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Abstract. We derive explicit formulae for a set of constraints for the
Einstein equations on a null hypersurface, in arbitrary space-time dimen-
sions n + 1 > 3. We solve these constraints and show that they provide
necessary and sufficient conditions so that a spacetime solution of the
Cauchy problem on a characteristic cone for the hyperbolic system of
the reduced Einstein equations in wave-map gauge also satisfies the full
Einstein equations. We prove a geometric uniqueness theorem for this
Cauchy problem in the vacuum case.

1. Introduction

The simplest way to obtain a well-posed system for the vacuum Einstein equa-
tions is to suppose that the coordinates satisfy so-called harmonicity condi-
tions, or, more generally, to introduce a preassigned metric g, called target
metric, which permits to write the Ricci tensor as the sum of two tensorial
operators, one of which is a hyperbolic operator acting on g, called the reduced
Ricci tensor, and the other a homogeneous first-order differential operator act-
ing on a vector H, called wave-map gauge vector, which vanishes when the
identity map is a wave map from (V, g) onto (V,§). When the initial manifold
My is spacelike, classical theorems of analysis show existence and uniqueness
of solutions of so-reduced Einstein equations. The case where the initial mani-
fold is null has analogies with the spacelike case but also important differences:
First, the induced metric is degenerate, and unconstrained in the regions where
7, the divergence of the light-cone (see (4.25) below), has no zeroes. Next, the
second fundamental forms defined on a spacelike and on a null manifold, for
which the normal is also tangent, have very different properties. Finally, null
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initial data on a light cone, or on two-intersecting null hypersurfaces, determine
the solution in one time direction only, past or future.

A complete understanding of this problem is still lacking, even in space—
time dimension four. The most exhaustive studies are for the case of two inter-
secting null surfaces [4,5,16-18,23,24,44,49,51]; compare [2,3,31]. The most
complete construction of equations satisfied by initial data has been given by
Damour and Schmidt [17], and the most satisfactory treatment of the local
evolution by Rendall [47]. The problem with data on a characteristic cone
presents new mathematical difficulties due to its singularity at the vertex, and
only partial results have been obtained before in [9,20,24,27,48].

The object of this work is to present a treatment of the Einstein equations
with data on a characteristic cone in all dimensions n + 1 > 3. We proceed as
follows:

Though the equations are geometric and the final results coordinate inde-
pendent, it is useful to introduce adapted coordinates to carry-out the analysis.
We take a C* manifold V diffeomorphic to R**!, and we consider a cone Cp
in V with vertex O € V' and equation, in coordinates y® compatible with the
C®® structure of V,

i=1,...,n

We consider the Cauchy problem with data on Co for the Einstein equations
with unknown a Lorentzian metric g, assuming that Co will be a characteristic
cone of the metric ¢ and the lines y° = r, "’7 = ¢!, where the ¢’ are constants, its
null rays. It is well known® that the characteristic cone of a C*! Lorentzian
metric admits always such a representation in a neighbourhood of its ver-
tex. We review in Sect. 3 an existence theorem which applies to the reduced
Einstein equations in wave-map gauge with Minkowski target reading in these
coordinates

g=—(@")"+ > () (1.1)

We introduce in Sect. 4 what we call adapted null coordinates, singular on the
line 7 = 0, in particular at the vertex O of Cp, but C* elsewhere, by setting

20 = — 0, Ti=7,

and defining 24, A = 2,...n, to be local coordinates on the sphere S"~'. In
coordinates x® the trace g on Cp of the metric g we are looking for has the
form

7 = Goo(dz®)? 4 219dzda! + 2v4da’dz? + g4 gdz?da? . (1.2)
—_—

=G

1 This is guaranteed to hold only in a neighbourhood of the vertex, as there can be caustics.
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Remark that the question, whether ! is an affine parameter on the null
rays 4 = ¢?, depends on derivatives transversal to Cp of the spacetime metric
g, which are usually not considered as part of the initial data for characteristic
Cauchy problems.

The adapted null, but singular at the vertex, coordinates x® are used to
solve “wave-map gauge constraints” satisfied by g.

In Sect. 5 we review the standard argument that the Bianchi identities
imply that if g satisfies the reduced Einstein equations with source a diver-
gence-free stress energy tensor, then the vector H satisfies a homogeneous
hyperbolic system; it vanishes in the future of Cp if its trace H vanishes
on Co.

We show in Sects. 6 to 11 that H = 0 if the initial data g satisfy a set
of n + 1 equations which we call the wave-map gauge constraints. These con-
straints read as a hierarchical system of ordinary differential equations along
the light rays, singular at the vertex O, if one uses the adapted null coordi-
nates z%. We write this complete system for a general § and generalized wave
gauge, in arbitrary dimensions n+1 > 3. We integrate them successively under
natural limit conditions on the unknowns at O. We study briefly in Sect. 6.2
the case when the degenerate metric § induced on Cp (i.e. the x! dependent
quadratic G4, see (1.2)) is prescribed.

In Sect. 7, in order to have an evolutionary equation for the divergence
T we set, as many authors before us, g5 = Q%yap, with v an arbitrarily
given x! dependent metric on S"~!. The first wave-map gauge constraint can
be written in a form which involves the two unknowns vy and €. Its general
solution is obtained by the introduction of an arbitrary function k. We study
in particular the case kK = 0 which leads to the Raychaudhuri equation for 7
for which we prove global existence for a small |o| which depends only on the
given v. A simple integration determines then 2; hence g, and we are back
to the equations for vy, v4, goy Wwith given g. We remark that the equation for
vo (for £ = 0) implies that the vector ¢ is parallelly transported along the null
ray by the connection of a spacetime metric in wave-map gauge satisfying the
Einstein equations. In Sects. 8, 9, 10 and 11 we establish, and integrate, the
other constraints determining v4 and ggyy. A theorem in Sect. 12 summarizes
our analysis of the wave-gauge constraint equations. A uniqueness theorem is
proved in Sect. 13.

A major question left open by our work is the description of the largest
class of unconstrained initial data which lead to solutions of the wave-map
gauge constraints such that the components in y® coordinates of the trace g
satisfy the (non trivial) initial conditions given in Sect. 3.1 for the existence
theorem for quasilinear wave equations. The problem is that the wave-gauge
constraint equations determine the components of g in the x® coordinates, and
these components are linked with the components in the y coordinates by lin-
ear relations which are singular at the vertex. We simply note here that initial
data which are Minkowskian in a neighbourhood of the vertex are easily seen
to be in the class where the existence theorem holds; see also [13] for a more
general family of data. We plan to return to this problem in a near future.
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2. Definitions

2.1. Ricci Tensor and Harmonicity Functions

The Ricci tensor of any pseudo Riemannian metric is given in local coordinates
by

0
— A A A A —
Raﬁ — 8)\Faﬁ - aa].—‘ﬂA + Paﬁl—‘l;\u - Faufgw 3)\ — @, (21)
with I‘gﬁ the Christoffel symbols
1
Fgﬁ = g)\u[ﬂv O‘ﬁ]a [;u'a aﬁ] = §(aag,3u + aﬁgau - augozﬁ)' (22)
The Ricci tensor satisfies the identity
1
Ras =R + 5 (902057 + 952 0aT™), (2.3)

where Ricc(h)(g), the reduced Ricci tensor, is a quasi-linear, quasi-diagonal
operator on the components of g,

1
Ry = *§9A”3A3u9aﬂ + f1g9:09las (2.4)

and f[g,0glas is a quadratic form in the first derivatives dg of g with coeffi-
cients polynomial in g and its controvariant associate.
The T*’s, called harmonicity functions, are defined as

I = gMTq,. (2.5)

The condition I'* = 0 expresses that the coordinate function x® satisfies the
wave equation in the metric g.

2.2. Wave-Map Gauge

The harmonicity functions are coordinate dependent and only defined locally
in general, whether in space, or time, or both. The wave-map gauge, which we
are about to define, provides conditions which are tensorial. A metric g on a
manifold V' will be said to be in g-wave-map gauge if the identity map V — V
is a harmonic diffeomorphism from the spacetime (V, g) onto the pseudo-Rie-
mannian manifold (V, §), with § a given metric on V. Recall that a mapping
f:(V,g) — (V,g) is a harmonic map if it satisfies the equation, in abstract
index notation,

Of* = gM (03, f — T5,05f* + Orf70,f7T2,) = 0. (2.6)

In a subset in which f is the identity map defined by f*(x) = x®, the above
equation reduces to H = 0, where the wave-gauge vector H is given in arbitrary
coordinates by the formula

H» := g°PT); — WA, with W := g*T (2.7)

where fgﬂ are the Christoffel symbols of the target metric §. See [10] for a
more complete discussion of the concepts and results in this section.
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The following identity has been proved to hold, with D the Riemannian
covariant derivative in the metric g [10, p. 163],

1 . N
~(garxDsH* + gsaD,H), (2.8)

) |
Ras = RUG) + 5

where RS;I) (g), called the reduced Ricci tensor of the metric g in g-wave-map
gauge, is a quasi-linear, quasi-diagonal operator on g, tensor-valued, depending
on §:

)i 1 A A ~
Ry = =59 DrDygas + flg, Dlag, (2.9)

where f lg, ﬁg]ag, independent of the second derivatives of g, is a tensor qua-

dratic in Dg with coefficients depending upon g and §, of the form (see formula
(7.7) in chapter VI of [10])

. S 1 : :
P(gﬁn/é/\”(g)ng’y&Dag/\u + §gAM{gapR)\p,6;L + gﬁpR/\pau}» (210)

with R the Riemann curvature tensor of the covariant derivative D. We will
frequently restrict ourselves to the case in which the target metric is the
Minkowski metric n and then denote by D the covariant derivative. In this
case, and if using coordinates such that the Minkowski metric takes the canon-
ical form (1.1), the reduced Ricci tensor in wave-map gauge coincides with the
one in harmonic coordinates.

We emphasise that, unless explicitly stated, our computations are valid
for a general g.

Our main results below assume that W takes the form (2.7). However,
several results apply to a large class of W’s of the form?

W = g*PTh, + W, (2.11)

where W is a vector which may depend upon g,g and possibly some other
fields, but not upon the derivatives of g; the relevant restrictions are pointed
out in (7.6)—(7.7), (8.28)—(8.29) and (10.44)—(10.45). The reduced Ricci tensor
becomes then

R = R 4 5 (ga,\DBW 4 gsrDaW ) (2.12)

However, unless explicitly indicated otherwise we assume that W is identically
Z€ero.

Another interesting generalization (see, e.g., [45] and references therein)
has been inspired by numerical simulations: if one uses the decomposition
(2.8), the identities H* = 0 are only obeyed to some finite precision and H*
shows a generic tendency to deviate from zero. Attempts to cure that have

2 Friedrich [25] introduced generalized harmonic coordinates by adding arbitrary functions
to the harmonicity conditions.
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been made by introducing constraint damping terms [30], changing the choice
of the reduced Ricci tensor R‘(;;) to
2p

L g H, (213)

1
Rgé) + if(nagﬁk + nggar —

or, equivalently, the reduced Einstein tensor S((fﬂ[) to

S&g) + %e(nagm + nggar + (p — l)nAgag)H)‘, (2.14)
where n* is a vector field and € is a small positive constant which controls the
rate of damping of the gauge conditions. (As shown in [30] the constant p must
also be positive to have damping.) We will show that the damping terms are
consistent with our analysis. For definiteness we will assume that n* has been
prescribed, though certain more general situations can easily be incorporated
into our scheme.

3. Characteristic Cauchy Problem

The Einstein equations in wave-map gauge with source a given stress-energy
tensor 7T,

. 1 o o tr, T
Ry = =59 DaDygap + fl9. Dglas = paps  pap = Top — = gap,

(3.1)

form a quasi-diagonal, hyperquasi-linear® system of wave equations for the
Lorentzian metric g. The Cauchy problem for such systems with data on a
spacelike n-manifold Mj is well understood, the Cauchy data are the values
of the unknown on M, and their first transversal derivatives. When M, is not
spacelike in the spacetime (V, g) which we are going to construct, the problem
is more delicate. It is known since Leray’s work (see [37]), ¢ that the Cauchy
problem for a linear hyperbolic system on a given globally hyperbolic space-
time is well posed if M is “compact towards the past”; that is, is intersected
along a compact set by the past of any compact subset of V. However the
data depend on the nature of My and the formulation of a theorem requires
more care. In the case where M is a null hypersurface, except at some singular
subsets (intersection in the case of two null hypersurfaces, vertex in the case of
a null cone) the data are only the function, not its transversal derivative, with
some hypotheses which need to be made as one approaches the singular set.

In this article we concentrate on the case of the light cone, though most
of the calculations of our equations apply to any null hypersurface.

3 That is, the principal second order terms are diagonal and their coefficients depend on the
unknowns but not on their derivatives.

4 See [32,43] for a treatment of generalized solutions of a linear wave equation with data on
a achronal Lipschitz section of a spacetime with compact spacelike sections.
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3.1. The Cagnac—Dossa Theorem

To prove the local existence of solutions of Einstein equations with data on
a characteristic cone we use a wave-map gauge and an existence theorem for
solutions of quasi linear wave equations with such data.

The proof of an existence theorem for such a characteristic quasilinear
Cauchy problem is inspired by Leray’s idea of the linear case, applied to the
characteristic cone and linear wave equations in Cagnac [7] (cf. also Cagnac [6]
and Friedlander [22])and extended to the quasilinear case by Cagnac [8]. The
most complete results appear in Dossa’s thesis, the second part of which is
published in abbreviated form in [19]. One considers quasi-diagonal, quasi-
linear second-order system for a set v of scalar functions v',I = 1,..., N, on
R™! of the form

A’\“(ym)aiuv + f(y,v,00) =0, y= (") e R" X pu=0,1,...,n>2,

(3.2)
o’ 0%v!
’U:(’UI), 811: (W‘)’ 8?\“’02 <8y)‘8yl’*>7 f:(fl), Izl,,N
(3.3)
The initial data
U=, =@ (3.4)

are given on a subset, including its vertex O, of a characteristic cone Co.
Throughout this work a bar over an object denotes the restriction of that
object to Co.

