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On Quantum Markov Chains on Cayley
Tree II: Phase Transitions for the Associated
Chain with X Y -Model on the Cayley

Tree of Order Three

Luigi Accardi, Farrukh Mukhamedov and Mansoor Saburov

Abstract. In the present paper, we study forward quantum Markov chains
(QMCQC) defined on a Cayley tree. Using the tree structure of graphs, we
give a construction of quantum Markov chains on a Cayley tree. By means
of such constructions we prove the existence of a phase transition for the
XY-model on a Cayley tree of order three in QMC scheme. By the phase
transition we mean the existence of two distinct QMC for the given family
of interaction operators {K(, ,}.

1. Introduction

One of the basic open problems in quantum probability is the construction
of a theory of quantum Markov fields, that is quantum process with multi-
dimensional index set. This program concerns the generalization of the theory
of Markov fields (see [19,25]) to non-commutative setting, naturally arising in
quantum statistical mechanics and quantum led theory.

The quantum analogs of Markov chains were first constructed in [1],
where the notion of quantum Markov chain on infinite tensor product algebras
was introduced. Nowadays, quantum Markov chains have become a standard
computational tool in solid-state physics, and several natural applications have
emerged in quantum statistical mechanics and quantum information theory.
The reader is referred to [21,26-28,32,38] and the references cited therein for
recent developments of the theory and the applications.

First attempts to construct a quantum analog of classical Markov fields
have been done in [4,6,9,31]. In these papers the notion of quantum
Markov state, introduced in [8], extended to fields as a sub-class of the quantum
Markov chains (QMC) introduced in [1]. In [7] it has been proposed a definition
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of quantum Markov states and chains, which extend a proposed one in [37],
and includes all the presently known examples. Note that in the mentioned
papers quantum Markov fields were considered over multidimensional integer
lattice Z¢. This lattice has the so-called amenability property. Moreover, there
do not exist analytical solutions (for example, critical temperature) on such
lattice. But investigations of phase transitions of spin models on hierarchical
lattices showed that there are exact calculations of various physical quantities
(see for example, [13,39]). Such studies on the hierarchical lattices begun with
the development of the Migdal-Kadanoff renormalization group method where
the lattices emerged as approximates of the ordinary crystal ones. On the other
hand, the study of exactly solved models deserves some general interest in sta-
tistical mechanics [13]. Therefore, it is natural to investigate quantum Markov
fields over hierarchical lattices. For example, a Cayley tree is the simplest hier-
archical lattice with non-amenable graph structure. This means that the ratio
of the number of boundary sites to the number of interior sites of the Cayley
tree tends to a nonzero constant in the thermodynamic limit of a large system,
i.e., the ratio W, /V,, (see Sect. 2 for the definitions) tends to (k—1)/(k+1) as
n — oo, where k is the order of the tree. Nevertheless, the Cayley tree is not
a realistic lattice; however, its amazing topology makes the exact calculation
of various quantities possible. First attempts to investigate QMC over such
trees was done in [12]; such studies were related to investigation of thermody-
namic limit of valence-bond-solid models on a Cayley tree [20]. The mentioned
considerations naturally suggest the study of the following problem: the exten-
sion to fields of the notion of generalized QMC. In [11] we have introduced a
hierarchy of notions of Markovianity for states on discrete infinite tensor prod-
ucts of C*-algebras and for each of these notions we constructed some explicit
examples. We showed that the construction of [8] can be generalized to trees.
It is worth noting that, in a different context and for quite different purposes,
the special role of trees was already emphasized in [31]. Note that in [20],
finitely correlated states are constructed as ground states of VBS-model on a
Cayley tree. Such shift invariant QMC can be considered as an extension of
C*-finitely correlated states defined in [21] to the Cayley trees. Note that a
noncommutative extension of classical Markov fields, associated with Ising and
Potts models on a Cayley tree, were investigated in [34-36]. In the classical
case, Markov fields on trees are also considered in [40-45].

If a tree is not one-dimensional lattice, then the occurrence of a phase
transition for QMC constructed over such a tree is expected (from a physi-
cal point of view). In [10] we have provided a construction of forward QMC
(note that such states are different from backward QMC). In that construc-
tion, a QMC is defined as a weal limit of finite volume states with bound-
ary conditions. Such a QMC depends on the boundary conditions. By means
of the provided construction, we proved uniqueness of QMC associated with
XY-model on a Cayley tree of order two.

Our goal, in this paper, is to establish the existence of a phase transition
of XY-model on the Cayley tree of order three. Note that phase transitions
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in a quantum setting play an important role to understand quantum spin sys-
tems (see for example [14,23]). In this paper, using the construction defined
in [10], we shall prove the existence of a phase transition for the XY -model
on a Cayley tree of order three in QMC scheme. By the phase transition we
mean the existence of two distinct QMC for the given family of interaction
operators { K, ,}. Hence, the results of the present paper will totally differ
from [10], and we show that by increasing the dimension of the tree we get
the phase transition. We have to stress here that the constructed QMC associ-
ated with XY-model is different from thermal states of that model, since such
states correspond to exp(—f E@_’w H, ), which is different from a prod-
uct of exp(—BH ,,,y). Roughly speaking, if we consider the usual Hamiltonian
system H(o) = =83, .\ Iy (0), then its Gibbs measure is defined by the
fraction
e H(o)
(o) = ECE (1.1)

Such a measure can be viewed in another way as well. Namely,

[Ty, "0
M E iy

A usual quantum mechanical definition of the quantum Gibbs states is based
on Eq. (1.1). In this paper, we use an alternative way to define the quantum
Gibbs states based on (1.2). Note that whether the resulting states have a
physical interest or not is a question that cannot be solved on a purely math-
ematical ground.

(1.2)

2. Preliminaries

Let I‘ﬁ = (L, F) be a semi-infinite Cayley tree of order k¥ > 1 with the root x°
(i.e., each vertex of F’j_ has exactly k + 1 edges, except for the root 2°, which
has k edges). Here L is the set of vertices and F is the set of edges. The vertices
x and y are called nearest neighbors and they are denoted by | = (z,y) if there
exists an edge connecting them. A collection of the pairs (x,z1),..., (4—1,7)
is called a path from the point x to the point y. The distance d(z,y),z,y € V,
on the Cayley tree, is the length of the shortest path from x to y.

Recall a coordinate structure in I"i: every vertex x (except for 20) of
I'* has coordinates (i1,...,4,); here i, € {1,...,k},1 < m < n and for the
vertex 2V we put (0). Namely, the symbol (0) constitutes level 0, and the sites
(i1, .-, in) form level n (i.e., d(x°, z) = n) of the lattice (see Fig. 1).

Let us set

Wy = {l‘ eL: d(xva) = n}7 An = U W, A[mm] = U W, (n < m)
k=0

k=n

o0
E,={{z,y) e E: x,y € A}, A%:UWk
k=n
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/ level 3

2,2) level2

level 1
(0) level O
FIGURE 1. The first levels of T'Z
For x € I'% ,x = (i1,...,i,) denote
S(x) ={(x,1): 1 <i<k}.
Here (z,i) means that (i1, ...,4y,?). This set is called a set of direct successors

of .

The algebra of observables B, for any single site x € L will be taken
as the algebra My of the complex d x d matrices. The algebra of observables
localized in the finite volume A C L is then given by By = @), Bz. As usual,
if A ¢ A%2 C L, then By: is identified as a subalgebra of By: by tensoring
with unit matrices on the sites x € A?\A'. Note that, in the sequel, by By +
we denote the positive part of By. The full algebra By, of the tree is obtained
in the usual manner by an inductive limit

Br=|JBa,.
An

In what follows, by S(Ba) we will denote the set of all states defined on the
algebra Bj.

Consider a triplet C C B C A of unital C*-algebras. Recall that a quasi-
conditional expectation with respect to the given triplet is a completely positive
(CP) identity preserving linear map € : A — B such that (ca) = c€(a), for
allae A, ceC.

A state ¢ on By, is called a forward quantum d-Markov chain (QMC),
associated with {A,}, on By, if for each A,, there exist a quasi-conditional
expectation £xc with respect to the triplet BA%+1 C Bpe C Bae_ and a state
e € S(Bje) such that for any n € N one has

@aglBa, A, = PAc,, © 5A;+1 IBA, 11 \A, (2.1)
and
e = lim Ppc 0&pc 0&pe 00 e (2.2)

in the weak-* topology.
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Note that (2.1) is an analogue of the DRL equation from classical statisti-
cal mechanics [19,25], and QMC is thus the counterpart of the infinite-volume
Gibbs measure.

