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High Frequency Dispersive Estimates in
Dimension Two

Simon Moulin

Abstract. We prove dispersive estimates at high frequency in dimension two
for both the wave and the Schrédinger groups for a very large class of real-
valued potentials.

1. Introduction and statement of results

The purpose of this note is to prove dispersive estimates at high frequency for the
wave group VG and the Schrédinger group ¢, where G denotes the self-adjoint
realization of the operator —A + V on L?(R?) and V is a real-valued potential
which decays at infinity in a way that G has no real resonances nor eigenvalues in
an interval [ag, +00), ag > 0. In fact, we are looking for as large as possible class
of potentials for which we have dispersive estimates similar to those we do for the
free operator Gy. Hereafter G denotes the self-adjoint realization of the operator
—A on L?(R?). It turns out that in dimension two one can get such dispersive
estimates at high frequency for potentials satisfying

d
sup/ Mﬂli§0<+oo. (1.1)
yeR2 JR2 lz -yl /

Clearly, (1.1) is fulfilled for potentials V € L>°(R?) satisfying
|V(z)| < C{z)~%, VzeR2, (1.2)
with constants C' > 0, § > 3/2. Given any a > 0, set x,(0) = x1(0/a), where

x1 € C°(R), x1(c) =0 for 0 < 1, x1(0) = 1 for ¢ > 2. Our first result is the
following
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Theorem 1.1. Let V satisfy (1.1). Then, there exists a constant ag > 0 so that for
every a > ag, 0 < e < 1, 2 < p < 400, we have the estimates

1eYE G4 (@) |11 pe < Celt] V2, t£0, (1.3)
1eYEG3 /AN (G| ot o < CJt]772, t#0), (1.4)
where 1/p+1/p' =1, a=1-2/p.

The estimate (1.3) is proved in [2] under the assumption (1.2). Moreover, if in
addition one supposes that G has no strictly positive resonances, it is shown in [2]
that (1.3) holds for any a > 0 still under (1.2). In dimension three an analogue
of (1.3) is proved in [2,4] for potentials satisfying (1.2) with 6 > 2, and extended
in [3] to a large subset of potentials satisfying

sup/ W§C<+oo. (1.5)
yers Jrs |2 — |

In dimensions n > 4 there are very few results. In [1], an analogue of (1.3) is proved
for potentials belonging to the Schwartz class, while in [12] dispersive estimates
with a loss of (n —3)/2 derivatives are obtained for potentials satisfying (1.2) with
d > (n+ 1)/2. Recently, in [8] dispersive estimates at low frequency have been
proved in dimensions n > 4 for a very large class of potentials, provided zero is
neither an eigenvalue nor a resonance.

Our second result is the following

Theorem 1.2. Let V satisfy (1.1). Then, there exists a constant ag > 0 so that for
every a > ag, we have the estimate

€9 Xa(G)||L1—pe < CJt|™Y, t#0. (1.6)

Note that the estimate (1.6) (for any a > 0) is proved in [10] for potentials
satisfying (1.2) with § > 2. An one dimensional analogue of (1.6) is proved in [6]
for potentials V € L!. In dimension three an analogue of (1.6) (for any a > 0)
is proved in [11] for potentials satisfying (1.5) with C' > 0 small enough, and
in [5] for potentials V € L3/27¢ N L3/?%¢ 0 < ¢ < 1, not necessarily small.
In dimensions n > 4, an analogue of (1.6) (for any a > 0) is proved in [7] for
potentials satisfying (1.2) with § > n as well as the condition V € L'. This result
has been recently extended in [9] to potentials satisfying (1.2) with 6 > n —1
and V € L'. Note also the work [13], where an analogue of (1.6) (for any a > 0)
with a loss of (n — 3)/2 derivatives is obtained for potentials satisfying (1.2) with
d > (n+2)/2. In [9] dispersive estimates at low frequency have been also proved
in dimensions n > 4 for a very large class of potentials, provided zero is neither
an eigenvalue nor a resonance.

