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Abstract. We study the general structure of Fermi conformal nets of von Neu-
mann algebras on S and consider a class of topological representations, the
general representations, that we characterize as Neveu—Schwarz or Ramond
representations, in particular a Jones index can be associated with each of
them. We then consider a supersymmetric general representation associated
with a Fermi modular net and give a formula involving the Fredholm index
of the supercharge operator and the Jones index. We then consider the net
associated with the super-Virasoro algebra and discuss its structure. If the
central charge ¢ belongs to the discrete series, this net is modular by the
work of F. Xu and we get an example where our setting is verified by taking
the Ramond irreducible representation with lowest weight ¢/24. We classify
all the irreducible Fermi extensions of any super-Virasoro net in the discrete
series, thus providing a classification of all superconformal nets with central
charge less than 3/2.

1. Introduction

As is well known the réle of symmetry in Physics is fundamental. Symmetries are
usually divided in two types: spacetime and internal symmetries.

If we ignore the effect of gravity that provides spacetime curvature, Special
Relativity tells us that our spacetime is the flat Minkowski space and its symme-
tries are given by the Poincaré group. However, if no massive particle is present,
the symmetry group can be larger. The largest transformation group compatible
with locality is the conformal group. The conformal group is a finite-dimensional
Lie group; its symmetry action is so stringent that one expects only few conformal
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Quantum Field Theory models to exist in four dimensions, see [1] and references
therein.

A much richer structure comes out in lower dimensional spacetimes. On the
two-dimensional Minkowski spacetime the conformal group is infinite dimensional
and factors as a product of the diffeomorphism groups of the light-like (chiral)
lines  +£¢ = 0 and acts on their compactification, namely one gets an action of
Diff(S1) x Diff(S!). Restricting a quantum field to a chiral line gives rise to a
quantum field theory on S?.

We do not dwell here on crucial role played by Conformal Quantum Field
Theory in various physical contexts, nor on its deep mathematical connections
with other subjects. We mention however a less emphasised réle of the subject as
a laboratory for more general analysis. This is due to the variety of constructed
models and the powerful methods of analysis. We are interested here in particular
in Operator Algebraic methods whose effectiveness has also been shown by recent
classification results and new model constructions [35, 39, 65].

Internal symmetries are also fundamental. In particular, in Quantum Field
Theory, they are basically expressed by a gauge group. Concerning the particle-
antiparticle symmetry, it showed up with the discovery of the Dirac equation and
is, in a sense, a derived symmetry. There are general arguments to link the particle-
antiparticle symmetry with the spacetime symmetries, see [26].

Now there is an important higher level symmetry relating spacetime and in-
ternal symmetries: supersymmetry, see [58]. Supersymmetry sets up a correspon-
dence between Bose and Fermi particles. Leaving aside important physical aspects
of supersymmetry, e.g. in relation to the Higgs particle, we wish to mention that
the related mathematical structure has profound noncommutative geometrical im-
plications, see [14,32].

If one considers a quantum field theory which is both chiral conformal and su-
persymmetric, one then expects a very stringent interesting structure to show up.
Superconformal models have indeed been studied by different approaches. For ex-
ample, the tricritical Ising model is a basic model with a remarkable structure [20].

The purpose of this paper is to initiate a general, model independent, operator
algebraic study of superconformal quantum field theory on the circle and pursue
this analysis to the classification of the superconformal nets in the discrete series.

In the first sections we describe the general property of a Fermi conformal
net on S'. Basic properties, already considered in the non-local case [16,46], are
here described in our context (Bisognano—Wichmann property, twisted Haag du-
ality,. .. ).

A Fermi net A contains a local subnet Ay, the Bose subnet (the fixed-point
under the grading symmetry) which is automatically equipped with an involutive
sector o, dual to the grading. This splits the sectors of A, in two subsets, o-Bose
and o-Fermi sectors, that can be studied in the standard way as A, is local.

For a general model analysis one would like to consider representations of A.
There is an obvious extension of the notion of DHR representation to Fermi nets,
that we study at the beginning. However, as we shall see, there is more general
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natural class of representations for Fermi net: the general representations. These
are representations of the promotion A™ of A to the n-cover S (™ of S, that
restrict to DHR representations of the Bose subnet 4;. We shall see that a general
representation is indeed a representation of the double cover net A®) and can
be equivalently described as a general soliton. This splits the general representa-
tions in two classes: Neveu-Schwarz (DHR) and Ramond (properly associated with
A®)). We shall later see that a representation is Neveu-Schwarz (resp. Ramond)
iff it comes by a-extension from a o-Bose (resp. o-Fermi) representation of Ap.

Having clarified the structure of the representations of a Fermi net, we con-
sider the case where supersymmetry is present. In particular we consider a super-
symmetric representation of a conformal Fermi net A, namely a graded general
representation A\ of A where

~ [
HAEHAfﬂ:Qi;

here H) is the conformal Hamiltonian and @, is an odd selfadjoint operator (the
supercharge). In this case the McKean—Singer lemma (Appendix A.2) gives

Trs(e*“q*) = Fredholm index of Qx+ ,

for all ¢ > 0, where Try denotes the supertrace. In particular the left hand side,
also called the Witten index, is an integer, the Fredholm index ind(Qx+) of upper
off diagonal part of Q).

If A is irreducible, its restriction A\, to A, has two irreducible components
Ay = p @ p' and we can consider the Jones index of p, which is the square of the
Doplicher-Haag—Roberts statistical dimension d(p) [41].

If A, is modular, we can express d(p) by the Kac—Peterson Verlinde matrix S
as this is equal to the Rehren matrix S. By combining all this information and an
argument in [37], we then get the formula

, d(p)

ind(Qas) = 2L 5™ K (p,v)d(v)
where K is a matrix that is related to S, p4 is the p-index [38] and the sum is
over all Ramond irreducible sectors. This formula thus involves both the Fredholm
index and the Jones index.

We then put our attention towards model analysis and aiming firstly to il-
lustrate concrete situations where our general setting is realised.

The infinite-dimensional super-Lie algebra that governs the superconformal
symmetries is the super-Virasoro algebra. It is a central extension by a central
element ¢ of the super-Lie algebra generated by the Fourier modes L,, and G, of
the Bose and the Fermi stress-energy tensor. Clearly the L,, generate the Virasoro
algebra, thus the super-Virasoro algebra contains the Virasoro algebra; the com-
mutation relation are given by the equations (19). It has been studied in [20, 24].

The super-Virasoro algebra plays for superconformal fields the same universal
role that the Virasoro algebra plays for local conformal fields. Our initial task is
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then to construct and analyse the super-Virasoro nets. Following the work [24]
we describe the nets; if the central charge c is less than 3/2 we identify the Bose
subnet as a coset, study the representation structure and show the modularity of
the net. There is a distinguished representation with lowest weight ¢/24 which is
supersymmetric and thus provides an interesting example for our index formula.

Now, if ¢ < 3/2 we are in the discrete series [20]; analogously to the local con-
formal case [35] every superconformal net is an irreducible finite-index extension
of a super-Virasoro net. We classify all such extensions. There are two series of
extensions, the one given by the trivial extension and a second one given by index
2 extensions. Beside these there are six exceptional extensions that we describe
explicitly.

2. Fermi nets on S*!

In this section we discuss the basic notions for a Fermi conformal net of von
Neumann algebras on S* = {z € C : |z| = 1}, and their first implications. It
is convenient to start by analysing Mobius covariant nets. Note that a general
discussion of Mobius covariant net is contained in [16], here however we focus on
the Fermi case.

2.1. Mobius covariant Fermi nets

We shall denote by Méb the Mobius group, which is isomorphic to SL(2,R)/Zs
and acts naturally and faithfully on the circle S'. The n-cover of Méb is denoted
by Méb™ | n € NU {oo}. Thus Méb® ~ SL(2,R) and Msb(™ is the universal
cover of Mob.

By an interval of S' we mean, as usual, a non-empty, non-dense, open, con-
nected subset of S' and we denote by Z the set of all intervals. If T € Z, then also
I’ € T where I’ is the interior of the complement of I.

A net A of von Neumann algebras on S' is a map

IeZlw— A(I)

from the set of intervals to the set of von Neumann algebras on a (fixed) Hilbert
space ‘H which verifies the isotony property:

L Ccly= .A(Il) C A(IQ)

where I1,I5 € T.
A Mébius covariant net A of von Neumann algebras on S' is a net of von
Neumann algebras on S! such that the following properties 1 — 4 hold:

1. MOBIUS COVARIANCE. There is a strongly continuous unitary representation
U of M6b™) on H such that

U(g) AU (9)* = A(gI), geMsb™, IeT,

where g is the image of g in Mob under the quotient map.
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2. POSITIVITY OF THE ENERGY. The generator of the rotation one-parameter
subgroup 0 +— U (rot(>)(6)) (conformal Hamiltonian) is positive, namely U is

a positive energy representation !.

3. EXISTENCE AND UNIQUENESS OF THE VACUUM. There exists a wunit U-
invariant vector 0 (vacuum vector), unique up to a phase, and S is cyclic for
the von Neumann algebra V ez A(I).

Given a Mé&bius covariant net A in S1, a unitary T' such that TQ = Q, TA(I)[* =
A(I) for all T € T is called a gauge unitary and the adjoint net automorphism
v = AdT a gauge automorphism?.

A Zs-grading on A is an involutive gauge automorphism = of A. Given the
grading +, an element = of A such that y(x) = +x is called homogeneous, indeed
a Bose or Fermi element according to the + alternative. We shall say that the
degree 0z of the homogeneous element z is 0 in the Bose case and 1 in the Fermi
case.

Every element x of A is uniquely the sum x = z¢ + x1 with dzy = k, indeed
2= (@4 (—1)*5(2)) /2.

A Mébius covariant Fermi net A on S' is a Zy-graded Mobius covariant net
satisfying graded locality, namely a M&bius covariant net of von Neumann algebras
on St such that the following holds:

4. GRADED LOCALITY. There exists a grading automorphism v of A such that,
if I and Is are disjoint intervals,

[z,y] =0, z€A(h),y€ Al).
Here [z, y] is the graded commutator with respect to the grading automorphism ~

defined as follows: if x,y are homogeneous then

ox + Oy

[z,y] = 2y — (1) ya

and, for the general elements x,y, is extended by linearity.
Note the Bose subnet Ap, namely the -fixed point subnet A" of degree zero
elements, is local. Moreover, setting

1—4I
1—14
we have that the unitary Z fixes Q, Z2 =T, and
A(l'y Cc ZA(I) Z*,

7 =

(twisted locality w.r.t. Z), that is indeed equivalent to graded locality.

1Here rot(™)(0) is the lift to Mdb(™) of the f-rotation rot(#) of Méb. For shortness we sometime
write rot(")(9) simply by rot(#) and U(6) = U(rot(8)).

2The requirement T'Q = Q (up to a phase that can be put equal to one) is equivalent to TU(g) =
U(g)T by the uniqueness of the representation U in Cor. 3; one can use the second formulation
in the non-vacuum case.
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Remark. Strictly speaking a Mdbius covariant net is a pair (A,U) where A is a
net and U is a unitary representation of Mob that satisfy the above properties. In
most cases it is convenient to denote the Mdbius covariant net simply by A and
then consider the unitary representation U (note that U is unique once we fix the
vacuum vector).

2.2. First consequences

We collect here a few first consequences of the axioms of a Mobius covariant Fermi
net on S'. They can be mostly derived by a simple extension of the proofs in the
local case, cf. [16,46].

Reeh—Schlieder theorem.

Theorem 1. Let A be a Mébius covariant Fermi net on S*. Then Q is cyclic and
separating for each von Neumann algebra A(I), I € T.

Proof. The cyclicity of € follows exactly as in the local case. By twisted locality,
then  is separating too. O

Bisognano—Wichmann property. If I € Z, we shall denote by A; the one parameter
subgroup of Méb of “dilation associated with 7, see [5]. We shall use the same

symbol also to denote the unique one parameter subgroup of Mob(™ (n finite or
infinite) that project onto A; under the quotient map. The following theorem and
its corollary are proved as usual, see [16].

Theorem 2. Let I € Z and Ay, Jr be the modular operator and the modular
congugation of (A(I), ). Then we have:

(i):
AY =U(Af(—27t)), teR, (1)

(ii): U extends to an (anti-)unitary representation of Mob'™) x Zy determined by
Ulr))=2J;, 1€Z,
acting covariantly on A, namely
U(g) AU (9)* = A(gI) geMob™ xZy, IeZ.
Here rr : S* — St is the reflection mapping I onto I', see [5].

Corollary 3 (Uniqueness of the Mdbius representation). The representation U is
unique.

Corollary 4 (Additivity). Let I and I; be intervals with I C U;I;. Then A(I) C
VL A(TL).

Remark. If E C S! is any set, we denote by A(E) the von Neumann algebra
generated by the A(I)’s as I varies in the intervals I € Z, I C E. It follows easily
by Mobius covariance that if Iy € 7 has closure lo, then A(lo) = (57, rez A).
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Twisted Haag duality.

Theorem 5. For every I € T, we have:

A(I'Y=ZAI)Z* (=2 A(1)'Z).
Proof. By twisted locality we have A(I) D> Z*A(I')Z. By the Bisognano—
Wichmann property, Z*A(I')Z is a von Neumann subalgebra of A(I)" globally
invariant under the vacuum modular group. As the vacuum vector is cyclic for
A(I') by the Reeh—Schlieder theorem, we have A(I) = Z* A(I')Z by the Tomita—

Takesaki modular theory.
Finally, since Z2 = T', we have Z*A(I)Z = ZA(I)Z* for every interval I. [

In the following corollary, the grading and the graded commutator is consid-
ered on B(H) w.r.t. AdI.

Corollary 6. A(I') = {z € B(H): [z,y] =0 Vy € A(I)}.

Proof. Set X = {& € B(H) : [z,y] = 0 Vy € A(I)}. We have to show that
X CAIl'). f x =29+ 21 € X then Z*2Z = x¢ — iz1I'. As [z,y] = 0 for all
y € A(I) it follows that Z*2Z € A(I)' so x € ZA(I) Z* = A(I'). O
Irreducibility. We shall say that A is irreducible if the von Neumann algebra

VA(I) generated by all local algebras coincides with B(H).
The irreducibility property is indeed equivalent to several other requirements.

Proposition 7. Assume all properties 1-4 for A except the uniqueness of the vac-
uum. The following are equivalent:

(i) CQ are the only U-invariant vectors.
(ii) The algebras A(I), I € Z, are factors. In particular they are type III, factors

(or dimH =1).
(i) The net A is irreducible.
Proof. See [16]. O

Vacuum spin-statistics relation. The relation U(27) = 1 holds in the local case [27];
in the graded local case it generalizes to

Uldr) =1,
where U(s) = U(rot(s)) = e’ is the rotation one-parameter unitary group,

see [16]. Indeed we have the following,.

Proposition 8. Let A be Mébius covariant Fermi net. Then:
U@2m)=T.

