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Generalized Second Bargmann Transforms
Associated with the Hyperbolic Landau
Levels on the Poincaré Disk
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Abstract. We deal with a family of generalized coherent states associated
to the hyperbolic Landau levels of the Schrédinger operator with uniform
magnetic field on the Poincaré disk. Their associated coherent state trans-
forms constitute a class of generalized second Bargmann transforms.

1. Introduction

The classical Bargmann transform made the space of square integrable func-
tions f on the real line isometric to the space of entire functions that are
e_‘z‘2du—square integrable, du being the Lebesgue measure on the complex
plane. It is defined in [2] as

Blfl(z) = ra /exp (—22 + 28z —

2
2) fedg zeC, (1)
where the involved kernel function is related to the generating function of the
Hermite polynomials. In the same paper [2, p. 203], Bargmann has also intro-
duced a second transform .7,; v > 1/2, as a unitary integral operator whose
kernel function corresponds to the generating function of the Laguerre polyno-
mials Lgff)(-) [20,22]. It maps isometrically the space of £2d¢ /T (2v)é-square
integrable functions on the positive real half-line onto the weighted Bergman
space

A?Y(D) := { f holomorphic on ]D;/|f(z)|2 (1- |2'|2)2V_2 du(z) < oo
D
(1.2)
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on the unit disk D = {z € C; |z| < 1}. Explicitly, we have

7)) §
- (2 1)1/2 -z / exr (-5 (152 ) v rem)

(1.3)

where the positive real number 2rv — 1 represents the parameter v in
[2, p. 203]. Thus, using the canonical isometry from L?(R%,d¢/€) onto
L? (R%, £2vd¢/T(2v)€), one extends 7, to the transform

i () 0o [een(4 ()0

(1.4)

mapping isometrically the Hilbert space L?(R% , d¢/€) onto A% (D). Note that
the space A*¥(D) in (1.2) can also be realized as the null space of the second
order differential operator

H, = —4(1 —|2]?) ((1 — 2% _ 21/23) : (1.5)
020Z 0z
The latter one is acting on the Hilbert space L*¥(D):=L?(D, (1—|z|?)?*~2dpu)
and can be unitarily intertwined to represent a Hamiltonian of uniform mag-
netic field on the unit disk.
In this paper, we will be concerned with the L2-eigenspaces

AZY(D) = {F € L*"(D); H,F =€, F} (1.6)

associated to the discrete spectrum of H,, consisting of the eigenvalues (hyper-
bolic Landau levels):

vo=4m2v —m—1); m=0,1,2,..., [v—(1/2)], (1.7)

€m

where [x] denotes the greatest integer less than x. The transform (1.4) can be
viewed as resulting from a coherent state which turns out to be a superposition
of the basis elements of L?(R,,x~'dx) considered as a states Hilbert space.
In this superposition, the coefficients are the analytic functions constituting
the basis of the Bergman space A%" (D). Here our aim is to keep the same
states Hilbert space L?(R, 2z~ !'dx) and to replace the coefficients by the basis
elements of the eigenspace A% (D), for a fixed positive integer m, in order
to construct a family of integral transforms generalizing (1.4). The method
used is based on the coherent states analysis [12] together with the concrete
description of the L?-spectral theory of the operator H, [5-8,23]. Precisely,
we establish the following
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Theorem 1.1. Let v be a real number such that v > 1/2 and m = 0,1,2,...,
[v —(1/2)]. Then, the mapping

Hmlolle) = (P ”m!f (B) s

aT(2v —m) 1—1z2

+oo
2
X / £" ™ exp (g <1 J_r j)) Lyt (5(11 _|§:2)> Sﬁ(f)%
0

(1.8)

defines a unitary isomorphism from L*(R%,d¢/€) onto the Hilbert space
A%¥(D). The particular case of m = 0 reproduces the second Bargmann trans-

form W, in (1.4).

The paper is organized as follows. In Sect. 2, we review some needed facts
on the L%-spectral theory of the operator H, on the unit disk. In Sect. 3, we
recall the coherent states formalism we will be using. In Sect. 4, we define a
family of generalized coherent states attached to hyperbolic Landau levels. The
associated coherent state transforms (CST) constitute a family of generalized
second Bargmann transforms.