Cagnac and Dossa assume that there is a domain U C R™*! where Cp
is represented by the following cone! in R"*! (compare Fig. 1 below)

Co={2"=r—y’ =0}, r*:= Z (y")2.
i=1,...,n
The initial data ¢ is assumed to be defined on the domain
Cl.=Con{0<t:=y" <T}. (3.5)
They denote
Yo :={t:=y" >r}, theinterior of Co, Y2 :=YoNn{0<y°<T}. (3.6)
They also set
¥, :=Con{y’ =7}, diffeomorphic to ™!, (3.7)
S, :=YoNn{y’ =1}, diffeomorphic to the ball B"~'. (3.8)
We will use the following theorem given in the first part of Dossa’s thesis:
it assumes some more differentiability of the data than the theorem in [19],
but it is simpler to apply to the Einstein equations whose initial data must
satisfy wave-map-gauge constraints and is sufficient for us here.
Observe that these results assume more regularity from the data on the

cone than the regularity obtained for the solution, a constant fact in charac-
teristic Cauchy problem already seen in other contexts.
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Theorem 3.1. Consider the problem (3.2)—(3.4). Suppose that

1. There is an open set U x W C R""1 x RN YT C U where the functions
AM gre C?™F2 in y and v. The function f is C*™ iny € U and v € W
and in Qv € RMTDN,

2. For (y,v) € U x W the quadratic form AM has Lorentzian signature; it
takes the Minkowskian values for y =0 and v = 0.

3. a. The function ¢ takes its values in W. The cone CZ is null for the

metric AM (y,¢) and $(O) = 0.
b. ¢ is the trace on C} of a C*™*2 function in U.
Then there is a number 0 < Ty < T < +00,Ty = T if ¢ is small enough in

C?™*+2 norm, such that the problem (3.2)—(3.4) has one and only one solution
v in Yg", such that

L Ifm>2+1,ve KmHHYZ)NE™+Y(Y]0), in particular |9v] is bounded.
2. Ifm = oo,v can be extended by continuity to a C* function defined on a
neighbourhood of the origin in RNT1.

The spaces K™(Y2) and F™(Y2') are Banach spaces of sets of functions
on Y2 which together with their time and space derivatives of order less or
equal to m admit a square integrable restriction to each Sy and for which,
respectively, the following norms are finite:

T
lollgnivgy = 30 4 [ 3 100 B,y de
1=1,..N |}

,,,,, 0<|k[<m

Wl = Y sup 5 Y (00 e,
1=1,.,N 0stsT 0<|k|<m

The Euclidean metric, e := Y, (dy*)?, is used to define the measure on S; and
as usual k denotes a multi-index, k := (ko,k1,...,k,),0F the derivation of
order |k| :==ko+ k1 + -+ + kn:

0 = (00 (01)" .. (0)', with 0y 1= (3.9)

3.2. Einstein Equations in the Wave-Map Gauge

We know that the wave-map gauge reduced Einstein equations on a manifold
V' are tensorial equations under coordinate changes, so that any coordinates
can be used. Note that the principal part of the wave-map reduced Einstein
equations is independent of the target manifold, and so the Einstein equations
on R™"! in wave-map gauge are of the form (3.2) for an unknown h, when we
set ¢ = n+ h and work in the y coordinates where the Minkowski metric takes
the standard form

n=—(dy’)*+ Z(dyi)Z-

As an application of Theorem 3.1 we obtain (see also [20] in space-dimension
n = 3):
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Theorem 3.2 (Existence for the wave-gauge reduced Einstein equations). Let
g = n+h be a quadratic form on Cg such that the components EW in the coor-
dinates y* satisfy the hypotheses of the Existence Theorem 3.1. Then, if the
source p is of class C*™ in YZ, there exists Ty > 0 such that the wave-gauge
reduced Einstein equations® R(%) = pap admit one and only one solution on

YOTU, a Lorentzian metric g) = n + h, with h satisfying the conclusions of
that theorem.

The following theorem is a straightforward adaptation of a theorem
proved long ago by one of us [21] for spacelike Cauchy data.

Theorem 3.3. Let ¢") be a C° Lorentzian metric, solution on Yg of the
Einstein equations in wave-map gauge Sg;) = Tup. Then, g™ is a solution
on YZ of the full Einstein equations Soz = Tws if the wave-gauge vector van-
ishes on Ch and the source T satisfies the conservation law VTP = 0.

Proof. The identity (2.8) implies (indices raised with g)
1, 4 A .

§of = gaBtH) 4 §(D5Ha + DHP — g*® Dy H?). (3.10)

Hence, the equations in wave-map gauge Sg;) = T,p and the Bianchi iden-

tities imply that H satisfy the quasidiagonal linear homogeneous system of
second order equations

VoD*HP +V,D°H* — VP D H* = 0, (3.11)

whose principal terms are wave equations in the metric g since VoDPH> —
VADLH® is at most first order in H. If g is C3, H is C2, and an energy
inequality applied to this linear equation implies easily that H = 0 in Y7  if
H:=H| cz =0. O

When the support of the initial data is a spacelike manifold M the van-
ishing of H is guaranteed when the constraint equations (Sas —Tws)n’|ar, = 0
are satisfied by the initial data, where n” is the field of unit normals to My in
the space—time one seeks to construct. One of the main goals of this work is
to present a method to construct initial data on the light-cone which ensures
the vanishing of H.

4. Null Hypersurfaces, Adapted Coordinates

The obtention, and solution, of equations to be satisfied by initial data to
ensure the vanishing of H is simpler in coordinates adapted to the geometry
of the null initial manifold.

5 We use abstract index notation when it helps formulate properties of geometric objects.
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4.1. Adapted Coordinates

Let My be a hypersurface in R"*! which will be a null submanifold of the
spacetime (V, g) with V some domain of R"*1. My is generated by geode-
sic null curves, called rays. In a manner classical for null surfaces we choose
coordinates z® so that My is given by the equation z° = 0, and on M the
coordinate z' is a parameter along the rays, denoting by ¢ the tangent vector
%. We assume that the subspaces ¥,1 : {x'=constant, 2°=0} are spacelike
and diffeomorphic to the same n — 1 manifold X, except possibly for ¥y which
reduces to a point in the case of a characteristic cone. We denote by 2 local
coordinates on ¥.. We have ¢° = 0,¢" = 1,4 = 0.

The covariant vector n := grad 2°, with z° = 0 the equation of M, is a
null vector normal and tangent to M, with components ng = 1,ny =n4 = 0.
By uniqueness of null directions tangent to a light cone we have also £4 = 0
and hence, using that (¢ = 6{', g, 4 = 0. Then, the trace on My of the space-
time metric reduces in the % coordinates to (we put an overbar to denote
restriction to My of spacetime quantities)

T = glao—o = Goo(dz®)? + 20da®da’ + 204d2’dz? + G, pda?da®,  (4.1)
where
Y0 *=Go1, VA= Joas (42)

We observe that the g, 5 are the non zero components of the quadratic form
§ induced by g on My by the identity map. They define an z'-dependent
Riemannian metric on

gy == gapgde?dz®, A/ B=2,...,n. (4.3)

The following identities hold on My, because g, and %7 are inverse
matrices.

| _ _ 1
P =g"=0, L:=g"=_—, (4.4)
Yo
g8 = g"B, with §*P the inverse matrix of g 4. (4.5)
We denote
VB =g4Pu, (4.6)
then
g = oA, g = () + (), (@7

Remark 4.1. We use coordinates that are adapted to the initial light-cone but,
in contradistinction with other authors, we do not assume that those metric
functions that vanish on Cp vanish elsewhere.

In Appendix A we collect formulae useful for explicit calculations, such
as the trace on My of the Christoffel symbols of g, etc.
See [28,29,34,42] for various useful results concerning null surfaces.
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4.2. Characteristic Cones

4.2.1. General Properties. It is no geometric restriction® to assume that in
a neighbourhood of its vertex the characteristic cone” of the spacetime we

are looking for is represented in some admissible coordinates y := (y®) =
(9% i = 1,...,n) of R"! by the equation of a Minkowskian cone with
vertex O,

r—y0 =0, r:= {Z(yl)Q} . (4.8)

Given the coordinates y® we can define coordinates z® on R"*! adapted to
the null cone Cp as we did for a general null surface by setting

D =r—y° al=r zr=p4 <y) , (4.9)
r

with 24 local coordinates® on S™~'. The null geodesics issued from O have
equation 20 = 0, 4 =constant, so that % is tangent to those geodesics. On
Co (but not outside of it in general) the spacetime metric g that we are going
to construct takes the form (4.1), that is, such that g;; = 0 and g; 4 = 0.

We emphasize that there is no loss of generality in writing g in the form
(4.1). However, gy, VYo, V4 are not invariant under an isometry of space-time
which leaves C invariant, they are gauge-dependent quantities (see Sects. 4.5
and 13).

We compute the relation between the components of a tensor 7' in the
coordinates y and z using (4.9) and its inverse:

0 =2t — 20 o =2'ei(z?), with z:(@i)2 =1. (4.10)

If the components of a spacetime symmetric tensor 7" in the coordinates
z* are denoted Ty and if in the coordinates y they are denoted T, g, then

the transformation law for two-covariant tensors, T, = Tug gg - gz#, give the

identities
i 00?
TOO = T()Q, T01 = 7T00 - Tm@ 5 T()A = TO’L or A (411)
, o 00’ 00?
T =Too + 210:0" + 13;0°07,  Tha = Toir oA + Tjir @Ja - (412)
00! 907
2
Tag = Twr 92A 9B (4.13)

6 See footnote 1 and details in Sect. 4.5.

7 A cone is a topological manifold but it is not differentiable at its vertex.

8 They can be angular coordinates, see e.g. [14, Chapter V, Sect. 4], or stereographic coor-
dinates, as in Christodoulou [15].
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Conversely, Do = gz . g;HT gives
oxA
Too = Too,  Toi = —(Too + T01)0" — Toa—— oy (4.14)
o QxA - Ox
T;: = (T, 2T, T11)0'©7 + (T T O'— + 6
Tij = (Too + 2To1 + T11) + (Toa + 1A)< 6y7+ 8y1)
oz oxB
T —— 4.15
+ AB 3@/1 ayja ( )
with
81'14 1 A
ayi =T K,

where the pf’s are C°° functions of the 28 on any subset of S"~1 where the
24’s are admissible local coordinates.
One checks, using the identities

i 00 9O°
Z(@ =1 and ZaanxB = 5B,

with
sapdz?dz® = s,_1, the metric of S"7!,
that, when T'=n,
2+ (dy")? = —(d2®)? + 2da"da’ + (z")%s 1.

4.2.2. Case § = n, the Minkowski Metric. It is natural to take as given metric
g the metric of a model spacetime such as Minkowski, or de Sitter, or anti-de
Sitter. While most our formulae will be completely general, the analysis will
mainly be concerned with the case where the metric ¢ is a Minkowski metric
7 given by the formula written above in the introduced coordinates y“ and in
the adapted null coordinates . The Riemannian curvature of the Minkowski
metric 7 is zero. The non zero Christoffel symbols of 1 are in our coordinates
@ with Séc the Christoffel symbols of the metric s,

F1A = 1625 FAC’ = SAC7 (416)

Y5 2 _2'sap, Iy 2L _2lsap. (4.17)
Equalities and identities assuming given metric § = n and W* = ¢g*# f‘gﬁ will

be denoted with symbols = and %, respectively, when ambiguous.
We have

o
1=

—2'gABs s 2T, (4.18)

S

_ A . 2
WL 25 T + 97T £ - 0 49" he. (119)
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4.2.3. Limits at the Vertex. We set g = n + h. The condition h,z(O) = 0 of
Theorem 3.2 can always be satisfied by choice of an orthonormal frame for the
natural frame of the coordinates y® at the vertex. Since the coordinates x*
cease to form a coordinate system at 2! = 0, the behaviour near z! = 0 of
the components Eag in x coordinates is obtained only by considering limits.
As explained above, we can, and will, choose coordinates on Cp such that
hi1 =0, ie. Co : 2° = 0 is a null cone for g, and hisa = 0, i.e. the vector
l = % is on Cp a null vector. Then, the components of h are

A

hoo = hoo,  hoi = —(hoo + ho1)©° — E()A%
with  ho1 :=vg =1, hoa = va,
h 7 7 i LT oz oz — oA 9B
hig = (hoo + 2h01)©'®7 +hoa ( O == + 67 M
By = (oo - 2ho) +0A( 3J+ 3y>+ABc‘)y’ dy’

We see that the condition has(0) = 0 is equivalent to the following
conditions in the coordinates z:

hm(l +Go0) = hm(uo —1) = lim(rtvy) = }in(l) (r~?hag) =0. (4.20)

r—0

4.2.4. A Lemma. For further use we note the following observation:

Lemma 4.2. If a C! spacetime function f is such that on Co in the coordinates
x® it holds that

lim 0,f=0
r=xl—0
then it also holds
lim dof =0.
r=xl—0

Proof. One has the trivial identity
oy~ ;
0f=0uf 57 =00f +0: 16"
76:,5 — 4

If fis C* in a neighbourhood of O, 0 f tends to a limit, a number a; at O and
hence the above equation implies

lim dof + a;0" =0,

condition which can be satisfied for all 24 if and only if a; = 0 and lim,_ @
= 0. Therefore,

lim 9y f = — lim Oy f =
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4.3. The Affine-Parameterisation Condition

The vector field ¢ := %, tangent to the null rays in Mj, obeys the geodesic
property

(o 08 =T, (4.21)
with

— — — 11—
F(l)l = Ffl =0 and Fil = 1/0 (811/0 — 280g11> . (422)

If we impose the condition fh = 0, then the vector / is parallelly transported
and z' is said to be an affine parameter on the rays; this condition gives an
equation involving vy, a metric coefficient which will appear in our first wave-
map gauge constraint. However, we stress that the equation fil = 0 involves
also a derivative transversal to My, and thus cannot be made to hold just by
a gauge choice of the coordinate ' on the cone. We will see later how we can
circumvent this problem in the wave-map gauge.

