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The Rotation Number for the Generalized
Kronig–Penney Hamiltonians

Hiroaki Niikuni

Abstract. We discuss the one-dimensional Schrödinger operator with gener-
alized point interaction on a lattice. We give a characterization of the band
edges of its spectrum by the rotation number.

1. Introduction and main result

In this paper we study the one-dimensional Schrödinger operators with generalized
point interactions on a lattice. Our purpose is to give a characterization of the band
edges of its spectrum by the rotation number. To describe our main theorem, we
introduce notations. We fix n∈N = {1, 2, 3, . . .}. Let 0 = κ1 < κ2 < · · · <κn+1 =
2π be a partition of the interval (0, 2π). We put Γj = {κj}+2πZ for j = 1, 2, . . . , n,
and Γ = Γ1 ∪ Γ2 ∪ · · · ∪ Γn. We now introduce the special linear group

SL2(R) =

{(
a b
c d

) ∣∣∣∣∣ a, b, c, d ∈ R, ad − bc = 1

}
.

We further introduce the Sobolev space

H2(I) =
{
y(x) ∈ L2(I)

∣∣ y′(x), y′′(x) ∈ L2(I)
}
,

where the symbol ′ stands for the differentiation with respect to x, and I ⊂ R is an
open set. For {θj}n

j=1 ⊂ R and {Aj}n
j=1 ⊂ SL2(R), we define the one-dimensional

Schrödinger operator H = H(θ1, θ2, . . . , θn, A1, A2, . . . , An) in L2(R) as follows.

(Hy)(x) = −y′′(x) , x ∈ R \ Γ , (1.1)

Dom(H) =

⎧⎪⎨
⎪⎩y ∈ H2(R \ Γ)

∣∣∣∣∣∣∣
(

y(x + 0)
y′(x + 0)

)
= eiθj Aj

(
y(x − 0)
y′(x − 0)

)
for x ∈ Γj , j = 1, 2, . . . , n

⎫⎪⎬
⎪⎭ . (1.2)

The operator H is self-adjoint. The proof of this fact is similar to [14, Proposi-
tion 2.1].
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Now we describe the band structure of the spectrum of H . Since H has 2π-
periodic point interactions, we can make use of a direct integral decomposition
for H (see [16, Section XIII.16]). For μ ∈ R, we define the Hilbert space

Hμ =
{
u ∈ L2

loc(R)
∣∣ u(x + 2π) = eiμu(x) a.e. x ∈ R

}
equipped with the inner product

〈u, v〉Hµ =
∫ 2π

0

u(x)v(x)dx , u, v ∈ Hμ .

We define a fiber operator Hμ = Hμ(θ1, . . . , θn, A1, . . . , An) in Hμ as

(Hμy)(x) = −y′′(x) , x ∈ R \ Γ ,

Dom(Hμ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

y ∈ Hμ

∣∣∣∣∣∣∣∣∣

y ∈ H2
(
(0, 2π) \ {κ2, . . . , κn}

)
,(

y(x + 0)
y′(x + 0)

)
= eiθj Aj

(
y(x − 0)
y′(x − 0)

)
for x ∈ Γj , j = 1, 2, . . . , n

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

.

On the other hand, we define a unitary operator

U : L2(R) →
∫ 2π

0

⊕Hμdμ

as

(Uu)(x, μ) =
1√
2π

∞∑
l=−∞

eilμu(x − 2lπ) .

Then we have the direct integral representation of H :

UHU−1 =
∫ 2π

0

⊕Hμdμ .

Let λj(μ) stand for the jth eigenvalue of Hμ counted with multiplicity for j ∈ N.
For each j = 1, 2, . . . , n, we write

Aj =
(

aj bj

cj dj

)
.

Since Aj ∈ SL2(R), we have aj + dj 
= 0 if bj = 0. Let

S = {1 ≤ k ≤ n| bk 
= 0} ,

T = {1 ≤ k ≤ n| bk = 0} ,

and
ξ =

∏
j∈S

bj

∏
k∈T

(ak + dk) ,

where Πj∈Sbj := 1 if S = ∅, while Πk∈T (ak + dk) := 1 if T = ∅. We note that
ξ 
= 0.

The fundamental properties of σ(H), the spectrum of H , are summarized in
the following way.
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Proposition 1.1. (a) The function λj(·) is continuous on [0, 2π].
(b) It holds that λj(μ) = λj(−μ + 2θ1 + · · · + 2θn).
(c) If μ − (θ1 + · · · + θn) 
∈ πZ, then every eigenvalue of Hμ is simple.
(d) The spectrum of H(θ1, . . . , θn, A1, . . . , An) is given by

σ
(
H(θ1, . . . , θn, A1, . . . , An)

)
=

⋃
μ∈[θ1+···+θn,θ1+···+θn+π]

σ
(
Hμ(θ1, . . . , θn, A1, . . . , An)

)

=
∞⋃

j=1

λj([θ1 + · · · + θn, θ1 + · · · + θn + π])

=
∞⋃

j=1

⋃
μ∈[θ1+···+θn,θ1+···+θn+π]

{
λj(μ)

}

(e) The set σ(H(θ1, . . . , θn, A1, . . . , An)) is independent of {θj}n
j=1.

(f) If ξ > 0 and θ1 = θ2 = · · · = θn = 0, then the function λj(·) is strictly mono-
tone increasing (respectively, decreasing) function on [0, π] for odd (respec-
tively, even) j.

(g) If ξ < 0 and θ1 = θ2 = · · · = θn = 0, then the function λj(·) is strictly
monotone increasing (respectively, decreasing) function on [0, π] for even
(respectively, odd) j.