Proof. We may assume that v is non-trivial, otherwise we are in the Bose case [27].
By restricting to A, the identity representation of A we get the direct sum ¢ @ o
of the identity and an automorphism. Clearly o has Fermi statistics because A
has Bose-Fermi commutation relations. Thus U = U, ® U,; by the conformal spin-
statistics theorem [27] we then have U(27) =U,(27)® U,(2r) =10 -1=T. O
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Corollary 9 (Uniqueness of the grading). The grading automorphism is unique.

Proof. Immediate from the uniqueness of the Mobius unitary representation and
the spin-statistics relation U(27) =T. O

2.3. Fermi conformal nets on S’
If A is a Mé&bius covariant Fermi net on S! then, by the spin-statistics relation,
the unitary representation of M8b(> is indeed a representation of M&b®. As Mab
is naturally a subgroup of the group Diff(S!) of orientation preserving diffeomor-
phisms of $1, clearly Méb® is naturally a subgroup of Diff®)(S1), the 2-cover of
Diff(S!). (See Appendix A.1 for a discussion about the covering symmetries).
Given an interval I € Z, we shall denote by Diff;(S!) the subgroup of
diffeomorphisms g of S! localised in I, namely g(t) = t for all t € I’, and by
Diff!?) (1) the connected component of the identity of the pre-image of Diff;(S')
in Diff® (51).
A Fermi conformal net A (of von Neumann algebras) on S! is a Mobius
covariant Fermi net of von Neumann algebras on S! such that the following holds:
5. DIFFEOMORPHISM COVARIANCE. There exists a projective unitary represen-
tation U of Diff(Q)(Sl) on H, extending the unitary representation of I\/IE)b(Q)7
such that

U(g)A(U(g)" = A(gI), geDiff®(s), IeZ,
and
Ug)aU(g)* =z, zeAI'), geDifP(S"), IeT.
Here ¢ denotes the image of ¢ in Diff(S!) under the quotient map.

Lemma 10. For every g € Diff®® (1) we have U(g)T' = TU(g). In particular, if
g € Diff'?(S1), then U(g) € Ay(I).

Proof. As T' = U(27), we have TU(g)I"™* = U(2m)U(g)U(2m)* = x(g9)U(g) for all
g € Diff® (S1), where x is a continuos scalar function on Diff®(S1). As T2 =1,
we have x(g)% = 1 for all g, thus x(g) = 1 because Diff® (51) is connected and
x(g) = 1 if g is the identity.

With g € Diffﬁz)(Sl), then U(g) commutes with I, hence with Z. By the
covariance condition U(g) commutes with A(I"), hence with ZA(I")Z*, so U(g) €
A(I) by twisted Haag duality. O

By the above lemma, the representation of the diffeomorphism group belongs
to the Bose subnet, so we may apply the uniqueness result in the local case in [13]
and get the following:

Corollary 11 (Uniqueness of the diffeomorphism representation). The projective
unitary representation U of Diff@)(Sl) is unique (up to a projective phase).



Vol. 9 (2008) Structure and Classification of Superconformal Nets 1077

Proof. With E = (1 + I')/2 the orthogonal projection onto A, clearly U|gx
is the projective unitary representation of Diff(S!) associated with A4, unique
by [13,57]. As Q is separating for the local algebras, U(g)E determines U(g) if
g€ Diff(lz)(Sl) for any interval I € Z. By Proposition 38, as I varies, Diff;(S?)
algebraically generates all Diff(S'), and U is so determined up to a phase. (]

2.4. DHR representations

There is a natural notion of representation for a Fermi net which is the straightfor-
ward extension of the notion of representation for a local net, see (2) here below.
We shall see in later sections that is important to consider also more general rep-
resentations when dealing with a Fermi net. In this section, however, we deal with
the most obvious notion.

In the following we assume that A be a Fermi conformal net, although certain
notions and results are obviously valid in the Mobius covariant case.

A representation A of A is a map I — A that associates to an interval [
of S a normal® representation \; of A(I) on a fixed Hilbert space H such that

>‘]_|A(I):>‘13 IcI. (2)

As we shall later deal with more general representations, we may sometime
emphasise that we are considering a representation A as above, by saying that A
is a DHR representation, the ‘DHR’ being however pleonastic.

We shall say that a representation A on Hy is diffeomorphism covariant if
there exists a projective unitary representation Uy of the universal cover Diff (c0)

(S1) of Diff(S*) on ‘H, such that
X1 (U(9)zU(9)*) = Un(9)Ar(2)Un(g9)", € A(I), Vg e Diff*)(sh).

Here ¢ denotes the image of g in Diff(S!) under the quotient map. A Mébius
covariant representation is analogously defined.

We shall say that a representation A on H) is graded if there exists a unitary
T') on H, such that

Ar(v(2)) = ToaA(@)05, 2 € A(I),
for all I € Z. As -y is involutive one may then also choose a selfadjoint T'y.
Proposition 12. Let A be an irreducible DHR representation of the Fermi confor-

mal net A. Then X\ is graded and diffeomorphism covariant with positive energy.
Moreover we may take I'y = Ux(27).

Proof. We first use an argument in [35]. Let I € 7 and g € Diff(IQ)(Sl). For ev-
ery x € A(I) with I O I we have A\;(U(9))A\j(2)A\1(U(9))* = A\j(U(g9)zU(g))* =
Agi(U(9)zU(g))*. As the group generated by Diﬂ“?) (S1) as I varies in Z is the en-
tire Diff (2)(5 1), we see every diffeomorphism is implemented in the representation
A by a unitary Uy(g), which is equal to A\;(U(g)) if g is localised in I.

3The normality of A is automatic if M, is separable because A(I) is a type III factor.
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It remains to show that, by multiplying U,(g) by a phase factor, we can get
a continuous projective representation with positive energy. In the local case, the
automatic diffeomorphism covariance is proved in [15] and the automatic positivity
of the energy in [56]. Let Uy, be the covariance unitary representation associated
with Ay = A4, If g is localised in I then Ux(g)Usx,(9)* € Ar(Ap(I) N A(I)) =C
(cf. Lemma 13), so we are done by replacing Uy with Uy,.

Finally notice that, by diffeomorphism covariance, it follows that

Ux(2m)A1(2)Ux(2m)" = A (y(2))
due to Proposition 8. So we may take I'y = Uy (2m). O

A localised endomorphism of A is an endomorphism p of the universal C*-
algebra C*(A) such that p|4(;) is the identity for some I € Z (then we say that
p is localised in the interval I). In other words, p is a representation such that
pr = ¢ and p; maps .A(f) into itself if I > I. This last property is automatic by
Haag duality in the local case, and we now see to hold also in the Fermi case.

Next lemma shows that the grading is locally outer. This applies indeed to
every gauge automorphism, see [11,59].

Lemma 13. Given any interval I, | ar) is an outer automorphism (unless the
grading is trivial). As a consequence Ay(I) NA(I) = C.

Proof. Suppose 7| a¢py is inner; then there exist unitaries u € A(I) and v’ € A(I)’
such that I’ = v/u. In fact u and «’ are unique up to a phase factor because A(I)
is a factor. Now I' commutes with the Mébius unitary group, so Afu) = ety
for some a € R. But log A; has no non-zero eigenvalue (see [16]), so uf2 € CQ,
thus u is a scalar and ~ is the identity. (I

The following proposition generalizes to the Fermi case the well known DHR
argument for the correspondence between representations and localised endomor-
phisms on the Minkowski space.

Proposition 14. Let m be a representation of the Fermi conformal net A on S,
and suppose the Hilbert spaces H and H, to be separable. Given an interval I,
there exists a localised endomorphism of A unitarily equivalent to .

Proof. Let T' be the unitary, Q-fixing implementation of . As |4/ is outer, the
algebra (A(I'),T) generated by A(I') and I is the von Neumann algebra crossed
product of A(I") by v|ar)-

Now 7 is graded and normal so, by choosing I'; selfadjoint, also the algebra
(mr(A(I")),T) generated by 71 (A(I")) and I'; is naturally isomorphic to the von
Neumann algebra crossed product of A(I') by v

So there exists an isomorphism ® : (A(I"),T) — (7 (A(I")),T) such that
®| oy = 71 and @(I") = 'z, namely

(I)I.T+yrl—>7T]/(x)+7le(y)F7r, x’yEA(II)
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As A(I') is a type III factor, also {A(I'),T) is a type III factor. Thus ® is spatial
and there exists a unitary U : H — H, such that ®(z) = UzU* for all z € A(I’).
Set p = U*n(-)U. Clearly p is a representation of A4 on H that is unitarily
equivalent to 7 and such that pp acts identically on A(I').
Moreover p-v = AdI'- p. Indeed, since U*I";, = T'U*, we have

p-y=AdU* -7 -Adl' = AdU'T; -7 = AdTU* -7 = AdT" - p..
With z € A(I), we now want to show that p;(z) € A(I). Indeed for all y € A(Iy)

with Iy C I we have [z, y] = 0, where the brackets denote the graded commutator.
Therefore, choosing an interval I D I’ U Iy, we have

[p1(2),y] = [p7(2), p7(y)] = p;([z,y]) = 0.
It then follows by Cor. 6 that p;(z) € A(I). O

2.5. 0-Bose and o-Fermi sectors of the Bosonic subnet

As above, let v be the vacuum preserving, involutive grading automorphism of the
Fermi net A on S! as above and A; the fixed-point subnet. We denote by ¢ a
representative of the sector of A, dual to 7. Choosing an interval Iy C R, there is
a unitary
veA(ly), v'=v, ~vWv)=-v.

Then we may take o = Adv|4,, so ¢ is an automorphism of A, localised in 1. We
have d(c) = 1 and o2 = 1.

Given DHR endomorphisms g and v of A4, we denote by e(u,v) the right
statistics operator (with respect to the restriction of A, to R C St see [27,50]).

The monodromy operator is given by

m(p,v) = e(p, v)e(v, 1) .
Note that if y is localised left to v, then (v, 1) = 1 and thus m(u, v) = e(u,v).
We shall also set

K () = &, (mlv, 1)) = &, (=( v)" (v, 1)")
where @, is the left inverse of v. As e(u,v) € Hom(uv,vy), we have m(u,v
Hom(vu, vu), therefore K (p, v) € Hom(u, p) and so, if p is irreducible, K (u, v
a complex number with modulus < 1.
Let p be an irreducible endomorphism localised left to o. As e(u,0) €
Hom(po,op) and o and p commute, it follows that e(u, o) is scalar. Denoting
by ¢ the identity sector, by the braiding fusion relation we have

S
is

—_ —

1= c(y0) = e, 0%) = o (=11, 0)) e 0) = e 0)e (s ),
thus m(p,0) = e(p,0) = £1. This fact has been noticed in [51] along with the
property that the o-Bose/Fermi alternative is a multiplicative grading of the fusion
algebra.
If 1 is not necessarily irreducible, we shall say that p is o-Bose if m(u,0) =1
and that p is o-Fermi if m(u, 0) = —1. As we have seen, if p is irreducible then
is either o-Bose or o-Fermi. With S the Rehren matrix (9) we have:
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Proposition 15. Let p, v be irreducible, localized endomorphisms of Ay and p' = po.
We have Sy, = £S,, according with v is o-Bose or o-Fermi.

Proof. By definition
d(p)d(v)

Sp’,l/ = Spa,z/ = W‘I)V(a(po, V)*E(V7 po’)*)

and we have d(p’) = d(p). We may also assume that p, o and v are localised one
left to the next. We have

m(p',v) = e(po,v) = p(e(o,v))e(p,v) = e(p,v) = £m(p,v)
as €(o,v) = m(o,v) = %1; thus S, , = £5,, where the sign depends on the

o-Bose/o-Fermi alternative for v. ([l
Thus
Dy = pl,—Sp/V=2d(p) )0 %fz/%sa—Bose.
' ' ' Via, | K(p,v)d(v) ifwviso-Fermi.

2.6. Graded tensor product

We briefly recall the notion of graded tensor product of Fermi nets. With A a
Fermi net on S*, denote by Af(I) the Fermi (i.e. degree one) subspace of A(I). If
v € A¢(I) is a selfadjoint unitary then A(I) = (Au(I),v) is the crossed product
Ap(I) x Zo with respect to the action 0 = Adv on Ay(I). If W € A(I) is a
selfadjoint unitary, W also implements o on A,(I) and the von Neumann algebra
(Ap(I), Ww) is also isomorphic to Ap(I) X Zy, namely we have an isomorphism

a—a, f—oWf, da=0, 0f=1.

Let now, for i = 1,2, A; be a Fermi net on S' on the Hilbert space H;, and
let T'; be the associated grading unitary. Given an interval I € 7, define the von
Neumann algebra on H; ® Ha

A(DRA() ={a1 ®aa, fi®1, T1® f2}
where a;, f; € A;(I), Oa; = 0 and Of; = 1. Namely A; (I)®.Az(I) is the direct sum
Ap(I) @ Agp(I) + T1 A1 (1) @ Agp(I) + Arf(I) @ Aoy (L) + T1 A1) @ Agp(I) .

Bosons Fermions

Clearly the map I — A;(I)®Ax(I) is isotone and satisfies graded locality with
respect to the grading induced by I'y ® I'y. Thus it defines a Fermi net .4;&.A5 on
Hi ® Ho.

By the previous comments, with A(]) =1® Az(I) and W =T'; ® 1, the von
Neumann algebra A, (I) on Hy ® Ha generated by 1 ® Ag(I) and I'y ® Az (1) is
isomorphic to 1 ® Ay(I) and hence to A(I). Actually, an easy calculation shows
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that if ag, fr € Ax(I), Oar, =0,0fr =1, Z = % and Z;, = 111;’“, k=12,
then setting W = (Z1 ® Z2)Z* we have
W@ (az+ f2))W'=10a+ 11 @ fo
W @1+ fi@Ty)W = (a1 + f1) @ 1.
In particular the unitary operator W on H; ® Hs implements the isomorphism

of 1 ® As(I) onto flg([ ) for every interval I. Moreover, with F' the flip operator
Hi1 ® Hy — Ho ® H1, we have

WF* Ay (DQAL (D FW* = A (& A(I)

for every I. Hence the graded tensor product is commutative up to isomorphism.
Obviously A;(I) = A;(I) ® 1 is isomorphic to A; (I). Moreover we have

A(D@A (1) = A (T) v Ay (I),  [Ai(T), Ax(I)] =0, (3)
where the brackets denote the graded commutator corresponding.

One can check that, up to isomorphism, the graded tensor product A;(I)&®
As(I) is the unique von Neumann algebra generated by copies A; (I) of A1 (I) and
Ay (I) of Ay(I), having a grading that restricts to the grading of A;(I), i = 1,2,
satisfying the relations (3), and such that that Ay,(I) V Ag (1) is the usual tensor
product of von Neumann algebras.

