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Nonlinear Elliptic Equations
with Singular Terms
and Combined Nonlinearities

Leszek Gasinski and Nikolaos S. Papageorgiou

Abstract. We consider nonlinear elliptic Dirichlet problems with a sin-
gular term, a concave (i.e., (p — 1)-sublinear) term and a Carathéodory
perturbation. We study the cases where the Carathéodory perturbation
is (p — 1)-linear and (p — 1)-superlinear near +oo. Using variational tech-
niques based on the critical point theory together with truncation argu-
ments and the method of upper and lower solutions, we show that if the
L*°-coefficient of the concave term is small enough, the problem has at
least two nontrivial smooth solutions.

1. Introduction

Let Q C RY be a bounded domain with a C?-boundary 0. In this paper we
study the following nonlinear Dirichlet problem:

—Apu(z) = a(z)u(2) 7" + m(2)u(2)?" + f(z,u(z)) inQ, (L1)
ulpn =0, u >0, '
with 1 < ¢ < p,n > 0. Here A, denotes the p-Laplacian differential operator,

defined by

Ayu = div(|VulP~2Va)  Vue WEP(SQ),

with p € (1, 400).

We observe that problem (1.1) has a singular term a(-)u(-)~" and a
(p — 1)-sublinear term (concave term) m(-)u(-)?~!,1 < ¢ < p. The function f
is Carathéodory and concerning its growth properties, we consider two distinct
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cases. First, we assume that for almost all z € Q, f(z,-) is (p — 1)-linear near
+00. Subsequently, we examine the case where f(z,-) exhibits a (p — 1)-super-
linear growth near +oo. So, in this second case in problem (1.1) we have the
combined effects of concave and convex terms.

Problems with singular terms were studied primarily in the context of
semilinear equations (i.e., p = 2). In this connection, we mention the works of
Coclite and Palmieri [7], Egnell [11], Hsu and Lin [22], Lair and Shaker [23],
Shi and Yao [29], Sun et al. [30], Terracini [31], Zhang [33]. From the afore-
mentioned works, Egnell [11], Hsu and Lin [22] and Terracini [31] consider
perturbations with critical growth. In addition, Hsu and Lin [22] have also a
concave term of the form

Ag(2)u(2)7t, 1<qg<2, A>0.

In these works, the singularity has the form of an inverse square coefficient.
Coclite and Palmieri [7] investigate the case of superlinear and subcritical per-
turbation. More precisely, they assume that

F(z0=F)=x"",

with
2N -
x N_—2 lf N > 2,
2<r<2 {—i—oo it N =1,2,

with A > 0 being a parameter. They do not have a concave term (i.e., m = 0).
Shi and Yao [29] consider the complementary case, namely they have a sub-
linear perturbation of the form

Q) =fQ) =" 1<r<2

In both papers, the authors show that there exists A* > 0, such that for every
A € (0, A*) the problem admits a nontrivial positive solution. Lair and Shaker
[23] have

f=m=0 and ac L*Q)

and they establish the existence of a unique positive weak solution. Sun et al.
[30] use the Ekeland variational principle to produce two positive solutions
for certain superlinear perturbations with m = 0 (no concave term). Finally,
Zhang [33] extended the work of Sun et al. [30] to more general nonnegative
superlinear perturbations using the critical point theory on closed convex sets.
Recently, there appeared some works dealing with singular equations driven
by p-Laplacian. In this connection, we mention the papers of Agarwal et al.
[1,3], Agarwal and O’Regan [2], Giacomoni et al. [19], Giacomoni and Saoudi
[18], Herndndez and Mancebo [21], Perera and Silva [27], Perera and Zhang
[28]. In Agarwal et al. [1] and Agarwal and O’Regan [2] the authors consider
ordinary differential equations (i.e., N = 1). Agarwal et al. [3] consider the
nonresonant coercive case with m = 0 and prove an existence theorem. Perera
and Silva [27] and Perera and Zhang [28] consider parametric problems with
m = 0 (i.e., the perturbation of the singular term has the form Af(z, (), A > 0);
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they assume that f(z,-) is (p — 1)-superlinear and more precisely that it satis-
fies the well-known Ambrosetti-Rabinowitz condition. They show that there
exists \* > 0, such that for all A € (0, \*) the parametric problem has two
positive weak solutions. In Perera and Zhang [28] it is assumed that p > 2.
In Giacomoni et al. [19] the authors have a singular term of the form C% with
0 € (0,1] and a p-superlinear perturbation of the form

f(z,¢) = f(Q) = ¢,

with p < ¢ < p* — 1. They prove a result relating C*(2) and Wol’p(Q)—mini—
mizers and also have multiplicity results. In Giacomoni and Saoudi [18], the
authors consider more general singular terms and also a more general p-super-
linear perturbation, permitting also critical growth. They focus on the relation
between C'' and Sobolev minimizers and present a simpler proof based on an
LP-minimization (an approach already present in the work of Brock et al. [6]).
We also mention the work of Giacomoni et al. [17] who have a similar result for
critical problems in RY. In Hernandez and Mancebo [21] we find a comprehen-
sive overview of singular elliptic and parabolic equations. To the best of our
knowledge, there are no works in the literature dealing with p-Laplacian equa-
tions with singular terms and combined nonlinearities (i.e., with the combined
effects of concave and convex terms or of concave and linear terms). For equa-
tions without singular terms, such problems were investigated by Ambrosetti
et al. [4] and Li et al. [24] (semilinear case, i.e., p = 2) and by de Figueiredo
et al. [9], Garcia Azorero et al. [13], Guo and Zhang [20], de Paiva and Massa
[10], Perera [26] (nonlinear case, i.e., p > 1).

Our approach is variational based on the critical point theory and we
also use truncation techniques and the method of upper and lower solutions.
In the next section, for the convenience of the reader, we briefly recall the
mathematical tools we use in the study of problem (1.1).

2. Mathematical Background

Let X be a Banach space and X* its topological dual. By (-,-) we denote the
duality brackets for the pair (X*, X). Let ¢ € C1(X). We say that ¢ satisfies
the Cerami condition at the level ¢ € R (the C.-condition, for short), if the
following is true: “Every sequence {z,}n>1 C X, such that

o(z,) — ¢ inR
and
(1+ [|znll)¢ (@) — 0 in X7,

has a strongly convergent subsequence.” We say that ¢ satisfies the Cerami
condition (the C-condition, for short), if it satisfies the C.-condition at every
level c € R.

This compactness type condition on ¢ is weaker than the usual Palais—
Smale condition. However, as it was shown in Bartolo et al. [5], the deforma-
tion theorem and consequently the minimax theory of the critical values of ¢
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is still valid if the Palais—Smale condition is replaced by the Cerami condition.
In particular, we have the following form of the well-known “mountain pass
theorem” (see e.g., Gasinski and Papageorgiou [14, p. 140, Theorem 2.1.3]).

