Let R(z) = (H — 2)~'. We denote by B(X,Y), or simply B(X) when
X =Y, the set of all bounded operators from X to Y, where X and Y are
Banach spaces. We also denote the domain D((1+|A,|)®) equipped with graph
norm by H4, . Then, with the aid of (2.12) and (2.13), by the well-known
Mourre theory (Mourre [25]), we have the following theorem:

Theorem 2.7. Let Iy = (—3,3) \ {£1,0}. Then

1.  The eigenvalues of H are of finite multiplicities with possible accumula-
tion points 0, 1, £3.
2. There is no singularly continuous spectrum:

H = Hyp(H) & Hac(H).

3. Lets > 1/2 and X € Io. Then there is a norm limit R(\ +40) :=
limos o R(A £ ig) in B(H} ,H,Y), and Ip 5 A — R(A +1i0) € B(H ,

H,?) is norm continuous. Furthermore, we have
X

sup || R(\ + ZO)”B(HS ) <0
AeJ X

for any compact interval J in Io \ opp(H).
Corollary 2.8. If s > 1/2,

sup || R(A £ 00)|[ gz 34—+ < 0©. (2.14)
xeJ

Proof of the Corollary. We only have to note that the inclusions H® C Hjx
and (H3 )" =~ Hy, CH™ > (H?®)* are continuous for s > 0. O

Conjugating by U, we have the same statements for H; moreover, by F,
we also have those for H, where we use H* instead of H*.

3. Eigenoperators and Scattering Matrix

3.1. Trace Operators
Let Ro(z) = (Hy — z)~'. Then we have

(RO( )fa )L2(22((;2)7\/f1 §+/f2

for f = (f1, f2),9 = (g1, 92) € C>°(T?;C?).
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It has been already shown that M, is a real-analytic manifold for A €
(0,3) \ {1}. Thus we can introduce local coordinates w on M, which induce
the measure

dé1des = dMy(w)d = JO\, w)dwd), (3.1)
where J(\, w) is real-analytic with respect to A and w.
We note that the set {¢ € T?;p(¢) € {0,1,3}}, which includes all the

extreme points and the critical points of p(£), has null Lebesgue measure.
It enables us to write

3 0 3
(RO(Z)fag)LZ(Z2;C2) =/h1(p)01,0+/Mdp:/mdp7
0 -3

where

hy(p) = / £5(6(p,)) g5 € o ) AM (@), € {1,2},

_Jhlp),  ifpe(0,3)\ {1},
o) = {hz(—p), if p € (=3,0)\ {~1}.
Then we have
(RO(/\ + ZO)f, g)LQ(TQ;ZQ)

A—=9d
= timh(\) + p.v. / Mdp + / Mdp
p—A p—A
A=s [A—p|>5
for A € (=3,3) \ {1, 0}, which leads us to
1, - . ~ .
%((RO()\ +10) — Ro(A —10))f, 9) 2 (r2,c2) = h(A). (32)

Let us define the trace operator Fy()\) as

A)fi
P e
)((73,0)()\)f2‘/\/[A

for feC>(T?;C?), where 7 is a characteristic function of interval I C R, that
is, x1(A\) = 1if A € I, and x7(A) = 0 otherwise. From (3.2), we have
o= ((Ro(A 4 10) — Ro(A — i0))f,0) ey = (oW Fo(\g) (v
(3.3)
for A € (=3,3) \ {1, 0}; moreover, by Corollary 2.8 and (3.3),
Fo(N) € B(H®, L*(M,y; C?)) (3.4)

for s > 1/2.
By the definition, we have

-7:—0()\)(]‘:’0 —A)=0. (3.5)
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We pass from Hy to Hy. For s € R and small ¢ > 0, let ‘H: be the
completion of C2°(T?;C?) in H*, where

C(T?; C?) = {f€C>(T* C?);suppf C T*\ (B:(&0,1) U B=(%0,2))}-
Note that Ro(z)C2°(T?;C?) C C2°(T?;C?). Since H? avoids the singular points
of a(€)/|(€)], wo have

Lemma 3.1. The operator U is defined as a homomorphism on HZ.

For sufficiently small ¢ > 0, for example 0 < £ < |\|/2, we have Ro(\ +
i0) € B(L?(B:(£0.1) U B-(£.2); C?)); moreover, Ro(A +i0)f = Ro(\ —1i0) f for
f € L%(B:(&0.1) U B-(£0.2); C?). Therefore, we can extend ﬁo()\) uniquely as a
null operator on L?(B.(£o,1) U B:(&0.2); C?).

Let U)T\ be a multiplication operator on LQ(./\/IW;(CQ) by the unitary
matrix

o) — ! ;
vw) ﬂ(M-la(fs(ww))—A|-1a<f<|x|,w>>)’

which means that Z/l;[ is a unitary operator. Then, from Lemma 3.1 and its
subsequent descriptions, we can define the operator

Fo(N) = USFo(MU,
which is written as
(Fo(w) = 5 ful€(1Aw)) + 53~ ar(E(N ) (N, )
for f € H®, s > 1/2, where (k,1) = (1,2) or (2,1).
Lemma 3.2. For s >1/2, Fo(\) € B(H*, L*(M,y; C?)).

Proof. Let x = x. € C*(T?) be defined as (2.11). Then, 1 — x as a multipli-
cation operator is continuous from H* to L?(B.(£0.1) U Be(£0.2); C?); so is x
from H? to HZ/4. Therefore, using Lemma 3.1 and (3.4), and noticing that Z/li
is unitary, we have the lemma. O

Let Ro(z) = (Ho — 2z)~!. Passing through L{j\ and U in (3.3), we have
Lemma 3.3. For f,g € H®, s > 1/2,

%((RO()\ +10) — Ro(A —40)) f, 9)2(r2,c2) = (Fo(A)f, Fo(N)g) L2 (m)y c2)-

By Corollary 2.8, Lemma 3.3, and Stone’s formula, we have

3
(f,9)r2(r202) = /(7o(>\)f, Fo(N)g) L2 (M, :c2)dA,
=3
for f,g € H®, s > 1/2; moreover, from (3.5),
Fo(N)(Ho — A) = 0. (3.6)

For A € (—3,3) \ ({£1,0} Uop,(H)), let us define the operator
FEN) = Fo(N)( — gR(X £140)).
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Then we have
Lemma 3.4. For s >1/2 and A € (—3,3) \ ({%1,0} Uop,(H)),
FEO) € B(H®, LA (M5: C)).