We show this proposition in Section 2. Here we define the spectral gaps of H .
Thanks to Proposition 1.1 (e), we may suppose that

θ1 = θ2 = · · · = θn = 0 ,

which does not cause any loss of generality. We define

Gj =
{ (

λj(π), λj+1(π)
)

for j odd ,(
λj(0), λj+1(0)

)
for j even

in the case where ξ > 0, while we put

Gj =
{ (

λj(π), λj+1(π)
)

for j even ,(
λj(0), λj+1(0)

)
for j odd

if ξ < 0. The open interval Gj is called the jth gap of the spectrum of H . Further-
more, we put Bj = λj([0, π]). Then, we refer to the closed interval Bj as the jth
band of the spectrum of H .

Next we introduce the rotation number. For this purpose, we consider the
Schrödinger equation

−y′′(x, λ) = λy(x, λ) , x ∈ R \ Γ , (1.3)(
y(x + 0, λ)
y′(x + 0, λ)

)
= Aj

(
y(x − 0, λ)
y′(x − 0, λ)

)
, x ∈ Γj , j = 1, 2, . . . , n , (1.4)
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where λ is a real parameter. We define the Prüfer transform of a nontrivial solution
y(x, λ) to (1.3) and (1.4) as follows. Let (r, ω) be the polar coordinates of (y, y′):

y = r sin ω , y′ = r cosω .

Then we call the function ω = ω(x, λ) the Prüfer transform of y(x, λ). The bound-
ary condition (1.4) reduces to

r(x + 0, λ) sin ω(x + 0, λ) = r(x − 0, λ)
(
aj sin ω(x − 0, λ) + bj cosω(x − 0, λ)

)
,

r(x + 0, λ) cosω(x + 0, λ) = r(x − 0, λ)
(
cj sin ω(x − 0, λ) + dj cosω(x − 0, λ)

)
for x ∈ Γj and j = 1, 2, . . . , n. Since y is a nontrivial solution of (1.3) and (1.4),
we have r(x + 0, λ) > 0 and r(x − 0, λ) > 0 for x ∈ Γ. Therefore ω(x, λ) satisfies
the equation

ω′(x, λ) = cos2 ω(x, λ) + λ sin2 ω(x, λ) , x ∈ R \ Γ (1.5)

as well as the boundary conditions

sin ω(x + 0, λ)
(
cj sin ω(x − 0, λ) + dj cosω(x − 0, λ)

)
= cosω(x+ 0, λ)

(
aj sinω(x−0, λ)

+ bj cosω(x−0, λ)
)
, (1.6)

sgn
(
sin ω(x + 0, λ)

)
= sgn

(
aj sin ω(x − 0, λ) + bj cosω(x − 0, λ)

)
, (1.7)

sgn
(
cosω(x + 0, λ)

)
= sgn

(
cj sin ω(x − 0, λ) + dj cosω(x − 0, λ)

)
(1.8)

for x ∈ Γj and j = 1, 2, . . . , n, where

sgn x =

⎧⎨
⎩

1 if x > 0 ,
0 if x = 0 ,
−1 if x < 0 .

To determine the principal value of ω(x + 0, λ) by the boundary condition (1.6),
(1.7), and (1.8), we must select a branch of ω(x + 0, λ) for x ∈ Γ. We choose the
branch of ω(x + 0, λ) as

−π ≤ ω(x + 0, λ) − ω(x − 0, λ) < π for x ∈ Γ . (1.9)

Thanks to this selection, ω(x + 0, λ) is uniquely determined. We pick ω0 ∈ R. Let
ω = ω(x, λ, ω0) be the solution of (1.5)–(1.9) subject to the initial condition

ω(+0, λ) = ω0 . (1.10)

We define the rotation number of (1.5)–(1.9) as

ρ(λ) = lim
n→∞

ω(2nπ + 0, λ, ω0) − ω0

2nπ
. (1.11)

By a similar way to the proof of [7, Theorem 2.1], it follows that the limit exists
and is independent of the initial value ω0. Furthermore, the function ρ(λ) is non-
decreasing on R.
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For a finite set A, we denote by 
A the number of the elements of A. We put

Bj = [αj , βj ] for j ∈ N ,

l = 

{
1 ≤ j ≤ n| (bj < 0) or (bj = 0, dj < 0)

}
.

The main result is the following theorem, which describes a relationship between
the rotation number and the band edges of σ(H).

Theorem 1.2. For m ∈ N, we have

αm = max

{
λ ∈ R

∣∣∣∣∣ ρ(λ) =
m − 1

2
− l

2

}
, (1.12)

βm = min

{
λ ∈ R

∣∣∣∣∣ ρ(λ) =
m

2
− l

2

}
. (1.13)

We stress that the results (1.12) and (1.13) critically depend on the choice of
the branch of ω(x + 0, λ) for x ∈ Γ, which we will demonstrate in Section 4.

Our study is motivated by the works [4,9,13,14]. The rotation number has a
close relation to the spectrum of the Schrödinger operators with almost periodic
potentials. Such a relationship was first established by Johnson and Moser [9,13].
In order to recall that, we introduce the almost periodic Schrödinger operators
L = −d2/dx2 + q(x), where q is an almost periodic function with a frequency
module M. They proved that the rotation number α(λ) of L exists and defines a
continuous function in {λ ∈ C| Im λ ≥ 0}. Furthermore, α(λ) is constant in an
open interval I in a spectral gap and 2α(λ) ∈ M for λ ∈ I. As the special case
where q is periodic of period , they labeled the jth band B̃j of σ(L) as

B̃j =

{
λ ∈ R

∣∣∣∣∣ j − 1 <
α(λ)

π
< j

}
(1.14)

for j ∈ N. Besides, they showed that

lim
x→∞

N(x, λ)
x

=
α(λ)

π

if N(x, λ) is the number of the zeroes in [0, x] of a nontrivial solution to (Lϕ)(x) =
λϕ(x). This limit is called the density of states in physics. These facts are sum-
marized in [13] and proved in detail in [9]. The rotation number is useful in the
spectral analysis of the Hill equations; Gan and Zhang [4] utilized (1.14) in the in-
vestigation of the resonance pockets of the Hill equations with two-step potentials.

