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Abstract. The aim of this paper is to establish estimates of the lowest eigen-
value of the Neumann realization of (iV 4+ BA)? on an open bounded subset
Q C R? with smooth boundary as B tends to infinity. We introduce a “mag-
netic” curvature mixing the curvature of 02 and the normal derivative of the
magnetic field and obtain an estimate analogous with the one of constant case.
Actually, we give a precise estimate of the lowest eigenvalue in the case where
the restriction of magnetic field to the boundary admits a unique minimum
which is non degenerate. We also give an estimate of the third critical field in
Ginzburg-Landau theory in the variable magnetic field case.

1. Introduction and statement of main results

Let Q be an open bounded subset of R? with smooth boundary and A € C>°(Q, R?).
We let:

=V xA
and for B > 0 and u € H'(Q):

o) = /Q iV + BA)u[*dz

and we consider the associated selfadjoint operator, i.e. the Neumann realization
of (iV + BA)? on Q. We denote by A;(BA) the lowest eigenvalue of this operator.
By the minimax principle, we have:

N
. QBAQ(U)
A (BA) = inf -BAQYY
1(BA) werni()  |[ul]?

We first recall some properties of the harmonic oscillator on a half axis (see [8,13]).
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Harmonic oscillator on a half axis.
For ¢ € R, we consider the Neumann realization [)N’£ in L?(R, ) associated with
the operator

2

7% -+ (t+£)2’ D([]N7£) _ {u c BZ(R+) . ’U/(O) _ 0} ) (11)

One knows that it has compact resolvent and its lowest eigenvalue is denoted p(€);
the associated L?-normalized and positive eigenstate is denoted by ue = u(-,§)

and is in the Schwartz class. The function £ — p©(€) admits a unique minimum in
& = ¢y and we let:

Oo = 11(&o) ; (1.2)
B ugo (0)
Cr=—5—. (1.3)

Let us also recall identities established by [5, p. 1283-1284]. For k € N*, we denote
by Mki

My = / (t + €0)* ug, (1) dt .
t>0

"
]\40:17 M1:0, Mgz%, M3:% and H (260) :301\/@0. (14)

Let us state a result in the case where 3 is constant:

Theorem 1.1. Assuming that 8 =1, we have the estimate:
AM(BA) = 9B — ClkmazVB + O(BY3),
where
[— max{k(s),s S GQ}

and k(s) denotes the curvature of the boundary at the point s. Moreover, the
groundstate decays exponentially away from the points of mazimal curvature.

Remark 1.2. This result was first announced by a formal analysis in [5] and rig-
orously proved in the case of the disk (see [4]). Let us also mention that in [19],
an estimate at the first order was rigorously proved (see also [21] for the problem
in R? and R2). For higher order expansion in the case of constant magnetic field,
one can finally mention [9,10,12,13].

Our aim is to obtain a similar result when the the magnetic field is not
constant. We will assume that 8 > 0 on 2. We introduce:

. /-
b—1§12fﬂ and b —%ngﬂ, (1.5)

and we assume:
O’ < b. (1.6)
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Estimate for the variable magnetic field.
Let us state a first (rough) estimate concerning the first eigenvalue:

Theorem 1.3. Assuming that Bjoq admits a unique and non degenerate minimum,
we have:

A (BA) = ©9b'B + O(B'/?).

Remark 1.4. The first term was obtained by many authors (cf. [13,19]) with a
worse remainder estimate. Our assumption of non-degeneracy permits to find the
optimal remainder O(B'/?) (the improvement occurs for the lower bound) which
is crucial to establish tangential Agmon estimates (see Section 4).

Let us also state a tangential localization result of the first eigenfunctions:

Proposition 1.5 (Tangential Agmon’s estimates for ug). Let up be an eigenfunc-
tion associated with the lowest eigenvalue of the Neumann realization of (iV +
BA)?. We have the control:

/exp (alx(t(m))d(s(x))Bl/Q){|uB\2 + B7Y(iV + BA)up|*}dz < C|lusl?,

where x s a smooth cutoff function in a neighborhood of the boundary, t(xz) =
d(z,090), s(x) the curvilinear coordinate on the boundary and where d is the Agmon
distance to the minimum of B defined in Section 4.

Remark 1.6. This estimate improves the localization found in [13] by specifying the
behaviour of u near the minimum of 5. In Section 4 we also get tangential Agmon
estimates for Dyupg. All these localizations properties are essential to obtain the
second correction term of Theorem 1.3.

Theorem 1.7. Assuming that B9q admits a unique and non degenerate minimum
in xg, we have:

M(BA) = 60’ B + 0, 50" /2B + O(B*?)
where

@1/2 = @1/2(950)

/2
o 108 34 (3C1 0?3 '
= —k(xy)C1 + (2 - @0€0> ya(%) + 6y ( on @(xo) ‘

Remark 1.8.

1. When B35 admits a finite set M of non degenerate minima, we have the
same expansion by replacing ©,/, by minger ©1/2().

2. Without assuming the non degeneracy of the minima, we believe that the
conclusion of Theorem 1.7 is true by replacing ©; /o by mingea ©1/2().

3. The optimal remainder is certainly O(Bl/ %) as suggested by the upper bound.
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The computations for the upper bound lead to conjecture the following ex-
pansion of the n-th eigenvalue:

X'(BA) = ©ob' B + O}, B/* + O(B'/*).

where:

C )laﬂ

3¢, 9? 1/2
= —k(x)C1 + <2 — 60 v oL : ﬂ(%)) .

3/4
(1’0) + (2TL - 1)60 ( 2 882

In the variable case and under the assumption of Theorem 1.7, the localization
due to the curvature doesn’t play a role anymore; the effect of the curvature
is small compared to the variation of the magnetic field.

. This expansion with two terms of the first eigenvalue could be generalized

at any order under the previous assumptions (unique and non degenerate
minimum of 35q) by using a Grushin approach (see [10]).

The case where the magnetic field (non degenerately) vanishes in Q was
treated in [18]. Moreover, the case where it non degenerately vanishes on the
boundary remains open and should be an interesting problem.

Theorems 1.3 and 1.7 are also sensible under the hypothesis of regularity of
the domain. When the domain has corners (see [6, Theorem 1.2]) and with a
variable magnetic field, the ground state is not necessarily localized near the
points of the boundary where the magnetic field is minimum.