Proof. Noticing that ¢ € B(H ™%, H?), this is an immediate consequence of
Corollary 2.8 and Lemma 3.2. O

By the definition of F(*)()\) and (3.6), we have
FEN)(H - )) =0. (3.7)

The next lemma is proved by calculating 27iF &) (X\)* F&)(\) in the same
way as Lemma 3.3 of [13].

Lemma 3.5. For f,g € H®, s > 1/2,

1 ) .
57 (B(A+170) = R(A —10)) f, 9)r2(r2,c2)
= (FENLFENG) L2, i02)-
3.2. Eigenoperators and Spectral Representations
The adjoint operator Fo(A)* is defined by

(FoA)f, D)z (myy ie2) = (F Fo(A) )2 (r2ic2)
for f € H*, s > 1/2, and pcL?(M,}; C?). By the definition, we have Fo(\)* €
B(L?*(M,y; C?), H™*), which is written as
(Fo(N)*@)r(&(lp],w))

= 2p(E( ) — N(w) + 3 E1)

) \ 3(p(&(lpl,w)) — A pr(w),

(3.8)
for ¢ € C>(M,y}; C?), where §(-) is Dirac’s delta and (k,1) = (1,2) or (2,1).
By taking the adjoint of (3.6), we have
(Ho — A)Fo(A)" =0,

which means that Fo(\)* is the eigenoperator of Hy.
Let us define the operator Fy by

(Fof) A w) = (Fo(A)f)(w)
for f € H®, s > 1/2. The proof of the next theorem can be done in the same
way as that for Theorem 3.2 in [13].
Theorem 3.6. 1. Fy is uniquely extended to a wunitary operator from
L2(T?;C?) to LQ((—373);LQ(MW;(CQ);d)\).
2. Fy diagonalizes Hy:

(FoHof)(A) = MFof)(A).
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3. For any compact interval I C (—3,3)\ {£1,0},

/ Fo(N)*g(\)dX € L*(T?;C?)

Jor geL?((—3,3); L*(M|5; C?);dX). Moreover, the following inversion
formula holds:

f=s- hm /]-'0 (Fof)(N)dA

for feL?(T?;C?), where In is a finite union of compact intervals in
(=3,3)\ {£1,0} such that Iy — (—3,3) as N — oo.

Let us also define the operators F(*) as
(FHE N w) = (FHNHW)

for f € H®, s > 1/2. The proof of the next theorem can be also done in the
same way as that for Theorem 3.4 in [13].

Theorem 3.7. 1. F&) are uniquely extended to partial isometries from
L*(T*,C?) to L*((—3,3); L*(My; C);dX) with the initial set Hqc(H)
and the final set L*((—3,3); L*(M,y; C?);d\). Moreover, F&E) diago-
nalize H :

(FEHL)A) = MFH FH(N).

2. The following inversion formula holds:

f=s lim [ FEON(FH A

N—o0
In

for [ € Hae(H), where In is a finite union of compact intervals in
(=3,3)\ ({£1,0} Uoy,(H)) such that Iy — (—3,3) as N — occ.

3. FE)* € B(LA(M|5;C?),H™%) are eigenoperators for H in the fol-
lowing sense:

(H=NFHN)¢=0
for ¢€L2(M|M;(C2).

Now, we turn to the spectral representation for H on the lattice. For
w € M|y, let us define the distribution d,,(-) € D (M) by

(0w, @) = S(w)

for ¢ € C°°(M)y)). Note that M, is an analytic manifold for A € (—3,3) \
{#1,0}. Then, from (3.8), we have the matrix-valued distribution kernel
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©) (& A, 0) of Fo(N)*, which is written as
O (&N, 0)
=3O ((lpl,w); A, 0)
1 1 A la(€(|pl,w)) o
5 (s imelplo) DY sotel1oh ) = ) @ ,00),

where w € M|, and 6 € M|y|.
In the lattice space, we consider the Fourier coefficients of 1) (&; X, §):

ﬁ(O) (/\’ 9) = (1;(0) (n7 )‘7 6))n€Z2? (39)

O 0) = 5 [ wOEA 0 g

T2
11 : 1 A (€I 9))
_ in&(|A],0) 5
23 PO (a0 ! |

(3.10)

where J(|A|,0) is the density introduced in (3.1). We put

Fo = FoF.
Then we have
(Fo(NF F)r(6)
11 : ; 11 ap(S(AL0)) : ;
—_ - ing(1A1,0) 2= 2k ing(|A,0)
29m 2 T+ 55075 D e fitn),
nez? neZ?

(3.11)

for f € H*, s > 1/2, where (k,1) = (1,2) or (2,1). Also, we have

F3o(N) = (F56(m: N)neze,
for ¢ € L*(M|y; C?), which is written as
FootmiX) = (Fo) 0)n) = [ 30 A 0)8(6)Min (0,
My
. 1 1
(Fo Oln) = 5 [ 2o "D g (0)a My (0
Mial
1 1ok (E(AL ) —in
+5- / SR e— SALD gy (9)dM 5 (0),  (3.12)
M
where (k,1) = (1,2) or (2,1).
We put
F& _ g

Passing it to the Fourier transform in Theorem 3.7, we have
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Theorem 3.8. 1. F&) are uniquely extended to partial isometries fmAm
12(Z%,C?) to L*((—3,3); L*(M|5;C?);dX) with the initial set Hac(H)
and the final set L*((—3,3); L*(M,y; C?);d\). Moreover, F&E) diago-
nalize H :

(FEHHA) = MNFD HN).

2. The following inversion formula holds:

f=s- Jim [ FEQ)FEHA)AN
In

for f € Hac(ﬁ), where I is a finite union of compact intervals in
(=3,3)\ ({£1,0} U oy, (H)) such that Iy — (—3,3) as N — oo.
3. FEO)* e B(LQ(MW;(CQ),?:[_S) are eigenoperators for H in the
following sense:
(H = NFH N =0
Jor ¢€L*(M,y; C?).
3.3. Scattering Matrix
Since ¢ is a finite rank perturbation, we can prove that the wave operators
Wi =s lim eitH g=itHo

t—too

exist, and that they are complete (Theorem XI.8, Reed-Simon [28]). Then the
scattering operator S is defined by

S=Wiw_.
We put
S = FoSF;.
Since S commutes with ro and .730 diagonalizes ﬁo, S is decomposable on
L?((=3,3); L*(My; C?); d)) f 369L2 My C?)dA:

3
S = / ®S(\)dA,
-3

where S()\) is the S-matrix, which is unitary on L2(My;C?).
Let us define the scattering amplitude A(X) by
S(A\) =T —2miA(N).