Theorem 2.1. If X is a Banach space, ¢ € CY(X),x9,71 € X,0 > 0,
1 — 2ol > o,
max {¢(z0), p(21)} <inf{p(z) : [z — 2ol = 0} =1,

= i f
°= Jef g P00,

where

I={yeC([0,1];X) : 4(0) = o, (1) =21}
and ¢ satisfies the C.-condition, then ¢ = n and c is a critical value of .
Moreover, if c = n, then there exists a critical point x € X of ¢ with p(x) = ¢
and ||z — ol = o.

The notion of a map of (S), type is useful in proving that a C*-func-
tional satisfies the C-condition. We say that a map A: X — X™ is of type
(9)4, if for every sequence {x,,},>1 C X, such that

T, — x weakly in X and limsup <A(:z:n),mn — :z:> <0,
n—-+4oo

we have
T, — ¢ in X.
Let X = WyP(Q) and X* = W17 (Q) (where % + i = 1). We consider
the map A: Wol’p(Q) — WL (Q) corresponding to the p-Laplacian, defined
by

(Aw.g) = [IVulP2(Tu99), e Vuy e WgHQ) ()
Q

We have the following properties of A (see Gasiiiski and Papageorgiou
[15]):
Proposition 2.2. The map A: WyP(Q) — W12 (Q) defined by (2.1) is of
type (S)+-

As we have already mentioned, our approach uses the method of upper

and lower solutions. So, next we recall the definitions of upper and lower solu-
tions for problem (1.1).

Definition 2.3. (a) We say that u € WP(Q) is an upper solution for problem
(1.1), if
Jo IValP=2(va, Vh)RN dz > [pau "hdz + [ymut~'dz + [, f(z,u)hdz
Vhe CLQ), h>0,
ﬂ|an > 0.

We say that @ is a strict upper solution, if it is an upper solution for (1.1) but
not a solution.
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(b) We say that u € Wl’p(Q) is a lower solution for problem (1.1), if

fQ ||VQ||p_2(V%Vh) fQ au ”hdz—l—f mud~ dz+fQ w)hdz
Vhe CH), h> 0,
@|69 <0

We say that w is a strict lower solution, if it is a lower solution for (1.1) but
not a solution.

In the study of problem (1.1), in addition to the Sobolev space W, (£2)
we will also use the space

eH(®) {ueCl Q) : u|m:0}.
This is an ordered Banach space with positive cone
Cy ={ueCy(Q): u(z)>0forall z € Q}.

This cone has a nonempty interior, given by
0
intCy = {u €Cy: u(z)>0forall zeQ, a—u(z) <0forall z € 8(2},
n

(here n(-) denotes the outward unit normal on 9f).
The next result will be helpful in our arguments and its proof can be
found in Perera and Zhang [28].

Theorem 2.4. If h € L*(2)\{0} with N < s < 400, then the Dirichlet prob-
lem

u|aQ = 0

{ —Apu(z) = h(z) in Q,

has a unique strong solution u € intCy .

Finally, let us briefly recall some basic facts about the spectrum of the
negative Dirichlet p-Laplacian (denoted by (f Ap, I/VO1 K (Q))) So, we consider
the following nonlinear eigenvalue problem:

{ —Apu(z) = )\|u(z)|p72u(z) in Q, (2.2)
U|6Q =0.

A number A €R for which problem (2.2) has a nontrivial solution is said to be
an eigenvalue of (—A,, Wol’p(Q)). The smallest eigenvalue A1 of (—A,, Wé’p(Q))
is positive, isolated, simple and admits the following variational characteriza-
tion:

A = it {1V W, ?(Q 0 2.3
=it { g+ v e W@, uro} (2
The infimum in (2.3) is attained on the corresponding one-dimensional eigen-
space. In what follows, by %; we denote the LP-normalized (i.e., ||t1], = 1)
eigenfunction corresponding to A\; > 0. From (2.3) it is clear that u; does not
change sign and so we set 41 > 0. The nonlinear regularity theory (see e.g.,
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Gasiniski and Papageorgiou [15, pp. 737-738]) implies that u; € Cy. In fact
the nonlinear maximum principle of Vézquez [32] implies that u; € int C,..

The Ljusternik—Schnirelmann theory provides a whole sequence { A, }n>1
of strictly increasing eigenvalues of (—AP,WO1 P (Q))7 such that \,, — 4o0.
These eigenvalues are known as the Ljusternik—Schnirelmann eigenvalues. If
p = 2 (linear eigenvalue problem), then these are all the eigenvalues of
(—=A,H}(Q)). If p # 2 (nonlinear eigenvalue problem) we do not know if
this is the case. However, since A; > 0 is isolated, we can define

A3 =inf {A: Xis an eigenvalue of (—A,, Wol’p(ﬂ)), A> A} > AL

Because the set o(p) of eigenvalues of (—A,, Wol’p(Q)) is closed, A3 > 0 is
an eigenvalue, the second eigenvalue of (—Ap, VVO1 P (Q)) We have A5 = Aq,
i.e., the second Ljusternik—Schnirelmann eigenvalue and the second eigenvalue
coincide.

In what follows, we use the notation r* = max{4r, 0} for all » € R. By
|| - |- we denote the norm of L"(€2) and by || - || the norm of the Sobolev space
VVO1 P(Q) or of RY—it will always be clear from the context. Finally, by p* we
denote the critical Sobolev exponent, defined by

= wL ifN>p
+oo  if N <p.

3. (p — 1)-Linear Perturbations

In this section we consider the case where the Carathéodory perturbation
f(z,¢) exhibits a (p — 1)-linear growth near +oo. More precisely, the hypoth-
eses on f are the following:

H(f); f: 2 xR — R is a function, such that

(i) for all ¢ € R, the function z — f(z,() is measurable;
(ii) for almost all z € Q, the function ¢ — f(z, () is continuous and we have
f(Za 0) = 0;
(iii) for almost all z € Q2 and all ¢ € R, we have
|f(2.Q)] <alz) + el
with a € L>®(2)4,¢ > 0;
(iv) if F(2,¢) = [* f(z,5)ds, then there exist Jo € (A1, A2),f0 > 0 and
7 € [1, p], such that
F(z,0)

A1 < lim inf P < lim sup
(—+oc Cp ¢—+4o00

pF(z,()

< 1907

uniformly for almost all z €  and

liming P20 = f(2.0¢

lim inf o > Bo

uniformly for almost all z € Q;
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(v) there exists ¥ € L ()4, such that J(z) < Ay for almost all z € Q, with
the strict inequality on a set of positive measure, and

F
liminfw < 9(z2)
¢—0+ (P
uniformly for almost all z € Q and

m(2)¢CT + f(2,¢) >0 for almost all z € Q and all ¢ > 0.

Remark 3.1. Since we are interested in positive solutions and the asymptotic
conditions (hypotheses H(f)1(iv) and (v)) concern only the positive semiaxis,
we may (and will) assume that

f(z,0) =0 for almost all z €  and all ¢ < 0.

