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Abstract. We deal with a family of generalized coherent states associated
to the hyperbolic Landau levels of the Schrödinger operator with uniform
magnetic field on the Poincaré disk. Their associated coherent state trans-
forms constitute a class of generalized second Bargmann transforms.

1. Introduction

The classical Bargmann transform made the space of square integrable func-
tions f on the real line isometric to the space of entire functions that are
e−|z|2dμ-square integrable, dμ being the Lebesgue measure on the complex
plane. It is defined in [2] as

B[f ](z) := π− 1
4

∫

R

exp
(

−ξ2

2
+

√
2ξz − z2

2

)
f(ξ)dξ; z ∈ C, (1.1)

where the involved kernel function is related to the generating function of the
Hermite polynomials. In the same paper [2, p. 203], Bargmann has also intro-
duced a second transform Tν ; ν > 1/2, as a unitary integral operator whose
kernel function corresponds to the generating function of the Laguerre polyno-
mials L(α)

m (·) [20,22]. It maps isometrically the space of ξ2νdξ/Γ(2ν)ξ-square
integrable functions on the positive real half-line onto the weighted Bergman
space

A2,ν(D) :=

⎧⎨
⎩f holomorphic on D;

∫

D

|f(z)|2 (1 − |z|2)2ν−2
dμ(z) < ∞

⎫⎬
⎭
(1.2)
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on the unit disk D = {z ∈ C; |z| < 1}. Explicitly, we have

Tν [ψ](z)

=
(

2ν − 1
π

)1/2

(1 − z)−2ν

∞∫

0

exp
(

−ξ

2

(
1 + z

1 − z

))
ψ(ξ)ξ2ν(Γ(2ν))−1 dξ

ξ
,

(1.3)

where the positive real number 2ν − 1 represents the parameter γ in
[2, p. 203]. Thus, using the canonical isometry from L2(R∗

+,dξ/ξ) onto
L2
(
R

∗
+, ξ

2νdξ/Γ(2ν)ξ
)
, one extends Tν to the transform

Wν [ϕ](z) :=
(

2ν − 1
πΓ(2ν)

)1/2

(1 − z)−2ν

+∞∫

0

ξν exp
(

−ξ

2

(
1 + z

1 − z

))
ϕ(ξ)

dξ
ξ

(1.4)

mapping isometrically the Hilbert space L2(R∗
+,dξ/ξ) onto A2,ν(D). Note that

the space A2,ν(D) in (1.2) can also be realized as the null space of the second
order differential operator

Hν = −4(1 − |z|2)
(

(1 − |z|2) ∂2

∂z∂z
− 2νz̄

∂

∂z̄

)
. (1.5)

The latter one is acting on the Hilbert space L2,ν(D) :=L2(D, (1−|z|2)2ν−2dμ)
and can be unitarily intertwined to represent a Hamiltonian of uniform mag-
netic field on the unit disk.

In this paper, we will be concerned with the L2-eigenspaces

A2,ν
m (D) :=

{
F ∈ L2,ν(D); HνF = ενmF

}
(1.6)

associated to the discrete spectrum of Hν consisting of the eigenvalues (hyper-
bolic Landau levels):

ενm = 4m(2ν −m− 1); m = 0, 1, 2, . . . , [ν − (1/2)], (1.7)

where [x] denotes the greatest integer less than x. The transform (1.4) can be
viewed as resulting from a coherent state which turns out to be a superposition
of the basis elements of L2(R+, x

−1dx) considered as a states Hilbert space.
In this superposition, the coefficients are the analytic functions constituting
the basis of the Bergman space A2,ν(D). Here our aim is to keep the same
states Hilbert space L2(R+, x

−1dx) and to replace the coefficients by the basis
elements of the eigenspace A2,ν

m (D), for a fixed positive integer m, in order
to construct a family of integral transforms generalizing (1.4). The method
used is based on the coherent states analysis [12] together with the concrete
description of the L2-spectral theory of the operator Hν [5–8,23]. Precisely,
we establish the following
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Theorem 1.1. Let ν be a real number such that ν > 1/2 and m = 0, 1, 2, . . . ,
[ν − (1/2)]. Then, the mapping