Then, by using the abstract stationary scattering theory (Kato and Kuroda
[15], Kuroda [22,23]), we have

AR = Fo(N)aFo(N)" = Fo(NGR(A +i0)dFo(A)".
Let A(X,0,0) be the integral kernel of A(\), which is written as

(A (N0,0) Aa(N0,0)
A()\’e’e ) B <A21()\,9,9/) A22()\7979,)
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Then, using (2.8), (3.11) and (3.12), we have the following representations for
Ajj()\, 9, 9/), j € {]., 2}

A1 (X, 0,60
:i(l J(AL0)T(N,6) n§26 E(NLO)—E(IN],07))
(@) + a(f(lilﬁ)) a(é(lilﬁ’))@(n))
+;;J<|A|,a>(%zei“£<'A’”cﬁ(n)(R(HiO)qz/?<°>(A,0’>)11<n>
+w S im0 gy () (R(A +i0)@¢<0>(A,9’))21(n)),
Ass(\,0,0') = iﬁ :izlf) J(1A1,6) EZ:ZQ Loy
(@ a(¢ (\:I ,0)) a(¢ (Iil ") 6y )+ Ga(n))

+ 5= T(0,0) <a(§(W)) D P0G (n) (RA+i0)3 ) (A, 8)) 1, ()

A
nez?

+ 3 A0, () (R(A+i0)dzﬁ‘°)(&9’))22(”)> '

nez?

We omit the formulas for A;;(X,0,6"), (i,5) = (1,2) or (2,1), since we do not
use them later.

4. Analytic Continuation

A simple calculation shows that if £ € M,

2 2 2
(4.1)
We let A = /82 + 1 so that k varies over (—1,0) U (0,1). Then we have
cosf—lcosg—2 %sinésm%2 = tkcosh¥, lsmésm%2 = +ksinh 6,

(4.2)

where 6 € R. We parametrize £ € M, using (4.2), for which we need to solve
(4.2) with respect to & and &s.
From (4.2), we have

0s? % cos? %2 = k%% sin? 521 sin 52 = 4k* sinh? 6. (4.3)
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By solving (4.3) with respect to sin? %] and cos? 51 , 7 € {1,2}, we put

sin® é fs =+, O(kz) sin® % = fs,fﬁ(k2)ﬂ (44)
5— = fom ok, co? 32 = o o(R?), (4.5)

where

fsxo(x)= % {1 —2-e¥)z+ \/(1 — (2= €20) 2)® — 42z sinh? 9} ,

fet0(x) = % {1 + (2 -z + \/(1 — (2 — €29) 2)® — 42 sinh? 9} .

In the following, we consider the case that &,& € (0,7) so that sin% >0

and cos & > 0, j € {1,2} and define & (k,0), &(k,0) by the equations (4.4)
and (4. ) We also put

0= a(0) = V2, b=b0)= j% (4.6)

Then we have

Lemma 4.1. Assume 0 < 0 < %log 2. Then &;(k,0) has the analytic continua-

tions (;(z,0), j € {1,2}, with the following properties:

1. ((2,0), j € {1,2}, are analytic with respect to z € Cy = {z € C;3z >
0}.

2. Ifke(-1,0)0U(0,1), we have ;j(k +10,0) = &;(k,0), j € {1,2}.

3. Ifo< & <, je{l,2}, there exist my, mo € Z such that, as N — +o0,

NG (1+iN,0) = 2mym + O(N3), (4.7)

S¢G (14 iN,0) =2log (b+ V> + 1)+ O(N (4.8)
R (1+iN,0) = (2my + )7+ O(N ™), (4.9)
IC2(1 +iN,0) = 2log N + log (4a®) + O(N~2). (4.10)

Proof. We note that
0< fsxo(x) <1, z€]0,00),
fs,f,ﬁ( ) =0, 5,+’9(0) =1,
lim f,—o(z) =1, lim foi0(z)=0.

xr——400

A simple calculation shows that fs _ g(x) (resp. fs,+ 0(x)) are increasing (resp.
decreasing) monotonically.

We put

g(z) = (1—(2—¢€*) 22)2 —4%2%sinh? 4.

Another simple calculation shows that all the zeros of g(z) belong to R. Then
we have the analytic continuations of fs 1 ¢(2?) with respect to z € C.

Furthermore, another simple calculation shows that 0 < fs 4 g(2%) < 1

if and only if z € R. Therefore, we have the analytic continuations (;(z, ) of
&(k,0), j € {1,2}, z € C, which have the imaginary parts of fixed signs.
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Let |z| — oo. Then, noticing that sin %] >0 and cos %J >0, since 0<&; <,
J € {1,2}, we have

. ¢ . 2sinh@ =20 9 _4
sin - = o 2@ 620)22 +0(27%) ¢, (4.11)
NCE /2~ o2 e % —2 —4
SIHE =1 276 z 17m2 +O(‘Z| ) 3 (412)
G et sinh?6 .
sinh?
cos% - \/2_62%{1—2(;111625)2,22+0(|Z|4)}. (4.14)
We put z =14 iN. Then, from (4.11) and (4.14), we have
sin% =Ts1 +Ys 1, cos% =Tc2 + 1We,2, (4.15)
where
o—20
Zs1 = b(0) mz\ﬂ +O(N%) (4.16)
—20
Y1 =b(@)1— — N2 LONH Y, (4.17)
’ 2(2 — e20)?
sinh”
Zeo = a(f) {1 - 2mN’2 + O(N‘*)} , (4.18)

2 — ¢20)”

and a(6) and b(0) is defined by (4.6), respectively. We also put (; = n; + ix;,
J € {1,2}. Then, from (4.15), we have

Ye,2 = a(0) {N + 2( sinh” 0 N7+ O(NS)} : (4.19)

sin % cosh % = Ts1, COS % sinh % =Ys1, (4.20)
cos % cosh % = T2, —sin 772—2 sinh % = Y2 (4.21)