4.4. Null Extrinsic Curvature

4.4.1. General Properties. Let M, be a null hypersurface with a field of null
tangents ¢. The null extrinsic curvature at € My is defined (see, e.g., [28]) as
the bilinear form with components V,¢5 acting on the quotient of the tangent
space to My at x by the direction defined by /, i.e. equivalence classes of tangent
vectors of the form X =X+c¢f with Xe T, My, ¢ an arbitrary number. Indeed,
the action of the bilinear form on a pair of such tangent vectors, V,{gX*Y?,
depends only on the equivalence class, that is in our coordinates on the com-
ponents X4 and Y4; hence it is defined by the components yap := Valp of
the bilinear form. Using ¢* = 6 and ¢, := §aﬁ5f = 1962 we have

—0 1.
XABE_FABVOE§819AB- (423)
We denote by
_ —B
xa” =7 xac =Ti4 (4.24)

the mixed, z'-dependent, 2-tensor on S”~! deduced from the null second fun-
damental form. We define its trace

7= xa? = 7P xap = 01 (log \/det gx), (4.25)

and its traceless part

oaB = xaP - 687, and we set |0]? := o4 Pop?. (4.26)

n—1

See [28,29] for an analysis of the null second fundamental form through
the Weingarten map.
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4.4.2. Harmonicity Functions. In adapted coordinates, and using the notation
above, the harmonicity functions I'* = g’\“I‘f\‘M reduce on My to

=0 _3,=0 =0 _Ap=0 _—

I =g"T,, = 2T, +7*°T 15 = v°(1°00g11 — 7). (4.27)

T = gMTy, = 20Ty, +29°' T, + 7% Te (4.28)
= VOZ/A(T — 1/080911) =+ VogAB(aoglg + O1vp — 8Bu0)

—200B g4 + T4, (4.29)

T = §>‘“fiﬂ = gnfh + 21/0f(1)1 - 2VOUAT1141 + EABTZB (4.30)

1
= (19)%01ggo + 9" 1° (280911 + 0o — Tl/o)

_ 1 o
+2(0°) A (01w + vPxap) + 1’5 PV pra — §VO§ABaOQAB (4.31)

1—— ~ 1
=-015"" +g'"° (250911 —51V0—TV0> + VOEABVBVA_ayogABaogAB-

(4.32)

We have defined
M .=g%r4,, (4.33)
with T4, being the Christoffel symbols of the metric g, . We shall also use
T) =gy, = vl (4.34)
4= gABfB # gAufMa (4.35)

and similarly for components of W and H with subindices.
4.4.3. Vertex Limits. We set
Gap =7°(saB + [ an)- (4.36)

We have seen in Sect. 4.2.3 that it is no geometric restriction for smooth met-
rics to assume

lim (r %G, —sap) =0, ie. }EI%)?ABZO,

r—0

Then

lim r2ghP = §4B, (4.37)

. =C . . . .
Recalling that x4¢ =T 4, and using the relation between connections in
different frames gives

—c _ 0z% 0y’ 0y —a 0x¢ 9 oy

ALZ 9y 9z 0z 22T Gy GzA dxl
Using
oy oyt 0x¢ 9 Oy*  102° oy 1
=1, =2, hence — == = —49%,
Oxt oxt r Oy OxA ozt r Oy> dxA  r
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we find

Therefore, if the coefficients f;o and fj . are bounded for 0 < r < a, the same

property holds for y4¢ — 7(5 for¢p .= 2=L 7 and for 04¢ = ya¢ — ﬁégT
These quantities are then also contlnuous on each null ray. However, the limits
when r tends to zero are in general angle dependent.

As already said, given a C? spacetime metric we can choose normal geode-
sic coordinates in a neighbourhood of a point O. Then the Christoffel symbols
vanish at O and it holds that

0x¢ 9 oy* 10z oy* 1 o
lim F A1 = h = = —03.
r—0 =0 Oy dzA 0zt T r Oy~ 9z T r

Hence,
lim ¢ = lim 64¢ = 0. (4.38)
r—0 r—0

See further results in the next section.

4.5. Boundary Conditions in Coordinates Normal at the Vertex

In the following sections we will give explicit expressions for the wave-map
gauge constraints. To study their solutions we will need to know the behav-
iour of the unknowns at the tip of the light cone, aiming at finding solutions
of the constraints which satisfy the Cagnac-Dossa hypotheses. The purpose
of this section is to describe this behaviour in coordinate systems useful for
the problem at hand. The analysis here is also useful for proving geometric
uniqueness of solutions.

Consider a smooth space-time (V, g). Let O € V and let Co be the future
light-cone emanating from O. Let T be any unit timelike vector at O, and nor-
malize null vectors ¢ at O by requiring that g(¢,7") = —1. The parallel trans-
port of £ defines an affine parameter, denoted by s, on the future null geodesics
s+ ve(s) with v,(0) = O and with initial tangent ¢. Let (2*),x =0,...,n be
a normal coordinate system centred at O with T' = 0,0, see, e.g. [36,50], or [10,
Chapter 12, Sect. 7]. In those coordinates the future light-cone emanating from
O is given by the equation

n
Co={z" =7}, where Z:=(z',...,2"), [|Z?:=) (')
i=1
As is well known, in normal coordinates at O,z = 0, the Christoffel symbols
vanish at O. Hence, for a C*! metric we have 9,g,,,(0) = 0, and so, for small
2] = |20] + |21,

|90 = Mo + 1201009 | < C|2[%, (4.39)

for some constant C'.
In the coordinate system (z*) = (20 = u, 2! = r,24), A =2,... n, where

u=|z - 2% r=1z, (4.40)
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and where the 24’s are any local coordinates on S”~! parameterizing the unit
vector Z/|Z], the trace of the metric g on Cp takes the desired form (4.1) as
long as the metric, and the light-cone, are smooth; assuming smoothness of g,
this will always be the case in some neighbourhood of the tip O.
Equation (4.40) shows that
d2’ =dr —du, dzt= 7dr + Opztda?,

which allows us to translate the estimates (4.39) to the asymptotic behaviour
of the objects of interest near r = 0: From

guvdzt'dz”
= (Nuw + O(|2?))dz"dz"

= (=1 4+ O0(|z*)(du — dr)* + O(|2|*)(du — dr) (Z:dr + ﬁAzidxA)

. i ) J ]
+(87 + 0(|2)?)) <Zrdr T 8AdexA> (Zrdr + aBzﬂde>

= (=14 O0(|z*))(du)?® + (2 + O(|z]?))dudr + O(r|z|?)dudz”
+0(|2)?)(dr)? + O(r|z|*)dz?dr + 2 (sap +O(|z[*)) dz?da®

we obtain, at u = 0, for small 7,

Goo = —1+0(r?), 9,Goo =O(r), 0Ougoo = O(r), daGyo = O(r?)

(4.41)
w=1+00?), 91 =0(r), dugn =0(r), davg=0(r?), (4.42)
va=0(?), Owa=00?), Ougoa=0(0?), darg=0("), (443)

Gap =1° (sas + O(TQ)) . 0-(Gag —r%sap) = O(13), (4.44)
dugap = O(r®),  0a(Gap —r’sap) = O(r"), (4.45)
G11 =0, 0911 =0, 9ugr1 =O0(r), 9agy; =0, (4.46)
Gia=0, 9,914=0, Jugria=0(?), 9agis=0. (4.47)
One also has associated second-derivative estimates,
0u0,9a=0(1"), 02(Gap—r’sa)=0(?), 040,(Gap —r°sa8)=0(r"),
(4.48)
etc. From (4.44) and (4.48) we obtain

1 -1
xaP ==65 +0(r), hencer= n +0(r), oa®=0(r), (4.49)
r r
-1
as well as 0, (1 — n ) =0(1), dat =O0(r), (4.50)
r
Droa? =0(1), dcoa? =0O(r). (4.51)

Note that (4.49)-(4.51) will hold in any coordinate system which coin-
cides with the normal coordinates z* on the light-cone. This is due to the fact
that the vectors 0, and 04 are tangent to the light-cone, which implies that
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¢ O

FIGURE 1. The cross-section > of the light-cone Cp; C§) is
the shaded region. Two generators 7., and vy, are also shown

the quadratic form gs, = g4 zdr“dz? is intrinsically defined on the light-cone,
independently of how the coordinates are extended away from the light-cone,
and from the fact that the matrix 4% in (A.2) is the inverse of G, 5.

4.6. The Light-Cone Theorem

A result closely related to our analysis here is the light-cone theorem, proved
in [12], which reads as follows: Let s be an affine parameter as defined at the
beginning of Sect. 4.5. Let ¥, denote the (n — 1)-dimensional surface reached
by these geodesics after affine time s:

Ys ={w(s)} € Co, (4.52)

where the vectors £ run over all null future vectors at O normalized as above;
see Fig. 1.

We denote by Cf, the subset of the light-cone covered by all the geodesics
up to affine time ¢:

ChH = Up<s<tZs. (4.53)

Note that ~,(s) might not be defined for all s. Further, some of the 3,’s
might not be smooth. However, there exists a maximal sg > 0 such that g is
defined and smooth for all 0 < s < sg. Our considerations only apply to that
last region.

It is proved in [12] that, assuming the Einstein equations with a cosmo-
logical constant and with sources satisfying the dominant energy condition,
the areas of the X,’s are less than or equal to the corresponding areas in
Minkowski, de Sitter, or anti-de Sitter space-time. Furthermore, if equality



Vol. 12 (2011) Cauchy Problem on the Light-Cone 437

holds at some sy, then on Cf we have

n—1

oap=0=Ty, 7= "

(This situation will be referred to as that of the Null-Cone Theorem (NCT).)
It is further shown in [12] that, under suitably stronger energy conditions,
equality implies that the metric is that of the model space on the domain of
dependence of C. The proofs of those facts provide a non-trivial illustration
of the formalism developed here, as specialized to the simpler problem treated
in [12].

5. Constraints and Gauge Preservation

The obvious analogue on a null submanifold My of the spacelike constraints
operator is gagﬁﬁ , where £ denotes the field of null normals to My normalized
in some arbitrary way. Derivatives of the metric in ?agfﬁ transversal to the
light-cone appear only at first order. Some of them® cancel between the vari-
ous terms contributing to ga,@fﬁ , and those that remain can be expressed in
terms of H and W. So, in the explicit form of ?aﬁfﬂ , one can replace every
occurrence of dygo1, dogoa and G2 P0ygap by Ha, Wa, and terms containing
only derivatives along My. We define n + 1 operators L, (H),a =0, ...,n, by
adding all the terms involving H in S,3¢°. One can then define n+1 operators
C. by whatever remains; thus the C,’s coincide with S,z¢” when H,, vanishes.
Explicit formulae for C, are given in (6.13), (8.24) and in (10.41) below, while
L, can be found in (6.14), (8.22) and (10.38).

We will prove the following theorem, which is the key element of our
analysis of the Cauchy problem for the Einstein equations on a light-cone:

Theorem 5.1. 1. The operator g(wéﬁ on a null submanifold My can be writ-
ten as a sum,

Supl’ = Lo +Ca,

where Lo vanishes when H = 0, while the operator C, depends only
on the values g on My of the spacetime metric, on the choice of the
null vector €, and on W, which depends on the chosen target space of
the wave-map gauge. The operators C, will be called Einstein-wave-map
gauge constraint operators.
2. In adapted null coordinates
(a) The operators C,, lead to a hierarchy of ordinary differential oper-
ators for the coefficients of g along the generators, all linear when
the first constraint S,p0*0° =T 500" has been solved.
(b) The operators L, together with the wave-gauge reduced Einstein
equations lead to a hierarchy of homogeneous first order ordinary
linear differential operators along the generators for the components

9 Compare [2,17,33,47] in space-dimension three.
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H,, if the spacetime metric g satisfies on My the reduced Einstein
equations.

Theorem 5.1 will be proved in Sects. 6-8 and 10.
A consequence of Theorems 3.3 and 5.1 is the following:

Theorem 5.2. A C*® Lorentzian metric g%

, solution of the Einstein equations
in wave-map gauge S(H) =Top in YZ with Vo, TP =0, and taking an initial
value § on Ch, is a solution of the full Einstein equations Sap = Tap if and

only if g satisfies the constraints Co = Taﬁéﬂ

Proof. Theorem 5.1 gives the following identities, with £, a linear and homo-
geneous first-order differential operator along the null vector ¢ for the vector
H:

Sast? =507 + 2(g \DgH? + GsaDa H* = Gy DAHNE? = Co + Lo
(5.1)

The “only if” part of the theorem results immediately from the identity
(5.1) when the metric g is a solution of the full Einstein equations and is in
wave gauge, since then only C\, remains in that identity.

The “if” part will be proved later by showing that H® =0 is the only
solution, for metrics which are uniformly C! near the tip of the cone, of the
equations

1 - um— = =
5 @axDsH* + G\ Do — Gog DAHA) = Lo (5:2)

which result from the identity (5.1) when C, = Ta[gZﬁ and ?&Ié) =Tas. O

The question of local geometric uniqueness of solutions is addressed in
Sect. 13.

6. The First Constraint
6.1. Computation of Ry; = S11 = §aﬁgagﬁ
The component Ry; can be separated as
Ry = R§11) + Rﬁ),
where Rgll) is linear in first derivatives of the Christoffel symbols and Rﬁ) is
quadratic in them. They are given by, after a trivial simplification,

R = 0oTY, + 0aT{h — 01T% — T4y, (6.1)
R{Y =T, ([0 + T8y +Tgly) + T3 (00 + Iy +I'¢ly)

+T0 (% +Thy +T54)

— oo — 205l — Iy — 201475 — 209,40 — TipTs.  (6.2)
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We must take care when taking derivatives transversal to the cone, i.e.
0o, that our coordinate conditions are valid only on the cone. We will then use
the trivial identity

NG, = g™ (Ox[1, B7]) + (Ong™#) [k, B]. (6.3)

In Rgll) only fgl is differentiated transversally to C,. We have, since g,; =

glA = 07

— 1 _— 11—\ ——— . _—
a()r(l)l =§V03180911 + (81% - 2&)911) 309007 with 80900:_(’/0)230911,

(6.4)
- R
*61F10 = 781 51/ 80911 . (65)
By using also
—A —A 1_ _
=0, Tha= §9A3319AB =T (6.6)
and the harmonicity function (4.27), we get
=@ 1— 1 N
R§1) = (VO)2§30911 dog11 + 5611/030911 —OiT (6.7)
1 — 1 —
= §(F1 —|—’7')2 — 51/081V0(F1 +T) —817'. (68)

The part Rﬁ) depends only on the values of the Christoffel symbols
on Co. Using Ty, = T'jy =Ty, = 0 and trivial simplifications we find that

=0 =0 =A =B
Rll - Fll(rlo + 1ﬂlA) F10F10 - F1BF1A'

In the chosen coordinates, REI) reduces to

2 1 — 1
Rgl) = —7(].—‘1 + T) + il/oalV()(Fl + T) + l/Oaly()’T — §T(F1 + T) — XABXBA.
(6.9)
Adding (6.8) and (6.9) we obtain
_ 1 _
Ri1 = -0t + 120191 — §T(F1 +7)— xa%xs" (6.10)
= —317+f117'—XABXBA, (6.11)

6.2. The C; Constraint Operator
By definition of the wave-gauge vector H we have I'y = W1 + H1, and hence,
(6.10) decomposes as

R =C + Ly, (6.12)
with

72

Ci=—-07+ (Voawo - %(Wl + T)) T —|of* - (6.13)

n—1’
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where we have separated y 4 in trace-free and pure trace parts (see (4.26)),
and

1—
£1 = —§H17. (614)

As announced, (6.13) involves only the values of the metric coefficients
on the light-cone; equivalently, no derivatives of the metric transverse to the
light-cone occur there:

Wy =209, + g PT% s £ -2 g4 Psas, (6.15)

where we have assumed that the target metric takes the adapted form in the
same coordinate system, so that T9 = 0 and T'9, = 0. The Einstein equa-
tion R1; = 737 in wave-gauge provides, in this sense, a constraint equation
C, = T1: for the metric components G-

The constraint equation C; = T;; contains as unknowns only the com-
ponents g, and vy if it is so of T1;. A simple strategy is then to prescribe
Jap (compare Bondi et al. [1]) and use the definition (4.23) to compute yap;
hence, also 047 and 7. The first constraint reads then as a differential first-
order equation for v, linear if T1; is independent of vy since W is linear in vy.
(Recall that we are assuming W#* = 0 unless explicitly indicated otherwise.)
The solution will lead to a Lorentzian metric as long as 14 is positive.