Wν,m[ϕ](z) =
(

(2(ν −m) − 1)m!
πΓ(2ν −m)

) 1
2
( |1 − z|

1 − |z|2
)2m

(1 − z)−2ν

×
+∞∫

0

ξν−m exp
(

−ξ

2

(
1 + z

1 − z

))
L2(ν−m)−1

m

(
ξ
(1 − |z|2)
|1 − z|2

)
ϕ(ξ)

dξ
ξ

(1.8)

defines a unitary isomorphism from L2(R∗
+, dξ/ξ) onto the Hilbert space

A2,ν
m (D). The particular case of m = 0 reproduces the second Bargmann trans-

form Wν in (1.4).

The paper is organized as follows. In Sect. 2, we review some needed facts
on the L2-spectral theory of the operator Hν on the unit disk. In Sect. 3, we
recall the coherent states formalism we will be using. In Sect. 4, we define a
family of generalized coherent states attached to hyperbolic Landau levels. The
associated coherent state transforms (CST) constitute a family of generalized
second Bargmann transforms.

2. Spectral Analysis of Hν ; ν > 0

The second order differential operator Hν in (1.5) appears as the Laplace–Bel-
trami operator on the unit disk perturbed by a first order differential operator.
It can be interpreted as the Hamiltonian of a charged particle moving in an
external uniform magnetic field. In fact, Hν is unitary equivalent to the mag-
netic Schrödinger operator [13]:

Lν := (d+
√−1νθ)∗(d+

√−1νθ), (2.1)

associated to the gauge potential vector θ(z) = −√−1(∂ − ∂̄)log(1 − |z|2),
acting on L2(D) = L2(D, (1 − |z|2)−2dμ). Indeed, we have (1 − |z|2)ν

Hν(1 − |z|2)−ν = Lν . Different aspects of its spectral analysis have been
studied by many authors, e.g. [5–8,23]. For instance, note that Hν is an ellip-
tic densely defined operator on the Hilbert space L2,ν(D) and admits a unique
self-adjoint realization that we denote also by Hν . Note also that such operator
commutes with the action of the group SU(1, 1) defined on L2,ν(D) by

(T ν
g f)(z) := (det(g′)(z))νf(g.z);

g.z = (az + b)(cz + d)−1,

g =
(
a b
c d

)
∈ SU(1, 1),

where g′ is the complex Jacobian, and its needed principal properties are listed
as follows:
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• The discrete part of the spectrum of Hν is not empty if and only if that
2ν > 1. It consists of the eigenvalues ενm given through (1.7) and occurring
with infinite multiplicities.

• Let ν be such that 2ν > 1. Then, for every fixed m = 0, 1, 2, . . . ,
[ν − (1/2)], we have

(i) The family of functions given explicitly in terms of the Jacobi poly-
nomials P (α,β)

j (·) as

φν,m
k (z) = (−1)min(m,k)(1−|z|2)−m

×|z||m−k|e−i(m−k) arg zP
(|m−k|,2(ν−m)−1)
min(m,k) (1−2|z|2)

(2.2)

constitutes an orthogonal basis of the L2-eigenspace in (1.6).
(ii) The square norm of φν,m

k in L2,ν(D) is given by

ρν,m
k

=
(

π

2(ν −m) − 1

)
(max(m, k))!Γ(2(ν −m) + min(m, k))
(min(m, k))!Γ(2(ν −m) + max(m, k))

. (2.3)

• The set of functions

Φν,m
k :=

φν,m
k√
ρν,m

k

; k = 0, 1, 2, . . . , (2.4)

is an orthonormal basis of A2,ν
m (D) and can be rewritten as

Φν,m
k (z) = (−1)k

(
2(ν −m) − 1

π

)1/2(
k!Γ(2(ν −m) +m)
m!Γ(2(ν −m) + k)