Hypothesis H(f);(iv) implies that for almost all z € 2, the potential func-
tion F(z,-) is p-linear near +oo. In particular, this is the case if for almost
all z € Q, f(z,-) is (p — 1)-linear near +oo. Note that hypothesis H(f);(iv)
permits resonance at 4+o0o with respect to A;. For this reason we need addi-
tional conditions on the asymptotic behaviour at +o0c (see the second part of
hypothesis H(f)1(iv)).

Ezample 3.2. The following function f satisfies hypotheses H(f); (for the sake
of simplicity we drop the z-dependence):

0 if ¢ <0,

fQ) =1 B +eCh Tt if0< (<,

§PT ¢TI,

with £ € [A1,A2),B< A, 1<d<p<pandec=E+1-0.
The hypothesis on the singular term are the following:

H(n,a)1 n > 0,a(z) = 0 for almost all z € Q and there exist ¥ € C and
s> N, such that av~" € L*(Q).

Remark 3.3. In particular, this hypothesis implies that a € L*(Q)4 (see the
proof of Lemma 3.4 below). Note that we do not require that n < 1, a restric-
tion that appears often in the literature (see, e.g., Lair and Shaker [23], Sun
et al. [30], Zhang [33]).

Finally for the coefficient m(z) of the concave term, we assume the fol-
lowing:
H(m) m e L*(2)1,m # 0.

We will generate lower and upper solutions for problem (1.1). First we

produce a lower solution:

Lemma 3.4. If hypotheses H(f)1, H(n,a)1 and H(m) hold, then problem (1.1)
admits a lower solution: u € intCy.
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Proof. Note that by virtue of hypothesis H(n,a)1, we can find M > 0, such
that

W) ¢ 2 oz

for almost all z € §,

so a € L*() 4 (since av~" € L*(Q)4).
We consider the following auxiliary Dirichlet problem:
—Apv(z) =m(2)a(z) in Q, (3.1)
’U|aQ =0.
By Theorem 2.4 this problem has a unique strong solution v € int C'y. Choose
1
te (0, (m) P*I) small enough, such that

u(z) = tv(2)€[0,1) Vze Q.
_1
Then, using (3.1), the facts that ¢ € (0, (#) p‘l),a > 0,u(z) € (0,1) for

all z € Q and hypothesis H(f)1(v), we hav”emuoo
—Apu(z) = t'"'m(z)a(z) < a(z) < a(z)u(z) ™"
< a(2)u(2) ™"+ m(2)u(2)T + f(z,u(2)),

for almost all z € 2, so u € int Cy is a lower solution for problem (1.1). O
Lemma 3.5. If hypotheses H(f)1,H(n,a)1 and H(m) hold, then there exists
& > 0 such that, if |m|eo < £F, then problem (1.1) has an upper solution:
u € intCy,u > u.
Proof. We consider the following auxiliary Dirichlet problem:

{Apu(z) =m(2)a(2)a(2) " + m(2)u(2)? " + f(z,u(2)) inQ,

u|39 =0, u > 0, (3.2)

where u = m(z)%g The Euler functional ¢: Wy () — R for problem (3.2)
is defined by

h(u) = %HVUHg - é/m(u+)q dz — /F(z,u) dz — /a@‘”udz
Q Q Q
Yu € WyP(Q).
Clearly v € C1(Wy*(9)).
Claim 1. 1 satisfies the C-condition.
Let {u,}ns1 € WP(Q) be a sequence, such that

|¥(un)| < My Vn =1, (3.3)
for some M; > 0 and

(1+ flunll) ¥’ (un) — O (3.4)
So, we have
enl|h]

L Yhe WP (Q),
1+ [Jun| ’

|<¢'(un)7h>’ <
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with &, \, 0. Choosing h = —u;, € W,"*(£2), we see that
u; — 0 in Wy P(Q).
Next choose h = u;” € Wy ?(Q). Then

[Vut] — /m(u,’l")q dz — /f(z,uz)u;r dz — /ag_"u: dz<e, Vn>1.
Q Q

Q
(3.5)
Also, form (3.3), we have
—[IVut || + g/m(u:)q dz + /pF(z, ul)dz
Q Q
+ /pag*”ufl dz < My Vn >1, (3.6)

Q
for some M; > 0. Adding (3.5) and (3.6), we obtain

(g - 1)!m(ui)q dz + (p—l)Q/au"ui dz—l—!(pF(aui) — flzuh)ut) dz

< Mo4en <My Yn>1, (3.7)
for some M3 > 0. Hypotheses H(f);(iii) and (iv) imply that
B¢ — My < pF(2,¢) — f(2,0)¢ for almost all z € Q all ¢ € R,
for some (3, My > 0. Using this estimate in (3.7), we obtain that the sequence

{uttn=1 € L7(Q) is bounded. If p < N or N < p, let r = p* and if p = N, let
r > p. Then we can find ¢ € [0,1), such that
1 1—-t t

=t (3.8)

Using the interpolation inequality and the Sobolev embedding theorem (see,
e.g., Gasiniski and Papageorgiou [15]), we obtain

IVt < (1 + IVadl® + [Vt ls + [Vail,) Vo> 1,
for some ¢ > 0, so the sequence {u;},>1 € W, P(Q) is bounded (since t €

[0,1),¢ < pand p > 1) and thus the sequence {u, },>1 € W, () is bounded.
So, we may assume that

U, — u  weakly in Wy*(Q),
U, — u in L"(Q)
and so from (3.4), we have

lim (A(un),up, —u) =0

n—-+oo
and using Proposition 2.2, we infer that
U, — u  in W) P(9Q).

This proves Claim 1.
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Claim 2. There exists £* > 0, such that, if [|m|. < £*, then we can find
0= o(|lm||lec) > 0, such that

é%fgw:n+>0~

Hypotheses H(f)1(iii) and (v) imply that for a given € > 0, we can find
M5 = Ms(e) > 0, such that

F(z,¢) < %(19(2) +e)((H)P 4+ Ms(¢T)" for almost all z € Q all ¢ € R,

with r» > p (recall that f(z,{) = F(z,{) = 0 for ¢ < 0). Hence, for every
u e WyP(Q), we have

1 l[m]loo 1 €
Y(u 27Vup—7uq—f/19u”dz—fup—M6 wl| + ||ul|”
(u) pH 54 . [[ullg v |ul p|| 5 (lleell + [full™)

M7|\Tﬂ\|oo

o—¢
>TIIUIIP [l — Mz ([|mlloollu]l + [lull"),

for some &y, Mg, M7 > 0 (cf. e.g., Gasiriski and Papageorgiou [16, p. 87, Lemma
3.1]). Choosing ¢ € (0,&p), we have

[mlloo i 11— _ —
v = <M8 — <q||“||q P oo [P+ ul|"7P ) ) lull?,
for some Mg, My > 0. Let
pu(t) =

Evidently, p is continuous on (0, +00) and

Hmllootq p+|| ||oot1 PP Wt > 0.