To prove Theorem 1.1 we use the same idea we have already used in [8] to
prove low frequency dispersive estimates in dimensions n > 4. The key point is
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the following estimate which holds in all dimensions n > 2:
h/ Vet Eou(h?Go) fllprdt < 1Cou(VIR™ 2| fll s h>0,  (L7)
where 1) € C§°((0,+00)), 7 > 0 is a constant independent of V', h and f, and

V(z)|dx
CTL(V) = Sup / x—:/5|()”_1)/2 < +00. (18)

Our approach is based on the observation that if
C,(V)h~(n=3/2 « 1, (1.9)

then (1.7) implies (under reasonable assumptions on the potential) a similar esti-
mate for the perturbed wave group, namely

h [ VeNEuRG) e < Cu(VIb IR gl (110)
When n = 3, (1.9) is fulfilled for small potentials and all h, when n > 4, (1.9)
is fulfilled for large h (i.e. at low frequency) without extra restrictions on the
potential, while for n = 2, (1.9) is fulfilled for small h (i.e. at high frequency)
again without restrictions on the potential others than (1.1). Note that (1.10)
may hold without (1.9). Indeed, when n = 3, (1.10) is proved in [5] for potentials
V e L3/2=¢n L3/2%¢ and all h > 0, and then used to prove the three dimensional
analogue of (1.6). In the present paper we adapt this approach to the case of di-
mension two, and show that (1.6) follows from (1.10) for potentials satisfying (1.1)
only, provided the parameter a is taken large enough (see Section 3).

Note finally that it would be quite irrealistic to expect that the dispersive
estimates above could hold for potentials satisfying (1.1) at frequencies smaller
than the critical level aqg. In fact, in this range of frequencies one could hardly do
better than the already existing results. Recall that for frequencies belonging to an
interval [e,ag], 0 < £ < 1, dispersive estimates for the wave and the Schrédinger
groups have been proved respectively in [2] for potentials satisfying (1.2) with
d > 3/2 and in [10] for potentials satisfying (1.2) with § > 2. For small frequencies
in [0, €] dispersive estimates for the Schrodinger group have been proved in [10] for
potentials satisfying (1.2) with § > 3 supposing additionally that zero is neither
an eigenvalue nor a resonance.

2. Proof of Theorem 1.1
Let ¢ € C§°((0,+00)) and set

D(t; h) = e"VOP(h2G) — VoY (R2GY) .
We will first show that (1.3) and (1.4) follow from the following
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Proposition 2.1. Let V satisfy (1.1). Then, there exist positive constants C' and hg
so that for 0 < h < hg we have

120 M) g < CR7UHTY2, 140, (2.1)
Writing

ot
o alo) = [ w0,
0

where 9(c) = o'/47¢x} (o) € C§°((0,4+00)), and using (2.1) we get
YOG x (@) = VPG N (Go) -1

< / 10 (t VB) 11 0/
0

< C|t|—1/2/ 0~3/4 eqp < C|t|~1/?, (2.2)
0

provided a is taken large enough. Clearly, (1.3) follows from (2.2) and the fact that
it holds for Gy. To prove (1.4), observe that an interpolation between (2.1) and
the trivial bound

@) L2 pe <C
yields
”(I)(t; h)”LP’—»LP S Ch_a|t|_a/2 ) t 7é 07 (23)

for every 2 < p < +o0, p’ and « being as in Theorem 1.1. Now we write

U—Ba/4Xa(0_) _ / ,(/)(09)9—1—0—3044(19,
0

and use (2.3) to obtain (for 0 < a < 1)

Heit\/@G*&l/‘lXa(G) — eitmGa3a/4X<L(G0)||L”/*>Lp

S/o 1@ (t; VO) | o615/ a0

< C|t|—“/2/ o1+ tdp < C|t|m/?, (2.4)
0

provided a is taken large enough. Now, (1.4) follows from (2.4) and the fact that
it holds for Gy.