The one-dimensional Schrödinger operators with periodic singular potentials
have been studied by numerous authors; we refer to [2,5,6,8,12,14,17,18] and [1]
for a thorough review. Such an operator is the Hamiltonian for an electron in a
one-dimensional crystal and plays an important role in solid state physics (see,
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e.g., [11]). In 1931, Kronig and Penney [12] introduced and discussed the Hamil-
tonian which is formally expressed as

L1 = − d2

dx2
+ β

∞∑
l=−∞

δ(x − 2πl) in L2(R) ,

where δ(x) is the Dirac delta function at the origin and β ∈ R\{0}. The Dirac delta
function is the most typical point interaction. This operator is nowadays called
the Kronig–Penney Hamiltonian. In our notations the operators L1 is expressed
as L1 = H(0, M1) , where

M1 =
(

1 0
β 1

)
.

They drew the band function of L1. Afterward, a new class of point interactions
was inspired by Gesztesy, Holden, and Kirsch (see [5,6]). They studied the operator
L2 := H(0, M2) with

M2 =
(

1 β
0 1

)
.

We mention that this operator has the formal expression

L2 = − d2

dx2
+ β

∞∑
l=−∞

δ′(x − 2πl) in L2(R) .

Furthermore, the δ′-interaction was generalized by Šeba [17] (see also [2] and [1,
Section K.1.4]). He proved that the domain of any self-adjoint extension of
(−d2/dx2)|C∞

0 (R\{0}) in L2(R) of coupled type is expressed as{
y ∈ H2

(
R \ {0})

∣∣∣∣∣
(

y(+0)
y′(+0)

)
= cA

(
y(−0)
y′(−0)

)}

with A ∈ SL2(R), c ∈ C, and |c| = 1. On the other hand, Hughes [8] gave
the Floquet–Bloch decomposition of the Schrödinger operator with generalized
point interactions of the form L3 = H(θ1, A1) with A1 ∈ SL2(R). These back-
grounds attract our interest to the generalized Kronig–Penney Hamiltonians H =
H(θ1, θ2, . . . , θn, A1, A2, . . . , An) and their spectra.

In our previous work [14] we determined the indices of the absent spectral
gaps of H in the case where

n = 2 and A1, A2 ∈ SO(2) \ {E,−E} , (1.15)

E being the 2 × 2 unit matrix. For that purpose we established (1.12) and (1.13)
in the case (1.15); see [14, Theorem 4.3]. We emphasize that the proof of (1.12)
and (1.13) for general Aj is subtler than that for (1.15). Indeed, in the latter case
the boundary conditions (1.6)–(1.8) reduce to a rather simpler form

ω(x + 0, λ) − ω(x − 0, λ) = γj for x ∈ Γj ,
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where

Aj =
(

cos γj − sinγj

sin γj cos γj

)
.

In a subsequent paper [15], we utilize Theorem 1.2 to determine the indices
of the absent spectral gaps in various classes of the generalized Kronig–Penney
Hamiltonians.

We organize this paper as follows. In Section 2, we show Proposition 1.1.
Section 3 is devoted to the proof of Theorem 1.2. In Section 4, we demonstrate
how the choice (1.9) affects the results in Theorem 1.2. In Section 5, we perform the
perturbation theory for the generalized Kronig–Penney Hamiltonians; we consider
the operator H̃ = H̃(θ1, . . . , θ2, A1, . . . , An) in L2(R) defined as

H̃ = H + q ,

where q ∈ L∞(R; R) is a 2π-periodic function. We describe a relationship between
the rotation number and the band edges of σ(H̃).

2. Proof of Proposition 1.1

We consider the equations

−y′′(x, λ) = λy(x, λ) , x ∈ R \ Γ , (2.1)(
y(x + 0, λ)
y′(x + 0, λ)

)
= eiθj Aj

(
y(x − 0, λ)
y′(x − 0, λ)

)
, x ∈ Γj , j = 1, 2, . . . , n , (2.2)

where λ is a real parameter. These equations have two solutions y1(x, λ) and
y2(x, λ) which are uniquely determined by the initial conditions

y1(+0, λ) = 1 , y′
1(+0, λ) = 0 ,

and

y2(+0, λ) = 0 , y′
2(+0, λ) = 1 ,

respectively. We introduce the discriminant D(λ) of (2.1) and (2.2):

D(λ) = y1(2π + 0, λ) + y′
2(2π + 0, λ) . (2.3)

The matrix

M(λ) :=
(

y1(2π + 0, λ) y2(2π + 0, λ)
y′
1(2π + 0, λ) y′

2(2π + 0, λ)

)
(2.4)

is called the monodromy matrix of (2.1) and (2.2). The characteristic equation of
M(λ) is

t2 − D(λ)t + e2i(θ1+θ2+···+θn) = 0 , (2.5)
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since det M(λ) = e2i(θ1+θ2+···+θn). It follows that λ is an eigenvalue of Hμ if and
only if eiμ is a root of (2.5). Thus, the sequence {λj(μ)}∞j=1 provides all the zeros
of D(λ) − (eiμ + e2i(θ1+θ2+···+θn)−iμ). We put