However, the equation is singular wherever 7 vanishes, as the resulting
ODE for 1 involves inverse powers of 7. For this reason it is of interest to look
for alternatives, where 7 is computed from the constraint, rather than pre-
scribed in advance. Following [47] we will prescribe only the conformal class
of §. The wave-map gauge constraint deduced from (6.13) is then an equa-
tion for vy and the conformal factor 2. We can prescribe arbitrarily vy and
then determine 2. We can also, generalizing an idea of Damour and Schmidt,
impose on v to satisfy a well-chosen differential equation containing an arbi-
trarily given function x. We treat in detail the case k = 0, which implies that
for the obtained solution 1 the vector £ will be parallelly transported, in other
words r will be an affine parameter, in the resulting space-time.

7. Solution of the C; Constraint for given o

The operator C; relates the three functions 7 (which, via Eq. (4.25), essen-
tially describes the evolution of the volume element of the sections X), vy and
lo|? := 0 aBop?. We recall the following well known fact:

Lemma 7.1. The tensor o is determined by the conformal class of the induced
quadratic form g.

Proof. To see this, let us write
§=9%,
with v a degenerate quadratic form on Cp such that y1; = 14 = 0. Then

1
XAB = 59231%43 + 74880192,
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and thus,

1
xa% = 573051%43 + 09 91 1og Q; (7.1)

hence, the trace-free part of x4 ? is

O'ACE

01 (log v/det
vBC01vap 753—1( i_ l 72), (7.2)

| —

where 7s; denotes the positive definite ' dependent quadratic form on ¥ with
components v4 5. We see that the traceless tensor o is independent of the con-
formal factor and hence depends only on the conformal class of g. In particular,
o vanishes if § is conformal to a quadratic form independent of r := z!. O

If v and its first derivatives satisfy the vertex limits spelled out for g in
Sect. 4.5, then lim,_,o r|o| = 0; we say that a degenerate quadratic form ~ on
Co, with 711 = 714 = 0, is admissible if it is C' on Co — O, i.e. for r > 0,
and such that |a\2 is C° for r > 0 and hence bounded for finite » > 0. Given
o the constraint C1; = T'11 appears as a relation between the functions 7 and
Vp. Since it involves radial derivatives of both 7 and vy (which can actually
be grouped as 91 (v°7)), we could prescribe one of them and integrate for the
remaining field, or else provide an additional differential equation for either of
T or vy and integrate simultaneously the coupled system of the constraint and
this new equation. In the remainder of this section we show how to solve the
constraint by prescribing vy, either explicitly (Sect. 7.1) or through a differen-
tial condition (rest of Sect. 7).

7.1. Prescribed vq

Suppose the function vy is arbitrarily prescribed, then the constraint equation
becomes a differential equation for 7. It is convenient to introduce the scalar
function (recall that gs. denotes the restriction of § to ¥)

( detis 1/(2n—2) i detyg \ V212 -
w= det Sn—1 a det Sn—1 ’ '
so that
T=(Mm—-1)01logy, or Oip= ni ¢ (7.4)

The normalization of ¢ has been chosen to have ¢ = r for Minkowski. Using
this variable the constraint reads

®, (7.5)

1— ~10 2 7P
~oho+ (Voo - §T - "1 08) g = I LT

2
to be integrated outwards with initial data ¢(O) = 0 and 01¢(0) = 1. As

already mentioned, W, contains ¢ nonlinearly, and in principle T; could also
depend on ¢. In general, this scheme could be considered for a larger class of

gauges

n—1

Wl :Wl(’VABvQOa Yo, T, xA)a (76)



442 Y. Choquet-Bruhat et al. Ann. Henri Poincaré

and sources of the form
T11 = T (source data, yap, 9ivaB, ©, 019, Vo, Oilo, T, xA), (7.7)

where 0; denotes derivatives tangential to the light-cone, and by “source data”
we mean non gravitational data, for example fields determined from character-
istic initial data for scalar, or Maxwell fields. The wave-map gauge condition
(4.18) is clearly of the form (7.6). In Sect. 7.7 we show that both scalar and
Maxwell fields lead to a coefficient T4 of the energy-momentum tensor com-
patible with (7.7).

7.2. Differential Equation for v

The choice made by Rendall is to assume that ' is an affine parameter along
the null rays; in other words that the vector ¢ = a%l is parallelly transported
along the null rays by the connection of the spacetime he constructs, i.e.
f}l = 0; equivalently d;19 = (T'y + 7)v°/2. Now, this last equation contains a
derivative transversal to the light-cone, which is not part of the characteristic
initial data. Extending to the cone an idea of Damour and Schmidt[17] con-
cerning two intersecting surfaces, in anticipation of the fact that our solution
will satisfy H; = 0, we could impose on 1 to satisfy the equation

1
Oy = §(W1 + T)l/o, (78)

which implies, modulo H, = 0, that TL = 0. When vy satisfies (7.8) the
constraint C; = T'1; reduces to a Raychaudhuri type equation for the only
unknown 7

2
o + ﬁ + o2+ Ty =0. (7.9)

More generally, all solutions of (7.9) can be obtained by introducing an arbi-
trary function k and solving the pair of equations

2
8lr—m+T—1+\a|2+Tn —0, (7.10)
n —
whose only unknown is 7 when |o|? and T; are known, and
1 —
Oy = §(W1 + T)vo + K. (7.11)

When v satisfies this equation and H; = 0, then FL = K.
Once 7 is determined we can use (7.4) to obtain ¢ and finally (7.11) to
compute vg.

Remark 7.2. The equations derived here would be dramatically simplified if
one simultaneously imposes vy = 1 and x = 0; see, e.g., [33]. However, these
two conditions together with the wave-gauge condition, which is the corner-
stone of our analysis, would impose undesirable geometrical restrictions on the
initial data.
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Equation (7.10) is, if T';; does not depend on 7 or ¢, a Riccati differen-
tial equation on each null ray and hence can be rewritten, precisely using the
variable ¢, as a linear second-order equation

o> + T,

—9? 010 =
iy +rROp 1

®, (7.12)

to be integrated outwards with initial values p(O) and d1¢(0O). We have
assumed chosen an admissible v; hence, |o|?> continuous for r > 0. We
assume the same holds for T';;. Observe that for a continuous tensor 7, i.e.
with continuous components T}, in the coordinates y, we will have Ti1 con-

tinuous, but lim,_oT1; a function of angles in general since it holds that

Yy

— y'
lim 711 = T 215 = + T .
Jim Ty = Zo0(0) + 2T (0) - + T35 (0) =3

When |o|?+T1; is continuous for r > 0 standard ODE theory guarantees
that a solution with given initial values exists globally. However, a positive def-
inite metric g4 5 is only obtained from the positive part of the solution. The
relevant initial conditions are ¢(O) = 0 and 01p(0) = 1, so ¢ is initially
tangent to ¢ = 1.

We consider the case k = 0, that is, ' is an affine parameter. Assuming
T, > 0, the equation satisfied by ¢ shows that it is a concave function of
z! on each null ray wherever positive, and hence there are two possibilities:
either ¢ is a monotone increasing function for all real , with 0 < ¢ < r and
0 <7< (n—1)/r,or else there is a first local maximum, at which d;¢ = 0 and
hence the expansion 7 also vanishes there. This is related to the formation of
outer-trapped surfaces on the cone Cp. Once a maximum has been reached,
o will necessarily vanish for some larger value of r.

We now turn to a direct analysis in terms of 7, which allows stating
results in a more geometric way.

1

7.3. Solution of the Raychaudhuri Equation

We continue to use a Minkowski target and we make the choice xk = 0, so that
2! will be an affine parameter along the null rays. Equation (7.10) then reads
as a Raychauduri equation

817—|—

1 —
172+ lo|> +T11 = 0. (7.13)

n—
This is a first-order ODE for 7 when |o|? := 0 4%0op? and T1; are known.
7.3.1. NCT Case. When |o|?> + T1; = 0, the equation admits the solution

corresponding to the Minkowskian cone'®:
n—1

Ty = 1 (714)
The value |o| = 0 further imposes
1 . _ 2 _
XAB = ﬁ(sf, 1.€. 31gAB = ;gAB (715)

10 Tt is the only solution such that 71 tends to zero at the vertex of the cone.
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With our choice of frame of coordinates at the vertex, the solution is the
Minkowskian solution

gap = (¢')%san, (7.16)

as used in the null-cone theorem of [12].

7.3.2. General Case, a Global Existence Theorem. We denote 2! by r and 9;
by a prime. In all that follows we write, and solve, differential equations in r,
with constant initial values (mostly zero) for r = 0. We do not write explicitly
the dependence on the other coordinates x4, though it occurs in the solutions
and in the coefficients.

1. In a neighbourhood of » = 0 we define a new function y by

n—1
Y= .
T

Equation (7.13) becomes
1 _
y/ = 1+ mfg 27 f2 = ‘O’|2+T11. (717)

In agreement with Sect. 4.4.3, we seek a solution such that y(0) = 0. The
equation implies that y is increasing and y > r.

We assume as before that ﬁ f? is continuous and bounded by a num-
ber A%. Then y exists, is of class C'!, is unique, and is bounded by the solution
of the problem

2 =14+ A%2%  2(0) =0,
as long as that solution exists. The solution is
2z = A" tan(Ar). (7.18)
Hence, z is defined, C'*°, and bounded, as well as all its derivatives, for 0 <
r <a, for any a < A7'Z.
For 0 <r <a< A~ zis such that
r<z<r4 A%r3.

We have defined 9 as
n—1

V=7, —T, = (7.19)
and hence we have, since r < y < z,
2
Og%wiiiigiiégiir—i—zgr?’ - 1—:11427“2 < A%
(7.20)
That is
0<9 < (n—1)A% (7.21)

2. For large 7 we use the decay of f2. Using the definition (7.19) we obtain

P+ %w = ﬁw + f2. (7.22)
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This gives

/ 1w 2 02 2
u = — +r*f*>0, u:=r. (7.23)
n—1r2

Hence, v is an increasing function of r, and both u and ¢ are positive as
u(0) = 0.
For r > a we replace the problem to solve by the integral equation
T

u(r) = ! /up(zp)dp+/p2f2(p)dp+ua, (7.24)

n—1

with u, == u(a) = a®¥(a). By (7.18) and the inequality y < z for r < a we
have
n—1 1 A
< ey (e
() < m(r) 2(r) (n=1) (r tan(Ar)) ’
hence,
Aa
< — - . .
ug < (n—1)a <1 tan(Aa)> (7.25)

We assume that 2 f2 is integrable for r € [a,00), and we set
oo
Cy :=1ug+ By, Bg:= /r2f2d7'.
a

The solution u of the integral equation (7.24) exists and is bounded by a
solution v of the equation

1 [
o=ty [Sapc,

n—1

a

as long as such a solution v exists; equivalently, as long as the differential
equation

;1 v?
n—1r2
admits a solution v with v(a) = C,. The general solution of the above
equation is
1 1 . (n—1)r
Ezm—i—c, 1.e.v:m
It takes the value C, for r = a if and only if
a(n—1 . 1 1
1—1—((n—1))ac =C,, le c=cq4:= o m. (7.26)

The function v remains positive and bounded if

1+ (n—1)rc, >0, (7.27)
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hence, v is defined and bounded for all r if ¢, > 0, i.e. C, < (n—1)a; that is,
when

Ug + By < (n—1)a. (7.28)
It follows from (7.25) that this last inequality will hold when
Aa?
tan(Aa)
In the case where f2 =0 for 0 < r < a it holds also that u(r) = 0 in that
interval we have u, = 0 and C, = B,. Condition (7.28) reduces to
B, < (n—1)a. (7.29)
3. Assume that 7 > 0 exists in the interval r € (0,b] and denote 7, := 7(b).
If for » > b, f2 = 0, the equation for 7 reduces, for » > b, to

B, <(n-1)

/ 2
=0 7.30
T+ 7 , (7.30)
with initial value
—1
T(b) =1, 0< 7 <70(b) = nT (7.31)
The solution is
1 r 1 b
- = — — . 7.32
T n—1 * n n—1 ( )
Therefore,
(n—1)7 (n—1)
= = 7.33
T Db rtdy (7:33)
with
dy:=(n—-1)m ' —b>0. (7.34)
Hence, for large r,
-1 d
r="1 <1b+~~>. (7.35)
r r
We have proved the following theorem.
Theorem 7.3. The equation for T deduced from the first constraint,
7_/ _|_ 7_2 + f2 — O7
n—1
with f? := |0?| +T11 continuous and 2 f? integrable in r for r € [0,00), has
a global solution T(r) > 0, and the function
-1
P = i -7
r
is of class C' if
1. We assume that there exists a € (0,00) such that it holds
™
A< — ith A% = 2, .
< 5 Wi oililg)an—lf (7.36)
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In the interval 0 < r < a it then follows that

n—1
> A
T> . z(Ar),
with
(1) = —— <1 (7.37)
#z) = —— <1 )

2. In the interval a < r < oo we assume that

/r2f2 dr < (n—1)az(Aa). (7.38)
In this interval we then have
n—1
Z Tk
with
)
ko=m—1)(1, —a?B,) " —a, B,= /T2f2 dr. (7.39)

a

3. Regardless of point 1., if 0 =0 =Ty for r > b, and if 7, := 7(b) > 0,
then the solution exists for all r > b and it holds that

n—1

SIO

T= kéo)::(n—l)lel—bZO.
Remark 7.4. If f? := |o|? + T has compact support {a < r < b} with a > 0,
it follows from (7.28) that (7.38) can be replaced by

b

/r2f2dr <(n-—1a,

which will be satisfied if, e.g.

sup r2 f2 < M.
a<r<b b—a
Remark 7.5. It follows from the equations above (compare [12, Proposition 2.2])
that if there exists ro > 0 such that