Proof of Proposition 2.1. We will first prove the following

Lemma 2.2. Let V satisfy (1.1). Then, there exist positive constants C and hgy so
that for 0 < h < hg we have

19 (R*G) = $(h*Go) |12 < OB, (2.5)
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Proof. We will make use of the formula
2 op
H(h2G) = f/ P2 () (h2G — 22~ 2L(dz), (2.6)
™ JCc 0z
where L(dz) denotes the Lebesgue measure on C, ¢ € C§°(C) is an almost analytic
continuation of ¢(\) = 1¥(A\?) supported in a small complex neighbourhood of
supp ¢ and satisfying
9%

87(2) < Cn|Imz|N, VYN >1.
z

For +£Im A > 0, Re A > 0, set
Ry(N) = (Go = )", R*(N)=(G- )"
We have the identity
REA)(1+VRE(N) =Ry (\). (2.7)

It is well known that the kernels of the operators Roi()\) are given in terms of the
zero order Hankel functions by the formula

[REON)] (@) = £id ™ HE (la — ).
Moreover, the functions HOi satisfy the bound
|HEN)| < CA|7Y2e7 A\ > 1, +ImA >0, (2.8)
while near A = 0 they are of the form
HY(\) = a5 (A) + ag (M) log A, (2.9)

where aoi ; are analytic functions. In particular, we have

|HEN)| < CIA7Y2, ReA>0, +ImA>0. (2.10)
Using these bounds we will prove the following

Lemma 2.3. Let V satisfy (1.1). Then, there exist constants C >0 and 0 < hy <1
so that for z € C?; :={z € supp @, £Im z > 0}, we have the estimates

|[VRE(2/h)|| 11— < ChY2, 0<h<1, (211)
|IVRE(2/h)|| L1 < CRY?, 0<h<hg,

(2.12)

|RE(z/h)|| L1~ < CRHImz|"2, 0<h<1,Imz#0, (2.13)

|RE(2/h)||p—pr < Ch2[Imz|"2, 0<h<ho,Imz#0. (2.14)

Proof. Applying Schur’s lemma and using (1.1) and (2.10), we get that the norm
in the left-hand side of (2.11) is upper bounded by

V(x)d
sup / \V(2)||HE (2|2 — y|/h)|dz < ChY/? sup / L)iz < C'hY/2.
yeR2 JR2 yeR2 JR2 |$_y|
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Similarly, the norm in the left-hand side of (2.13) is upper bounded by

Supm/ |H§(4x——yVhﬂdx::@h2/1 o|HFE (z0)|do .
yeR2 JR2 0

Since C~1 < |2| < C, +Im z > 0, we have |HE (z0)| < Clo|~1 /2=l for g > 1.
We obtain

(o) o
/ o|HE (z0)|do < C/ ot/ 2eolmzl gy < O|Im 2|72,
1 1
For 0 < 0 < 1, we use |Hi (20)| < C|log |z0|| < Clo|~! to obtain
1
| ol olas <.
0
which clearly implies (2.13).
To prove (2.12) and (2.14) we will make use of the identity (2.7). It follows

from (2.11) that there exists a constant 0 < hg < 1 so that for 0 < h < hg the
operator 1 4+ VRE(z/h) is invertible on L' with an inverse satisfying

|1+ VRE(z/h) ooy <C. 2€CE, (2.15)
with a constant C' > 0 independent of z and h. Clearly, (2.12) follows from (2.11)
and (2.15), while (2.14) follows from (2.13) and (2.15). O

To prove (2.5) we rewrite the identity (2.7) in the form

RE(z/h) = Ry (2/h) = =R (z/W)VRG (2/h) (1 + VRF (2/h) ",

and hence, using Lemma 2.3 and (2.15), we get
Ih=2RE (2/R) — bR (/M| —pn < ORI 2] 2,
0<h<hy, 2z€CZ, Imz#0. (2.16)
It is easy now to see that (2.5) follows from (2.6) and (2.16). O
We will now derive (2.1) from the following

Proposition 2.4. Let V satisfy (1.1). Then, there exist positive constants C and hg
so that we have, for 0 < s<1/2, f,g € L*,

Vo (B2 Go) fll e < CR32[E Y2\ fll, h>0, t#0, (2.17)
/Rz /R / t°l —y| = [VeY D (h*Go) f ()| lg(y)| didady
< Ch7 2| fllligllzr s h>0, (2.18)

L[ it = ve Y eue6) 1wt dedsdy
R2? JR? J -0

<Ch Y2 fllpillgll, 0<h<hg. (2.19)
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_ Asin [13], we introduce the functions ¢ € C5°((0, +00)), ¥1 = 1 on supp ¢,
P(0) = o' 2Y(0), ¥1(0) = 07/ 2¢1 (0). Set

t
y(t; h) := —h/ 1 (h2Go)sin ((t — 1)/ Go) Ve ™ E(h2G)dr
0
Then using Duhamel’s formula for the wave equation

