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Inverse Problems, Trace Formulae
for Discrete Schrodinger Operators

Hiroshi Isozaki and Evgeny Korotyaev

Abstract. We study discrete Schrodinger operators with compactly
supported potentials on Z?. Constructing spectral representations and
representing S-matrices by the generalized eigenfunctions, we show that
the potential is uniquely reconstructed from the S-matrix of all energies.
We also study the spectral shift function {(\) for the trace class poten-
tials, and estimate the discrete spectrum in terms of the moments of £(\)
and the potential.

1. Introduction

In this paper, we consider trace formulas and inverse scattering problems for
Schrédinger operators on the square lattice Z¢ with d > 2. We restrict our-
selves to the case of compactly supported, or trace class, potentials. Our aim
is twofold: the reconstruction of the potential from the scattering matrix, and
the computation of trace formula using the spectral shift function. We begin
with the forward problem. We shall construct the generalized Fourier trans-
form and represent the S-matrix by generalized eigenfunctions. We then show
that given the S-matrix S(\) for all energies, one can uniquely reconstruct the
potential (Theorem 4.4). We next compute the asymptotic expansion of the
perturbation determinant associated with the discrete Hamiltonian. By virtue
of Krein’s spectral shift function, one can compute the moments of log det S(\).
As a by-product, one can estimate the discrete spectrum using these moments
(Theorem 6.4).

In the continuous model, the first mathematical result on the inverse
scattering for multi-dimensional Schrodinger operators was that of Faddeev
[14]: the reconstruction of the potential from the high-energy behavior of the
scattering matrix using the Born approximation. This result was extended by
Saito [38] for more slowly decreasing potentials. A time-dependent approach
was given by Enss—Weder [13]. In this paper, we give a discrete analogue of
stationary method. Instead of high-energy, however, we consider the analytic
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continuation of the S-matrix with respect to the energy parameter and use the
complex Born approximation. The analytic property of the resolvent of the dis-
crete Laplacian is more complicated than the continuous case, which requires
harder analysis in studying the inverse scattering problem. In the continuous
case, Faddeev proposed a multi-dimensional analogue of the Gel’fand—Levitan
theory using new Green’s function of the Helmholtz equation [16,17]. Fad-
deev’s Green function was rediscovered and developed in 1980’s by Sylvester—
Uhlmann [40], Nachman [32], Khenkin—Novikov [28] (see the survey article
[23]). Reconstruction of the potential from the S-matrix of a fixed energy is
one of the novelties of this idea. In the forthcoming paper, we shall study the
inverse scattering from one fixed energy in the discrete model.

Our next purpose is the trace formula. It is well-known that the scattering
matrix, Krein’s spectral shift functlon and the perturbatlon determinant for a
pair of self-adjoint operators Ho and H = Ho +V are mutually related. We
shall write down the first five moments of the spectral shift function for our
discrete model in terms of the traces of the potential V. If the potential admits
a definite sign, we can obtain estimates of the discrete spectrum by the traces
of V.

The computation of trace constitutes the central part of the study of
spectral theory, since it provides quantitative information of the operator in
question, hence serves as a clue to the inverse problem. In the continuous
case, the trace formula was first obtained by Buslaev—Faddeev [11] in the one-
dimensional problem and by Buslaev [9,10] in the three-dimensional problem.
Since then, an abundance of articles have been devoted to this subject, see
e.g. [12] and [18,20,22,33,36]. The case of electric and magnetic fields was
considered in [29,30]. Gesztesy—Holden—Simon-Zhao [19] computed the trace
Tr (L — Ly), where L = —A 4 V is a Schrdodinger operator for the contin-
uous case, and L, is L with Dirichlet condition on a subset A C R”. Shi-
rai [39] studied this problem on a graph. Karachalios [26] and Rosenblum-—
Solomjak [37] computed the Cwikel-Lieb-Rosenblum type bound for the
discrete Schrodinger operator. The well-known Effimov effect has a different
property in the case of the discrete model. See e.g. Albeverio, Dell Antonio
and Lakaev [2]. See also [3].

In Sect. 2, we shall prove the limiting absorption principle with the aid of
Mourre’s commutator theory [31]. This is already done by Boutet de Monvel
and Sahbani [8]. However, we shall reproduce the proof in order to introduce
the necessary notation and basic facts. We then derive the spectral representa-
tion in Sect. 3, and represent the S-matrix by generalized eigenfunctions. The
inverse scattering problem is solved in Sect. 4, and Sect. 6 is devoted to the
trace formula. R

The essential spectrum of our discrete Schrédinger operator H = Hy+ V'
on Z? fills the interval [0,d], and the set [0,d] N Z is that of critical
points, since ﬁo is unitarily equivalent to the operator of multiplication by
(d— Z?:l cosz;)/2 on the torus R?/(27Z)%. In fact, the resolvent estimates
in Sect. 2 are proved outside [0,d] N Z. The behavior of the free resolvent
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(I;TO — 2)~ ! near the critical points depends on the dimension d. This is itself
interesting and is studied in Sect. 5 (Lemmas 5.3, 5.4 and 5.5), although we
do not use it in this paper.

The notation used in this paper is standard. For two Banach spaces X
and Y, B(X;Y") denote the set of all bounded operators from X to Y. For a
self-adjoint operator A,o(A),op(A),04(A),0¢(A), 0ac(A) and p(A) denote its
spectrum, point spectrum (= the set of all eigenvalues), discrete spectrum,
essential spectrum, absolutely continuous spectrum and resolvent set, respec-
tively. For a trace class operator, K, Tr (K) denotes the trace of K.

2. Schrodinger Operators on the Lattice

2.1. Discrete Schrodinger Operator

Let Z¢ = {n = (ny,...,nq);n; € Z}, and e; = (1,0,...,0),...,eq =
(0,...,0,1) be the standard bases of Z%. The Schrédinger operator H on Z¢
is defined by

H=Hy+V,
where for f = {f(n)},eze € 12(Z%) and n € Z4
d ~ 1<n .
(o)) = 3 i) — 1 S+ ) + Fln— )},
j=1
(VH(n) = V(n)f(n).
Until the end of Sect. 4, we impose the following assumption on V:
(A-1) V is real-valued, and ‘A/(n) = 0 except for a finite number of n.

Define the one-dimensional projection P(n) by

~

(P(n)f)(m) = G f(m).
Then V is rewritten as

V=> V(n)P(n).

Let us introduce the shift operator

~ ~ ~

(551 (n) = f(n+e;), ((5;)")(n) = f(n—e)),
and the position operator
(N;F)(n) = n;f(n).
A direct computation yields the following lemma.

Lemma 2.1. §j s unitary, Nj 1s self-adjoint with its natural domain and

[S;,Nj] = S;.
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Letting N= (Nl, ce, de), H is rewritten as
d
~d 1 NP
A=5- 1(Sﬂu(sj) )+V(N)
=

The spectral properties of H is easier to describe by passing to its unitary
transformation by the Fourier series. Let

T =RY/(27Z)* = [, 7]*
be the flat torus and U the unitary operator from 1%(Z4) to L?(T%) defined by
U D))= @2r)~ 7 " Flnye .

neZd

The shift operator and the position operator are rewritten as

Sy =US;U* = e, Nj:=UN;U* =id/dz;.

Letting
Ho=UHyU*, V=UVU",
we have
H :=UHU* = Hy+V, (2.1)
1 d
Hy = 3 d— ;cosxj =: h(z), (2.2)

(V) () = (2m) 2 / V(e — ) f(y)dy,

V(z) = (2m)" %2 Y V(n)e ™
neZd

In fact, this is a special case of the Friedrichs model (see e.g. [15]). The follow-
ing theorem is easily proven by (2.1) and Weyl’s theorem.

Theorem 2.2. (1) o(Hy) = 04c(Hp) = [0,d].
(2)  o.(H) =1[0,d], 0a(H) C R\[0,d].