lim p(t) = lim p(t) = +o0.

t—0+ t—4o00
So, we can find tg € (0, +00), such that
0 < p(to) =inf {p(t) : t >0},

hence,
w(to) =0 and to=to(]|mso)-
We have
] oo —p—1 - r—p—1
T(pfq)tg Pt Imlleo(p = Dtg” = (r —p)tg 77,
SO

[2lee gyt + fmlootp = 1) =~ (39)

If ty € (0,1), then from (3.9), we have

m| o 0
%(P —q) +lmlep—1) = (r—p)t5 ",
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SO
1

[mlloc (B +p—2)]71
r—p

= to([lmlo)

and finally,
to([[mllec) — 0 as [mflec \ 0.
If to > 1, then from (3.9), we have

. i i .
Il 4 — gyt 1 lpmlloo (o — 1t > (r — P,
SO
Imlloc(2 +p = 2)7 72
q > to(llmoloe)
r—p
and finally,

to(lmollsc) — 0 as [[mllec ™\, 0.
If to = 1, then from (3.9), we have

Mmoo
ﬂgL4pfm+wmmm@—m>>rfp

and for ||m||~ small enough this cannot happen.
If we consider p(to(||m|lo)), then

ulto) — 0 as [mflo \ 0.
and so we can find £* < 1, such that

Mg
<& = to) < —,
so there exists ¢ = o(||m||o) = to, such that

inf ¢ =ny > 0.

é%gw N+
This proves claim 2.

Claim 3. ¢ (tuy) — —o0 as t — +o0.

Without any loss of generality, we can assume that 7 < p. By virtue of
hypothesis H(f);(iv), we can find Myy > 0, such that

d F(z,0) _ f(z,0¢—pF(2)

dC CP CP-‘rl
< —Bo¢™ P71 for almost all z € Q all ¢ > M.

Integrating over [, (],{ > & > M and letting ¢ — +o00, we obtain

A
;151’ — F(z,6) < —pﬂ{ for almost all z € Q all £ > My,
-7

SO

A
ZLer — F(z,6) < —ﬂgT + My, for almost all z € Q all £ >0,
p

p—T
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for some M7, > 0. Using this estimate, we have

tu1 ——/m

for some Mio > 0, so

up||T + Mo,

Y(tuy) — —o0  ast — 400

and this proves Claim 3.

Claims 1, 2 and 3 permit the use of the mountain pass theorem (see The-
orem 2.1) which gives @ € Wol’p(Q),ﬂ # 0, a critical point of . Acting on
(3.2) with —u~ € Wy (Q), we obtain that @ > 0,7 # 0 and from nonlinear
regularity theory (see e.g., Gasiiski and Papageorgiou [15, pp. 737-738]) and
the Vazquez maximum principle, we have that @ € int C,..

Using the definition of w and the fact that £ < 1, we have

—Apu 2 m(z)a(z)u(z)"" = a(z)u(z)”"
= m(z)a(z)u(z)"" = m(z)a(z) = —Apu(z),
so u = u. Then
—Ayu = m(2)a(2)a(z) " +m(2)u(z) " + f(z,u(2))
= a(2)u(z) ™" +m(2)a(2)" + f(z(2))
> a(2)a(z) " + m(2)a(=)"" + (=, 7(2)),
so @ € int C'y is an upper solution. O

Using u,u € int C'y obtained in Lemmata 3.4 and 3.5, truncation tech-
niques and variational methods based on the critical point theory, we will prove
the first multiplicity theorem for problem (1.1).

Theorem 3.6. If hypotheses H(f)1, H(n,a); and H(m) hold, then there exists
m* > 0, such that, if |m|lec < m*, problem (1.1) has two positive smooth
solutions:

ug,u € intCy with wup < .

Proof. Using u,u € int C, from Lemma 3.4 and Lemma 3.5, we consider the
following truncation of the reaction term in (1.1):

a(z)u(z) T+ m(2)u(2)Tt + f(z,u(z)) if ¢ <ulz),
9(2,Q) = qa(2)"" +m(2)¢ + f(z,0) if u(z) < ¢ <u(z),
a(z)u(z)"" 4+ m(2)u(z)1"t + f(z,u(z)) ifu(z) <.
(3.10)

Evidently g(z,() is a Carathéodory function. We set
¢

G(z,() :/g(z,s)ds (3.11)

0
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and consider the C'-functional @: W, ?(Q) — R, defined by

Bu) = %Hvuug _ Q/G(z,u(z)) Az Vue WhP(Q), (3.12)

From (3.10), it is clear that @ is coercive. Moreover, exploiting the compactness
of the embedding VVO1 P(Q) C LP(Q), we can easily verify that @ is sequentially
weakly lower semicontinuous. Hence by the Weierstrass theorem, we can find
uy € Wy (), such that

P(ug) = inf {B(u) : ue WyP(Q)},
@' (ug) =0,
and thus
A(’U,Q) = Ng(uo), (313)

where A is given by (2.1) and Ny(u)(-) = g(- u(-)) for all u € W, ?(Q).
On (3.13) we act with (uo —u)" € W, ?(Q) and using (3.10) and Lemma
3.5, we obtain

(A(uo), (uo —)*) = / 9z, u0) (uo — W) dz
{uo>u}

/ au "+ mut + f(2,7))(u —u)Tdz
Q

< (A®@), (wo—w)™),
SO
(IVuo|[P~2Vuo — [Va|P~2Va, Vug —Va)  da <0,
R
{uo>u}
hence

{uo >a}| =0, ie,u<w (3.14)

In a similar fashion, acting on (3.13) with (u—wug)* € W, "*(2) and using this
time Lemma 3.4, we obtain

u < ug. (3.15)
From (3.10), (3.14) and (3.15), it follows that
Auo) = aug™ + muf ™" + Ny (uo),
with Ny (u)(-) = f (- u(")) for all u € Wy*(Q), so
{—Apuocz) — a(=2)uo(2)" + ml2)ug(2)1 + f (2 u0(2))  in

uplon =0
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and thus, by the nonlinear regularity theory (see e.g., Gasiniski and Papageor-
giou [15, pp. 737-738]), we have uy € int C; and it is a (strong) solution of
(1.1).

