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Scaling Limit for Subsystems and
Doplicher—Roberts Reconstruction

Roberto Conti and Gerardo Morsella

Abstract. Given an inclusion B C JF of (graded) local nets, we analyse the
structure of the corresponding inclusion of scaling limit nets By C Fo, giving
conditions, fulfilled in free field theory, under which the unicity of the scaling
limit of & implies that of the scaling limit of B. As a byproduct, we compute
explicitly the (unique) scaling limit of the fixpoint nets of scalar free field
theories. In the particular case of an inclusion A C B of local nets with
the same canonical field net &, we find sufficient conditions which entail the
equality of the canonical field nets of A and By.

1. Introduction

Local quantum physics is an approach to Quantum Field Theory (QFT) based
only on observable quantities [19]. It has been very successful in the mathematical
description of superselection sectors and of the global gauge group of a given
QFT [17]. Also, the mathematical tools that are available in this setting are well
suited for providing a detailed analysis of subsystems, an issue that is central
in order to obtain an intrinsic description of the observable system one starts
with [10-12]. In another direction, the recently proposed algebraic approach to the
renormalization group [8] (see also Section 2) has opened the possibility of studying
the short distance limit in the local quantum physics framework, and has started
to convey new insight into our understanding of physically relevant issues such as
confinement of colour charges and renormalization of pointlike fields [1,3,14].

Dealing with the general problem of understanding the scaling limit Ay of
a given local net A, it is natural to ask whether there exists an efficient way to
compute it in practical situations.

Work supported by MIUR, GNAMPA-INDAM, the EU and SNS.



486 R. Conti and G. Morsella Ann. Henri Poincaré

Loosely speaking, starting with a given local net, one would like to mod out
the degrees of freedom that play no role at short scale, and obtain a smaller and
hopefully simpler net which has the same scaling limit of the original net. In turn,
it is unlikely that a local net always contains a “large” subnet containing the whole
information about scaling, however the notion of convergent scaling limit that we
use at some crucial point of the main text is clearly an evolution of this naive
idea. In fact, the very concept of the scaling algebra involves some redundancy
in the choice of the scaling functions (as shown by the presence of a big kernel
of the scaling limit representation), so that one could expect that, at least in
particular cases, the consideration of some appropriate subalgebra of the scaling
algebra would suffice.

It might also be the case that one knows that the given local net can be
realized as fixpoints of a larger net, and then wonder if the scaling limit of the
fixpoints can be computed as the fixpoints of the scaling limit.

In both cases, we are thus led to the problem of comparing the scaling limit
of a system with that of a subsystem, and this paper came out as an attempt to
understand this relationship.

It has been shown in [8] that, for a given theory A, there are only three
possibilities: either A has a trivial scaling limit, or a unique non trivial one, or
several non-isomorphic ones. In the case of a subsystem A C B the situation is
slightly more complicated, but one of our most basic observations is that there
always exists a bijective correspondence between the sets of scaling limit states
of A and B, and that for the corresponding scaling limit nets Ay and By one
has a subsystem Ay C By. In this situation it seems natural to expect that if B
has a unique scaling limit, the same should be true for A, at least under suitable
assumptions. In Section 2 we provide a criterion for this to happen, and use it to
show that fixed point nets in free field theory have a unique scaling limit.

Another aspect of the problem is to study the inclusions Ay C By, and for
instance one can ask whether it is possible to find necessary /sufficient conditions
on A and B ensuring that

Ao = By (1)

for every scaling limit state.

At first sight, one could expect that the situation becomes somehow easier
to handle if one knows that (A(O) and B(O) are factors and) [B : A] < oo, but it
has not really become important to employ this condition yet. In turn, the index
of an inclusion is not necessarily preserved in the scaling limit, but there are cases
in which the inequality [Bo : Ag] < [B : A] holds true. For instance, consider the
free massive scalar field and its Zo-fixpoints. In this case, after scaling the index
remains the same, as shown in Section 2. On the other hand, tensorizing the Lutz
model [21] with a massive free field one gets that the index of the scaling limit
is smaller than the original one [15]. Also, the relation [By : Ag] < [B : A] is
compatible with equation (3) below.
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Tensor products provide simple examples of subsystems, for which some ques-
tions can be answered. For instance, let us assume that A5 has trivial scaling limit."
It is then natural to ask under which conditions the scaling limits of B := A @ A
and A := Ay ® C ~ A, satisfy equation (1). A set of sufficient conditions for this
to happen, expressed in terms of nuclearity properties, has been found in [15]. The
fact that nuclearity plays a role in this context is not surprising, as it provides
invariants which depend on the localization region, and therefore should be able
to encode the fact that A(O) and B(O) become “closer” at small distances.

Notice also that a certain (graded) tensor product decomposition plays a
critical role in the classification of subsystems in [10,11].

This work heavily relies on the DR-reconstruction [17]: given an observable
net A, there exist a canonical field net F(A) and a compact group G(A) of auto-
morphisms of F(A) such that A = F(A)M) (therefore A is a subsystem of F(A)).
Some functoriality aspects of the reconstruction have been investigated in [12],
and a classification result for subsystems of F(A) has been obtained in [10,11].

The study of the scaling limits of A and F(A) is discussed in [14]. In typical
cases, it holds

F(A)o = F(Ao)", (2)
Ag = FA)FIN (3)

with G(A)/N = G(Ao)/H. Here, N is the counterpart of the charges that disap-
pear in the scaling limit, while H corresponds to the confined charges (i.e., those
which appear only in the scaling limit). In Section 3 we show

(FA)Y) =T (A, (4)

which is again a case in which (1) holds. Also, notice that here both nets involved
satisfy (twisted) Haag duality.

In the remaining part of this work, we investigate the scaling limit of subsys-
tems A C B of the form FX C F¢ where F = F(A) = F(B) is a graded-local field
net acted upon by the compact groups G C K. Of course, this situation includes
the case of a field net and its gauge-invariant observable subnet recalled above,
but, for example, also the subnet generated by the local energy-momentum tensor
fits in. In this framework, we discuss the general relations between the groups ap-
pearing in equations (2), (3) associated to A and B. We then apply the results on
classification of subsystems in [10,11] to gain some insights on the structure of the
inclusion Ay C By, and in particular on the relation between the canonical field
nets in the scaling limit F(Ap) and F(By).

The content of this paper is as follows. In Section 2 we show that for a
subsystem A C B with a conditional expectation F : B — A there is a one-to-one
correspondence between the sets of scaling limit states of A and those of B. This

1We remark that the role played by Haag duality in relation to the triviality of the scaling limit
is not completely understood, as no examples of nets satisfying it and having trivial scaling limit
are known to date.
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entails the somewhat curious fact that the sets of scaling limit states of any two
theories are in bijective correspondence [15]. As another consequence, we show that
the scaling limit of the Zs-fixed point net of the free massive scalar field coincides
with the Zs-fixed point net of the free massless scalar field. Then we readily adapt
the argument in order to deal with more general free fields. In Section 3 we prove
equation (4). Finally in Section 4 we present a detailed discussion of the scaling
limit of subsystems of the form F% ¢ F¢ illustrating the main results with several
examples.

2. Scaling limit for subsystems

We start by recalling some known facts to be used in the following, also to fix our
terminology and notation.

Definition 2.1. By a graded-local net with gauge symmetry we mean a quadruple
(F,a, B, w), where:

(i) O — F(O) is a net of unital C*-algebras over double cones in Minkowski
spacetime;

(ii) « is an automorphic action on F of a geometrical symmetry group T' (the
Poincaré group or its normal subgroup of translations) such that, for each
double cone O, o, (F(0)) = F(v-0), v € T}

(iii) B is an automorphic action on F of a compact group G commuting with «
and such that, for each double cone O, 3,(F(0)) = F(O), g € G;

(iv) w is a pure state on F which is a- and (-invariant;

(v) there exists an element k in the centre of G with k? = e such that, by defining

Fy = %(Fiﬂk(F)) , Feg,
for F; € F(0;), i = 1,2, with Oy spacelike from Os, there holds
ik =FKiF,, F_F_=-F_F_.
We need also a spatial version of the above concepts.

Definition 2.2. A graded-local net with gauge symmetry in the vacuum sector will
be a graded local net with gauge symmetry such that:
(i) for each O, F(O) is a von Neumann algebra acting on the Hilbert space H;
(ii) there is a strongly continuous unitary representation U of T' on 3 such that
ay, = AdU(v), and such that the joint spectrum of the generators of the
representation of the translations subgroup R* > # — U(z) is contained in
the closed forward light cone;
(iii) there is a strongly continuous unitary representation V of G on H commuting
with U and such that 8, = AdV(g);
(iv) w is the vector state induced by a U- and V-invariant unit vector Q € H
which is cyclic for the quasi-local algebra F = J, F(O) (closure in the norm

topology).