An+1 =
(

an+1 bn+1

cn+1 dn+1

)
= A1 (2.6)

and θn+1 = θ1. The solutions y1 and y2 satisfy the recurrence relations

yk(κj + 0, λ) = αj(λ)yk(κj−1 + 0, λ) + βj(λ)y′
k(κj−1 + 0, λ) , (2.7)

y′
k(κj + 0, λ) = γj(λ)yk(κj−1 + 0, λ) + δj(λ)y′

k(κj−1 + 0, λ) (2.8)

for k = 1, 2, where

αj(λ) = eiθj

(
aj cos τj

√
λ − bj

√
λ sin τj

√
λ
)

, (2.9)

βj(λ) = eiθj

(
aj√
λ

sin τj

√
λ + bj cos τj

√
λ

)
, (2.10)

γj(λ) = eiθj

(
cj cos τj

√
λ − dj

√
λ sin τj

√
λ
)

, (2.11)

δj(λ) = eiθj

(
cj√
λ

sin τj

√
λ + dj cos τj

√
λ

)
, (2.12)

and

τj = κj − κj−1 > 0

for j = 2, . . . , n + 1. In the next lemma, we investigate the asymptotic behavior of
y1(2π + 0, λ) and y′

2(2π + 0, λ) as λ → −∞. Let

Λ1(n) = {2 ≤ l ≤ n + 1| bl = 0} , (2.13)

Λ2(n) = {2 ≤ l ≤ n + 1| bl 
= 0} , (2.14)

k(n) = 
Λ1(n) , (2.15)

and

μ(n) =

{ (∏
j∈Λ2(n−1) bj

)(∏
i∈Λ1(n−1)(ai + di)

)
if n ∈ N \ {1} ,

1 if n = 1 .
(2.16)

We have μ(n) 
= 0 for n ∈ N.

Lemma 2.1. We have
y1(κn+1 + 0, λ)∏n+1

j=2 eiθj cosh τj

√−λ

=

⎧⎨
⎩

an+1μ(n)
(√−λ

)n−k(n)
+ O

((√−λ
)n−k(n)−1

)
if bn+1 = 0 ,

bn+1μ(n)
(√−λ

)n−k(n)
+ O

((√−λ
)n−k(n)−1

)
if bn+1 
= 0 ,

(2.17)
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y′
1(κn+1 + 0, λ)∏n+1

j=2 eiθj cosh τj

√−λ

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dn+1μ(n)
(√−λ

)n−k(n)+1
+ O

((√−λ
)n−k(n)

)
if bn+1 = 0 ,

dn+1μ(n)
(√−λ

)n−k(n)

+
{
cn+1μ(n) + dn+1O(1)

} (√−λ
)n−k(n)−1

+O
((√−λ

)n−k(n)−2
)

if bn+1 
= 0 ,

(2.18)

y2(κn+1 + 0, λ)∏n+1
j=2 eiθj cosh τj

√−λ

=

⎧⎨
⎩

an+1μ(n)
(√−λ

)n−k(n)−1
+ O

((√−λ
)n−k(n)−2

)
if bn+1 = 0 ,

bn+1μ(n)
(√−λ

)n−k(n)−1
+ O

((√−λ
)n−k(n)−2

)
if bn+1 
= 0 ,

(2.19)

y′
2(κn+1 + 0, λ)∏n+1

j=2 eiθj cosh τj

√−λ

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dn+1μ(n)
(√−λ

)n−k(n)
+ O

((√−λ
)n−k(n)−1

)
if bn+1 = 0 ,

dn+1μ(n)
(√−λ

)n−k(n)−1

+
{
cn+1μ(n) + dn+1O(1)

} (√−λ
)n−k(n)−2

+O
((√−λ

)n−k(n)−3
)

if bn+1 
= 0

(2.20)

as λ → −∞.

Proof. First of all, we simultaneously prove (2.17) and (2.18) by induction. It
follows by (2.7) and (2.8) that

y1(κ2 + 0, λ) = eiθ2 cosh τ2

√−λ
(
a2 + b2

√−λ tanh τ2

√−λ
)

,

y′
1(κ2 + 0, λ) = eiθ2 cosh τ2

√−λ
(
c2 + d2

√−λ tanh τ2

√−λ
)

for λ < 0. This implies that (2.17) and (2.18) hold when n = 1. We pick an integer
m ≥ 2, arbitrarily. We suppose that (2.17) and (2.18) are valid if n = m − 1.

We consider the case where bm = 0. It follows by definition that

μ(m) = (am + dm)μ(m − 1) .

Then it follows by (2.7) and (2.8) that

y1(κm+1 + 0, λ)∏m+1
j=2 eiθj cosh τj

√−λ

=
(
am+1 + bm+1

√−λ tanh τm+1

√−λ
)

×
{

amμ(m − 1)
(√−λ

)m−k(m−1)−1

+ O
((√−λ

)m−k(m−1)−2
)}
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+
(

am+1√−λ
tanh τm+1

√−λ + bm+1

)

×
{

dmμ(m − 1)
(√−λ

)m−k(m−1)−1

+ O
((√−λ

)m−k(m−1)−2
)}

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

am+1(am + dm)μ(m − 1)
(√−λ

)m−k(m−1)−1

+O
((√−λ

)m−k(m−1)−2
)

if bm+1 = 0 ,

bm+1(am + dm)μ(m − 1)
(√−λ

)m−k(m−1)

+O
((√−λ

)m−k(m−1)−1
)

if bm+1 
= 0 ,

=

⎧⎨
⎩

am+1μ(m)
(√−λ

)m−k(m)
+ O

((√−λ
)m−k(m)−1

)
if bm+1 = 0 ,

bm+1μ(m)
(√−λ

)m−k(m)
+ O

((√−λ
)m−k(m)−1

)
if bm+1 
= 0 ,

and
y′
1(κm+1 + 0, λ)∏m+1

j=2 eiθj cosh τj

√−λ

=
(
cm+1 + dm+1

√−λ tanh τm+1

√−λ
)