2.2. Sobolev and Besov Spaces
We put N = (Ny,...,Ng), and let N? be the self-adjoint operator defined by

d
N?=) N}=-A, onT
j=1

where A denotes the Laplacian on T¢ = [, 7]? with periodic boundary
condition. We put

IN| = VN2 = V=A.
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We introduce the norm
lulls = (1 4+ N?)*"?ul|, s€R,

|| - || being the norm on L2(T?), and let H* be the completion of D(|N|*), the
domain of |N|¥, with respect to the norm ||ul|s:

H® = {u e D'(T; ||ulls < oo},

where D’ (T?) denotes the space of distribution on T?. Put H = H" = L2(T).
For a self-adjoint operator T, let x(a < T < b) denote the operator
x1(T), where x(A) is the characteristic function of the interval I = [a,b). The
operators x(T' < a) and x(T" > b) are defined similarly. Using the sequence
{rj}32 with r_y = 0,75 = 27 (j > 0), we define the Besov space B by

B=Lfer;|fls=>r2Ix(ria < IN| <r)f] < oo

Jj=0

Its dual space B* is the completion of H by the following norm

—1/2
lullg- = supr; 2 x(rj1 < IN| < 75)ul.
j=>0

The following Lemmas 2.3 and 2.4 are proved in the same way as in the
continuous case [1]. We omit the proof.

Lemma 2.3. There exists a constant C' > 0 such that

C™Hu|

1 1/2
o < (s NN < Rul?) < Cluls-
R>1

Therefore, in the following, we use

[l

1 1/2
o = (s NN < Ryul?)
R>1
as the norm on B*.
Lemma 2.4. For s > 1/2, the following inclusion relations hold:
HCBCH2cHCH Y2 cB cH™.

We also put H= 12(Z%), and define 7‘78, E, B* by replacing N by N. Note
that H® = U*H® and so on. In particular, Parseval’s formula implies that

lull3e = @3, = D L+ nf*)*fa(m)?,

nezd
- 1 B
ullg- = [lall%. = sup & > fam))?,
R>LSY <R

u(n) being the Fourier coefficient of u(x).
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2.3. Mourre Estimate

Let H>® = ms>0ﬁ5, and define a symmetric operator A with domain H> by

~

d 3 \x
A=iy (((@)* _g)N, ¢ ) +2(Sj) ) . (2.3)

Then A is essentially self-adjoint. In fact, letting M=1+ J/\\72, we can find a
constant C' > 0 such that
|14@|| < ClIMal, |(Aa, Ma) - (Ma, Aq)| < C| M3, vae H.
(2.4)

Nelson’s commutator theorem ([34], p. 193) then implies the result.
By Lemma 2.1, (2.3) is rewritten as

oS (55 -6 S8,

Let us note that in [8], —i Zj:l(Nij —(8;)*N,) is used as A. Our choice
of A comes from the following reasoning. Let h(z) be defined by (2.2). Passing
to the Fourier series, we have

d
o P ,
A=UAU* = ZZ <2 Slnx]a + Cosx]) = 2i(Vyh -V + V- (Vih)).
j=1
This is an analogue of the generator of dilation group on R?. We then have

d
i[Ho, A] = 4|V h[*> =) (sina;).
j=1
Let Ep,()\) and En(\) be the spectral decompositions of Hy and H,
respectively.

Lemma 2.5. Let A € (0,d)\Z. Then there exist constants §,C > 0 and a com-
pact operator K such that

Eu(I)[H,iAl[Exg(I) > CExg(I)+ K, I=(A—-6X+9).
Proof. For A € (0,d)\Z, let
My = {x € T% h(z) = \}.

If Vh(z) = 0, then cosz; = £1, and h(z) € Z. Therefore, the assumption
A ¢ Z implies that Vh(x) # 0 on My, hence M, is a real analytic manifold.
We put

Co(N) = inf |Vh(a)®

Then for any small € > 0, there exists § > 0 such that
|Vh(z)|> > Co(A\) —€ on A (A —d,\+0)).
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We have, therefore,
EHO(I)[H(M'L.A}EHO(I) > (CO()‘) - 6)‘EHU (I)’ I= (>‘ - 57 A+ 5)

Since V is a compact operator, so are V and Ey(I)— Ep,(I). This proves the
lemma. O

Let R(z) = (H — z)~! be the resolvent of H.

Theorem 2.6. (1) o,(H)N((0,d)\Z) is discrete and finite multiplicities with
possible accumulation points in Z.

(2) Lets>1/2 and A € (0,d)\(ZU o,(H)). Then, there exists a norm limit
R(A\£10) :=lim.—0 R(\ +ie) € B(H*; H~*®). Moreover, we have

sup || R(A £140)||(5;8+) < o0, (2.5)
AeJ
for any compact interval J in (0,d)\(ZUo,(H)). The mapping (0,d)\(ZU
op(H)) 3 X — R(A%140) is norm continuous in B(H®; H™*) and weakly

continuous in B(B; B*).
(3) H has no singular continuous spectrum.

This theorem follows from the well-known Mourre theory. We shall give
here a brief explanation. First we introduce an abstract Besov space. We define

Ba=Sfer|flls, = " lIx(rj—1 <Al <rj)f| < ooy,
j=0

where H = L?(T9). Its dual space B4* is the completion of H by the norm

—1/2
lullg,- = supr; 2 |x(rjy < |A] < r)ull.
J

The abstract theory of Mourre based on Lemma 2.5 then yields

Lemma 2.7. Let J be as in Theorem 2.6(2). Then there exists a constant C > 0
such that

sup  |[(H —2)" fllgax < Clfllsas Vf € Ba. (2.6)
Re zeJ,Im z#£0

For the proof of the lemma, see [4,8,25]. Therefore, to prove Theorem 2.6,
we have only to replace B4 by B using the following lemma.

Lemma 2.8. There is a constant C' > 0 such that
Iflls, < Cliflls, VfeB.
Proof. For t € R, let (t) = (1+12)Y/2. By definitions of A and N we have
(AY(N)~! € B(H; H).
For f € B, we put f; = x(rj—1 < |N| <r;)f. Then
(A fill < CIHENY S5 < Crll £
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which implies

Ix(re—1 < JA| <) fill = lIx(re—1 < JA] < ri){A)"HA) f;]]
< Cr KA fi 1 < O sl £ -

Then we have

S Ixreos < 1AL < mfil < © Y Pl < on I,

k>j k>j

1/2 1/2 1/2
ST Py < 1AL <) £ < S0 r 21 < ok R
k<j k<j

We have, therefore,

1/2 .
I£illsa < Cri2If5ll 5 =0,1,2,....

Summing up these inequalities with respect to j, we obtain the lemma. O

3. Spectral Representations and S-matrices

3.1. Spectral Representation on the Torus

For t € (0,d)\Z, let dM; be the measure on M; induced from dz. By taking
t = h(z) as a new variable, one can show that for f € C(T?) supported in
{r e T hiz) ¢ Z)

d

/f(:c)dx:/ /flé]\jg‘ dt. (3.1)
Td My

0

For f,g € L*(T%), we have

T

(Fo(e)1.9) = [ 104 o
Td

Therefore, if f,g € C*(T?) and X € (0,d)\Z,

, L _dM, /g
(Ro(A£140)f,g) = Lim / 19 L —l—p.v./mdx. (3.2)
My, Td

Let L?(M)) be the Hilbert space equipped with the inner product
dM)

(o V) 2y = [ @¥ (3.3)
M[ |Vh|
We define
Fo(A)f = f‘MA7 (3.4)

where the right-hand means the trace on , i.e. the restriction to, M. Then we
have by (3.2)
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Lemma 3.1. For A\ € (0,d)\Z, and f,g € C*(T%),

5= (oA +10) — Ro(A — i0)),.9) = (FoN), Fo(Ng)z2(

By (2.5), this lemma implies

Fo(N) € B(B; L*(My)). (3.5)
Moreover,
d
(Fo)iea = [(FNL RN o, focB  (39)
0

The adjoint operator Fo(A)* is defined by

(FoN)fs D)2 ann) = (Fs Fo(N) @) 2 (1ay.-
By (3.5), Fo(\)* € B(L?(M,); B*), and by (3.4), Fo(\)(Ho — \) = 0. Hence
we have
(Ho — N Fo(A)* = 0.

