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Octonionic Twists for Supermembrane Matrix
Models

Jens Hoppe, Douglas Lundholm and Maciej Trzetrzelewski

Abstract. A certain G2 x U(1) invariant Hamiltonian arising from the stan-
dard membrane matrix model via conjugating any of the supercharges by
a cubic, octonionic, exponential is proven to have a spectrum covering the
whole half-axis Ry. The model could be useful in determining a normalizable
zero-energy state in the original SO(9) invariant SU(N) matrix model.

1. Introduction

Despite considerable effort [3,7,8,12,13,15-19,21-25,29-31, 35, 38, 39, 43, 48, 49]
during the last decade, and crucial relevance to M-theory [4,46] membrane the-
ory [5,14,20,45] reduced Yang-Mills theory [2,6,9,11], existence, uniqueness and
structure of zero-energy states in Spin(9) x SU(N) invariant supersymmetric ma-
trix models are not really understood to a degree that one could call satisfactory.

In this paper we consider models with Gg x U(1) x SU(N) symmetry that
we obtain by deforming (cp. [10,36]) the Spin(9) x SU(N) models, and which
we believe to be relevant both from the point of view of deformation theory and
possible relations between ground states, as well as because (for the fixed value of
the deformation parameter that we take) the Hamiltonian is slightly simpler, and
therefore a good testing ground for new approaches.

The model is introduced in Section 2 by deforming the Spin(9) x SU(N)
invariant one via a particular cubic exponential. In Section 3, with the help of
various propositions that are proved in Section 4, this model is shown to share a
central feature of the original theory, namely that the Hamiltonian, in contrast with
the discreteness of the spectrum (cp. [34,40]) for the purely bosonic theory, has
an essential spectrum covering the whole positive axis (cp. [41,44]). A summary of
the results is presented in Section 5. In the appendices some background material
is provided, and the deformation we introduce put into a slightly more general
context.
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2. The deformed model

To find a normalizable state annihilated by the supercharges

o _ . 0 1 ik
Qp = <25a52fABCZBZC + ZFfm% - QfAchjBxkcFig) Aaa
0 . = TJ
—+ <25a[382A — lfABCIjBZCFiﬁ) ALA (1)

A=1,...,.N?—1

(and by their hermitian conjugates) is a difficult task; the (z;4);5 "% and
. . . A=1,...,.N?—-1 .
za = Xga + ixga are bosonic coordinates, (Aaa)y_1 s Grassmann vari-

ables, fapc totally antisymmetric structure constants of SU(N), TV* := %[Fj, ),
and (I');—1. 7 (purely imaginary, antisymmetric) matrices satisfying {I'V,T*} =
207F15,s, in a particular representation given by il g = 64, i['J, = —c;x, totally
anti-symmetric octonionic structure constants.
In [26] conjugation by the exponent of
1 »
g(z) = ngBCCCjACUkBZ'lC(ZFJM),Bﬁ (2)
was shown to remove the third term in (1) (extending an observation made in [45];
note that > j I’ 51%% = F’;lﬁ for fixed 3, cp. Appendix B). Correspondingly, defin-
ing Hy, == {Q(k), Q(k:)f} > 0, where (choosing = 8)
ko(a k j
Q(k) =M@ Qge ") = Qg + §fABcl“jBxlCrfxls)\aA, (3)
gives
Hy = —Dgone-1y + (k= 1)*Vi_ 7+ Vsg + Zafapczjpfapcrip 2a
+ 2faaerig(0agdarj — 6aj§a’8))\aA)\L/Al
+ Q(k‘ — l)fE’AA’ij (iFj)”, )‘lA)‘j'A’
+ frEaazedaaraar + fEAA/»?E)\I,A/)\LA . (4)
The potential terms for the z- resp. z-coordinates are given by
1 1
Viir = ifABCWjBxleAB’C’ijB’flC/ resp. Vgg = ZfABCZBZCfAB/C/ZB’ZC’ .
While for large k,