Using ug € int C, we introduce the following truncation of the reaction
in (1.1):

a(2)ug(2)™7 +m(2)ug(2)?t + f(z, uo(z)) if ¢ <wo(z),

9o(2,¢) =
a(z)¢7" +m(2)¢1 + f(2,C) if ug(z) < ¢.
(3.16)
Evidently go(z, () is a Carathéodory function. We set
q
Go(z,0) = /go(z,s) ds (3.17)
0

and consider the C'-functional @o: Wy P (Q) — R, defined by

wo(u) = %HVUHZ - Q/Go(z,u(z)) dz Yu e WiP(Q). (3.18)

Claim 1. g satisfies the C-condition.
Let {up}n>1 C Wol’p(Q) be a sequence, such that
|o(un)| < Mg Vn 21, (3.19)
for some Mi3 > 0 and
(14 [lun ) g (un) — 0 in WHP'(Q). (3.20)
From (3.20), we have
‘<A(un), h> — /go(z,un)h dz

Q

enllhll

< — "
T L fual

Vhe WyP(Q), (3.21)

with &, \, 0. In (3.21), we choose h = u,, € W,*(2). Then

V|l — /go(zyun)un dz<ey, Vn2>1. (3.22)
Q
On the other hand, from (3.19), we have

— [Vua; + /pGo(z,un) dz <pM; Vn>1. (3.23)
Q
Adding (3.22) and (3.23), we obtain

/ (pGO(z,un) - go(z7un)un) dz < My VYn2>1, (3.24)
Q



Vol. 13 (2012) Nonlinear Elliptic Equations

495
for some Mi4 > 0. Note that, using (3.16), we have
(pGo(z,un) — go(z, un)un) dz < M5 Vn =1, (3.25)
{un<uo}
for some Mys > 0. If n # 1, then
(pGo(Z, un) - 90(2, un)un) dz
{un>u0}
= / {pawﬁ" + %(uﬁ" —uy ") +pmoug
{un>u0}
i gm(ul = uf) + S (2 o )uo
+p(F (2, un) — F(z,u0)) — auy, " —mul — f(z, un)un} dz
> —Mie + / a(lp—l)u,ll"dz—i— / (p—1>mufldz
-n q
{un>u0} {un,ZUO}
+ / (PF (2, un) — f(2,un)uy) dz Vn =1, (3.26)
{un>u0}
for some Mig > 0.
If =1, then
(pGo(2; un) — go(2, tun)un) dz
{un>u0}
_ {pa + pa(lnu, —Inwug) + pmud + gm(ug —ud) + pf(z,up)ug
{un>uo}
+p(F(z,un) — F(z,u0)) —a —mul — f(z, un)un] dz
>—Mi7+0p / a(lnun—lnuo)dz+ / <p—1)mu%dz
q
{un>u0} {un>u0}
+ / (PF (2, un) — f(2,un)uy) dz Vn > 1, (3.27)

{un>u0}
for some Mi7 > 0.

If n € (0,1), then (1%7 —1) > 0. Also

Inug(z) < Inu,(z) for almost all z € {u, > up}
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and since ¢ € (1,p), we have

/(p1>mu%dz> 1 vn>1.
q
Q

Therefore, if n € (0, 1], then (3.26) and (3.27) become

(pGO(z,un) — go(z,un)un) dz
{un>uo}
> — Mg + / (pF(z,un) — f(z,un)un) dz Vn>1,
{un>uo}
(3.28)

for some Mig > 0 (Mys = Mg or Mys = Mi7). Returning to (3.24) and using
(3.25) and (3.28), we infer that, if n € (0, 1], then

(PF (2 un) — f(z,un)un) dz < Mg Vn > 1, (3.29)
{un>u0}
for some Miq > 0.
If n > 1, then
‘ / a(l f i 1>u711_"dz < / auy"dz
{un>uo} {un>uo}
<a auguy 'dz Vn > 1,
{un}uﬂ}
(3.30)
with ¢; = |2, — 1| > 0.

Since ug € int C, we can find ¢ € (0, 1) small enough, such that 90 < ug
(v € C4 as in hypothesis H(n, a)1). Hence from (3.30), we have

/ a (lp - 1) ul™dz < ey / 9 Tav "dz
-n

{unzuo} {un>uo}
< Mav ;. Vn=1, (3.31)

with ¢o = ¢1|ugl|oo. Returning to (3.24) and using (3.25), (3.26) and (3.31),
we infer that, if n > 1, then

(pF(z,un) - f(z7un)un) dz < Myy Vn>1, (3.32)
{un>u0}

for some Moy > 0.
From (3.29) and (3.32), it follows that for all » > 0, we have

(pF(z,un) - f(zgun)un) dz < My, Vn>1, (3.33)

{un>uo}
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for some My > 0 (Mo = Mg or Moy = Myg). By virtue of hypothesis
H(f)1(iv), we can find £y € (0,0y) and Maz > 0, such that

01¢" < pF(z,¢) — f(2,¢)¢ for almost all z € Q, all { > Mas. (3.34)
Moreover, hypothesis H(f);(#i7) implies that
|PF(2,¢) = f(2,¢)¢| < Mas for almost all z € Q, all ( < Mo, (3.35)

for some Moz > 0 (recall that F(z,() = f(z,{) = 0 for almost all z € 2 and
all ¢ <0). From (3.34) and (3.35), it follows that

Br(¢H)T — May < pF(2,¢) — f(2,¢)¢ for almost all z € €, all ¢ € R,

(3.36)
for some Ms4 > 0. Returning to (3.33) and using (3.36), we obtain
(uf)"dz < Mas Vn > 1,
{un>uo}
for some Mos > 0, so
the sequence {u; },>1 C L7(f2) is bounded. (3.37)

On the other hand, if in (3.21) we choose h = —u;, € W} (1), then
HVU;HZ < M26 Vn Z 1,

for some My > 0 (see (3.16)) and so the sequence {u; }n>1 € WyP(Q) is
bounded; thus finally

the sequence {u, }n,>1 € L7(Q) is bounded (3.38)
(recall that 7 € [1, p|; see hypothesis H(f)1(iv)).
From (3.37) and (3.38), it follows that
the sequence {uy,}n>1 € L7(£2) is bounded (3.39)

Forp< Norp> N,letr =p* and for p = N, let r > p. We can find ¢ € [0, 1),
such that
11—t ¢

Sy (3.40)

Invoking the interpolation inequality (see e.g., [15, Theorem A.2.28, p. 905])
and the Sobolev embedding theorem, we have

lunllp < ||un||i7t||“n”f~ Vn > 1,
=)
[unlh < Moz|lun|| Vn > 1, (3.41)
for some M7 > 0. From hypothesis H(f);(iii), we have

|f (2, un(2))un(2)| < e3(1 + |un(2)[P)  for almost all z € ©, all n > 1,
(3.42)
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for some ¢z > 0. Returning to (3.22) and using (3.41), (3.42) and (3.16), we
obtain

[Vun|h < cs(1+[[Vun|l}?) Vn>1,

for some ¢4 > 0 and so the sequence {uy}n>1 C WO1 P(Q) is bounded (recall
that t € [0,1)).
Therefore, we may assume that
U, — u  weakly in W,P(Q), (3.43)
U, — u in LP(Q). (3.44)

If in (3.21) we choose h = u, —u € Wy**(2), then

Enl|un — ul|

(). =) = [ ane ) = ] < S

Q
SO

lim (A(un), up —u) =0

n—-+oo
and using also Proposition 2.2, we have

U, — u  in WyP(Q),
so finally ¢ satisfies the C-condition and this proves Claim 1.
Claim 2. po(tu;) — —o0 as t — +o0.