We can then define the graded tensor product of DHR representations. If Ay
and Ag are DHR representations of A; and Ay respectively and if A\; is graded,
then it can be shown that there exists a (necessarily unique) representation A\; &y
on Hy, ® Hy, such that, for every interval I C S*,

(M&A2) (1 @ ag + Tz ® f2) = Ap(z1) @ Aar(az) + Ta, A (1) @ Aar(f2)

where z1 € A1(I), as, fo € As(I), daz = 0 and df; = 1. By using the commu-
tativity of the graded tensor product, we can define the graded tensor product of
general representations defined below, provided one of them is graded.

3. Nets on R and on a cover of S!

Besides nets on S!, it will be natural to consider nets on R and nets on topological
covers of St. Indeed the two notions are related as we shall see.

3.1. Nets on R
Denote by Zr the family of open intervals of R, i.e. of open, non-empty, connected,
bounded subsets of R.

The M&bius group Méb can be naturally viewed as a subgroup of Diff(S?!).
We then have a corresponding inclusion Méb™ c Diff™ (s 1Y of covering groups.
In the following we denote by G a group that can be either the Mobius group
M&b or the diffeomorphism group Diff(S'). Analogously, we have G(") = Mob(™
or G = Diﬁ"(”)(Sl). By identifying R with S*\{—1} via the stereographic map,
we have a local action of G on R (where SL(2,R)/{1,—1} ~ Mdb acts on R by
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linear fractional transformations). See [5,28] for the definition and a discussion
about local actions.
A G-covariant net on R (of von Neumann algebras) A is a isotone map

IEIRI—MA(I)

that associates to each I € Zg a von Neumann algebra A(I) on a fixed Hilbert
space H and there exists a projective, positive energy, unitary representation U of
G(*) on H with

Ug)ANU(g)~" = A(gl), geUr,

for every I € T where U; is the connected component of the identity in G(>) of
the open set {g € G(™) : gI € Ty}.

We will further assume the irreducibility of A and the existence of a vacuum
vector {2 for U, although this is not always necessary.

Note that it would be enough to require the existence of the projective unitary
representation U only in a neighbourhood of the identity of G(°), then U would
extend to all G(>) by multiplicativity.

Since the cohomology of the Lie algebra of Mob is trivial, by multiplying
U(g) by a phase factor (in a unique fashion), we may remove the projectiveness of
Ulmspo=) and assume that the restriction of U to Mab>) is a unitary representation
of Msb(>®).

3.2. Nets on a cover of S*!

The group G(™ has a natural action on S n finite or infinite, the one obtained

by promoting the action of G on S', see Appendix A.1. Here S'(") denotes the

n-cover of S'. Denote by Z(") the family of intervals of S*™ ie. I € Z0" iff T is

a connected subset of S1(") that projects onto a (proper) interval of the base S!.
A G-covariant net A on S'™) is a isotone map

IeZM — A(I)

that associates with each I € Z(™ a von Neumann algebra A(I) on a fixed Hilbert
space H, and there exists a projective unitary, positive energy representation U of
G(*) on H, implementing a covariant action on A, namely

Ug)A)U(9) "t = A(gI), TeI™, geG.

Here ¢ denotes the image of ¢ in G(™ under the quotient map.

As above, we may also assume irreducibility of the net and the existence of
a vacuum vector €2 for U.

Of course a G-covariant net A on $1(™ determines a G-covariant net A on
R. Indeed, with p : §1(®) — ST the covering map, every connected component of
p~ (S~ {point}) is a copy of R in S'™ and we may restrict A to any of this
copy; by G-covariance we get always the same G-covariant net on R, up to unitary
equivalence.
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Conversely, a G-covariant net A on R can be extended to a net A on §1(>)
by defining, for any given I € 7,

A(I) = U(9)A(L)U ()~ (4)

where I} € Ig, g € G and gI; = I. Here the action of G(*>) on §(*) is the
one obtained by promoting the action of G(>) on S' (see above). Therefore we
have:

Proposition 16. There is a 1-1 correspondence (up to unitary equivalence) between
G-covariant nets on R and G-covariant nets on S'(>).

Proof. We only show that if A is a G-covariant net on R, then formula (4) well
defines A(I). If ¢ € G(°°) also satisfies ¢'I; = I, then g and ¢’ have “the same de-
gree”, namely h = g~'¢’ maps I; onto I; and is in Uz,. Then U(h)A(I)U(h)~! =
A(IL), so U(9)A(I)U(g9)"t = U(¢")A(I1)U(g’')~t. The rest is clear. O

With A a G-covariant net on R as above, we shall say that a unitary opera-
tor V on H is a gauge unitary if

VAOV" = Al), VU(9) =U(g)V, ()

for all I € Zg and g in a suitable neighbourhood of the identity of Mob. Clearly
the same relations (5) then hold true for all I € S ¢ € M&b(>) for the
corresponding net on S ). Now rote, is a central element of G(>) and it is
immediate to check that if n € N:

U(2m)" is a gauge unitary < A extends to a G-covariant net on S 1,

then A is covariant with respect to the corresponding action of G(>) on S1(™).
Clearly the net on S*(" is the projection of the net on S'(°°) by the covering map
from S1() to S'(") In other words we have the following where n € N:

Corollary 17. A G-covariant net A on R is the restriction of a G-covariant net
on S') if and only if U(2n~) is a gauge unitary for A. This is the case, in
particular, if the representation U of G(>) factors through a representation of
G™ (i.e. U(2nm) = 1).

If Ais a G-covariant net on R we shall denote by A(°) its promotion to
St(e0) If U(27)" is a gauge unitary for some n € N, we shall denote by A™) the
promotion of A to S1(").

We now define the promotion of a net A on S' to a net A on ST If A
is a G-covariant net on S!, then its restriction Ay to R is a G-covariant net on R,
and we set

A = AE)”) :
here, if n is finite, we have to assume that U(27n) is a gauge unitary. We shall be
mainly interested in the case of a G-covariant Fermi net A on S'. As U(4r) = 1
in this case, we have a natural net A® on S'() associated with A. Of course if
A is local then U(27) =1 the net A® on S*?) is defined in this case.
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Of course if A" is the promotion to S*(™) of a net .A on S*, then A" (I) =
A(pI) for any interval I of S*(™).

4. Solitons and representations of cover nets

We now consider more general representations associated with a Fermi conformal
net. The point is that a Fermi conformal nets lives naturally in a double cover of S*
rather than on S itself because the 27 rotation unitary U(2m) is not the identity
(U(27) =T, see Section 2.2) but U(47) = 1. So representations as a net on S(?)
come naturally into play. These representations can be equivalently viewed as a
natural class of solitons.

4.1. Representations of a net on S'("™)

We begin by giving the notion of representation for a net on a cover of S'.

Let A be a G-covariant net of von Neumann algebras on S'™ and U the
associated covariance unitary representation of of G(°) (thus U(27n) is a gauge
unitary). A representation of A is a map

IGI(n) — A7

where A\; is a normal representation of A(T) on a fixed Hilbert space H with the
usual consistency condition Aj| 4y = Ay if I>I.

We shall say that \ is G-covariant if there exists a projective unitary, positive
energy representation Uy of G(>) on Hy such that

Ux(@)A1(2)Ux(9)" = N1 (U(9)2U(g)*), ge G, Te1™.

Here ¢ denotes the image of g € G(*) in G(™ under the quotient map, thus ¢I is
the projection of gI € $1(>) onto S1("),

Let now A be a G-covariant net on S'. If ) is a representation of A, then A
promotes to a representation \(") of A given by

AW =0, TeT™.

If \ is G-covariant and U, is the associated unitary representation of G then
A is also G-covariant with the same unitary representation Uy of G(™).

Lemma 18. Let A a G-covariant Fermi (resp. local) net on S* and v a G-covariant
representation of A", with U, the associated projective unitary representation
of G,

Then v is the promotion ™ of a G-covariant representation \ of A iff
U, (2m) implements the grading (resp. the identity) in the representation v.

Proof. We assume A to be a Fermi net (the local case is simpler and follows by the
same argument). If \ is a G-covariant representation of A, then Uy (27) implements
the grading by the spin-statistics theorem [27] (applied to A|4,). Conversely, if v
is a G covariant representation of A(™ and U, (27) implements the grading, let Ao
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be the restriction of v to a copy of R in S'™). Then Ay extends by G-covariance
to a representation of A (Proposition 16). O

4.2. Solitons

Let Ay be a net of von Neumann algebras on R and denote by Zg the family of
intervals/half-lines of R (open connected subsets of R different from @, R). If I
is a half-line, we define A(I) as the von Neumann algebras generated by the von
Neumann algebras associated to the intervals contained in 1.

A soliton A of Ay a map

I e j-R — A7

where \; is a normal representation of the von Neumann algebra Aq (/) on a fixed
Hilbert space H, with the usual isotony property )\j|A(I) =\, I C I.

If A is a net on S*, by a soliton of A we shall mean a soliton of the restriction
of A to R.

Let A be a conformal net on S!. We set

Ao = restriction of 4 to R.

If A is a DHR representation of A then, obviously, A|4, is a soliton of Ay. We
shall say that a soliton Ay of A is a DHR representation of A if it arises in this
way, namely A\g = A| 4, with A a DHR representation of A (in other words, |4,
extends to a DHR representation of .4, note that the extension is unique if strong
additivity is assumed).

More generally, we get solitons of A by restricting to Ay representations of
the cover nets A™).

Let A be a G-covariant net on S! with covariance unitary representation U.
A G-covariant soliton X of A is a soliton of Ag such that there exists a projective
unitary representation Uy of G(°) such that for every bounded interval I of R we
have

M1 (U(9)2U(9)") = Ur(@Ar(@)Un(9)", g €Ur, =€ A,

where U; is a connected neighborhood of the identity of G(*) as in Section 3.1
and ¢ is the image of g in G.

Proposition 19. Let A be a G-covariant net on S'. There is a one-to-one corre-
spondence between

(a) G-covariant representations of A(>),
(b) G-covariant solitons of A.

The correspondence is given by restricting a representation of A to q copy
Of .Ao.

Suppose A is local. Then the above restricts to a one-to-one correspondence
between (a): G-covariant representations of A™ and (b): G-covariant solitons of
A with Ux(27n) commuting with .

Suppose A is Fermi. Then the above restricts to a one-to-one correspondence
between (a): G-covariant representations of A™ and (b): G-covariant solitons of
A with Ux(27n) implementing the grading (n even) or commuting with A (n odd).
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Proof. Clearly if A is a G-covariant representation of A(®) then Ay = A4, is a
G-covariant solitons of A. Conversely, if Ay is G-covariant solitons of A then we
set

A1 (U(9)2U(9)") = Ur(9)Ar(2)Ux(9)", g€ G, we A(l),

where I C R is a bounded interval for any given copy of R is in §1(°) and G(*°) acts
on §1(*) as usual. By G-covariance the above formula well-define a representation
of A(®),

The second part follows because by the vacuum spin-statistics relation we
have U(27) = 1 in the local case and U(27) =T in the Fermi case. O

A graded soliton of the Fermi net A is, of course, a soliton such that the
grading is unitarily implemented, namely the soliton )\ is graded iff there exists a
unitary I'y on H) such that

)\](’7(%)) = F))\(f) ;7 lelr, z€ A(I)

4.3. Neveu—-Schwarz and Ramond representations

We give now the general definition for a representation of a Fermi net. We have
two formulations for this notion: as a representation of the cover net and as a
soliton.

Let A be a Fermi net on S'. A general representation A of A is a represen-
tation of the cover net of A() such that \ restricts to a DHR representation )
of the Bose subnet Ay.

We shall see here later on that a general representation is indeed a repre-
sentation of A(®). We begin by noticing an automatic covariance for a general
representation A. In this case A is not always graded.

Proposition 20. Let A be a Fermi conformal net on S'. Every general representa-
tion A of A is diffeomorphism covariant with positive energy. Indeed Uy = Uy, .

Proof. The proof follows by an immediate extension of the argument proving
Proposition 12. O

Let A be a Fermi net on S*. A general soliton \ of A is a diffeomorphism
covariant soliton of A such that A restricts to a DHR representation A, of the Bose
subnet Ajp. (In other words Al 4, , extends to a DHR representation A of Aj.)

By Proposition 19 we have a one-to-one correspondence between

General Representations

)

General Solitons

We prove now the diffeomorphism covariance of general solitons in the strong
additive case. Notice that strong additivity is automatic in the completely rational
case [47]. The general proof follows by Proposition 24 below.
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Proposition 21. Let A be a Fermi conformal net on S'. Every soliton X of A such
that Ay is a DHR representation is diffeomorphism covariant with positive energy,
namely A\ is a general soliton. Indeed Uy = U, .

Proof. (Assuming strongly additive). Note that if g € Diff(S!) is localized in an
interval I then, up to a phase, Uy, (g) = \p(U(g)) € Ap(I).

Let I be an interval contained in R = S\ {—1} and suppose that g € Diff (S*)
is localised in I; then

Un (90X (@)U3, (9) = M7 (U(@)) A (@)X (U (9)) = Ap(U(9) Ap(2)X: (U (9))
=\ (U(9)2U(g)") = A, ;(U(9)zU(9)*), € A(),
for any interval I O I of R. ) }
Notice at this point that if 2 € A(I) and v € Ay(I’) then Ay (v) commutes
with A\j(z):
[Aop (v), Ap(2)] = 0.
Indeed, as A is assumed to be strongly additive, also A is strongly additive [59],

see also [48], so it is sufficient to show the above relation with v € Ay(1y), where
Iy is any interval with closure contained in I’ \ {—1}. Then

(A7 (), Ap(2)] = [Aogy (0), A7 (@)] = [Ary (v), Ap(@)] = [Ar, (v), A, (@)]
= Ar, ([v,2]) =0,
where we have taken an interval I; of R containing Iy U I.

Let now Uy be a connected neighbourhood of the identity in Diff(S 1) such
that gI is an interval of R for all g € U;. Take g € Uy and let I be an interval of
R with I > TUgl. Let h € Diff(S!) be a diffeomorphism localised in an interval
of R containing I such that h|; = g|7. Then

Ulg) = U(hy

where v = U(h~'g) € Ay(I") (the Virasoro subnet is contained in the Bose subnet).
We then have with = € A(I):

Ux, (@)A1 (@)U5, (9) = Ux, (A) Ao (0) Ap () Ao (07)US, ()
= Un, (WAp(2)U3, (h) = X1 (U (h)2U (R)")
=X, (U(9)2U(9)") - O
Proposition 22. Let A be a Fermi conformal net on S* and X an irreducible general
soliton of A. With Ay o = M 4,,, the following are equivalent:
(i) A is graded,

(if) Ap,o is not irreducible,
(iil) Ap,o s direct sum of two inequivalent irreducible representations of Apo:

oo = p@p'

where p is an irreducible DHR representation of Apo and p' = po with o is
the dual involutive localised automorphism of Ay as above.
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If the above hold and A (equivalently p) has finite indez, we then have equation for
the statistics phases

Wy = —mip, o), (6)
Thus

U, (2r) = FU,(2m) (7)

according to p is o-Bose/o-Fermi.