In view of (3.1), we can identify L?(T%) with the space of L2-functions
f(\) over (0, d) with respect to the measure d\ such that for a.e. A € (0,d), f(\)
takes values in L?(M)). We denote this space by L2((0,d); L?(My);d\).

We put (Fof)(A) = Fo(A)f for f € B. The following Theorem 3.2
is essentially a reinterpretation of the identification L?(T9) ~ L2((0,d);
L?(M,);d\). However, we give a functional analytic proof for the later conve-
nience.

Theorem 3.2. (1) Fy is uniquely extended to a unitary operator
Fo: LA(TY) — L*((0,d); L*(My); d)N).
(2) Fo diagonalizes Hy:
(FoHo[)A) = MFof)(N),  Vf € LA(TY).
(3) For any compact interval I C (0,d)\Z,

/]—'0 NdX € LXH(TY), Vg e L*((0,d); L*(My);d)).

Moreover, for In = U?Zl(j — 1+ 1/N,j—1/N), the inversion formula
holds:

f= Jim /fo “(Fof)(N)dN,  Vf e L*(TY),

where the limit is taken in the norm of L*(T4).

Proof. By (3.6), Fo is uniquely extended to an isometric operator from L?(T?)
to L?((0,d); L2(My);d)). To show that it is onto, we have only to note that
the range of Fy is dense. For f € B, we have Fo(\)(Ho — A\)f = 0 by defini-
tion, which proves (2). To show (3), we first note that for a compact interval
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I C(0,d)\Z, [, Fo(\)*g(A)dX € B*. We use (, ) to denote the inner product
of L%(T?) as well as the coupling of B and B*. Then we have

(/ Folh)7g()dA f) / (Fo(N) g(A). £) dA

I

— [N RN )y AN B,

I

e

By Riesz’ theorem, we then have

Therefore

< llglt- IFo 1l = llgll - 1£1-

/ Fo(A)*g(A) dA € L2(T9), / FoN) (VA < llg]] .

I

Therefore for any compact interval J C (0,d)\Z,

/ FoN* (Fo )N < [ Forxs (Ho) Fll = s (Ho) f

where x s is the characteristic function of J. One can then show the existence
of the strong limit

Jim /fo (Fof)N)dA = .

By Parseval’s formula, we have for any h € L?(T%)

(F.h) = Jim [ (Fof(\), Fo(W)h)Ax
In
= (Fof, Foh) = (f,h),

which implies f = f. O

Next let us construct the spectral representation for H. We put

FEN) =Fo(N) (1 - VRMA£i0)), Xe (0,d)\(ZUo,(H)).
Then by (2.5)
FE(N\) € B(B; L*(My)).

Lemma 3.3. For A € (0,d)\ (ZUo,(H)), and f,g € B

(RO +i0) = RO = i0))f.9) = (FE N £, FS (N)g)

L2(My)
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Proof. We put
Hy=H,, Hy=H, Rj(z)=(H;—z2)"",
Gjr(2) = (Hj — 2) R (2),
1 , .
Then we have, by the resolvent equation,

% (Rie(\ + i) — Rp(A — i€))

1
=G(A £ Ze)*Q—m (Rj(A+te) — Rj(A — t€)) G (A £ ie).

Letting € — 0, we have for f,g € B

(BN fr9) = (Ej(NG(A£i0) f, Gjr(A £ i0)g) . (3.7)
Let j = 1,k = 2. Since FH)(\) = Fo(A\)G12(\ £ 40), the lemma follows if we
replace f, g in Lemma 3.1 by G (A £ 10)f, Gjx (A £i0)g. O

We define the operator F() by (F&E) f)(\) = FE(N)f for f € B. Let
Hace(H) be the absolutely continuous subspace for H.

Theorem 3.4. (1) FF) is uniquely extended to a partial isometry with initial
set Hao(H) and final set L*((0,d); L2(My);d\). Moreover it diagonalizes

H:
(FEHNHA) = MFHH), Ve L (T). (3.8)
(2) The following inversion formula holds:
f=s—lim FEN(FB NN, VS € HaolH), (3.9)
INn

where I is a union of compact intervals C (0,d)\ (Z U o,(H)) such that
In — (0,d\(ZUo,(H)) as N — co.
(3) FE(N)* € B(L2(My); B*) is an eigenoperator for H in the sense that

(H=NFH )6 =0, Ve L>(M).
(4) The wave operators

W) =g — lime'H e~ Ho (3.10)
t—+oo
exist and are complete, i.e. the range of WF) is equal to Heoe(H). More-
over,

W& = (FE)F,. (3.11)

Proof. The proof of (1), (2), (3) is the same as that for Theorem 3.2 except for
the surjectivity of F(*). Since V is trace class, the existence and completeness
of wave operators (3.10) can be proven by Rosenblum-Kato theory (see [27],
p. 542). The relation (3.11) is also well-known, and we omit the proof (see e.g.
[24]). We then have F(F) = Fo(W#))*. The completeness of W(*) implies the
surjectivity of F&). g
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3.2. Spectral Representation on the Lattice

Theorem 3.4 is transferred on the lattice space by U. We put Fo(\), FE) (), Fo
and F*) by

Fo(\) = Fo(WU,  FHN) = FH 0,
Fo=Fold, FH =FHy.
We also define
B=u"'B, B*=u"'B"
Theorem 3.5.

(1) F&E) s uniquely extended to a partial isometry with initial
set Hoe(H)

and final set L2(T?). Moreover it diagonalizes H :
(FEHHO) = MFDHE), (3.12)

(2) The following inversion formula holds:

F=s—tim [ FHO) (ﬁ<i>f) VA, VF € Hao(H),  (3.13)
In
where I is a union of compact intervals C (0,d)\ (Z U Up(ﬁ)) such that
In — (0,d)\ (z U ap(ﬁ)) as N — co.
(3) FE(X) € B(LA(M,); B*) is an eigenoperator for H in the sense that
(H-NFHN*¢=0, Ve L*(M).

(4) The wave operators

WE =5~ lim eitﬁe_itﬁ"
t—too

exist and are complete. Moreover,
WE = (FO) 7,
3.3. Generalized Eigenvector
It is customary to define the distribution 6(h(z) — \) € D'(T) by

/f dx—/f IVhA . feo(md.

We then see that Fo(A\)* defines a distribution on T¢ by the following
formula

Fo(A)*¢ = ¢(x)d(h(x) — A).
The right-hand side makes sense when, for example, ¢ € C*(M)) and is

extended to a C'*°-function near M), which is denoted by ¢(z) again. The
Fourier coefficients of Fy(A)*¢ are then computed as

(2m) /2 / e §(h(z) — A)p(x)da = (27)~4/? / €I ()

Td My

dM)

7|Vzh(:v)| (3.14)
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We look for a parametrization of M) suitable for the computation in the
next section. Let us note

d
1 .
5 d— E cosz; | = Zsin2 (%) ,
which suggests that the variables y = (y1,...,yq) € [-1,1]%

Zj

Y; = sin R z; = 2arcsiny;

are convenient to describe Hy. In fact, the map = — y is a diffeomorphism
between two tori:

R?/(27Z) = [-m, 7] 2 2 — y € [-1,1]* = RY/(2Z)".
Consequently,

(V) = (2 arcsin(VA01),. .., 2arcsin(\f)\0d)) , 0eSTt (3.15)

gives a parameter representation of M. Passing to the polar coordinates y =
VA0, we also have

de = J(y)dy = wd)\dH7 (3.16)

which implies

dM,  (VNT2I(VA)
] = . d. (3.17)

We define 1 (n, X, 6) by

DO (n,\,0) = (27r)—d/2(ﬁ$ =30 1(\/30)

— (95)"4/29d-1 d—zein~x(ﬁ9) X(\Aa)
(am) 22 9, cos(z;(VA0)/2) (3.18)

where x(y) is the characteristic function of [—1,1]%. By (3.14) and (3.17), we
have for ¢ € L?(M))

~

(Fo(N)d)(n) = / 3O (n, X, 6)$(x(VA8))db. (3.19)
Sd*l

One can also see that if fis compactly supported

(FoN ) (@(VA)) = (2m) =42 3~ e (A ), (3.20)

nezd
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3.4. Scattering Matrix
The scattering operator S is defined by
S = (W) W_.
We conjugate it by the spectral representation. Let
S=FS(Fo),
which is unitary on L?((0, d); L*(My); d)).
Since S commutes with Hy, S is written as a direct integral
S= / BS(N)dA.
(0,d)
The S-matrix, S(\), is unitary on L?(M)) and has the following representation.
Theorem 3.6. Let A\ € (0,d)\(ZU o,(H)). Then S(N) is written as
S\ = 1/\— 27TAifi()\)7 . o o (3.21)
AN) = Fo M VFo(N)" = Fo(A)VR(A+i0)V Fo(N)™.