H:=-A, +Vi 71— 2fEAA'inECju')\1A)\lT/A/ ; (5)
appears to be the relevant operator (having rescaled z — (k —1)~/32) 2 we will,
in this note, exclusively study Hy—1 =: H, which is of the form (cp. (4))

H=—A, +Hp + Vgo + f2A\+ f2AIAT, (6)
Hp = —A.+Zafapcwipfanctip za+2faa 58 5(0as0aj —ajdars) Aaal 4/ -
Lep. Appendix A

2This point (and [10] in general) was discussed with B. Durhuus and J.P. Solovej, -which we
gratefully acknowledge.
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The operator Hp (= Hp(x) > 0) arises from the second line of (1) alone,
and we will heavily use that its spectrum and eigenfunctions are known [27]. The
operator Vgg+2z fAN+ZfATAT appearing in (6) and involving only the z-coordinates
will be denoted by K. We also note that, regardless of the choice of k, the bosonic
part of Hj, (first line in (4)) has a strictly positive and purely discrete spectrum
(this is easily proved along the lines of [34,40]).

The bosonic part of Hp describes two sets of n := N2 —1 harmonic oscillators
whose frequencies w4 are the square root of the eigenvalues of the parametrically
z-dependent, positive semidefinite frequency matrix

Saa(x) = fapcrjpfapcrip (7)

while its fermionic part, 2Wu4 g5 (2)Aa A)\; g that is linear in x4, has eigenvalues
arising from those of 2W, 4 gp, which are {£2w4(x)}a=1,.. ., as well as 6n times
the eigenvalue zero — altogether leading to the exact zero-energy state(s) of Hp [27]

n
UJA(SU) —twa(x)zl 2y (—w —w
b = [[ /e 20 @Bh 0 @) el @y Aaias (8)
A=1

(where, n <1 < 7Tn, w;s, = 0, and we have diagonalized S via 2y = Rap(z)zs,
S = RT[W%]R), that involves the eigenvectors e(“)(z) of the matrix W (z) cor-
responding to eigenvalue w. Excited states of Hp are obtained by acting with
the bosonic creation operators (i.e. multiplying ¢, by the corresponding Hermite
polynomials) and/or adding fermions corresponding to positive eigenvalues 2w (i.e.
multiplying ¢, by e((;lw)/\a A)-

Alternatively, thinking of the coordinate point z = (z;4) as a tuple (X})
of traceless hermitian N x N matrices, with X; = z;4T4 in a basis {Ta} s.t.
[Ta,Tg] = ifapcTc, the matrix (operator) S can also be written as

7
S(z) =Y adx, cadx, = [X;,[X;, - 1],

2

acting on i-su(N) = R™ E < (ea). In particular, its lowest eigenvalue w?, is

given by
2

Wmin = eEITlginIll eASABeB = HIEnHH:ll Z ||[XJ7E]H2 ;
J

where || -|| here denotes the corresponding norm on i-su(N) = R™. Hence, for
N > 2, S(z) will have zero-modes not only when all matrices X; commute, but
(of qualitative significance) for the larger space of configurations where all the X;
are simultaneously block-diagonalizable.
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3. Continuity of the spectrum of

In this section we formulate and prove the main theorem of the paper. We will
make use of three propositions and one lemma (which are proved in Section 4 in
order not to break the flow of the text).

Main theorem. For any A\ > 0 there exists a sequence (V) of rapidly decaying
smooth SU(N)-invariant functions such that ||U¢|| =1 and

& = e,

—0 as t— o00.

It follows that the spectrum of H (when restricted to the physical Hilbert space)
consists of the whole non-negative real line.

This is clearly similar to the the case for the original Hy—y. However, because
of the terms that vanish for Hj_1, together with the convenient structure of the
remaining terms noted in the previous section, we are able to construct such a
sequence () explicitly without resorting to the gauge fixing procedure used in [41,
44].