The asymptotic behaviour in Theorems 1.3 and 1.7 is strongly dependent on
the Neumann boundary condition we impose, as one can see in [15-17]. In
particular, in certain cases, the localization is no more determined by the
minimal points of 5.

Finally, let us mention that there exists results in dimension 3. Indeed, the
two terms asymptotics in the constant magnetic field case is given in [14,
Theorem 1.2] and, until now, we only know the first term in the variable case
(see [14, Theorem 4.4]).

Constant magnetic field on the boundary.

In [2,

3], the case of the constant magnetic field on the boundary is treated. Never-

theless, this case is studied under a non degeneracy condition: it is assumed that
the curvature of the boundary x admits a unique maximum at z = xg and that
the normal derivative %—f admits a unique minimum at x = xg; moreover, the min-

imum of % — b’k has to be non degenerate. Here, we improve his result by using
more generic assumptions; in particular, we will see that the quantity to maximize
is the “magnetic curvature” defined by:

R(@) = Cha(z) + (@050 _ C;) %%’f(;«).

More precisely, our result is the following;:
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Theorem 1.9 (Upper bound: Constant magnetic field on 92). When the magnetic
field is constant on the boundary, we have the upper bound:

€o9Q v ot
where k(x) denotes the curvature of the boundary at x.

Remark 1.10.

1. The corresponding lower bound could certainly be obtained by the techniques
of [12].

2. Assuming the existence of a unique and non degenerate maximum of the
magnetic curvature &, one could surely give an asymptotics at any order of
A (BA) and localization properties as for the constant magnetic field case
(see [10]) which would improve the hypothesis of Aramaki.

M(BA) < ©pb' B—max {Cm(z) — (C; - @0§0> 1 %(x)} Y2BY2 L O(BY?),

Organization of the paper.

In Section 2 and 3, we will prove the Theorem 1.3 and give the upper bound of
Theorem 1.7 and of Theorem 1.9. Then, we will see, in Section 4, that this first
rough estimate gives information on the localization of the groundstates on the
boundary near the mimimum of the magnetic field. In Section 5, we prove the
lower bound of Theorem 1.7 thanks to a reduction to a degenerate case studied
by S. Fournais and B. Helffer. Finally, we apply the previous results to give an
estimate of the third critical field in Ginzburg-Landau theory.

2. A rough lower bound

In order to get the lower bound in Theorem 1.3, we use a localization technique
permitting the reduction to easier models.

2.1. Partition of unity

For each 0 < p < %, B > 0,e¢>0and Cy > 0, we consider a partition of unity
(cf. [14]) for which there exists C' = C(Q, 8,€,Cpy) > 0 such that:

S XPP=1 on Q; (2.7)
J
D IVxPIP<CB* on Q. (2.8)
J

Each X}B is a C*-cutoff function supported in D; N Q. Moreover, we may assume
that there exists a ball D; = D, . whose center is the minimum of 3 on the
boundary and Cy B~* for radius. We may also assume that the balls which intersect
the boundary have their centers on the boundary and that those one admit e B~*
for radius. The radius of all the other balls is assumed to be B~”. We will choose
p, € and Cy later for optimizing the error. We will use the following localization

IMS formula (cf. [7]):
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Lemma 2.1.
gpa(u) = apa(xPu) = D> _VxPlul?, Vue HY(Q). (2.9)
J J

So, in order to minimize gpa(u), we are reduced to the minimization of
gBa(v), with v supported in some D;.

2.2. Estimates for the lower bound

2.2.1. Study inside Q. Let j such that D; does not intersect the boundary. It is
well known that:

qBA(X}Bu) > B/ ﬁ(x)|xfu|2dx > bB/ |Xfu|2dx.
Q Q
Having in mind (1.6), these terms will not play a role in the computation of the
asymptotics.

2.2.2. Study at the boundary. In the next paragraph, we introduce boundary co-
ordinates.

Boundary coordinates.
We choose a parametrization of the boundary:

v:R/(|0OQZ) — ON.

Let v(s) be the unit vector normal to the boundary, pointing inward at the point
v(s). We choose the orientation of the parametrization v to be counter-clockwise,
SO

det (7/(s),v(s)) =1.

The curvature k(s) at the point 7(s) is given in this parametrization by:
V"(s) = k(s)v(s).
The map @ defined by:
O :R/(|0ONZ)%]0,te[— 2

(s,8) = ~(s) +tv(s),

is clearly a diffeomorphism, when ¢, is sufficiently small, with image
(R/(109Z)%]0, to[) = {z € Qd(z,00) < to} =y, .
We let:
Ay(s,t) = (1 — th(s))A(D(s,1)) -7/ (s), Ay(s,t) = A(®(s,1))-v(s),
B(s,t) = B(D(s,1))
and we get: R R 3
OsAz — Ay = (1 —tk(s))B(s,t).

Let j such that B; intersect the boundary; we have, with v; = Xfu and U; = vjo0P:

qBA(vj) = / (1 — tk(s)) \(z@t + BAQ)TJJ'F + (1 — tk(S))_l‘(iaS + Bz‘il)ﬁj|2d8dt.
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Approximation by a constant magnetic field on a domain with constant curvature.
Locally, we can choose a gauge such that

Ay (s,t) :/0 (1 —t'k(s))B(s,t")at’, Ay =0.

We assume that the center of the ball D; has the coordinates (s;,0) and that the
coordinates of the minimum are (0,0). We let:

k‘j = k(Sj), B(SJ,O) = B]‘ and Ak‘](s) = /{J(S) - k‘j .

We have:
(1 —th(s))B(s,t) = (1 — th;)B; — tAkj(s)B(s,t)
+ (1= thy) (B(s,t) — B;) - (2.10)
We write:
Ay(s,t) = Ay ;(s,t) + Rj(s,1), (2.11)
with
Ay j(s,t) = (t - kfj) B;. (2.12)

Control of the remainders.

Therefore, we are reduced to compare gga with the quadratic form associated with
the Neumann problem on a domain with constant curvature (see [4,10,12,13]).
For all A > 0, we get the inequality (with the Cauchy—Schwarz inequality):

- C’/Akj(s)t(|8tﬁj|2 1160, + BAL)3, %) dsdt

B2
- 7/\Rj(s,t)@deSdt.