Proof. (i) = (iii): If X is graded, then the unitary I') implementing the grading
in the representation commutes with A(Ap ), so Apo is reducible. Moreover, as
AMApo)” = A(Ag)” N{T\} , we have A(Apo) = A(Ag)" VvV {Tr}" = {TA}", so
A(Ap0) is 2-dimensional. Let p one of the two irreducible components of Ay . As
the dual canonical endomorphism associated with Ao C A is ¢ & o (see [45]),
the other component must be p’ = po, namely A\, o = p & p'.

In order to show eq. (7) we may assume that p is localized left to o, so p
and o commute. By using the cocycle equations for the statistics operators, we
then have

e(p's0") = elp, p)p(e(o.p") = elp, (0. ") = p(e(p, 0))e(p, p)p(e(o, 0))e(o, p)
= 5([)7 U)E(pa p)5(07 U)E(Ua p) = _m(p7 0)5(P> P) ’

where we have used that (o, p’) and €(p,o) are scalars and e(o,0) = —1. So,
if p has finite index, we infer the equation (6) for the statistics phases and eq. (7)
follows by the conformal spin-statistics theorem [27].

The implication (iii) = (ii) is obvious. For the implication (ii) = (i) assume
that A is not graded, namely v is not unitarily implemented in the representa-
tion A; then A is irreducible by known arguments, see [52] (the fixed point of an

irreducible C*-algebra with respect to a period two outer automorphism is still
irreducible). O

Remark. In the above proposition the diffeomorphism covariance of X\ is unneces-
sary, only the M&bius covariance of A\, has been used.

Corollary 23. Let A be a Fermi conformal net on S* and X an irreducible general
soliton of A with finite index. The following alternative holds:

(a) A is a DHR representation of A. Equivalently Uy, (27) is not a scalar.
(b) X is the restriction of a representation of A and X is not a DHR represen-
tation of A. Equivalently Uy, (27) is a scalar.

Proof. First note that Uy, (47) = U,(47w) @ U, (4m) is a scalar by eq. (7), so A is
always representation of A by Proposition 19.

If X\ is a DHR representation of A then by, Proposition 12, Uy (27) =T is not
a scalar.

Assume now that A is not a DHR representation of A. It remains to show
that if Uy (27) is a scalar.

If A is not graded, then by Proposition 22 ), is irreducible; as Uy (27) com-
mutes with A, must then be a scalar.
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Finally, if A is graded, then p must be a o-Fermi sector, as otherwise its
a-induction a; to A would be a DHR representation of A4, while a; = X by
Frobenius reciprocity. Then by eq. (7) we have U,/ (2r) = U,(27), namely U (27)

is a scalar. O

Remark. The finite index assumption in the above proposition is probably unnec-
essary (it has been used to make use of eq. (7)).

It is now convenient to use the following terminology concerning the general
soliton in Corollary 23. In the first case, namely if A is a DHR representation
of A, we say that A is a Neveu—Schwarz representation of A. In the second case,
namely if A is a soliton (and not a representation of A) we say that A is a Ramond
representation of A.

If X\ is reducible we shall say that X is a Neveu—Schwarz representation of A
if A is a DHR representation of A; we shall say that A is a Ramond representation
of A if no subrepresentation of A is a DHR representation of A.

Let as above A be a Fermi conformal net on S and A the Bose subnet. We
shall now study the representations of A; in relation to the representations of A.

Given a representation v of A, we consider its a-induction «a,, to A (say right
a-induction, so o, = ;). More precisely we first restrict v to the net A, g on the
real line and then consider its a-induction «, which is a soliton of Ag. Note that
o, is defined in [45] assuming Haag duality on the real line (equivalent to strong
additivity in the conformal case), but this assumption is unnecessary here because
we are considering nets on S* that satisfy Haag duality on S!, see [47, Sect. 3.1].

Proposition 24. Ifv is a DHR irreducible representation of Ay then oy, is a general
soliton of A, namely «v, is diffeomorphism covariant with positive energy. We have:

v is 0-Bose & «,, 1s Neveu—Schwarz

v is o-Fermi < «a,, is Ramond

Proof. We only sketch the proof. We use the extension method by Roberts (see
[52]), but in a covariant way. As v is diffeomorphism covariant, there is a localized
unitary cocycle w with value in A; such that

Adwg-l/:AdU(g)w-AdU(g*l), geDiff(Sl)7 (8)

see [26, Sect. 8]. The cocycle w reconstructs v. Now w can be seen as a cocycle
with values in A but with less localization properties (if w is bi-localized in I U gl
in Ay, it is in general only localized in I in A where I is an interval containing
IUgI). Thus, in general, w can be associated with a soliton of A, which is «,,. Now
the covariance equation still remains true for g in a neighborhood of the identity,
and gives the diffeomorphism covariance of «,,.

If v a DHR irreducible representation of A, its a-induction to A is a DHR
representation iff v has trivial monodromy with the dual canonical endomorphism
L @® o of Ay (the restriction to A, of the identity representation of A), thus iff
v has trivial monodromy with o. By definition this means that v is a o-Bose
representation. O
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An immediate corollary is the following.

Corollary 25. A DHR representation v of Ay is o-Bose (resp. o-Fermi) if and only
if v is contained in the restriction of a Neveu—Schwarz (resp. Ramond) represen-
tation of A.

Because of the above corollary, we shall also call Neveu-Schwarz (resp. Ra-
mond) representation of 4, a o-Bose (resp. o-Fermi) representation of Ay.

4.4. Tensor categorical structure. Jones index

In the local case, the DHR argument shows that every representation is equiv-
alent to a localized endomorphism and a first basic consequence of this fact is
that representations give rise to a tensor category because one can indeed com-
pose localized endomorphisms and get the monoidal structure. As we have seen in
Proposition 14, we can extend the DHR argument to the case of representations
of a Fermi net; this argument however makes use that DHR representations are
automatically graded. In order to have a tensor structure for general representa-
tions of a Fermi net, we consider graded representations only. Note however that
if X is any soliton, setting AY = yAy~!, then A ® \” is graded. We obviously have

Sol, (A) C Sol(A),

where Sol(A) denotes the general solitons of A that are localized, say, in a right
half line of R and Sol,(A) are the general solitons commuting with the grading,
namely A € Sol(A) belongs to Sol,(A) iff A = \7.

Now every general representation of A is equivalent to an element of Sol(A).
Thus, if A1, A2 € Sol(A) an intertwiner T : A\; — Ag is a bounded linear operator
such that

T)\l(l‘) = )\Q(x)T, reA.
Note that T' is not necessarily localized in a half-line, but by twisted duality T €
ZA(INZ* where I is a half-line where A; and A2 are both localized. By further
assuming that 7" commutes with ', we also have that 7" commutes with Z, so
T € A(I) and 9T = 0, thus T € A,(I).
It follows that Sol,(A) is a tensor category where the arrows are defined by

Hom(A, ) =T : A\ — Xy, TT =TT.
Proposition 26. a-induction is a faithful, surjective, full tensor functor
Rep(Ap) = Sol,(A)

where Rep(Ay) is the tensor category of endomorphisms of Ay localized in intervals
of R. In other words « gives an isomorphism between the tensor categories Rep(Ap)

and Sol,(A).

Proof. First of all note that if v € Rep(Ap) is localized in the interval I, then o,
commutes with 7. Indeed both «,, and a; = ya,y have the same restriction to Ap.
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If v € A(I) is a selfadjoint unitary with v = 1, then oy, (v) = uwvu* for a Bose
unitary u in the covariance cocycle for v, therefore

a3 () =7 (e (1(0)) ) = (@ (v)) = —(uvu)

= —(w)y()y(u) = uou = o, (v),
so oy, = a7 because A is generated by A and v.

Let now p,v €€ Rep(Ap) and T € Hom(y,v). Then T € Hom(ay,, o) [3]
and clearly T" commutes with I" as it belongs to the Bose subnet. As « preserves
the monoidal product (see [3,45]), a is a tensor functor from Rep(A;) to Sol, (A).

Conversely, if A € Sol,(.A), then Ay is a localized endomorphism of A,. Now
the covariance cocycle w, for A has degree 0 because A commutes with ; indeed
v(wy) is also a covariance cocycle for A thus y(wy) = w, up to a phase that must
be 1 by the cocycle property. Thus w, belongs to the Bose subnet and is the
covariance cocycle for A\y; a calculation as above then shows that A = «a,.

Moreover if T € Hom(ay, o, ), then T' € Hom(u,v) because T is a Bose
element.

Therefore « is indeed an isomorphism of tensor categories. O

By Proposition 26 Sol,(A) is a braided tensor category. In particular, the
Jones index of X is defined, as in the local case, see [41,42].

Remark. An irreducible element of Sol,(A) may be reducible as a general represen-
tation of A, namely it can decomposed into non-graded subrepresentations. More-
over an element of Sol, (A) which is not equivalent to the identity may be equivalent
to the identity representation (the intertwiner does not commutes with I'). This is
the case of a,.

5. Modular and superconformal invariance

We now study Fermi nets whose Bose subnets are modular and get some conse-
quences in the supersymmetric case.

5.1. Modular nets

We recall here a discussion made in [37]. Let B be a completely rational local
conformal net of von Neumann algebras on S'. Then the tensor category or repre-
sentations of B is modular, i.e. rational with non-degenerate unitary braiding [38].

We then have Rehren [50] matrices defining a unitary representation of the
group SL(2,7Z) on the space spanned by the irreducible sectors (i.e. unitary equiva-
lence classes of representations) p’s , in particular we have the matrices T = {T) , }
and S = {S),} where

d(A)d(v)

Here e(v, ) is the right statistics operators between A and v, ®,, is left inverse of
v and d()) is the statistical dimension of .

Sap = o, ((, \)e(A, )7) . (9)
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Assume that B is diffeomorphism covariant with central charge c. For a sec-
tor p, we consider the specialised character x,(7) for complex numbers 7 with
Im 7 > 0 as follows:

Xp(T) _ TI'(Bzﬂ'iT(LUTp*C/Q‘L)) )

Here the operator Lg , is the conformal Hamiltonian in the representation p. We
also assume that the above trace converges, and so each eigenspace of Ly , is finite
dimensional.

In many cases the T" and S matrices give an action of SL(2,Z) on the linear
span of these specialised characters through change of variables 7 as follows:

1/T Zsp ZIXV ,

(10)
T—l— 1) ZT ,l,x,,

This is always the case if the Rehren matrices S and T coincide with the so
called Kac—Peterson or Verlinde matrices. The Kac—Peterson—Verlinde matrix T'
and Rehren matrix T always coincide up to a phase by the spin-statistics theo-
rem [27].

We shall say that B is modular if the Rehren matrices give the modular
transformations of specialized character as in Eq. (10) . Note that we are assuming
that B is completely rational, namely the p-index is finite (see below) and the split
property holds. However, as we are assuming Tr(e7*/0) < oo the split property
follows, see [6]. (Strong additivity follows from [47].)

Modularity holds in all computed rational cases, cf. [62,63]. The SU(N)y
nets and the Virasoro nets Vir, with ¢ < 1 are both modular. We expect all local
conformal completely rational nets to be modular (see [31] for results of similar
kind). Furthermore, if B is a modular local conformal net and C an irreducible
local extension of B, then C is also modular [37, Proposition 2|, that allows to
check the modularity property in several cases.

If B is modular, the Kac—Wakimoto formula holds

S,o0 . Z S VXV(T) X (T)
d(p) = 2= = lim =220 7 — im 222 11
)= S0 =S Sone ()~ 2 xo(r) an

Here we denote the vacuum sector ¢ also by 0.
Now, if B is a modular net, then B is two-dimensional log-elliptic with non-
commutative area ag = 2mc/24 [37], indeed the following asymptotic formula holds:

mel 1. d(p)? 7c

log Tr(e=2™thor) o1 + 51 Iy i - Et as t— 0",

where p a representation of B and Ly, is the conformal Hamiltonian in the repre-
sentation p.
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5.2. Fermi nets and modularity

Assume that A is a graded irreducible general soliton of the Fermi conformal net A
on S'. Then ) is the restriction of a representation of the double cover A® of A
and is diffeomorphism covariant. We denote by H) the conformal Hamiltonian of
A in the representation .

Then H) is affiliated to the Virasoro subnet in the representation A, which
is contained in the Bosonic subnet, so Hy commutes with I'y and thus respects
the graded decomposition Hy = Hy + @ Hx,— given by I'y; we then have a unitary
equivalence

Hy ~ LO,p D LO,p’
where Lo , and L ,» are the conformal Hamiltonians of 4; in the representations p
and p’, where A\, = p @ p’. Consequently

Trg(e tHx) = Tr(e7tow) — Tr(e o)., (12)
We also set } 3
Hy=Hy—c¢/24, Lo,=1Lo,—c/24...

If A is modular we then have by formula

Trg(e 2™ ) = 375, , Te(e 2 Lo/t = 375, Te(e 2w Eow/t)  (13)
= > (S = Spr ) Ta(e 20 /1) (14)

=" D,, Tr(e 2o/t (15)

where D, , = S,, — Sy as before and, by Proposition 15, D, , = 25,, if v is
o-Fermi, and zero otherwise.
5.3. Fredholm and Jones index within superconformal invariance
We shall say that a general representation A of the Fermi local conformal net A is
supersymmetric* if X is graded and the conformal Hamiltonian H) satisfies

FI)\ = H,\ —6/24 = Qi

where @Dy is a selfadjoint on H, which is odd w.r.t. the grading unitary I'y.
Let then A be supersymmetric. An immediate important consequence is a
positive lower bound for the energy:

HA Z 0/24 .
Note that by McKean-Singer lemma Trs(e~*(Hx=¢/24)) is constant (see Appen-
dix A.2) thus, taking the limit as ¢ — oo, denoting by E. 94 the orthogonal pro-
jection onto ker(H)y — ¢/24), we have
Trs(e_t(HA_C/24)) = Tr(FEc/24) ) (16)

the “graded multiplicity” of the lowest eigenvalue ¢/24 of H).

4A characteristic feature of supersymmetry is also that the graded derivation implemented by
Q@ is densely defined in a appropriate sense. We shall not need this property in this paper.
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Now let A be irreducible and let p be one of the two irreducible components
of Ay as above. We denote by R the set of o-Fermi irreducible sectors of Ay,
that correspond to the Ramond sectors of A, see Proposition 24. Note that R’ #
& as otherwise o would be a degenerate sector, which is not possible because
the braided tensor category of DHR, sectors is modular as a consequence of the
complete rationality assumption.

Assume now that A, is modular. We notice that formula (13) can be written
as

Trg(e 2 ) =237 5, , Te(e Lo/t (17)
veER

Corollary 27. We have
> Spud(v) =0.