In the following, we write H as

H=-A, +Hp(z)+ K, )
where
Hp(z) = —405 -0, + 2- S(x)z 4+ 2W (z) AT (10)
and
K(z) = ifZZfzerfz)\/\Jrfz)\T)\T. (11)

We also point out that, since H is an unbounded operator, it is considered to be
defined as a differential operator on the Schwartz class S of smooth functions of
rapid decay, and then extends by closure or Friedrichs extension to a self-adjoint
operator in H = L*(R%") ®@ F.

Our candidate for the sequence ¥; will be wavefunctions given by the minimal
fermion number ground state v, of Hp(x) multiplied by some gauge invariant cut-
off function y;. Formally, it is convenient to write the Hilbert space H as a constant
fiber direct integral (see [37]) over the z-coordinates,

e
H = A dx,
R
where (writing doz = d™x, dz = d"zgd™zg for the integration measures)
®
hi=L*R*"™) @ F = F dz
R2n
is the z-coordinate Hilbert space on which the operator Hp(x) + K acts in each
point x. Hence, for any ¥(x, z) = x(z)¢.(z) € H, we have

w2, = / @)l 2 de = / X(@)? / Wo()|% dz dz. (12)
R7n R7n R2n
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We also write the ground state (8) of Hp(x) in a more compact notation,
Yy (2) = ﬂfgs(x)%eféz ) S(I)l/szm , (13)

where s := det S, and &, € F,, (i.e. n fermions) is the normalized fermionic eigen-
vector satisfying

W (@) & = — }ja¢45z=:—tr( (2)%)&, - (14)

We note the following:
Proposition 1. 1, is smooth (also in x), rapidly decaying, and SU (N )-invariant.

Proposition 2. |[¢.|ls = 1, and |||z|*¢.|s <

positive constants Cj,.

k/z( 7 for k = 1,2,4 and some

min

Hence, by choosing an appropriate cut-off function y; for the z-coordinates
such that wmin(z) — 00 as t — oo, we can make the terms in K(z) arbitrarily
small. The following proposition shows that such a choice is indeed possible.

Proposition 3. For any A > 0 and t sufficiently large there exist SU(N)-invariant
cut-off functions x; € C§°(R™) such that ¥Yx € supp x;

Wmin () > e1t, et < x| < est, (15)
and, as t — oo,
el gegmy = 1o 1054l pagarmy < cav (=Bamm = Xl paggrmy — 0, (16)
where (here, and in the following) cy=12.3,.. are some positive constants.

As a final preparation before proving the main theorem, we state the following
lemma which ensures that also certain derivatives tend to zero.

cs

Lemma 4. [|0;4%. |5 < ) and ||8?waHﬁ < m on supp x:-

3.1. Proof of the main theorem

Motivated by the expression (9) and the above preparations, we define

Uiz, 2) = xe(2)¢a(2) ,

where x; € C§°(R™) is chosen according to Proposition 3. We note that ¥, is in
the domain of H and by (12) has | ¥,|| = 1. Acting with H on ¥, (z, z), we obtain

HYy = = Doxa — 2 05axa0iathe — Y xe05ate + e K (2)0he,  (17)

J,A j,A
(where we used the fact that Hp(x), = 0). Subtracting AU, from this equation
and using Propositions 2, 3 and Lemma 4 (and that any operator on F is bounded)
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to estimate the norms of the terms on the r.h.s. as t — oo, we find
2 (=20 = Nxell? = (=20 = Nxell Z2@rny — 0,

10540 Dy atl® < [ 10544 [ —
w

davel? < [ bl (

2
C7 C8
) dr < t*QHajAXt”%z(an) < tiz - 0,

2
Ce C9

72' ) dx S thXt”%z(R%z) — 0,
min

and

Xtk (2) |2 S/IXt\z(CloHIZWzIIﬁ+Cn|||2|1/fz||ﬁ)2dx

2
c10Cy | enCh c12
< / ( 2 + 1/2 ) |Xt|2dx < T”Xt”%z(ﬂyn) — 0.

“hin

min

Hence, ||(H — A\)¥;|| — 0 as t — oc.

It follows that, for any A > 0, the operator H — X does not have a bounded
inverse. Together with H > 0 from supersymmetry, this proves the theorem. [

4. Proofs

Here we present detailed proofs of the propositions and lemma that were stated
in the previous section.