)1/2

×(1 − |z|2)−mzm−kP
(m−k,2(ν−m)−1)
k (1 − 2|z|2), (2.5)

by making use of the identity [22, p. 63]:

Γ(m+ 1)
Γ(m− s+ 1)

P (−s,α)
m (t)

=
Γ(m+ α+ 1)

Γ(m− s+ α+ 1)

(
t− 1

2

)s

P
(s,α)
m−s (t), 1 ≤ s ≤ m, (2.6)

for s = m− k, t = 1 − 2|z|2 and α = 2(ν −m) − 1.
• The reproducing kernel of the Hilbert space A2,ν

m (D) is given by

Kν
m(z, w) =

(
2(ν −m) − 1

π

)
(1 − zw̄)−2ν

( |1 − zw̄|2
(1 − |z|2)(1 − |w|2)

)m

×P (0,2(ν−m)−1)
m

(
2
(1 − |z|2)(1 − |w|2)

|1 − zw̄|2 − 1
)
, (2.7)

with the diagonal function

Kν
m(z, z) =

(
2(ν −m) − 1

π

)
(1 − |z|2)−2ν , z ∈ D. (2.8)
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Remark 2.1. In view of (2.2), the L2-eigenspace A2,ν
0 (D), corresponding to

m = 0 in (1.6) and associated to the bottom energy εν0 = 0, reduces further to
the weighted Bergman space A2,ν(D) consisting of complex-valued holomor-
phic functions F on D such that∫

D

|F (z)|2(1 − |z|2)2ν−2dμ(z) < +∞. (2.9)

Remark 2.2. The condition 2ν > 1 ensuring the existence of the eigenvalues
(1.7) should implies that the magnetic field B = dθν = 2νΩ(z), where Ω stands
for the Khäler 2-form on D, has to be strong enough to capture the particle in
a closed orbit. If this condition is not fulfilled the motion will be unbounded
and the orbit of the particle will intercept the disk boundary whose points
stand for “points at infinity” (see [3, p. 189]).

3. Generalized Coherent States

The first model of coherent states was the ‘nonspreading wavepacket’ of the
harmonic oscillator, which have been constructed by Schrödinger [21]. In suit-
able units, wave functions of these states can be written as

Φz(ξ) := 〈ξ | z〉 = π− 1
2 exp

(
−1

2
ξ2 +

√
2ξz − 1

2
z2 − 1

2
|z|2
)
, ξ ∈ R, (3.1)

where z ∈ C determines the mean values of coordinate x̂ and momentum p̂
according to 〈x̂〉 := 〈Φz, xΦz〉 =

√
2�z and 〈p̂〉 := 〈Φz, pΦz〉 =

√
2	z. The

variances σx = 〈x̂2〉 − 〈x̂〉2 = 1
2 and σp = 〈p̂2〉 − 〈p̂〉2 = 1

2 have equal values, so
their product assumes the minimal value permitted by the Heisenberg uncer-
tainty relation. The coherent states Φz have been also obtained by Glauber
[14] from the vacuum state | 0〉 by means of the unitary displacement operator
exp(zA∗ − zA) as

Φz = exp(zA∗ − zA) | 0〉, (3.2)

where A and A∗ are, respectively, the annihilation and the creation operators
defined by

A =
1√
2
(x̂+ ip̂), A∗ =

1√
2
(x̂− ip̂). (3.3)

Following [4, p. 2], it was Iwata [16] who used the well known expansion over
the Fock basis |n〉 to give an expression of Φz as

Φz = e− 1
2 |z|2

+∞∑
n=0

zn

√
n!

|n〉. (3.4)

Actually, various generalizations of coherent states are proposed. Here,
we shall focus on a generalization of (2.1), according to a construction start-
ing from a measure space X “as a set of data” which was presented for the
first time in [11] by Gazeau et al. (see also [10]). Precisely, let (X,dλ) be a
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measure space and A2 ⊂ L2(X,dλ) be a closed subspace of infinite dimension.
Let {fk}∞

k=1 be an orthogonal basis of A2 satisfying

ω(u) :=
∞∑

k=1

ρ−1
k |fk(u)|2 < +∞ (3.5)

for every u ∈ X, where ρk := ‖fk‖2
L2(X). Therefore, the function

K(u, v) :=
∞∑

k=1

ρ−1
k fk(u)fk(v), (3.6)

defined on X ×X, is a reproducing kernel of the Hilbert space A2 so that we
have ω(u) = K(u, u); u ∈ X.