Vol. 10 (2009) Scaling Limit for Subsystems 489

If G = {e,k} = Zsy, we will simply speak of a graded-local net. In the par-
ticular case in which G is trivial (and therefore k = e), we will use the traditional
notation A instead of F, and we will refer to the triple (A, o, w”') as a local net (in
the vacuum sector if it applies). If (F,«,3,w?) is a graded-local net with gauge
symmetry, then one obtains a local net by defining

A(0) :=TF(0)Y :=={F € F(O) : By(F)=F, geG}.

Moreover, an Haag dual net will be a local net in the vacuum sector such that
A(O) = A(O"), where as usual A(O’) is defined as the C*-algebra generated by
the A(O,) for all double cones O, C O'.

We recall the construction of the scaling algebra of a graded-local net with
gauge symmetry in the vacuum sector F [8,14]: we consider the C*-algebra of all
bounded functions F' : Ry — F, with norm ||F|| := sup,- [|F||, endowed with
the automorphic actions of I' and G defined by

Q’y(E)A = OZ’YA(E)\)a gg(ﬂ)/\ = ﬂg(EA)? ’YGF, g€G, )‘>07

where vy = (A, Az) if v = (A, z). Then §(O) is the C*-subalgebra of the functions
I such that

1. F, € F(XO) for all A > 0;

2. i F)—F| =0;
i o, (F) — E| = 0;

3. lim [13,(F) — £ = 0.

In the particular case in which ¥ = A is a local net, the third condition above
is of course void because of the triviality of G. We denote by § the quasi-local
C*-algebra defined by the net O — F(O).

Remark 2.3. According to property 3. above, the scaling algebra § associated to
(¥, «, B, w) depends on the action 5 of G. Since we do not require Eto be faithful,
it factors through an action § of G/N, where N := {g € G : 3,(F) = F, VF € F},
and one could consider the scaling algebra § associated to (F, a, B,w). However,
thanks to the fact that the canonical proje&ion G — G/N is open, it turns out
straightforwardly that actually § = 3.

Next we introduce scaling limits. We define states w,, p > 0, on § by
w,(F) == w(F,), and we denote by SL(w”) the set of weak* limit points of
(w,)u>0. We shall write SL(w”) = (wg,)iess, Where Jz is an appropriate in-
dex set. Each w,, will be called a scaling limit state of w,? and we denote by
(m0,., Ho,., Q0,.) the GNS triple induced by wj ,. According to the results in [14,
Sec. 3], (8, a,,w,,) is a graded-local net with gauge symmetry, and by defining

F0..(0) := m,(3(0))" (5)

2A more general definition of scaling limit state has been given in [1].
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one gets a graded-local net with gauge symmetry in the vacuum sector, called a
scaling limit net of F. The notation wy, = (Qg,,, (-)Q0,,) will be systematically
employed in the following.

For a general analysis of the notion of subsystem see [12,20,24].

Definition 2.4. Given two graded-local nets (F,a”, 3%, w%), (B,a®, 8%, w?), we
say that they form an inclusion of graded-local nets, and write for brevity B C F,
if:

B(O) C F(O) for each double cone O;
ag(B) = afYB(B), for all Be B, v €T}
87 (B) = BB (B), for all B € B;

(iv) w¥(B) = wB(B) for all B € B.

Accordingly, when there is no danger of confusion, we will omit indices F, B
and write simply «, k and w. In the above situation, if (F, a7, 37, w¥) is a graded-
local net in the vacuum sector, it follows easily, by a Reeh—Schlieder type argu-
ment, that € is separating for F(O) for each O, and therefore it is clear that by
restricting B(O), Us () and Vz(k) to Hgp := BQs C Hg, one gets a graded-local
net in the vacuum sector, which is isomorphic to (B,a®, 3%, w®) (see e.g. [10],
top of page 93), and therefore it will be identified with (B, a®, 3%, w®) when no
ambiguities arise.

In the sequel, we also assume the existence of a conditional expectation of
nets E : ¥ — B, meaning that E is a conditional expectation on the quasi-local
algebra JF onto the quasi-local algebra B, which in restriction to every F(O) is
a conditional expectation onto B(O), and such that a,F = Eay, BkE = Efy
and wo F = w. It follows from the last property that if B, F are in the vacuum
sector, E restricts to a normal conditional expectation of F(O) onto B(O). Such
a conditional expectation exists if, e. g., F and B satisfy twisted Haag duality on
their respective vacuum spaces [12, sec. 3] (see also [20]). Our setup includes in
particular the case where F is a Doplicher-Roberts field net over a local net of
observables B, so that E is obtained by taking the average over the compact global
gauge group [17].

Now we wish to examine the possible relations between the scaling algebras
§(0) and B(0) and the scaling limit states SL(w”?) = (wj,)ies, and SL(w®) =
(QEL)LGJ,B associated to F and B respectively. It is clear that since F and B satisfy
conditions (i)-(iil) of Definition 2.4, the same is true for § and B. It is then easy
to see that the map £ defined on § by

E(E)x:=E(E,), Feg, A>0 (6)

is a conditional expectation of nets from § onto 2B, commuting with a and S.
Moreover, if F is faithful, then also E is: if, for each A > 0, E(F*F), = E(F\F,) =
0, then F'y, =0, ie. F=0.
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Proposition 2.5. Let B C F be an inclusion of graded-local nets and E : F — B
a conditional expectation as before. Then SL(w?) = SL(w®) o E, and there is a
bijective correspondence between Jg and Jg defined by mapping ggi € SL(w®),

L€ Jg, towd, o E € SL(w?).

Proof. Let wf, € SL(w®), © € Jg. Then, since g?f‘ o E(F) = wB(E(E#)) =
w(F,) = wi(F), we have that w%ﬂ o E € SL(w”). Also, if wf, 0o E = w§,, 0 E,
then w¥, (B) = Q(Q)B,L o E(B) = Wo o E(B) = wy 2,.(B) for all B € %, and the map
defined in the statement is injective.

Conversely, let ng € SL(w ?), v € J5. Then w, is a weak* limit point of
(w?)ﬂ>0, and therefore wi, == wj, | B is a weak* limit point of ( I B),>0-
But, for B € B, w ( ) = wg(BM) = wB(BH) = wf( ), and then wOL 6 SL(w?®),
so that Wo L= Wo o b = Wo , o E. This also shows that the above defined map is
surjective, concludlng the proof O

As a consequence of the above proposition FE is a conditional expectation of
the nets (§, 0”7, 87, wf, 0 E) and (B,a®, 5%, Wo 2,). Also, denotlng by m5, and 73,
the scaling limit representations defined by gm and QO,L = Qow o E respectively,
we see that W(Cf , is the representation induced from 7r3i via E.

Remark 2.6. It follows form the previous result that if B C F, even without assum-
ing the existence of a conditional expectation of F onto B the map wi, — wi, | B
induces a canonical bijection between Jg and Jg. In order to see this, assume, for
simplicity, that B and F are local nets, and consider, as in [15, Prop. 3.5], the
tensor product theory § := B ® F, and the conditional expectations E® : § —
B~B®RCl, EY:§— F ~C1®TF given respectively by E®(B® F) = w’ (F)B,
E7(B®F) = w®(B)F. According to the previous proposition, we have a bijection
between J and Jg induced by gé’l — gg’b o E7, and a bijection between Jg and
Jg induced by gg L= gaL [ 9B, where, with a slight abuse, we identify 8 with the
(isomorphic) subalgebra of & consisting of the functions A — B, ® 1, B € 8. Tt
is then sufficient to show that Q(C{L oE7 B = Wo . [ 3B, but this follows at once
from

wi, (E7(B)) = limw” (E7(B,, ©1)) = limw®(B,,) = wj,(B).

The case in which B and F are genuinely graded-local nets can be handled in a
similar way up to the replacement of the tensor product and of the slice maps with
their Zs-graded versions.?