VER

Proof. Divide by rI‘r(e_%io/t) both members of (17); the statement then follows
by the Kac-Wakimoto formula (11). O

Sublemma 28. Let Ay, As, ... A, be selfadjoint operators such that Tr(e™*4*) < oo
and ", cx Tr(e=*4%) is a constant function of s > 0, for some scalars cj. Then

lim Z CL Tr(e*SA’“) = Z ¢, dimker Ay, .
k

s——+00
k

Proof. Clearly limg_ o Tr(e™*4) = dimker A if e~*4 is trace class and A is non-

negative. The finite trace condition implies that A, bounded below. Let Ay =
A+ A, with Af > 0and A; < 0. Then the function Y-, ¢ Tr(e™*4x ) is a linear
combination of exponential of the form e®® with a > 0, and vanishes at infinity,
thus it must be identically zero. It follows that

Z Cr Tr(e_SA’“) = Z Ck Tr(e_SA;) — Z ci dimker A7 = Z ¢, dimker Ay, .
k k T k -

Lemma 29. Let A be a Fermi modular net. If X is supersymmetric then

Try(e 2™ ) =23 5, , null(v, ¢/24) (18)
vER

where null(v, h) = dimker(Lg, — h).

Proof. The left hand side of (17) is constant by McKean—Singer lemma, so we have
that Y, e Spp Tr(e?™L0v) is a constant function of s > 0. Thus (18) holds by
the sublemma. O

With A as in the above lemma, by eq. (16) we have

Tro(e >3 = ind(Qy) .
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Therefore by Lemma 29 we have
ind(Qxy) =2 Z S, null(v, c/24)
veER

then, writing Rehren definition of the S matrix, we have

ind(Qx+) Z K(p v)null(v, ¢/24)

where p 4, is the p-index of Ap. By [38] we have pa, = 444 therefore:

Theorem 30. Let A be a Fermi conformal net as above and A a supersymmetric
irreducible representation of A. Then

ind(Qx+) = Z K(p v)null(v, c/24)

VGER

where p is one of the two irreducible components of Ay and p.4 is the p-index of A.

In the above formula the Fredholm index of the supercharge operator @+ is
expressed by a formula involving the Jones index of the Ramond representations
whose lowest eigenvalue ¢/24 modulo integers.

Corollary 31. Ifind(Q») # 0 there exists a o-Fermi sector v such that ¢/24 is an
eigenvalue of Lo, .

Corollary 32. Suppose that, in Theorem 30, the Ramond sector p has lowest eigen-
value ¢/24 and no other Ramond sector has lowest eigenvalue ¢/24 modulo integers.
Then

d(p)?
VIA,

1
Sp,p: K(P;ﬂ)zi-

Proof. By Lemma 29 we have:
ind(@Qx4) =25, ,null(p, c/24) .
On the other hand by formula (16)
ind(Qx4) = Tr(TE,/24) = null(p, ¢/24) — null(p’, ¢/24) = null(p, ¢/24)

because Hy = Lo , @ Lo, and ¢/24 is not in the spectrum of L ./, so we get our
formula. O

6. Super-Virasoro algebra and super-Virasoro nets

We now focus on model analysis and shall consider the most basic superconformal
nets, namely the ones associated with the super-Virasoro algebra.
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6.1. Super-Virasoro algebra

The super-Virasoro algebra governs the superconformal invariance [20,24]. It plays
in the supersymmetric context the same réle that the Virasoro algebra plays in
the local conformal case.

Strictly speaking, there are two super-Virasoro algebras. They are the super-
Lie algebras generated by even elements L,,, n € Z, odd elements G,., and a central
even element c, satisfying the relations

&
(L, Ln] = (m —n)Lpsn + E(m?’ — M)0mtn,0 (19)
m
[Lm; Gr] = (5 - T) Gm+r
cf o5 1
[G'm Gs] = 2Lr+s + g = 1 57‘+s,0 .

Here the brackets denote the super-commutator. In the Neveu—Schwarz case r €
Z + 1/2, while in the Ramond case r € Z. We shall sometime use the term super-
Virasoro algebra to indicate either the Neveu-Schwarz algebra or the Ramond
algebra.

The point is that, although the Neveu—Schwarz algebra and the Ramond al-
gebra are not isomorphic graded Lie algebras, they are representations of a same
object, in a sense that we shall later see (they have the same “isomorphic comple-
tion”).

By definition, the Neveu—Schwarz algebra and the Ramond algebra are both
extensions of the Virasoro algebra.

The super-Virasoro algebra is equipped with the involution L} = L_,,
Gr = G_,, ¢ = c and we will be only interested in unitary representations on
a Hilbert space, i.e. representations preserving the involution. Note that unitary
representations have automatically positive energy, namely Ly > 0. Indeed we
have

1 1 * *
Lo=35[G3,G_y] =5 (G%G% +G%G%> >0 (NS case)

1
2

1
Lo = i[Go,Go] =G2+c¢/24>¢/24 (R case).

The unitary, lowest weight representations of the super-Virasoro algebra, namely
the unitary representations of the super-Virasoro algebra on a Hilbert space H
with a cyclic vector & € H satisfying

Logzhfa Lngzov n>07 GT€:O7 T>O7

are studied in [20,24]; in the NS case they are irreducible and uniquely determined
by the values of ¢ and h. In the Ramond case one has to further specify the action
of Gy on the lowest energy subspace. It turns out that for a possible value of ¢
and h there two inequivalent irreducible lowest weight representations (but for
the case ¢ = h/24 when the representation is unique and graded). Note also that
for ¢ # h/24 the direct sum of the two inequivalent irreducible representations
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has a cyclic lowest energy vector and is the unique Ramond (¢, h) lowest weight
representation where grading is implemented.
The possible values are either ¢ > 3/2, h > 0 (h > ¢/24 in the Ramond case)

or
3 8
=5 (1= sy ) o2 (20)
and
[(m+2)p—mg]* -4 ¢
h=nh = -
pal€) 8m(m+2) 8

wherep=1,2,...,m—1,¢q=1,2,...,m+1 and p—q is even or odd corresponding
to the Neveu—Schwarz case (¢ = 0) or Ramond case (¢ = 1/2).

Note that the Neveu—Schwarz algebra has a vacuum representation, namely
a irreducible representation with 0 as eigenvalue of Lj, the Ramond algebra has
no vacuum representation.

6.2. Stress-energy tensor

Let ¢ be an admissible value as above with L,, (n € Z), G, the operators corre-
sponding to a Neveu-Schwarz (r € Z+ ) or Ramond (r € Z) representation. The
Bose and Fermi stress-energy tensors are defined by

Tp(z) =Y 2" *Ly, (21)

Tp(z) = B Z TG, (22)
namely
T == Ln
Neveu-Schwarz case: 5(2) ?"EZ ‘ 2 (23)
Tr(z) =52 ez ? (CE!
Tp(z) =%, 2" 2L,
Ramond case: 5(2) 12:" : mlz (24)
Tr(2) = 3 Xomez ? VG

Let’s now make a formal calculation for the (anti-)commutation relations of the
Fermi stress energy tensor Tr. We want to show that, setting w = z5/21, we have

[Tr(21), Tr(22)] = 21 To(2)5w) + 27w (w25"(w) + ié(w)) (25)

both in the Neveu—Schwarz and in the Ramond case.
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Setting k = r = s € Z we have, say in the Ramond case,

1 —r— —s—
[Tr(z1), Tr(z2)] = 1 Z[Gr,Gs]ZE 32
1 —r—3/2 _—s5—3/2 ¢ (o 1\ _r_3/2 r_3/2
§ZLT+521 Zy +ZE ! k2
T,8 r

1 —r— —htr— - - c 1\ .
2 Z P e Z 12 (rQ ; 4) v

rk T

1 _ —k— 1 s 3 _3 c 1y .
‘2211<§Lkz2 >wzw e 221202‘4)”

r

1 1
§zf1TB(22)w% Z:wr + zfgw_% Z 1—62 <r2 - 4) w”

r

371 ToCa)wtow) + %t 5 (w29 (w) + (- 1) ow)

2
1 -3, -38¢C 2 ¢ 3
=54 Tg(z1)0(w) + 2w 2o (v ) (w)—l—zé(w) .
As
R O Y o
reZ TEZ—‘,—%

the above calculation (by using equalities as d(w)y/w = §(w) and similar ones)
shows that the commutation relations for the Fermi stress energy tensor Tr and,
analogously, the commutation relations for T and T are indeed the same in the
Neveu—Schwarz case and in the Ramond case, namely they are representations of
the same (anti-)commutation relations. This is basic reason to view the Neveu—
Schwarz and Ramond algebras as different types of representations of a unique
algebra.

However the above calculation is only formal. To give it a rigorous meaning,
and have convergent series, we have to smear the stress energy tensor with a
smooth test function with support in an interval. We then arrive naturally to
consider the net of von Neumann algebras of operators localised in intervals. In
the case of central charge ¢ < 3/2 we shall see that Neveu-Schwarz and Ramond
representations correspond to DHR representations and general solitons of the
associated super-Virasoro net.

6.3. Super-Virasoro nets

We give here the definition of the super-Virasoro nets for all the allowed values of
the central charge. We follow the strategy adopted in [8] for the case of Virasoro
nets, cf. also [12,40]. An alternative construction in the case of the discrete series
(¢ < 3/2) is outlined in Section 6.4.
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Let X\ be a unitary positive energy representation of the super-Virasoro al-
gebra on a Hilbert space Hy. The corresponding conformal Hamiltonian Lg is a
self-adjoint operator on H and we denote by H$® the dense subspace of smooth
vectors for Ly, namely the subspace of vectors belonging to the domain of L{ for
all positive integers n.

The operators L,,, n € Z satisfy the linear energy bounds

[ Lnol] < M(1+ 021+ Loyv||, veHST, (26)

for a suitable constant M > 0 depending on the central charge ¢, cf. [8,13]. More-
over from the relations [G_,,G,] = 2Ly + £(r? — 1), we find the energy bounds

1
e\
IGroll < (24 5r) " 1+ Lo)boll, vens, (27)

where r € Z+1/2 (vesp. r € Z) if X is a Neveu—Schwarz (resp. Ramond) represen-
tation. We now consider the vacuum representation of the super-Virasoro algebra
with central charge ¢ and denote by H the corresponding Hilbert space and by
Q the vacuum vector, namely the unique (up to a phase) unit vector such that
Lo = 0.

Let f be a smooth function on S'. It follows from the linear energy bounds
in Eq. (26) and the fact that the Fourier coefficients

7in0%

, nez, (28)
2T

s
fn= f (ew)e
—T
are rapidly decreasing, that the smeared Bose stress-energy tensor

TB(f) = Z fnLn (29)

nezZ

is a well defined operator with invariant domain H*°. Moreover, for f real, Tg(f)
is essentially self-adjoint on H>™ (cf. [8]) and we shall denote again Tr(f) its
self-adjoint closure.

Now let f be a smooth function on S* whose support does not contain —1.
Then also the coefficients

fr = f(ew)e_mg%, re’z+ 1

30
2 2’ (30)

—T

are rapidly decreasing and it follows from the energy bounds in Eq. (27) that the
corresponding smeared Fermi stress-energy tensor

TF(f):% > £HG, (31)
T€Z+%

is also a well defined operator with invariant domain H*°. Again, for f real, Tr(f)
is essentially self-adjoint on H> (cf. [8]) and we denote its self-adjoint closure by
the same symbol.
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As in Section 3.1 we identify R with S'\{—1} and consider the family Zg of
nonempty, bounded, open intervals of R as a subset of the family Z of intervals
of S'. We define a net SVir, of von Neumann algebras on R by

SVir.(I) = {eiTB(f),eiTF(f) . f € C°(8Y) real, suppf C I}H, Telg. (32)

Isotony is clear from the definition and we have to show that the net is graded
local and covariant.

We first consider graded locality. The spectrum of Ly is contained in Z/2 and
hence the unitary operator I' = €*2710 is an involution such that IT'Q = Q. It is
straightforward to check that if fi, fo are smooth functions on S! and the support
of fo does not contain —1 then I'T's(f1) = Tp(f1)I and I'Tr(f1) = —Tr(f1)T.
Hence, ¥ = AdT is a Zy-grading on the net SVir,., namely I'SVir.(I)I'™* = SVir.(I),
for all I € Zg. Now let Iy, Is € I be disjoint intervals and let f7, fo be real smooth
functions on S! with support in Iy, I respectively. Then the operators Tg(f1) and
Tr(f1) commute with ZTg(f2)Z* and ZTr(f2)Z*, Z = 11__1'{, on H*>, cf. the
(anti-)commutation relations in Section 6.2 (note that ZH* = H>). Using the
energy bounds in Eq. (26) and Eq. (27) and the fact that Z commutes with Lo one
can apply the argument in [8, Sect. 2] to show that e’75(1) and ¢/Tr(f1) commute
with Ze!T8(2) Z* and Ze'Tr(2) Z* Tt follows that the net SVir, is graded local,
namely

SVir.(I;) C ZSVir.(I,) Z* (33)
whenever I, I» are disjoint interval in Zg.

We now discuss the covariance. The crucial fact here is that the represen-
tation of the Virasoro algebra on H integrates to a strongly continuous unitary
projective positive-energy representation of Diﬁ(w)(Sl) on H by [25,53] which
factors through Diﬁ"(z)(S 1) because €40 = 1. Hence there is a strongly continu-
ous projective unitary representation U of Diff(Q)(S 1Y on ‘H such that, for all real
feC*(S) and all z € B(H),

U( exp® (tf))aU( exp® (tf)) Y = T () ge=tTB(f) (34)
where, exp®(tf) denotes the lift to Diff? (S1) of the one-parameter subgroup
exp(tf) of Diff (S*) generated by the (real) smooth vector field f(e'?)-&. Moreover,
if  — (2 (9) is the lift to Diff(2)(51) of the one-parameter subgroup of rotations
in Diff(S') we have

U(r®(9)) = ko, (35)
for all # in R. The following properties of U follow rather straightforwardly.

(1) The restriction of U to the subgroup Méb® c Diff® (S1) is (after multipli-
cation by a phase factor) a unique strongly continuous unitary representation
which we again denote by U. If exp® () € M6b® for all t € R, this unitary
representation satisfies

U(exp(Q)(tf)) = TB(f) , U(exp(z) (tf))Q =Q, (36)

for all t € R.
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(2) If the support of the real smooth function f is contained in I € Zg then
Ulg)e™ U (g)* € SVire(91) (37)

for all g € Diff® (51) such that ¢I € Zg.
(3) For all g € Diff?(S1) we have
U(@ru(g)" =T (38)

for all g € Diff® (s1).

Note that property (3) follows from the fact that Diff®) (1) is connected and
rz=1.