2. Spectral Analysis of H,; v > 0

The second order differential operator H, in (1.5) appears as the Laplace—Bel-
trami operator on the unit disk perturbed by a first order differential operator.
It can be interpreted as the Hamiltonian of a charged particle moving in an
external uniform magnetic field. In fact, H, is unitary equivalent to the mag-
netic Schrédinger operator [13]:

&, = (d+ V=1v)* (d + V/—118), (2.1)
associated to the gauge potential vector (z) = —/—1(30 — 9)log(1 — |z|?),
acting on L?(D) = L?*(D,(1 — |2|?)72du). Indeed, we have (1 — |z|?)”
H,(1 — |2]?)7" = %,. Different aspects of its spectral analysis have been
studied by many authors, e.g. [5-8,23]. For instance, note that H, is an ellip-
tic densely defined operator on the Hilbert space L?¥ (D) and admits a unique

self-adjoint realization that we denote also by H,. Note also that such operator
commutes with the action of the group SU(1,1) defined on L*¥(D) by

(Ty )(2) := (det(g')(2))" f(g-2);
g.z = (az+b)(cz+d) ™,
g= (CCL 3) e SU(1,1),

where ¢’ is the complex Jacobian, and its needed principal properties are listed
as follows:
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e The discrete part of the spectrum of H, is not empty if and only if that
2v > 1. It consists of the eigenvalues €/, given through (1.7) and occurring
with infinite multiplicities.

e Let v be such that 2v > 1. Then, for every fixed m = 0,1,2,...,
[v —(1/2)], we have

(i) The family of functions given explicitly in terms of the Jacobi poly-
nomials Pj(a’ﬁ)(o) as

Gy (=) = 1M (1 5f2)

X|Z‘|m7k|efi(m—k)argzp(|m k|,2(v—m)— 1)(1*2|Z|2)

min(m,k)
(2.2)
constitutes an orthogonal basis of the L2-eigenspace in (1.6).
(i) The square norm of ¢ in L?¥(D) is given by
vom T (max(m, k))!IT(2(v — m) + min(m, k)) (2.3)
P =\ 2(v —m) — 1) (min(m, K))T2( — m) + max(m, k)~
e The set of functions
v,m ¢va
" = —; k=0,1,2,..., (2.4)
VoL
is an orthonormal basis of A% (D) and can be rewritten as
rm(z) = (b (2 =m) =1 Y2 ORIDE(r = m) +m)\
k B ™ mIT(2(v —m) + k)
X(1=[of) 7z BRI 0eP), (25)

by making use of the identity [22, p. 63]:

Lm+1) S sa
st 0

Fm+a+1) t—1 plsa)
= 1<s< 2.
F(m5+a+1)( 2 ) PrZs(0), =8=1 (2:6)

fors=m—k,t=1-2|z* and o« = 2(v —m) — 1.
e The reproducing kernel of the Hilbert space A2%" (D) is given by

Kz w) = (W) (1= z0) ((1 - |i|;>flw—2|w|2>>m
- )(2<1z|2><1|w|2>1>, 1)

1 zaf?

with the diagonal function

KV (2,2) = (2(”_;")_1) (1— |22, zeD. (2.8)
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Remark 2.1. In view of (2.2), the L?-eigenspace Ag’”(]]])), corresponding to
m =0 in (1.6) and associated to the bottom energy ey = 0, reduces further to
the weighted Bergman space A" (D) consisting of complex-valued holomor-
phic functions F on D such that

JIFGRG = 1222 2au(z) < +oc. (2.9)
D

Remark 2.2. The condition 2v > 1 ensuring the existence of the eigenvalues
(1.7) should implies that the magnetic field B = df,, = 2vQ(z), where Q stands
for the Khéler 2-form on D, has to be strong enough to capture the particle in
a closed orbit. If this condition is not fulfilled the motion will be unbounded
and the orbit of the particle will intercept the disk boundary whose points
stand for “points at infinity” (see [3, p. 189)]).

3. Generalized Coherent States

The first model of coherent states was the ‘nonspreading wavepacket’ of the
harmonic oscillator, which have been constructed by Schrodinger [21]. In suit-
able units, wave functions of these states can be written as

0,(©) = (€5 =t (<3¢ + Vs - 5 - g b) . CER @D

where 3 € C determines the mean values of coordinate ¥ and momentum p
according to (%) := (®;,2®,) = V2R3 and (p) = (®;,p®;) = v/29;3. The
variances o, = (2%) — (2)? = 1 and 0}, = (p?) — (p)*> = 3 have equal values, so
their product assumes the minimal value permitted by the Heisenberg uncer-
tainty relation. The coherent states ®; have been also obtained by Glauber
[14] from the vacuum state | 0) by means of the unitary displacement operator

exp(3A4* —3A) as
&, = exp(GA°" —34) | 0), (3.2)

where A and A* are, respectively, the annihilation and the creation operators
defined by
A= LGarip), A =G (3.3)
V2 ’ V2
Following [4, p. 2], it was Iwata [16] who used the well known expansion over
the Fock basis |n) to give an expression of @, as