For sufficiently large N > 0, from (4.16) and (4.18), we have x5 1 > 0 and
T2 > 0, which implies, from (4.20) and (4.21), that sin - > 0 and cos ‘2 > 0,
since cosh % > 0, j € {1,2}. We can now prove (4.7), (4.8), (4.9), and (4.10)
in the same way as in [13] by carefully investigating the asymptotic behaviors
as N — +o0. g
Remark 4.2. In the case that £1,& € (—m,0), we have sin % < 0 and cos %7 >
0, 7 € {1,2}. Therefore, also in this case, we can prove the same lemma as
Lemma 4.1, where we replace the third statement in Lemma 4.1 with the
following one:
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3 If—m <& <0, € {1,2}, there exist mgz, my € Zsuch that, as N — +oo0,

R (1 +iN,0) = 2mam + O(N3), (4.22)
¢ (1+iN,0) = —2log (b+ Vb2 +1) + O(N 2 (4.23)
R (1 +iN,0) = (2my + )7+ O(N ™), (4.24)
ICa(1+iN,0) = —2log N — log (4a”) + O(N~2). (4.25)

5. Resolvent Estimates

A direct calculation shows that Ro(z) = (Ho—z) "' is a multiplication operator
by the matrix Ry(z,£), which is written as

1 s —
Ry(2,6) = 200 <_a(z§) f(f)> , (&) = |a().
Let 70(z) = (fo(2,n))nezz be the Fourier coefficients of Ry(z,§):
1 .
foler) = g [ Rala e a = (o) ).
T2

Then the resolvent Ry (z) = (Ho — z)~! is a convolution operator by #o(z):

Z Z Po15(2,n — m) fi.(m)
(Ro(2)f)(n) = | "2 "EL . . (5.1)

> foar(z,n —m)fi(m)

k=1,2 meZ?2

Let |z| be sufficiently large. Then we have

oo oo
foi(zm) =Y 272 g g i), Foij(zm) =Y 2 P 4 u5(n), (5.2)
s=0 s=0

for (i,7) = (1,2) or (2,1), where
o [ H©% e onna(m) = o [ (€ a(@e s

Fo,s,45 (1) = T
T2 T2

and fo,s,Ql(n) = fo,s,lz(*n)-
We define the following non-negative quantities: for n = (ny,ns) € Z2,

|n1| + |nal, if ny -ng >0,
d(n) =d =d 5.3
(n) = dis(n) = doa(n) = {max{|n1|,|n2|}, S PNCE)
|n1|+\n2|—1, if?’Ll > 0,n9 > 0,
max {|ni| — 1, |n2|}, ifny >0,ny <0,
di2(n) = da1(—n) = {ral Inal} o ? (5.4)
In1] + [nal, if ny <0,ny <0,

max {|n1|, |n2| — 1}, ifny <0,n2 > 0.

The contour lines of d;;(-), 4,7 € {1,2}, are shown in Fig. 4. The quantity
d(-) is used to estimate the support of the Fourier coefficients of r(£)°® in
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12 n2 no
A A
s s+1 s
SN
. RN —s s
—s s —S s+ 1 n1
>N >N g 1N
0 ! o s 1 —s—1 . |°
—S.....
-5 —S —s—1

FIGURE 4. The shape of contour lines of d;;(n) = s; (4,7) =
(1,1) or (2,2), (1,2), and (2,1) from the left to the right

Lemma 5.7. Also, d;;(-) , (¢,7) = (1,2) or (2,1), are used for r(&)*a(&) or
r(€)*@(§) in Lemmas 5.8 or 5.9, respectively. By making use of those Lemmas,
we can derive the resolvent estimates at the end this section.

The following two lemmas are immediate consequences from the defini-

tions (5.3) and (5.4).

Lemma 5.1. For n = (ny,ny) € Z2,

-1 ) 0
d(n) > |nal, dia(n) > nz| =1, Z.an -
"ﬂg‘, Zf n2 S Oa

‘n2‘7 an2 Z Oa
‘TLQ‘ — 1, ifng < 0.

Lemma 5.2. Fori,j € {1,2},
d(n) —1 <d;j(n) < d(n).

We can easily show that d(an) = |ald(n) for a € Z; also, that d(n) = 0 if
and only if n = (0,0). Moreover, we have

Lemma 5.3. d(-) is a norm on Z2. In particular, it satisfies the triangle inequal-
ity:
dim —n) <d(m—1)+d(l —n). (5.5)

Proof. We only have to prove (5.5).

Assume that m; —nqy > 0 and ms — ng > 0, where m = (mq,ma),n =
(n1,n2) € Z2. The left figure in Fig. 5 illustrates the possible positions of
| = (I1,lz) € Z?, which are numbered from (1) to (9). In each case, we can
prove the triangle inequality (5.5) by a simple calculation.

Next, assume that m; —n; < 0 and mg —no > 0. This time, we treat the
cases from (1) to (9)" illustrated in the right figure in Fig. 5, which correspond
to the possible positions of I. We can also prove the triangle inequality (5.5)
in the same way as above.

The case that m; — n; < 0 and mo — ny < 0 is reduced to the first one
and the remaining one to the second. O
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(6) 2) (4) (@) @) (6)’
m m

(5) (1) ®3) ®3) Ol (5)

9) (7) ®) ®) ) (9)'

F1GURE 5. The left and right figures show the possible posi-
tions of [ € Z?

Remark 5.4. One can convince oneself of the above lemma if one bears the
shape of the contour lines of d;;(-) in mind and shifts them. One can also have

insight into Lemmas 5.5 and 5.6 in the same manner.

We can prove the following two lemmas in the same way as shown above.
Lemma 5.5. Fori, j € {1,2},
dii(m —1)+di;(1 —n),
dij(m

dij(m — ’/l)
-n 1) +dj;(l—n).

)

S —
dij(m < -
Lemma 5.6. Fori, j € {1,2},

dii(m — n) < dij(m - l) + dﬂ(l - ’I’L) + 1.

Next, we estimate the support of the Fourier coefficients of r(&)*.
Lemma 5.7. Let s € Z, s > 0. Then the Fourier coefficients of r(§)® are sup-
ported on the set {n € Z*;d(n) < s}, that is, 7o, ;;(n) =0, j € {1,2}, when
d(n) > s.