Since the proof is well-known, we omit it (see e.g. [24]).
By (3.18) and (3.20), the first term of the right-hand side of (3.21) has
an integral kernel

(2w)_d$J(\f)\9)J(ﬁ9’) 3 e @OV Y () (3.22)

nezd
The 2nd term of the right-hand side of (3.21) has the following kernel

—em 2 R 3 e ()

2
nezd

x (ﬁz(A +i0) V7O (A, e’)) (n). (3.23)

4. Inverse Scattering

In this section we prove that the potential Vis uniquely reconstructed from the
scattering matrix for all energies. We first consider the analytic continuation
of z(v/\0) defined by (3.15).

Lemma 4.1. Let 7 be a constant such that —1 < 17 < 1,7 #0. Then f(z,7) =
2arcsin(z7) is analytic with respect to z € C\((—oo, —1/|7|] U [1/|7], >0)).
Moreover, letting e(T) = 7/|7|, we have as N — oo,

Re f(N +i,7) =€(r)(m — % + O(%)), mod 277

Im f(N +4,7) = €(7) (2 log N + log(472) 4+ O (;2)) .
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Proof. We take the branch of arcsin(z) = u(z)+iv(z) so that it is single-valued
analytic on C\((—o0, —1JU[1,0)), and 0 < u(s) < /2 when 0 < s < 1. Then
we have

sin(u) cosh(v) = Rez, cos(u)sinh(v) = Im z. (4.1)
Let us note that
cos(u) >0 and =+sinh(v) >0, if +Imz>0. (4.2)

In fact, by the 2nd equation of (4.1), cos(u(z)) and sinh(v(z)) do not vanish if
Imz # 0, and cos(u(s)) > 0,v(s) = 0 when s € (0,1). So, cos(u(z)) > 0 when
Im z # 0, and again by the 2nd equation of (4.1), sinh(v(z)) and Im z > 0 have
the same sign.

Let uy = u((N 4 9)7), oy = v((N + i)7). Then by (4.1) we have
sinh(vy) = 7/ cos(uy). Plugging this with

(1 —cos®(un)) (1+ sinh2(vN)) = N?72,
and letting ¢y = cos?(un), we get the equation
2+ (N?72 472 = Dty — 72 = 0.
Since ty > 0, by solving this equation, we have
ty = N2+ O(N™%.

Since cos(un) > 0, we have

cos(uy) = N1+ O(N?). (4.3)
This, combined with (4.1) for z = (N + 4)7, then yields
sinh(vy) = 7N + O(N™1). (4.4)

If 7 > 0, then vy > 0, and by (4.1) with z = (N +4)7, sin(uy) > 0. From
(4.3), we then get

uy = g ~N'+O(N"3) mod 2rZ. (4.5)
From (4.4), we have
N —2(TN+O(N™1)) e —1=0,

which implies

vy = log(2rN) + O(N~2). (4.6)
Since f(z,7) = 2arcsin(z7) and arcsin(—z) = —arcsin(z), (4.5) and (4.6)
prove the lemma. O

We define the I'-norm of n = (ny,...,nq) € Z% by

d
[l = Inyl. (4.7)
j=1
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We also introduce the following notation. For n € Z¢, we define B (n) €
B(1?(Z%); C) and K (n) € B(C;1?(Z%)) by

B(n)f = f(n), (48)
(K (n)e)(m) = ¢bun. (4.9)
Note that
P(n) = K(n)B(n). (4.10)
For k € Z% and z € C\R, let r(k, z) be defined by
J eik»:z:
ro(k,z) = (2m)~ /h(m)—z dz. (4.11)
Td
Then the resolvent Ro(z) = (Hy — z)~ ! is written as
(Ro(2)f)(m) = Y~ ro(m —n,2)f(n). (4.12)
nezZd

Lemma 4.2. For any m,n and |z| > d

B(m)Ro(2)K (n) = Z cs(m—mn)z=571 (4.13)
s=|m—mn|
where cs(k) is a constant satisfying
les(K)| < d°, s=0,1,2,.... (4.14)

In particular, for |z| > 2d
1B(m)Ro(2)K (n)]| < |24 Im=rhe, (4.15)
Proof. Using (h(z) —z)~!

— >0z ¥ th(x)*®, we have for large |z|

ro(k,z) = Z 275 e (k),
s=0

(4.16)
cs(k) = 7(27T)7d/h(x)seik"” dx.
T
Since |h(z)| < d, we have
les(k)| < d°. (4.17)

Hence the series (4.16) is absolutely convergent for |z| > d. Note that
h(zx)® is a sum of terms of the form

(coswy)™ -+ (coszq)™, 0<a;+-+ag<s, 0<a; <s.
If s < |k|;1, we have a; < |k;| for some j, which implies

/h(x)seik'“:dx =0, ifs<|k|p.

Td
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Then we have
cs(k) =0, ifs<|k|pa. (4.18)
By (4.12) and (4.16), we have

B(m)Ro(2)K (n) = Z 2 ey (m —n).
s=0

Then lemma then follows from (4.17) and (4.18). O

Lemma 4.3. For any m,n, there exists a constant Cy,, such that if |z| >
IH ]+ 1,

IB(m) R(2) K (n)|| < Copn (1 + |2]) 717 Im =l
Proof. Let p = |m — n|;1. By the perturbation expansion, we have
R(z) = Ro(z) — Ro(2)VRo(2) + - -+ (=1)PRo(2)V - - - VRy(2) + O(z72).

Multiply this equality by E(m) and IA((n) Then by Lemma 4.2, the first term
decays like O(|z|7P~1). Next we look at the term

B(m)Ro(2)V -+ VRy(2)K (n),

consisting of k numbers of V and k + 1 numbers of }A%o(z), where 1 <k <p. It
is rewritten as a finite linear combination of terms

B(m)Ro(=) P(r) Ro(2) P(r®) - Pr ) Ro(2) K (), (4.19)
since V = Z\r\<c V(T)P(T) for some ¢ > 0. We put
e = m—rOn, e=r®—r® e =r® —nln.
By (4.10), (4.19) is written as the product
B(m)Ro(2)K(rV) - B(rM)Ro(2)K (X)) - - B(r™) Ro(2) K (r™).
y (4.15), this decays like |z|~(*+1+e++e41) Since |m — n|p = p, we have
€1+ + €1 =D
Taking notice of k+1+¢€1 +- -+ €xr1 > 2+ p, we have proven the lemma. [
We can now solve the inverse problem for H.

Theorem 4.4. Suppose V s compactly supported. Then from the scattering
amplitude A(X) for all X € (0,d)\ (ZU o,(H)), one can reconstruct V.

Proof. Let A();6,6) be the integral kernel of A(\). Let v/A = k, and put

4(2m)?
L2d—4

B(k;0,0) = (J(kO)J(kO)) " A(K?0,6").
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In view of (3.18), (3.22) and (3.23), we can rewrite it as

(k.e 0') = Bo(k;0,60') — Bl(k-e 0", (4.20)
o(k:0,0) = > e @t =2 kDY (), (4.21)
neZd
Bi(k:0,0) ==Y e im0y (n) (E(k2 +i0)‘7@(0)(k,0’)) (n), (4.22)
neZzd
’\(O) / — ’Lnib(k‘al) . 42
FOk,0) = () (4.23)

Let 0; # 0, 05 #0(j = 1,...,d), and put ((2,0) = (f(2,01),..-, f(2,04)),
where f(z,7) is defined in Lemma 4.1. Then By(k;0,0") and By (k;0,0’) have
analytic continuations By(z;6,0’) and Bi(z;0,60"), which are defined with &
replaced by z in the upper-half plane and z(k0) by ((z,0). We put

S(n)=n1+ ...+ na, n e z4.