Definition 3.1. For given infinite dimensional Hilbert space H with {ψk}∞
k=1

as an orthonormal basis, the vectors (Ψu)u∈X defined by

Ψu := (ω(u))− 1
2

∞∑
k=1

fk(u)√
ρk

ψ
k

(3.7)

will be called generalized coherent states for the data of (X;A2; {fk})
and (H; {ψk}).

The choice of the Hilbert space H defines in fact a quantization of X =
{u} by the coherent states Ψu, via the inclusion map u → Ψu from X into H.
Moreover, according to the fact that 〈Ψu,Ψu〉H = 1, one can show that the
transform given by

W [f ](u) := (ω(u))
1
2 〈Ψu, f〉H (3.8)

defines an isometry from H into A2. Thereby we have a resolution of the
identity, i.e., the following integral representation holds:

f(·) =
∫

X

〈Ψu, f〉HΨu(·)ω(u)dλ(u) (3.9)

for every f ∈ H.

Definition 3.2. The transform W : H → A2 ⊂ L2(X,dλ) in (3.8) will be called
the CST associated to the set of coherent states Ψu; u ∈ X.

For introductory papers on coherent states, we refer to [15] by Glauber
for the radiation field and [1] by Arecchi et al. for atomic states. For an over-
view of all aspect of the theory of coherent states and their genesis, we refer
to the early papers by Klauder and particularly [17], the survey [4] (with a list
of 451 references) by Dodonov or also the recent book [12] by Gazeau.
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4. Generalized Coherent States Attached to Landau Levels εν
m

Now, we are in position to attach to each hyperbolic Landau level ενm in (1.7) a
set of generalized coherent states according to formula (3.7). Namely, we have

Ψν,m;z := (Kν
m(z, z))− 1

2

+∞∑
k=0

φν,m
k (z)√
ρν,m

k

ψν,m;k (4.1)

with the following specifications:

• (X,dλ) = (D, (1 − |z|2)2ν−2dμ).
• A2 = A2,ν

m (D) is the eigenspace in (1.6).
• Kν

m(z, z) = π−1(2(ν −m) − 1)(1 − |z|2)−2ν as in (2.8).
• fk = φν,m

k are the eigenfunctions given by (2.2).
• ρν,m

k
being the square norm of ΦB,m

k given in (2.3).
• H = L2(R∗

+, ξ
−1dξ) is the Hilbert space carrying the coherent states (4.1).

• ψk = ψν,m;k, k = 0, 1, 2, . . . , the basis of H given by

ψν,m;k(ξ) :=
(

k!
Γ(2(ν −m) + k)

) 1
2

ξν−me− 1
2 ξL

(2(ν−m)−1)
k (ξ), ξ > 0.

(4.2)

In view of (2.5) and (4.1), the coherent states belonging to the Hilbert
space H and corresponding to the eigenspace in (1.6) are defined by their wave
functions through the series expansion

Ψν,m;z(ξ) := (1 − |z|2)ν−m
+∞∑
k=0

(−1)k

(
k!Γ(2(ν −m) +m)
m!Γ(2(ν −m) + k)

)1/2

×zm−kP
(m−k,2(ν−m)−1)
k (1 − 2|z|2)ψν,m;k(ξ). (4.3)

A closed form for (4.3) can be obtained in terms of Laguerre polynomials as
follows.