Proof. The claim in the lemma is obvious if s = 0.
By the definition of (), we have

r(€) =3+ o1 | o1 | g2 4 o—ibe eié1—¢2) 4 e_i(51_52)’ (5.6)
which means that 7(¢) is a linear combination of €% d(ny) < 1. Assume
that we have proved the claim for s < so. Then r(£)® is a linear combina-
tion of ¢, d(n) < sg. Therefore, 7(£)*°*! is a linear combination of "¢ (¢),
d(n) < sg, which means, from (5.6), that it is that of €™ m = n + ng, where
d(n) < sp and d(np) < 1. By using the triangle inequality (5.5), we have

d(m) =d(n+ng) < d(n) +d(ng) <sp+1,

which proves the lemma by the induction argument with respect to s. O

Similarly, we can estimate that of 7(§)*a(&).

Lemma 5.8. Let s € Z, s > 0. Then the Fourier coefficients of r(£)°a(&)
are supported on the set {n € Z* di2(n) < s}, that is, o512(n) = 0, when
dlg(n) > s.



370 K. Ando Ann. Henri Poincaré

Proof. We have already proved that 7(£)® is a linear combination of e,
d(n) < s. From (2.3), a(€) is a sum of 0% where ng € {(0,0),(1,0),(0,1)}.
Therefore, 7(£)*a(§) is a linear combination of e™a(€), d(n) < s, which
means that it is that of e™¢ m = n + ng, where d(n) < s and ng €
{(0,0),(1,0),(0,1)}. By the definition (5.4), we have di3(m) < s (see also
the shape of the contour line of dy5(+) in Fig. 4), which proves the lemma. [

Also, noticing that 7o s21(n) = 7o,s12(—n) and diz(n) = d21(—n), we
have

Then the Fourier coefficients of r(£)%a(§)

Lemma 5.9. Let s € Z, s > 0.
€ Z%;da1(n) < s}, that is, 7o s21(n) = 0, when

are supported on the set {n
dgl(n) > s.

Now, let us investigate the asymptotic behavior of the resolvents as |z| —
0o. We begin with Ry(z). We will use P(n) as the projection onto the site
n € 72 on 1*(Z?) as well.

Lemma 5.10. If f € 12(Z%;C?) is finitely supported, then we have

Z 22 Rosn fi + Z 272 2Ry 122
Ro(Z)f — sO:OO so:oO

—25—2 P ) —2s5—1 P n
E z Roso1f1+ E z Ro.s,22.f2
s=0 s=0

for sufficiently large |z|, where Ro,s,ij € B(I2(Z?%)) with the properties
P(m)Ro,s,ij(2)P(n) =0,
if dij(m —n) > s, 14,5 € {1,2}.
Proof. From (5.1) and (5.2), we have
(Rosiifi)(n) = > Po,sij(n—m)fi(m).
mez?

Lemmas 5.7, 5.8, and 5.9 imply the above properties of RO,s,ija i,j € {1,2},
which proves the lemma. O

Next, we consider the asymptotic behavior of R(z) for large |z|.

Lemma 5.11. For sufficiently large |z|,

A ~ ~ 2 —2d(m—n)—1 P —2d12(m—n)—2
PIREP0) = (o i ) iy a1y )+ 5)

Proof. Let p = d(m — n). Then, using the resolvent equation repeatedly, we
have the following expansion:

R(z) = Ro(z) — 4 (—1)21171 RO(Z)QRo(Z) . QRO(Z) +O(<Z>*2p71).

2p Ro(z)’s and 2p — 1 §’s

(5.8)



Vol. 14 (2013) Inverse Scattering Theory on the Hexagonal Lattice 371

By multiplying P(m) and P(n) from the left and the right of (5.8), respec-
tively, we have

P(m)Ro(z) P(n)

Z _25_11f’( R()sllP 22_28 2P RO,SJQP(TL)

ZZ 25— 2P R0521P ZZ 25— 1P R073’22]5(n)

as the first term of the right-hand side. Then, from Lemma 5.10, we have

= Z 72571}5(771)]%075,“?(71) _ O(<Z>f2d(mfn)—1)’
P(m) Rl (1)
= Z Z_ZS_QP(m)Ro,s,ijf:’(n) = (’)((z>_Qdif(m_")_z)7
s>dij(m—n)

for (i,7) = (1,2) or (2,1).
About the k-th term, 1 < k < p, we use inductions. Such a term is written
as a sum of

P(m)Ro(2)P(I)qU D) PAM) Ro(z) - - PAW)G(1 ™) ™) Ro (2) P(n),
(5.9)
since § = Y112y <00 P P(D).
Assume that (5.9) is estimated as (5.7) for k = ko — 1. Then, by the
hypothesis of the induction, we have

( )Ro( )P ((1)) (l(l)) (l(l )Ro( ) (j(l(ko—l))ﬁ(l(ko—l))RO(Z)P(Z(ICO))
.q(l(ko)). ((kO))RO(z) (n)

O((z) 2 tH0 1) () 2l t9D72)) - (i) 0
O((z)~ 2dg; (m—1F0))— 2) O(<Z>72d(mfl(k0))fl) < 0 42(1(%)))
((z)~ 2d(1(k0) —p)— 1) O(<Z>72d12(l(k0)7n)72)

<0<< )RRy O((e) 2 )

which reads, from Lemmas 5.3, 5.5, and 5.6, that the upper left element is

Oz >72d(m7l(k0>)72d(l(k0)7n)72) + O(<Z>72d12(m—l<’€0>)72d21(l‘k0>—n)f4)
= O((z)2dm=m2),
and that the upper right one is
O(<Z>72d(mfl(k0>) 2d15(1¢F0) —n)— ) + O(< > 2d12(m7l(k0))72d(l(k0)7n)73)
_ O(<Z>f2d12(mfn)73).

We also have the lower left and right elements as desired, which proves
the lemma. g
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Remark 5.12. A more detailed argument in the induction above gives us the
estimate (5.7) for the non-diagonal §(n)’s.

6. Proof of the Main Theorem

We will essentially follow the idea of [13]. Assume that A > 0; for A < 0, we
can argue in the same way. Put

B(k,6,60") = 4(2m)2(J (k,0)J (k,0")) " A(k, 0,0,

where A(k,0,0") is the integral kernel of the scattering amplitude defined in
Sect. 3.3 and A = v/8k? + 1 in Sect. 4. Then, we have B(k,0,0") = By(k,0,60")—

By (k,0,0"), where
Bo(k,0,0") = 4(2m)*(J(k,0)J (k,0"))

_ (Bo11(k,0,0") Boia(k

~ \Boau(k,0,0") k

. a(é(k,0)) a(é(k,0")) .
R R Y e 2(n)) ’
a(¢(k,0)) a(é(k,0))
V8EZ +1 /8k2 +1

nez?