Clearly in hypothesis H(f);(iv) without any loss of generality, we may
assume that 7 < p. We have
d F(z0) _ f(z,0¢ - pF(20)
ac ¢ ¢ptl
< B¢ P for almost all z € Q, all ¢ > Moy

(see (3.34)), so
Fz0  Fz9)

P 13
1 1
< pﬂ—lr (CP_T — fp_7> for almost all z € 2, all ( > £ > M.
Let ¢ — 400. Recalling that 7 < p and using hypothesis H(f);(iv), we obtain

S

A
;1510 — F(2,6) < —rgf for almost all z € Q, all £ > Mo,
- T

SO

A
—lfp — F(2,¢) < —AfT + ¢5 for almost all z € Q, all £ >0,
p p—T
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for some c¢5 > 0. Then, using hypothesis H(f)1(v), the fact that ||V} =
M|t |7 and (3.16), we have

~ 2 ~
wo(tuy) < ;/\1||u1||§ — / Go(z,tuy) dz

{tﬁ1>u0}
tP tP
<=\ / uydz+ —X\ / uf dz — / F(z,tuy)dz
p p
{tﬁ1<u0} {tﬁ1>u0} {tﬁ1>u0}
A1 N
< / {pl(tul)p - F(t, tul)] dz + cg
{t’LAquug}
tT .
< - b / uj dz + er, (3.45)
p—T
{tﬁ1>u0}

for some cg, c; > 0. Since
Xiia,sug) () = Xo(2) =1 for almost all z € Q@ as t — +o0,
from (3.45), we infer that
wo(tu)) — —o0  as t — +oo.

This proves Claim 2.
We consider the following auxiliary Dirichlet problem:

Note that ug € intCy is a solution of (3.46) (see (3.16)). Moreover, since
ug < u, from (3.16), we see that © € int C'y is still an upper solution for
problem (3.46). We consider the order interval

[uo, @) = {u € WoP(€) 1 ug(z) < u(z) <a(z) for almost all z € Q}.

Note that g is coercive and sequentially weakly lower semicontinuous. So, we
can find @ € [ug, ], such that

@o(u) = inf {po(u) : u € [ug,u}. (3.47)
For y € [ug,u], let
oo(t) =ty + (1 —t)u) vtelo,1].
From (3.47), we have
00(0) < op(t) Vte[0,1],
o
0 < ah(0)
and thus

0<(A®@), y—u) — /go(z,ﬁ)(y —u)dz Yy € [ug,ul. (3.48)
o)
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Let h € W,P(Q) and € > 0. We set

uo(z) if z € {u+eh <up},
y(z) = Su(z) +eh(z) ifz € {ug <u+ch <u},
U if ze {u<u+eh}.

Evidently y € [ug, @] and we can use it as a test function in (3.48). We obtain

0< 5/ |Va|P~—2(Va, Vh), y dz — a/go(z,ﬂ) hdz
Q Q
- / (Ivall=2(Va, V(@ +eh—7)
(u<i+eh}
—go(z,1)(u + eh — )] dz

w [ Il (Ve Vi~ - eh)

{u+eh<up}

rN

—g0(2,u0)(ug — U — eh)] dz

+ / (90(z,1) — go(z,0)) (u— @ —eh)dz

{ugu+eh}
+ / (90(2,u0) = go(z,@)) (up — & — eh) dz
{u+eh<uo}
- / (HVﬂ\|p’2Vﬂ — |[Vuol|P 2 Vg, V(u — Uo))
BN
{u+eh<uo}
o / (Hva”pﬂVﬂ— HVUOHPQVUO, Vh)
BN
{tu+eh<uo}
+ [ (valpva- vap-va, v@ - o)
BN
{u<u+eh}
v [ (valerva - vap-2va, v (3.49)
{u<u+eh}

Recall that @ € int C is an upper solution for problem (3.46). Hence

N

- / [IVa|P~2(Va, V(u+eh—1))
R
{uLu+eh}
—g0(2,0) (@ +eh — )] dz < 0. (3.50)
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Also ug € int C'y solves problem (3.46). Hence

[[IVuo|P~2(Vuo, V(ug —u —ch))
RN
{u+eh<uop}

—go(z,u0)(up — U — eh)] dz = 0.

From the monotonicity of the map RY 3 & —— ||€||P~2¢, we have

- / (IVa"~2Vii - [VuolP~2Vug, V(@ - ug)) _dz <0,
R

{tit+eh<uo}

and

RN

/ (|[Val[*~*Vu — | Va|[P~*>Va, V(u—1u)) dz<O0.
{u<u+

eh}
Note that since u < u, we have
h(z) 20 for almost all z € {u < u+ eh}.

Hence using hypothesis H(f);(iii) and recalling that @ < u, we have

(go(z,ﬂ) — go(z, ﬂ))(ﬂ —u—ch)dz

{u<u+eh}
< —cs / (u—u—eh)dz
{u<u+eh}
< ecg / hdz
{u<u<u+eh}

for some cg > 0. In a similar fashion, we obtain

(90(7«” uo) — go(z, ﬂ)) (ug —u —eh)dz < —ecy

{u+eh<uo} {u+eh<up<u}

for some cg > 0.

501

(3.51)

(3.52)

(3.53)

(3.54)

hdz

(3.55)
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We return to (3.49) and use (3.50)—(3.55). Then

/||Vu|\p 2(va, Vh), /go z,u) hdz
Q
+cg / hdz — ¢ / hdz

{u<u<u+eh} {t+eh<upo<u}

- / ([|Val[P~*Vu — || Vuol[P~*Vu, Vh)RNdz

{u+eh<uo}

+ / ([|val|P—*va — [|Val[*~*V, Vh)RN dz. (3.56)
{(@<ii+eh}
Stampacchia’s theorem (see, e.g., Gasiriski and Papageorgiou [15, p. 195])
implies that
Vu(z) = Vug(z) for almost all 2z € {u = ug},
Vu(z) = Vu(z) for almost all z € {u = u}.
Therefore, if in (3.56) we let € \ 0, then

0< / IVa[P=2(VE, h), dz — /go(z,a)hdz vh € Wi (Q),
Q Q
SO
AG@) = Ny, (@), (357)

with Ny, (u)(-) = go (- u(-)) for all u € Wy P(Q).

If & # wg, then from (3.57) we infer that @ solves (1.1) (see (3.16)) and
u € int Cy (nonlinear regularity theory; see e.g., Gasiniski and Papageorgiou
[15, pp. 737-738]).