4.1. Proof of Proposition 1

It is obvious from (13) that v, € S(R?*") ® F,, =: S,. Smoothness in z for the
scalar (bosonic) part of ¢, follows from our requirement that wmin(z) > 0, i.e.
s > 0 for every x we consider. As for the fermionic part £, smoothness follows by
considering F,, as a real space of dimension (8:) and, for each point z, viewing &,
as the (up to sign) unique normalized eigenvector of the linear map & — W (z)AAT¢
with eigenvalue — " , wa(z). (A consistent choice of sign can be made because we
will only be working on orientable subsets of R™™.) Smoothness of £, now follows
from smoothness of W (z) and the implicit function theorem. Also note that any
x-derivatives 041, 0;40kB Yz, etc. still lie in S,,.

Yy is SU(N)-invariant (covariant) in the sense that Ripg,(Rz) = t4(2),
where R (resp. R) € SU(N) — SO(n) (resp. Spin(F,)). This follows from the
uniqueness of v, at each point x and covariance of the operator Hp(x), i.e.
UrHp (x)UIE = Hp(R"z), where U denotes the corresponding unitary represen-
tation of SU(N) on A. O
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4.2. Proof of Proposition 2

Since 1,(z) is Gaussian in the z-coordinates, the evaluation of the moments
12[*4all7 = ([21**)y, is straightforward. We find that [|¢s 7 = [|€[|% =

letvull; =3 —,
ool =33 o + (zl>
ity = k2 3 o+ @:13) <Z 1A>+’“3 (Z;)Z

2
A A A
1 1 1 !
+ ky — — | +ks —
for some combinatorial factors ki, ..., ks. For example, the evaluation of |||z|?V, ||

goes as follows

1227 = (2%
— st / (Jul + [o[2) 7 S Puemv S5 grygny

2
_n 1 - 51/2 n 1 - gL/2
=27 2s4/|u|46 w S gy 4 9r g2 (/ lu?e=v" S “d"u)

=27 Bsi E /uAuBe Yoweis gy,

%(z P
1 1 1 ?
—9 L 19 o
222 2 = 2wA2wB+ (%:ZwA>
2
3 1 1 1 3 1 1\ 2
D SENE Y[ R N NS TP

where we diagonalized S = RT[w4]?R (at the point ) and put @ := Ru. Hence,

+3)/2 Cy
ebially < /=" [Pl < YOEIZ g gy, < S

mm

for some positive constant Cjy. O
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4.3. Proof of Proposition 3

We divide the proof into two steps. First, we show that the conditions (15) can be
satisfied on some subset D, C R™. Then we construct a function y; with support
on Dy which also satisfies the conditions (16).

4.3.1. Construction of the set D;. We start by finding an explicit point & where
Win () > 0. A basis for the Lie algebra i-su(N) of traceless hermitian N x N-
matrices is given by N — 1 diagonal ones, hy, together with the off-diagonal

eij = Eij + Eji,  fij = i(Eij — Ej),
(1 < i < j < N), where E;; denotes the standard basis of matrices. For any

diagonal matrix A = diag(A1,...,An) we have
(A eij] = =i = XNj) fiy and  [A, fi] = i(Ai = Aj)eij - (18)
Let e.g. X; := diag(m,m —1,...,—m + 1,—m) (or any other traceless diagonal
matrix with all entries different), and X, := )7, _ ; €ij- Now, take any fixed
E = Z aghy + Zﬂijeij + Z vij fij € 1su(N)
% i<j i<j

and require E to commute with both X; and Xy. Then, by (18), [X, E] = 0 implies
Bi; = v = 0, i.e. E must be diagonal, E = diag(A1,...,An). Again, by (18),
[E, X5] = 0 implies >oicj(Ai = Aj)fij = 0, Le. all A; are equal. Tracelessness then
implies that £ = 0. Hence,

X1, E1? + I[X2, E])* > 0
for all E # 0, and since S"~! is compact it also follows that