Boa1(k,0,0") = Z oin(&(k,0)—¢(k,07)) (

Bo2a(k,0,60") Ze 6)

nez?

() + (o))

(Bo,12 and By 21 are omitted), and

1

By(k,0,0') = 4(2m)2(J (k, 0)J (k,0")) " Fo(A)GR(X +i0)qFo(A)*
By 11(k, 0, 9 Bl 12(79,9’9/)
Bl 21(/4) 0 0 Bl 22(ka9a9/)
Biua(k,0,0) = > &m0 g (n) (R(A +i0)3* (k,8)) ,, (n)
n€Z2
iné&(k,0) R by i0)a »(0) !
Z Vo (n) (R(A +i0)§e ) (. 0")),, (n),
W n€eZ?
By (k. 0.0/ R0 Gy (n) (R(A +i0)§® (k, 0/
122( ) \/8]{527 %2 ( ? ) ( )) ( )
+ Z em{(k 9) R()\‘FZO)AA(O)(]?,@/))QQ(H)
negzZ?

(B1,12 and Bj 21 are omitted). Here we put

QO (k,0") = 2(2m) I (k, 0)) ') (k,0') = (3O (n: k, 0")) ez,
2O (n k,0') = 2(27) T (k,0) PO (n; k,0') = e ™ E 3Ok ¢'), n € 72,
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where ¢ (k, 0") and (%) (n; k, 0') are defined by (3.9) and (3.10), respectively,
and

) al&(k.0")
1000 = | gewey VT (6.1)
V8KkZ +1

Let (x(2,0) = (C+1(%,0),C(x,2(2,0)) be the analytic continuations of
£(k,0) = (£1(k,0),€(k,0)) in Lemma 4.1. Then Bo(k,8,8') and Bi(k,6,9')
have the analytic continuations By(z,0,6’), and Bi(z,6,0") for z € C,, respec-
tively, which are defined with k replaced by z, (k,0) by (4 (z,0), and &(k,6")
by ¢-(2,0").

Let us take —m < &;(k,0) <0 and 0 < &;(k,0") < 7 for j € {1,2}. From
Lemma 4.1, we have

ez’n(+(z,0) ~ N2n2b1(9)"1a1 (9)7127 e—in(,(z,a/) - N2"2b1(9/)n1a1(9/)n2 (6.2)

as N — oo, where z = 1+ iN and

a1(6)=(2a(6))*=4(2 — ¢*),  b,(6)=(b(6) + Wy+m:i%§'@&
We put
_ a(<+(2’9)) a Py _ a(CJr(z?H))
o4 (2,0) = 7m ) 2,+(2,0) = N
N_olC ) a(50)
-0 =y e =TT
Then, we have
a1+ (2,0) ~ ax(0)N + O(1), (6.4)
g1 (2,0) ~ bay(O)N~1 + O(N~?), (6.5)
a1, (2,0') ~ by(0 )N~ + O(N~?), (6.6)
as,—(z,0') ~ ax(¢)N + O(1), (6.7)
where
_a®), s oy, _ 1Ot e
a2(9)——2\/§Z— V2(2 — )i, by(h) = e i= 7

By our assumption (A), the potential ¢ is finitely supported; more pre-
cisely, for some M >0, M € Z,

[n|n = |ni| + |n2| > M = ¢(n) = 0.
We put
n™) = (0, M) € Z°.

Then, by using (6.2), (6.5), and (6.6), we have the following asymptotic expan-
sion:

Bo22(2,0,0") ~ N*M (a1 (0)ay (0')*™M g (n™)). (6.8)
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Let us investigate the asymptotic behavior of By 22(z,0,6’). By introduc-
ing Dirac’s notation, we have

5’””) € I*(Z%,C?).

6’"’7/71

P(m) = [pm) (bl () (n) = (

From (6.6) and (6.7), we note that

ﬁ<0><z,o'>:(a2,_(12’9,) al,gzﬂﬂ)w((,)(gv) O“f)). (6.9)

From Lemma 5.11, using (6.9), we have

POIRGIPm)ImI© 0 = (0 0F). 610
where
O = O((2)0==4)q, (m) + O((2) 2= =2 (), (2,0,
Ot = O((2) 0= 1) g, (m)ay _(2,8') + O((2) 420~ 2)jy 1),
Ou = O((2) 4126 m)+ O(E) 0~ (w0,
Oy = O((z) 2 (=)= (2,0 ),

2)gr(m)an,—(2,6) + O((2) =™ =)o (m
6

<P<n>|R<z>|ﬁ<m>>a<m>ﬁ<0><z,0’)~(O<N_1> ON_Q)), (6.11)

since d;;(n) > 0. Then we have
Bi.22(2,0,0")
— s (50) Y e ENimC00g, ()
ng,mo <M
- ((P()|R(2)[P(m))g(m)i ) (2,0")),,
+ Y TGO 4o (n) ((P(n) | R(2) | P(m))d(m)i ) (2,6")),,

ng,mQSM
~ O(N4M_1).
Therefore, noticing that a;(-) in (6.8) is defined as (6.3), we can compute
G2(n)) from the asymptotic expansion of Baa(z,8,6").
We turn to Bii1(z,6,0"). By using (6.2), (6.4), (6.7), and (6.11), we have
the following asymptotic expansion:

Bo1(2,0,0') ~ ™" (GO0, (2, 0)ay_(2,6')ga(n™))
+N*M (a1(0)ay (0")M Gy (n™)) + O(NM~2), (6.12)

Note that the asymptotic behavior of the first term of the right-hand side is
known, since go(n™)) has already been computed.
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Let us investigate the asymptotic behavior of By 11(z,6,6"). We put

d(<r<s) = Z P(n)Eigi(n Z P(n)Esg2(n)P(n),

na <r na<s

1 0 0 0 R o
El = (0 O>7 E2 = (0 1>’ q(>r7>s) :q_Q(ST‘,SS)v

FI(>T,>5) = HO + Cj(>r,>s)7 R(>r,>s)(z) = (I:I(>r,>s) - 2)71-

If r=2: YVe write G<, = qA(Sr,Sr)v G>r = d(>7’,>r)a f{>r = H(>r,>r)7 and
R+, (2) = R(>r,>)(2) for brevity.
From (6.11), we have
((P(m)|R(2)|P(m))a(m)d'V (z,0')) ,, ~ O(NY),
which implies, using (6.2), the following asymptotic expansion of the fist term