We apply the result of the constant magnetic field on a domain with constant
curvature to get the existence of C' > 0 such that for all j such that D; N 9Q # 0
(cf. [4, Theorem 6.1]):

/(1 — tk;)|04;] + (1 — th;) " 1(i0s + BA; ;)9;|*dsdt

> (003, B — C1k;BY? — C)||v,]* . (2.13)
In order to control the remainders, we recall the Agmon estimates (cf. [1,10,12,13]):

Proposition 2.2 (Normal Agmon’s estimates). Let up be an eigenfunction asso-
ciated with the lowest eigenvalue of the Neumann realization of (iV + BA)?. We
have the control the momenta of order n in the normal variable t:

/t(a:)"{|u3|2 4+ BV + BA)yus|?}dz < CuB~ % [lup|?.
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F1GURE 1. Partition of unity near the boundary.

We choose p = 1 (see Figure 1) and notice that |A;k(s)| = O(B~/*) (uni-
formly in j).
So, there exists C' > 0 such that for all j:

/Akj(s)t(wtﬁjﬁ + (i85 + BA,)o;|?)dsdt| < CB7 |5,

We let:

1 0%p
©20s?
Using the assumption of non degeneracy of the minimum, we can choose ¢y > 0
small enough such that

a (0,0). (2.14)

~ ~ 3
%SZ < B(s,0) = (0,0) < Sas? (2.15)
for all |s| < eg.
To estimate the other remainder, we will distinguish between three cases:
o j - jminv
* [s;| = e,
o BV < |s)| < 0.

Case 1: j = jin-

As R
ap B
E(O’O) =0,

we have, with (2.10) and (2.11):

\R;,..(5,t)] < C{#* + 5°t).

min (
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Consequently, using Proposition 2.2, we get:

/ ‘ijin (37 t)ﬁjmin |2d8dt < CB_2||,Djmin ‘2 :

Taking A = B~/2, we deduce:

45 (V),,,,) = (O’ B — CBY?)|w;,... |-

Case 2: |s;| > €.
We get:

IR;j(s,t)] < C((s—s;)t +17).
Thus, we find:

[ 1R3G5, )5, Pasde < OB 4 B2 5.

Moreover, there exists b > b’ such that for all |s;| > ¢y, we have: Bj > b’ We
take A = B~'/2 and deduce, using (2.13) and for B large enough, that for all j
satisfying |s;| > eo:

ana(vj) > Oob'B||;]1*.

Case 3: CoB~ /4 < s;| < eo.
We use the inequality:

<C sup 13—V

|s—sj|<eB—1/4

|s—sj|<eB—1/4

to find with (2.11) and (2.10):

/|Rj(s,t)17j|2dsdt <C (B_3/2€2 sup |3 —0|+ B_2> 115,17 .

[s—s;|<eB—1/4

As a consequence, we can write, with A = B~1/2:

qBa(vj) > (906'3 + B (90 (B(sj) = V') —Ce | \8ng71/4 13— b’l)) 1517

By non degeneracy, we have, for Cy > 2e:

sup  [B-b|<27  inf |3V (2.16)

|s—s;|<eB—1/4 [s—s;|<eB~1/4

Indeed, we have, for all Cy > 2e:

3 « . o _
inf B=V|> = inf 52> —(s; — eB~Y4)?
ls—s;|<eB-1/4 2 [s—s;|<eB-1/4 2
and ; ;
. o o
s F-¥ < 2B ey,
|s—s;|<eB—1/4 |s—s;|<eB—1/4 2
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Thus, we get, for Cy > 2e:

SUP|_s, |<er—1/4 [0 — V| <3 (Sj - eB1/4>2 B <1 2eB~1/4 )2 < o7

; 3 o . _ ¢B-1/4 . _ pB-1/4
1nf‘s_sj|§63_1/4|ﬂ—b| s; —€B / s; —eB~1/

We deduce, for Cy > 2e:

qpa(v;) > <®ob’B+B(®O —27C?) inf |Bb/|> 1517 -

|s—sj|<eB—1/4

We will further use that there exists ¢ > 0 such that for all Cy > 2e:
apa(v5) > (OV' B + B (5(s;) — ¥') ) 14512
Indeed, we have, for all Cy > 2e:
Lt B2 () - 1),
We find, for € > 0 small enough:
qpa(v;) = (Oob' B+ CBY?)|5;]>.
We conclude that:

> apav;) > (OB — CBY?) >~ |jus*.

j bnd j bnd

Putting together this estimate and the estimate inside €2, we have the lower bound
in Theorem 1.3.

3. Models near a minimum of § and upper bounds

3.1. Model operator

We fix kg, k1 and « > 0 and we wish to study the quadratic form on the Hilbert
space L2((1 — kot)dtds) defined, for u € C3°(By,) by:

Ghor o5 (1) = / (1 tho) | Oyul?
seR

0<t§ﬁ
k
+ (1 — tho)™* (—i&s + Bt <1 - 5115 + as2>) uldtds, (3.17)

where B, = R x [0, %[ (and by convention By = R x R;). The self-adjoint

associated operator is:

2
—(1 = kot) "0 (1 — Kot) 0y + (1 — tho)? (—i@s + Bt (1 - %t + a32>) ,
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with Neumann condition on ¢ = 0 and Dirichlet condition on t = i (if ko # 0).
We first rescale the problem:

t:B_l/QT7
52371/40,

and we are reduced to the operator on L?((1 — thoB~'/?)dtds):
kot \ kot
tko -2 k1 9 s2t . O ?
+ (1— B1/2) (t— Wt +QW—ZW . (318)

We make a change of gauge u +— eiboB oy, Then, the operator defined in (3.18)
becomes:

kot \ " kot
(1) a(1-50m) o
tho \ 2 ke o, st 0\’
(1) (o ggnt rogs—igi) - @19

3.2. Degenerate case: a = 0

This case corresponds to the degeneracy of the minimum of the restriction of 8 to
the boundary. In particular, we will prove Theorem 1.9.