×
{

amμ(m − 1)
(√−λ

)m−k(m−1)−1

+ O
((√−λ

)m−k(m−1)−2
)}

+
(

cm+1√−λ
tanh τm+1

√−λ + dm+1

)

×
{

dmμ(m − 1)
(√−λ

)m−k(m−1)

+ O
((√−λ

)m−k(m−1)−1
)}

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dm+1(am + dm)μ(m − 1)
(√−λ

)m−k(m−1)

+ O
((√−λ

)m−k(m−1)−1
)

if bm+1 = 0 ,

dm+1(am + dm)μ(m − 1)
(√−λ

)m−k(m−1)

+
{
cm+1(am + dm)μ(m − 1) + dm+1O(1)

}(√−λ
)m−1−k(m−1)

+O
((√−λ

)m−k(m−1)−2
)

if bm+1 
= 0 ,

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dm+1μ(m)
(√−λ

)m−k(m)+1
+ O

((√−λ
)m−k(m)

)
if bm+1 = 0 ,

dm+1μ(m)
(√−λ

)m−k(m)

+
{
cm+1μ(m) + dm+1O(1)

}
O
((√−λ

)m−k(m)−1
)

+O
((√−λ

)m−k(m)−2
)

if bm+1 
= 0

as λ → −∞. In a similar way we get the claim for bm 
= 0. Therefore, we have (2.17)
and (2.18) for all n ∈ N.

Similarly, we obtain (2.19) and (2.20). �
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We write f(λ) ∼ g(λ) as λ → −∞ if and only if f(λ)/g(λ) → 1 as λ → −∞.
Using Lemma 2.1 and (2.3), we have

D(λ) ∼
⎛
⎝n+1∏

j=2

eiθj cosh τj

√−λ

⎞
⎠μ(n + 1)

(√−λ
)n−k(n)

(2.21)

as λ → −∞. Now we have prepared to show Proposition 1.1.

Proof of Proposition 1.1. We have only to prove the statements (e), (f), and (g),
since the demonstrations of (a), (b), (c), and (d) are similar to those of [10, The-
orem XIII.89 (a), (b), and (c)] and of [10, Theorem XIII.90 (a)].

We now prove (e). By the definition of Hμ and that of Hμ, we claim that

σ
(
Hμ(θ1, . . . , θn, A1, . . . , An)

)
= σ
(
H(μ−(θ1+···+θn))(0, . . . , 0, A1, . . . , An)

)
.

This combined with (b) and (d) implies the claim (e).
Next we show (f) and (g). Let θ1 = · · · = θn = 0. It follows from (2.17)

and (2.6) that

lim
λ→−∞

D(λ) =
{

+∞ if μ(n + 1) > 0 ,
−∞ if μ(n + 1) < 0 .

Therefore we arrive at the conclusions (f) and (g) in a similar way to [12, Propo-
sition 1, (d) and (e)]. �

3. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. We recall (2.6). Let

qj = 

{
2 ≤ k ≤ j| (bk < 0) or (bk = 0, dk < 0)

}
,

q1 = 0 ,

and

ηj =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Arctan(bj/dj) − qj−1π if bj > 0 , dj > 0 ,
Arctan(bj/dj) + π − qj−1π , if bj > 0 , dj < 0 ,
π/2 − qj−1π if bj > 0 , dj = 0 ,
Arctan(bj/dj) − π − qj−1π , if bj < 0 , dj < 0 ,
Arctan(bj/dj) − qj−1π if bj < 0 , dj > 0 ,
−π/2 − qj−1π if bj < 0 , dj = 0 ,
−qj−1π if bj = 0 , dj > 0 ,
−π − qj−1π if bj = 0 , dj < 0

for 2 ≤ j ≤ n + 1, where Arctan(x) ∈ (−π/2, π/2) for x ∈ R. Since

qj =
{

qj−1 + 1 if (bj < 0) or (bj = 0, dj < 0) ,
qj−1 otherwise ,
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we have

ηj ∈ [−qjπ,−qjπ + π) . (3.1)

We pick a γ ∈ (0, π) such that

ηj < −qjπ + γ for j = 2, 3, . . . , n + 1 .

Then we have the following lemma.

Lemma 3.1. Let 0 ≤ ω0 < π. Then, there exists λ0 ∈ R such that

−π(qj + pqn+1) ≤ ω(κj + 2πp + 0, λ, ω0) ≤ −π(qj + pqn+1) + γ

for any p ∈ N ∪ {0}, j = 2, 3, . . . , n + 1, λ ≤ λ0, and ω0 ∈ [0, γ] .

Proof. To prove this lemma, we recall a fundamental fact on the Prüfer transform
from [2, Chapter 8, Theorem 2.1]. Let c < d. For β ∈ [0, π), let θ = θ(x, λ, c, β) be
the solution to the initial value problem

d

dx
θ = cos2 θ + λ sin2 θ on R , (3.2)

θ|x=c = β . (3.3)

Then, it holds that

lim
λ→−∞

θ(d, λ, c, β) = 0 . (3.4)

Moreover, the function θ(d, ·, c, β) is strictly monotone increasing on R.
We fix ω0 ∈ [0, γ]. By (3.4), we have

lim
λ→−∞

ω(κ2 − 0, λ, ω0) = 0 . (3.5)

By induction on j = 2, 3, . . . , n + 1, we shall show the following statements.