“in(®) 2 min (1150, B + (£, E)|?) = e > 0.

where & = (#1, %2, 73,...,77) € R™ and &1 < Xl, &9 <+ X5 as usual.
Now, consider the map F': R™ x R” x §"~! — R,
F(a1,w3,€) = [|[X1, E]|I” + || [ X2, E][|* -
We know from the above that F(&1, &9, -) > ¢. Furthermore, note that for any R €
SU(N) < SO(n), since F(Rxy, Rxa,e) = F(x1, 72, RTe), we have F(R%1, Ria, -)
> ¢ > 0 as well. Then, because F is continuous and S"~! compact, there exists
an ep > 0 such that F(xy, 29, -) > ¢/2 for all x1, 25 in the balls B, (R%;) and

B, (Ri3), respectively. Also, by compactness of SU(N), there is an € > 0 such
that

Flay, a2, ) > % V(z1,22) € Bo(Riy) x B.(Riz) VR € SU(N).
Therefore, defining

Dy:= | Bc(R#1) x B(Ri) x B1(0)° € R™,
RESU(N)
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we find that wyin(z) > ¢/2 for all € D;. Furthermore, we have
(I21] =€) + (|#2] — ©)® < |z* < (|&1] + €)* + (|&2] +€)* +5
on Dj. By rescaling this set (note that F' is homogeneous of degree 2), D; := tD;,

we reach the conditions (15). Tt is also useful to note that wmin < Wmax = HS% llop <
c13]x| (where || - [|op denotes the operator norm).

4.3.2. Construction of the function y;. We set

Xt(@1s -5 w7) = pe(@y, 22)ne(23) - . e (26)Ce (27)
where p¢, n; and (; are to be defined below.

Given some spherically symmetric bump function n € C§°(R™) with sup-
port on the unit ball By(0) and unit L*norm, |9 2@~y = 1, we define n(z) :=
t="/2n(x/t) so that suppm € B(0), ||nillr2mny = 1, and [|0%n||p2wn) = t~°]
|0°n||L2rn) for any partial derivative multi-index .

The function (; is chosen to be asymptotically a gauge invariant solution
to the Helmholtz equation, namely we take (for the case A = 0 we instead take
Gt =)

G(z) = Aype(2)h(),
where A; = ||,oth||];21(]Rn)7 pt 1s a cut-off function pi(x) := p(x/t) such that p €
Cg°(R™) is spherically symmetric, 0 < p <1, p = 1 on By /5(0) and p = 0 outside
B1(0), and

1
h(z) = ——— sinn,g()\%bc\)
Az x|
satisfies (A 4+ A)h = 0 (see [42]), with
N - (—1)ka2htt o (p)/2

k=0
Since the Bessel functions J; behave asymptotically as [1]

Ji(x) = % (cos (x — %(2k+ 1)) +O(;>) :

R
/ hidx = 014/ J(anz)/z()\%r)rdr =c;5R+o(R)
Br(0) 0

one finds

and "
/ |0ah|?dx < 016/ Jﬁ/z()\%r)rdr <cir e
Br(0) 0

Hence, A; < ¢19/t'/? — 0, t — oo, and

10AC L2 mmy < AL(1@ape)bllL2@ny + p1dabllL2@n))

C19 (C20
>~ m (T(615t)1/2 + (017 + Clgt)l/Q) — Co1 .
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Furthermore, (3" 4, 94 + A\)¢ = Ai(Ap)h +2A; > 1 (0api)(Dah), so that

C19 (sz

C
1=A = Nl < o (L e1st)? + 202 (s + east)'/2) - 0.

Lastly, we set p¢(z1,z2) := t*”||uH221(R2n)y(x1/t,xg/t), where

ey, 22) = / ne(x1 — Riy)ne(z — Riz) dug (R)
RESU(N)

and gy denotes some Haar measure on SU(N). Then p; € C§°(R?™), supp py %
Bi(0)°> C Dy, [lpellzz@eny = 1, 10%0ell2geny < ca/t1), and py(Ray, Ras) =
pe(z1,x2) for all R € SU(N).