If @ = ug, then we may assume that ug is an isolated critical point of
o (otherwise we have a whole sequence of distinct positive smooth solutions
of (1.1) converging in Wy () to ug, since the critical points u of @o sat-
isfy u > up; see (3.16)). Arguing as in Motreanu et al. [25] (see the proof of
Proposition 6), we can find g € (0,1) small enough, such that

wo(uo) < inf {po(u) : [lu—uoll = o} = n,. (3.58)

Because of (3.58) and Claims 1 and 2, we can apply the mountain pass theorem
(see Theorem 2.1) and obtain @ € W, ?(Q), such that

po(uo) < 1o < po(u) (3.59)
(see (3.58)) and
o (1) = 0. (3.60)
From (3.58), we have that @ # uo. From (3.59), we have
A(w) = Ngy(u) and @ > uo. (3.61)
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From (3.61) it follows that @ is a solution of (1.1), u € intCy (nonlinear
regularity theory) and u > ug, u # uo. O

4. (p — 1)-Superlinear Perturbation

In this section we investigate the case where f(z,-) is (p — 1)-superlinear near
+00. However, we do not employ the usual in such cases Ambrosetti-Rabino-
witz condition. We recall that the Ambrosetti-Rabinowitz condition says that
there exist 4 > p and M > 0, such that

f(2,¢)¢ > pF(z,¢) for almost all z € Q, all ¢ > M. (4.1)

Here, we state the Ambrosetti-Rabinowitz condition on the positive semiaxis
since in our problem f(z,() = F(z,{) = 0 for almost all z € 2 and all { < 0.
Integrating (4.1), we obtain the weaker condition

c10¢" < F(z,¢) for almost all z € Q, all ¢ > M, (4.2)
for some c¢1g9 > 0. Then (4.2) implies the much weaker condition

F(z,¢)

i o = 400 for almost all z € Q.

The precise hypotheses on the nonlinearity f are the following:
H(f)2 f: xR — R is a function, such that

(i) for all ¢ € R, the function z — f(z, () is measurable;
(ii) for almost all z € €, the function ( — f(z,() is continuous and we
have f(z,0) = 0;
(ii) for almost all z € 2 and all ¢ € R, we have

[f(2,0)| < alz) + ¢,

¢
(iv) if F(z,¢) = [ f(zs)ds, then
0
. F(z0)
1 =
Cirlloo Cp +0o0,

uniformly for almost all z € Q and there exist BO >0and 7 > q,7 €
((r— max{l N1 p*), such that

¢(—+o0 ¢
uniformly for almost all z € Q;
(v) we have

10
¢—ot Pt
uniformly for almost all z € Q and

m(2)¢T ' + f(2,¢) > 0 for almost all z € Q and all ¢ >0

=0
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Remark 4.1. Note that the first part of hypothesis H(f)2(iv) implies that for
almost all z € Q, F'(z, ) is p-superlinear near +oco. This is true if for almost all
z € Q, f(z,¢) is (p — 1)-superlinear near +o0o. However, instead of the Ambro-
setti-Rabinowitz condition (4.1), we use a weaker condition (see the second
part of hypothesis H(f)2(iv). Similar conditions can be found in Costa and
Magalhaes [8] and Fei [12]).

Ezample 4.2. The following function f satisfies hypotheses H(f)2 (again for
the sake of simplicity we drop the z-dependence):

0 if ¢ <0,
fO =S¢t if0<¢<1,
-1 1 p=1
cP (lnC—l—p)—l— - if 1 <¢,
with p < 7 < p* Note that this f does not satisfy the Ambrosetti-Rabinowitz
condition.
Hypothesis H(n, a); is strengthened as follows:

H(n,a)2 n > 0,a(z) > 0 for almost all z € Q and there exist ¥ € C} and
s> N,s > 71" (with % + % = 1, where 7 is as in hypothesis H(f)2(iv)), such
that a0~ € L*(Q).

Theorem 4.3. If hypotheses H(f)2, H(n,a)2 and H(m) hold, then there exists
m* > 0, such that, if |m|lec < m*, problem (1.1) has two positive smooth
solutions:

ug,u € intCy with wug < u.

Proof. A careful reading of the proofs of Lemmata 3.4 and 3.5 reveals that
u, T € int C are still lower and upper solutions for problem (1.1) under the
new hypotheses H(f)s. Again, we truncate the reaction term of (1.1) at the
pair {u,u}, produce the Carathéodory function g(z, () (see (3.10)), set G(z,¢)
asin (3.11) and then introduce the C'-functional : W, *(€2) — R, defined by

B(u) = %HVUHZ —Q/G(z,u(z)) dz Yu e WP (Q).

(cf. (3.12)). This functional is coercive and sequentially weakly lower semicon-
tinuous. So, we can find ug € W, (), such that

P(ug) = inf {P(u) : ue Wol’p(Q)} and @' (ug) = 0.

We obtain uwy € [u,u] and so ug € intCi solves (1.1) (see the proof of
Theorem 3.6).

Then as earlier truncate the reaction term at ug and produce the Cara-
théodory function go(z, ¢) (see (3.16)). We set Go(z, ¢) as in (3.17) and consider
the C'-functional go: Wy*(Q) — R, defined by
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1
wo(u) = Ewuug - /Go(z,u(z)) dz Vu e WP (Q).

(cf. (3.18)).
Claim 1. g satisfies the C-condition.
Let {up}n>1 C Wolp(Q) be a sequence, such that
lo(un)| < Mag Yn>1, (4.3)

for some Msg > 0 and

(1 + llunl) 2t (un) — 0 i WH(2). (4.4)
From (4.4), we have

enl|h]l

+ [Junll

‘(A(un),h> —/go(z,un)hdz < Yhe Wy (Q),  (4.5)

X
Q

with &, \, 0. In (4.5), we choose h = —u;; € W, P(Q). Then

‘Vu;|p aug"(—u, )dz— [ mul” —;)dz— f(z,u0)(—u,, ) dz
s [

<éep Vn >
(see (3.16)). Thus
(IVu,, ||p 611(1+ (IVu, ||, ) Vn > 1,
for some c¢1; > 0 and so
the sequence {u,, }n,>1 C L7(Q) is bounded. (4.6)
Next in (4.5), we choose h = u; € Wy (). Then

—IVuf B+ /go(z,un)u;[ dz<e, VYn>1. (4.7)
Q

Also, from (4.3) and (4.6), we have
[V |[B — /pGO(z,uz) dz < My Vn >1, (4.8)
Q
for some Mg > 0. We add (4.7) and (4.8) and obtain

/ (go(z,ux)u:{ —pGo(z,u:{)) dz < M3y Vn>1, (4.9)
Q



506 L. Gasinski and N. S. Papageorgiou = Ann. Henri Poincaré

for some Msy > 0. We proceed similarly as in the proof of Theorem 3.6. First
assume that n # 1. Then

/ (90(z,u)ut — pGo(z,u;))) dz

Q
> —Ms + / a(l—lpn)u};"dz—l— / (1—§>mu%dz
{un>uo} {un>uo}
+ / (f(z,un)un —pF(z,un)) dz Vn>1, (4.10)
{un>uo}

for some M3; > 0.
If n > 1, then a(1 — ﬁ) > 0 and so from (4.9) and (4.10), we have

(f(z,un)un *pF(Z,Un)) dz

{un>uo}

< Msz + (p - 1> / muldz Vn>1, (4.11)
q

{un>uo}

with M3 = M3q + M3p > 0.