3.2.1. Formal computation. In order to have an upper bound, we first construct
a formal quasimode. We make a Fourier transform in the variable s. Thus, we are
reduced to the study of the family of operators on L?((1 — ;f/tg )dt):

kot \ ! kot kot \ 7 M)’
Hk07k1,£:_<1_31/2> 8t(1_31/2 o+ (1-505 ) (t+e—55mt) -

We formally expand this operator in powers of B.
Term in BO:

Hy = -0 + (t + €)%,

Term in B~1/2:

Hy = koOy — k1 (t + &) + 2kot(t + £)2.
We look for a quasimode expressed as:

+oo
—j/2
oY i,
§=0
and a expansion of the first eigenvalue:

+oo
M(B) =Y \B2.
j=0
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So, we have to solve
Houo = )\0’6&0
and, as we look for \g minimal, we fix £ = £y, we deduce Ay = Oy and we take
Ug = Ug,. Then, the next equation to solve is:
H0u1 + H1u0 = ®0u1 + )\111,0 .
Thus, we deduce:
(HO — @0)’&1 = ()\1 — Hl)uo .

To have solutions, the second member must be orthogonal to ug, so, using the
formulas (1.4), we get:

ko + k
A+ = 2 ~Cy — Og&o (k1 — ko) =0,
and we take:
Uy = Ro()\l - HI)UO'
We let: ko4 &
+
@’1@‘/)*2161 =_0 5 1C1 + @050(/‘51 - ko) ’

Thus, ¥ is a good candidate to be a quasimode after truncation.

3.2.2. Quasimode. We write, in the initial coordinates (with ¥’ = 1, for simplicity):

A, =4, +R,
where
— k
A =t (1 - t21>
with 98
b = ko — -(0,0) (3.20)

Let us denote ¢ = ug + B~1/2u; and notice that 1 is in the Schwartz class. As a
quasimode, we take:

UB(S, t) — X(t)¢(Bl/2t)e—s2Bl/2—2peigoBl/Zs 7
with x a smooth cutoff function supported in [0, ﬁ] and p €0, 7[ which will be

_s2pgl/2—2p

choosen later to optimize the error. The Gaussian e permits a localiza-

tion near s = 0. We have:
ga(un) < /(1 ~ tho)|Beun? + (1 — tho)~Y|(—i0s + BAy)up|2dsdt
e / Ak(s)t{10u|? + | (—id, + BAup|?}dsdt .

By noticing that there exists C' > 0 such that:
|A(s,t)| < Ct,
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we get:
‘/Akz(s)t{|8tu13|2 +[(—i0s + BAy)up|?}dsdt| < CBY* P |up|*.

Let us prove the upper bound for the first term (the second can be treated in the
same way). We have:

atUB — X/(t)w(Bl/Qt)e—szBl/Z’ZPeingl/zs_‘_Bl/ZX(t)wl(Bl/2t>e—szBl/2’2peifoBl/Zs )
Thus we get:

[Ous[? < 21 (O (B2 e B L aB (1) (B2 P
Then, we find:

/tAk:(s)|6tuB|2dtds < C/ts|x’(t)|2|1/J(Bl/2t)|2e_25

2p1/2-2p

dtds

2p1/2-2p

4 CB/ts|x(t)\2|w’(Bl/2t)\2e_25 dtds.
As 9 is in the Schwartz class, we get:
/ tslx' ()P [ (BY20) P2 dtds = O(B™) us .
Then, we have after rescaling, for some C' > 0 independent of B:
B/ts|x(t)|2|¢’(Bl/2t)|2e—2823”2’2”dtds < CBB 2B V47 |up|?
— CBY4|jug]?.

Moreover, we have:

/(1 — tho)|Brun? + (1 — the)~}|(—i0s + BAy)up2dsdt
= /(1 — tko)|Oyup|® + (1 — tho) | (—id, + BA;)up|*dsdt

+ R {/(1 — tk‘o)_l(BQ|RUB|2 + 23(—@'85 + BAl)uBRuB)dsdt} .
We get:
Gko by 0.5(un) < (OB + O35 BY2 + CBY22) Jug|?,

the crucial points being to estimate the term

/ 026~ BT o= BB () P b (BY24) P dtdss

by O(BY/2-20)||lup | and the term [(Bt+ BY/280)d,(x(t)b(BY2t)e=="B"*7*") by
O(B~>)||upl||? thanks to the fact that M; = 0 (cf. (1.4)) and that v is in the
Schwartz class. Using that:

|R(s,t)| < C(t* + st + st?),
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we find:
‘a% {/(1 — tko) ™! (B?|Rup|* + 2B(—ids + BAl)uBRuB)dsdtH

< CBY4*P||lup| 2.

1.
12°

gpa(up) < (OB + 015" B/ + CB/%)||ug|*.

and finally with p =

Thus, after replacing ki by its expression, the upper bound of Theorem 1.9 is
proved.
Remark 3.1. Tt follows from the identities (1.4) that:

Cy

7—@0§0=M3—53>07

where Mz = [,_(t + & )>ugdt. This remark permits to understand how the upper
bound of Theorem 1.9 improves the one of Aramaki.

3.3. Non-degenerate case o > 0

3.3.1. Formal computation. We consider the operator H (cf.(3.19)):

kot \ kot
_@_BW> &G_BW>&

kot -2 kl 2 « 2 . 85 2

Formally, we write:

—+oo
—i/4
H=Y B7//*H;.
j=1
Let us look for a quasimode expressed as:

“+o0
U=> BU;. (3.21)
j=1

and a Taylor expansion of the lowest eigenvalue:
+oo
AV (B) =) 0;,,B/".
j=1

Here, we have:
Hy = -0} + (t+ &)°,
Hy = —2i0s(t+ &),

k
HQ = koat — 5‘3 + 2(t —+ 50) <as2t — 21t2> —+ Qkot(t + 50)2 .
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This leads us to solve:
HyUy = )\QUO .

We write Uy as Uy = uo(t)o(s) and, as we look for AY¥ minimal, we take \g = Oq
and ug > 0 the associated normalized eigenvector.
Then, we solve:

H\Uy + HoU, = 00U + MUy .
We can take O/, = 0 by writing Uy = u1(t)v1(s) with 11 = ds1bp and we find:
(Ho — ©0)u1 = 2i(t + &o)uo -

As My = 0 (see (1.4)), this last equation admits a unique solution u; such that
ft>0 Uouldt =0.
Finally, we consider:

HoUz + H1Uy + HaUy = ©9Usz + ©1 20 .
Thus, we get:
(Ho — ©9)Uz = —H1 Uy — HaUp + ©12Up = 2i(t + &o)u1 0501 — HaUp + ©1 20 -

Multiplying by uo and integrating with respect to ¢, one applies the formulas (1.4)

and one solves:

ko + k1
2

—(1 = 415)07¢0 + a5 thy = (91/2 + Cy — (k1 — ko)@oﬁo) Yo -

where
I, = / (t + &) Ro ((t + &o)uo ) uodt .
>0
This last integral can be rewritten by letting v = Ro((t + &o)ug); we have:
(Ho - @0)1} = (t + 50)@&0 .
By computing, we get:
_Lou
2 0¢
Using the identities of [12], we find:

1"
14, =" (250) —30,/6, > 0.