We now consider the covariance properties of the Fermi stress-energy ten-
sor Tr. From the commutation relations in equations (19) we find,

Lol Te()o =T (31102 fifi )0, ver= @)

where fi, fo are real smooth functions on S*, suppfe C I for some I € Ig and,
for any f € C>®(S'), f' is defined by f’'(e?) = d%f(eie). For any g € Diff(S?)
consider the function X, : 7 — R defined by

i - d i
X, (") = ~iy log(ge™) . (40)

Since g is a diffeomorphism of S! preserving the orientation then X,(z) > 0 for
all z € S'. Moreover X, € C*(S'). Another straightforward consequence of the
definition is that

X!]lgz (Z) = Xgl (QQz)ng (Z) : (41)
As a consequence the family of continuous linear operators 3(g), g € Diff(S'), on
the Fréchet space C°°(S1) defined by

(B@)f) (=) = Xgla7'2) 2 f(g7"2) (42)
gives a strongly continuous representation of Diff (S!) leaving the real subspace of
real functions invariant. Moreover if fi, fo € C°°(S!) are real then vector valued
function ¢ — B(exp(tf1))fa is differentiable in C°°(S1) and

d
SB(exp(tf) olimo = 512 — iS5 (13)

Now let suppfe be a subset of some interval I € Zr and let Ly C R be the
connected component of 0 in R of the open set {t € R : exp(tf1)I € Zr}. Then,
for any v € H®™ the function Ly 3 t — Tr(B(exp(tf1))f2)v is differentiable in H
and it follows from Eq. (39) and Eq. (43) that

d .

aTF (ﬂ(exp(tfl))h)vh:o =i[Tp(f1), Tr(f2)]v. (44)
We now specialize to the case of Mobius transformations i.e. we assume that
exp(tfi) € Méb for all t € R. The map Ly 5t — v(t) € H given by

o(t) = T (ﬁ(exp(tfl))fg)U(eXp(Q) (tf1))v (45)
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is well defined because, U(exp® (tf;))H>® = H> for all t € R. Note also that
v(t) € H*™ for all t € L;. Now using Eq. (44) and the energy bounds in Eq. (27)
it can be shown that v(t) is differentiable (in the strong topology of H) and that

it satisfy the following differential equation on H
d .
%”(t) =iTp(f1)v(t). (46)

It follows that
u(t) = U( exp(2) (tfl))TF(fQ)’U (47)

and since v € H* was arbitrary we get, for all ¢ € Lj, the following equality of
self-adjoint operators

U(exp® (tf1))Tr(f2)U (exp® (~tf1)) = Tr (5(6Xp(tf1))f2) : (48)

Now, if we denote by UI(2) the connected component of the identity in Mob® of
the open set {g € M&b® : gI € Tz} it follows that

U(9)Tr(HU(9)" = Tr(B(9)f) (49)

for any real smooth function on S! with suppf C I and all g € UI(Q).
From Eq. (49) and Eq. (37) we have

U(g)SViro(INU(g)* = SVire(¢I), 1€z, geU?. (50)

Hence SVir, extends to a Mobius covariant net on S! satisfying graded locality, see
Section 3.2. Note that we have not yet shown that the vacuum vector € is cyclic
and hence we still don’t know if the net satisfy all the requirements of Property 3
in the definition of Mdbius covariant Fermi nets on S' given in Section 2.1. We
shall however prove the cyclicity of the vacuum as a part of the following theorem.

Theorem 33. SVir, is an irreducible Fermi conformal net on S for any of the
allowed values of the central charge c.

Proof. Since Q) is the unique (up to a phase) unit vector in the kernel of Ly,
we only have to show that  is cyclic and that the strongly continuous positive-
energy projective representation U of Diff(Q)(Sl) defined above makes the net
diffeomorphism covariant in the appropriate sense. We first show that 2 is cyclic
for the net. Let KL C H be the closure of \/; ., SVir.(1)Q2. We have to show that
K = H. Clearly U(g)K = K for all g € Méb®). It follows that if j € Z/2 , P; is the
orthogonal projection of H onto the kernel of Ly — j1 then P;IC C KN H*. Now
let r € Z +1/2. Since the smooth functions on S whose support does not contain
the point —1 is dense in L?(S!) we can find an interval I € Zg and a real smooth
function f with suppf C I such that f,« # 0. Since Tr(f)P;K C K we find

GerIC = ;PJTTF(f)P]IC cK. (51)

r
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A similar argument applies to the operators L,,, n € Z and hence the linear span
L of the subspaces P;IC, j € Z/2 is invariant for the representation of the super-
Virasoro algebra. Since 2 € L is cyclic for the latter representation it follows that
L is dense in H. Hence K = H because L C K. Hence SVir, is an irreducible
Mobius covariant Fermi net on S*.

To show that SVir, is diffeomorphism covariant we first observe that by [40,
Sect. V.2] for any I € Z the group generated by diffeomorphisms of the form
exp(f) with suppf C I is dense in Diff;(S1). It follows that the group generated
by elements of the form exp®)(f) with suppf C I is dense in Diff(lz) (S1). Hence, for
any [ € Zand any g € Diﬁ'?)(Sl), U(g) € SVir.(I) and, by graded locality, U(g) €
SVir(I’)" because U(g) commutes with I'. Now, an adaptation of the argument in
the proof of [12, Proposition 3.7] shows that SVir, is diffeomorphism covariant and
the proof is complete. O

6.4. The discrete series of super-Virasoro nets

We shall now use the construction in [24] to study SVir, with ¢ < 3/2 an admissible
value. First consider three real free Fermi fields in the NS representation. They
define a graded-local net on S'. This net coincides with F®? = FQF&F where
F is the net generated by a single real free Fermi field in the NS representation
(cf. [2]) and @ denotes the graded tensor product. The net Asu(2), embeds as a

subnet of F&3. Actually, from the discussion in [24, page 115] we have
Asu(z), = (F&%),.

Now consider the conformal net Fy (on the Hilbert space Hy) given by F 93
Asu(2),» IV positive integer.

Consider the representation of the super-Virasoro algebra on Hy with central
charge

3 8
v=3 (" o) o

constructed in [24, Sect. 3] (coset construction). Then the corresponding stress
energy-tensors Tp and T generate a family of von Neumann algebras on Hy as
in eq. (32). Using the energy bounds in Eq. (26) and Eq. (27) it can be shown that
this family defines a Fermi subnet of Fy as in eq. (32) which can be identified
with the super-Virasoro net SVir., . In this way we obtain all the super-Virasoro
nets corresponding to the discrete series.

Using [24] we can identify these super-Virasoro nets as coset subnets. From
the embedding

Asu(2), ® Asuz),, C Fn (53)
we have the embedding
ASU(Q) C Fn . (54)

N+2
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It follows from Eq. (3.13) and the claim at the end of page 114 in [24, Sect. 3] that
SVir,, is contained in the coset

(Asu@)y.,) = Usu),,,) NFN - (55)

Moreover it follows from the branching rules in [24, Eq. 4.15] that these nets
coincide (cf. [35]) namely

SViTCN = (ASU(Q)N+2)C . (56)

As a consequence the Bose subnet SVirgN = (SVir., )p of the super-Virasoro net
SVir., is equal to the coset

(Asu)y,,) N (Asu(), ® Asu(e),) (57)

and hence, by [61, Corollary 3.4] and [48, Theorem 24| SVirgN is completely ratio-
nal, see also [48, Corollary 28].

Now we look at representations. We denote (N S) and (R) the Neveu-Schwarz
and Ramond representations for three Fermion fields respectively. In (NS) the
lowest energy eigenspace is one-dimensional (“nondegenerate vacuum”), whilst in
(R) it is two-dimensional (“2-fold degenerate vacuum”).?

It is almost obvious that (NS) corresponds to the vacuum representation
mns of F®3 and, arguing as in the proof of [2, Lemma 4.3], it can be shown
that (R) corresponds to a general soliton g of the latter net. Clearly (N.S) and
(R) restrict to positive-energy representations of SU(2),. We denote by ;) the
representation of ASU(2)N with spin [. At level NV the possible values of the spin are
those satisfying 0 < 21 < N. Then the following identities hold (see [24, page 116]):

7TNS|ASU<2)2 = T(2,0) D T(2,1) (58)

TRl Asue, = T(2,4) - (59)

Note that the restriction of (R) remains irreducible because the grading automor-
phism is not unitarily implemented, cf. Proposition 22.

Denote by (¢n,hpq)ns, resp. (en, hpq)r, a NS, resp. R, irreducible repre-
sentation of super-Virasoro algebra with central charge ¢y and lowest energy

[(N +4)p — (N +2)g)* — 4

o= TN A (N F )

resp.
[(N+4)p— (N+2)q>—4 1

8(N +2)(N +4) 16°
where p=1,2,...,N+1,¢=1,2,... N+ 3 and p — q is even in the NS case and
odd in the R case.

hp»q -

5Different Ramond representations could be defined corresponding to different choices of the
corresponding representation of the Dirac algebra of the 0-modes on the subspace of lowest
energy vectors, cf. page 113 and page 115 of [24].
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As already mentioned, in the NS case, for every value of the central charge,
the lowest energy h,, completely determines the (equivalence class of) the rep-
resentation. In contrast for a given values of the central charge and of the lowest
energy hy, , there are two Ramond representations one with

C
GO\I}hP,q = hp’q - ?quhp,q

and the other with

c

ﬁqjhuq )

where Wy, is the lowest energy vector. These two representations are connected
by the automorphism G, — —G, and become equivalent when restricted to the
even (Bose) subalgebra. Accordingly (cwy,hpq)r denotes indifferently these two
representations which are clearly inequivalent when hy, , # Y.

For a given N the equality h, ; = hy o when p— ¢ and p’ — ¢’ are both even
or odd hold if and only if p’ = N+2—p and ¢' = N +4 —q. Note also that it may
happen that h;, ; = hy o+ when p—q is even and p’ —q is odd. For example, if N = 2
then hg o = hi 9 = 1/16. Accordingly there are values of N for which a given value
of the lowest energy corresponds to three distinct irreducible representations of
super-Virasoro algebra: one NS representation and two R representations.

From [24, Section 4] we can conclude that there exist DHR representations
wﬁi, p—q even, and general solitons Wfp,q, p—q odd, of SVir., (associated to the

GO\IJhp,q == hPaq -

representations (cn, hp q)nNs, resp. (en,hpq)r of the of super-Virasoro algebra)
such that

(ﬂ—NS ® W(N,%[p—l])) |‘ASU(2)N+2 ®SVirCN = @ﬂ-(N"FQv%[‘I_l]) ® W}]L\;i ’ (60)
q
1<q¢< N+3,p—qeven, and

R
(WR ® W(N,%[p—l])) |‘ASU(2)N+2®SVircN = @ ’/T(N""Q»%[q_l]) ® Trh:ﬂ,q ’ (61)
q
1<g¢g<N+3,p—qodd.
We now denote thp?q, resp. pr,qv the restriction of ﬂﬁi, resp Tr}ig, to SVirgN.
In the representation space of 7T}]l\; Sq the grading is always unitarily imple-
mented and hence we have the direct sum

of two (inequivalent) irreducible representations corresponding to the eigenspaces
with eigenvalues 1 and -1 of the grading operator respectively.

In contrast in the case of 7'('}111’(1 the grading automorphism is unitarily im-
plemented only if hy,, = cy/24. This happens if and only if N is even and
p=(N+2)/2 q=(N+4)/2. In this case ﬂlcz% is a supersymmetric general

representation of the Fermi conformal net SVir., (with supercharge Q@ = Gj).
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Moreover we have the decomposition into irreducible (inequivalent) subrepresen-
tations
R R R—
ply = piy ©pey -
24 24

N
24
In the remaining cases py’ is irreducible.

Restricting Eq. (60) and Eq. (61) to the Bose elements and using Equa-
tions (58), (59) we get

NS
(”(2,0> ® ”(Né@—l])) | Asuiy p@svie, = DT vz -1 @y - (62)
q

NS—
(ml) ® ”(Né[p—l])) | Asuea,p@svit. = D T(vr2 3ig-1) © Phy 5 (63)
q
1<q¢g< N+3,p—qeven, and
™ ® 7 | o = @ ™ ® pi (64)
(2,3) (N,3[p—1]) ) Msu(a) y,»,®SVirl (N+2,2[qg—1]) © Phy, o>
q

1<¢g< N+3,p—qodd
Now, recalling the identification of SVirgN as a coset in Eq. (57), it follows
from [61, Corollary 3.2] that every irreducible DHR representation of this net

. : . NS+  NS- R
is equivalent to one of those considered before, namely P Phy and Ph, .,

(hpq # cn/24), p}c;(l‘,' and p}c;]},:.

Remark. One may wonder whether there are supersymmetric representations of

the form 7Y although there is no obvious supercharge operator in this case (G is

hp.q
missing in NS representations). This is not the case as we now show. Set A = W{IV o

and let H) be the corresponding conformal Hamiltonian. Suppose that Q) is a
selfadjoint operator such that Q3 = H, — a for some a € R. Then h,, > a.
Moreover, by the McKean-Singer formula Trg(e™* (7>~ does not depend on t > 0
so dim ker(Hy—/) is even if £ # a. But this is impossible; in fact in an irreducible NS
representation both ker(Hy — hy, ) and ker(H — h,,  —1/2) are one-dimensional if
hp,q > 0 (spanned by ¥, and by G_q,5¥}, ) respectively. If h, , = 0, ker(H —
hpq) is again one-dimensional, G_; 2V, = 0, yet G_3/2¥y, , # 0 and spans
ker(Hy — hyp g — 3/2).

6.5. Modularity of local super-Virasoro nets

We state here explicitly the modularity of the Bose subnet super-Virasoro nets
for ¢ < 3/2. In this case the Bose super-Virasoro net can be obtained as the
coset (57). Then the Rehren S and T matrices as been computed by Xu in [62,
Sect. 2.2] (see also Section 7 below). These matrices agree with those in [23] and [21]
giving modular transformations of specialised characters. Accordingly we have the
following.

Theorem 34. For a positive even integer N then SVirgN is a modular conformal
net.
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7. Classification of superconformal nets in the discrete series

By a superconformal net (of von Neumann algebras on S!) we shall mean a Fermi
net on S! that contains a super-Virasoro net as irreducible subnet. If the central

charge c of a superconformal net is less than 3/2, it is of the form ¢ = % (1— m)
for some m = 3,4,5,... [20]. We classify all such superconformal nets.

7.1. Outline of classification

As above, we denote the super Virasoro net with central charge ¢ and its Bosonic
part by SVir, and SVirg, respectively. We are interested in the case ¢ < 3/2. In this
case, we have ¢ = %(1 — m(%ﬂ)) for some m = 3,4,5,..., and we have already
seen that in this case the local conformal net SVir? is realised as a coset net for the
inclusion SU(2),, C SU(2)m—2 ® SU(2)2. This net is completely rational in the
sense of [38] by [61]. The DHR sectors of the local conformal net SVir? is described
as follows by [62, Section 2.2]. Label the DHR sectors of the local conformal nets
SU(2)m, SU(2)m—2, and SU(2)s by k = 0,1,...,m, j = 0,1,...,m — 2, and
I =0,1,2, respectively. Then we consider the triples (j, k,1) with j — k + [ being
even. For | = 0,2, we have identification

(j, k) o (m—2—j4,m—k2-1),

thus it is enough to consider the triples (j, k,0) with j — k being even. Each such
triple labels an irreducible DHR sector of the coset net SVir?. For the case | = 1,
we also have identification

(k) o (m—=2—j4,m—k2-1),

but if we have a fixed point for this symmetry, that is, if m is even, then the
fixed point (2/m —1,m/2,1) splits into two pieces, (2/m—1,m/2,1), and (2/m —
1,m/2,1)_. All of these triples, with this identification and splitting, label all the
irreducible DHR sectors of the coset net SVir?. The sectors with [ = 0 and I = 1
are called Neveu—Schwarz and Ramond sectors, respectively.