Remark 2.1. We point out that in [11] a forward QMC was called a generalized
quantum Markov state, and the existence of the limit (2.2) under the condition
(2.1) was proved there as well.

3. Constructions of Quantum d-Markov Chains
on the Cayley Tree

In this section, we recall a construction of forward quantum d-Markov chain

(see [10]).
Let us rewrite the elements of W,, in the following order, i.e.,

T/I—/)n = (z%l,x%f,l, e ,x%,‘[,tknl)) , Wn = (x%?"l),x%,zl//“"_l), cee :v%l,l) .
Note that |W,,| = k™. Vertices x%,%,)n , a:%,‘z,), e ,xgvif”‘) of W,, can be represented
in terms of the coordinate system as follows

o) = (L1, L), ) = (L1, 1,2), . 2l = (L1 k),

e =(1,1,..,2,0), af) =(11,..,2.2) 0 o) = (L1, 2,k),
xg[/‘:,/nl_k—‘rl) = (k7 k’ 9t ,k7 1)’ x%}i}vﬂl_k-"_Q) = (k’ k’ MR k? 2)7

gl = (koky Lk k).

Analogously, for a given vertex x, we shall use the following notation for
the set of direct successors of x:

S@) = (1), (2,2), ... (2. k), S(@) = (&, k), (z,k — 1),...(x,1)).

—
In what follows, for the sake of simplicity, we will use notation i € S(z) (resp.
— — —

i € S(x)) instead of (z,4) € S(z) (resp. (x,i) € S(x)).

Assume that for each edge (z,y) € E of the tree an operator K, ,y €
By, is assigned. We would like to define a state on By, with boundary
conditions woy € B(g)+ and h = {h, € By 4 }seL-

Let us denote

Kp1m = [I 1] Kew (3.1)

— R
z€W 1 yeS(x)

hi/z = H hi/zv hn = h’}L/Q(h’}L/z)*’ (32)
wEV—[}n
K, = wé/QK[o,llK[m] o K[n—l,n]h}zﬂ’ (3.3)

It is clear that W, is positive.
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In what follows, by Try : B, — Ba we mean normalized partial trace
(ie., Tra(1z) = 1, here 1o = Q) 1), for any A Cg, L. For the sake of

yeN
shortness we put Tr,) := Try,
Let us define a positive functional @EU ") on Ba,, by
Pnn(@) = TrWoin(a ® Iw,..,)). (3.5)

for every a € Bp,. Note that here, Tr is a normalized trace on By (i.e.,
Tr(1z) =1).

To get an infinite-volume state ) on By, such that o) [Ba, = wgt),fh),
we need to impose some constraints to the boundary conditions {w07h} so
that the functionals {@EZLOQ } satisfy the compatibility condition, i.e.,

+1,
ot s, = 5o (3.6)
Theorem 3.1 ([10]). Assume that K, is self-adjoint for every (w,y) € E.

Let the boundary conditions wo € By, and h = {h, € By 1 }zc1 satisfy the
following conditions:

TI‘(tho) =1 (37)

Try H_}K«rm i hy, H_ Ky | = ha for every x € L. (3.8)
yeS(z) yeS(x) yeS(x)

Then, the functionals {gpw ’f)} satisfy the compatibility condition (3.6). More-

over, there is a unique forward quantum d-Markov chain go(f)

(n, f)

w07

n on Br such

that w(f)h =w —lim, o ¥

From direct calculation we can derive the following:

(nf)( ) =

’woh -

Proposition 3.2. If (3.7) and (3.8) are satisfied, then one has ¢
Tr(Wy(a)) for any a € By,

Our goal in this paper is to establish the existence of phase transition
for the given family {K, )} of operators. Heuristically, the phase transition
means the existence of two distinct QMC for the given { K, ,y}. Let us provide
a more exact definition.

Definition 3.3. We say that there exists a phase transition for a family of
operators {K ,} if (3.7), (3.8) have at least two (uo,{hs}scr) and
(vo, {Sz }zer) solutions such that the corresponding quantum d-Markov chains
Yug.h and ¢, s are not quasi-equivalent. Otherwise, we say there is no phase
transition.

Remark 3.4. In the classical case, i.e., the interaction operators commute with
each other and belong to commutative part of Bp, the provided definition
coincides with the known definition of the phase transition for models with
nearest-neighbor interactions on the tree (see for example [13,25,40]).
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4. Quantum d-Markov Chains Associated with XY -Model

In this section, we define the model and formulate the main results of the
paper. In what follows, we consider a semi-infinite Cayley tree ' = (L, E)

of order 3. Our starting C*-algebra is the same By but with B, = M>(C) for

z € L. By aé”),aéu),agu) we denote the Pauli spin operators at site v € L.

Here,
w _ (01 w _ (0 —i w _ (1 0
z (1 O>’ Y (z 0)’ z (O -1/ (4.1)

For every edge (u,v) € E put
K(u,’u) = eXp{ﬁH(u,w}a ﬂ > 07 (42)

where
u v u
H<u’v> = - (0; )Jg(c ) —|—O'?S )Uév)) . (4.3)

Such kind of Hamiltonian is called quantum XY-model per edge (x,y).
Now taking into account the following equalities

1 ,
Hlwy = Hiuwy = 5 (1 - Ugmggu)) , HISU=Hiy, meN,

(u,v)
one finds

Ky =1+ sinh BH, .y + (cosh 8 — 1)H? (4.4)

(w,v)

The main results of the paper concern the existence of the phase transition for
the model (4.2). Namely, we have

Theorem 4.1. Let {K(, ,} be given by (4.2) on the Cayley tree of order three.
Then there are two positive numbers B, and B such that

(1) if B € (0,B,]U[B*,00), then there is a unique forward quantum d-Markov
chain associated with (4.2);

(ii) if B € (B«,0%), then there is a phase transition for a given model, i.e.,
there are two distinct forward quantum d-Markov chains.

The rest of the paper will be devoted to the proof of this theorem. To
do it, we shall use a dynamical system approach, which is associated with the
Egs. (3.7), (3.8).

5. A Dynamical System Related to (3.7), (3.8)

In this section we shall reduce Eqgs. (3.7), (3.8) to some dynamical system. Our
goal is to describe all solutions h = {h,} and wy of those equations.
Furthermore, we shall assume that h, = h, for every z,y € W,,n € N.

Hence, we denote A" := h, if 2 € W,,. Now from (4.2), (4.3) one can see that
Kuuy = K7, ; therefore, Eq. (3.8) can be rewritten as follows:

(w,v)
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n n n n—1
Tro (K o) K o,y K o,y WV R RSV K (o K K (gy) = REY, 0 (5.1)

for every = € L.
After small calculations, Eq. (5.1) is reduced to the following system:

n n 3 n
(4005 i (555 )

(n) (n)
n + n n—
a§2) (all 2 > By +a§2)ag1)A1 _agz Y

2
(5.2)
m [ a7 @\’ () (n) (n-1)
Qg f Bi+ajy ay’ Ar | = ay
o + o)\’ () ) al} + afy) (n—1)
# By + aq f Ay = Qoo

where
Ay = sinh® Bcosh 3, B, = sinh fcosh? 5(1 + cosh 3 + cosh? 3), (5.3)
Ay = sinh? B cosh? B(1 + 2cosh 3), By = cosh® 3,
Here,

(n—1) (n—1) (n) (n)

pn=1) — ag Qg B — B0 — () — aj;” Ao

v Pt BN (ol v # v (n) (n)
21

22 Q1" Qg

From (5.2) we immediately get that aﬁb) = a22) for all n € N. Now self-

adjointness of i (i.e. agg) = a21 , for any n € N) and the representation
a§’2’ |agg)| exp(igy,) allow us to reduce the system (5.2) to
Ba(a}}))* + Aolaiy Paiy) = ofi ™"
m@m&m&>+mwm) jaly ™| (5.5)
Pn = Pn-1

From (5.5) it follows that ¢, = ¢o, whenever n € N. Therefore, we shall
study the following system:

{BﬂaﬁU+A|&“Faﬁ) aii "

. (5.6)
03| (Bu(al?)? + Aol ) = a5~

Remark 5.1. Note that accordlng to the positivity of h{™ and a(") = aég) we

conclude that a(n) > |a12 | for all n € N.

Now we are going to investigate the derived system (5.6). To do this, let
us define a mapping f : (z,y) € RZ — (2/,y') € R by

{BQ(I/)S +A2x’(y')2 e

By + iy = 50
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Furthermore, due to Remark 5.1, we restrict the system (5.7) to the fol-
lowing domain:

A= {(z,y) e R : x> y}.