We now take ¢; > 0 and 0} < 0,(j = 1,...,d). Then by Lemma 4.1, as
z=N+4+1— o0,

eI C(=0) _ oISt (NSO [T (0,)2% (14 O(NTY),  (4.24)
Jj=1

. ’ ; d
e E ) — ST (AN?)S 1T (6)7" (14 O(N ). (4.25)
j=1

The reconstruction procedure for V(n) goes inductively with respect to
S(n). Let us assume that

suppV C {(n1,...,nq);|n;| < M}. (4.26)

We use (4.21), (4.24) and (4.25) to compute the asymptotic expansion of
By(zn;0,0"),zy = N 4+ i, as N — oco. Then the largest contribution arises
from the term for which S(n) is the largest, i.e. n = (M, ..., M). Therefore,
we have

d ~
Bo(zn'5 0,0') ~ (2N)*™M 11 (6;07)*MV (n*)), (4.27)
=1
where n(™) = (M, ..., M). Since
IR((N +14)%)| = O(N?), (4.28)

using (4.22), (4.24) and (4.25), we see that
By (ZN ; 0, 9/) = O(N4dM_2). (429)

By (4.27) and (4.29), we can compute V (n(*)) from the asymptotic expansion
of B(zn; 6,0").
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Assume that we have computed V (n) for S(n) > p. Then
Bo(zy; 60,6 Z o~ (C(2,0)=((2,0' ))V( )

S(n )>p
@N)* - H (0,0,)>V (n). (4.30)
j=1

S(n)=p

The image of the map
S % ST 5(0,0) — (6106),. .., 040))
contains an open set in R%, where
STt ={0e S 0,>0, Vi), ST'={0eSTt;0; <0, Vj}

Therefore, one can compute ‘7(71) for S(n) = p from (4.30).

We show that Bi(zy;0,6) = O(N*?~2) up to terms which are already
known. We rewrite By (zn;6,0') as

Bi(zn;0,0") = Ze_im'C(ZN’e)ei”'C(ZN’a/) V(m)V(n) - B(m)R(z%)K (n).
myn
We split this sum into 4 parts:
oo+ D>+ Y+ > =h+h+L+L
S(m),S(n)>p  S(m)>p,S(n)<p  S(m)<p,S(n)>p S(m),S(n)<p
Note that by (4.24) and (4.25), we have

e—im{(zN,Q)ein.g(zN,a/) _ O(N2(S(m)+5(n))). (431)
Then by (4.28) and (4.31), we have
I, = O(N*~2), (4.32)
By Lemma 4.3 and (4.31), I3 = O(N2(S(m)+S(n)=1=Im=n[;1)) " Gince
d
Sn) = S(m) = 3_(n; —my) < fm = nlu,

j=1
we have
25(m) 4+ 2S(n) —2m —n|p — 2
=45(m)+2(S(n) —S(m) —|m—n|p) -2 <4p—2,

which proves

I3 = O(N*~2). (4.33)
Similarly, we can prove

I, = O(N*~2). (4.34)

We finally observe ;. We put
Y. VmPm), Vop= ) V(n
S(n)<p S(n)>p
Hop=Ho+Vop, Rople) = (Hsp—2)7!
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By the resolvent equation, I; is split into two parts
I = Z a—im-C(2n ) gin-C(2n0) . V(m)‘A/(n) ) §(m)1§>p(z]2\,)f/(\'(n)
S(m),S(n)>p

- Z e~ e 0)gin CEN 0 Y (1) V()
S(m),S(n)>p
B(m)Rsp(23)Vep R(23) K (n).
The 1st term of the right-hand side is a known term, since we have already

reconstructed XA/(n) for S(n) > p. The 2nd term is a linear combination of
terms

et Cen Dm0 - B(m) R,y (23 ) P(k)R(23) K (n), (4.35)
where S(k) < p. By Lemma 4.3, it decays like
O(N2(S)+5(m)~Im=Fkl~In=F1~2)) Using

S(m) = |m—Elp = (my —k;) = > _|m; — k| + Y k;  (4.36)

J J J
< S(k) < p, (437)
we see that (4.35) decays like O(N4P~4). Therefore, we have
I, = O(N*P~2), (4.38)

up to known terms. By virtute of (4.32) ~ (4.38), we have completed the proof
of the theorem. O

5. Estimates of the Free Resolvent near the Critical Values

The purpose of this section is to derive estimates of the resolvent éo(z) =
(Ho — 2z)~! in weighted Hilbert spaces. Equivalently, we consider the opera-
tor norm on L2(Z?) of ¢ Ry(z) g, where § is the operator of multiplication by
g € °°(Z%): (G f)(n) = q(n)f(n). In particular, py is the operator defined by
Ps(n) = (14 n|*)"%2, seR.
We put
D, ={z€C;0<|z| <1},
Aa = p(ﬁo) = C\[0,d], (5.1)

o=t (eme- 1)

For w = re* with 0 < 6 < 27, we take the branch \/w = 1/re**/2. For a,b € C,
we put

I(a,b) ={ta+ (1 —t)b; 0 <t < 1}.
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Lemma 5.1. A(z) is a conformal map from Dy onto A1, and its inverse is given
by
Z2(A) =2X2—1-=2/A(A—1). (5.2)

Proof. Since the map
1 1
{0<z|<1}32— 3 (Z+z> € C\[-1,1]

is conformal, so is A(z) from D; onto A;. By solving the equation 22 + (4\ —
2)z +1 = 0, we have the inverse map z = 2A — 1 £ 2y/A(A —1). For A > 1,
[2A — 1 — 2/A(X — 1)] < 1. Therefore, we obtain (5.2). O

The following lemma is proved by Lemma 2.4 and Theorem 2.6 (2). Note
that Hy has no eigenvalues.

Lemma 5.2. For s > 1/2, the operator-valued function ps 1/%0()\) Ds 18 analytic
with respect to A € Ay, and has continuous boundary values when \ approaches
E +i0,FE € (0,d)\Z.

We study estimates for Ro(E =+ i0) when E € a(ﬁo) = [0,d] is close to
{0,1,...,d}, the set of critical values of h(x). Let us begin with the case d = 1.
Lemma 5.3. Assume d = 1.

(1) ro(n,z) defined by (4.11) has the following representation
Azl Inl
ro(n, \(2)) = =— , for (n,z)€Z xD;.
A T T ARE D " 1
Moreover, ro(n, A(2)) has a meromorphic continuation from Dy into C.
(2) Let || - |lus be the Hilbert-Schmidt norm on (*(Z), and take q; =
(@;(n))nez € (*(Z), j=1,2. Then we have for X € Ay

@11l e2(z) 1 @2l e2(z)
VA= 1)

(3) Letu(v) = \/v(v—1), and take \, A € Ay such that I(A\, A1) C A;. We

1@ Ro(N) @llms <

put
/ 1 1
M) = (1+2, 5 1€01) (14 1+ )
1 1
N A1) = ‘M Cu(h)|

Then for any 0 < a < 1, we have the following pointwise Hélder estimate
[ro(n, A) — ro(m, A1) < A = M [“(1 + [n)* M (N A)YNA M), (5.3)
and the following Hélder estimate of the Hilbert—Schmidt norm
1Padr (Ro(A) = Ro(A1)) Paiell s
< A= M CaN AT [l e2(2) @2l e2 (2) (5.4)
Co(M A1) = MM AN A ) (5.5)
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In particular, there exists a constant C!, > 0 such that
o (Bo(N) = Ro(A1)) Btz s
CLIN = M|
<
AN = DAL (A - 1)|(F3e)/2
’Lf |)\‘, ‘)\1| <2, and I()\, )\1) C Ay

G112z 1G2le2(z) (5.6)

Proof. To prove (1), we first note by residue calculus

2
1 e~ Nty
ro(n; A(2)) = ;/ 1 —cosxz — 2A(2)
0
_ 2 / w~ " dw B 4217
R (w—2)(w—1/2) z2-1/z
Jw|=1

By (5.2), we have 1/2 = 2XA—1+24/A(A —1). Hence z — 1/z = —4\/A(A — 1),
which proves (1).
Using (4.12) and (1), we obtain for z € D,
N 2|n—m]|
~ A ~ 112 _ |Z‘ -~ 2|~
1 o Blfes = 3 1y 0t
12112112
~ AR - DI
where ;> = >,,c7 |g;(n)|*. This proves (2).
We prove (3). Let A\, A € Cy and z = z(A\),21 = 2(A1). Then (1) and
(5.2) give

2

I?