At first sight this result may appear somewhat counter-intuitive, but it should
be observed that this does not imply that states which corresponds to one another

3We also notice that the above argument shows the existence of a canonical bijection between the
sets of scaling limit states of any pair of nets B, &, without assuming B C F, such bijection being
given by ggL — g(ﬁib o E¥ | 8. On the other hand, one can show that the scaling limit states of
a net are in one-to-one correspondence with a suitable subset of the pure states of the center of
the scaling algebra, which is universal, i.e. independent of the underlying net [2, Sec. 2.1].
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in this bijection also share analogous physical interpretations: in particular, it may
happen that all the scaling limit states of, say, B give rise to isomorphic scaling
limit nets, while the same is not true for the corresponding states of F, see also
the remark following Proposition 3.5 in [15].

In view of the above proposition, we indentify Jg and Jy and denote both
simply by J, and for each ¢ € J we denote by By, and Fy, the scaling limit nets
obtained by the corresponding states in SL(w®) and SL(w”¥). Now one can show
the existence of a conditional expectation on every scaling limit theory.

Proposition 2.7. Given an inclusion B C F of graded-local nets in the vacuum
sector, there is, for each v € J, an inclusion By, C Fo, of scaling limit nets.
Furthermore, if a conditional expectation of nets E : F — B is given, there
exists a conditional expectation of nets Ey, : Fy, — Bo, uniquely defined by
Eo, (g (F)) :==mg (E(F)), F € 3. Moreover, if e, = [Bo,.0,], one has

EO,L(F)eO,L = 607LF60,L , F S 3:07L . (7)

Proof. Thanks to the Reeh—Schlieder property for Fy ,, the net By, is isomorphic
to the net O — ng(g(()))” C F,.(0), which gives the inclusion By, C Fy,,.

In order to show the existence of the conditional expectation Ej ,, we start
by observing that, given B, B, € B, F' € § one has

<7TgL( )QO Ly ﬂ-gL(F)ﬂ-O L( )QO b> = QO,L(ETEQ)
= QO,L (E(BTEZ)) = QO,L (B*E(E)E )

<7r({)BL( )QO Lv,/T(’)BL(E(F))TrO L( )QO L>a

which, taking into account the above mentioned isomorphism, shows that the
map 73 (F) — 73 ,(E(F)) is well-defined and o-weakly continuous, and therefore
extends uniquely to a o-weakly continuous map Jy, — Bp, which is easily seen
to be a conditional expectation of nets.

The properties afyo’b)EQL = EoyLozSYO’L)7 ﬁlio’b)EO,L = E07Lﬁ,(€0’b) and wg, 0 By, =
wo,, follow at once from the analogous properties for £.

In order to prove (7), it is clear, by normality, that it is sufficient to prove
EO’L(ﬂ'g’L(E))eO,L = eo’mgtb(ﬂ)eo,“ F € §. This is shown by choosing, for ® €
THE{L, a sequence B,, € 7r81 (8B) such that B, converges to ey ,®, and then by
evaluating

<(I),E0,L(7T(:)}:L(E))607L(I>>

<eO,L<I>, EoyL(T(gtL(E))eo’L(I)>

= lim <QoL,EoL(B 0. (E)B )Q°L>

n—-+oo

— lim <QOL7B*7TOL( )B QOL>

n—-+4oo

= (eg, @, m) ,(F)eo, @) = (@, e, m) ,(Feg, P),

which gives the statement. O



Vol. 10 (2009) Scaling Limit for Subsystems 493

Remark 2.8. The above discussion carries over to the case where B C ¥ is an
inclusion of graded-local nets with gauge symmetry, meaning that condition (iii)
in Definition 2.4 is replaced by the following

(iii") BgE(B) = ﬂg(g) (B), for all B€ B, g € Gg,
where ¢ : Gz — Gy is a continuous homomorphism such that ¢(ks) = kg, and
there exists a conditional expectation of nets £ : § — B such that ﬂf(E(F)) =
E(ﬂg(g)(F)) for all F' € ¥, g € Gg. Notice in fact that, if F € F(O), then E(F)
defined by (6) is still an element of B(0O), since

g lm  sup 185 (B(E,)) — E(E))| = g Jm sup B (655 (Ex) — E(E)]|

< lim sup ||ﬁg(g)(E,\) - F,|[=0.

Gg3g—e x>0

For instance, this situation applies if N C G is a closed normal subgroup, B :=
FN and E is the average on N, in which case one can assume G'3 = Gg (and
therefore ¢ = id), whose action factors through Gg/N.* When N = G5, A :== B
is the local net of observables associated to F, and we recover the existence of a
conditional expectation from F,, to the observable scaling limit net Aj, used in
the proof of Lemma 5.1 in [14].

It is worth pointing out that our treatment is by no means limited to nets of
von Neumann algebras. This should be already clear from the above discussion,
and it is further exemplified by the next theorem which, following closely the
arguments expounded in [9], is presented in the setting of nets of C'*-algebras, and
where, as an application of the above results, we compute the scaling limit of the
even part of the free scalar field. A von Neumann algebraic version will follow from
the more general Theorem 2.11 afterwards.

We will use the description of the scalar field net in terms of time-zero fields
and locally Fock representations as in [9], as well as the main results of that paper.
In particular, we consider the case where I' = R?, d = 3,4. Also, we associate to
the free scalar field of mass m > 0 the net of C*-algebras O — F(™(0) obtained
by considering the elements of the canonical net of von Neumann algebras of the
free scalar field of mass m which are norm-continuous under translations. This net
is conveniently isomorphically represented on the Fock space of the massless scalar
field by local normality, see [9] for details.

Since we deal with nets of C*-algebras, in the following result it is understood
that the scaling limit of a net & of C*-algebras is defined as Fy ,(0O) = m,,(F(0)),
without weak closure. Furthermore, we denote by J,.(0) := Ng, 55T (O1) the outer
regularized net of J.

Theorem 2.9. Let (?(m), a(m),w(m)) be the net associated to the free neutral scalar
field of mass m > 0 in d = 3,4 spacetime dimensions, as described above, and let

4We stress that, due to Remark 2.3, the scaling algebra of B when it is thought with an action
of Gy coincides with the scaling algebra obtained when B is thought with an action of G /N.
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(A(m), a(m),w(m)) be the subnet of fixed points under the Zo action defined by the
involutive automorphism

BW(f) =W(-f), feDR).

Then each outer reqularized scaling limit net (A(()T;)T, a(WO’L),wéT)) s isomorphic

to the net (A©, a0, wO)) of Zy-fived points of the net associated to the massless
scalar field.

Proof. In view of the above results, each net (AST;)T,a(m?O’L),w((JT)) is a subnet

of some outer regularized scaling limit net (SréT;L,a(m‘O"),wéT)). Let then ¢ :
?(()T;),, — FO) be the isomorphism onto the net of the massless scalar field, whose
existence is proven in [9]. We will show that ¢ | A(()T;)T is an isomorphism onto A,

We begin by showing that ¢(A™ ) ¢ A©. To this end, let A € A (0); then,

0,057
since in the chosen representation 3 is weakly continuous, being implemented by
the unitary operator eV (with N the number operator of the massless scalar
field), we have, for a suitable net (A\;). C R,

8(0(m0.(4))) = w-lim fo, 1 (4,,)

=w-limo,-16(4,,)
= w- hlgna,\;l(ékn) = (b(ﬁu(é)) )

where, in the second equality, we have used the fact that § commutes with the
dilations oy as defined in [9, Eq. (2.6)], and in the third equality the fact that A,
is -invariant for each A. Therefore ¢(my,(A)) € A (0) = F©(0)%2, and then

o(A5(0) =6 | [ A5 (©O1) | € A®(0)
0,20
thanks to the outer regularity of A% (O).
Conversely, ¢ being an isomorphism, any element A € A (0) is of the form
A = ¢(mo,,(F,)) for any O; D O and for some F, € F™ (Oy). For such an element,
define A, := E(F,) € A" (0y), where E = $(id+ ) is a conditional expectation
of F™) onto A(™ | which is obviously weakly continuous and commuting with the
dilations. Then, arguing as above, we have

¢(7707L(A1)) = W- hén O\t (E(El)\n))
= B(6(mo.(£1))) = 6(mo.(E1)) = 4,
s0 that ¢(AJ7)) = A©). O

Remark 2.10. The net A1) @ A™2) with my # ms has no nontrivial subsystems
thanks to the results in [10], but, according to the above theorem and the results
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in [15], any of its scaling limits is isomorphic to A© © A which has, for instance,
the subsystem obtained by taking the fixpoint net with respect to the natural
action of SO(2). Therefore, this simple example shows that subsystems can appear
in the scaling limit which are not related to subsystems already existing at finite
scales.