T2

[ 770" = (1= 1 (7.40)
0
then the expansion 7(r,z4) will become negative at some value of 7 strictly
smaller than 7. If this happens for all 2, then one expects existence of an
outer trapped surface in the associated space—time. (See [15,35,46] for recent
important results concerning formation of trapped surfaces.)
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7.4. Determination of g, 5

Recall that we have set

det s,,_1 1/(n=1)
Gup = Prup=¢* | —— 7.41
9ap VAB = ¢ ( det 7 ) VAB) (7.41)

and that ¢ satisfies the equation
T 1 P

logp=——= - — 42
Oilog o n—1 r n-—1 (742)

with the initial condition ¢(0) = 0. Its integration gives
o(r)y=rexp | — / Mdp . (7.43)

n—1
0

We assume that the free data T;; and vap are such that 7 exists and
satisfies the conclusions of Theorem 7.3, with some a € (0, 00). We have then
1. For small r, using the inequality (7.21), valid for r < a < A™1,

0§¢§(n—1)A2r

we conclude that in such interval we have

[ 1
exp —/%dp > exp (—2A2r2) ,
0

and therefore

1 1
0<r—¢p(r)<r (1 —exp (—2A2r2>> < §A2r3. (7.44)
2. For r > a, let ¢ be as in (7.19), we use
u v (n—1)
=—=<—== 7.45
v r2 72 {1+ (n—1Drec,} (7.45)
to obtain
1 P (n—1)ca
011 =- - > . 7.46
Liogv =1 n—17"14+(n—1)re, (7.46)
This shows that ¢ is an increasing C'* function bounded below by
14 (n—1)re,
—_— 7.47
pla)T— (n~Tace (7.47)
3. In the case where one assumes that f? = 0 for » > b it holds exactly
1 _
8110g<p:m>07 dy=mn—-1)7 "' =b>0. (7.48)
Therefore, using the notation ¢, := ¢(b),
T+ dp )
= f b. 7.49
o(r) = vy > e i > (7.49)

In conclusion, if y4p is admissible and T11 is known and continuous, we
can solve (7.9) for 7 on some maximal (possibly angle-dependent) interval of
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r’s. Subsequently, (7.4) can be solved with initial value ¢(0) = 0. This provides
Jap- The quantity ¢ and hence also €2, depend only on the conformal class of
~; the same is true of g, defined by (7.41).

7.5. Determination of v

Once G5 is known we can integrate equation (7.11) for vy, with the initial
condition vg|r—o = 1,

1
Ohvg = §(W1 + T)vo + Kup.
(Note that at this stage any “wave-gauge source” W of the form

W1<T7§ABaV07T7 l‘A) (750)

with an appropriate behaviour near r = 0 could be used, though as said before,
in this section we assume x = 0, and a Minkowski target.) The equation for
1o reads

81V0 1 _AB T
=—-<— — 7.51
72 9 { g "rsap+ v [ ( )
i.e. since ¥ = Uio,
0 I o, 1 4B
o = —571/ + gg rSAB. (7.52)

This is a linear equation for v°, with coefficients singular for » = 0, but con-
tinuous for r > 0. Its solution taking a given initial value for ro > 0 exists, is
C" and unique for r > 7 as long as 7 and Q! exist and are continuous. Note,
however, that 1° could go to zero in finite affine time, which would lead to a
(geometric or coordinate) singularity.

7.5.1. NCT Case. To study solutions with initial data at » = 0, we start with
the NCT case. We have then 7 = 7, = =1 and (7.52) reduces to

-1

ol =20 ). (7.53)

The general solution is, for some constant k,
n—1

W—l=kr 2. (7.54)

The solution tending to one as r tends to zero corresponds to k = 0, and is

V0 =y = 1.

7.5.2. General Case. To construct a solution tending to 1 as r tends to zero
we set

Y i=1-1° (7.55)

The Eq. (7.52) for 2 becomes the linear non homogeneous equation

1
Y= 7Y 4 F, (7.56)
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with F' a continuous function (recall the notations 7 = 7, — ¢, 7, = 2= =

n4Brsap and the assumed boundary conditions (4.44) and (4.49))

Fi= %(T — 9" Prsap) = %{(UAB —g"P)rsap =4} =0(r), (7.57)

where ¢ > 0 and
—1
(A8 — g8 rsap = nT —rQ 2485, (7.58)
Incidentally, this implies that F < 0 for initial data such that
r2Q 24 ABs 5 >0 — 1. (7.59)
Now, in the notation of (7.3), this can be rewritten in the form
P20 2y ABg = 2,2 (det 72)1/(n71)7A3} [(det Sn_1)71/(n71)$AB] ’
(7.60)

such that the two expressions in square brackets have unit determinants. Using
¢ < r, hence r2¢~2 > 1, the last equation allows one to deduce (7.59) from a
condition involving only the conformal metric y45.

We want to find a solution Y which tends to zero with r, but this solution
will lead to data for a Lorentzian metric only if ¥ remains bounded and non
zero; that is, if Y < 1.

The homogeneous equation associated with (7.56) is

n—1 1
Y = (- — Y. 7.61
( 5+ 2w) (7.61)
Setting Y = exp Z, this equation reads
n—1 1
7 = - —. 7.62
5 T Y (7.62)
The general solution of (7.56) is of the form
Y =wexpZ, with w' =exp(—2)F. (7.63)

1. Case 0 < r < a.
Without loss of generality we can choose

1
T

Z=-
2

1 T
%r+§/w@Mm (7.64)
0
hence,

n—1

Y(r)=wr™ 7 exp %/me :
0

n—1 1
with w' =772 exp —§/¢(p)dp F(r). (7.65)
0
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We find the solution Y := 1 — /¥ tending to zero with r (compare (4.42)) by
integrating w’ between 0 and 7,

T
n—1

r p
v =T e (5 [vedp | [ exp (=5 [wtoax | o
0 0

0

(7.66)
Keeping in mind that there exist numbers C,, a=1,2, such that
0<y<Cyr, |F(r)<Cqyr,
we see that for 0 < r < a we have
1 1 9
exp | 5 [ dp)dp | <exp( O ),
0
/ / n41 2 n+4+3

p
n—1 1
/ﬂT exp —§/w(><)dx [F(p)ldp < 02/0 > dp= ngrT,
0

0 0
leading to the bound, still for r < a,

2027‘2 1 2
< — .
i< 2 e (G0

Since Y := 1 — 1Y the function »° is bounded. From (A.7) the metric will
have Lorentzian signature, g, being Riemannian, if and only if ° remains
bounded and non zero (hence positive since equal to 1 for » = 0). This will
hold if Y < 1, which will be true for any C5 if a is small enough. In vacuum
Cs is determined by |o|?, so for any a it will hold that Y < 1 for r € [0, a] if
o is small enough.

Note that if FF < 0, then Y < 0; hence v° > 1 without restriction on the
size of a or |o].

2.a<r<oo.

By the same reasoning as for r < a, the solution Y taking the value Y (a)
forr =ais

V() = V() +r " e | 5 / B(p)dp

r p

nt 1
X/pT exp 75/¢(x)dx F(p)dp.

a
3. Suppose that for r > b we have g*? = 2545 hence

1 1 —1
AP = o Drsap — v} = S (1—r2p )=

2 2 r

We have seen that ¢ < r, that is r2p=2 > 1 and hence F(r) < 0 and °(r) >

0(b).

F(r)=
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7.6. Vanishing of H

Consider a solution of the wave-map-reduced Einstein equations E(lll{) =Tn
with initial data on Cp, and with Minkowski target. Suppose that the data
there satisfy the constraint C; = T'11. The identity (see (2.8))

Ell % Eg?) + V()Dlﬁo

—=0 . . . . .
shows that H satisfies a linear homogeneous differential equation on Cp,
namely,

01—
D/ H’ + §H°T ) (7.67)

Keeping in mind that D is the covariant derivative of the Minkowski metric,
in our adapted coordinate system we have

DH L o,H .

For all solutions which satisfy uniform C! bounds near the vertex in

the (y*) coordinate system, the y#-components of the wave-gauge vector are
—0 .

bounded near the vertex. It follows that H is bounded near the vertex. But

every solution of (7.67) which is not identically zero behaves, for small r, as

r—("=1)/2 along some generators. So, in the uniformly C* case, we can deduce
from (7.67) that

Fo =0, hencealso H; = I/OFO =0.

Remark 7.6. If we add constraint damping terms as in (2.13), we obtain instead
1 _
£1 = (—27' + 677,1) Hl. (768)

No term proportional to FA or H appears, and hence the damping term is
compatible with this first step of the wave-map-gauge constraint hierarchy.
The new term does not change the terms which are singular in r in (7.67), and
hence H, = 0 is still the only solution with the required behaviour.

7.7. Scalar and Maxwell Fields

We wish to check that scalar fields lead to equations compatible with the
required hierarchical structure of the equations. For this, consider a scalar field
¢ coupled with the gravitational field through an energy-momentum tensor of
the form

Tyu = ap¢8u¢ - <;gaﬁaa¢aﬁ¢ + V(¢)) Jap-
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In the adapted coordinate system the components relevant for our argument
are

1= (019)%, (7.69)
Ta= 3A531$, (7.70)
Tor = —w5 g BOosp0pd + 04001

—VO%E (0:9)° = V(@)uo. (.71)

Keeping in mind that the initial data for the scalar field on Cp are provided
by ¢ := ¢|c,, we see that prescribing ¢ provides a T;; which can be used in
(7.5) or in (7.10) (compare (7.7)).

Next, the relevant components of the stress-energy tensor for the
Maxwell field F),, are

T = ?ABFAlth (7.72)
Tar=—1V"FaFo — gBCFABF(Jl + VOVBFmFBh (7.73)
— 1 — _ 1 o
To1 = *ZVogACQB FapFop —gP“vAFapFcr + §VOVAVBFA1FBl
1 1
*51/09 PG F a1 Fpy — P O(Fo1)?. (7.74)

We defer a complete discussion of the Cauchy problem for the Einstein-Max-
well equations to separate work. Here we note that if Fj 4 is given on the null
cone, then (7.72) is not of the right form for viewing (7.10) as a first-order
equation for 7: Instead, (7.10) should be considered as a second-order equa-
tion for ¢, using (7.4). On the other hand, (7.72) is of the form (7.7), needed
for the analysis of the problem when v has been given. The remainder of our
analysis of the C; constraint goes through as before.

For further reference, we note that the combination of stress-energy com-
ponents appearing in the final constraint Cy is

G Ty 429" T a1 + 25" To1 = _%gAchDFABFCD — (@ Fo1 + 3" Fa1)?
(7.75)
for the Maxwell field, and
g T + 25" T a1 + 25" Tor = —5*P 040 050 (7.76)
for the scalar field.

8. The C 4 Constraint
The C4 wave-map-gauge constraint operator will be obtained from an
analysis of

- — 1 2
S1a = Ria = RgA) + RgA), (8.1)



454 Y. Choquet-Bruhat et al. Ann. Henri Poincaré

where we have again separated terms including derivatives of Christoffels in

Egz from the rest in Rﬁ. Trivial simplification gives

—1) = —B —0 —B
R =800, + OpTr, — 01T — T g (8.2)

= =B
We have by the choice of coordinates F? A= = ﬁ)l = 0, and therefore

—(2) =1 =0 =B B ,—0 =1  —C
Rig =114+ i) + T a(lpe + Ty + Upe)
—0—=0 —=B—0 —1 =B =B =C
ol a0 = Tiolag —Tiplar — Tielas- (8.3)

We find, for the terms in Eﬁz,

1 P
90T 4 = 0pg"°[0, 1A] + 0og°B[B, 1A] + §V0808A911 (8.4)

1 o
= ~04(1"00g11) — V'xaP 00915

2
1 _ _
+§(V0)2(8091A — Owa + 2vpxa?)0og11, (8.5)
_ 1 .
—81I‘?40 = —531{V0(3AV0 + 0og1a — O1va)}, (8.6)
T, — T s = Opxal — 0 (W vy aB) — Oar. (8.7)

And for the terms in Eﬁz we find

. 1 .
T AT s = {iuo(alm + 0avo — Oog1a) — VOVBXAB}Tv (8.8)

TTA(To + U1 + Tpe) = xa” (00800 + TG0), (8.9)
0 — 1 o
~THoTho = Z(VO)Q(all/A — davo — Bog1a)dog, (8.10)
P 1 . .
1—‘}411—‘(1)0 = Z(Vo)Q(alVA 4+ 0avo — Jogia — QVBXAB)BOgH, (8.11)

1 _ N
—I'iol'ap = iVOXAB(aoguB + 0wp — dpvo — uBdognr),  (8.12)

-1 = B — 1 _ -
—TipTa; —T1eTap = iVOXAB(aong — Owp — dswo) — x5 Tihc. (8.13)

All terms in these formulae can be computed on Cp, except for those that
contain dyg1p or Jygi1, and whose sum simplifies to

— 1 [ 1 — 1 _
Riae, = _561(V06091A) — 357 200914 + §5A(1/030911)- (8.14)

(We see that all terms quadratic in 9y derivatives cancel out.) The rest is given
by

_ _ 1 _
Ria—Riag, = 51/051(311//1 — 0avo — 2vpXa®) + Vpxa® — 100a(m?)