In] | Inl _ |n| (A) —u(X)
z z z yA u u
A - A = — 1 = 1 ‘nlil
ro(n, A) = ro(m, A) = —Ims + U050 TN
Since z, z; € Dy, we have
In|—1 o n|—1
=2 = (2 = 2) Y AT < (2 - m) Y 1 < Inllz - al.
=0 =0

Moreover, we have by using (5.2)

)~ w01 < (a0 ) A=

vel(A A1)
!/
2= =0l <2 (14 s W0 ) A= Al
The above inequalities yield
[ro(n, A) — ro(n, A1) < JA — N <2n| + max |u'(v)] (2|n| + 1)> .
lu(N)| ~ ver(\ 1) [u(A1)]
Interchanging A and A;, and adding the resulting inequalities, we have

[ro(ns A) — 1o, An)| < [A = A[(1+ [n]) M (A, Ar). (5.7)
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We also have by (1)
[ro(n, A) — ro(n, A1)| < N(A, Av). (5.8)

By (5.7) and (5.8), we obtain (5.3).
Using (4.12) and (5.3), we have for z € Dy

a1 (Ro(N) — Ro(A1)) Padal3rs
= > lro(n—m,X) = ro(n — m, A1) Pa ()G (0)[*]5a (m)Ga (m)

n,meZz
< D0 =M A+ = m])*Ca(A M) [Pa ()1 (0) P o (m) G ()
n,meZ
< A= MP*Ca(X, M\)? Z @1 () P|g2(m)?,
n,mezZ
which proves (5.4). The inequality (5.6) follows easily from (5.4). O

We study the case d = 2.

Lemma 5.4. Let d = 2 and q(n) = qi(n1) G2(n2), where §; € (*(Z) and n =
(n1,n2) € Z%. Then there exists a constant C' > 0 such that

1§ Ro(N) Il < Cll@u)1 ) 1@2lI3 ()| Tog (A(A = 1)(A = 2))], (5.9)
for all X € Ao N {|A| < 3}.

Proof. We prove the lemma by passing it on the torus. The idea consists in
reducing it to the 1-dimensional case, regarding the remaining variable as a
parameter. We put

gj(z;) = (2m) 72 Y Ging) e,

n;€Z

and define the convolution operator g;* by

27
@*ﬁw=/%%—wﬁ@@pf6F@%
0

where y = (y1,72) if j = 1,y = (21, y2) if j = 2. We put
1
= puA ) =X —h(xa), h(zz) = 3 (1 —cosxs),
and define the 1-dimensional operator A;(u) with parameter p by

Av(p) = qux (R(a1) —p) g = qux (Ho — A\ qr .

Take f, f’ € L?(T?), and let f,f’ € (?(Z?) be their Fourier coefficients. We
are going to estimate

CoN) == @@ (Ho = N0 6 . ez
= ((h * (2 % (HO - A)_lql * (2 * f7 f/)LQ(TZ) .
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Letting
g=qx*f, ¢ =q=*f,
we have
27
CaN) = [ (A(1g)(22), ' 22)) )
0

By Lemma 5.3 (2), we obtain

() x2)||L2(T1)||g/('7 372)HL2(T1)
(A, 22) (1(A, 22) — 1)[1/2

d]?g.

27
lg
CoO)] < a2 /
0

Since
[ (a2 = f) (- z2)lL2cry < lla2llzzern) 1 fllLzer2),
which follows from a simple application of Cauchy-Schwarz inequality, we have
1CaN)] < NlaallZ2ey gzl 72 con 1 F |22z L 1| 22 (x2y D2 (V)

2
da?g
P 0/ [\, 22) (1(A, 22) — 1)/

Then the lemma is proved if we show for [A| < 4

Dy(N) <8(KN)+KAN—-1)+ K(AN—-2)),

(5.10)
2
K(\) =2 (2 + log 3|\/\|[> .
To prove (5.10), we let
1
I = [ 1= Vsl = 5)| 2 s,
0
and first derive
Ds(N) < 2J(\) +2J(A — 1). (5.11)
In fact, by the change of variable s = (1 — cosx2)/2, we have
1
Dy(\) = 2/ (s = A)(s+1—X\)s(1—s)|"*2ds.
0
Using the inequality
1 S B | 1
e < 5.12
la(a— D2 " |a a-—1 R + la — 1172 (5.12)

with a = s+ 1 — A, we obtain (5.11).
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In order to compute J(A), we put

Then we have

1/2

J(/\)§2/|S B // T 5)(s —N|I/2 =2Jo(A) +2Jo(A — 1).

This, combined with (5.11), implies
DQ()\) < 4(J0()\) +2J0()\— 1) -‘rJo()\—Q)). (513)

Let us first consider the case |A| > 1. Estimating as in (5.12), we have for
0<s<1/2

1 - 1 1 n 1 - L—F 1
Is(s— N72 = N2 \[s[1/2 T [s—A/2) = 512 T (1 —s)l/2
Hence for |A] > 1

1/2

To(A) < / <511/2 4 (1_15)1/2) ds = 2. (5.14)
0

Next we consider the case [A\| <1 andlet A = p+iv. If |v] > 4|u|, we put
s =|v|t, E =1/(2|v|), po = p/|v|. Note that \/§|V\ >\ > |v|land if t > 1/2
then t — pg > t/2, hence |(t — p10)? + 1/*/* > (¢/2)'/2. We now compute

o]

t

d
JO(/\) :/\/E|(t_/140)2+1|1/4

[}

1/2
t dt

ot |
- +
/\/i(t—uo)2+lll/4 VI|(t = po)? + 1174
1/2

(=)

1/2

dt V2
/7+f/ = V24 v2log(2E) < 2v2 + V2log ~= T (5.15)

IN

(e}

1/2
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If [v| < 4ful, we let s = [ult, R = 1/(2|u]), o(p) = p/lul,vo = v/|u|. We
then obtain

dt
V= / Vo) + w7

1/2
dt

/xflt—a NI /ﬂt—a W)+ I

1/2 R
- / dt +/ dt
=) V- 112 t—1
0 1/2

3v/2
Al

In view of (5.14), (5.15) and (5.16), we have
Jo(\) < \[<2+log3\[>

<2+1log2R <2+ 1log —— (5.16)

A
which, together with (5.13), proves (5.10). O

Finally we consider the case d > 3.

Lemma 5.5. (1) Letd >3 and

Qs(n1,...,nq) = G1(n1) Ga(na) ps(n'),

wheren’ = (n3,...,nq) € Z972,q1,G € (2(Z) and ps(n’) = (1+|n'|?)~5/2
with 0 < s < 1. Then there exists a constant Cs > 0 such that the follow-
ing estimate holds:

1Qs Ro(N) Qs | < Csllqu 1722y 132172 (z) (5.17)

for all X e Agn{X € C; |\ < 2d}.
(2) Moreover, let A\, € CL N{X € C; |\ < 2d} and let g > 0 be small
enough and

Qs,g(nla ERE 'I’Ld) = ﬁg(nl)Qs+29(n1> U ,'I’Ld), ne Zd'
Then there exists a constant Cs 4 > 0 such that the following estimate
holds true:

1Qs.5 (Ro(N) = Ro(M)) Qusgll < IN = MI9C gl 172 ) @2 | ey (5:18)

(1) The proof is similar to the one for the previous lemma. Let

Ax(p) = qu g2 (Ho — A) " 'qu % qox = qu % g2 % (b + ha — 1) ' qu % ga,
d
1
h; = h(z;) = 5(1 —coszj), p=p\a)=1- Zhj’

=3
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where 2’ = (z3,...,14). For f, f' € L?>(T%), we put g5 = ps*f, g’ = ps*f'.
Then we have

C\) = (1 ¢ (ffo -G % f, /7]?/)
= (qu*qz* (Ho— N "'quqaxps = f,ps* [')
= [ (a1

Td—2
Lemma 5.4 then implies

ICN)| < C||§1||?2(Z)||QA2H?2(Z)

8 / [Hog(u(p — 1) (1 — 2)l 195+ @) [ 2z 4 )| 22 o’

where C' is a constant independent of A € Ay. We now put

DS(A):/ [log(n(X, &) (p(A,2') = D (X &) = 2)ll(ps * £)(-, 272 (p2) da’.
Td72

Lemma 5.5 will then be proved if we show the existence of a constant Cj
independent of A € Ag N {|\| < 2d} such that

DS()‘) < CSHf||2L2(Td)' (5.19)
We define the set SP by
SP = {(z3,...,zq);z; =0o0rm, j=3,...,d}.