The limit βj := lim
λ→−∞

ω(κj−0, λ, ω0)∈R exists, and we have βj =−qj−1π. (3.6)

The function ω(κj − 0, ·, ω0) is strictly monotone increasing on R. (3.7)

In the first instance, it follows by (3.5) that (3.6) and (3.7) are valid for j = 2.
We pick m ∈ {2, 3, . . . , n + 1}, arbitrarily. Suppose that (3.6) and (3.7) hold for
j = m. We show that the limit

αm := lim
λ→−∞

ω(κm + 0, λ, ω0)

exists.
We consider the case where dm 
= 0. By (1.6), we have

tan ω(κm + 0, λ, ω0) =
am tan ω(κm − 0, λ, ω0) + bm

cm tanω(κm − 0, λ, ω0) + dm
. (3.8)

Since βm = −qm−1π by assumption, it follows that

lim
λ→−∞

tan ω(κm + 0, λ, ω0) = bm/dm .
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Since the function tanx is continuous and strictly monotone increasing in a neigh-
borhood of the point bm/dm, it follows that the limit αm exists.

Next we discuss the case where dm = 0. Suppose that dm = 0. Then, it
follows by (1.6) that

cm sinω(κm + 0, λ, ω0) sin ω(κm − 0, λ, ω0)
= cosω(κm + 0, λ, ω0)

(
am sin ω(κm − 0, λ, ω0) + bm cosω(κm − 0, λ, ω0)

)
.

Since βm = −qm−1π, we have

|cm sinω(κm + 0, λ, ω0) sin ω(κm − 0, λ, ω0)| ≤ |cm sin ω(κm − 0, λ, ω0)| → 0

as λ → −∞. On the other hand, it follows by amdm − bmcm = 1 and dm = 0 that

am sin ω(κm − 0, λ, ω0) + bm cosω(κm − 0, λ, ω0) → bm(−1)qm+1 
= 0

as λ → −∞. Thereby we conclude that limλ→−∞ cosω(κm + 0, λ, ω0) = 0. So
limλ→−∞ ω(κm + 0, λ, ω0) ∈ R exists. Therefore αm exists in every case.

Next we show
αm = ηm . (3.9)

By (1.6) and βm = −qm−1π it follows that

dm sinαm = bm cosαm . (3.10)

First, we consider the case where bm = 0 and dm > 0. Suppose that bm = 0 and
dm > 0. Then we have sinαm = 0. Note that

cm sin ω(κm − 0, λ, ω0) + dm cosω(κm − 0, λ, ω0) → dm(−1)qm−1 
= 0 .

Since the function sgn(·) is continuous on R \ {0}, it follows by (1.8) that

lim
λ→−∞

sgn
(
cosω(κm + 0, λ, ω0)

)
= lim

λ→−∞
sgn
(
cm sin ω(κm − 0, λ, ω0) + dm cosω(κm − 0, λ, ω0)

)
= sgn

(
dm(−1)qm−1

)
= (−1)qm−1 . (3.11)

Because sin αm = 0, we have limλ→−∞ cosω(κm + 0, λ, ω0) = cosαm = ±1. Since
the function sgn(·) is continuous in a neighborhood of ±1, we have

lim
λ→−∞

sgn
(
cosω(κm + 0, λ, ω0)

)
= sgn

(
lim

λ→−∞
cosω(κm + 0, λ, ω0)

)
. (3.12)

By (3.11) and (3.12), it follows that

sgn(cosαm) = (−1)qm−1 .

This combined with sin αm = 0, βm = −qm−1π, and (1.9) means

αm = −qm−1π .

Namely we have αm = ηm if bm = 0 and dm > 0.
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Next, we deal with the case where bm > 0 and dm > 0. Suppose that bm > 0
and dm > 0. We notice that

am sin ω(κm − 0, λ, ω0) + bm cosω(κm − 0, λ, ω0) → bm(−1)qm−1 
= 0

and

cm sin ω(κm − 0, λ, ω0) + dm cosω(κm − 0, λ, ω0) → dm(−1)qm−1 
= 0 .

Since the function sgn(·) is continuous on R\{0}, it follows by (1.7) and (1.8) that

lim
λ→−∞

sgn
(
sin ω(κm + 0, λ, ω0)

)
= lim

λ→−∞
sgn
(
cosω(κm + 0, λ, ω0)

)
= (−1)qm−1 . (3.13)

The equation (3.10) implies sin αm 
= 0 and cosαm 
= 0. The function sgn(·) is
also continuous in a neighborhood of sinαm and in that of cosαm. Hence, (3.13)
reduces to

sgn(sin αm) = (−1)qm−1 = sgn(cosαm) .

Combining this with (3.10) and (1.9), we have αm = −qm−1π + arctan(bm/dm).
Therefore we obtain αm = ηm if bm > 0 and dm > 0. In a similarly we have
αm = ηm in the other cases.

Next, we show that ω(κm +0, ·, ω0) is strictly monotone increasing on R. Let
f(x) = (amx+ bm)/(cmx+dm). The function f(x) is strictly monotone increasing
on R in the case where cm = 0, since amdm− bmcm = 1. In the case where cm 
= 0,
we see that limx→−dm/cm±0 f(x) = ∓∞ and that the function f(x) is strictly
monotone increasing on (−∞,−dm/cm) and on (−dm/cm,∞). Combining these
fact with (3.8) and the monotonicity of ω(κm−0, ·, ω0), we infer that ω(κm+0, ·, ω0)
is strictly monotone increasing.

Since ω(κm+1 − 0, λ, ω0) = θ(κm+1, λ, κm, ω(κm + 0, λ, ω0)), (3.7) is valid for
j = m + 1. Using the monotonicity of ω(κm + 0, ·, ω0) and (3.1), we conclude that
there exists λm ∈ R such that

−qmπ ≤ ω(κm + 0, λ, ω0) ≤ −qmπ + γ

for λ ≤ λm. By the comparison theorem [3, Chapter 8] and this inequality, we
have

θ(κm+1, λ, κm,−qmπ) ≤ ω(κm+1 − 0, λ, ω0) < θ(κm+1, λ, κm,−qmπ + γ)

for λ ≤ λm. Since (3.2) is π-periodic, we derive

lim
λ→−∞

θ(κm+1, λ, κm,−qmπ) = lim
λ→−∞

θ(κm+1, λ, κm,−qmπ + γ) = −qmπ ,

so that
βm+1 = −qmπ .