—l—%(@lyo + TVO)(811/A — Oavg — QVBXAB). (8.15)
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8.1. Use of Harmonicity Functions
From the identities (4.27) and (4.29) we get

T4 := EABFB = —VAFO +12(0og1a + O1va — Oavg) — 20%vpx A" + La.
(8.16)
Hence,
Oogin = —01va + 0avo + 2upxa? + vaT1 + 15(Ta —f‘A). (8.17)
On the other hand,
Ta=Ha+Wa, with Ha:=gupH . (8.18)
similarly for T'y and W 4. Therefore, we have
Oogia = —01va + 0avo + 2upxa? +vofa +voHa +vaHy,  (8.19)
with
fa =1 uAW + W4 —T4, (8.20)
For a Minkowski target, using (4.18) and (4.19), this is

_ 2]/0 L ~
fa < — <~TIQCDSCD + a:1> VA + gABgCD(SgD - FgD)~ (8.21)

8.2. Computation of £ 4 and C 4
We see from the identities obtained that Ry4 is the sum of a linear homo-

— —B
geneous operator L4 on Hy := GapH and a second-order linear operator
Ca on v4, both with coefficients depending only on the z'-dependent metric
g and scalar vy previously determined. (Strictly speaking, v4 also appears in

L 4, but multiplied by " which, with appropriate boundary conditions and a
Minkowski target, can be shown to be zero at this stage of the argument, as
explained above.)
1, — —0 1 — —0 1 —0
ﬁAE—ial(HA—FVAH )—iT(HA—‘rl/AH )+§8A(V0H ) (8.22)
From (8.14),
- Loag— 1 0 o, L 0 -
Riae, = —3¥ 0100914 — 5(31V +717)00g14 + iaA(V do911),
and using the formula (8.19) we find that
— 1
R1A730 — L4 = —Quoal{—&m + Oavg + 2I/BXAB + l/ofA}
1 0 0 B
*5(511/ + 7V {—=01va + Oavo + 2vpxa” +vofa}
1
+504(W1 +7). (8.23)
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Finally, assembling results (8.15) and (8.23) gives
— 1
Ca= Ria—La= 51/031{231%4 —dvpxa® —vofa}

1
—1—5(811/0 + 7002014 — dvpxa® — ofa}

- 1 _
+Vpxa® - 5(9,4(7' - Wi+ 20°0110). (8.24)
It turns out that there is a simple way of rewriting (8.24) in terms of
€a = —20001wa + 4 vpxa" + VAW + Wy — T4, (8.25)
=fa

where T4 := G4 pg" TR, (compare (4.33)). The vector &4 equals —2fi4 after
using the harmonicity conditions I' = W. Note that {4 vanishes when v4 = 0
and g4 = gap. The wave-map-gauge constraint operator C4 can be expressed
in terms of {4 as

. 1 o
Ca= (0164 + TEA) + Vipxa? — 58,4(7 — W1 +20%1).  (8.26)

1
2
Separating different orders of 0; derivatives we get, for a Minkowski
target,
n 092 0, B 0 L 1w 0
Ca=v"07va —2v'xa Ovp+v | T+ pa i §W1 — v 01y | O1va
10 (201xa” +2(10010° + T)xa®) v + VExa®

1, 1 . S 1\
_ (281W1 + 5(1/0311/ +7) <W1 - :cl) + (x1)2> Vg

1 1— 1 ~
—0a (27 + 20wy — 2W1) - 5(51 +7)(Gasg " SEp —Ta). (8:27)

In the general case, in addition to (7.6)—(7.7) one can assume that

WA :WA(’)/AB,QO,VQ,VA,T,IA), (828)
T14 = T a(source data, yap, 0ivap, @, ;s Vo, Oivg, V4, 0104, Dogu1, Ty ),
(8.29)

where as before 0; denotes derivatives tangential to the light-cone. This is
clearly compatible with the wave-map gauge (4.19), and with scalar fields or
Maxwell fields as sources (compare Sect. 7.7).

9. Solution of the C4 Constraint

9.1. NCT Case

In the vacuum case with Minkowski target and when o 42 =0 we have x 4B =
1108 . Gap = r?sap (therefore ' = Spc), vo=1and 7= —W; = =L It
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has been shown in [12] that the C4 wave-map-gauge constraint reduces then
to

— 3n—5 1(n—2)(n—3)
CAERlA—,CAEafll/A-i- o alVA+§r—2VA:O' (9.1)
This is a Fuchsian type linear equation, with Fuchsian exponents p = ‘S*T”

and 2 — n. Thus, the only solution satisfying (4.20), i.e. lim, o(r~tvs) =0, is
va = 0. (In fact, the only solution vy = o(r°z") is zero.)

9.2. General Case
From the identity (8.26) we then find

Lemma 9.1. Assuming (7.6)—(7.7) and (8.28)—(8.29), the wave-map-gauge con-

straint operator C4 = S14 — La is a first-order linear ordinary differential
operator for the field €4, with k as in (7.11)

n—2
n—1

1 -
Ca= —5(81&1 +7E4) + VpoaP — OAT — Ok, (9.2)

where €4 is defined as (8.25), which particularizes for a Minkowski target as
2 -
€4 20014 + 2 vpxa® + (WO - TV0> va+7a87°" (SEp — T8p).
(9.3)

Anticipating, we note that v 4 will also appear in the last wave-map-gauge
constraint Cy through £4 only.

If one assumes that T4 is known (e.g., in vacuum, or for scalar fields,
compare (7.70)), the homogeneous part of the equation C4 = T4 reads

1
—5(01€a +7€4) =0,
and admits as general solution, keeping in mind that 7 = (n — 1)0; log ¢,
€a=Eap™ "7, (9.4)

for some vector field on the sphere f 4. The final solution &4 is pf the form
(9.4), with £4 obtained by integrating the following equation for &4

n—2
n—1

with the boundary condition £4 = 0, deduced from the finiteness of

81£A = 2(,0“71{@BO'AB — OAT — Oak — TlA}, (9.5)

. — 1 —n+1¢&
fin g =l 16y
(compare (4.42)—(4.45), and(4.49)). The field v4 is then obtained by integrat-
ing (9.3), with the boundary condition ¥4 = 0 at » = 0. These equations
constitute a first-order linear system of ODEs with coefficients singular for
r=0.
In the NCT case we have £4 = 0 and WL —2'g4P s 45, and hence

-3
281VA + n

vp = 0, (96)
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whose general solution is

VA = kArinT_S
with k4 independent of 2! = r. The solution tending to zero with r, and com-
patible with the boundary condition (4.43) for n > 2, is v4 = 0. In the general
case, but with Minkowski target, the Eq. (9.3) reads

n—3 n—1 4
201v4 + ; va —41/00AC + {?"l/ogABSAB - + nipl}VA

2 vo7ap1 P (SEp —T8p) — voéa. (9.7)

Setting

n—3

vpg = kar 2

gives for k4, with k4 which must tend to zero with r, a differential system
with coefficients continuous and right-hand side tending to zero like rnT_s,

Ovka £ 2kcosC 4+ Nea + pa

with
1 n—1 4
A= —=rvgg*Psap — + Ld ,
2 T n—1
1 n—3 ~
pa = =17 {vyaY"P(SEp — T8p) — méal-

2

Such a system can be solved by iterated integration starting from kff) =0,

kP = /{%g"%AC + ALY+ pat(p)dp.
0

Convergence, and the bound |k4| < CT%, result from the bounds of o, A and
. In conclusion, in vacuum, and in the wave-map gauge, the solution of (9.5)
exists as long as 7 does, with v4 € C' and |v4| < Cr.

9.3. Vanishing of H 4

The general identity (2.8) gives in our coordinates

_ —w 1, = . e
CatLa=Ria=R"Y + 5(WDAH® +vaDiHO + 3,45 DiHP),  (98)

with D the covariant derivative of the target metric, which in this subsection
will be chosen to be the Minkowski metric, and hence D=D. Therefore, if a
metric solves Rﬂ) =Ty4 and C4 = T1 4, we will have, taking FO = 0 (which,
for sufficiently regular solutions, and for a Minkowski target, has been justified
in Sect. 7.6) on the left-hand side,

1

1 _ _
La= —5{81HA +7H, 2 §(V0DAH0 +vaAD HO +G,5D1HB), (9.9)
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For Minkowski target these derivatives are, still for HO =0,
DaHO 219, A 2 —ps,pH”,  DyHO 20, (9.10)
Dy HE 2 90" + B HY L g8 He + HogtP (iag - 2XDB) . (9.11)
Therefore, (9.9) reads
20\ Ha+7Hp 2 {Z/OTSABgBC— i5g+2XAC}HC~ (9.12)
Taking leading orders in r near the vertex, as given in Sect. 4.5, we find

61FA 4+ (n

35}2+0§) Hz Lo, (9.13)

where the OF are O(r) functions. Hence,

Ha=r""""ks, with 9ka+O0Bkp=0. (9.14)
Standard ODE arguments show that H 4 = 0is the only solution of (9.12) such
that H4 = O(r), which is the case for metrics having uniform C! estimates
at the vertex.
Remark 9.2. If we add constraint damping terms as in (2.13) we obtain instead,
using again " =o,

1. — 1 _
LA:—§81HA+§(—T+en1)HA. (9.15)

No term proportional to 2k appears, and hence the constraint damping term
is compatible with this second step of the constraint hierarchy. The new term
does not change the leading orders in r of Eq. (9.13) and hence H 4 = 0 is still
the only regular solution.

10. The Cy Constraint
We compute Sp1 = Sgaf™ on Co. We have

So1 := Ro1 — %9013, (10.1)
hence, in our coordinates
So1 = —%VOEABRAB + Riav? — %yoyllﬁn. (10.2)
We write
Rap = Rup + Rap, (10.3)
with
1) )

B =0 =\ =a =0
Ryp=0.1%p ol — 8APBa? Ryp = Taplox —=Tapl'pa- (10.4)

We will see that the Cp wave-map-gauge constraint is obtained, like the
other constraints, by decomposing the term in So; which has not already been
computed, AP R 4, into terms defined by data of the degenerate metric on
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the cone and terms which vanish when harmonicity conditions are satisfied on
the cone.

Equations (4.27) and (4.31) allow us to express the transversal derivative
3480pgap in terms of harmonicity functions,

Lo apg—_ 7! L 1 1=
5V'7" Gogan = -1 + (V*)*01g0 + 7" (Voﬁlvo - 5T+ Fl)

2 2 2
+2(0) 2?0 (=01wa + vexa®) + 15 PV pra (10.5)
=_T'— ogtt + gt (—I/Oaluo — %’7’ + ;H) + 19948V gra.
(10.6)
10.1. Computation of EABﬁf:;
We have
gAPRY) .= AP {m 4+ 0Ty +0cTap — aAfga} . (10.7)

To compute we proceed in a straightforward way, using the values of the
Christoffel symbols of the first kind and elementary algebraic relations in our
coordinates on the cone. Equations (A.36) and (A.37) of Appendix A are useful
for the calculations that follow.

We set

g PoTO, =1, + 114, (10.8)
with

- 1 . o
I := g*Bu9,[1, AB] = —§§ABV081609AB +34B1°040091 5, (10.9)

. - 1
I = g*P0yg%[ar, AB] = (1°)*0og119*" (2309,43 - 3AVB)

~00g"'7 + Dog"°Tc, (10.10)

and
809" = —(+°)?Bogor — °5" Bognr + (+°)2v Bogic, (10.11)
009°¢ = (V°)*v°Bog11 — 7 Dogra- (10.12)

Grouping terms gives

1 -
7 PoTY , = *51/05‘4331309,43 +1°G48V 100915

2
+(1°)?0ogorT — (V) * v dogiaT. (10.13)

1 ~
+(V0)280911 {gABaogAB — VAVA + VQTQH}

We now separate

gAPoTL p =111 + IV, (10.14)
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with
111, = g"P {VOal [0, AB] + 3101, AB] + §'C8,[C, AB]}
1 _
_ —§§ABZ/081609AB + §A3V0313A1/B o gllgABal XAB

—995489,[C, AB], (10.15)
IV = gABﬁlgla[oz,AB}

= g*%01°(0avs — %aogAB) —roigtt — B0, (VOv9)[C, ABJ. (10.16)

Grouping terms gives

g Porh, = **31( 7P00ga5) — V'x*Pgap + P01 (1°V avp)
-7 gA381XAB — 7019 (10.17)
Finally, we have
OCFA =3B %9 an + 790 (v0) + gABacng, (10.18)
AB9aTy, = —g* P07 p(log \/det g) = —g*P 0% p{log(vo\/det §)}
= —7AB{(9AVO(‘:)BV0 + I/OaiBV() + aAfgC}. (10.19)
10.2. Computation of g4Z R(z)
We set
2 _ —a =0
ABR( ). AB{FABFQB Tuplpat =L+ 1L+ 1L+ IV + Vo + Vo),
(10.20)
with
_Ap=0 =8 ap=l1 =
L= g T, Tys  IL =g PT 5T, (10.21)

We find by straightforward computation

1_ a— , Lapr—
L= 17 {1/030901 + 591130911 — v 00g1a + 29A3309AB} , (10.22)

~ 1
II, = {VOVAVA - 51/0?‘43809,43 — gHT} (10011 + 7). (10.23)

Then we have, recalling that I’ denotes Christoffel symbols of the metric §,
I = ﬁABfiBng WO +GABTS ) (TE + 100c1y), (10.24)
Next,
_AB (=0 =0 =1 =1
I‘/Q =g {FAOFBO+FA1PBI}' (1025)
Furthermore,
Tya=—Toa— 1 veya® + 1204w, (10.26)

with (Ca is sometimes called the torsion form)

0 1 .
Tou = iyogA, Ca = 0pg1a + Oavy — O1v4. (10.27)



462 Y. Choquet-Bruhat et al. Ann. Henri Poincaré

Hence, using (8.19),
(A = 20419 — 2014 + 2I/BXAB + l/o(fA —|—FA + Z/AFO). (10.28)

In terms of this object we have
1V, = —gAB(I/O)2
} c_ c _ D
X QCACB +Ca(vexs™ —0p1o) + (Voxa™ — Oavo)(vpxs™ — OB1o) -
(10.29)
We set
_AB,/~0 =C =1 =C
Vo i= =2gP (T 4T o + TacTp)
_ AB 02 0 = 0¢ —11
= x"7{=(v")"valp +2v 0ogap — 2v"Vavp +2g xap}.  (10.30)
Finally,
_Ap=C =D _ ~ ~
VI, = —g*PT 1 pTpe = =g (W°vxap + T9p) (Vv xsc + T'Be)
= (2% Pyt xap — 205 0P x et — gABfﬁngC. (10.31)
10.3. Final Computation of gAP R4
Adding the results of Sects. 10.1 and 10.2, we get the final result
_ABT =1 \o_ =1 _ _
g Rap =200 +T1)*g" + 3701+ T1)g" + (07 + 775"
—1 -1 = —1 =1 ~ 1
+2(01 4T, +7)T + R —2g4PT T 5 — 258V, (10.32)
—1 -1 T —1
=201+ T +7) |01+ T + 5)@11 +T
+R - 28T, ;T\ s — 2528 VAT 5 (10.33)
(an explicit expression for fil can be found in (4.22)), where
— 2?114 =120g14 — 1’0 va + 2% X A" — 1204 1s. (10.34)
In this way we have isolated the transversal derivatives in fil,fl and the
vector fiA. Decomposing I'y = W 4 + H 4 we find the relation
—1 — —
— T g =&a+Ha+1 vaHy, (10.35)

with €4 defined in (8.25).
We note the interesting fact that both the second and third constraints
naturally break into two first-order equations, with the intermediate variable

being a Christoffel, respectively, fi 4 and §ABf114 B

Remark 10.1. The expression in square brackets in (10.33) can be rewritten
as

—1 TN _ —1 T_ _ ~ 11— _ap=l
(31 +Iy + 5) 911 +I' = *5911 + VOQAB (VBVA - 2509AB) = gABFAB'
(10.36)

This shows that AP R 4p originally contains only a first-order radial deriva-
tive of g'', if we keep the radial derivative of g4Bdygap. It is precisely the
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elimination of the latter object using the harmonicity condition (10.6) that
introduces the second-order radial derivative of g''. Hence, our Cy constraint
operator below will contain such second-order derivative.