Of Bl,ll (Z, 9, 9’)1

S0 e g, () (P R ) (m)i O (2, 0),,

n2,ma<M

~ O(N4M_1).
We put the second term of By 11(z,6,6’) as

I=a;4(2,0) Z emg(Z’G)_img’(z’el)ﬁz(”)

n,mez?2
- ((P(n)|R()|P(m))a(m)i P (2,6")) 1,

and split it into four parts: I = I; + Iy + I3 + 14, where

S YN DD

n=nM) m=n(M) n=nM) ma<M-1
L= 3, > . L= > .
no<M—1m=n(M) na<M—-1ma<M-1

By using (6.2), (6.4), and (6.11), we have I; ~ O(N*M~=1) for j = 2,3;
also, Iy ~ O(N*M=3),
About I, using the resolvent equation
R(z) = R(>M,>M71)(Z) - R(>M,>M71)(Z)Q(SM,SMfl)R(Z)v (6.13)

we split it into four parts: Iy = Iy 1 + 1121 — [1,2,2,1 — 11,2,2,2, where

1494y 144,

1= +(z, g)ein ™" (C+(20)=C(26)) 4, (n(M))

+
(PO REIPEOD) Bar ()i (2,0),,,
B = 0,5 0 T EOTCED gn0)
PO Ris 011 (2) [P0 M) Baao (M) (2,01),
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in(M) 2.0)—C_(2.0")) ~
Lol = a1y (z,0)em (+=0=C(=0))g (M)

'(<P(” )|R(>M sm—1)(2)d<m— 1R(2)|P(n ™))
By (™)) 0) 4,

in (¢ (
Lipoo = ai+(z,0)e M (C+( 0)—C—(2,0")) q(n (]\/[))

(P(™ )|R(>M>M 1) (2) By (0™ P(D) R(2) [ P(n))
o (nM)7©)(2,6")) ;.
We know R(>M7>M_1)(z), since we have already computed go(n™)),

which implies that I 5 1 is a known term.
By using (6.10) and (6.9), we have

(PO R(2)| (M) Ergy (n ™)V (2,6)) ,, ~ O(NT2),

which implies, using (6.2) and (6.4), that I ; ~ O(N*M~1),
We can write I7 221 as a sum of the following terms:

1454,

a1 4 (2, 0)em ™ (G (20— (207)

(PO R 51-1) (2) PR)(R) P (k)| B(=) [ P(n D))
- Eado(n™)i©)(2,0'))

21’

where k = (ky, ks) € Z?, ke < M — 1. From Lemma 5.1, we have
d(n™ — k) = d(k —n™) > 1, doy(nM) — k) = diz(k —nM) =1, (6.14)

since (n™) — k), > 0. Then, using (5.7), (2.8), (6.10), (6.7), and (6.14), we
have

(PR ns > a0 1) (2)| P(R))4(R) (P (F)| R(2)| P(n™))
- Bago(n™)p(0) (2,0 )
= O((z) 2 N 2)4y (RO ((2) 2B B2 g (Mg (2,6)
+0((2) I g (R)O((2) 1D o (D) g, (2,6')
~O(N7?),
which implies, using (6.2) and (6.4) that I; 221 ~ O(N*M~=4),
In the same way as shown above, we have
(PN R a5 00 -1y (2) [ P(0 M) Erga (n™)
A(PI)R(2)[P(n™) Eao(nM)7(V(2,60))
_ (’)((z>_2d21((0’0))_2d12((0’0))_4)a2 _(27(9/) ~ (x)(]\/v—Zi)7
which implies 117272,2 ~ O(N74M72).

Therefore, by taking the known terms into consideration, we can compute
G1(n™)) from the asymptotic expansion of By, (z,6,6").
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Suppose that we have computed G(n) for no > p + 1. Then, using (6.2),
(6.4), and (6.6), we have

Boas(2,0,0) — Y ™G ENCEM (qy 4 (2,001, (2,0')d1 (n) + Ga2(n))
na>p+1

~ N*(ay(8)ar(6)P Y (b1(6)b1(6'))™ Ga(n).

(6.15)

Let us investigate the asymptotic behavior of Bi 22(2,0,6") = II + III,
where

II = ay 4 (2,0) Z i€ (2:0)=imC— (204, ()
n,meZ?
((P()|R(2)| P(m))d(m)7 ) (2,0")) 1,
I =% emerGO=meCOg,m) ((Pn)| R(=) P(m)d(m)i ) (2,0')) -
n,meZ?
Lemma 6.1. We have II ~ O(N*~1) up to a known term, which is written as
g, +(z,0) Z eino+ (2:0)=iml (209 g, (n)
na2,mz>p+1 (6.16)
- ((P()|Rsp(2)| P(m))Gsp (m)7 ) (2,6)) 1,
and IIT ~ O(N*~Y) up to a known term, which is written as

Yo e Dm0, (n) ((P(n)| Rop (2) | P(m))dsp(m)i D (2,60')) -

nz,ma>p+1

(6.17)
Proof. We split II into four parts: II = IIy + Iy + 113 + I14, where

m- Y Y. ome Y Y

no >2p+1ma>p+1 n2>p+1ma<p
m=>S > . m=> > .
na<pmz>p+1 n2<p ma<p

Moreover, using the resolvent equation
R(z) = IA%>p(z) — R>p(z)(jgp]%(z), (6.18)

we split II; into two parts: II1 = II1 1 — II; 5. Then, II; ; is exactly (6.16),
which is a known term, since we have already computed ¢(n) for no > p by
the assumption. We can prove that the other terms behave at most O(N*P~1)
in a similar way to [13].

We deal with I1I in the same way as I, that is,

1T = IIT + Iy + 1115 + 111y,
and using (6.18),
Iy = IIT 1 — IIT4 5,
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where IIT; 1 is exactly (6.17), and the other terms can be proved to be at most
O(N*~1) as shown above. O

Therefore, we can compute ¢z2(n) for ny = p from (6.15), since the set
{b1(0)b1(0") € R;0,0" € (0,4 log2)} contains non empty open intervals, where
b1(-) is defined by (6.3).