Therefore we have proved (3.6) and (3.7) for j = m + 1. Therefore, (3.6) and (3.7)
are valid for j = 2, 3, . . . , n + 1.

Put λ0 = min2≤j≤n+1 λj . We have

−πqj ≤ ω(κj + 0, λ, ω0) < −πqj + γ (3.14)

for j = 2, 3, . . . , n + 1 and λ ≤ λ0.
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Next we show the uniformity of the estimate (3.14) with respect to ω0 ∈ [0, γ].
According to the comparison theorem and ω0 ∈ [0, γ], we have

ω(κj + 0, λ, 0) ≤ ω(κj + 0, λ, ω0) ≤ ω(κj + 0, λ, γ) .

Therefore the estimate (3.14) is uniform with respect to ω0 ∈ [0, γ].
Since (1.5)–(1.8) is 2π-periodic with respect to x, we have the desired asser-

tion from (3.14). �

Lemma 3.2. Put

l = 

{
1 ≤ j ≤ n| (bj < 0) or (bj = 0, dj < 0)

}
.

Then, we have

lim
λ→−∞

ρ(λ) = − l

2
.

Proof. We notice qn+1 = l. By Lemma 2.1 we have

−πpl ≤ ω(2πp + 0, λ, ω0) ≤ −πpl + γ (3.15)

for 0 ≤ ω0 ≤ γ, λ ≤ λ0, and p ∈ N. Therefore we arrive at our goal by dividing
(3.15) by 2pπ. �

Proof of Theorem 1.2. Combining Lemma 3.2 with the proof of [4, Proposition 2.1],
we get the assertions. �

4. Remarks on Theorem 1.2

We demonstrate how the choice (1.9) of the principal value of ω(x + 0, λ) on Γ
affects (1.12) and (1.13). In order to see that, we choose the principal value of
ω(x + 0, λ) on Γ as

0 ≤ ω(x + 0, λ) − ω(x − 0, λ) < 2π for x ∈ Γj and j = 1, 2, . . . , n (4.1)

instead of (1.9). Then we have the following theorem in a similar way to Theo-
rem 1.2.

Theorem 4.1. Put

l = 

{
1 ≤ j ≤ n| (bj < 0) or (bj = 0, dj < 0)

}
.

Then we have

αm = max

{
λ ∈ R

∣∣∣∣∣ ρ(λ) =
m − 1

2
+

l

2

}
,

βm = min

{
λ ∈ R

∣∣∣∣∣ ρ(λ) =
m

2
+

l

2

}
.

This is why our main result is largely affected by (1.9). Thereby, we must be
careful about how the principal value is chosen in applications.



1294 H. Niikuni Ann. Henri Poincaré

5. Perturbation theory for the generalized Kronig–Penney
Hamiltonian

In this section we perturb the operator H by a bounded, periodic function and
discuss its spectral properties. We introduce

L∞(R; R) =
{
f : R → R| ‖f‖L∞(R) < ∞} ,

where ‖f‖L∞(R) = ess.supx∈R
|f(x)|. Assume that q ∈ L∞(R; R) and q is a 2π-

periodic function. We recall (1.1) and (1.2). We define the operator

H̃ = H̃(θ1, . . . , θn, A1, . . . , An) in L2(R)

as

H̃ = H + q ,

Dom(H̃) = Dom(H) .

Since H is self-adjoint operator and q ∈ L∞(R, R), H̃ is also self-adjoint(see [10,
Section V. Theorem 4.10]). We have the direct integral representation of H̃:

UH̃U−1 =
∫ 2π

0

⊕H̃μdμ ,

where H̃μ = Hμ + q. Let λ̃j(μ) be the jth eigenvalue of H̃μ counted with mul-
tiplicity for j ∈ N. We have the following statements, which are analogous to
Proposition 1.1.

Proposition 5.1. (a) The function λ̃j(·) is continuous on [0, 2π] .
(b) It holds that λ̃j(μ) = λ̃j(−μ + 2θ1 + · · · + 2θn) .
(c) If μ − (θ1 + · · · + θn) 
∈ πZ , then every eigenvalue of H̃μ is simple.
(d) The spectrum of H̃(θ1, . . . , θn, A1, . . . , An) is given by

σ
(
H̃(θ1, . . . , θn, A1, . . . , An)

)
=

⋃
μ∈[θ1+···+θn,θ1+···+θn+π]

σ
(
H̃μ(θ1, . . . , θn, A1, . . . , An)

)

=
∞⋃

j=1

λ̃j([θ1 + · · · + θn, θ1 + · · · + θn + π])

=
∞⋃

j=1

⋃
μ∈[θ1+···+θn,θ1+···+θn+π]

{
λ̃j(μ)

}
.

(e) The set σ(H̃(θ1, . . . , θn, A1, . . . , An)) is independent of {θj}n
j=1.

(f) If ξ > 0 and θ1 = θ2 = · · · = θn = 0, then the function λ̃j(·) is strictly mono-
tone increasing (respectively, decreasing) function on [0, π] for odd (respec-
tively, even) j.
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(g) If ξ < 0 and θ1 = θ2 = · · · = θn = 0, then the function λ̃j(·) is strictly
monotone increasing (respectively, decreasing) function on [0, π] for even
(respectively, odd) j.