This leads to the following lemmatas:

Lemma 10.2. All terms in gPRap involving the derivatives Oogo1 and
xAB0ogap cancel out. The only new remaining transversal derivative is

34800gan, which can be eliminated using T =H +W'"
Lemma 10.3. It holds that
So1 = —%uogABRAB + Ryav? — %Vognﬁu = Co + Lo, (10.37)

where Cy depends only on thanuadﬁzgic form g on the cone and the Wa, while
Ly is obtained by replacing ' by H .

The explicit formula for £ reads

200, = —2§1ACA — §11[,1 — 261ﬁ1 — (7’ + 209919 — I/0WO) ﬁl
—VAH" + B 1 g o H — vA0aH

—0 —1 —a 1
+<gOOW + oW + AW +§I/OT§11

—gMoy — 21/061§00 — §AB(3AVB + 21/0VA81VA>H0

1 _ 0 0 A
+2 {Goo(H")? + 20 H'H' + 20 H'H" + g, H'H" ). (10.38)

Note that the last line in the previous equation is quadratic in the wave-gauge
vector H, and equals

|
5g#,,H“H . (10.39)

All other terms are linear in H.

10.4. Constraint

To write the wave-map-gauge constraint Cy — To; = 0 as an equation for g't,
we use the other constraints, which have been satisfied since £1 = L4 =0 =
H1 = FA;

Ria=Tia, Ru=Tu. (10.40)
We find
—20%(Co — To1) = 2(01 + K)*g" +37(01 + K)g"" + (017 + 7°)g"!
-1 .
1200+ 1+ )W+ R— 5 P6ats +5' PV als
+9"' T + 29" Tra + 29" T
—0, (10.41)
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where €4 is the vector (8.25) and recall that
1
k= 1201y — §(W1 + 7).

To avoid ambiguities, we emphasise that the right-hand-side of (10.41) vanishes
identically in wave-map gauge when T}, there is replaced by the Einstein ten-
sor Sy,,. This fact reflects the identity, valid for any dimension with our choice
of coordinates,

9" Rap +7" 511 + 27" 514 + 25" So1 = 0. (10.42)

A slightly simplified form of the differential part of the constraint is, using
(10.33),

_ QI/O(CO 7?01) = 2(81 + Kk + 7—) |:(al + K+ g)gll +W1:|
~ 1 B
+R— §§AB§A§B + 4PV alp

+3" Ty + 2" T4 + 25" Ton

= 0. (10.43)

Suppose that in addition to (7.6)—(7.7) and (8.28)—(8.29) it holds that
Wo = Wo(yas, ¢, V0, va, G, r, x), (10.44)
Ty =Tu(...,00914,7",01g"), (10.45)

where ... in (10.45) denotes the collection of fields already occurring in (8.29).
This is clearly compatible with the wave-map gauge (4.18), and with scalar
fields or Maxwell fields as sources (compare Sect. 7.7). Then, (10.41) becomes
a second-order ODE for g'!, linear when the vacuum Einstein equations and
the wave-map gauge have been assumed.

11. Solution of the Cy Constraint

Throughout this section we assume that the target metric is Minkowski, £ = 0
and that the relevant components of the tensor 7" are known (e.g., zero). Using
the C; constraint,

1

n —

Ty =-— (817' + 17'2 + |U|2> ; (11.1)

we find that the Cy wave-map-gauge constraint operator can be written as

3 1 /n—2
¢, = —8121§11 - 57’8@11 1 ( 2 _ |U|2> g'!

2\n—1

— — 1~ 1 1 ~ _
N (A i SR+ 17" €as — 57V as + 0 Trav’. (11.2)

Hence, setting g'' =1 — a and using previous notations, the equation for the
Co wave-map-gauge constraint, Cy — To; = 0, reads as the linear second-order
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ODE for «
n—2

3 1
Lia)=a" + 57’0/4— 5 (n—l

with ® the function known from the previous sections

% — |0|2) a=7o, (11.3)

1 -2 _ _
R (L lo|? —|—61W1—|—TW1
2\n—-1

1~ 1 1 ~ _ _
+5 k- ZEAB&;SB + igABVAgg — T + 09T, (11.4)
L(«) simplifies to

L(CY)EOCH—&-Z(”_l—w)a/

% ((n—lign—Q) _Q(n;2)w+zjw2_|g|2) a. (11.5)

This linear equation has smooth coefficients for » > 0; it has a global solution
with initial data given for r = a > 0.
We proceed to the study of solutions starting from r = 0.

11.1. NCT Case

In the NCT case it holds that 20 =1, f4 = 0,v4 = 0,7 = ";1 =W, 81W1+

W= ~(n—1)(n—2)/r> = =R and T,p = 0. Hence ® = 0. The Cy wave-

map-gauge constraint for o = 1 — g'! reduces to

3(n— 1)0/—|— (n— l)gn— 2)@
r r

20" + =0, (11.6)

it is a Fuchsian equation with characteristic polynomial
2p(p—1)+3(n—1)p+ (n—1)(n—2).
The zeroes of this polynomial are
1—n
5
both negative or zero for n > 2. The general solution of (11.6) is

Py = p—=2-—mn;

o= a,rT2 Lg g2

with a4 independent of r. The only member of this general solution where «
tends to zero as r tends to zero is a = 0.

11.2. General Case

We look for a solution starting from r» = 0 and such that
71‘1_r)r(1)cu = 71)1_r)r(1)(7'(‘910z) =0.

We set 01 = o’ and decompose L as follows:

L(a) = Lo(a) + L1 (), (11.7)
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where Lg is the Fuchsian operator appearing in the NCT case,

_ ag bo 3(n—1) (n—1)(n—-2)
Lo(a) =" + 70/ + = o’ + 5 o + 52 a, (11.8)
and
-2 1 -2
Li(a) = ad + ba = _§¢o/ ™ {_(")w T35 <n1/’2 - |0|2> } ~
2 T 2\n-1

(11.9)

In order to use the idea of the Fuchs theorem,'' we write the second-order

equation (11.3) as a first-order system for a pair of unknowns v := (v, v2) by
setting vy := @, vg = ra’; hence ra” = —r~1vg + v}, The system reads

rv] —ve =0,
Ty + (ag — 1)va + bovy + r(aive + byrvy — r®) = 0.
It is of the form
v’ + Av = r{Fi(r)v + Fo(r)}, (11.10)

with A the constant linear operator

(0 -1
AZ(bQ a0—1>

whose eigenvalues p+ are found by solving the equation
0—p -1 _ 2 -~ _
det< b ao_l_M>H +M(1 a0)+b0—0.

The solutions are the opposites, —p4, of the characteristic indices computed
in the NCT case; hence nonnegative. Further

Fi(r)jv = (amorblvl)’ Folr) = (7“(‘)1)>’

N2 o|2)

n—1

where

ay = ,;w’ rby = —(n—2)¢ + g (
are bounded functions smooth away from r = 0, as well as r®. What has been
said shows that Fj and Fj are continuous at r = 0 for admissible v4p.
Lemma 11.1. Let
rv’ + Av = r{F(r)v + Fy(r)}, (11.11)

be a linear differential system with A a constant linear operator with non-
negative eigenvalues. Let Fy be a continuous linear map and Fy a continuous
function, for 0 < r < rq. The system admits one and only one solution in
C1([0,70]) which vanishes at r = 0.

11 See e.g. [10, Appendix V].
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Proof. We set v = Mw, with M a 2 x 2 matrix satisfying the homogeneous
equation

rM’ + AM = 0.
We choose for M the matrix
M —p—A = o—Alogr
The Eq. (11.10) reads then
w' = Fy(r)v + Fy(r)}. (11.12)

Hence, the Eq. (11.11) together with the condition v|,—o = 0 is equivalent to
the integral equation

T

o) = [T E )l + Falo)}d (11.13)
0
We have
Oiug |(r~tp)A < 1. (11.14)

We set, with a an arbitrary positive number,

Cy:= sup |Fi(r)],  Co:= sup |[Fo(r)l (11.15)
0<r<a 0<r<a

The integral equation (11.13) can then be solved by iteration, setting

w(r) = [ o) Falp)dp.
0
Hence, for r < a

lvo(r)| < rCo,

T

vi(r) == /(T_IP)AFl(p)UO(P)derUO(?“%

0

and so
02(r) = w0 (r)] < 57 C1C,
Vg (r) 1= /( L)AF (p)un(p)dp + w0 (1),
0
[Ona () — v / 1 [0n(9) — v (p)]dp.

Assume that, as satisfied for n = 1,

|Un(p) - Unfl(p)l < e
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Then the same inequality is satisfied when replacing n by n+ 1. The sequence
v, converges therefore in uniform norm to a limit v, solution of the inte-
gral equation (11.13); hence of the differential equation (11.11). This solution
v = (a,ra’),a(0) = (ra’)(0) = 0, is defined, continuous and bounded for any
finite r. U

We deduce from this lemma the following theorem:

Theorem 11.2. In the interval of r > 0, possibly angle dependent, where the Cy
constraint has a global solution and vy > 0, the Cy wave-map-gauge constraint
with coefficients deduced from the solutions of the C1 and C4 constraints admits
a solution g'' = 1 — a with a(0) = (ra’)(0) = 0,a and ra’ which are C* in r.
The solution is global when it is so of the solution of the previous constraints,
since the system is linear.

11.3. Vanishing of H

— —A
In previous sections we have seen how to achieve H ‘—H = 0, and hence
L1 = L4 = 0. Specializing equation (10.38) to this case we get (with Hg :=
—1
I/0H )

Lo=—Ho+ %(W1 — 7)H,. (11.16)
On the other hand, the identity
So1 = S(g{{) + %(goablHQ + g1aDoH® — go1 D HY) (11.17)
reduces on Cp to
So1 =S50 4 %(gooﬁlHO FuaD HA — oDy HA). (11.18)

. . e -0 —=A .
Using again the conditions H = H = 0 we have, for an arbitrary target
space in adapted coordinates,

DiHO =0, DHA=0, DuHA=T4H", (11.19)
and hence (11.18) further reduces to

_ —(H 1A, —
Sor =S5 — ST Ho. (11.20)

For a solution of the Einstein equations in wave-map gauge it holds then
that

— — 1A, —
501 ECO+£0 :T()l - irﬁlHo (1121)

—0  —A
Therefore, when H " — H" = 0 and the initial data satisfy the wave-map-gauge
constraint

Co—To1 =0, (11.22)

then H satisfies the equation

_ 1 N
OHo = S (W1 =7+ 1%)Ho. (11.23)
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For a Minkowski target, and using the boundary conditions (4.20), we have

- —1 _
2" —  lim(rWy) = }iﬁ%(*?"z?ABSAB) =—(n-1),
lim (rr) = n — 1, (11.24)

and hence Eq. (11.23) takes a Fuchsian form
— —1— —
ro Ho + ”TH0 +rMHy 2 0. (11.25)

with M a continuous function up to r = 0.

We want to prove that Hy = 0 when the spacetime metric is a C? solu-
tion of the Einstein equations in Minkowski-wave-ap gauge; in this case the
wave gauge vector H is C'; then H tends to a finite limit at the vertex. The
Eq. (11.25) implies that this limit is zero and hence that the only solution is
zero.

Remark 11.3. If we add constraint damping terms as in (2.13) we obtain
. . . =0 —A
instead, using again H = H =0,
i 1 — i
[,0 = —81H0 + §(W1 -7+ epnl)Ho. (1126)

This new term does not change the leading orders in r of Eq. (11.25) and hence
Hy = 0 is still the only regular solution. We conclude that the addition of con-
straint damping terms is fully compatible with the wave-map-gauge constraint
hierarchy.

12. Wave-Map Gauge Constraints: A Summary

We have defined C to be the cone represented in R"*! by the Minkowskian
cone

PO =r 1= Z:(yi)z7 (12.1)
equivalently

=0, z'=r O ==. (12.2)
T

We have considered on Cp a non degenerate quadratic form given in 2% coor-
dinates by

Too(dz®)? + 2vpda®dat + 2v4d2’da? + G4 pda?da®.

We have proved (recall that admissible means hypotheses on smoothness and
limits at the vertex spelled out in various sections)

Theorem 12.1. 1. Let g be a given admissible degenerate quadratic form on
cl,

G = gapdaztda?.



470 Y. Choquet-Bruhat et al. Ann. Henri Poincaré

There exists on Cg, for some T with 0 < T < Ty, coefficients vo,va, Gog
satisfying the vacuum Einstein wave-map gauge constraints, unique when
admissible vertex limits are imposed.

2. An admissible degenerate quadratic form g together with a non vanishing
vy can be determined on CF, for some T with 0 < T < Ty, from the first
vacuum FEinstein wave-map gauge constraints, an admissible quadratic
form v and a scalar function k being arbitrarily given. Then, g is confor-
mal to v and depends only on its conformal class and vy is linked to k by
the differential equation (7.11). They are unique under admissible vertex
limits.

When g is known, va and Gy are determined as in point 1. by the second
and third wave-map gauge constraint and admissible vertex limits.

13. Local Geometric Uniqueness for the Vacuum Einstein
Equations

In this section only the vacuum Einstein equations will be considered.

Recall that two spacetimes (V,, g,) and (V4, g») are considered as (both
geometrically and physically) the same if there exists a diffeomorphism ¢ :
Vi, — Vp such that on V, it holds that g, = ¢.gs. We have said before that
given a C1'! metric g, on a manifold V, and O, € V, there are in some neigh-
bourhood of O, normal coordinates y& centred at O,, where the characteristic
cone Cp, is represented, for 0 < y0 < T, by the equation of a Minkowskian
cone in R"*!

n
Yo ="Tar o= (ya)"
i=1

The null rays issued from O, are represented by the generators of this cone.
We have defined adapted null coordinates by setting

n

20 =1, —y0, al=r, with r2= Z(yfl)Q (13.1)

i=1
and x2 local coordinates on the sphere S™~!. In the coordinates x& the metric
gq reads on the cone Co,

§a’00(dx2)2 + 2ua’0dx2dxtll + 2Va’Ad.%‘2}d$;4 + ga)Adefdxf. (13.2)

We have shown moreover (see Sect. 4.5) that it is possible to choose the coor-
dinates yo so that it holds

lim 178, 45 — 2545) = 0, im 15204 (7, 4p — r285) = 0. (13.3)
l_irr(l) 7 (Va0 — 1) =0, 1_irr(1) = l_irr%) rt0waa =0, (13.4)

and even

}ig(l)r,iQ(?o(ga,AB —1r2s4p) =0, (13.5)

lir% r;laogatm = lin% ra_l(r“)oga,oA =0, (13.6)
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while
lim o (Gaoo +1) =0, lim 015,00 = 0 = 1im Joga,00- (13.7)

Having chosen such coordinates y#, respectively, y;’, for the metrics g,
and gy, we obtain a diffeomorphism ¢n by yi'(y3) := y<, defined in the subset
y) < T := min(T,,T}). Such a diffeomorphism will be called canonical. We
remark that canonical diffeomorphisms are not unique, and that above we have
not required r to be an affine parameter.