('a§0):U'

After rescaling, we let:
3 @(1)/4 Vas2

Po(s) =e V301

and:

o kotk
O1/2 = O} = == 5 LCy + (k1 — ko)Oo&o + /3C103/*Va.  (3.22)
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3.3.2. Quasimode. For simplicity, we assume ' = 1. We write:
A =4, +R,
where
A, :t(1—tk21+as2)
with « defined in (2.14) and k; defined in (3.20). We let:
up(s,1) = X()U(BY1s, BY/?1)ei&oB" s
where U consists of the three first terms of (3.21). We have:

oa(uz) < (1= tho)Ousf? + (1~ tho) |(~i0, + BAunfdsde

+ C’/Ak(s)t{|8tu3|2 +|(=i0s + BA; Jup|* }dsdt .
Moreover, we have:

/(1 — tho)|Beun? + (1 — tho)~Y|(—ids + BAy)up|2dsdt
- /(1 — o) Byun|? + (1 the) Y| (=0, + BA Yup Pdsdt

+ R {/(1 — tko) ™! (B?|Rup|* + 2B(—id, + BAl)uBRuB)dsdt} :

Using that U is in the Schwartz class, we get:
Gho.kr.a.5(uB) < (Q0B + 0795 BY? 4+ C)|lup||*.

Moreover, we have:
|A; — 4| < C(s%t + st +17).

So, we get:
’é}? {/(1 — tko)_l(BQ|RuB‘2 + 23(—2’85 + BAl)uBRuB)dsdtH < C’Bl/4||uB||2 .

Finally, we find:
gpa(up) < (0B + 79, BY? + CB"*)|up|.

In particular, we have proved the upper bound in Theorem 1.3.

4. Tangential Agmon’s estimates

We first observe that, for ® a real Lipschitzian function and if u is in the domain
of the Neumann realization of (iV 4+ BA)?, then we have, by integration by parts:

R((IV + BA)?u, eXp(231/2¢)u> = qBA(eXp(Bl/QQ)u) — B|||V®| exp(BY2®)ul?.
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Taking u = up an eigenfunction attached to the lowest eigenvalue A!(BA), we get:
A(BA) eXp(Bl/zq’)UBH2 = QBA(GXP(BI/Q@)UB)
— B|||V®| exp(BY2®)upl?. (4.23)

4.1. Tangential Agmon’s estimates for u g

We now use the lower bound found in Section 2; more precisely, for all € > 0, there
exists ¢ > 0 and C' > 0 such that, for all Cy > 0 sufficiently large, there exists
C’ > 0 s.t for all v in the form domain of gga:

gpa(u) = (bB = CB'?) Y |Ix;ul?
j int
+ (OBt e(fls;) ~ ¥)B) Inul’
J bnd,j#jmin

+(80b' B — C'B"?) il
We choose u = exp(Bl/2<I>)uB; we recall that, by Theorem 1.3, we have the upper
bound:

A(BA) < ©0'B+ CBY2.

Using these estimates in (4.23), we find the inequality by dividing by B

/(0'3_1/2 + V)X, exp(B2®)up|?

Z / - V) —CB™Y/? — |V‘I>|2) X, exp(BY2®)up|*dsdt .
j bnd
J#Imin
We choose
D = aqd(s),
where d is the Agmon distance associated with the metric (3(s,0) — b')ds? i.e.:
d(s) = /l | (B(0,0) — b/)l/gd
0

On D;

Imin?

we notice that
|V®|? < CB~Y/2,
Then, for j # jmin, we consider the quantity:
C(B(sj) —-bv) - CB™Y2 — a2 (B(s) —-b).
For € > 0 and «; small enough, there exists ¢ > 0 such that for j such that
|sj| > €o and B large enough, we have:

c(B(s;) =) —CB™V2 —ad(B(s) - V) > .
For Cy > 2¢, there exists ¢’ > 0 such that for j # jm, and |s;| < €y and B large
enough, we have:

c(B(sj) = V) — OB Y2 —a}(B(s) — ') > '"B71/2.
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Indeed, due to the non degeneracy, we have (2.16). Thus, we get C > 0 and By > 0
such that for all B > By:

> [ b exp(8 sl < 0 |exp(BY2®)upl?.
j bnd |s|<CoB—1/4

We deduce Proposition 1.5 and have the following corollary:

Corollary 4.1. For all n € N, there exists C > 0 such that for all B large enough:
/ s*{|lup|> + B'|(iV + BA)up|*}dz < CB*”/Q/ lup|?dz .
Q Q

4.2. Agmon’s estimates for D up
We consider a partition of unity as in (2.7). We have the formula (2.9) and:

gpa(w) > gpa(xPu) — CB'?||u|?.
j

We use (4.23). We have
A(B) < ©uW'B +CBY2.
Thus, we get, using the inequalities of the previous section:

5A (ijmeBl/%uB) + > <@ob’B +c(B(s;) = b’)B> ‘XjeBl/z‘PuB

j#jmin

+bBZ

J int

1 2 1 2
< (Gob’B+CB1/2)/’eB ”%B‘ +B/‘V<I>eB ”%B‘ + CBY?||ug|?,

‘ 2

1/2
B

2
X3 ‘

up

where ® = a;d(s).
We have the control:

2 2
B [ [, veer "un| <082 [ [, " us| <082 [ junlis,
Q Q Q
and we deduce, for a; small enough:
2
48A(Xjmine® " ®up) — Oob'B ’ijmeBl/%”B’ <CB'? / lupl.
We introduce:

Gml0) = [ (1= kot)ow? (4.24)
t>0,s€R

2
+ (1 — kot)™? dtds .

k
(Bt + Bas*t + B'/?¢) — D, — 321#) v

If we write:

Ar(s,t) = / (1= k() A(s. #)dt
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we have: ~
(1 —th(s))B(s,t) = (1 — thy) + as® + O(t* + st + s°) ,
and thus:
Ay(s,t) =t — %tz + as?t + O(t3 + st? + s3). (4.25)

Then, by the Cauchy—Schwarz inequality, we have for all A > 0:

B? 9
q54(v) = (1= Ndapp(v) — —=[|Ro]]”

For instance, we can estimate [(st?)?|v|?. Using the tangential (cf. Proposition 1.5)
and normal Agmon estimates and letting:

_ Bl/2g
U= Xjmin€ up ,

we have:
B2/32t4|v|2dsdt < CB?B™'2B72||y|?.