Denote

Po(t) = 17—t — 7 — 40 2t 4243 — ¢ — 1, (5.8)

Ay — Ay
D= —- 5.9
B, _ B, (5.9)

1

Ei=—— 5.10
Ay + DBy (5.10)

We want to show that the system (5.7) indeed defines a dynamical system
f: A>3 (z,y) — (¢/,y') € A. The system of equations (5.7) gives an implicit
form of variables z’, 4. In order to consider this system (5.7) as a dynamical
system of z,y on the domain A we should show that the system of equations
(5.7) has at most one solution with respect to 2,3y’ € A whenever z,y € A.

Lemma 5.2. The function gs : [0,1] — R4 given by

_ A1t3 + Byt

= 11
Ast? + By (5.11)

95(t)
is increasing on [0, 1].
Proof. One can easily check that
. A Agt* + (3A1 By — Ay By)t? + B By
95(1) = (Agt? + By)? '
Let hg(t) := (3A1By — A2 B1)t? + B1Bs. Then it is clear that
Ay Agt* + (341 By — Ay By)t? + BBy > hg(t)

and the function hg : [0,1] — R, is monotone on [0,1]. Therefore, hg(t) >
min{hg(0), hg(1)}. After some calculation manipulations, one makes sure that

hs(1) = sinh 3 cosh® 3 [cosh® 3(2 + cosh 3 + cosh® B(cosh 8 — 1))]
+sinh® 3 cosh® B(1 + cosh B) > 0
hﬁ(O) = BBy >0

for any 3 € (0,+00). This means that gj(t) > 0 for any ¢ € [0,1] and it
completes the proof. O

Lemma 5.3. The system of equations (5.7) has at most one solution with respect
to (2',y') € A, whenever z,y € A.

Proof. We suppose the contrary, i.e., the system of equations (5.7) has at least
two distinct solutions («),y]) and (25, y5) on the domain A. Then it follows
from (5.7) that
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Since the function gg is increasing on [0, 1], we obtain that

rT *gﬁ
Ty Ty

yi Ys —1<y>
2

Then, we have y] = x'lgﬁ_l (%) and y) = xéggl (%) . After some calculations,
one finds

2
y(g”%)
=, i s =ah Y= 2 ) ’
Byt Az (95" (1))

This contradiction completes the proof. O

Remark 5.4. Tt is worth noting that the dynamical system f : A — A defined
by (5.7) is well defined if and only if £ € g5([0,1]). If the dynamical system
f A — A defined by (5.7) is well defined, then it can be written as follows:

Ty =, By + A, (g[}l (%))2
2 (5.12)
o vt ®)
Yy = 2
Bit+ A (95" (1))

In the sequel, we shall interchangeably use two forms (5.7), (5.12) of the
dynamical system f: A — A. We shall need the following auxiliary facts:

Lemma 5.5. Let Ay, By, As, Ba, D be numbers defined by (5.3), (5.4), (5.9) and
Py(t) be polynomial given by (5.8), where 3 > 0. Then the following statements
hold true:

(i)  The polynomial Py(t) has only three positive roots 1, t., and t* such that
1.05 < t, < 1.1 and 1.5 < t* < 1.6. Moreover, if t € (1,t,) U (t*,00)
then Po(t) > 0, and t € (t.,t*) then Py(t) < 0. Denote 3. = cosh™ ' t,
and 3* = cosh ™! t*;

(ii) For any B € (0,00) we have Ay < As;

(i) 1B € (0,8.]U[8",00) then By < By, and if B € (B., 3 then By > By;
(iv)  For any 8 € (0,00) we have Ay + By < Az + Ba;

(v) If B € (B, 0%) then D > 1 and E > 0;

(vi) For any 8 € (0,00) we have A1 As < B1By and A1 By < A3By;

[f ,6 S (ﬂ*yﬂ*) then A2Bl < A1A2 + 3AlBQ + B1B2 and 2A1A2 +
3A1B2 < AgBl;
(viii)  For any 3 € (0,00) we have 0 < sinh B(1 + cosh 3) < cosh® §.

The proof is provided in the Appendix.
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6. Fixed Points and Asymptotical Behavior of f: Existence
of Forward QMC

In this section we shall find fixed points of (5.7) and prove the absence of peri-
odic points. Moreover, we investigate asymptotical behavior of (5.7). Note that
every fixed point of (5.7) defines (see Theorem 3.1) a forward QMC. Hence,
the existence of fixed points implies the existence of forward QMC.

First let us find all of the fixed points of the dynamical system.

Theorem 6.1. Let f be a dynamical system given by (5.7). Then the following

assertions hold true:

(i) If B € (0,8, U[B*,00), then there is a unique fized point (ﬁ,()) n
the domain A;

(ii) If B € (B«, %), then there are two fized points in the domain A, which

are (@,O) and (VDE,VE).

Proof. Assume that (x,y) is a fixed point, i.e.,

Box® + Agzy? = (6.1)
B’y + A2 =y ’
Consider two different cases with respect to y.
CASE (A). Let y = 0. Then one finds that either z = 0 or z = ﬁ But,

only the point (ﬁ7 0) belongs to the domain A.

CASE (B). Now suppose y > 0. Since = > y > 0 one finds
Box? + A2y2 =1
Bll‘2 + A1y2 =1’
hence, due to (5.3) and (5.4) we obtain
(Bl — 32)1'2 = (A2 — Al)yz.
According to Lemma 5.5(ii), (iii), (v) we infer that if 8 € (0, 5] U [8*, 00),
then By < BQ,Al < AQ, and if ﬂ S (6*,6*), then By > BQ,Al < AQ, which
imply
.132 A2 — A1
o227 _pa.
y>  Bi— DB ~
Therefore, if 8 € (0, 8.]U[5*, o), then the dynamical system (5.7) has a unique
fixed point (ﬁ,O). If 8 € (Bs,3*), then the dynamical system (5.7) has
two fixed points (;z5,0) and (VDE, VE). O
To investigate an asymptotical behavior of the dynamical system on A
we need some auxiliary facts.

Proposition 6.2. Let g3 : [0,1] — Ry be the function given by (5.11) and
B € (Bs, B%). Then the following assertions hold true:

() It e 0, L], then ga(t) > t. Ift € [, 1], then gs(t) <t
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(i) If 0 < gg(t) < % then 0 < t < % and if % < gg(t) < 1 then
<t <.

1

vD
Proof. Let us prove (i). One can see that

(A2 — At - )
gﬁ(t) —l=- Aot2
2t? + B

Therefore, we find that if ¢ € [0, %], then gg(t) > t, and if t € [%7
gp(t) <t

(ii). It follows from (6.2) that the function gg(t) has two fixed points t = 0
and t = %. Let 0 < gg(t) < \F’ and suppose that t > f Due to (i) and

t= % is a fixed point, we obtain gg(t) > \ﬁ, which is impossible. Similarly,

(6.2)

1], then

one can show that % < gs(t) <1 which implies ﬁ <t<l1. O

Let us start to study the asymptotical behavior of the dynamical system
f: A — R, given by (5.7)

Theorem 6.3. The dynamical system f : A — R%, given by (5.7) (with 8 €
(0,00)) does not have any k (k > 2) periodic points in A.

Proof. Assume that the dynamical system f has a periodic point (x(o),y(o))
with a period of k£ in A, where k > 2. This means that there are points
(m(0)7y(0))7 (x(l)’y(l))’ o (x(k—l)’y(k—l)) €A,

such that they satisfy the following equalities:
Bg(x(”)?’ + Aﬂ(i)(y(i))2 Y
By (zM)2y(0) 4 Ay (D)3 = 4i=1)
where i = 1,k, ie., f (a:(i_l),y(i_l)) = (J;(i),y(i)) ., with z(®) = 20,
y®) = 4O,
Now again consider two different cases with respect to y(©).
CASE (A). Let % > 0. Then, 2,y should be positive for all i = 1, k. Let
us look for different cases with respect to (.
Assume that 5 € (0, 8] U [3*, 00). We then have
.T(iil) - % . ﬁ (A2B1 — AlBg)I(Z)y(l)
y(i_l) B, y(l) B, (Bl(x(i))z + Al(y(z))z)
where i = 1, k. o
Due to Lemma 5.5(vi) and 2,4 > 0 for all i = 1, k, one finds
x(i_l) B2 :L‘('l)
WD T B o
Y 1

(6.3)

for all i = 1, k.
Iterating (6.4), we get

@ “\B,) 4O
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But the last inequality is impossible, since Lemma 5.5(iii) implies

Hence, in this case, the dynamical system (5.7) does not have any periodic
points with k > 2.
Let 8 € (B4, 3*); then one finds

(i-1) (0
Y _ Y .
2 98 (M)’ i =1k
This means that % is a k periodic point for the function gs(t). But this con-

tradicts Proposition 6.2 (i) since the function gs(t) is increasing, and it does
not have any periodic point on the segment [0, 1].