As anticipated in [15, Thm. 4.6] the argument in Theorem 2.9 carries over
to the case of multiplets of free fields acted upon by a compact Lie group G.
More precisely, consider a finite symmetric and generating set A of irreducible
representations of G and a mass function g : A — [0, +00) such that p(v) = p(v).
Let then F#) denote the graded-local net with gauge symmetry in the vacuum
sector generated by a v-multiplet of free scalar fields of mass p(v) for each v € A,
and A < F#) the fixed point net of F*) under the natural action of G. Again,
this net is isomorphically represented on the Fock space H(®) corresponding to
p(v) =0 for each v € A (see [15] for details). Furthermore, denote by Aé’fb) C 5’5{?
the corresponding inclusion of scaling limit nets. As shown in [15, thm 4.3] there
is a spatial net isomorphism 6 : ff(()’i) — F(0) guch that for each F € 5("),

O(eif) () = w-limo5 1 (F, ).

for a suitable net (M) C Ry, and where §y is the adjoint action of the dilation
group on H(®,

Theorem 2.11. There is a net isomorphism between A((J’,LL) and A©) | obtained from
0 by restriction.

Proof. Since the action of G on F*) is p-independent [15], the same is true for
the conditional expectation E : F®) — A®) obtained by averaging with respect
to G. Therefore, if B : F* — A} is the conditional expectation given by
Proposition 2.7, in order to generalize the above argument it is sufficient to show
that 6 o Eéft) = F o #. By normality of # and Eéft)7 it is sufficient to check this
equation on elements 71'((),:) (F) with F € " (0) for some O. This follows at once
from the computation

00 BifY (nls) (F)) = w-lim 65 (B (E,, )
= w-lm E(§;1(F, ) = Eo§(n (F)),

where in the last equality the norm boundedness of 5;: (F,) and the normality
of E were used. O

The essential point in the above proofs is the existence of conditional expec-
tations E((Jff) : EFéft) — Aéﬁ) and E : F© — A©) intertwining the action of the

isomorphism 6 : 3"(()’: — FO) In fact if we consider the general situation of an
inclusion B C &F with a conditional expectation of nets F : F — B as discussed
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above, and we assume that F has a unique (quantum) scaling limit, with isomor-
phisms ¢, , : o, — Fo,/, and that the conditional expectations Ey, : Fy, — Bo,,
introduced in Proposition 2.7 satisfy

¢L,L’ o EO,L = EO,L/ o ¢L,L, ) (8)

a similar argument shows that ¢, ,/(Bo,) = Bo,/, so that B has a unique scaling
limit too.

This happens in particular if F has a convergent scaling limit as introduced
in [2]: we say that a net F has a convergent scaling limit if there exists an inclusion
of graded-local nets & C 3§ such that for each F € 3 there exists limy_,ow(F'y)
and such that, for each scaling limit state wy ,, in the corresponding scaling limit

representation one has ., (§(0))” = Fo.,(0). It is easily seen that if a theory has
a convergent scaling limit then the scaling limit is unique.

Proposition 2.12. Let B C F be an inclusion of graded-local nets in the vacuum
sector, such that F has convergent scaling limit, and let E : F — B be a conditional
expectation of nets. Then equation (8) holds. Furthermore B has convergent scaling

limit, if E(§(0)) C §(0).

Proof. 1t is straightforward to show that the unitary V, ., : Hy, — Hp,,s defined
by
‘/L,L/WO,L(E)QO,L = ,/TO,L,(E)QO.,L/ ) E S &7

implements a net isomorphism ¢, ,» : 9, — 0 ./, and there holds, for each E S

3(0),

(z)L,L/ © EO,L (WO,L(E)) = T,/ (E(E)) = EO,L’ o ¢L,L’ ('/TO,L(E)) s

so that equation (8) follows thanks to m,(§(0))" = Fo..(0).
Furthermore, using the normality of Ey,, it is direct to verify that B has a

convergent scaling limit by setting B(0) := E(F(0)). O

3. Inclusions with coinciding scaling limits

In the previous section we have discussed situations in which an inclusion of nets
gives rise to a proper inclusion of nets in the scaling limit. For completeness, in
the present section we provide a general construction of an inclusion of nets such
that the corresponding inclusion of scaling limit nets is trivial.

Let (F,, 8,w) be a graded-local net with gauge symmetry in the vacuum
sector. Then the quintuple (F,U,V,Q, k) is a QFTGA according to [14], where
the representations Uy, and Vj , of the translations and of G' for the scaling limit
Fo,. are introduced. As V{j , is not necessarily faithful, we define the closed normal
subgroup

Ni={geG: V(9 =1}. (9)
The scaling limit net F, is then obviously covariant with respect to the natural
representation 1y, of the factor group Goy, := G/N.
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Proposition 3.1. With the above notation, let B be the subsystem of fixed points of
F under N, with its natural action of a second countable G. Then for the associated
scaling limit net there holds By, = Fy,.

Proof. From B(0) C §(0), By,.(0) C Fo,.(0) readily follows. In order to prove
the reverse inclusion, take F € §(O) and define

B:Am@@,

where the integral is performed with respect to the normalized Haar measure on
N and is understood in Bochner sense, cfr. [25]. This is well defined, since, by
definition of F(O), n € N — 3,(F) € §(O) is a continuous function on a compact
space, and then its range, being metrizable, is separable. We obtain then that
B € F(0). Furthermore, as the function F € §(0O) — F, € F(AO) is norm
continuous, and a Bochner integral is a norm limit of Lebesgue sums, we get

BA<AmmmLAmmmA/ywww

so that, for m € N,
ﬂm(ﬁ)\) = / dnﬂmn(ﬂ)\) = B)\v
N

having used the invariance of the measure dn. This shows then that B € B(0).
Then, using again the norm continuity of n — 3,,(F ), that of m ,, and the defini-
tion of Vjj ,, we get

WM@:AMM@Mm:AM%MWﬂNMW:m@%

where the last equality follows from the definition of N. Thus we get 7o ,(F) €
By,.(0) and the statement of the proposition. O

Remarks 3.2.

(i) At first sight, one might think that the above result is a trivial consequence
of Lemma 5.1.(i) of [14], but some subtleties in the definition of the relevant
scaling algebras prevent the application of the cited result. This is because
the definition of the scaling limit net Fy , really depends on both the under-
lying net I and the group G acting on it, through the requirement of norm
continuity of functions g € G — G4(F), F € §. So, if one was willing to
apply Lemma 5.1.(i) of [14] with A = B, he should define a new scaling net
E associated to the datas (F,N), i.e. in the same way as § but requiring
now only continuity of n € N — (3, (F). In general, this would result in a
much bigger net than §. Then, application of the cited result would lead to
Bo..(0) = Fo.,(O)N/N | where now N is a normal subgroup of N, defined in
the obvious way. Also, the scaling limit net would now be acting on a new
Hilbert space, in general much bigger than our Hj ,. There are however cases
in which the scaling net § does not really depend on the group G, and then



498 R. Conti and G. Morsella Ann. Henri Poincaré

the result of [14] can be applied straightforwardly. For instance, this is the
case if G is a finite group, so that the continuity requirement is empty, which
entails § = §, N = N and finally B ,(0) = Fo,,(0)N'N = F, ,(0).

(ii) The group N is really non-trivial, in general: if ¢;, i = 1,...,n, are charged
generalized free scalar fields with mass measure dp(m?) = cdm?, on which a
compact gauge group G C U(n) acts, and if F(O) is generated by the fields
0™ g, (f) with suppf C O, where n(O) — 400 as the radius of O shrinks
to 0, then the scaling limit net Jy is trivial [15], and therefore Vj ,(g9) = I
for all g € G, and N = G. More generally, in [15] examples are constructed
where N is any closed subgroup of an arbitrary compact Lie group G.

(iii) For any net O — C(O) such that B(O) C €(0O) C F(O), we define the
associated “interpolated” scaling algebras as

€(0):={F €3(0) : F, €C0)},
and the corresponding scaling limit net as
Co.(0) =m0, (€(0))".
Then it follows at once from the above proposition that Gy ,(0) = Fy,(O).

4. Scaling of subsystems and Doplicher—Roberts reconstruction

Inside a net of local observables, there are operators with a specific physical in-
terpretation like the energy momentum tensor, or Noether currents associated to
(central) gauge symmetries, and the relations between the given net and the sub-
system generated by such operators have been thoroughly investigated in [10-12]
from the point of view of Doplicher-Roberts (DR) theory. In the present context, it
is therefore natural to analyse the scaling limit of such subsystems and characterize
them as subsystems of the scaling limit.