Proposition 4.1. Let 2ν > 1 and m = 0, 1, 2, . . . , [ν − (1/2)]. Then, the wave
functions of the states in (4.3) can be expressed as

Ψν,m;z(ξ) = (−1)m

(
m!

Γ(2ν −m)

) 1
2 |1 − z|2m

(1 − z)2ν (1 − |z|2)ν−mξν−m

× exp
(

−ξ

2
1 + z

1 − z

)
L2(ν−m)−1

m

(
ξ
1 − |z|2
|1 − z|2

)
. (4.4)

Proof. Set α = 2(ν −m) − 1 and t = 1 − 2|z|2. Then, the expression in (4.3)
reads

Ψν,m;z(ξ)

:= (1 − |z|2)ν−m
+∞∑
k=0

(−1)k

(
k!Γ(α+ 1 +m)
m!Γ(α+ 1 + k)

) 1
2

zm−kP
(m−k,α)
k (t)ψν,m;k(ξ).

(4.5)
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By inserting the expression of ψν,m;k(ξ) given by (4.2) in (4.5), we infers

Ψν,m;z(ξ) =
(

Γ(α+ 1 +m)
m!

) 1
2

(1 − |z|2)ν−mξν−me− 1
2 ξ

×
+∞∑
k=0

(−1)kk!
Γ(α+ 1 + k)

zm−kP
(m−k,α)
k (t)L(α)

k (ξ) (4.6)

=
(

Γ(α+ 1 +m)
m!

) 1
2

(1 − |z|2)ν−mξν−me− 1
2 ξ

×
+∞∑
k=0

k!
Γ(α+ 1 + k)

zm−kP
(α,m−k)
k (−t)L(α)

k (ξ). (4.7)

The last equality is readily derived by means of the symmetry relation [20, p.
256]:

P
(a,b)
k (t) = (−1)kP

(b,a)
k (−t). (4.8)

In order to use the bilateral generating function ([20, p. 213]):
+∞∑
k=0

λk
2F1(−k, b; 1 + α; y)L(α)

k (ξ) =
(1 − λ)b−1−α

(1 − λ+ yλ)b
exp

( −ξλ
1 − λ

)

× 1F1

(
b; 1 + α;

ξyλ

(1 − λ)(1 − λ+ yλ)

)
,

(4.9)

involving a Laguerre polynomial and a terminating Gauss hypergeometric
2F1-sum, we make appeal to the fact [20, p. 254]:

P
(α,η)
k (x) =

Γ(1 + α+ k)
k!Γ(1 + α)

(
1 + x

2

)k

2F1

(
−k,−(η + k), 1 + α;

x− 1
x+ 1

)

(4.10)

with η = m− k and x = −t = −1 + 2|z|2. Hence, we obtain

Ψν,m;z(ξ) =
(

Γ(α+ 1 +m)
m!

) 1
2 1

Γ(α+ 1)
(1 − |z|2)ν−mξν−me− 1

2 ξ

×
+∞∑
k=0

zmzk
2F1

(
−k,−m; 1 + α;

t+ 1
t− 1

)
L

(α)
k (ξ). (4.11)

Thus, by applying (4.9) with λ = z, b = −m and y = t+1
t−1 = − 1−|z|2

|z|2 , we check
that

Ψν,m;z(ξ) =
(

Γ(α+ 1 +m)
m!

) 1
2 (−1)m

Γ(α+ 1)
|1 − z|2m

(1 − z)2ν
(1 − |z|2)ν−m

×ξν−m exp
(

−ξ

2

(
1 + z

1 − z

))
1F1

(
−m;α+ 1;

ξ(1 − |z|2)
|1 − z|2

)
. (4.12)
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Finally, making use of [22, p. 103]

1F1(−m; 1 + α;x) =
m!Γ(1 + α)

Γ(1 + α+m)
L(α)

m (x), (4.13)

with x = ξ(1 − |z|2)/|1 − z|2 yields

Ψν,m;z(ξ) = (−1)m

(
m!