CaSE (B). Now suppose that y(®) = 0. Since k > 2 we have z(*) # ﬁ So,
from (6.3) one finds that y*) = 0 for all i = 1, k. Then again (6.3) implies that
(x(i))3 cosh® B =20V vi=T1k%

? )

which means

20 = — L aGD, vi=TF

cosh? I6]

20 = 713 3k+\1/x(0) cosh?® 3.
cosh”

This yields either (%) = 0 or 2(0) =

Hence, we have

ﬁ, which is a contradiction. ]
Theorem 6.4. Let f : A — Ri be the dynamical system given by (5.7) and
B € (0,8.,]U[B*,0). Then, the following assertions hold true:

(i) if ¥ > 0 then only finite members of the trajectory {(z(™, y(™)}ee
starting from the point (x(o), y(o)) are contained in A, i.e., there exists a
number Ny € N such that any member of the trajectory {(z™), y(™)}ee
does not belong to A except the first Ng members;

(i) if y© =0, then the trajectory {(x(™,y™)1> starting from the point
(2, y©)) has the following form:

V2 cosh® 3

2 = .
cosh” (3

y™ =0,
and it converges to the fized point (@, 0).

Proof. (i) Let y(®) > 0 and suppose that the trajectory {(z(™, y(™)}> , of the
dynamical system starting from the point (x(®), y(9)) is infinite. This means
that the points (z(™, () are well defined and belong to the domain A for all
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n € N. Since y(© > 0, we have y(™ > 0 for all n € N. Then, it follows from
(5.7) that

2()
2= By g (A2B1 — A1Bs) e

— = = —— +
(n—1) B (n) 2(n) 2
Y 1y B? (ym) + A1B;

for all n € N. (6.5)

It yields that
x(n_l) 32 :L'(n)
I ,
y(nfl) B1 y(”)

and
© /B A" ™
X 2 x
— — | -—, forall N. 6.6
y(°)><B1> mOR orall ne (6.6)
It follows from (6.6) and Lemma 5.5(iii) that

() B \" 20 (0)
e (1> Ay (6.7)
for all n € N. Using (6.5) and (6.7) one gets

z(m=1) <B2 (AQBl 7A1B2)(y(0))2 ) z(™

o0 T \B T BGOR 4B (02

and

W (B + (A28 — ABa)(y©)? \ " 2@
y(”) B, B%(x(o))z + A1 By (y(o))2 y(o) ’
We know that if 8 € (0, 5] U [5*,00), then due to Lemma 5.5(iii) one finds

By | (A:Bi —AiBy)(y'")* By

> —= > 1.
Bl B%($(0)>2 + AlBl(y(O))2 B1 B

Therefore, we conclude that, for all 8 € (0, 5] U [5*, o)
()

7n)%0

y(

as n — oo.
On the other hand, due to (z(™,y(™) € A, we have

(n)

8

=1,

for all n € N. This contradiction shows that the trajectory {(z(™), y(™)}e
must be finite.

(ii) Now let y(® = 0; then (5.7) implies that y™ = 0 for all n € N.
Hence, from (5.7) one finds

2™ cosh® B = y/2(=1) cosh? 3.

So iterating the last equality we obtain

2™ cosh® B = *\/2(0) cosh® 3,
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which yields the desired equality and the trajectory {(z(™,0)}2%, converges

to the fixed point (@, 0). O

Theorem 6.5. Let [ : A — R be the dynamical system given by (5.7) and

0B € (B, B*). Then, the following assertions hold true:

(i) There are two invariant lines l; = {(z,y) € A :y = 0} and Iy =

{(z,y) e Ay = %} w.r.t. f;

(i) if an initial point (z(9),y(©)) belongs to the invariant lines Iy, then its
trajectory {(z(™,y(™)}2 ) converges to the fized point belonging to the
line ly,, where k =1, 2;

(iii) if an initial point ((9),y(©)) satisfies the following condition:

y© 1

— € |0, —

z0 <’¢D)’
then its trajectory {(m(n),y(n))};’;o converges to the fixed point
(ﬁ,o) which belongs to lq;

(iv) if an initial point (z(%),y©) satisfies the following condition

v (L
IE(O) \/5, ’

then there exists a number Ny € N such that any member of the trajec-
tory { (™, y(M)1o2 . does not belong to A except the first Nog members.

Proof. (i) It follows from (5.7) that if y = 0, then ¥’ = 0, which means [; is an

invariant line. Let £ = %. Again from (5.7) it follows that % =4= gg(g—j).

x
Since gg(t) is the increasing function on segment [0, 1] and ¢ = % is its fixed

_ 1
= 75

(ii) Let us consider a case when an initial point (2(%), y(9)) belongs to Ij.
Let (x1,yx) be the fixed point of f belonging to I (k = 1,2). It follows from

(5.7) that
(0) (n)
e _ v _ o (1)
v =a (L) (68)

point, we then get g—: which yields that [y is an invariant line for f.

for all n € N. Since gg(t) is increasing and t = g—i is its fixed point, we have

(n)
Yk Y
o = 2 (6.9)
1 _ 1
for all n € N. We know that - =0 and 22 = 75
In the case when Z—i = 0, one gets
3" 3
(mm),y(n)) _ —Wm)‘;@shﬁﬁ ;
cosh” 3
hence the trajectory converges to the fixed point (z1,y1) = (ﬁ, 0). Clearly,

it belongs to ;.
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In the case when y2 = \/L we have

/xu 3n<
(<n>y( ( Yy >

and the trajectory converges to the fixed point (z2,y2) = (VDE, \/E) which
belongs to the line Is.
(iii) Assume that an initial point (z(?), () satisfies

y(©) 1
UK (0, @) . (6.10)
It then follows from (5.7) that
y(n_l) . y(n)
21 98\ )
for all n € N. Since (6.10) and due to Proposition (6.2) (ii), we conclude that
(n) 1
Y € 0) =]

for all n € N. According to Proposition 6.2(iii) we get

(0) (1) (n)
Y Y Y
20 7 M 7T w7
and the sequence
. y(™)
T gp(n)
converges to 0.
Let us denote
1
by i = ——m—.
By + cn Az

From (5.7), one can easily get

and
1 1

lim z™ = lim b, = — = ————.
n— 00 n—00 \/E COSh3 ﬁ

Therefore, the trajectory {(z(™,y(™)}>2, converges to the fixed point
(@7 0) which belongs to ;.
(iv) Now assume that

y(©) 1
2@ € (\/5,1> . (6.11)
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We suppose that the trajectory {(z(™),y(™)}22 is infinite. This means that
the points (z(™,y(™) are well defined and belong to the domain A for all
n € N. Then, it follows from (5.7) that

y(nfl) . y(n)
sy I8\ Ly )

for all n € N. Since (6.11) and due to Proposition (6.2) (ii), we conclude that

y(™ 1
— € 771 )
< (75)

for all n € N. According to Proposition 6.2(iii) one finds

(0) 1) (n)
Y Y Y
W<W<.”<T(") <
(n)
Since (:v(") y(”)) € A and the sequence o) is bounded, it converges to some
"
point £ € (\F7 1]. We know that the point ¢ should be a fixed point of g(¢) on

(%, 1]. However, the function gz(¢) does not have any fixed points on (\%, 1].
Hence, this contradiction shows that the trajectory {(z(™),4(™)}22 ) must be

finite. O

7. Uniqueness of QMC

In this section we prove the first part of the main theorem (see Theorem 4.1),
i.e., we show the uniqueness of the forward quantum d-Markov chain in the
regime § € (0, 8,) U [3*, 00).