SitVG _ etVGo | bmi;f <\/> \/>) /Sin ((t\;%m) VeiT‘/adT,

multiplying by 11 (h2Gy) on the left and by ¥(h?G) on the right, we get the identity
O(t;h) — @a(t; h) = (t;h) + 1 (*Go)

(00 D) () -t ) oy
0

= VIR Q) — VI Go) + (HGo)e'™ Py (h*G)
— P (h2Go)e™VEP(h2G)
+ it (h*Gy) sin(t\/cTom(h?G
— ity (h*Go) sin(t/Go)(
By adding i1 (h2Go) sin(tv/Go )t (h2Go) — z%(iﬁ%)sm(tf )$(h*Gyo) = 0 and

using the commuting properties and ¢ = 11, we obtain

Dy (t; h) := B(t;h) — Po(t; h) = (Y1 (h*G ) z/11(712 0)) eVCy(h2a)

+ 91 (h2Go) cos (ty/Go) (¥(h ¥(h?Go))

+ i1 (h2Go) sin (t/Go) ({z?(fﬂ (h*Go)) . (2.20)
By Proposition 2.4 and (2.5), we have
1t 0) = (2.21)

< Ch V2| fllpr + CRMY2(| @ h) flloee ,  ¢1/2|(D2(t:h) £, 9)]
<h /O W(t — )2 sin ((t = 7)V/Go) b1 (h2Go)g]| . Ve Cp(h2G) fl| rdr
+h / :2 [V sin (¢ = 7)v/Go) b (WGo)g | 7 /2 €™ Ep(h2G) f || 1 dr
<O gl [ Ve 6) |adr
+ b osup TV TVEY(R2G) f]| e /_O:o |V sin ((t — 7)\/Go) w1 (R2Go)g]| ,,dr

t/2<r<t

< Ch Mgl I fllzr + Ch2 gl sup 72|V O p(h2G) £ e,

t/2<r<t
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for ¢ > 0, which clearly implies
t12)| @5 (8 1) £ oo
<CH Y fllp + CRY2 sup 72| emVOY(REG) fllpe . (2.22)

t/2<r<t
By (2.20)—(2.22), we conclude
2|0t h) flle < CRTHIfllnr + CRY2E2]@(8 ) fll
+ChY2 sup TY2|®(7;h) f]| L~ - (2.23)

t/2<r<t

Taking h small enough we can absorb the second and the third terms in the right-
hand side of (2.23), thus obtaining (2.1). Clearly, the case of t < 0 can be treated
in the same way. O

Proof of Proposition 2.4. The kernel of the operator eit@w(hQGo) is of the form
Kn(lz —yl,t), where

Kp(o,t) = (27r)—1/oo e To (N p(hEN)AdN = h 2K (oh~ 1 th™1) | (2.24)
0

where Jo(z) = (H (2) + Hy (2))/2 is the Bessel function of order zero. It is shown
n [13] (Section 2) that K, satisfies the estimates (for all o, h > 0, ¢ # 0)

|K1(0,t)] < CJt]~* (o)~ /2, Vs >0, (2.25)
|Kp(o,t)| < Ch3/2|t| =505~ 1/2 0<s<1/2. (2.26)

Clearly, (2.17) follows from (2.26) with s = 1/2. Tt is easy also to see that (2.18)
follows from (1.1) and the following

Lemma 2.5. For all0 < s<1/2, o,h >0, we have

/ (t/n)® |Kp(o,t)|dt < Ch~ o /h)*~1/?, (2.27)
/ |t]° | Kn(o,t)| dt < Ch™ /2512, (2.28)

Proof. Clearly, (2.28) follows from (2.27). It is also clear from (2.24) that it suffices
to prove (2.27) with h = 1.