The conformal spin of the sector (7, k,[) is given by

m (j(7+2) k(k+2) (1+2)
exp(z( m m+ 2 + 4 >)
(This also works for the case (j,k,1) = (2/m —1,m/2,1).)

For example, if m = 3, we have six irreducible DHR sectors and they are la-
beled with triples (0,0,0), (0,2,0), (1,1,0), (1,3,0), (0,3,1), (1,2,1). (This local
conformal net is equal to the Virasoro net with ¢ = 7/10.) For m = 4, we have 13 ir-
reducible DHR sectors and they are labeled with (0,0, 0), (0, 2,0), (0,4,0), (1,1,0),
(1,3,0), (2,0,0), (2,2,0), (2,4,0), (0,3,1), (1,4,1), (2,3,1), (1,2,1)4, (1,2,1)_,
where the two labels (1,2,1), (1,2,1)_ arise from the fixed point (1,2,1) of the
symmetry of order 2.

For all m, the irreducible DHR sector (m — 2,m,0) has a dimension 1 and a
spin —1. The superconformal net SVir, arises as a non-local extension of SVirg as
a crossed product by Zs using identity and this sector.
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Let A be any superconformal net on the circle with ¢ < 3/2. Then let B be
its Bosonic part. By a similar argument to that in [35, Proposition 3.5, we know
that the local conformal net B is an irreducible extension of the local conformal
net SVir?, where c is the central charge of A. By the strategy in [35] based on [4],
we know that the dual canonical endomorphism 6 of an extension is of the form
6 = >\ ZoaA, where Z is the modular invariant arising from the extension as
n [4]. Cappelli [9] gave a list of type I modular invariants and conjectured that it
is a complete list. From his list, it is easy to guess that the dual canonical endo-
morphisms we use for obtaining extensions are those listed in Table 1. (Cappelli
also considered type II modular invariants, but they do not correspond to local
extensions, so we ignore them here.) We will prove that each of the dual canonical
endomorphisms in Table 1 gives a local extension of SVirg in a unique way and
that an arbitrary such local extension of SVirg gives one of the dual canonical
endomorphisms in Table 1.

7.2. Study of type I modular invariants

We study type I modular invariants for the coset nets for the inclusions SU(2),, C
First we recall the S and T matrices for SU(2),,. For j,k =0,1,2,...,m, we

have the following.
(m) _ 2 (+D(k+1)
e R s

” +1 1
) =T (U1

2 m 4+ 2 2

For odd m, we have no problem arising from a fixed point of the order two sym-
metry, and in this case, the modular invariants have been already classified by
Gannon-Walton [23], which shows that the identity matrix is the only modular
invariant. So we have no non-trivial extensions in these cases.

So we now deal with the case of even m in the rest of this section and
put m = 2my. In this case, the S-matrix of the modular tensor category of the

TABLE 1. List of candidates of the dual canonical endomorphisms.

m 0 Label

(1) | any m = (0,0,0) (Am—1, Am+1)
(2) | m=4m’ 6 = (0,0,0) ® (0,m,0) (At —1, Doy 42)
(3) [m=4m"+2 | 6=(0,0,0)® (m — 2,0,0) (Dam’+2, Aamr 1 3)
(4) [ m=10 6 = (0,0,0) ® (0, 6,0) (Ag, Es)

(5) | m=12 6 = (0,0,0) ® (6,0,0) (Es, A13)

(6) | m =28 =(0,0,0) @ (0, 10,0) & (0, 18,0) @ (0, 28, 0) (A27, Es)

(7) [ m=30 6 = (0,0,0) ® (10,0,0) & (18,0,0) & (28,0,0) (Es, A1)

(8) [ m=10 6= (0,0,0) & (0,6,0) @ (8,6,0) ® (8,6,0) (Ds, Ee)

9) [ m=12 6= (0,0,0)® (6,0,0) ® (0,12,0) & (6,12,0) (Es, D)
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irreducible DHR-sectors of the coset net is already not so easy to obtain, and it
has been computed by Xu [62].

As in the previous section, we label the irreducible DHR sectors of the coset
net for the inclusion SU(2),, C SU(2)m—2®SU(2)2 with triples (4, k, 1) with j—k+
[ being even, except for the case (m/2—1,m/2,1). For this fixed point of the order
two symmetry, we use labels ¢1 = (m/2—1,m/2,1)4, p2 = (m/2—1,m/2,1)_
denote the two irreducible DHR sectors. We also use the symbols S("=2) §(m)
S and S for the S-matrices for the nets SU(2)m_2, SU(2)m, SU(2)2 and the
coset for SU(2),, C SU(2),—2 @ SU(2)2, respectively. Then Xu’s computation for
the matrix S in [62] gives the following, where n = 1,2.

Lo SGrn, Gk iy = QS(m 2 S,EZ?’Sl‘ﬁ) for (j,k,1), (7', k', ") # 1.2

m— 2 m 2
2. Sk DGR on = Seon, (kD) (k) = SJ( m/2— 1512 m/QSl(l) for (j,k,1) #
©1,2-
m—2 (m 2
3. S = Onmr + (S5 70 a1 Se St = 1)/2,

The T-matrix of the coset is described as follows more easily.
L TG,y = Thn ™ 2>T;§$)7}(ﬁ) for (j, k. 1), (7', k', I') # ¢1,2.
m—2 m (2 .
2. Tk nen = Ton bty = T} m/2) 1T1§ )/2Tz1) for (j, k,1) # ¢1,2.

2) (m) (2)
3. Tsoma;, = O T, 772 1,m/2— 1Tn;72 m/2T11 :

Suppose we have a modular invariant Z for the coset for SU(2),, C SU(2)m—2 ®
SU(2)2. We define a new matrix Z; 1y, js,x vy Where the triples (j,%,1) and
(', k', U) satisty 4,5’ € {0,1,...,m =2}, k, k" € {0,1,...,m}, [,I’ € {0,1,2}. Note
that we have no identification or splitting for the triples (j, k,1) and (j', k’,1’) here.
LIfj—k+1j =K+ €2Zand (5,k,1),(j,k',I') # (m/2 — 1,m/2,1), then
we set Z(j,k‘,l),(j/,k/,l’) = Z(j,k,l),(j’,k’,l/)‘
2.If j—k+1 € 2Z and (j,k,1) # (m/2 — 1,m/2,1), then we set
Z(jrk’l)v(m/Qflrm/Zl) = Z(jvkal)wtpl + Z(jrk’l)ﬁoZ'
30 j =K + 1 € 2Z and (j,K,U') # (m/2 — 1,m/2,1), then we set
Zm/2-1,m/2,0),5' k1 = Loy (i k1) T Lo k-
4. Z(m/271,m/2,1)}(m/271,m/2,1) =Zp1pr F Zp1es + ZNGD27<P1 + Zs o
5. If]—k—‘rl ¢2Z0rj’—k"+l/ ¢2Z thenweset Z(jkl)("k’l’) :O
T his construction is analogous to the one of £ in [23, page 178], but now unlike
n [23], our map Z — Z may not be injective because of the definition of Z
involvmg the row/column labeled with (m/2 —1,m/2,1).
For triples (j,k,1) and (j',k',1") satisfying j,7' € {0,1,...,m — 2}, k, k' €
{0,1,...,m}, [,I' € {0,1,2}, we set as follows. (We do not impose the conditions
j—k+1,7 —K +1U € 2Z here.)

o m—2 m
L. S(j»kvl),(j’,k’,l’) = S( )Sl(@k’ Sll/ :

o m—2 m
2. TG0, (5 k1) = T( T T,
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We also write ¢ = (m/2 —1,m/2,1) and set
I={(,k0)|j+ke2Z}U{(j,k,1) | j+k&2Z,j+k<m—1},

which gives representatives of {(j,k,1) | j — k +1 € 2Z} \ {¢} under the order 2
Ssymietry.
We now have the following proposition.

Proposition 35. If the matriz Z is a modular invariant for S,T', then the matriz
Z is a modular invariant for S, T.

Proof. Tt is clear that the entries of the matrix Z are nonnegative integers and
we have 2(0)070))(0,070) = 1. We thus have to prove ZS = SZ and ZT = TZ.
The latter is clear from the definition, so we have to prove the former identity at
(4, k, 1), (47, K',1"). We deal with seven cases separately.

Case (1). j —k+1¢2Z, 3/ — k' +1' ¢ 2Z. The identity is trivial because the
both hand sides are zero.

Case (2). j—k+1€2Z, j — k' +1 ¢ 2Z. The right hand side is obviously
zero by the definition of Z, and the following three identities now prove that the
left hand side is also zero.

Se, itk 1y =0,
2 k), (G k) = Lok d) (m—2— 37 sm—k 2—17) 5

S 1), (K ) T TS (mm2rme k217, (57 K1) -

Note that the third identity holds because j' — k' + I’ ¢ 27Z.

Case (3). j—k+1¢ 2Z, 7 — k' +1' € 2Z. This case can be proved in the
same way as above.

Case (4). j —k+1€2Z, § —k +1' € 2Z, (j,k,1) # o, (7/,k',I') # ¢. The
identity ZS = SZ gives the following identity.

§ : 2Z(J3k,l)¢(j”7k”yl”)S(j”7k”,l”)7(j’7khl’)
(j//7k.l/7l//)€[

+ Z (k1)1 01, (57 1) T Z(okesl) 02 Sipa, (5 K0 1)

= E QS(j,k,l),(j”,k”,l”)Z(j”,k//,l”),(j/,k,,l/)
(j”,k”,l”)e[

+ S k00 L1, k1) F S0 Dps, (5 k1) -

Since we now have

S k1), (6 k1) = S me2— 0 m ke 2-1), (5 K1) 5

S(j,k,l%(j”,k”,l”) = S(J'Jc,l),(m—2—j”7m—k‘”72—l”)

we conclude (Z‘g)(j,k,l),(j’,k/,l’) = (ZZ)(j,k,l),(j’,k’,l/)-
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Case (5). j —k+1€2Z, (j,k,1) # ¢, (,K,I') = p. The identity ZS = SZ
gives the following identity for n =1, 2.

> 2k ), Gk 1S Gk ) T LGk o1 Se1en T LGk 1) 3 S02.0m
(jl/)k//7l//)e[

= D 286Gk Gr ke ) 2 ke 1) o
(j,/,kl/7l/l)€I
+ S(j7k7l)aﬁaz¢11¢n + S(jakal)#PZ‘/’Qv‘Fn .

Adding these two equalities for n = 1,2, we obtain the following identity,
which gives (ZS)(j,k,l),Lp = (ZZ)(j,k,l),go-

S Zgwkay e an S ime + (ZG ke + 2 e Ses
(j//7k//7l//)€[

= § : 2S(j7k7l),(j”7k”,l”)(Z(j”yk”,l”)ys@l + Z(j’ﬁk”yl”),tpz)
(j//7k://7l//)€]

+ g(jwk»l),s@(zm,m + Zor oo+ Zips o1 + Zw,m) .

Case (6). (4, k,1) = ¢, j'—k'+1' € 2Z, (j',k',1") # ¢. This case can be proved
in the same way as above.

Case (7). (4,k,1) = (§/,k',l') = ¢. The identity ZS = SZ gives the following
identity for n = 1,2, n' = 1,2.

Z an’(j”Jc”,l”)S(j”,k”’l“),go + Zwmw Ssaman/ + Zwmwssoz,san/
(j//’k//’l//)el

== g S(p’(j//7k/l,l//)Z(j//,k//’l//)#p",
(j//,k.l/7l//)€[
+ Sen01 201,00 TSm0 s -

Adding these four identities for n, n' = 1,2, we obtain the following identity, which
gives (Z5) g, = (Z22) -

E Q(thl,(j”,k?”,l”) + thz,(j”,ki”,l”))S(j”,k?”,l”),tp
(j//}k//’l//)EI

+ (Z¢17§01 + Z8917<P2 + Z<P27§01 + Z8027902)S<P#P
= Z 25@;(j/l7k”,l”)(Z(j//JC”,l”),(pl + Z(J‘N’kll’l/l)’(p2)
(j//,k.l/,l//)e[

+S<P#P(Z8017<P1 +Z9017§D2 +Z<P27891 +Zs021992)' 0

We now recall Gannon’s parity rule [22, page 696]. For n and j, we set £9,,(7)
as follows.
1. If = 0,n mod 2n, then &5,(j) = 0.
2. If j=1,2,...,n— 1 mod 2n, then £9,(j) = 1.
3. Ufj=n+1,n+2,...,2n — 1 mod 2n, then e2,(j) = —1.
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Set
L= {n | (n,8m(m +2)) = 1}.

Then the parity rule is the following. If we have a modular invariant Z for S and
T with Zyoo, jr1 # 0, then the parity rule says that we have

am(n)eamra(n)es(n) = eam (n(j + 1)) e2ma (n(k + 1))es (n(l + 1))

for all n € L.

Now suppose mo = m/2 is odd. For any n; with (ni,4mg) = 1, choose
p € {1,—1} so that n; = p mod 4. Then it is easy to see that there exists n € L
satisfying n = ny mod 4mg, n = p mod 4(mg + 1), n = p mod 8, since we have
(mg, mp + 1) = 1. Suppose Z()oo}jkl # 0. Then the parity rule says

am(n1)e2mya(p)es(p) = €am (n1(j + 1)) e2mra(p(k + 1))es(p(l + 1)),

which gives e9,,(n1) = €2 (n1(j+1)) for all ny with (ny,2m) = 1. If mgy # 3,5, 15,
then we have j = 0,m — 2 by [22]. Using the order two symmetry (j,k,1) <
(m—2—j,m—k,2—1) and the definition of Z, we conclude that our dual canonical
endomorphism 6 has a decomposition within {(0, k,1) | —k+1 € 2Z}. Let T; be the
tensor category of the representations of SU(2),, with the opposite braiding and 75
be the tensor category of the representations of SU(2)2 with the usual braiding. If 6
gives a local extension for the tensor category generated by {(0, k,1) | —k+1 € 2Z},
then it also gives a local extension for the tensor category 77 X 75 by the description
of the braided tensor category having the simple objects {(0,k,l) | —k + 1 € 2Z}
by [60, Section 4.3], [64, Proposition 2.3.1, Proof of Theorem B]. (Note that we
have the notion of a local extension as a local Q-system in [45] for an abstract
tensor category.) Then this extension for 77 x 75 gives a type I modular invariant
for the S- and T-matrices arising from 77 x 75. Then Gannon’s classification of
modular invariants for SU(2),, ® SU(2)z in [22, Section 7] shows that our 6 must
be one of Table 1. (Here we have an opposite braiding for 77, but this does not
matter since we can consider a modular invariant Zj s instead of Zi; pr as
in [23, page 178].)