So, assume that 5 € (0, 5,] U [8*, 00). From Theorem 6.4, we infer that
Egs. (3.7), (3.8) have a lot of parametrical solutions (wg(a), {h,(«)}) given by

*Va cosh® I]

; 0 (n) cosh® 8 0
ol = g 1| )= *Vacosh®g |’ 1)
el 0 “Vacosh” 3
@ cosh® 3

for every x € V. Here « is any positive real number.
The boundary conditions corresponding to the fixed point of (5.7) are
the following ones:

1

—3 0
~ (cosh® 3 0 ) _ | cosh®B
o= ( 0 cosh35> s kY= 0 1 , YeeV, (7.2)
cosh® 3
which correspond to the value of ap = h3 in (7.1). Therefore, in the sequel

we denote such operators by wp (ag) and hg; ) (o), respectively.
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Let us consider the states cp( (]2) h(a) corresponding to the solutions

(wo (), {h;n)(a)}). By definition, we have

(n.f)
Puo(a)h(a) (®)

n
1 2 n 1/2
= / H K[Z i+1] H h( ) )HK[nfi,'rH»lfi]wO/ (Oé).T
i=1

mGW
gnt1

= ( a(COSh4 /6')2"*)—1 <H K[z i+1] HK[" intl— l]x>

1=0

3n+1
= (HK[12+1 HK[n i,n+1—1i] >
n
=Tr Oé() H K[’L i+1] H h Oéo) H K[nfi,n+17i]w(1)/2(a0)x
€W, i=1
_ ()
= Pug(ao), h(ao)( ), (7.3)

for any a.. Hence, from the definition of quantum d-Markov chain we find that
cpgo)(a) h(a) = gogo)(ao) h(ao)’ which yields the uniqueness of forward quantum
d-Markov chain associated with the model (4.2).

Hence, Theorem 4.1 (i) is proved.

8. Existence of Phase Transition

This section is devoted to the proof of part (ii) of Theorem 4.1. We shall prove
the existence of the phase transition in the regime 8 € (8., 5*).

In this section, for the sake of simplicity of formulas, we use the following
notations for the Pauli matrices:

oo:=1, o1:=0, o03: =0y, 03:=0,

According to Theorem 6.1 in the considered regime there are two fixed
points of the dynamical system (5.7). Then the corresponding solutions of
Egs. (3.7), (3.8) can be written as follows: (wg(ag), {hs(a0)}) and (wo(7),
{ha(7)}), where

1
wo(ag) = —o00, ha(ap) = 0100(() ),
0]
1
wo(7) = —00,  ha(3) = 00"
Yo
Here ap = m,’y = (0,m) with 7o = VDE, v = VE.

By @Sif;)(ao),h(v)’(pfufo)(v),h(v) we denote the corresponding forward quan-

+ ’ylag).

tum d-Markov chains. To prove the existence of the phase transition, we need
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to show that these two states are not quasi-equivalent. To do so, we will need
some auxiliary facts and results.

Denote

<cosh6 Bv2 + sinh? 3 cosh? B3 4071 sinh? 8 cosh? 3 (14 cosh g) )

o1 sinh B cosh? B(1 + cosh ) sinh 3 cosh* 87 + sinh® 8 cosh 4~?
(8.1)

Let us study some properties of the matrix A. One can easily check out
that the matrix A given by (8.1) can be written as follows:

cosh f(sinh 3 + cosh® 3) V(A2 — A1) (B — Bo)
sinh 3(1 + cosh 3)2 sinh 3 cosh® 3(1 + cosh 3)2
A= . (8.2)
V(Ay — A))(B; — By) sinh 3 + cosh® 8
sinh? 3 cosh? 3(1 + cosh 3)2 cosh B(1 + cosh 8)?

Proposition 8.1. If 8 € (8., Bs), then the following inequalities hold true:
. h B(sinh S+cosh®
() 0 < sitm o g,

sinh B+4cosh® 3 .
( 0< cosh 3(1+cosh 3)? <1

i)
(i) 1< Tr(A) < 2;
(iv) 0<det(A) <1.

Proof. (i) Since By < By (see Lemma 5.5(iii)) one can see that

cosh f(sinh 3 + cosh® ) B Cosh2 5 + cosh Fsinh ﬂ
sinh 5(1 + cosh 3)? + cosh 3 51nhﬂ

CObhz
(ii) The inequality sinh 8 < cosh 8 implies that

sinh 8 + cosh® 8 B sinh 8 4 cosh® 8 <1
cosh 3(1 + cosh )2~ cosh 3 + 2 cosh? 3 + cosh® 8

(iii) One can see that

(sinh 8 4 cosh? 8)(sinh 3 + cosh® 3)
sinh /3 cosh 8(1 + cosh /3)2

Tr(A) = (8.3)

Therefore, from (i), (ii) it immediately follows that 0 < Tr(A) < 2. Now we are
going to show that Tr(A) > 1. Indeed, since cosh® 3 > sinh (1 4 cosh 3) > 0
(see Lemma 5.5(viii)) and cosh 3 > 1 one has

sinh? 8 4 cosh® # > sinh 3 cosh #(1 + cosh 3) (8.4)
Then, due to (8.4) we find

sinh? 3 4 cosh® 3 + sinh 3 cosh? 3(1 + cosh 3)

Tr(A) = sinh 3 cosh B(1 4 cosh ) + sinh g8 cosh? B(1 + cosh 93)
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(iv) Let us evaluate the determinant det(A) of the matrix A given by
(8.2). After some algebraic manipulations, one finds

sinh? 8 4 cosh® 8 — sinh 3 cosh 5(1 + cosh 3)

det(A) = sinh 3 cosh 8(1 + cosh )2

(8.5)

Due to (8.4) one can see that det(A) > 0. We want to show that det(A) < 1.
Since By < B; (see Lemma 5.5 (iii)) and sinh 8 < cosh 3 we have

cosh® B < sinh 3 cosh B(1 4 cosh 8 + cosh® 3), (8.6)
sinh? 8 < sinh 3 cosh 8(1 4 2 cosh f3). (8.7)

From inequalities (8.6), (8.7), one gets
sinh? 8 + cosh® 3 < sinh 3 cosh B(24 3cosh 5 + cosh? B). (8.8)
Therefore, we obtain
det(A)

B sinh? 3 + cosh® 8 — sinh 3 cosh 5(1 + cosh j3)
sinh (3 cosh 3(2 + 3 cosh 8 4 cosh? ) — sinh 3 cosh 3(1 + cosh f3)

This completes the proof. O

The next proposition deals with eigenvalues of the matrix A.
Proposition 8.2. Let A be the matriz given by (8.2). Then, the following asser-
tions hold true:

(i) the numbers Ay = 1, A2 = det(A) are eigenvalues of the matriz A;
(ii)  the vectors

B V(A2 — A1) (By — By) By — By
(xl,yl) - . 2 ’ . 2 )
sinh /3 cosh” 3(1 + cosh 3)?  sinh 8 cosh® 5(1 + cosh 3)?
(8.9)
(2, 2) = By — By V(A2 — A1) (B — Ba)
2= sinh (3 cosh? 3(1 + cosh 8)2” sinh? 3 cosh? 3(1 + cosh 3)2
(8.10)

are eigenvectors of the matriz A corresponding to the eigenvalues Ay = 1
and Ay = det(A), respectively;
(i) if P= (gl 52) , where the vectors (x1,y1) and (x2,y2) are defined by
1 Y2
(8.9), (8.10), then

iy (M 0.
P AP_(O N (8.11)
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(iv)  for any n € N one has

o3+ Njyisinh B myy; sinh B(1 — \3)

z? + yi sinh x? + y3 sinh

A" = 1+ ypsinh/s 12 y12 . p (8.12)
151 (1 =A%) A a3 + yi sinh 8
z?2 + y?sinh 3 z?2 + y?sinh 3

Proof. (i) We know that the following equation
A — Tr(A)\ +det(A) =0

is a characteristic equation of the matrix A given by (8.2). From (8.3) and
(8.5) one can easily see that

sinh 3 cosh? 3(1 4 cosh 3) + sinh 3 cosh B(1 + cosh 3)
sinh 3 cosh B(1 + cosh [3)?

this means that \; = 1 and Ay = det(A) are eigenvalues of the matrix A.
(ii) The eigenvector (x1,y1) of the matrix A, corresponding to A\; = 1
satisfies the following equation:

(cosh B(sinh 8 + cosh® )
sinh B(1 + cosh 3)?
Then, one finds
V(A2 — A1) (B — By)
sinh (3 cosh? 3(1 + cosh 3)2
~ cosh f(sinh 8 + cosh® ) B; — By

=1.