By virtue of hypothesis H(f)2(iv), we can find B € (0, Bo) and M3z > 0,
such that

Bi(T < f(z,0)¢ = pF(z,¢) for almost all z € Q, all ¢ > Ms3.
Combining this estimate with hypothesis H(f)2(ii), we obtain
§1CT —c12 < f(2,0)¢ —pF(2,() for almost all z € Q, all ( € R, (4.12)

for some c¢12 > 0. Using (4.12) in (4.11), we obtain

B / uy, dr < Mg + (p - 1) [lm] o / uldr Vn>1,
q
{un>uo} {un>uo}

(4.13)

for some Ms34 > 0.
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Now suppose that n € (0, 1). Then, since 90 < ug for some 9 € (0,1) and
recalling that 7 > s’ (see hypothesis H(n,a)s), we have

' / a(l P )u}tndz < c13 / aul~"dz
L—mn

{un2u0} {u”>u0}

< ci3 aug "u, dz
{un>u0}
< C13 / a a@fnun dz

{un>u0}
culu|, Yn>1. (4.14)

with ¢13 = |1 — ﬁ’ > 0 and for some cy4 > 0. Using (4.9), (4.12) and (4.14)
in (4.10), we obtain

o~

B[ unds < st culul

{un 2“0}

+(§ - 1) I ] o / uldz VYn>1, (4.15)

{un>u0}
for some Ms5 > 0 (recall that n € (0,1)).

Finally let n = 1. Then

/ (go(z,uj;)u,f —pGo(z,uj{)) dz
Q

> —Msg+p / a(lnuoflnun)dzqL / <1p>mugdz
q
{un>uo} {un>uo}
+ / (f(z,un)un — pF(z,un)) dz Vn>1, (4.16)

{un>uo}

for some Msg > 0.
From (4.9) and (4.16), we have

Ms7z +p / alnu, dz + <§ - 1) [l ] 0o / ul dz

{un>uo} {un>uo}

> / (f(z,un)un — pF(z,u,)) dz Vn =1,

{un>uo}
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for some Ms7 > 0, so

M3s +p / au,dz + (q —1>||m|oo / uld dz

{un>uo0} {un>uo}

up,dz Vn =1, (4.17)

@)

2
{un>uo}
for some Msg > 0 (recall that n = 1 and see (4.12)).
From (4.13), (4.15), (4.17) and since ¢ < p, T > ¢, we infer that

the sequence {u },>1 C L7(£) is bounded. (4.18)
Tt is clear from hypothesis H(f)2(iv) that we can always assume that 7 < r <

p*. Then for p < N or p > N, we can find ¢ € [0,1), such that

1 1-—-1¢ t

= +—. (4.19)

T T p*

Invoking the interpolation inequality, we have
[7ag [P (7R [l Va8
SO

e |17 < Mo sy

o>, (4.20)
for some Msg > 0. From (4.5), by choosing h = u; € Wy*(R2), we have
[Vullb — / aut™"dz — / mul dz
{un>uo} {un>uo}
— / fzyup)undz < My Vn > 1, (4.21)

{un>uo}

for some My > 0.
From hypotheses H(f)2(iii) and (iv), we see that for a given € > 0, we
can find ¢15 = ¢15(¢) > 0, such that

| f(2,Q)¢] <el¢P + e15/¢|" for almost all z € Q, all (€ R, (4.22)
Combining (4.20), (4.21), (4.22) and the Sobolev embedding theorem, we have
IV |5 < ero (1 g+l |7 +elluf 5 + lug ) vn> 1, (4.23)

for some ¢ > 0.
If p = N, then we may assume that 7 < r. Also let x> r. We have

11—t ¢

roT w
for some t € (0, 1), so

trzi’u(r_ﬂ.

w—T



Vol. 13 (2012) Nonlinear Elliptic Equations 509

Note that
plr =)
w—T

and by hypothesis H(f)z2(iv), we have r — 7 < p. Therefore, for p > r large
pw(r—=m)

—r—7T asp— 4oo=7p"

enough, we have < p and so tr < p. We repeat the argument of the
case p < N or N < p, with p* replaced by this large u > r. Using the Sobolev
embedding theorem, we reach again (4.23).

Suppose that |lu,}]| — 400 and set

+

un
Yn = Vn > 1.
"t ~

Then
lynll =1 Vn=>1

and so we may assume that

Yn —y  weakly in WyP(Q), (4.24)
Yo — y  in LP(Q). (4.25)
From (4.23), we have
[V ynllh gclﬁ( L + ! + +6||yn||p+1>.
lud P fuat [P~ st ||P=e P |t

The hypothesis on 7 (see hypothesis H(f)2(iv)) implies that ¢r < p. So, if we
pass to the limit as n — 400, then

€
IVylly < ecisllylly < 3o
(see (4.24) and note that |[y||b < )\1—1|\Vy\|g = %1; see (2.3)).
Since € > 0 is arbitrary, we let € \, 0 and obtain y = 0. Then
Vyn — 0 in LP(;RY),
SO
Yo — 0 in W, P(),
a contradiction to the fact that |ly,|| = 1 for all n > 1. This proves that the
sequence {ut},>1 € Wy () is bounded, which combined with (4.6) implies
that the sequence {u, }n>1 € W, ?(Q) is bounded. So, we may assume that
U, — u weakly in W, (), (4.26)
u, — u in L"(Q). (4.27)

If in (4.5) we choose h = u,, —u € W, *(RQ), pass to the limit as n — +oc and
use (4.26), then

lim (A(up), up —u) =0,

n—-+4oo
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so from (4.26) and Proposition 2.2, we have
U, — u in Wy (Q)

and so ¢ satisfies the C-condition.
This proves Claim 1.

Claim 2. @o(tty) — —oo as t — +00.

By virtue of the first part of hypothesis H(f)2(iv), for a given £ > 0, we
can find My; = My;(§) > 0, such that

F(z,¢) > §<” for almost all z € , all { > My;. (4.28)
b

Since u; € int Cy, for ¢ > 0 large enough, we have tu; > ug. Hence for such
large t > 0, we have

- tP - 124 tP
po(tur) < —A1 — /F(z,tU1)dz +eor < —M——{+ar,
p p p
Q
for some c¢17 > 0 (see (3.16) and (4.28)). So

i

wo(tuy) < ’ A —&) +ar. (4.29)

Choose £ > A;. Then from (4.29), it is clear that
wo(tu;) — —o0  as t — +oo.

As in the proof of Theorem 3.6, we consider the auxiliary Dirichlet problem
(3.46). Recall that ug € int C is a solution of (3.46) (see (3.16)) and @ € int C
is an upper solution of (3.46). We proceed as in the proof of Theorem 3.6 and
using Claims 1, 2 and the mountain pass theorem (see Theorem 3.6), we obtain
u € int Cy,up < W, ug # U, a second positive solution of (1.1). O
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