4.1. General properties

As a first step in this direction, in this section we deal with the following abstract
situation: we consider an inclusion A C B of Haag dual and Poincaré covariant
nets in the vacuum sector as defined in Section 2. We also require that the vacuum
Hilbert space Hp is separable. Thanks to the results in the appendix of [23] (see
also the remark in Section 4 of [14]), the main results in [17] can be applied to A
and B, and we further assume that for the corresponding DR, canonical covariant
field nets one has F(A) = F(B). Therefore for the canonical DR gauge groups one
has that G(B) is a closed subgroup of G(A).

Let us fix a scaling limit state wg, of B. According to the results in [14],
there exists a scaling limit F(B)o, of F(B) and a quotient G(B)o,, of G(B) by
a normal closed subgroup N(B)g, defined in analogy to (9), such that By, =
?(B)g 53)0"‘. Furthermore if B, satisfies Haag duality and if its vacuum Hilbert
space is separable, denoting by F(By ,) the canonical DR field net of By ,, one has
that F(B)o,, is a fixed point net of F(By,,) with respect to a certain normal closed
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subgroup H(Bg,) of the canonical DR group G(By,,). Thanks to what was shown
in Section 2, using the corresponding scaling limit state g& = ggi [ A of A we
get similar relations for the nets Ag,, F(A)o,, and F(Ap,). Summarizing, we get
the following result.

Proposition 4.1. With the above notations, the following diagram of inclusions of
nets holds:
BO,L C ?(B)Q7L C ?(30)L)
U U U (10)
.A()’L C ?(A)QL C ?(‘AO,L)

Proof. As noted above, the horizontal lines follow from the results in [14], while
the first column is a consequence of the discussion in Section 2. The second column
is immediate from the definition of the scaling limit net and the fact that G(B) C
G(A), and finally the third column follows from the first and [12]. O

Notice that, even if F(A) = F(B), the results of [14] do not allow to conclude
that F(A)o,, = F(B)o,, because of the fact that the construction of F(B)y , depends
on G(B) (and similarly for F(A)y,), see [14, Def. 2.2].

For completeness we also analyse the relations between the different gauge
groups that arise in diagram (10). According to [14, Sec. 2, 5] and to the previous
discussion, we have groups G(A), N(A)o,., G(A)o,., G(Ao,.) and H(Ag,) such that
G(A)/N(A)o,, = G(A)o,, = G(Ao,.)/H(Ap,,), and similarly for B.

Theorem 4.2. Under the standing assumptions, we have that N(B)o,, is a subgroup
of N(A)o,, and that there exists a morphism ¢ : G(Bo,) — G(Aog,) such that
o(H(Bo,)) C H(Ap,), and such that the quotient morphism ¢ on G(Bg.,)/H(By.,)
= G(B)/N(B)o, is given by ¢(gN(B)o.) = gN(A)o,. Moreover, if F(Bo,) =
F(Ao,.), then ¢ is injective, and if in addition F(B)o, = F(A)o,., then N(B)o, =
N(A)o, NG(B), H(By,) = H(Ap,), and ¢ is injective too.

Proof. As already remarked, we have §(A) C §(B) and that G(B) is a subgroup
of G(A). If wy, = lim, w, , it is easy to see that

N(Ao,. = {9 € G(A) : im|[|(84(E,) — F5, )2 =0, VE € US(A)(O)} ;
o

which immediately implies the inclusion N(B)o, C N(A)g,. The existence of the
morphism ¢, as well as its injectivity in the case F(Bg,) = F(Ap,), are direct
consequences of the application of [12, Thm. 2.3] to the commuting square of
inclusions provided by Ag,,, Bo,., F(Ao,) and F(By,). Since ¢ is given by the
restriction to F(Ag,) of automorphisms of F(Bg,), and H(By,) is the subgroup
of G(By,,) which leaves F(B)o,, pointwise invariant, and similarly for H(Ay,), it
is clear that ¢(H(Bo,)) C H(Ap,). This also implies that ¢ is the restriction
to F(A)o,, of automorphisms of F(B)o,, and therefore it coincides with the map
gN(B)o,. — gN(A)o,.-
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We assume now that F(B)y, = F(A)o, and F(By,) = F(Ao,). It follows
immediately that H(Bg,) = H(Ao,). We show that N(A)o, N G(B) C N(B)o,.,
the reverse inclusion being trivial. Let g € N(A)o, N G(B), i.e. g € G(B) and

lim | (B4(Ey,) — E5, )9 =0, VE €[ JF(A)O).
O

Then, if F' € F(B)(O) we can find a norm-bounded sequence F,, € F(A)(O) such
that mo ,(F,) converges strongly to mo ,(F') as n — 4o00. We have then

liin H (ﬁg(ElAK) - EI)\K)QH < HWO,L(ﬁg(E/ - En))QoH + ||7T0,L(El —F )],

which, together with the fact that 3, is unitarily implemented in mo,, readily
gives g € N(B)o,,.The injectivity of ¢ then clearly follows from N(A)y, NG(B) =
N(B)o,.. O

4.2. Field nets with trivial superselection structure in the scaling limit

Until now we have employed the minimal set of assumptions on the scaling limit
nets which allow us to make sense of the elements in diagram (10). In order to
proceed further in the discussion of its properties, it is useful at this point to
apply the general machinery that has recently become available in the theory of
subsystems, which requires some rather natural additional assumptions on the
scaling limit nets, see Definition 4.6. Partial results on the problem of deriving
such assumptions from suitable hypotheses on the underlying nets at scale A =1
are discussed below in this section. We hope to give a more thorough analysis of
these issues somewhere else.

Below, we present some examples which corroborate the natural conjecture
that, at least in typical cases, we have an equality in the last column of dia-
gram (10). In Subsection 4.3, we outline a strategy for proving that F(By,) =
F(Ap,.). Thanks to Theorem 4.7, the main point will be to show that A, =

F(B)oM.

Ezxample 4.3. Let B be the net generated by a G-multiplet of massive free scalar
fields. Then F(B) = B and G(B) is trivial [18]. Let also A = BY, so that F(A) =
B = F(B) and G(A) = G. From the arguments in [15] it is possible to prove that,
for each scaling limit state of B, F(A)o,, = F(B)o,., and therefore diagram (10)
trivially reduces to

30,L = 3:(3)0,L = EF(‘BO,L)

U I I
AO,L C ST(A)O,L = ?(‘AO,L)

The equality F(A)o,, = F(B)o,, is obtained in the following way: one first observes
that F(B)o,, ~ B the net generated by a corresponding G-multiplet of massless
free scalar fields transforming under the same representation [9,15]. We recall that
in the non-standard free field representation used in [15] (see also Section 2), for
each double cone O based on the time zero plane one has B(?)(O) = B(O). Then,
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for each such double cone O and each DR G-multiplet v¢; € B(O)(O), we define,
for a continuous compactly supported function h on R?,

(= [ deh(@lorsa(w;).

so that o, 1; € §(A)(Oq) for suitable O1 D O. One then shows, using the same
arguments as in the proof of [9, Thm. 3.1], that m , (a,1;) € F(A)o,.(O1) converges
strongly to ¢); as h — §, and therefore, by outer regularity, ©; € F(A)y,(O), which
entails F(B)y, C F(A)o,. The converse inclusion being trivial, the conclusion
follows.

Ezample 4.4. The equality F(By,,) = F(Ao,,), which holds in the above example,
can be deduced under suitable assumptions from the fact that F(B)o, = F(A)o,.,
as shown e.g. by Theorem 4.7 and Remark 4.8. The latter condition is trivially
satisfied if for instance G(B) is open in G(A), or if [G(A) : G(B)] is finite. A
discussion of more general conditions under which this is true seems to be of
independent interest but for the time being it will be postponed.