Tr(A) — det(A) =

V(A2 — A1) (B1 — By)
sinh (3 cosh? 3(1 + cosh B3)? h

—)\1) T + =0.

xr1 =

sinh B(1 4+ cosh3)2  sinh B cosh? 3(1 + cosh 3)2
Analogously, one can show that the eigenvector (z2,ys) of the matrix A, cor-
responding to Ay = det(A), is equal to

sinh 8 + cosh® 8 By — By
T2 = Ao — cosh B(1 + cosh 3)? - sinh (3 cosh? 3(1 + cosh 3)2

V(A=A (B - By)
2= sinh? 3 cosh? 3(1 + cosh 3)2

Y1 =M

It is worth noting that (za,y2) = (—yh ngﬁ) )

(iii) Let
;2
yioy2 )’

where the vectors (x1,y1) and (z2,y2) are defined by (8.9), (8.10). We then

get
1 —x ANT1 Ao A 0
PlAP = Y2 2 171 22\ _ 1
det(P) (y1 x1 Ay1 A2ye 0 Az )’

where det(P) = 1= + 37 > 0.
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(iv) From (8.11) it follows that

(M0 5
per(y D)

Therefore, for any n € N we obtain

A0 T x AT =z AT
AT — P 1 pl_ 1 1 T2 Y2 A7 2]
0 Ay det(P) \ y1 o —y1Ay  T1AY

1 (muuA?—a&mAS :mxﬂAS—A?)>

Cdet(P) \ yiya(NF =AY zyye) — 2o A}
2+ Ajyisinh 8 zqy; sinh (1 — A3)

x? + y? sinh 8 x? + y?sinh 3
z1y1(1 = A\§) \2x? + y? sinh 3
z? 4+ y?sinh 8 z? + y}sinh 3
This completes the proof. O

In what follows, for the sake of simplicity, let us denote
1+ cosh 3 Ko sinh g Ky e sinh g [ 1+coshﬁ.

Ky = = = =
0 5 ) 1 5 2 5 3 5
(8.13)
In these notations, the operator K, . given by (4.4) can be written as follows:
3
K =Y Kiop” @ ", (8.14)
i=0

Remark 8.3. In the sequel, we will frequently use the following identities for
the numbers K;,i = 0,3 given by (8.13):
(i) K2+ K} + K3 + K3 = cosh? 3;
(ii) 2(KoK7 — K2K3) = sinh 8 cosh 3;
(111) 2(KOK1 + K2K3) = sinhﬁ;
(iv) K¢ + K} — K3 — K3 = cosh 3.
Proposition 8.4. Let K, ., be gwen by (8.14), S(x) = (1,2,3), and h® =
h(z) (Z) + h( Dgli ), where 1 € S( ). Then, we have

Tr,g H K H h® H Kwa| =08 + 076" (8.15)
ieS(a) i€5()
where
h§ = BRI RS cosh® B+ h{VhP R sinh? 8 cosh® 3
+h§1)h§2)h63) sinh? ﬂcosh3 8+ hgl)hgf)h?) sinh? /3 cosh? 8, (8.16)
hgz) = h(()l)héz)hgg) sinh 3 cosh? 3 + hél)hgz)hég) sinh (3 cosh® 3
+h§1)h82)h(()3) sinh (3 cosh® 3 + hgl)h?)hgg) sinh® 3 cosh 3 (8.17)
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Proof. Let us first evaluate gém) = Try [K<x73>h(3)K<$73>] . From (8.14) it fol-
lows that

K, 3>h( )K Z K, K; J(I) (m) R0 (3) (h(?’) (3) —l—h(3) (3)) (3)
i,5=0

B Z KiK;0®o® @ 0o

4,J=0
A Z KiK;0®0 @ 0@ oot
2,7=0
Therefore, one gets
géw) :g(B) (2 )+g(3) (x) (8.18)
where
o8 = i (K2 + K? + K2 4+ K2) = h{¥) cosh? B (8.19)
gt =2 (KoK + Ky Ks) = h$Y) sinh 6. (8.20)

Now, evaluate ggm) = Try {K@,Q)h(z)gém)K(mm]. Using (8.14) and
(8.18) we find

3
K(ﬂ)h(z)géac)sz> _ g(()3)h(()2) Z KinO'Z(w)O'](»w) ®0£2)0§2)
i,j7=0

3
+g((]3)h(12) Z KinO'Z(x)O‘J(-m) ® 052)052)U§2)
i,7=0

3
+g§3)h(()2) Z KZ'K]‘UZ( )01 )U](m) (2)0(-2)

J
4,J=0

3
+g§3)h§2) Z KinU§£)0§£)U§I) ® 0'1(2)0{2)0';2).
i,7=0

Hence, one has
where
g(()Q) = (B)h@) (K§ + K7 + K3+ K3) + 29(3)h§2)(K0K1 — K> K3)
= g(()g)h(()z) cosh? 8 + g1 h(1 ) sinh (3 cosh (3, (8.22)
97 = 20" 0P (Ko Ky + Ko Ks) + gtV b (K3 + K3 — K3 — K3)
g(()3)hg2) sinh 3 + g%g)hém cosh f3. (8.23)
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Similarly, one can evaluate

gl = Try [Kenh Vel Ky | = ool + (00 (3.29)

where
gél) _ (z)h(l) cosh? 3 Jré7(2)}l(1) sinh 3 cosh 3, (8.25)
0@ = ¢ hD sinh 8+ ¢ R cosh 5. (8.26)

We know that

ieS(@) ieS@)  ieS(a)
and combining (8.19), (8.20), (8.22), (8.23), (8.25), (8.26), we get
g8 = BVRP RS cosh® B+ BV P R(P sinh? B cosh® 8
+h VR RE sinh? Beosh® B + AV AP B sinh? B cosh? 8,
9% = h§" P h{Y sinh B cosh? B+ AV A R sinh 5 cosh® 5
+hDRPBE sinh B cosh? B+ h{Y P 1P sinh® B cosh B
This completes the proof. O
Corollary 8.5. Let K, . be given by (8.14), % =(1,2,3), and
hM) = hlail), h(® = aoo((f), h®) = cr( )

Then, we have

Ty | [] Ky [[ 29 [ K| = odhisinh Geosh? gof™. (8.27)
ieS(@) i€S@@)  ieS(x)
—
Corollary 8.6. Let K, . be given by (8.14), S(x) = (1,2,3), and
h® = hoos" + hiol?,
h® = 59007 + 71017,
h® — 700® 4+ 30,

Then, we have

Tr,, H K H W T K :<Ah,o(m)>, (8.28)

zES(m) 16%

where as before, A is a matriz given by (8.1), and here we assume that o =

O'(()x),O'gz) ,h = (ho, h1) are vectors and (-,-) stands for the standard inner

product of vectors.



Vol. 12 (2011) On Quantum Markov Chains on Cayley Tree II 1133

Let us consider the following elements:

06\ = ®Uéw) € By, ACA,, Uf(w)’l =0 (1) ® 0(2) ® 0(()3) € Bs(a)s
zEA

(8.29)
= S (1) 1 Wn S (1)
cer"“’l =0, (@w,,) ® o, #\Slew,) € Bw,,.» (8.30)
n —_—
agl"“ = ®agv'i ® o}””“’l €Ba,.,- (8.31)
i=0

Proposition 8.7. Let @ffo)(ao) h(ao) be a forward quantum d-Markov chain cor-

responding to the model (8.14) with boundary conditions h(*) :aoaéx) for all
Let ag ' be an element given by (8.31) and (3 €

=0, for any N € N.

r € L, where ag = W

(Bs, 8%). Then, one has Sawo)(ao) B(eo) (aglm-l)

Proof. Due to (3.8) (see Theorem 3.1) the compatibility condition holds

(n+1,f) _, (n,f)
wo () h(ao) [BA" gpwo(ao) h(ao)" Therefore,

(f) A _ (n,f) A
oD oy oy (@) = w— Tim D) (ad)
_ _(N+1,f) A
- SDwo(ao),h(om) (a61N+1) . (832)
Taking into account wo(ap) = *060) and due to Proposition 3.2, it is enough

to evaluate the following:

(N+1,f) ANt
Puwo (o), h(ao) (%1N+ )

—Tf(WNH (ag+))
= CTOTf {K[o,u o Kiv v b Ky v o K[Tm]a?l]”l}

1
=—Tr {K[o,l] - Kin_1,n)
g

Wagt, N
Try [K[N N+1]hN+1K[N N+1)91 m :|K[N 1,8 K, 1]] .