When 0 < o < 1, this follows from (2.25). To see that, we can split the
integral into two parts: |¢t| <1 and |¢| > 1 and then use (2.25) with s for the first
part and s + 1 + € for the second part. We conclude by using that (o)< < 1 for
the bound of the second part. Let now o > 1. We decompose K; as K| + K, ,
where K is defined by replacing in (2.24) the function Jy by Hi /2. Recall that
HZE(z) = e**bE(2), where bi(z) is a symbol of order —1/2 for z > 1. Using this
fact and integrating by parts m times, we get

K (0,t)] < Cppo Y2t £0)™™. (2.29)



Vol. 10 (2009) High Frequency Dispersive Estimates in Dimension Two 423

By (2.29), we obtain

o0

| @ikt <20 [ Ko [ joPlKE e ol

— 00 — 00 — 00
o0

<! osm1/? / (t £ o) ~™dt + Cppo~ /2 / (t£o) "dt

— 00 — 00

< Co*2,
which clearly implies (2.27) in this case. O
To prove (2.19) we will use the formula
VG (h2G) = (imh) ! /O T o) (RH(N) — B (W) dA. (2.30)
where 5, () = 1 (hA), p1(A) = Ap(A?). Combining (2.30) together with (2.7), we

get

VeVey(n?Q) = (imh) Ly i/oo VPE(t — 1)U (r)dr, (2.31)
+ —00
where

PE®) = /Ooo P ER(NRE(N)dN,

vt = | Tt ) (14 VREW)) T,

where @p(X) = @1(hA), @1 € C§°((0,400)) is such that @1 = 1 on supp ¢1. The
kernel of the operator P (t) is of the form A3 (|z — yl,t), where

AE (1) = +id™" / B (N HE (NN = h - AE (o /hyt/h).  (2.32)
0

In the same way as in the proof of Lemma 2.5 one can see that the function Aff
satisfies the estimate

o0
/ t|* |Aif (o, 1)] dt < ChM 2" 12 (1 + hf o),
oo

0<s<1/2, 0<h<1, (2.33)

where €, =0if0<s<1/2, ¢, =€if s =1/2.
Clearly, it suffices to prove (2.19) with s = 0 and s = 1/2. For these values
of s, using (1.1), (2.31) and (2.33), we obtain

/Rz /R /Z 1 (2 = yl/h)

<ot S [ e e )

X |VP,§IE (t— T)U,it('r)f(xﬂ lg(y)| drdtdxdy

VetVey(n2G) f(x)| lg(y)| dtdady
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so s [ / [l = gl/1) ™ (i = 71° + I7I°)

X |Af (Jo — 2’|, t — )| U () f ()] |9(y)| drdtdz’ dxdy

<o lz/ L[ v@ite =i/~ low)
X </ 7)) A5 (Jo — 2|, T)dT) (/Z |U,f(r)f(x’)|dr) da’ dxdy
oy [R 2 /R 2 / [ = yl/B) ™ lg(v)]
x(/ AZ (|2 — o], )|d7> (/ 7l | U () (x’)|d7> de’ dudy
<oty [ L vt e
x (L+h|z—2'|7%) |g(y)| (/ |Uh (J;')|d7'> dx'dxdy
O [ [ V@ sl e = )

X (/ I7I* |UE(7) £ ( |d7> da'drdy =T, + I (2.34)

To estimate I; when s = 1/2, set ¢ = (2¢)~%, 1/p+ 1/q = 1, and observe that in
view of (1.1) we have the bound

[ W@ e =)™ = o
= ( | V@1 e =slmy " dx)l/p ( L@ - x/|_1/2dx)1/q
<o ([ v -mea)”

1/p
< Cyh!/0) (/ V(2)||z - y1/2dx) < Cyh!/?e,
R?2

Thus, we obtain

I gc’hH/QZ/ / / \UE () f(2')|g(y)|drda’dy . (2.35)
I 2 R2

To estimate I when s = 1/2, we use the inequality

— _ —1/2 — —
(o= yl/m) "2 o =272 < (ol = yl/m) T (|l =y 72 o+ 2 = 72,
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We get
Eci Y [ [ e =l UE ) £l drda'dy.
T+ JR?2JR?J-
(2.36)
On the other hand, by the identity
(1+VRF(N) = 1=VRFW) (1 +VRFMN) ",
we obtain -
Ui (t) = @n(t) - / VPE(t — 1) UE(T)dr. (2.37)
Since
ent) =h=¢u(t/h),
we have -
[ tpuwlar < cne. (2.38)

Using (2.37) and (2.38), in the same way as in the proof of (2.34)—(2.36), we obtain
with s =0 or s = 1/2,