Next suppose mg = m/2 is even. For any ns with (ng,4(mo+1)) = 1, choose
p € {1,—1} so that no = p mod 4. Then it is easy to see that there exists n € L
satisfying n = p mod 4mg, n = ny mod 4(mg + 1), n = p mod 8, since we have
(mg, mp + 1) = 1. Suppose 2(0,070)704&1) # 0. Then the parity rule says

€am(P)eam+4(n2)es(p) = €am (p(J + 1)) ama(na(k +1))es (p(l + 1)),

which gives e9m44(n2) = eomia(na(k + 1)) for all ny with (ng,4(me + 1)) = 1.
If mg # 2,4,14, then we have k = 0, m by [22]. Using the order two symmetry
(j k1) < (m —2 —j,m — k,2 — ) and the definition of Z again, we conclude
that our dual canonical endomorphism 6 has a decomposition within {(4,0,1) |
j+1 € 2Z}. If 0 gives a local extension for the tensor category generated by
{(0,k,1) | =k +1 € 2Z}, then it also gives a local extension for the tensor category
of the representations SU(2),,—2® SU(2)2 by the description of the braided tensor
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category having the simple objects {(7,0,1) | j +1 € 2Z} by [60, Section 4.3], [65,
Proposition 2.3.1]. Then this extension gives a type I modular invariant for the
S- and T-matrices arising from SU(2),,—2 ® SU(2)2, so Gannon’s classification of
modular invariants for SU(2),,_2 ® SU(2)2 in [22, Section 7] again shows that our
6 must be one of Table 1.

We now deal with the remaining exceptional cases m = 4,6, 8, 10, 28, 30. If
ZN(O’O,O)}(j’kJ) #0and j — k+ 1 € 2Z, then the conformal spin of (j, k.l) is 1. This
condition already gives the restriction that the dual canonical endomorphisms 6
has a decomposition within

{(,k,0)|j+1e2Z}

for m = 4,6,8,10,28. Again Gannon’s classification of modular invariants in [22]
shows that our # must be one of Table 1.

The final remaining case is m = 30. In this case, the only sectors (j, k, ) with
I =1and j—k+1 € 2Z having conformal spins 1 are (3,12,1) and (13,18,1). The
parity rules with n = 13,7 exclude these two sectors from 6, respectively. Thus
again the dual canonical endomorphism 6 has a decomposition within

{(,k,0) | j+1e€2Z}

and Gannon’s classification in [22] shows that our # must be one of Table 1.
We have thus proved that if we have a local extension of SVilr(c)7 then its dual
canonical endomorphism must be one of those listed in Table 1.

7.3. Classification of the Fermi extensions of the super-Virasoro net, ¢ < 3/2

We now show that each endomorphism in Table 1 uniquely produces a supercon-
formal net extending SVir,.

(1) We have the label (A,,—1, Am+1). The identity matrix obviously gives the
coset net for SU(2),, C SU(2),—2 ® SU(2), itself. This has a unique Fermionic
extension.

(2) Now we have the label (A4, —1, Do) with m = 4m/. The irreducible
DHR sectors (0, 0,0), (0,4m/,0) give the group Zs. The crossed product of the coset
net by this group gives a local extension. The irreducible DHR sector (4m’—2,0,0)
has spin —1, and this sector still gives an irreducible DHR sector of index 1 and
spin —1 after the a-induction applied to the crossed product construction. This
a-induced sector gives a unique Fermionic extension through a crossed product
by ZQ.

(3) Now we have the label (Do 2, Agmrt3) with m = 4m’ 4+ 2. The irre-
ducible DHR sectors (0,0,0), (4m’,0,0) give the group Zs. The crossed product
of the coset net by this group gives a local extension. The irreducible DHR, sector
(0,4m’ + 2,0) has spin —1, and this sector still gives an irreducible DHR sec-
tor of index 1 and spin —1 after the a-induction applied to the crossed product
construction. This again gives a unique Fermionic extension in a similar way to
case (2).
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(4) Now we have the label (Ag, Eg) for m = 10. The DHR sector (0,0,0) &
(0,6,0) gives a local Q-system as in [35, Subsection 4.2] by the description of
the braided tensor category having the simple objects {(0,k,0) | k € 2Z} as
in [60, Section 4.3], [64, Proposition 2.3.1, Proof of Theorem B].

Uniqueness also follows as in [35, Remark 2.5], using the cohomology vanish-
ing result in [36]. (This is also a mirror extension in the sense of [65], so locality of
the extension also follows from [65].) The irreducible DHR sector (0, 10, 0) has spin
—1, and this sector still gives an irreducible DHR sector of index 1 and spin —1
after the a-induction applied to the local extension. This gives a unique Fermionic
extension as above.

(5) Now we have the label (Eg, A1) for m = 12. The irreducible DHR sectors
(0,0,0), (6,0,0) give a local Q-system as in (4) by the description of the braided
tensor category having the simple objects {(4,0,0) | j € 2Z} as in [60, Section 4.3],
[64, Proposition 2.3.1]. Uniqueness also follows as above. (This is also a coset model
as in [35].) The irreducible DHR sector (10, 0,0) has spin —1, and this sector still
gives an irreducible DHR sector of index 1 and spin —1 after the a-induction
applied to the local extension. This gives a unique Fermionic extension as above.

(6) Now we have the label (Ag7, Eg) for m = 28. The irreducible DHR sectors
(0,0,0), (0,10,0), (0,18,0), (0,28,0) give a local Q-system as in case (4). Unique-
ness also follows as above, using the cohomology vanishing result in [36]. (This
is again also a mirror extension in the sense of [65].) The irreducible DHR sector
(26,0,0) has spin —1, and this sector still gives an irreducible DHR sector of index
1 and spin —1 after the a-induction applied to the local extension. This gives a
unique Fermionic extension as above.

(7) Now we have the label (Es, As1) for m = 30. The irreducible DHR sectors
(0,0,0), (10,0,0), (18,0,0), (28,0,0) give a local @-system as in (5). Uniqueness
also follows as above. (This is again also a coset model as in [35].) The irreducible
DHR sector (0,30,0) has spin —1, and this sector still gives an irreducible DHR
sector of index 1 and spin —1 after the a-induction applied to the local extension.
This gives a unique Fermionic extension as above.

(8) Now we have the label (Dg, Fg) for m = 10. The irreducible DHR sectors
(0,0,0), (0,6,0), (8,0,0), (8,6,0) give a local Q-system, since this is a further
index 2 extension of the local extension given in the above (4). Uniqueness holds
for this second extension. The irreducible DHR sector (0, 10,0) has spin —1, and
this sector still gives an irreducible DHR sector of index 1 and spin —1 after the
a-induction applied to the local extension. This gives a unique Fermionic extension
as above.

(9) Now we have the label (Fg, Dg) for m = 12. The irreducible DHR sectors
(0,0,0), (6,0,0), (0,12,0), (6,12,0) give a local Q-system, since this is a further
index 2 extension of the local extension given in the above (5). Uniqueness holds
for this second extension. The irreducible DHR sector (10, 0,0) has spin —1, and
this sector still gives an irreducible DHR sector of index 1 and spin —1 after the
a-induction applied to the local extension. This gives a unique Fermionic extension
as above.



Vol. 9 (2008) Structure and Classification of Superconformal Nets 1115

All the above give the following classification theorem.

Theorem 36. The following gives a complete list of superconformal nets with ¢ <
3/2 and the dual canonical endomorphisms for the Bosonic part extending SVir(c)

in each case is given as in Table 1.

1. The super Virasoro net with ¢ = §(1 —

5 m), labeled with( A1, Am+1)-

2. Index 2 extensions of the above (1), labeled with (Aam/—1,Damrt2),
(Dam/ 42, Aamr+3)-

3. Siz exceptionals labeled with (Ag, Fs), (Fs,A13), (A7, Es), (Fs,As1),
(D67E6)7 (E67D8)-

8. Outlook

A potential development of this work concerns the relation with the Noncom-
mutative Geometrical framework of A. Connes [14]. The supersymmetric sector
with lowest weight ¢/24 in Section 6.4 gives rise in a natural way to an infinite
dimensional spectral triple whose Chern character is given by the JLO cyclic co-
cycle [32], but for a domain problem verification (see also [7] where an analogous
domain problem is settled). According to the lines indicated in [44], we expect the
computation of this cocycle to be of interest in relation to a QFT index theorem.

Appendix A.

A.1. Topological covers and covering symmetries
If X is a connected manifold, we denote by DIFF(X) the group of diffeomorphisms
of X and by Diff(X) the connected component of the identity of DIFF(X) 6.

Let X be compact, connected manifold; then DIFF(X) is an infinite dimen-
sional Lie group modeled on the locally convex topological vector space Vect(X).
Denote by X the universal covering of X and by p : X — X the covering map. The
fundamental group T’ = 7;(X) acts on X by deck transformations: p(yz) = p(z)
for z € X and v € T.

Denote by Diff" (X ) the subgroup of Diff (X' ) of diffeomorphisms commuting
with the T-action. Given g € Diff' (X) there exists a unique P(g) € Diff(X)

P(g)(x) =plgf), zeX
with & any point in X s.t. p(Z) = . The map P : g — P(g) is clearly a continuous
homomorphism of Diff" (X) into Diff(X). It is not difficult to check that P is
surjective. Indeed any g € DIFF(X) has a lift to an element of DIFF'(X) by
the uniqueness of X, thus P extends to a surjective continuous homomorphism

DIFF" (X) — DIFF(X), that thus maps the connected component of the identity
to the connected component of the identity. More directly, if g € Diff(X) is in a

SIf X is oriented, in general Diff(X) is smaller than the orientation preserving subgroup of
DIFF(X), see [49]
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sufficiently small neighbourhood U of the identity, one can lift g € U to an element
of Diff" (f( ) because p is a local diffeomorphism; as Diff (X) is generated by U, all
elements of Diff(X) have such a lift.

Denote by ]SE(X) the universal central cover of Diff (X). Then f)l?f(X) is
an infinite dimensional Lie group with center Z = 71 (Diff (X)) and we denote by
q the quotient map ¢ : Diff (X)) — Diff (X') whose kernel is Z.

If {gt}ief0,1) is a loop in Diff(X) with g9 = g1 = ¢ and 29 € X, then
{9¢(x0) }tejo,1) is a loop in X with go(z0) = g1(w0) = 2¢. Homotopic loops in
Diff (X)) clearly go to homotopic loops in X and we thus obtain a homomorphism

®g : 71 (Diff (X)) — mi(X). (65)
This homomorphism is certainly not surjective (m1(Diff(S!)) is always abelian,

7m1(X) may be not).

Proposition 37. There exists a unique continuous homomorphism & : ]i?f(X) —
Diff' (X) such that the following diagram commutes:

Diff(X) Diff" (X)
\ /
Diff (X)
® restricts to a homomorphism
@ : 71 (Diff (X)) (= Z) — center of m(X) (66)

that coincides with the one given above in eq. (65).

Thus m(X) is a quotient of 71 (Diff (X)). However ®y is not injective in
general. For example 71(S5%) = {¢} while m (Diff(5?)) = 7 (Diff(SO(3))) = Z»
[49] .

We end this appendix with the following proposition that has been used in
the paper.

Proposition 38. The group Diff® (1) is algebraically generated by Diﬁ'?) (SY) as I
varies in I

Proof. As I varies in Z, Diff;(S!) algebraically generates a normal subgroup
of Diff(5'), hence all Diff(S!) because this is a simple group [49]. With rot
the rotation one-parameter subgroup of Diff(S1), we denote by rot® its lift to
Diff(z)(Sl). Let H be the subgroup of Diff® (S!) algebraically generated by the
Diff(12)(51)’s and z = rot(?(27) the generator of the center of Diff ® (S1) (~ Z,).
With ¢ : Diff® (§1) — Diff(S') the quotient map, we then have ¢(H) = Diff (S?)
and Diff?(S') = HU Hz. If z € H we then have Diff® (S1) = H as desired. So
we may assume z ¢ H. Then ¢|p is one-to-one, namely an isomorphism between H
and Diff(S1). Consider now the one-parameter subgroup of H given by rot/(f) =
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q ' (rot(0)). Clearly g(rot’(9)) = rot() = q(rot®(0)), so rot? () = rot’(6)z™
where m = 0 or m = 1 depending on 6. So rot(?(20) = rot’(26) for all 6, thus
rot(®) and rot’ coincide, in particular z = rot’(27) = 1 which is a contradiction. [

A.2. McKean—Singer formula

Let I' be a selfadjoint unitary on a Hilbert space H, thus H = H; @ H_ where H4
is the +-eigenspace of I'. A linear operator () on H is even if it commutes with T',
namely QH+ C Hx, and odd if TQI' ™! = —@Q, namely

0 Q-
N [Q+ 0 }
where Q4 : H4 — Hz. Clearly Q% = Q_ if @ is selfadjoint. Note that Q? is even
if @ is odd.

We shall denote by Trg = Tr(T" -) the supertrace on B(H). Clearly the super-
trace depends on I', but the Hilbert spaces in the following will be equipped with
a grading unitary on which the definition of Trg will be naturally based. Note that
if T € B(H) then Try(T) is well-defined and finite iff T' is a trace class operator,
ie. Tr(|T|) < co. Indeed |I'T| = |T].

We recall the following well known lemma.

Lemma 39 (McKean-Singer formula). Let Q) be a selfadjoint odd linear operator on

H. Ife_tQ2 is trace class for some tg > 0 then Trs(e_tQ2) is an integer independent
of t >ty and indeed

Try(e™*?") = ind(Q4)
where ind(Q4) = dimker(Q4) — dimker(Q? ) is the Fredholm index of Q.

Proof. If t > to both traces Tr(e~'?”) and Tr(Q%e~'Q") are convergent and we
have

% Try (e*tQQ) =— TrS(Qze*th) .

But Trs(Qzeftcf) = 0 because
Try(Q%e ™) = Tr(TQ%'Y") = — T(QrQe'?)
= —Te(PQe'?'Q) = ~ Tr(TQ%e*?") = — Try(QeY"),
thus Trs(eftQQ) is constant. Therefore

Try(e Q") = lim Try(e '?") = To(T'E)

t——+oo

where E is the projection onto ker(Q?). But Q% = Q%.Q+ ® Q* Q_ in the graded
decomposition of H, thus ker(Q?) = ker(Q4) @ ker(Q_) and so

Tr(TE) = dimker(Q4) — dimker(Q_) = ind(Q4) . O
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