Example 4.5. Suppose that J is a dilatation covariant graded-local net satisfying
the Haag—Swieca compactness condition. Since JF is considered to have a trivial
gauge group, it is net-isomorphic to any of its scaling limit F, , through

¢(mo.(F)) = s-limdy 1 (Fy ), (11)

where (dx)aso are dilatations on F, see [8, Prop. 5.1] (in this reference only ob-
servable nets are considered, but the generalization to nets having normal commu-
tations relations is not difficult). Assume now that F = F(A) is obtained as the
DR field net of an observable net A, with gauge group G = G(A). Of course the
scaling limit F(A)o, of F(A) satisfies F(A)o,, C Fo,,. We show that the converse
inclusion also holds. It suffices to show that 7 ,(F(0)) C mo,.(F(A)(0))"”, where
mo,. s, as before, the scaling limit representation of §. Consider then F € §(O)
and F = ¢(mo,(F)) € F(O). Defining F = f,(F) := [, dgv(g)By(F), where
Y € C(G), and F, = 65(F), we have F € F(A)(0) and ¢(mo,(F)) = F converges
strongly to F' as ¥ — §. Therefore, ¢ being spatial, we obtain the desired inclu-
sion and F(A)o, = Fo,,. Finally, if we also assume that F = F(A) = F(B), with
A C B, it is possible to show that F(A)o, = F(B)o,, = F(Bo,.) = F(Ao,,) = F. To
this end, we notice that the isomorphism ¢4 between F(A)y, and F, defined as
in (11), is just the restriction to F(A)o,, of the analogous isomorphism ¢¢ between
F(B)o,, and F. Thus F(A)g, = F(B)o, ~ F and the conclusion follows from the
isomorphisms A ~ Ay ,, B ~ By ,. Therefore diagram (10) becomes in this case

Bo, C F(Blo, = F(Bo,)
U I I
AO,L C i-Tr’(‘A)O,L = ?(‘AO,L)
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In the remaining part of this section we give a closer look at the situation
in which for the nets of von Neumann algebras in the scaling limit there holds
F(A)o,, = F(B)o,,. Actually, we discuss the seemingly more general case in which
Aop,, is the fixpoint net of F(B)y, under a compact group action.

Definition 4.6. We say that a graded-local net with gauge symmetry in the vacuum

sector (&, a, 3,9) has trivial superselection structure if

(i) Q is cyclic and separating for F(O) for each O (Reeh—Schlieder property);

(ii) with Z := (I+ik)/(1+41i), there holds F(O")" = ZF(O)'Z* for each O (twisted
Haag duality);

(iii) if (A, J) are the modular objects associated to (F(Wg)"”, ), Wg being the
right wedge, there holds A = U(Aw, (), JU(A,a)J = U(jAj, ja) and, for
each O, JF(O)J = F(jO), where Ay, is the one parameter group of boost
leaving W invariant and j is the reflection with respect to the edge of Wx
(geometric modular action);

(iv) for each pair of double cones Oy, Oy with O C O, there exists a type I factor
No,,0, such that F(O1) C No, 0, C F(O2) (split property);

(v) there exists at most one fermionic irreducible DHR representation with finite
statistics m of F%2 inequivalent to the vacuum, and such that every DHR
representation of 372 is the direct sum of copies of the vacuum representation
and of 7 (triviality of the superselection structure).

For a discussion of the above properties, in particular the last one, we refer
the reader to [10,11].

Theorem 4.7. Let A C B be an inclusion of local nets satisfying the standing
assumptions, and suppose furthermore that F(By,,) satisfies the properties (1)—(v)
in Definition 4.6, and that Ay, = 3"(3)& for some compact group @ of internal
symmetries of the net F(B)g,,. Then F(Ao,) = F(Bo,.), and therefore Ay, is the
fixpoint net of F(Bo,) under a compact group of internal symmetries.

Proof. As a first step, we show that F(B)o, C F(Ao,). To this end, we observe
that, since Ag, = ?(3)8” F(B)o,, inside F(By,,) is generated (by Ao, and) by the
Hilbert spaces of isometries in F(By ,) implementing the cohomological extensions
to By,, of the covariant DHR sectors of Ag,, corresponding to the irreducible rep-
resentations of the compact group @ (see [12,17]). On the other hand, the copy
of F(Ap,) in F(Bo,) is generated by Ag, and the Hilbert spaces of isometries
implementing the cohomological extensions to B, of the covariant DHR endo-
morphisms with finite statistics of A, [12, Thm. 3.5].

Therefore we obtain that By, C F(Ap,) and then the conclusion follows
immediately from [17, Thm. 3.6.a)] and [11, Thm. 3.4]. O

Remark 4.8. According to the general discussion at the beginning of this section,
the condition Ag,, = ?(B)& is automatically satisfied for Q = G(A)o,, if F(A)o,, =
F(B)o,.-
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It would be interesting to know conditions on B (and on w,,) which guar-
antee that F(By,) satisfies the assumptions in Definition 4.6. It follows from the
discussion in [14] that, since we already assumed that B, satisfies Haag duality, as-
sumptions (ii) and (iii) for F(By,,) can be deduced from analogous assumptions on
B. It is also reasonable to expect that suitable nuclearity requirements on B imply
assumption (iv) for F(By,,), see also the paragraph following Proposition 4.13. For
what concerns assumption (i), the Reeh—Schlieder property in the scaling limit can
be deduced for the algebras By (W) associated to wedges. Finally, Theorem 4.7
of [12] allows to deduce property (v) for F(By,,) from the absence of sectors with
infinite statistics for By ,, however it is not clear how to obtain the latter property
from the properties of B.

4.3. Convergent scaling limits

We now turn to the discussion of the validity of the equality Ay, = S’"(%)&,
where actually @ will be a closure of G(A) in a suitable topology, and we provide
a sufficient condition for it which has some conceptual flavour. In order to do
this we appeal to the notion of convergent scaling limit introduced in Section 2,
which is suggested by the experience with models in the perturbative approach
to QFT, where there is usually no need of generalized subsequences in calculating
the scaling limit of vacuum expectation values.

We start by showing that, under the additional assumption that G(B) is a
normal subgroup of G(A), the action of G(A) lifts to the scaling algebra §(B)
and to each scaling limit theory F(B)o,. For simplicity, we also assume that the
geometrical symmetry group I' coincides with the translations group, but the ar-
guments below carry over to more general choices.

Lemma 4.9. Let A C B be an inclusion of Haag dual local nets with Hy separable
and with G(B) normal in G(A). Then the equation

By(E)x = By(Fy), v€GA), FeFB), A>0,

defines an automorphic action of G(A) on F(B), which is unitarily implemented
in the representation o, corresponding to any scaling limit state wy ,.

Proof. Let F € §(B)(0) and v € G(A), g € G(B). We get
Sup 1848~ (E) = By (EN = Sup [By=1g7 (Ex) = Exll = [|B5-14+(E) — |,

and, since y~'gy € G(B) by assumption, the right hand side converges to zero as
g — e; analogously

Sup e By () = ()N = llaw (F) = F1,
converges to zero as x — 0. Therefore we get (3, (F) € §(B)(0), and obviously

v € G(A) — B € Aut(F(B)) is a group homomorphism, albeit not pointwise norm
continuous. Let then w,, be a scaling limit state of F(B). Since wo 3, = w, it
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follows wy , 0By = wy ,, and thus there exists a (not strongly continuous in general)
unitary representation v — Vg, (v) on Hg(g),, such that AdVy,(v)(mo,.(F)) =
70,.(8~(F)), where 7o, is the scaling limit representation associated to wy,. O

Theorem 4.10. Let A C B be an inclusion of local nets satisfying the standing as-
sumptions with G(B) normal in G(A). Moreover, suppose that B has a convergent

scaling limit and that the algebra B C F(B) is globally invariant with respect to
the action of G(A) defined in Lemma 4.9. Then Ao, = F(B ) A).

Proof. The inclusion A ,(0) € F(B)o,,(0)FA) is trivial: given A = 7, (A4), A €
A(0), we obv1ously have A, € F(B)(AO)“™) and therefore, by definition of 3,
B+(A) = A, which entails A € F(B),,(0)¢A). B

In order to prove the converse 1nc1usion, let F € F(B)o.(0)*™, and note
that, since F(B)o,(0)*™) C B ,(0), we can choose elements F, € B such that
70,.(E,,) converges strongly to F' as n — +o0o0. We define

An,)\ = / d’Y’yEn,)\,yilv
G(A)

where the integral is defined in the weak topology. It is plain that 4, , € A(\O)
and [|4, \|| < [|E, ||, and furthermore

||a)\$(An,)\> - An,/\H = < ||Qz(En) - EnH )

/ dyy (one(Epn) = Epn) v
G(A)

which gives A,, € 2(O). Moreover, for fixed n € N, it is possible to find a sequence
()‘m)nLEN such that

H[WO#(ETL)*WO,L(A ]QOLH— lim

m——+oo

/ d,7 (En,)\m - ’YEn,)\m) Q

< lim dy [(Epn,, — YE )2l

Thanks to the G(A)-invariance of B, B4(E,) € B so that, for each v € G(A),
there holds

1im [[(F, 1 = 1, )2 = lim w((Fyx = B4(E,)2) " (F nx—ﬁﬁﬂdxw

_H[““( ) — AdVa, (7) (mo. (F ))}QOL
< 4||[m0.(E,,) — F]Q0.||".