In the same way, we control the other remainders and by choosing A correctly, we
get:

125(0) 2 dupe(0) = OB [ of?, (4.26)
Using the Cauchy—Schwarz inequality and again the Agmon estimates, we find:
o (0) 2 (1= B2)e2, (0) = OBV [ 1of?,
where
Gopp(v) = / (1 — kot)|0pv)? + (1 — kot) " (Bt + BY?¢y — Dy)v)dz .
>0,seR
Making a Fourier transform in the variable s and letting w = ©, we have:
g2, (v) = / (1 = kot)|Bsw]? + (1 — kot)~|(Bt + BY2¢ — oyw|dtdo .
t>0,0€R
Thus, we get (see [12, Chapter 6, Prop 6.2.1] or [13, Section 11])
Gypl0) = 0B [ o+ 520 [ Dt —cpi / ol?.

Consequently, we get the upper bound:

1/2 2
/‘DS(ijineB %B)‘ SC/|UB|2-

We deduce the following proposition:

Proposition 4.2 (Tangential Agmon’s estimates for Dsup). With the previous no-
tations, there exists C' > 0 and ay > 0 such that for all B large enough:

J

where x is a smooth cutoff function supported in [—tg, to].

ealBlﬂx(t@))d(s(m))DSUB‘2dx < 031/2/ lup 2da
Q
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Corollary 4.3. For all n € N, there exists C > 0 such that for all B large enough,
we have:

/X(t)82n|D8“B|2dm < CBl/2_n/2/ lug|*dz .
“ Q

Remark 4.4. The tangential and normal Agmon estimates roughly say that |up|
has the same behaviour as e‘“s231/2u0(31/2t).

5. Refined lower bounds

In this section, we prove the lower bound in Theorem 1.7. We consider a partition
of unity as in (2.7) with p = 1 — 7 for n > 0. We have:

gpa(u) 2 Y apa(xjw) — CBY272|[ul®.
j

5.1. Control far from the minimum

Let us first recall some the estimates we have proved. For j such that D; does not
intersect the boundary, we have:

gBa(xju) > bB/|Xju|2dx.

For j such that D; intersect the boundary and j # jmsn, we notice that, for B
large enough:

aBa(xju) > @ob/B/|XjU|2-

5.2. Reduction to a model near the minimum

Using the inequalities of the previous section, we get:
gpa(up) > OB Y |Ixjusll® + qoa(Xj.us) — CBY> 7> |ug|*.
j;éjmin
By the normal and tangential Agmon estimates, we have proved in (4.26), with
(4.24), (4.25) and the Cauchy—Schwarz inequality:
qBA(XJWLGuB) Z qapp(ijinuB) - CB1/4HUBH2 N
In order to make the term in as?t disappear, we make the change of variables:
t=M\s)T,
where A(s) = (1 4+ as?)~'/2; we have

or . . . or
O0sv = — 0,0+ 0,0, O = N

s 0,0, (5.27)
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where 0 denotes the function v in the variables (7, s) and we are reduced to the
form:

) :/{(l—koT)\(s))|8Tv|2

k1T2

+ (1= korA(s)) A(s)?

! <BT+§O/\(5)BV2A( )D, — B

+ OéTS)\(S)?’DT)’U

2
})\(s)_ldes ,

where we have omitted the tilde. Noticing that s? = O(BQ”_l/ 2), on the support
of v = ;... up, we make the approximations in L?:

—A(s)Dsv = =Dsv+ O (82) D,v,
A(s)®v = 7?0+ O (s*7°) v,
s\(8)*7D,v = stD,v 4+ O(s*T)Dyv.

We first find:

G (1) > / {(1 — ko) By

(BT + &A(s)BY? — \(s)D, — B

} 1d7'd8
k‘lT

—C/A/\ {|a vf? + BT+§0A(S)BU2 = A(5)Ds = B=—A(s 5)3

} )~ tdrds,

Let us consider the second term:

k‘17’2

+ (1 —7ko)? A(s)?

+ asA(s

+ asA(s STD-,— v

where

/AA(S)T{aTuF + ‘ (BT + &\(s)BY2 — \(s)D, — B

+ as)\(s)3TDT>v

2
})\(s)_ldrds.
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Coming back in the variables (¢, s), this term becomes:

2

/ A/\(S)t {|8tv2 +] (B(l + as?)t + &BY? - D, — Bklt> v|2} dtds .
A(s) 2

Thus, the Agmon estimates give a control of the second term of order O(1). Then,

by the Cauchy—Schwarz inequality, the Agmon estimates (for up and Dsup after

having come back in the variables (s,t)) and using the same kind of analysis as

in (4.26), we have:

k‘17'2
2

A(s)?

)

A(s)"tdrds — CBY*|v|?.

/ {(1 o) |0nv 2 + (1 — 7ho)~)

<BT +&A(s)BY2 — \(s)D, — B

+ as)\(s)?’TDT)v

2
})\(s)_ldes

> / {<1 — rko)|drvl? + (1 — Tho) ! 2

2
(BT + N (s)BY2 — D, — BMT ) v

We have finally, with v = x;,.,. up:

qpa(up) > Gob'B Z Ixjusl?
J#Imin

+/{(17’l€0)|8¢1}|2+(1’rk0)1 }

A(s) " tdrds — CBY*|lug|®> — CBY?>72"|ug|?. (5.28)

Moreover, thanks to the exponential decrease of up away from the boundary (nor-
mal Agmon estimates), we can replace ;... by a smooth cutoff function such
that

k 2
<BT +&A(s)BY? - D, — B 1; > v

SUPD Xjim C {0 <t < B~Y/*nand|s| < B~V/4+m}
that is we assume ;.. is supported in rectangles rather than balls; the reason is
technical and will appear in the next section.
5.3. Lower bound for the model

So, we are reduced, after the rescaling 7 = to the study of:

_ _ 8
s = Bl/4»

_ kot 2
Qmod(u) = /;—>0’§E]R{ <1 — Bl/2> |5'+u\
1 ko7 (s MB35 -
+{1- B1/2 7+ &oA( 8) - B/

k 2 2\ 1/2
_2Bi/2f2>u }<1+§f/2> drds.