Γ(2ν −m)

) 1
2 |1 − z|2m

(1 − z)2ν
(1 − |z|2)ν−m

× ξν−m exp
(

−ξ

2

(
1 + z

1 − z

))
L(2(ν−m)−1)

m

(
ξ(1 − |z|2)
|1 − z|2

)
.

(4.14)

This completes the proof. �

According to Definition 3.2, the CST associated with the coherent states
in (4.14) is the unitary map:

Wν,m : L2(R∗
+,dξ/ξ) −→ A2,ν

m (D) (4.15)

φ −→ Wν,m [φ] (z) := (Kν
m(z, z))

1
2 〈Ψν,m;z, φ〉L2(R∗

+,ξ−1dξ) . (4.16)

Explicitly, we have

Wν,m [φ] (z) =
(
m!(2(ν −m) − 1)
πΓ(2ν −m)

) 1
2
(

1 − |z|2
|1 − z|2

)−m

(1 − z)−2ν

×
+∞∫

0

ξν−m exp
(

−ξ

2

(
1 + z

1 − z

))
L2(ν−m)−1

m

(
ξ
1 − |z|2
|1 − z|2

)
φ(ξ)

dξ
ξ

(4.17)

thanks to Proposition 4.1. The assertion of Theorem 1.1 follows then from the
fact that the CST in (3.8) is an isometry. Note that for m = 0, the above
transform in (4.17) reduces to the second Bargmann transform in (1.4).

Definition 4.2. The CST Wν,m in (4.17) will be called a generalized second
Bargmann transform of index m = 0, 1, 2, . . . , [ν − (1/2)].

We end this section with the following remarks.

Remark 4.3. In [18, pp. 5–6] a class of coherent states attached to Landau
levels have been constructed using the similar procedure as in the present
work. In fact, the functions Ψν,m;k, in the right hand side of (4.1), have been
taken as elements of an orthonormal basis of the weighted Bergman space
Hν := A2,ν(D) = A2,ν

0 (D) in (1.2) with the form

Ψν,m;k(ξ) =
(

Γ(2ν +m− k)
Γ(2ν)Γ(1 +m− k)

) 1
2

ξm−k; −∞ ≤ k ≤ m, z ∈ D. (4.18)

The obtained CST maps isometrically eigenstates of the first hyperbolic Lan-
dau level εν0 into eigenstates corresponding to mth level ενm as an integral
transform A2,ν

0 (D) → A2,ν
m (D).
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Remark 4.4. In [19] Perelomov’s coherent states have been attached to
Landau levels on the Poincaré upper half-plane by means of the affine group
without connection with the second Bargmann transform. Now, this connec-
tion appears to us when dealing with the Landau problem in the disk model
and constructing coherent states as series expansions by the formalism stated
in [12, pp. 72–76].

Remark 4.5. It would also be of interest to consider a set of Gazeau–Klauder
coherent states ([9, pp. 124–127]) for the total discrete dynamics of the Ham-
iltonian in (1.5) by performing a finite sum over all discrete eigenvalues ενm in
(1.7) as

|J, γ, ν, k > =N(J)−1

[ν−(1/2)]∑
m=0

Jm/2 exp(iενmγ)√
ρm

|φν,m
k >, (4.19)

where J ≥ 0, −∞ < γ < +∞, 2ν > 1, k a fixed integer, N(J) a normalization
factor and the quantity ρm is defined by ρ0 = 1 and ρm = εν1ε

ν
2 · · · ενm. Then

establishing properties for such states should add new results for the Landau
problem on the Poincaré disk.
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Ibn Tofäıl University
Kenitra, Morocco
e-mail: elwassouli@gmail.com

Allal Ghanmi and Ahmed Intissar
Department of Mathematics
Faculty of Sciences
Mohammed V University, Agdal
P. O. Box 1014
10 000 Rabat, Morocco
e-mail: ag@fsr.ac.ma;

intissar@fsr.ac.ma



524 F. El Wassouli et al. Ann. Henri Poincaré
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