/ / / (2 — yl/By~* [T (6) (@) | g )l dedrdy < CR |12 19l oo
R2 JR? J -0
wont [ e e o drdady

wonl2 [ e el =l e @ o ldrda'dy . (239)

Taking h small enough we can absorb the second and the third terms in the right-
hand side of (2.39) and get the estimate

L et =m0 O @)l o) dtdady
< Ol flurllgle: - (2.40)
Now (2.19) follows from (2.34)—(2.36) and (2.40). O

3. Proof of Theorem 1.2

Set
U(t; h) = e"CY(h*Q) — e %oh(h?Gy) .

As in the previous section, one can derive (1.6) from the following

Proposition 3.1. Let V satisfy (1.1). Then, there exist positive constants C' and hg
so that for 0 < h < hgy, we have

I (R g < CRV2JETH, £ 0. (3.1)
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Proof. We will derive (3.1) from (2.19). To this end, we will use the identity

eit)‘2<p(h2)\2) = / e”)‘(h(t, T)dr, (3.2)

— 00

where ¢ € C§°((0,+00)), ¢ = 1 on supp v, the functions 9 and 1, being as in
the previous section, and

Cult,T) = (2m) 7t /OOo e TITAG(R2N2)dA = b (th 2 thY) (3.3)

We deduce from (3.2) the formula
et (h2G) = / Cn(t, 7)™V Op(h2G)dr . (3.4)

Given any integer m > 0, integrating by parts m times and using the well known
bound

‘/w eW—”%(A)dA‘ <Clt7Y?, Vt#0, T€R,
—o0
where ¢ € C§°(R), one easily obtains the bound
G ()| < Clt| ™™ V2(r)™ V40, T€ER. (3.5)
By (3.3) and (3.5),
Cn(t, 7)] < Conh®™ [t ™ V2(r /D)™, Yt#0, T7€R, h>0, (3.6)

for every integer m > 0, and hence for all real m > 0. By (2.5), (2.20) and (3.4),
we get

(Wt h) f,9)] < CRYV2|NW (5 h) f | =gl s

+ [ 16| costry/Ban (12Go) (6(126) ~ w(12Go)) £

+f Z (Gu (8, )| sin(rV/Go)ih (h2Go) (B(h2G) = $(h2Go)) f. 9 )| dr

o /O:o /0 [Gn (2, 7)I ‘ (Ve VEpm2G) f,sin ((r—7)v/Go) b1 (2 Go)g) ’dv'df .
(3.7)

Using (3.6) with m = 1/2 and (2.27) with s = 1/2 together with (2.5), we obtain
that the first integral (and similarly for the second one) in the right-hand side of
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(3.7) is upper bounded by

cnte ™ [ [ [ wm ks = .ol gte)
x| ((h*G) = ¥(h*Go)) [ (y)] drdaxdy
<cll ™ [ [ 9@l (6(26) - v(2Ga)) )| dady
R2 JR2

< CRY2H7Y Fllallgll o

where KJ.(|z — yl,t) denotes the kernel of the operator cos (tv/Go) 11 (h?Gp). The
last term is upper bounded by

e [ (e e = ) K e = ol )

x [VeTVEy(h2G) f(2)||g(y)|dr' drdzdy
< CH2|t ! /R /R /,m |V VeV (h2G) f ()| |g(y) | dr

x / K (|2 — g, 7)|drdedy

+ CR2e ! /R 2 /R 2 / VerVeu(h2Q) f () lg(y)ldr

< [ R o — 7 drdedy

o0
< CR2) / / / Y2 (| — Iy
R2 JR2?2 J—x

x |[Ver™VEy(h2G) f (x)l|g(y) | drdady
1 znf 200 f(x i
o [ [ [ weneuee) s lawiardsdy

< CRM2[ M f e lgll o s

where K (|z—yl,t) denotes the kernel of the operator sin(tv/Go)in (h2Gy), and we
have used (2.19) together with the fact that the function Kj(o,t) satisfies (2.27).
Thus, we obtain

(U (t:h) f,9)] < CRY2[ Wt h) f L= llglle + CHY 21 M If 2o lgles
which clearly implies (3.1), provided h is taken small enough. O
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