D;
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Reduction to the euclidean measure. ,
In order to make disappear the measure (1 + Ig‘i"'/,z)l/Q7 we make the change of

function defined by:
as? \ /4 R
v= (1+B1/2) u= fp(8)u,

we have:

koT 9
Amod\U) = / (1 - ) Ozv
( ) f—>0,§eR{ Bl/2 | |

kot \ /. i
+<1‘BT/Q> (T+50A<B 1/4)

kl ~2 2 A 1A
BEY:IVE 77 v drds.
Term in 3.

We want to make a Fourier transform in the variable § to be reduced to a problem
on a half axis, but the term &A(B~1/45) is annoying; that is why we make it
disappear with a change of gauge. We write: A\(B~1/43) = 1 +rp(8) and we make
the change of gauge v — 0 = ve **(®) where

D; f5(3)

T p1/4 BU/4f5(3)

66 = [ rato) - i 2o

to be reduced to:

i ko7 12
Tmod(D) = /%>O,§€R{ (1 - 31/2) |07 0]
~ —1 2
+ (1 - gg;) }d%dé,

where u = (X, up)(BY/?#, BY/43). We make a Fourier transform in the variable
and we are reduced to a half axis problem in the normal variable:

kot
=[5
ko \ *

+ (1 _ Bm)

~ DS kjl ~2\ ~
(T+§0—Bl/4— 2B1/2T )U

8+w|2

2
dr,

N o k1 ~2
(T+§0_B1/4_2BI/2T>’U}

with w = 0.
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Model on a half axis.

We can apply the same kind of analysis as in [12, Chapter 6, Prop 6.2.1] or in [13,
Section 11] to get the lower bound; there exists C' > 0 such that for all B large
enough:

ok, 1 (&) -
qn(w) > <@0 + <@If/2k + Toz B~1/2

e PR \ .
_CB 3/4+3n) /%>O | (1 - 31/02> dr . (5.29)

Remark 5.1. In [12], the fact that the magnetic field is constant permits to be
reduced to the case kg = k1 = 1, thus @]f?’zkl =—-C1.

Let us just recall the main ideas of the proof. We consider first the (formal)

operator on L?((1 — g?; )d7):

B kor \ ' d ko \ d
b(o,B) = — (1— Bl/z> prs (1—31/2> i

ko \ 2 /. o #2\?
+ 1*@ T+§07W*k12371/2 .

Then, we formally expand this operator in powers of B and, for |o| < M B", with
7’ > 0 small enough:

h(O'a B) =by+ B*1/4[)1 + 371/2[)2 + O(B73/4+377)7
where

Lo
bo:—ﬁ‘f‘(Tﬁ'fO) ;

by = =2(7 + &o)o,

d
by = kO%CT% — k1727 + &) + 2ko7 (7 + &9)2 + 02

Thus, as in Section 3.3.1, we compute a quasimode and obtain for some :

_ O(B_3/4+3")~

B —1/4 —1/2 )
H(h(UaB) </\O+)\IB +/\2B ))¢HL2(R+’(1,;?/T2))
Finally, we can prove that the previous operator admits only one eigenvalue strictly
less than 1 thanks to a comparison with the harmonic oscillator on a half axis and,
applying the spectral theorem, we get the bottom of the spectrum given in (5.29)
(the values of o such that |o| > M B" provide higher energies thanks to the non-

degeneracy of £ — u(&) near &).
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Return in the initial variables.
Applying the Parseval formula, we get:

T (~ 0,R1 p— %k ~Ja
Qmod(u) = qmod(v) > (@0 + elf/’gk B 1/2) /§6R |U|2 (1 - Bl/02> drds

>0

" ~
—1/2H (&) =2 ko A —3/4+3n), 112
+ B 5 . |Dso|” | 1 Fi/2 d+ds — CB [lue])”
7>0
We have:
- o2
|Dso|* = |(Ds — ¢'(3))v]".
As |¢/(8)| < C32B~1/2 < CB~1/?%21 on the support of v, we get:
|Ds9|? > (1 — B~Y44) | Dw|? — B=V/4+0 g2
Moreover, we have:

as

D= opm

f(s)u+ f5(8)Dsu.
We deduce:

|Ds5|? > |Dsul? — CB~ Y44 (|u|? + | Dsul?) — B~V4 Dol
Recalling that

as \1/?
deS = (]. + _31/2) dtdS,

9 as \? 9
ol = {1+ 55 ) Ml

where £ = B=1/2¢, and with the tangential Agmon estimates, we get:
[Dso[| < Cllull?,  [[Dsul? < Cllul?
and

Q'mod(u) > G)OHUHZ + @koJﬁBil/ZHu”2

2 1 (6o) 12 74 ka y —1/2
+ (/ {a@osu| + T|Dsu| dsp(1— B2 di ) B~V
— CB73/4+3n (5.30)

where (%, 3) = u(#, §) and, thanks to the Agmon estimates, we have replaced Dzu

by Dsit and 7 by & by noticing that Dyu = Dgii + 2 Dyit and A(3B~Y4)7 = i.
We recognize the quadratic form of the harmonic oscillator and we have:

/ {a@o|§a|2 + &) |D§a2dé} > /1800 [lapeas.
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We take = 55 and the lower bound of Theorem 1.7 follows from (5.30), (5.28)
and (1.4) after having noticed that the estimates of Agmon give:

/ |ijmuB|2d:1c = (1 + O(e_CB"))/ |uB\2dac.
Q Q

6. Estimate for the third critical field of the Ginzburg—Landau
functional

In this section, we give an estimate of the third critical field of the Ginzburg-
Landau functional in the case where the applied magnetic field denoted by (3
admits a unique and non degenerate minimum on the boundary of Q2. The constant
magnetic field case has already been studied in details (see [11,19-21]).