Hence, y; € C$°(R™) is SU(N)-invariant, supp x; C Dy, and

\|Xt||%2(R7n) = HNtH%Z(Rzn) ﬂt||%2(uan) Ct”%Z(R") =1.

Furthermore, as t — oo,

95 aktl L2(r2n) < co3/t — 0, j=1,2

10jaxell L2y = & 10ane|lL2@mny < coa/t — 0,  j=3,4,5,6
104Gt L2 (mmy < €21, J=7
and
6
(=2 = Mxill 2@y < 1A @y aoytiellzz@eny + > 1Az el L2 @
=3
+ [[(Az; = NCellp2@ny — 0. a

4.4. Proof of Lemma 4

Here, we will denote the partial derivatives 0jaty, 3]2 AW by ¢l and ¢, re-
spectively. Since v, is a zero-energy state of Hp, we have in particular that
0;4(Hpt,) =0, which can be equivalently written as

—Hpyl, = (25" (2)z 4+ 2W' (2) M), =: @,

In the following we will need an estimate on the norm of ®, € S,,. We have, using
Propositions 2 and 3,

19215 < 112+ 5" (2)2alls + 2||W (2) AN Tos |,
< 18" (@) lopem 1121 ¢ 14 + 2 [|W (@AY ) 10 lls

t
< ca5l7| + c26 §627¥+626 =:c5.

Cy
wmin(x)
Now, we note that ®, € (ker Hp)* =: P, where _H p denotes the self-adjoint
extension of Hp. To see this, consider any @, € ker Hp. We have

(@, Po)s = —(Hptl, ®o)s = — (¥, HpPo)s = 0.
=
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Therefore, since the lowest eigenvalue of Hp on Py is 2wpmin > 0, we have
7o—1
||HD|P+||op( < Qw i and

[0lls = I1H 5 @alls < 1Hp |5, lop 1215 < 5

min

Similarly, taking the second derivative we have 632» A(Hpts) =0, ie.
—Hpyll = 28" (2)21, +2(2- S ()2 + 2W (2) ANy, =: @,

Just as above, we see that @, € PLNS,, but we will also need an estimate on
|22 || 4. For this, we recall from the proof of Proposition 2 that

(et e = S8~ 4 2 (0578) " = T(),

Note that 7' is smooth for s > O and homogeneous of degree —2, because S
is homogeneous of degree 2. It follows that, if + = re with e € S™ ! then
T"(x) = r=*T"(e) and

2 1
2Re (2P0l |=Pade + 2|12} = T7() < psup|r),
0

where Ko := S™ 1 n{x € R™ : s(x) > (c1/c3)*"} is compact and we have used
that wmin/|z| > ¢1/c3 by Proposition 3. Hence,

€28 029
[IETRA = EO 1l (12 e |, < (1 +wimllvzlls)
m]n
so that
1% lls = I1Hp' @ola
1
< —— (csolll2l*Wulla + est S llop 2% 15 + sl l15)
min
1 c30Co C33 x : C32C5
S G s e A DR
min min mm min
and thus, w2, [[v”||s < ¢ for some constant cg. O

5. Summary

We have introduced Go x U(1) x SU(N) invariant matrix models as deformations of
the standard Spin(9) x SU(N) invariant models by conjugating a supercharge with
a cubic, octonionic, exponential. Furthermore, similarly to what has been shown
for the original models, we have proved that the spectrum of the corresponding
Hamiltonian H covers the whole positive half-axis by finding sequences of states
contradicting existence of a bounded inverse to the operator H — ) for any A >
0. However, contrary to the case for the original models, we have constructed
such sequences explicitly, without fixing the gauge. Making use of the convenient
structure of terms appearing in H, we could configure the states to annihilate some
terms, while, related to having the possibility of making the lowest eigenvalue of a
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certain frequency matrix .S arbitrarily large, other terms could be made arbitrarily
small — using a gauge invariant asymptotic solution to the Helmholtz equation,
with support on a set of matrices that are not simultaneously block-diagonalizable.
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Appendix A

In this appendix we give notation and conventions used in the paper (cp. e.g. [28]).