Finally, we compute ¢, (n) for ny = p. By using (6.2), (6.4), and (6.7), we
have

Bo11(2,6,0") — Z et (G+(2:0)=¢-(2,6)) (G1(n) + 01,4 (2,0)a2,—(2,0")G2(n))

na>p+1
~ N*(ar(@)ar () Y (b1(0)ba(9)™ i (n)
n2=p
+ 3 G ENC Ny (2, 0)az - (2,60)d2(n) + O(N72).

nz2=p
(6.19)
Note that the second term of the right-hand side in (6.19) is known, since we
have already computed G2(n) for ng = p.
Let us investigate the asymptotic behavior of By 11(2,6,0") = IV + V,
where

V=" enE@=im0g (n)((P(n)|R(2)| P(m))§(m)i) (z,0))

n,meZ?

11°

and V = I. By using the next lemma, we can compute ¢;(n) for no = p from
(6.19) as before.

Lemma 6.2. We have IV ~ O(N*~1) up to a known term, which is written
as

Z em<+(z79)—im<—(279’)@1(71)
na,ma>p+1 (6.20)

(P Rp,5p-1) ()P(m))d(5p 5p-1) M)AV (2,0)
and V. ~ O(N**~1Y up to a known term, which is written as
M) Y @O )
n2>p,ma>p+1 (6.21)
(P Rz p,5p-1) () P(m))(5p,5p1) (M)A (2,0)) oy -
Proof. We split IV into four parts: IV = IV; + IV, + IV3 + IV, where

M- Y Y me= Y Y

ng>p+1mo>p+1 na>p+1ma<p
m=3 3 w= 3.
ny<p mo>p+1 na<pma<p

By using the resolvent equation

R(Z) = ]:2(>p,>p—1)(z) - R(>p,>p—1)(z)(j(gp,gp—l)R(Z)a (622)



Vol. 14 (2013) Inverse Scattering Theory on the Hexagonal Lattice 379

we split IV; into five parts:IVo = IV 1+1Va 0 14+1Va 201 —1Va 2221 —1V2 2222,
where

Vy, = Z emCJr(Z’Q)cjl(n) Z e~ 1M (2,0")

na>p+1 mo<p—1
(P R(2)| P(m)a(m)d (2,6')) ;.
IV27271 — Z eznc+(20 Q1 Z efzmg“ (2,0")

no>p+1 mao=p
: (<P(”)‘R(z)|P(m)>E141(m)ﬁ(0)(z,9'))11,
M72’2,1 = Z einC+(z79)qA1(n) Z e_imcf(z70/)

ng>p+1 ma=p
(PO B p,5p-1) (2) | P(m)) B2 (m)i V) (2,6))
I‘/YQ)272’2,1 — Z eln<+(z 9)q1 Z e—zm( (2,0")

na>p+1 ma=p

(PR p,>p-1) (2)dzp-1R(2) [P () Eaa(m)i ) (2,6')) .

V32992 = Z einé+(2:0) g1(n Z e~ imC—(2,0")
n2>p+1 mo=p
ST (P Rspsp-1) (2) Erda (k) P (k) R(2) | P(m)
ko=p

EQ(jQ(m)ﬁ(O) (Zv 9/))11

Moreover, by using (6.22), we split IV; into three parts: IV = IV3 1 —IV; 91 —
IVLQ’Q, where

Vi, = Z einCJr(z,@)ql(n) Z e~ imC—(2,0")

na>p+1 ma2>p+1
(PO B p,>p-1) () P(m)a(m)7 ) (2,6))

IV1,2,1: Z ein(.,_(z,&)qu(n) Z e—im(_(z,g’)
na>p+1 mao>p+1

(PO Bisp,>p-1) (2)dp-1 R(2) | P(m)d(m)7 ¥ (2,6))
IV1,272 _ Z einCJr(z,G)ql(n) Z efimgf(zﬁ')

na2>p+1 ma>p+1
> ((P(n)|R(p,>p-1)(2)E1Ga (k) P(k) R(2) | P(m))4(m)i©) (2,60"))
ka=p

Then, IV3221 and IV;; are known terms, since we have already computed
g(n) for ng > p+ 1 and ga(n) for ng = p, and the sum of them is exactly
(6.20). We can prove that the other terms behave at most O(N*P~1) in a
similar way to the case of I.
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F1GURE 6. The triangle lattice

We deal with V' in the same way as IV, that is,
V=WV+Ve4+Vs+V,,

i=> 0 D> Va= 3 V= > X V= 3 3
n2>pma>p+1 na>p ma<p n2<p—1ma>p+1 na<p—1ma<p

and by using (6.22)
Vo=Va1+Vao1+Vaoo1—Va2221— V22229,
Vi=Vig—Vig1—Vioo,

where V5291 and Vj; are known terms, the sum of which is exactly (6.21);
the other terms can be proved to be at most O(N4P~1). O

Thus, we can compute all the ¢(n)’s inductively.

7. The Triangle Lattice

LAet G be the triangle lattice. Then, in the same way as in Sect. 2, we have
Hy ~6(Ag + 1) on 12(Z?) ~ I?(G) as follows:

(Hof)(n) =f(n1 + 1,n2) + f(n1 — 1,n2) + f(n1,ne + 1) + f(n1,ng — 1)
—|—f(n1 — 1,712 —|—1)—|—f(n1 +17TL2 — 1)

for f = (f(n))pezz. See Fig. 6.
In this case, F is just the Fourier series on Z2, which implies that Hy =

FHyF* is a multiplication operator by

p(€) = 2(cos &y + cos s + cos (&1 — &2)) (7.1)

on L*(T?). Here, we note the similarity between (7.1) and the square of (2.5).
Therefore, Mourre estimate is obtained with the conjugate operator A = Vp -
V4V -Vp on any closed interval I C (—3,6)\ {0}. Note also that we no longer
need a cut-off function which appears in the hexagonal lattice’s case. By using
limiting absorption principle, we have a spectral representation for H = H, +q
and also a representation for the kernel of the scattering amplitude A(X\;6,6’),
where 6 and 6’ € R are local coordinates of My = {£ € T?;p(¢) = A}, which
satisfy
261 o2& G .. & & &

cos” o cos” o —i—singsingcos?cosg = §(>\+2)'
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We have the analytic continuations (4 (z,6) = ((+,1(2,6), (+,2(2,6)) from
E(N,0) = (&1(N,0),&2(A, 0)) in the same way as in Sect. 4 and also, the resolvent
estimates as in [13], where we only have to replace |-|;1 with d(-). Therefore, we
can adopt the same strategy for our reconstruction procedure for the potential
as in the hexagonal lattice.
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