Recall of properties of the functional.
The Ginzburg—Landau functional is defined by:

2
6(6.4) = [ {165+ owa)u? <l + ol do (o) [ (75 A= g,
Q Q

for v € H'(Q,C) and A € H}, (Q,R?) where
Hp (Q,R*) ={A e H'(Q,R?) : div(A) =0inQ,A-v =00ndQ} .

We assume moreover that
8=V xF.

Then, we recall the definitions of the critical fields (the first one was introduced
in [20]):

He, (k) = inf {o >0 : (0,F) is the unique minimizer of G, , },
He, (k) =inf {o >0 : (0,F) is the unique minimizer of G, ,+ for all ¢’ > o},
Hg, (k) = inf {U >0 : (0,F) is a minimizer ofg,w,}

and -
Hg;(li) =sup {o > 0|\ (koF) < r*}.
We have
He, (k) < Hey (k) < Hey(k)
and

—loc

He, (k) < Hey(k).
We can prove the following result (cf. [12]):
Theorem 6.1. Let Q be a bounded, simply connected domain with smooth boundary
and suppose that the applied magnetic field 0§ satisfies
0 <Oy <b.
Then, there exists kg > 0 such that for all Kk > Kg:

—loc

He, (k) = Hey (k).
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Furthermore, if B +— A\'(BF) is strictly increasing for large B, then all the critical
fields coincide for large k and are given by the unique solution H of

M (kHF) = K2,

Estimate of H¢, () for large .

Noticing that B + A(BF) is strictly increasing for large B (it is due to the
exponential decrease of the first eigenfunctions away from the boundary, still true
in the case of variable magnetic field; see [12, Chapter 9, Section 6]), we deduce
the following theorem:

Theorem 6.2. Let Q) be a bounded, simply connected domain with smooth boundary
and suppose that the applied magnetic field 8 has a unique and non degenerate
minimum on 0N and that:

0< @obl <b.

Then, we have:

K O1/2 _
Hey (k) = VO, b @3;2 +O0(x777%0).
0

Acknowledgements

I am deeply grateful to Professor B. Helffer for his help, advice and comments.
I would also like to thank A. Kachmar for his attentive reading and suggestions
which improved the presentation of the paper.

References

[1] S. Agmon, Lectures on exponential decay of solutions of second-order elliptic equa-
tions: Bounds on eigenfunctions of N-body Schrddinger operators, Princeton Univer-
sity Press, 1982.

[2] J. Aramaki, Upper critical field and location of surface nucleation for the Ginzburg—
Landau system in non-constant applied field, Far East J. Math. Sci. 23(1) (2006),
89-125.

[3] J. Aramaki, Asymptotics of the eigenvalues for the Neumann Laplacian with non-
constant magnetic field associated with supraconductivity, Far East J. Math. Sci.
25(3) (2007), 529-584.

[4] P. Bauman and D. Phillips and D. Tang, Stable nucleation for the Ginzburg—Landau
system with an applied magnetic field, Arch. Rational Mech. Anal. 142 (1998), 1-43.

[5] A. Bernoff and P. Sternberg, Onset of superconductivity in decreasing fields for gen-
eral domains, J. Math. Phys. 39 (1998), 1272-1284.

[6] V. Bonnaillie, On the fundamental state energy for a Schrodinger operator with mag-
netic field in domains with corners, Asympt. Anal. 41(3-4) (2005), 215-258.

[7] H.-L. Cycon, R-G. Froese, W. Kirsch and B. Simon, Schrédinger Operators, Springer-
Verlag, 1986.



122 N. Raymond Ann. Henri Poincaré

[8] M. Dauge and B. Helffer, Eigenvalues variation. I. Neumann problem for Sturm-
Liouwville operators, Journal of Differential Equations 104 (1993), 243-262.

[9] M. del Pino, P. Felmer and P. Sternberg, Boundary Concentration for Eigenvalue
Problems Related to the Onset of Superconductivity, Comm. in Math. Phys. 210
(2000), 413-446.

[10] S. Fournais and B. Helffer, Accurate eigenvalue asymptotics for the magnetic Neu-
mann Laplacian, Annales de I'institut Fourier 56 (2006), 1-67.

[11] S. Fournais and B. Helffer, On the third critical field in Ginzburg—Landau theory,
Comm. in Math. Physics 266(1) (2006), 153-196.

[12] S. Fournais and B. Helffer, Spectral methods in surface superconductivity, to appear,
2008.

[13] B. Helffer and A. Morame, Magnetic bottles in connection with superconductivity,
Proc. Indian. Sci. 185(21) (2001), 604-680.

[14] B. Helffer and A. Morame, Magnetic bottles for the Neumann problem: Curvature
effects in the case of dimension 8 (general case), Ann. Scient. E. Norm. Sup. 37(4)
(2004), 105-170.

[15] A. Kachmar, On the ground state energy for a magnetic Schrodinger operator and
the effect of the de Gennes boundary condition, J. Math. Phys. 47(7) (2006).

[16] A. Kachmar, On the perfect superconducting solution for a generalized Ginzburg—
Landau equation, Asympt. Anal. 54(3—4) (2007), 125-164.

[17] A. Kachmar, On the stability of normal states for a generalized Ginzburg—Landau
model, Asympt. Anal. 55(3-4)(2007), 145-201.

[18] K.H. Kwek and X.-B. Pan, Schridinger operators with non-degenerately vanishing
magnetic fields in bounded domains, Trans. AMS 10 (2002), 4201-4227.

[19] K. Lu and X.-B. Pan, Figenvalue problems of Ginzburg—Landau in bounded domains,
J. Math. Phys. 40(6) (1999), 2647-2670.

[20] K. Lu and X.-B. Pan, Estimates of the upper critical field for the Ginzburg—Landau
equations of superconductivity, Physica D 127 (1999), 73-104.

[21] K. Lu and X.-B. Pan, Gauge invariant eigenvalue problems on R? and R%, Trans.
AMS 352(2) (2000), 1247-1276.

Nicolas Raymond

Université Paris-Sud 11

Batiment 425

Laboratoire de Mathématiques

F-91405 Orsay Cedex

France

e-mail: nicolas.raymond@math.u-psud.fr

Communicated by Christian Gérard.
Submitted: June 26, 2008.
Accepted: November 28, 2008.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00417
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