The metrics g, and ¢n gy, are geometrically equivalent, and one has
equality of components (¢n .gp) " (ya) = g?“(yb) for yf = y&. The coordi-
nates y® are normal for both metrics and they satisfy in the coordinates z®
the vertex limits (13.3-13.7) recalled above.

To study the geometric uniqueness of our characteristic Cauchy problem
we first consider two metrics g, and g, on the same manifold which satisfy
the characteristic Cauchy problem on the same cone Co. We will prove the
following theorem, using the notations given in previous sections for Cp and
Yo (note that we are not assuming an affine parameterisation of the cone
generators here):

Theorem 13.1. Consider two smooth solutions g, and g, in YZ of the Cauchy
problem for the vacuum Finstein equations Ricci(g) = 0 with data on the
cone C’g, characteristic for both metrics. There exists T' < T so that g, is
equivalent to gy in Yg/ if and only if they induce on C} the same degenerate
quadratic form satisfying in the coordinates x® the vertex limits (13.3-13.7).

Proof. We put the metric g, in Minkowski wave-map gauge by constructing a
wave map f,, that is a solution of the semilinear, tensorial, partial differential
equations which read in abstract index notation

oo fe = 00"03, 18 —Ta 5, 0o fO + O0fI0fLTE,) =0, (13.8)

which on C} is the trace of the identity mapping I of R"*1. To simplify the
writing we suppress the index a in the following computations, valid for any
metric g with normal coordinates y® and adapted null coordinates %, we will
reestablish a and b in the conclusions.

The components f¢ and f® of the image point are linked by the same
relations as the coordinates y and z. They take in coordinates z® the initial
data

?0 =0, ?1 =zl ?A =24, for 2° = 0; (13.9)
and in the coordinates y® the initial data
F=y, T'=n (13.10)

we see that in the y coordinates the initial data are the trace on Cp of the set
of C*° functions on R"*!
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The existence of a C? wave map f in some YOT“ taking these initial data can
therefore be proved using the Cagnac—Dossa theorem. In fact, since the equa-
tions are linear in a coordinate system where the Is vanish, the usual linear
theory [22] suffices to obtain the result. The resulting wave map extends to a
C? mapping (though not in general to a C? wave map).

To prove that it is a diffeomorphism at least in a neighbourhood of the
vertex we first remark that our definitions imply

aifl =4l (13.11)

To study the derivatives dy we return to the = coordinates and consider the
set of functions

A L (13.12)

They vanish on Cp and so do therefore their tangential derivatives on Cp;
hence by application of the Lemma 4.2

1111% dofl =0, lil% 0af9 =0, lin% Oof0=1. (13.13)
By definition of the coordinates z and y we have

2= (B - £

hence,
0 0 0
O Z f0=__— 0 _— ¢0.— 0 13.14
001 = g5l =55l = sl = dof (13.14)
while ﬁ depends only on f! and f4. Therefore,
lin% O ft =0, liH(l) O f0 = 1. (13.15)

Since the Jacobian of the C'' mapping f tends to 1 at O, it is a diffeomorphism,
between at least small neighbourhoods of O.

The initial data, trace g) of the metric g(#) in wave gauge are linked
with the original g by the classical relation

Top = 0a P DI G\ (13.16)

The values of 9;f in the coordinates z® show the equality of quadratic forms
G = g, indeed in these coordinates:

_(H) _ — _(H) _ — _(H) _ —
9§1):911:0» ggA):glAZO» 9543)29,43. (13.17)

Since ¢) is in wave gauge, and satisfies the vacuum Einstein equations,

)

its trace g*1) satisfies the wave-map gauge constraint C; = 0, and z/éH satisfies

the same equation as v,

13} 1 — 2
oM =y {;T + i(VéH)WO +7)+ @ + T

n—1

} . (13.18)

since the coefficients depend only on g, to show that I/éH) tends to 1 at the
vertex like vy we use the identity

vo = Do f 01 frgs). (13.19)
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and the limits (13.13)—(13.15) give

1= lim vy = }iiréuéH).
Uniqueness of solutions of (13.18) (with non zero 7) with this limit at O shows
that the function l/éH) depends only on g, i.e. 1/(%) = I/ég) since g, = gp, that
189, 4B = Gb,AB-

As a consequence, the wave-map-gauge constraints C, 4 = 0 written with
Jap = yff];) and uffé) are the same equation for l/L(l)IQ,a =1 or 2. The vertex

limit of VI(L‘H) will be deduced from the definition

va = Goa = 0001 g\ = Do f gy (13.20)
which implies using (13.9) (compare (4.43))
0= }12(1) r2u, = rhi% szng)’ }1}(1) A = }EI}JEABVB = lli% TﬁQSABVB =0.
(13.21)

Differentiating (13.20) gives
Ova = 0100 G4\ + 007y

We have
lim v~ Oyva = lim (r7' 9100 2G4Y) + lim (r~ 9001543
with, by (13.9) and (13.13),
lim (30 r ' 0194y = lim r 1017,
and
lim (r~'9,00/754y) = lim (r9:00/F)sap.
Taking the trace on the cone of the wave map equation, with Minkowski target,
gives
29" (81W - T?OW - Tfo + f‘fBW)
— 25" P (T — T5) — 7°C (Tpedof + Tpo — Dhe) = 0. (13.22)
We have
}ii%f‘fo =0 and lim 9/ =0,
limy o = Ly %{—TVAVOTQH +1g4% (Bog15 + O1vp — Op1o)} = 0.
Finally, for a wave map f
lim (r0190 f %) = 0;
hence, since lim,_,or~10;v4 = 0, we obtain

lin% r_lalul(f) =0.
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Since vg 4 and vy, 4 satisfy the same equation and the same boundary condi-
tions, they are equal.

It remains to analyse the boundary conditions for the functions g, oo,
which again satisfy the same equation for a = 1 or 2. We have

Joo = 30fA80f‘LQE\IZ)~

It implies

lim Goo = lim, (569007 + 200 200 1! + 54100 A0 7 )

The previous limits imply then
- . _(H)
}12%900 = Thi%géo =-L
Also,
D900 = Do 200 f" g\ + 20100 f oS g5 ;

hence using previous limits

lim 101500 = lim {ro1g60” +2r (B100758 + 01907 0") }

We have, by definition of a wave map with Minkowskian target,

9209(9190 f0 — T80 f0) + 107090 f0 + gABTY, 5 = 0.

Hence,

_ 1 —1
1in%r{2(8180f0—1im1"(1)0)+ DS oyt } —0,

r— T r
which gives
lim rd10of9 = 0.
One finds also
}ii% rd1dofr =0,
hence,
lim rd1ggy = lim rdi gy = 0.
(H)

We have proved that g, = g, on CJ implies @SH) =7,  on Chand
hence, by uniqueness for the hyperbolic system of the Einstein equations in

wave gauge g,(lH) = glgH) in YZ'. The metrics g, and g, are geometrically equiv-
alent.
The reverse implication is trivial. O

Our next result, one of the main results of this paper, is a straightforward
corollary of Theorem 13.1:
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Theorem 13.2. Given points O, € V, and Oy € V,, denote by Co, and Cop,
the characteristic (null) cones of smooth Lorentzian metrics g, on V, and g
on Vy. Denote by J} the future of the point O, in the metric g,. There are
neighbourhoods U, of O, and Uy, of Oy such that the spacetimes (Uy N J1, ga)
and (UpN J;,gb) are locally geometrically the same if and only if the pull back
dNGy, where ¢ is a canonical diffeomorphism of U, onto Uy, equals Gq .

Proof. The spacetimes (U, NJ;", gp) and (o' (UyNJ,7) C UaNJIF), o3 gp) are
geometrically equivalent. Theorem 13.1 shows that the second one is locally
geometrically equivalent to (U, NJ), ga); the conclusion follows from the fact

that o3 Gy = % and satisfies the required vertex limits. O

From the Uniqueness Theorem 12.1 for the constraints one deduces
straightforwardly a formulation of geometric local uniqueness starting from
data v and k.

14. Conclusions, and Open Problems

We have shown that the trace g on a characteristic cone of a solution of
Einstein equations which is also a solution of the reduced Einstein equations
in wave-map gauge satisfies necessarily a set of n + 1 equations which we have
called wave-map gauge constraints, written out explicitly and solved. We have
shown that, conversely a solution of the reduced Einstein equations in wave-
map gauge with trace satisfying these wave-map gauge constraints satisfies
the original Einstein equations. Finally, we have shown that every solution of
the vacuum Einstein equations is locally (i.e. in a neighbourhood of the ver-
tex) isometric to a solution in wave map gauge, uniquely determined by the
degenerate quadratic form induced on the characteristic cone by the spacetime
metric.
There remain many interesting open problems:

e Determine the minimum regularity, in particular at the vertex, under
which the initial data lead to a local solution (see also [13]).

Extend our analysis to a characteristic cone with vertex at i~ (cf. [24]).
Study the asymptotic behaviour of the solutions of the wave-map gauge
constraint equations at future null infinity.

e Prove global existence for small initial data of solutions of the Einstein
equations in higher dimensions by a conformal method, as was done for
the spacelike Cauchy problem with data identically Schwarzschild outside
of a bounded region [11].

e Prove global existence using the approach of Lindblad-Rodnianski [38—-40]
(compare [2,26]).
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Appendix A: Collected Formulae
The metric on Cp = {2° = 0} is written as
9 = Too(dz®)? + 2G4 dx'daz? + 275, dzdat + G4 pdz?da®, (A1)

and recall that we do not assume that this form of the metric is preserved under
differentiation in the 2%-direction. Here and elsewhere we put overbars on the
relevant quantities whenever the formulae hold only on Co. The inverse is

9F =910} + 2910104 + 29”1 8601 + 5P 040, (A-2)
with
"= ﬁ 9" =-3"g"" g0, " = (@"")*(~Too + 7" GoaGon)-
(A.3)
We introduce the special notations
Vo = Go1, VA = Goa, § = gapda?dz®, (A4)
V0 =g = Vio v = gt =3 Pup. (A.5)
Then,
gt =" g = (°)*(=Goo + vva). (A.6)
The determinant reads
V] det g = vor/det gs. (A.7)

The Levi-Civita connection of the metric g 4 5 will be denoted as V 4, with
corresponding Christoffel symbols I'G 5 with respect to the derivative d4.
We have the following Christoffel symbols on the null hypersurface:

=0 1 _ —

Tyo = 51/0(731900 +200g01), (A.8)
=0 1

Loy = 5’/0509117 (A.9)
40

T, =0, (A.10)
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1 1 B .
Lo = §VOVA(6A900 — 200g04)

+%§11(—81§00 + 280g01) + gwm, (A.11)
Th = 5 (190h500 + V0 (@av0 — va —Bogin) + 7" Fogm ), (A12)
fi1 = 201 — %VOM, (A.13)
F?40 = %Vo(aAVo + dogia — O1va), (A.14)
T =0, (A.15)
FIIAO = %1/0(8,@00 ~vB(Vavg — Vva + 0ogap))

+%§11(8A1/0 +0og1a — O1va), (A.16)
ﬁaﬂ = %Vo(aAVO — Bog1a + O1va —vP01Gap), (A.17)
f?LXB = _%VoalgABv (A.18)
sz = %VO(@AVB +Vgva — 0ogan) — %?11515,43, (A.19)
fgo = —%ECA()A?OO + %VOVcalﬁoo +3%d0goa — Vv Bogor,  (A.20)
fgl = %@C“‘(M+ O1va — 0avy) — %VOVCTQH, (A.21)
I, =0, (A.22)
Tl = —%VOVC(m-F davg — va)

+%§BC(@AVB — Vpva+00gan), (A.23)
fil = %chalgABv (A.24)
fiB =T%p + %VOVC@lgAR (A.25)

The remaining ones are obtainable by symmetry. Note that in spite of hav-
ing g4p = ganp, the Christoffel symbols fiB (a part of fl)\w) and TG (the
Christoffel symbols of gap) do not coincide in general.

We note the following traces of the Christoffel symbols:

_ I — 1 _—
T, = " Bogo1 + 551130911 — v ogra + §§AB5’09AB, (A.26)

— 1
Flfu =120 + 5?’4351?,437 (A.27)

— 1
Ty = 120410 + 557“Oagno. (A.28)
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The harmonicity vector on the null surface reads

=0 1
I = ()2 B0gn — 57°5" 01945, (A.29)

—1 AR _ 1_,,_ _ _
T =198V gva + 3" 10010 — 59119'43319,43 + () v PG,

1 — 1 _
+(1/0)231§00 - Q(VO)QVA(%VA — §VO§A3809AB + §u0§1160911 (A.30)
_ 81(1/0§11\/detgg) _ 1

_AB< apm—— 1 g 11—
=198V pu4 154800 ga5 + §V091150911,

VoV det f]g 2

(A.31)
T = g7 05 + 5 PTp + %ﬁBCuou"‘G@Bc ~ 7' Poigpe
+0@* P vp + 9P dogis — v Bognr), (A.32)
yoﬂf” = 29410 + G BOBYA + 1/081§00 + "oy — 1o A0va
_%EABM + VOVAm _ %gllm7 (A.33)
gL = f%EABalﬁAB + %9911, (A.34)

EAMFN = —1%(0avo — Ova — ogia + v 019.45) + 5 Gapl Bo- (A.35)

(In the main body of the paper we also use ['4 := gABfB, see (4.35).)
The following formulae are often used in our calculations:

8% = —(°)?og11,  B0g°F = v (— P g +3°“Gogic),  (A.36)
90g™® = —{(+°)*Bogor + 5" Bogi1 — (V°)*v Bogro)}- (A.37)
The scalar wave operator acting on a function f reads
0,7 = ———0,(v/[detglg 0, f)
V[ detg]|
= -T70,f +7"0%F — 20°040,04f + 200,00 f
+3120,405F. (A.38)
The tensor computations in this article have been checked with the com-
puter algebra framework zAct [41].
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