10,12 = 3”
P, = e bl “——|n). 34
Actually, various generalizations of coherent states are proposed. Here,
we shall focus on a generalization of (2.1), according to a construction start-
ing from a measure space X “as a set of data” which was presented for the

first time in [11] by Gazeau et al. (see also [10]). Precisely, let (X,d\) be a
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measure space and A% C L?(X,d)\) be a closed subspace of infinite dimension.
Let {fx}72, be an orthogonal basis of A? satisfying

ww) =3 o e < +o0 (3.5)
k=1
for every u € X, where py, := ||fk\|%2(x)- Therefore, the function
K(uv) = o felw) fiulv), (3.6)
k=1

defined on X x X, is a reproducing kernel of the Hilbert space A% so that we
have w(u) = K(u,u); u € X.

Definition 3.1. For given infinite dimensional Hilbert space H with {¢x}32,
as an orthonormal basis, the vectors (V,,),cx defined by

fr(u)
N ¥y

= (w(u) 2 ) (3.7)
k=1

will be called generalized coherent states for the data of (X;A% {fx})
and (H; {¢n}).

The choice of the Hilbert space H defines in fact a quantization of X =
{u} by the coherent states ¥,,, via the inclusion map v — ¥, from X into H.
Moreover, according to the fact that (¥,, ¥, )y = 1, one can show that the
transform given by

V1)) == (@ (@) (Vo fn (3-8)

defines an isometry from H into A%. Thereby we have a resolution of the
identity, i.e., the following integral representation holds:

) = / (o F)200 (Yoo ) () (3.9)

X

for every f € H.

Definition 3.2. The transform # : H — A? C L?(X,d\) in (3.8) will be called
the CST associated to the set of coherent states W,; u € X.

For introductory papers on coherent states, we refer to [15] by Glauber
for the radiation field and [1] by Arecchi et al. for atomic states. For an over-
view of all aspect of the theory of coherent states and their genesis, we refer
to the early papers by Klauder and particularly [17], the survey [4] (with a list
of 451 references) by Dodonov or also the recent book [12] by Gazeau.
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4. Generalized Coherent States Attached to Landau Levels €”

Now, we are in position to attach to each hyperbolic Landau level €2, in (1.7) a
set of generalized coherent states according to formula (3.7). Namely, we have

~ 0"

vk 4.1
\Fd} (4.1)

Uy = (K, (2, 2) _’Z

with the following specifications:

(X,d\) = (D, (1 - |Z|2)2”_2du)-

A? = A2¥(D) is the eigenspace in (1.6).

K% (z,2) =7 Y2(v —m) — 1)(1 — |2]?)7% as in (2.8).
fr = ¢ are the eigenfunctions given by (2.2).

p?™ being the square norm of @kB’m given in (2.3).
H = L?(R%,£71d¢) is the Hilbert space carrying the coherent states (4.1).
Vi = Yumk, k=0,1,2,..., the basis of H given by

O S o o e EImD
(4.2)

In view of (2.5) and (4.1), the coherent states belonging to the Hilbert
space H and corresponding to the eigenspace in (1.6) are defined by their wave
functions through the series expansion

= v—m)+m)\"?
e ()

k=0
xzm—k pm=k20=m=h () 91512y, ok (€). (4.3)

A closed form for (4.3) can be obtained in terms of Laguerre polynomials as
follows.

Proposition 4.1. Let 2v > 1 and m = 0,1,2,...,[v — (1/2)]. Then, the wave
functions of the states in (4.3) can be expressed as

! % 1— 2m
Yoz = (7 (F(inn m)> |(1 —Zz)% (1= [z e

142\ aemy1 (L2

L2v=m) : 4.4
XeXp( 21-z)"m =P (44)
Proof. Set o = 2(v —m) — 1 and t = 1 — 2|z|2. Then, the expression in (4.3)
reads

\ij m; z(g)

1/ m k'F a+1+ m) 7m7k: (m—k,a)
|Z| Z (mlr Oé + 1 + k)) Pk (t)¢u,m;k(f)~

(4.5)
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By inserting the expression of ¥, .1 (€) given by (4.2) in (4.5), we infers

r 1 3 )
Uymiz(§) = (W) (1— |22y mer—me 38
Z I‘ (ot 1 ¥ k 2R ()L () (4.6)
= (IW) 2 (1 _ |Z|2)y7m€v7mefég
+o00 ki!zm—kp(a,mfk) (—t) L(a)(f) (4 7)
— l(a+1+k) k ko \S) :

The last equality is readily derived by means of the symmetry relation [20, p.
256]:

PV (1) = (~1)F P (). (4.8)

In order to use the bilateral generating function ([20, p. 213]):

+oo —1l-«
Z /\k2F1(—k7 b; 1+ a%?J)L;(ca) (ﬁ) = (1 — /\)b ' exp ( mi )

= (I—=X+yA)b 1—A
. . §yA
<k (b’”“’ <1—A><1—A+yx>) ’
(4.9)

involving a Laguerre polynomial and a terminating Gauss hypergeometric
o F-sum, we make appeal to the fact [20, p. 254]:

Fl4+a+k) (1+z)\" z—1
Pl () = Fy( =k —(+k),1+0;—
k (IL‘) k"F(l—‘rO{) 2 241 s (77+ )a +Oévx_~_1
(4.10)
with 7 =m — k and 2 = —t = —1 + 2|z|2. Hence, we obtain
1
_ F(OZ—I—I—F’ITL) 2 1 2\v—mev—m —i¢
Bomo©) = (R - ey e
+oo
t+1 a
szmzk2F1< ky—m; 1+ o +1> e, (1)
Thus, by applying (4.9) with A =z, b= —m and y = &} = —%, we check
that
1
la+1+m)\* (=)™ [1—z" 2y
\Ijum'z = - vom
melg) = (R M) S >2V< 2P

.2
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Finally, making use of [22, p. 103]
mIT'(1 + «)
Fi(-ml+az)=— "2 [0 4.1
1 1( m; —|—Ol,13) I‘(1+a+m) m ($), ( 3)
with z = £(1 — [2|?)/]1 — 2|? yields

L (mt Y e
\I’u,m;z(g) - (_1) <F(21/ _ m)) (1 _ Z)Zy

_ (142 aw—m)—1) (€1 = 2%)
v—m N e L( (v—m)—1) [ S\+ — 1<l )
x& eXp( 2o \122))"m T
(4.14)
This completes the proof. O

(1= [

According to Definition 3.2, the CST associated with the coherent states
in (4.14) is the unitary map:

Wym + LR, dE/€) — A%V (D) (4.15)
¢ — %,m [¢] (Z) = (KZz(Zv Z))E <\Illam;za ¢>L2(Ri’€_ld5) . (4'16)
Explicitly, we have

il = (M) (5 e

+o0
vem o _§ I+z 2(v—m)—1 1 - |Z|2 %
XO/E e (-5 (152)) 2 <£|1_2|2 565

(4.17)

thanks to Proposition 4.1. The assertion of Theorem 1.1 follows then from the
fact that the CST in (3.8) is an isometry. Note that for m = 0, the above
transform in (4.17) reduces to the second Bargmann transform in (1.4).

Definition 4.2. The CST #,.,, in (4.17) will be called a generalized second
Bargmann transform of index m =0,1,2,...,[v — (1/2)].

We end this section with the following remarks.

Remark 4.3. In [18, pp. 5-6] a class of coherent states attached to Landau
levels have been constructed using the similar procedure as in the present
work. In fact, the functions ¥, .k, in the right hand side of (4.1), have been
taken as elements of an orthonormal basis of the weighted Bergman space
H, = A2 (D) = AZ¥(D) in (1.2) with the form
I'(2v+m —k)

Yy, m; =

mik(€) (F(Qu)F(l +m—k
The obtained CST maps isometrically eigenstates of the first hyperbolic Lan-

dau level ef into eigenstates corresponding to mth level €, as an integral
transform A2" (D) — A%Y(D).

1
3
)) fm*k; —0o<k<m, z€D. (4.18)



522 F. El Wassouli et al. Ann. Henri Poincaré

Remark 4.4. In [19] Perelomov’s coherent states have been attached to
Landau levels on the Poincaré upper half-plane by means of the affine group
without connection with the second Bargmann transform. Now, this connec-
tion appears to us when dealing with the Landau problem in the disk model
and constructing coherent states as series expansions by the formalism stated
in [12, pp. 72-76].

Remark 4.5. Tt would also be of interest to consider a set of Gazeau-Klauder
coherent states ([9, pp. 124-127]) for the total discrete dynamics of the Ham-
iltonian in (1.5) by performing a finite sum over all discrete eigenvalues €/, in
(1.7) as

U a2 explicy )

where J > 0, —00 < v < +00, 2V > 1, k a fixed integer, N(J) a normalization
factor and the quantity p,, is defined by pg = 1 and p,,, = €{e5 ---€/,. Then
establishing properties for such states should add new results for the Landau

problem on the Poincaré disk.

[T, y,v k> =N(J)™! 6™ >, (4.19)
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