This is the set of singular points for (A, 2’), since V. u(A, z') = O if and only
if 2/ € SP. We label the points in SP by p), ... ,p®) N = 2¢-

SP = {(pV,...,pM}.
For a sufficiently small € > 0, we put

TU = {2/ e T2 |2/ —p| <€}, 1<j<N,
O\ — -2\ [ & )
O =7 (10},

and let

ED (N = / [og(1(h ') (A, &)= 1) (N &) =2)ll[(ps * )2 F2(p2) o
T)
BP0 = [ [10g(uO0 ) = B (pe # 1), 0 do'

TG)
Then we have

N N 2
— ZEgj)()\) < ZZ EUF) (5.20)

j=0 §=0 k=0
We shall make use of the following version of Heinz’ inequality. For the
proof, see p. 232 of [6].



778 H. Isozaki and E. Korotyaev Ann. Henri Poincaré

Proposition 5.6. Let A, B be self-adjoint operators satisfying
A>1, B>0, D(A)cD(B), ||BA' <L
Then for any 0 < 0 < 1, we have
D(A‘)) c D(BY), |B’A7°| <1

Let us estimate EY ()\) We take 6 = ﬁ, and define self-adjoint oper-
ators A and B in L?(T92) by
) =

/

Af(n') = Co(1 + [n/[}) =22 F(n),
(Bf) (2') = XY (a")|log(u(X, 2") — k)|M/? f(2),
where ) (2') is the characteristic function of the set TW), and Cy is a con-
stant to be determined later. We compute the Hilbert-Schmidt norm of BA~?.

Let k(2') be the inverse Fourier image of (14 |n/|?)~("=2). Then, up to a mul-
tiplicative constant, BA~! has the integral kernel

K(&',y") = CoxV(a") [ log(u(A, ") — k)Y k(' - ¢/). (5.21)
One can show that for any o > 1,
sup /|log(u(x\,x’) — k)|*dz’ < oo (5.22)

AeAdm{|>\\<2d}Tj
In fact, if j = 0, V(X 2’) # 0 on Ty. Then we can take Z 5 COST; as a new
variable to compute (5.22). The case j # 0 is dealt with as follows. Suppose,
for example, pU) = (0,...,0). By the Morse Lemma, we can introduce new
variables y;,3 < j < d, around p"/) so that Z;l:g cosz; = (d—2) — 2?23 y:.
One can then prove (5.22) by an elementary computation. The other cases are
treated similarly.
On the other hand, by Parseval’s formula

[ kP = S )0 < o,
Td—2

Therefore BA™! is of Hilbert-Schmidt type, in particular, bounded. By choos-
ing Cy small enough, we have ||[BA™!|| < 1. Then by Proposition 5.6, B A~¢
is bounded on L?(T9~2), which implies that

IEGD N FI < Coll £117 2 pay
This proves (5.19).
The proof of (2) repeats the arguments from the proof of (1). O
As a consequence of the above lemma, we show the following theorem.

Theorem 5.7. Let d > 3, and I;T,Y = 1/1\70 + 7‘7, where V is a complez-valued
potential such that V(n) = O(|n|™%),s > 2, as |n| — oo,v being a complex
parameter. Then there exists a constant § > 0 such that EL, has no eigen-
values when |7y| < 4.
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Proof. We put Q(ny,...,nq) = g1(n1) Ga(nz) p(n’), where

a1 (
Gi(ny) = (14 |ng[?)~(H9/4,
B(ng) = (14 |ng|?)~(1H9/4,
pn') = (1 + [n/[2)~</2

If there exists £ € R and f € ¢%(Z%) such that (ﬁo +9V - E)f: 0, we have

Qf=—QH -E)'Q-Q'VQ ' f.

Choosing ¢ > 0 small enough, we have Q=1 V Q! € B(¢%(Z%)). Using
Lemma 5.5 and taking

5= 10— B) Q-0 VY,

we obtain Theorem 5.7. O

6. Traces Formulas
6.1. Fredholm Determinant

In contrast to Sects. 2-5, the material in this section is discussed from an
abstract point of view. Let H be a Hilbert space endowed with inner product
(,) and norm ||-||. Let C; be the set of all trace class operators on H equipped
with the trace norm || - ||¢,. Recall that for K € C; and z € C, the following
formula holds:

det (I — 2K) = exp —/Tr(K(l—sK)_l)ds (6.1)

(see e.g. [5,21], p. 167, or [35], p. 331). As is well-known if A € B(H;H) and
B € Cy, we have

Tr (AB) = Tr (BA), (6.2)
det(I + AB) = det(I + BA). (6.3)

Suppose we are given an operator H = Hy + V on 'H satisfying the
following conditions:

(B-1) Hy is bounded self-adjoint.
(B-2) V is self-adjoint and trace class.

We put
Ro(\) = (Ho =N, A€ A= p(Ho),
and define D(\) by
D(\) =det(I + VRo(N), Xe€A. (6.4)
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Lemma 6.1. (1) D()\) is analytic in A. Moreover
D) =1+0(1/X) as |\ — oo, (6.5)
log D(A) = = %Tr (VRo(N)", (6.6)

where the right-hand side is absolutely convergent for |A| > ro,m9 > 0
being a sufficiently large constant.
(2) The set {\ € A; D(X) =0} is finite and coincides with oq4(H).

Proof. Letting Ey (t) be the spectral decomposition of V', we define

vz = / sgnt[t|'/2dEy(t), |V['/?= / [t/ 2dEy (t).
—o0
There exists ro > 0 such that ||Ro(A\)|| < C/|A| for |A| > 7o, which implies
[Tr (VRo(N) | < C/IA| for |A| > ro. (6.7)

By (6.2), taking 7o large enough, we have for |A| > rg
Tr (VRo(A) (1 + sVRo(N) ™)
=Tt (V1/2RO(A)(1 + sV Ro(N) ! VI?)

n

—Z "I (VY2 Ro(A) VRo(A) - - VRo(A) [V]'/?)

- Z(fs)”Tr (VRo(A)" .
n=0

We then have (6.5) and (6.6) by (6.1). For A € o(Hyp), the eigenvalue problem
(H — Nu = 0 is equivalent to (I + (Hp—\)~'V)u = 0, which has a non-trivial
solution if and only if det( + (Ho — A\)~'V) = 0. This proves (2) by (6.3).

O
Lemma 6.2. The following identity holds:
Fn 1 " n n
logD(\) ==Y - (A) ., F,=Tr(H"—H}), n>1, (6.8)

n>1
where the right-hand side is uniformly convergent on {|\| > ro} for ro > 0
large enough. In particular,

Fy=Tr(V), Fp=Tr(2VH,+V?). (6.9)

Proof. Let R(\) = (H — \)~1. Take rg > 0 large enough. Then for |\| > 7o,
we have by the resolvent equation

n

R(A f: NVRo(N) -+ VRo(N). (6.10)

n=1
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Let F(X) = log D(X). Since & Ro(\) = Ro(\)?, we have by (6.6) and (6.10)

n

~SFO) = ni(—l)"Tr (Ro(N) VRo(N) -V Ro(V)

=Tr (R(\) — Ro(N)).
Using the equation

RO = - S A
n=0

we obtain
FI(A) =Y A" 'Te (H" — Hp).
n=0
In view of (6.5), we get (6.8). O

6.2. Spectral Shift Function and Trace Formula

Let H = Hy + V satisfy (B-1), (B-2). Then there exists a function £(\) such
that the following equality

To (f(H) — f(Ho)) = / N dfN) (6.11)
R

holds, where f is an arbitrary function from some suitable class. If f is abso-
lutely continuous, then df can be replaced by f’(X\)d\. We call (6.11) a trace
formula, and £(\) the spectral shift function for the pair H, Hy. A typical form
of £(X) for our case of discrete Schrédinger operator H in Sect. 2 is drawn in
Fig. 1.