Therefore, by applying Lebesgue’s dominated convergence theorem to (12), we
conclude that

(13)

o, (E

—n

) =m0, (A,)] Q.|| < 2||[mo,.(E,) — F] QO,LH )

2n
which, together with the fact that €y, is separating for the local algebras, gives
us that 7o, (4,,) converges strongly to F' as n — +0o0. O
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Corollary 4.11. Under the same assumptions as in Theorem 4.10, and assuming
that F(By,,) satisfies the properties (1)—(v) in Definition 4.6, there holds F(Ao,,) =
F(Bo,.), and Ag, is the fizpoint net of F(Bo,,) under a compact group of internal
symmetries.

Proof. 1f Q denotes the closure, in the strong operator topology on Hg (g, , , of the
group of unitaries {Vo () : v € G(A)}, it is an easy consequence of Theorem 4.10
that Ay, = 3"(3)(%. Furthermore F(B)o,, C F(Bo,,) satisfies the split property [11,
Sec. 2], and therefore @ is compact [16], so that Theorem 4.7 gives the statement.

O

The fact that the scaling limit is convergent has been checked in [2] for
the theory of a single massive free scalar field. The G(A)-invariance condition
used in the above theorem can possibly be shown for the theory of a multiplet
of free scalar fields in the following way. If F is the field net generated by such a
multiplet, it should be possible, using the same techniques as in [2], to construct a
C*-subalgebra & C § which is globally invariant under G(A) = Gpax, the maximal
group of internal symmetries of F,% and on which a given normal subgroup G(B) C
G(A) acts strongly continuously. Then if B := FF®) ¢ B, one has that B is
G(A)-invariant thanks to the normality of G(B) in G(A). Moreover, B has the
two properties required in the definition of a convergent scaling limit. It is plain
that there exists limy_ow(B,) for each B € B, as this holds for §, while the
property WO,L(Q(O))” = By, (O) follows from the analogous property for 3 by
averaging in the usual way with respect to the strongly continuous action of G(B).

Finally, we notice that the fact that the scaling limit is convergent for the
free scalar field depends on the nuclearity properties of the theory.

Without the assumption of a convergent scaling limit, the above proof breaks
down because of the necessity of interchanging the integral on G(A) in equa-
tion (12) with the limit along a generalized sequence (\,;),;, which is not guaranteed
under the present conditions. One can only speculate that additional assumptions
(e.g. nuclearity) may provide further insight on this issue. Anyway, if one cannot
take the limit under the integral sign in the above discussion, we have to leave open
the possibility that Ay, C F (3)06: EA), in which case we are left with two mutually

exclusive possibilities: either there exists some compact group @ “larger” than
(the strong operator closure of) G(A) acting on F(B)g, such that Ay, = ?(B)&,
or there is no such group. In the former case the principle of gauge invariance
is restored at the price of “enlarging” the group G(A). As an illustration of the
physical meaning of such situation, consider the particular case in which A = F¢
(i.e. G(B) is trivial and G = G(A), F = F(A) = F(B) = B): then the existence
of @ would mean that Ay, is the fixed point net of the “wrong” scaling limit field
net Jy ,, defined without any reference to the action of &, and would imply that it
is possible to create “new” sectors of Ag,, by looking at the scaling limit of states

5Gmax is the group of unitaries U on Hg such that UF(O)U* = F(O), UU(y) = U(v)U for each
yel,and UQ = Q.
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where a region of radius A contains an amount of charge which grows unbound-
edly as A — 0. Such sectors should however not be regarded as confined, as they
could be created by performing suitable operations at finite, albeit small, scales.
A thorough analysis of the structure of such sectors is of considerable interest in
itself, and would require going beyond the framework of [14].

4.4. On the scaling of Noether currents

As an application of the above results, we discuss the scaling limit of nets generated
by local implementations of symmetries [7]. Let B be a local net and let A C B be
the dual of the net generated by the local implementations of translations of F(B).
The validity of the equality A = F(B)%max, where Gpax is the maximal group of
internal symmetries of F(B), has been thoroughly discussed in [10,11].

Theorem 4.12. Let A C B satisfy the standing assumptions, where A is the dual of
the net generated by the canonical local implementers of the translations of F(B),
and suppose furthermore that F(Bo,) satisfies the properties (1)—(v) in Defini-
tion 4.6, that G(B) is normal in Gumax, and that B has a convergent scaling limit
such that ﬁ 18 Gmax-invariant. Let flo’L be the dual of the net generated by the
local implementations of translations of F(By,,). Then

A07L C .A07L .

Proof. Thanks to Corollary 4.11, one has F(Ag,) = F(Bo,.), and Ay, =
F(Bo,,)¢Moe) and therefore, with Gimax the maximal group of internal symmetries
of F(Bo,.), Ao, = F(Bo,,) e C A, O

In short, the above result states that the scaling limit of the net generated by
the local energy-momentum tensor contains the net generated by the local energy-
momentum tensor of the scaling limit.% It is likely that in favourable circumstances
jlo, . = Ag,,. This is trivially illustrated by the example of the fixpoints of the free
field net discussed in the previous section.

In the case in which the scaling limit of B is not convergent, one has to look
back at Theorem 4.7. In turn, one should be able to show by similar methods an
analogous result for more general Noether currents, cf. [11].

An issue that should be taken into account is the fact that the split prop-
erty is not necessarily preserved in the scaling limit. This somehow unpleasant
feature, although strictly speaking ruled out by our assumptions, can partly jus-
tify at a heuristic level the possibly strict inclusion of nets that we obtained in
Theorem 4.12. In fact, in that case one cannot even define the local implementers
of the scaling limit although it still makes sense to consider the scaling limit of the
net generated by the Noether charges of the original theory.

Examples of local nets satisfying the split property but whose scaling limit
does not satisfy it can be easily found.

6This conclusion is supported by some preliminary calculations performed directly on the uni-
versal localizing maps that are used to construct the canonical local implementers.
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Proposition 4.13. Let B be the dual of the local net generated by a generalized free
field with o mass measure dp(m) =", 5(m —m;), such that

Z e M < oo (14)
for all v > 0. Then the split property holds for B but for none of its scaling limit
nets By, .

Proof. Since condition (14) implies >, mie %™ < oo for each § > 0, the split
property for B follows from [16, p. 529] and [13, Cor. 4.2]. By [22, Thm. 4.1] each
scaling limit net By, (contains a subnet that) does not satisfy the Haag—Swieca
compactness condition, and thus, by [6, Prop. 4.2], it does not satisfy the split
property either. O

A related problem is to provide conditions on B ensuring that F(By,,) enjoys
the split property. By the results in [5, Cor. 4.6], some conditions on By, are known
to imply suitable nuclearity properties of F(By,), which in turn imply the split
property by [6, Sec. 4]. On the other hand, the methods employed in [4, Thm. 4.5]
to prove nuclearity properties of the scaling limit theory By, starting from certain
phase space behaviour of the underlying theory B can possibly be adapted to show
that (some of) the conditions on By, considered in [5] follow from appropriate
nuclearity requirements on B.

4.5. Preserved sectors

The notion of preserved DHR sector has been introduced in [14, Def. 5.4]. In the
spirit of the present paper a natural question concerns the relation between the
preservation of DHR morphisms with finite statistics of A and B. Clearly, the
cohomological extension property of morphisms plays again a crucial role. In par-
ticular, it is reasonable to expect that if all the morphisms of B are preserved,
then the same will be true for the morphisms of A, since the Hilbert spaces of
isometries in F(B) implementing the cohomological extension to B of a given mor-
phism of A would satisfy the preservation condition. Possible applications of such
result include a generalization of the theorem in the previous section, where we
replace F(A)p,, and F(B)y,, with the subnets generated by the isometries associ-
ated to the (scaling limits of the) preserved sectors, which should be automatically
independent of the gauge groups, and therefore coincide.

However, what is missing in the above argument is the fact that the analysis
in [14] has been carried out only for irreducible morphisms (while the extension
maps in general irreducible morphisms to reducible ones) and, although there is
no apparent obstruction for extending it to the reducible case, in the reminder of
this short section we will limit ourselves to some simple remarks, postponing a
thorough analysis of this point to future work.

We consider the situation outlined at the beginning of Section 4.1, i.e. an
inclusion A C B of Haag dual and Poincaré covariant nets in the vacuum sector
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with F = F(A) = F(B), and scaling limit states Wo , of B and W01 = wo, [ A of
A. In the following result we make use of the notion of asymptotic containment,
introduced in [14, Def. 5.2].