The supermembrane matrix theory is a quantum mechanical model with
N = 16 supersymmetries, SU(N) gauge invariance and Spin(9) symmetry. The
theory involves real bosonic variables zs4 (coordinates) and real fermionic ones
0,4 (Majorana spinors) with s =1,...,9, a=1,...16 and A =1,...,N? — 1 -
spatial, spinor and color indices respectively. The corresponding supercharges and
the Hamiltonian of the model are

1 S
v,

1
ro = <psA’}/Zﬁ + QfABstthnyztﬁ) 0ﬁA7 75t = 5

1 .
H = psapsa + 5(f,aue‘cffsB»th)2 +ifapcVapbasblpprsc

7
{Qa, Qp} = bapH + 2755754 Ja, Ja= faBc (IsBpsc - 29a39ac> . (19)
Here ps4 are momenta conjugate to xga, [Tsa, pip] = i0s0ap, v° are 16 x 16 di-
mensional, real matrices s.t. {y*,7'} = 26%116x16, Oaa are Grassmann numbers
$.t. {0aa,038} = 0apdan, and fapc are SU(N) structure constants (real, anti-

symmetric). The operators are defined on the Hilbert space H = Lz(Rg(Ntl))@f,
where F is the irreducible representation of 6’s, while the physical (gauge invari-
ant) Hilbert space consists of states |¢) satisfying Ja|¢)) = 0 which corresponds
to the Gauss law in unreduced N = 1 super Yang—Mills theory.

Such singlet constraint is an essential requirement for the model to be super-
symmetric which is apparent in Eq. (19). However, the necessity of the constraint
follows also from simply counting the fermionic and bosonic degrees of freedom.
Let us consider the Fock space formulation of the model. For the case at hand
there are 9(N? — 1) bosonic degrees of freedom, however there are (N2 — 1)
fermionic ones. The mismatch is equal to N2 — 1, which is exactly the number of

constraints coming from the Gauss law.
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There are many ways in which one can single out 8 out of 16 fermions (which
is required in order to obtain an irreducible Fock representation F). We will follow
the convention in [45] and introduce complex spinor variables A,4 = %(9(1 A+

i08+a A) 1.6.3

1
oaA = 7(>\o¢A + /\LA) ) (/\ocA - ALA) .

1
0 = —
V2 rsA T2

We then also split the coordinates xs4 into (:vjA, zA,Za) where z4 = xga + iTga
and j=1,...,7.

After this is done the Spin(9) symmetry of (19) is not explicit, however now
an arbitrary wavefunction ¥(z, z, Z) can be written as

1
U(x,2,2) = ¢+ Panrraa + EwaA,BB)\aA/\BB +.,

with 10, 4,...a,4, complex-valued and square integrable. The above sum is finite
and truncates when the number of fermions is more than 8( N2 — 1).

It now follows that the Hamiltonian (19) can be written in terms of non-
hermitian (“cohomology”) charges @, = %( Qn +19810),

o1 _ NG 1 ;
Qs = <Z5aﬁ2fABcZBZc + %Fig% - 2fABijBkaF]a’§3> AaA
0 . _
+ (25(15% - lfABcIjBZCFfw) A, (20)
so that, on the physical Hilbert space,

{Qa, QL) = dapH , {Qa.Qs}=0, {QL.QL}=0.

Here, IV are 8 x 8, purely imaginary, antisymmetric matrices satisfying {T, T¥} =
267%155. We have chosen the following representation of v* matrices

: 0 v 0 1 1 0
J — ) 8 _ 8x8 9 _ 8x8
v [ Y A ] 7 [ lexg O } 7 [ 0 —lgus ]

implying
ik — Lk 0 38— iy 0
0 Ik 0 —Iv |’
439 = 0  —ilV 489 = 0 —lsxs
—iIV 0 ’ 1gxs 0 ’
30ther choices of 8 fermions are possible, e.g. Majorana—Weyl spinors (see [47]).
From now on the spinor indices «, 3, ... run from 1 to 8.