FIGURE 1. The spectral shift function £(A\) and five eigen-
values lq,...,l5 for H
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Let us recall the basic properties of £(A) (see [7,41]).
(1)  The following identity holds:
log D(\) = / %dt, e Cy,
R

where D(X) is the perturbation determinant defined by (6.4), and the
branch of log D(\) is chosen so that log D(A\) = o(1) as |\| — oo, and
£(t) € LY(R). We have

1 .
EN) = slg-rﬁo —arg DA +ig), aeXeR,

where the limit in the right-hand side exists for a.e. A\ € R The support
of £(N) is equal to o(H) and

[1eiar < i,

R
/g(A)d)\ =Tr (V).
R

(2) [ts relation to the S-matrix is
det S(A) = e 2N for a.e. X € 04.(Hp). (6.12)

(3) If H have N_ > 0 negative eigenvalues and N1 > 0 positive eigenvalues,
then

—N_ <¢(A\) <Ny, forae NeR.

(4) Suppose Hy has no eigenvalues in the interval (a,b) C R. Assume that
Ao € (a,b) is an isolated eigenvalue of finite multiplicity dy of H. Then
&(N) takes an integer value n_ (ny ) on the interval (a, o) (on the inter-
val (Mg, b)). Moreover, we have

£(Xo +0) = &(Xo — 0) = —do. (6.13)

(5) IfV >0, then {(N\) > 0 for all A € R.

(6) IfV <0, then &(N\) <0 for all A € R.

(7) If the perturbation V has rank N < oo, then —N < &(\) < N for all
A€ER.

As will be shown in the following lemma, F,,/n, the Taylor coeffi-

cients of —log D(\) around A = oo are equal to the moments of the spec-
tral shift function (). The first two terms were computed in Lemma 6.2.
To compute the terms for n > 3, we impose the following assumption.

(B-3) There exist unitary operators S; (1 < j < d) such that

d
1 . Z ..
HOZiz(Sﬁ’S )7 S:jflsj’ SjSi:SiSj’ Vi, g, (614)

Tr(SfVP)=0, Vji=1,....d, k#0, p>1 (6.15)
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Note that by (6.14) and (6.15), we have
Tr (S*VP) =0, Tr(VP(S*)*)=0, k>1, p>1, (6.16)
Tr (S(S*)’VP) =0, a#b, p>1. (6.17)
Lemma 6.3. Let H = Hy + V satisfy (B-1), (B-2) and (B-3). Then

F,=Tr(H" - H}) = n/g(A)deA, n>1. (6.18)
R
In particular, letting 7 = —1/4, and
d
AV =7Y (S;VS; +8;VS;), (6.19)
i=1
we have
Fi=Tr(V), F,=Tr(V?, F;=Tr(V?+6dr?V), (6.20)
Fy = Tr (V* 4 8d7%V2 + 27(AV)V), (6.21)

Fs = Tr (V° 4 30d(2d — 1)7*V +10d72V? 4+ 57(AV)V?).  (6.22)

Proof. By taking f(\) = A¥ in (6.11), we get (6.18). In Lemma 6.2, we have
proven that F; = Tr (V). Fy and F5 are computed by the use of (6.15) as
follows:

Fy =Tr((Hy+V)? — HZ) = Tr (2HyV + V?) = Tr (V?),
Fy=Tr((Hy+V)*— H3) =Tr (3HZV + 3H,V? + V3)
=Tr (BH3V +V3),
Tr (H2V) = 72Tr ((S? 4 255* + S**)V) = 27%Tr (SS*V)

=2r°Tr ((d+ Y SiS)V) = 2d7°Tr (V).
i#]
To calculate Fy, we first compute
Fy = Tr ((Ho + V)" — Hp))
= Tr (V* +4H3V + 4H,V? + 4H2V? + 2H,V Hy V).
Due to (6.16), we have
Tr(H3V) =0, Tr(HoV?) =0, Tr(HZV?)=2dr*Tr(V?).
Using Tr (SV.SV) = 0, we get
Tr (HoVHV) = 72Tr ((S + S*)V(S + S*)V)
= 72T ((SVS* + S*VS)V) = rTr (AV)V,),
since Tr (3, ,,; SiVS;V) = 0.
Finally we compute F5. Firstly,
Fs = Tr((Ho+V)® — HY)
=Tr (V5 + 5H5V +5HoV* + 5HZV?
+5HIV? + 5HEV HoV + 5HoV HoV?).
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By (6.16), we have Tr (HoV*) = 0, Tr (H3V?)=0, and Tr (H3V HyV)=0.
We then have

Tr (HoVHoV?) = 72Tr (S + S*)V(S 4 S*)V?)
= 72Tr ((SVS* + S*VS)V?)
= 7Tr (AV)V?) = Tr (H3V) = 74Tr ((S + S*)*V)
= 67T (525*%V) = 67%d(2d — 1)Tx (V).
O

The above lemma enables us to estimate the eigenvalues in terms of the
spectral shift function.

Theorem 6.4. Let H = Hy + V satisfy (B-1), (B-2) and (B-3). Assume that
U(HO) = [a7ﬁ]; and put

E,=n / EA)A" . (6.23)
R\[a,0]
Let m; be the multiplicity of A\; € oq(H). Then we have for any n >0
Ep= Y mj\f —a™)+ Y m(\y — ). (6.24)
Aj<a Aj>B

(1) IfV >0, then o4(H) C (8,00) and

Yo mi - ) < Tr(V) (6.25)
)\jEO’d(H)
(3 _ 33 3, 3d
A‘gd:(H)mJ(Aj 3% < Tr (V + 8V). (6.26)

(2) IfV <0, then o4(H) C (—o00,) and

> mi\—a) = Te(V), (6.27)
Xj€oq(H)
5 5 3d
> omi(A—a®) > Tr (V + 8V). (6.28)
Aj€oq(H)

Proof. For small t > 0, we define the set
O = (—oo,a—t) U (B +t,00).

For \; € 04(H), we take € > 0 small enough so that the interval I; = (\; —
€, \; + ¢€) satisfies I; Nog(H) = {\;}. Then we have, by the property (6.13),

¢ (A\)dA = —m;5(A — A\;)d\, on I



Vol. 13 (2012) Discrete Schrodinger Operators 785

(see Fig. 1). More precisely, see (3.28), (3.29) of [7]. We then obtain

B, (t) := n/g(A)A"—ldA

= —(a—1t)" ij B+O)" ij_/fl()‘))‘"d)\

/\ <a )\j>ﬁ Oy
= > mi\ = (a—t")+ Y m(\r = (B+1)")
Aj<a Aj>p
— Ey(0)= > mi(\} —a™) + > m(\} —8") = E
Aj<a Aj>B

which proves (6.24).

If V>0, then A\; > 8 and £(\) > 0 on [, 00), which implies Ey,—1 <
F5,—1. Then (6.24) and (6.20) give (6.25) and (6.26). The proof for the case
V <0 is similar. O

Remark 6.5. For our discrete Schrodinger operator discussed in sections 1, 2,3,
V =3, cza V(n)P(n) is trace class if

> V(n)| < oo

neZzd
The assumptions (B-1), (B-2), (B-3) are then satisfied if we shift our Hamil-
tonian Hy in Sect. 2 by d/2.

Remark 6.6. For the continuous model, it is well-known that H has no
embedded eigenvalues for the short-range perturbation. The (non) existence of
embedded eigenvalues for the discrete model is an interesting open question.
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