Proposition 4.14. Let ¢ be a w,-preserved class of DHR morphisms of A, and let
(X)) € F(AO) be an associated scaled multiplet which is asymptotically contained
in §(A). Then the cohomological extension & of € to B is Q%%L-preserved, with 1 (\)
an associated scaled multiplet asymptotically contained in §(B).

Proof. If py is the DHR morphism of A in the class £ localized in AO implemented
by the multiplet ¢;(\), then its cohomological extension gy is in the class £, still
localized in AO and also implemented by ;(\). Now, since F(A) C F(B), it
is immediate to conclude that ;(\) is asymptotically contained in F(B), and

therefore £ is g%i-preserved. O

We define F(A)g',” as the net generated by Ag, and the scaling limits of
scaled multiplets asymptotically contained in §(A) associated to wi',-preserved
sectors of A, see Prop. 5.5 in [14]. Likewise we define F(B)p',” with reépect to the
scaling limit state QO%'

Corollary 4.15. With the above notations, there holds

.A(),L - ?(.A)gieg C ?(.A)QL
N n n
BO,L C ?(B)g:eh C ?(B)O,L

In some cases one has F(A)g'” = F(B)p',”. For free fields this follows from
Example 4.3 and the fact that all sectors of the fixpoint net of the free field
are preserved. Another example is given by a dilation invariant theory satisfying

the Haag—Swieca compactness condition, where it follows easily from the results
of [8,14], that F(A)p” = F(B)p,” = F(A)o,. = F (B, = F.

5. Final comments

We end this paper with few comments on further possible extension of the results
presented above, in addition to those already mentioned in the main body.

Given a subsystem A C B as in Section 4, we assumed that F(A) = F(B).
However in general it holds F(A) C F(B) [12] and, in the situation considered
n [10,11], it is shown that F(A) = F(B) ® € (graded tensor product) for a suit-
able net C . Therefore, in order to treat this more general framework, one should
generalize the results about the scaling limit of tensor product theories in [15].

Another natural example of subsystem, to which most of our results don’t
apply, is provided by the inclusion A C A? of a net into its dual, a situation that
arises typically when there are spontaneously broken symmetries. The analysis of
the structure of such subsystems in the scaling limit has some interest as it could
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possibly simplify the study of the relations between the superselection structures
of A and of Ay,. For instance, sufficient conditions on A which imply essential
duality, but not duality, of Ay, are known, so it would be interesting to know
when the scaling limit of A? coincides with the dual of Ag,.

We conclude by mentioning few very intriguing but rather speculative ideas.
In [14] it has been shown that it is possible to formulate conditions on the scaling
limit of a theory which imply the equality of local and global intertwiners. There
are other long-standing structural problems in superselection theory that could
hopefully be related one way or another to the short distance properties of the
theory. Just to give some example, we cite here the problem of recovering pointlike
Wightman fields with specific physical interpretation out of local algebras (i.e., a
full quantum Noether theorem), and that of ruling out the existence of sectors
with infinite statistics.

Acknowledgements

G. Morsella would like to thank the Scuola Normale Superiore for a grant that
made the final stages of this collaboration possible, and the University of Newcastle
for the kind hospitality extended to him. R. Conti thanks the Scuola Normale
Superiore for supporting a short stay in Pisa.

References

[1] H. Bostelmann, C. D’Antoni, G. Morsella, Scaling algebras and pointlike fields.
A nonperturbative approach to remormalization, Comm. Math. Phys. 285 (2009),
no. 2, 763-798.

[2] H. Bostelmann, C. D’Antoni, G. Morsella, arXiv:0812.4762, to appear on Comm.
Math. Phys.

[3] D. Buchholz, Quarks, gluons, colour: Facts or fiction?, Nucl. Phys. B 469 (1996),
no. 1-2, 333-353.

[4] D. Buchholz, Phase space properties of local observables and structure of scaling
limits, Ann. Inst. H. Poincaré Phys. Theor. 64 (1996), no. 4, 433-4509.

[5] D. Buchholz, C. D’Antoni, Phase space properties of charged fields in theories of local
observables, Rev. Math. Phys. 7 (1995), no. 4, 527-557.

[6] D. Buchholz, C. D’Antoni, R. Longo, Nuclear maps and modular structures. II.
Applications to quantum field theory, Comm. Math. Phys. 129 (1990), no. 1, 115—
138.

[7] D. Buchholz, S. Doplicher, R. Longo, On Noether’s theorem in quantum field theory,
Ann. Phys. 170 (1986), no. 1, 1-17.

[8] D. Buchholz, R. Verch, Scaling algebras and renormalization group in algebraic quan-
tum field theory, Rev. Math. Phys. 7 (1995), no. 8, 1195-1239.

[9] D. Buchholz, R. Verch, Scaling algebras and renormalization group in algebraic quan-
tum field theory. I1. Instructive ezamples, Rev. Math. Phys. 10 (1998), no. 6, 775-800.



510 R. Conti and G. Morsella Ann. Henri Poincaré

[10] S. Carpi, R. Conti, Classification of subsystems for local nets with trivial superselec-
tion structure, Comm. Math. Phys. 217 (2001), no. 1, 89-106.

[11] S. Carpi, R. Conti, Classification of subsystems for graded-local nets with trivial
superselection structure, Comm. Math. Phys. 253 (2005), no. 2, 423-449.

[12] R. Conti, S. Doplicher, J. E. Roberts, Superselection theory for subsystems, Comm.
Math. Phys. 218 (2001), no. 2, 263-281.

[13] C. D’Antoni, S. Doplicher, K. Fredenhagen, R. Longo, Convergence of local charges
and continuity properties of W*-inclusions, Comm. Math. Phys. 110 (1987), no. 2,
325-348.

[14] C. D’Antoni, G. Morsella, R. Verch, Scaling algebras for charged fields and short-
distance analysis for localizable and topological charges, Ann. Henri Poincaré 5 (2004),
no. 5, 809-870.

[15] C. D’Antoni, G. Morsella, Scaling algebras and superselection sectors: Study of a
class of models, Rev. Math. Phys. 18 (2006), no. 5, 565-594.

[16] S. Doplicher, R. Longo, Standard and split inclusions of von Neumann algebras,
Invent. Math. 75 (1984), no. 3, 493-536.

[17] S. Doplicher, J. E. Roberts, Why there is a field algebra with a compact gauge group
describing the superselection structure in particle physics, Comm. Math. Phys. 131
(1990), no. 1, 51-107.

[18] W. Driessler, Duality and absence of locally generated superselection sectors for CCR-
type algebras, Comm. Math. Phys. 70 (1979), no. 3, 213-220.

[19] R. Haag, Local quantum physics, IInd edition, Springer-Verlag, Berlin, 1996.

[20] R. Longo, K.-H. Rehren, Nets of subfactors, Rev. Math. Phys. 7 (1995), no. 4, 567—
597.

[21] M. Lutz, FEin lokales Netz ohne Ultraviolettfizpunkte der Renormierungsgruppe,
diploma thesis, Hamburg University (1997).

[22] S. Mohrdieck, Phase space structure and short distance behaviour of local quantum
field theories, J. Math. Phys. 43 (2002), no. 7, 3565-3574.

[23] J. E. Roberts, Localization in algebraic field theory, Comm. Math. Phys. 85 (1982),
no. 1, 87-98.

[24] E. H. Wichmann, On systems of local operators and the duality condition, J. Math.
Phys. 24 (1983), no. 6, 1633-1644.

[25] K. Yosida, Functional analysis, Reprint of the sixth (1980) edition. Classics in Math-
ematics. Springer Verlag, Berlin, 1995.

Roberto Conti

School of Mathematical and Physical Sciences
The University of Newcastle

NSW 2308

Australia

e-mail: Roberto.Conti@newcastle.edu.au



Vol. 10 (2009) Scaling Limit for Subsystems

Gerardo Morsella

Scuola Normale Superiore

Piazza dei Cavalieri, 7

1-56126 Pisa

Italy

e-mail: gerardo.morsella@sns.it

Present address of both authors:

Dipartimento di Matematica

Universita di Roma 2 Tor Vergata

via della Ricerca Scientifica

1-00133 Roma

Italy

e-mail: conti@mat.uniroma2.it
morsella@mat.uniroma2.it

Communicated by Klaus Fredenhagen.
Submitted: August 29, 2008.
Accepted: March 23, 2009.

511




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00417
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