4Note that in this notation A, 4 is a fermionic creation operator while /\LA fermionic annihilation
operator.
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and
; 0 ik ; 0 T
kl _ k8 _
P = [ ikl ] ) Y = [ ik )
—iTJ 0 17 0
; Tk 0 ; iri 0
Jjk9 __ . Jj89 _ )
Y - I: 0 _ij :| ) i |: 0 i :| 9

where v** := 1[v*, 1], v := L(v*[y!, 7] + cycl.) and TV*, T9K! respectively.

It is here where the octonions enter, in choosing the representation iI‘iS =6,
iT, = —cjp with totally antisymmetric octonionic structure constants.> This is
also natural from the view of representation theory of Clifford algebras since the
representations of I'V are uniquely given by left or right multiplication on the
octonion algebra (see e.g. [32]). Furthermore, because the automorphism group of
the octonions is given by the exceptional group Go (which is also the subgroup of
Spin(7) fixing a chosen spinor index), the deformed Hamiltonians Hy, H, and H

will be G5 invariant.

Appendix B
Starting from the 9-dimensional Fierz identity (see e.g. [2])

which holds forallt =1,...,9, a,a/, 3,8 = 1,...,16, and using the representation
in Appendix A with a, o/, ' =1,...,8, 3=29,...,16 (then redefining 3 := 3 —8),
we obtain the corresponding 7-dimensional Fierz identity

J ik J Jk o _ k k k k k
Faﬁra,ﬁ, + Fa,ﬁraﬁ, — (5a5fa,6, —|— 5a/5Fa5/ - (5045/1_‘0/5 - 6a/ﬁ/raﬁ - 25(1(1'1_‘5B/
forallk=1,...,7, a,a’, 3,8 =1,...,8. From this identity it follows that

j jk
I 507

i ik k k k k
wp ~Laplap = 20000 Ts + s Taa — darplap + apTars) -

l

Py summing over 3, and taking o = 3 = 3 to

Multiplying this equation with I"
be fixed, we obtain

J ikl _ ikl
Fa;'arg'ﬁ‘ =Tos

Appendix C

In this appendix we consider deformed Hamiltonians from a more general view-
point and show how one could be led to the particular deformation considered in
this paper.

SExplicitly, ¢ = +1 for (ijk) = (123), (165), (246), (435), (147), (367), (257).
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Let us consider the algebra of NV > 1 supersymmetric quantum mechanics,
{Qa, 95} = bapH, and the corresponding cohomology supercharges ©

1 ) 1 .
Qaﬁ = E(Qa + ZQ5)7 Qz;ﬁ = E(Qa - ZQ,@) .

We have
{QaﬁvQ#V} =0, {Qaﬁ’QIw} = 5(045)(#V)H‘
The deformed Hamiltonian H,z(k) := {Qas(k), Qlﬁ(k)} (no sum over «,) given

by deformed cohomology supercharges Q.s(k) := ekg(w)Qage_kg(x), where k € R,
and g(z) is some operator s.t. [Qg, g(z)] commutes with g(z), becomes

Hop(k) = H = 2i{ Qu, [, 9(2)] } — 2*[Q5,9()]”

Substituting the supercharges (19) for the particular model considered here, we
obtain

2
Heop(k) = H + k*(0549(2))” + k735 (0sa9(2)pra — rag(x)psa)
— k(v""")apfaBcTsaziOucg()
+ 2ik85A8th(x)'y;a/ygﬁ,OarAGg/B .
Now, say we are interested in a particular deformation where g(x) is cubic in x (so
that (0g)? is quartic). Because v is totally antisymmetric, a natural choice is
9(x) = S faBOTATIBTUCVaS

with @ < . Taking e.g. (o, 3) = (8,16) and choosing the representation of ~*
matrices as in Appendix A, we find that

1 ikl 1
= éfAchijkalC'LF&g = gcjklfABijAkaxlC;

and that Hg 16(k) becomes precisely Hy, in (4).

g()
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