Now let us calculate I~1N = Try [K[N,NH]hN+1K[*N)N+1]a¥V““’1] . Since

K 4,0y is self-adjoint, we then get



1134 L. Accardi et al. Ann. Henri Poincaré

i’le = Trm(n }
Wn

Sl )1
S 1 2 I1 Epw e

II oy

yeS (@) yeS@l)  yeSER)
© & Tl [I Kew [I 2Y I Kew
zEV_‘}N\I%Z\, yeS(z) yes(z) yeS(x)

We know that

Tr, H Kz H h® H Ky | =h@), (8.33)

yeS(z) yes(z) ye

for every x € W/ N\wa Therefore, one can easily check that

Tr 1 « M1 v ] & Striiy)!
o] (W v) S

veS(zw)) veS(zwy)  weS(aR))
1)
_ h(wWN) (8.34)
where
=) (@) . 5
h"“"W~y’ = aqoy "V, aq = sinh B cosh” §

Hence, we obtain

Therefore, one finds

1
SO(NHJ)) (GANH) = oTOTr [K[O,l] c KiN—2 N1

wo,h(ao o1
Try {K[N—I,N]hNK[*N—l,N]} K[*N—2,N—1] : "Kf{),u] .
So, after N times applying Corollary (8.5), we get

(p(NH’f) (aAN“) = agN 1 N(smhﬁcosh4 B)NTr((ﬂO)) =0.

wo,h(ag) \"'o1

This completes the proof. O

Proposition 8.8. Let 507(42)(7) h(v) be a forward quantum d-Markov chain corre-

() ()

sponding to the model (8.14) with boundary conditions h(*) = ~, oy +moy
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for all x € L, where v = VDE and 1 = VE. Let agN+1 be an element given
by (8.31) and B € (B«, 8*). Then, one has

P oy (ad) = - <ANh70m, ) VNeN, (8.35)

where A is a matriz given by (8.1), (-, -) is the standard inner product of vectors
and e = (1,0), hyy », = (ho, h1) are vectors with

ho = 7271 (sinh? 3 cosh B(1 + cosh 3) + cosh® 3) + 72 sinh? B cosh® 3, (8.36)
h1 = ~8 sinh 8 cosh® 8 + o1 (sinh 3 cosh® B(1 + cosh 8) 4 sinh® 8 cosh? 3).
(8.37)

Proof. Again, the compatibility condition yields that

Proniy (057 7) = w = Tim o) (agye) = g il (agyr) . (8:38)

Noting that if h(®) = ’yoa(() ) 4+ fylag ), then one of the solutions of the equation
Tr(wagh®) = 1 w.r.t. wp is we(y) = 70(()0)7 and due to Proposition 3.2, it is
enough to evaluate the following:

(N+Lf) (A

wo,h(y) (at71N+1)

=Tr (WN+1 (a AN+1>>

= %Tr {K[o,u o Kiv v b Ky v o KfBJW?f’“}

1
= —Tr |:K[071] s K[N—l,N]
7o

.
Wi

* ,1 * *
Tr [K[N7N+1]hN+1K[N,N+1]Jl o } K[N—1,N]"'K[o,1]] :

Let us calculate ﬁN = Try [K[N7N+1]hN+1K[*N NH]U}/V"“J] . Self-
adjointness of K, ., implies that
hy = Trx(wl/)N]

S )
I gy w7 I K o™

yES(z(l) ) yesu“) ) yesu(“

® ® Ty | [ Kew [ BY ] Kew

W (1) —_— —_— ——
zeW N \zyy yeS(z) yeS(z) yeS(z)
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It follows from (8.33) that

Trz(l) ] H K<xg/‘1/)N’y> H h(y) H K<T§A1/)ny>o'15( WN),l

(1) (1) (1)
yES(QtWN) yES(xWN) yES(xWN)

~, (1) (1) (1)
T B I

ho = v2~1(sinh? B cosh B(1 + cosh ) + cosh® 3) + ~3 sinh? 3 cosh? 3,
hy = @ sinh B cosh® B + 4971 (sinh 8 cosh® B(1 + cosh 3)
+sinh® B cosh? 3).

Thus, we obtain
wEV_I}N\xE,lV)N
Therefore, one gets

(N+L,f) (A _ 1
wo,h(vy) (a‘”NH) N Y0 r

TrN—l] [K[N—laN]hNK[*J\Ll,N]] K[*N72,N71] : "K[T),u] .

[K[O,l] o Kin—2,n-1]

Again applying N times Corollary (8.6), one finds

N+1, 1 1
807(4;0,—;(;;) (aglNH) = %Tr KANhWo,'mU(O)H = - <ANh'm,'y1ve>'

Here, as before e = (1,0), h, ~, = (ho, h1) are vectors, and A is a matrix given
by (8.1). This completes the proof. O

To prove our main result we are going to use the following theorem (see
[16], Corollary 2.6.11):

Theorem 8.9. Let 1,2 be two states on a quasi-local algebra A = UpAp. The
states 1, o are quasi-equivalent if and only if for any given € > 0 there exists
a finite volume A C L such that ||p1(a) — p2(a)|| < €lla|| for all a € By with
ANA=0.

Theorem 8.10. Let 5 € (B«,3*) and cpgo)(ao)m(aoyapffo)(n/))h(v) be two forward
quantum d-Markov chains corresponding to the model (8.14) with two bound-
ary conditions h*) = ozoa(()x),Vx € L and h™® = ’yocréw) + ’ylo'ggv),Vz €L,
respectively. Here, as before ag = ﬁ,’)@ = VDE, and vi = VE. Then

wfi),h(ao) and gpg(ih(ﬂ are not quasi-equivalent.
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Proof. Let a>™*' be an element given by (8.31). It is clear that ‘ aby 1,
for all N € N.
If 8 € (B, 8"), then according to Propositions 8.7 and 8.8, we have
‘pii)(ao),h(ao) (0,21N+1) =0, (8.39)
1
S07(45;)(’Y)>1’1(’Y) (aglNJrl) - % <ANh70,’71 ) €> (8.40)

for all N € N. Here, as before e = (1,0), hv, ., = (ho, k1) (see (8.36), (8.37))
and A is given by (8.1). Then, from (8.40) with Proposition 8.2 one finds

(f) (aANH) _ x2hy + x1y; sinh Bho
Puo(7),8(y) (Yo Yo(z? + yF sinh 3)
y3 sinh Bhy — x1y; sinh Bhy
+ 2 2 .
Yo(zf + yi sinh 3)
where Az is an eigenvalue of A and (x1,y1) is an eigenvector of the matrix A
corresponding to the eigenvalue Ay = 1 (see Proposition 8.2). Due to Proposi-

tions 8.1(iv) and 8.2 one has 0 < Ay < 1, which implies the existence Ny € N
such that

Y, (8.41)

22hy + z1y1 sinh Bhy  y? sinh Bhy — 21y sinh Bhy
7o(@? + o7 sinh ) 20(a7 + g7 sinh )
S 22hy + z1y; sinh Bhy
270(2? + y? sinh 3)

A

(8.42)

for all N > Ng.
22hy + z1y; sinh Bhy

230(27 + y ik §)

Now putting €y = and using (8.39), (8.41), (8.42)

we obtain

() A ) A
Pun(ao)hia) (%01 ) = Punrniy (@077)

for all N > Ny, which means cpifg)(ao) h(ao) and cpg))(,y) h(y) A€ not quasi-equiv-

alent. This completes the proof. O

> o [lag;

From the proved theorem we immediately get the occurrence of the phase
transition for the model (8.14) on the Cayley tree of order 3 in the regime
B € (B«,8*). This completely proves our main Theorem 4.1.

9. Some Observations

In this section we define a continuous function, depending on the model, such
that its first-order derivative has discontinuity at the critical values of the
phase transition.

First denote

K,(B) = K11 K712 "'K[n+1,n]w|1v/[/2n+l‘7 (9.1)
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where

W|1v/v2n+1\:: Q) w'’*().

e
zEW iyt

Define a function F': Ry — R by the following formula:

BF(B) = lim L

log Tr (f{n(ﬁ)f(; (5)) . (9.2)

In what follows, we will consider the function F(3) given by (9.1) corre-
sponding to the model (8.14) with mixed boundary conditions w(ag) = O%Ooo,
ie., h® = aoaéw),Vx € L for g € (0,8,] U[B*,00) and w(yo) = %oo,h(”) =

%U(()z) —l—’ylogr),Vac € L for 8 € (Bs,5*). Here, as before ag = ﬁ,% =

VDE, and v, = VE.

We have the following result:

Theorem 9.1. Let F': Ry — R be a function given by (9.1). Then, the following
assertion holds to be true:

(i) F(0) is a continuous function on Ry ;
(ii) The derivative function F'(B) has the first-order discontinuity at the
points B, and [*.

Proof. Let us evaluate the value of the function F(3) on the ranges 5 € (0, 5.]U
[B*,00) and B € (B, 5*), respectively.

Now assume that 3 € (0, 8.] U[3*, 00); then, using the same argument as
in (7.3) one gets

1 (%))

AN . (n.f) _
T (Ka(9)R5(9)) = Vel W] P (ao)h(ao) (L) =

Qo

7a§|wn+l| . (9.3)

Hence, taking into account lim,, lV‘V{}T' = 2 with (9.3), (9.1) we obtain

BF(8) = —4logap(P),
for all g € (0, 8] U[B*, 00).
Let 8 € (B«,3). Then in this setting, similarly as above, one derives

Pt — L Qo __(n,f)
’I‘I‘ (Kn(ﬁ)Kn(ﬁ)) - ’ylW"+1| : a‘W"Jrl‘ wwo(ao),h(ao)(]l)
0 0

Qo

- aWrttl Waia]”
0 Yo
(9.4)
Therefore,
BE(B) = —2log (o (B)70(8)) ,
for all 8 € (B, 5*). Thus, we have

_ [ ttog 2 ge(0,8.] U8, )
o) = { ~2log (ap(B)0(B), B € (B, ). 55)
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Using (5.3)—(5.9) one can calculate that

A2(8)(B2(B) — B1(PB))
= VDB = ¢ B,(3) " BalB)(A2(3)B1(5) — Ba(8)41(5))

Due to Bo(8«) = 1(6*),32(,6’*) = B1(8*) we have

s 1[2‘1 ,0(8) = ao(By), 6_1)1519_070(5) ap(8").-
This means that F'() is a continuous function on (0, 00).

It is clear that ag(8) and vo(8) are differentiable functions on (0, 5] U
[B*,00) and (B, 3*), respectively.

One can easily check that

/ o _ A8 (B1(B:) — By(Bs))
F'(B) lp=p.+0 =F'(B) |p=p.—0 = (a(5.) — Ay (5.))Bal 5.5, #0,
/ / A (87)(B ( ") = By(8Y))
F _gv_o —F —3* = 0
(B) lg=p=—0 —F'(B) |p=p++0 (37 — Ay (3)) Bal 575" # 0,
which shows that the derivative function F’(8) has the first-order
discontinuity at the points G, and §*. O

Remark 9.2. If one compares with classical case, the defined function plays
a role of free energy associated with a model. One can see that the function
BF(B) given by (9.1) is continuous and its derivative has the first-order dis-
continuity at the points 3, and §* as well.

10. Conclusions

It is known (see [16]) that if a tree is not one-dimensional lattice, then the
existence of a phase transition for quantum Markov chains constructed over
such a tree is expected (from a physical point of view). In this paper, using a
tree structure of graphs, we gave a construction of quantum Markov chains on
a Cayley tree, which generalizes the construction of [2] to trees. By means of
such a construction, we have established the existence of a phase transition for
quantum Markov chains associated with XY-model on a Cayley tree of order
three. By the phase transition we mean the existence of two distinct QMC
for the given family of interaction operators. Note that in [10] we established
the uniqueness of QMC of the same model on the Cayley tree of order two.
Hence, results of the present paper totally differ from [10], and we show by
increasing the dimension of the tree we get the phase transition. In the last sec-
tion we defined a thermodynamic function, and proved that such a function is
continuous and has discontinuity at the critical values of the phase transition.
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11. Appendix: Proof of Lemma 5.5
(i) Let Py(t) =2 — 8 —¢7 — 5 4 2t* 4 2t3 — ¢ — 1. One can check that
Py(t) = (t —1)(t® —t° — 265 — 2t 4 22 + 2t 4 1)
and ¢t = 1 is a root of the polynomial Py(t). It is easy to see that Py(1.05) >
0, Py(1.1) < 0,Py(1.5) < 0, Py(1.6) > 0. This means Py(t) has two roots ¢, and
t* such that 1.05 < t, < 1.1 and 1.5 < t, < 1.6. On the other side, due to
Descartes theorem, the number of positive roots of Py(t) is at most the num-
ber of alternating signs of its coefficients 1, —1,—1,—1,2,2, -1, —1. So, Py(¢)
has exactly three roots 1,%,,t*. It is evident that if ¢ € (1,¢,) U (¢*,00) then
Py(t) > 0 and ¢ € (t.,t*) then Py(t) < 0.
(ii) Since 8 > 0 and cosh 8 > sinh 5 > 0, we get
Ay — Ay = sinh? (8 cosh? 6(2 cosh? 8 + cosh 8 — sinh 8) > 0.
(iii) Let us denote by t = cosh3 and 8, = cosh™'t,,3* = cosh™*t*.
One can check that
By,—B1 >0 < Pg(t)207
and
By, —B1 <0 < Pg(t)<0

So, from (i) it follows that if 8 € (0, 8.] U [#*,00) then By < By and if
ﬁ € (ﬁ*,ﬁ*) then By > Bs.
(iv) Let us denote by ¢ = cosh 3, and

Quo(t) = t'0 + 4t° 4 565 — 4™ — 14¢° — 615 + 11¢* + 8 — 32 — 2t + 1.
One can see that
As+ By > A1+ B & Qio(t) > 0.
It is clear that if 8 > 0 then ¢ > 1. One can easily get that if ¢ > 1 then
Quo(t) = t(t — 1) ((t — 1)(t7 + 6t° + 16> + 22t* + 11¢3 + 3t(t* — 1))
+2(t+ 1)) +1>0.
(v) If 8 € (B4, 5%) then By — By > 0. From (iv) it follows that A — 41 >
Bi — B>. This means that D > 1.
(vi) Since 1+ cosh 8 + cosh? 3 > 1+ 2cosh 3 and cosh 3 > sinh 3 > 0
we get
B1By — A1 A,
= sinh 8 cosh® 8 (Cosh5 B(1+cosh 34cosh? B) —sinh? 8(1+2 cosh 6)) >0.
It is easy to see that

AyB, — Ay By = sinh® 8 cosh® B(1 4 3 cosh 3 + 3 cosh? B + cosh® 5) > 0
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(vii) Let
Qr(t) =" +2t% — 3t* — 26 +- % + 3t + 1.
Then, one can easily check that
A1 Ay + 34, By — A3 By + By By = sinh 3 cosh® BQ7(cosh B).
If 8 € (B4, 0%) then t € (¢4,t*) and
Qr(t) =t(t — 1)(t° +3t* +2t(t2 = 1) + 3 — 1)+ 2t +1 > 0.

Here ¢, > 1.
Let

Qu(t) = —t* =3 + 12 4 5t + 2.
Then, we get
AyBy — 3A1By — 2A, Ay = sinh® 3 cosh® Q4 (cosh 3).

One can check that Q4(1.7) > 0 and Q4(1.8) < 0. Due to Descartes
Theorem we conclude that Q4(t) has a unique positive root  such that 1.7 <
t<18.

If B € (B.,5%) then t € (t,,t*) and t* < 1.7 < £. Then, for any t € (t,,t*)
we have Q4(t) > 0.

(viii) It is clear that, if 8 > 0, then

sinh B cosh B(1 + cosh 5) > 0.
Now we are going to show that

sinh B(1 + cosh 3) < cosh® 3. (11.1)
Noting

B _ o B NP

sinh 8 = ¢ cosh 8 = 5 ,

2 )
and letting t = e?, we reduce inequality (11.1) to
9 —265 —t* + 72+ 2t +1 > 0. (11.2)

Since 8 > 0, then ¢ > 1. Therefore, we shall show that (11.2) is satisfied
whenever ¢ > 1. Now consider several cases with respect to t.

CASE I. Let t > 1+ /2. Then, we have

0265 2472 4 2t + 1=¢4 (t —(1+ \/5)) (t —(1- x/i))+7t2+2t+1>0.

CASE II. Let 2 < ¢t < 1+ v/2. Then, it is clear that ¢ < V. Therefore,

10— 2% P T2+ 1 =10t - 2) + (T — 7)) + 2t + 1> 0.
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CasE III. Let \/g <t < 2. Then, one gets

20t — 2t —t* + T4 4 2t + 1) = 2* (t2 — ;) + gt‘*(z —1)

+gt2(8—t3) + 262 44t +2>0

Case IV. Let 1 <t < \/Z Then, we have

=2 T 2+ 1=ttt — 12+t (T—2t2) 42t +1>0
Hence, the inequality (11.1) is satisfied for all 8 > 0.
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