The proof of (a)–(e) in this proposition is exactly same as that in Propo-
sition 1.1. Since the proof of (f) and (g)in Proposition 5.1 is even subtler than that
in Proposition 1.1, we give a rather detailed proof of Proposition 5.1 (f) and (g)
for the sake of completeness. We consider the equations

−y′′(x, λ) + q(x)y(x, λ) = λy(x, λ) , x ∈ R \ Γ , (5.1)(
y(x + 0, λ)
y′(x + 0, λ)

)
= eiθj Aj

(
y(x − 0, λ)
y′(x − 0, λ)

)
,

x ∈ Γj , j = 1, 2, . . . , n , (5.2)

where λ is a real parameter. These equations also have two solutions y1(x, λ) and
y2(x, λ) which are uniquely determined by the initial conditions

y1(+0, λ) = 1 , y′
1(+0, λ) = 0 ,

and

y2(+0, λ) = 0 , y′
1(+0, λ) = 1 ,

respectively. The differential equation (5.1) is equivalent to

−y′′(x, λ) +
(
q(x) + ‖q‖L∞(R)

)
y(x, λ) =

(
λ + ‖q‖L∞(R)

)
y(x, λ) , (5.3)

where x ∈ R \ Γ. Let

q̃(x) = q(x) + ‖q‖L∞(R) , (5.4)

and

λ̃ = λ + ‖q‖L∞(R) .

Let λ < −‖q‖L∞(R) and η =
√
−λ̃. We have λ̃ < 0. We define um(k, j − 1, x, λ) as

u0(k, j − 1, x, λ) = yk(κj−1 + 0, λ) cosh
(
η(x − κj−1)

)
+ y′

k(κj−1 + 0, λ)
sinh

(
η(x − κj−1)

)
η

, (5.5)

um(k, j − 1, x, λ) =
1
η

∫ x

κj−1

sinh
(
η(x − ξ)

)
q̃(ξ)um−1(k, j − 1, ξ, λ)dξ (5.6)

for m ∈ N, k = 1, 2, j = 2, 3, . . . , n+1, and x ∈ (κj−1, κj). By applying the Picard
method of iteration to the differential equation (5.3), we have

yk(x, λ) =
∞∑

m=0

um(k, j − 1, x, λ) for x ∈ (κj−1, κj) , (5.7)

y′
k(x, λ) =

∞∑
m=1

u′
m(k, j − 1, x, λ) for x ∈ (κj−1, κj) . (5.8)
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Differentiating (5.6) with respect to x, we have

u′
m(k, j − 1, x, λ) =

∫ x

κj−1

cosh
(
η(x − ξ)

)
q̃(ξ)um−1(k, j − 1, ξ, λ)dξ (5.9)

for k = 1, 2, j = 2, 3, . . . , n + 1, and x ∈ (κj−1, κj).
For m ∈ N, k = 1, 2, j = 2, 3, . . . , n + 1, and x ∈ (κj−1, κj), we define

Im(k, j − 1, x, λ), Jm(k, j − 1, x, λ), Ĩm(k, j − 1, x, λ), and J̃m(k, j − 1, x, λ) as

um(k, j − 1, x, λ) = cosh
(
η(x − κj−1)

)
×
{

yk(κj−1 + 0, λ)Im(k, j − 1, x, λ) +
y′

k(κj−1 + 0, λ)
η

Jm(k, j − 1, x, λ)

}
,

(5.10)

u′
m(k, j − 1, x, λ) = cosh

(
η(x − κj−1)

)
×
{

yk(κj−1 + 0, λ)η tanh
(
η(x − κj−1)

)
Ĩm(k, j − 1, x, λ)

+ y′
k(κj−1 + 0, λ)J̃m(k, j − 1, x, λ)

}
. (5.11)

Summarizing (5.7), (5.8), (5.10), and (5.11), we obtain

yk(κj − 0, λ) = cosh τjη

×
{

yk(κj−1 + 0, λ)
∞∑

m=0

Im(k, j − 1, κj − 0, λ)

+
y′

k(κj−1 + 0, λ)
η

∞∑
m=0

Jm(k, j − 1, κj − 0, λ)

}
, (5.12)

y′
k(κj − 0, λ) = cosh τjη

×
{

yk(κj−1 + 0, λ)η (tanh τjη)
∞∑

n=0

Ĩm(k, j − 1, κj − 0, λ)

+ y′
k(κj−1 + 0, λ)

∞∑
m=0

J̃m(k, j − 1, κj − 0, λ)

}
. (5.13)

By (5.2), (5.12), and (5.13), we obtain

yk(κj + 0, λ) = αj(k, λ)yk(κj−1 + 0, λ) + βj(k, λ)y′
k(κj−1 + 0, λ) ,

y′
k(κj + 0, λ) = γj(k, λ)yk(κj−1 + 0, λ) + δj(k, λ)y′

k(κj−1 + 0, λ)
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for k = 1, 2, j = 2, 3, . . . , n + 1, and λ < −‖q‖L∞(R), where

αj(k, λ) = eiθj

(
aj cosh(τjη)

∞∑
m=0

Im(k, j − 1, κj − 0, λ)

+ bjη sinh(τjη)
∞∑

m=0

Ĩm(k, j − 1, κj − 0, λ)

)
, (5.14)

βj(k, λ) = eiθj

(
aj

η
cosh(τjη)

∞∑
m=0

Jm(k, j − 1, κj − 0, λ)

+ bj cosh(τjη)
∞∑

m=0

J̃m(k, j − 1, κj − 0, λ)

)
, (5.15)

γj(k, λ) = eiθj

(
cj cosh(τjη)

∞∑
m=0

Im(k, j − 1, κj − 0, λ)

+ djη sinh(τjη)
∞∑

m=0

Ĩm(k, j − 1, κj − 0, λ)

)
, (5.16)

δj(k, λ) = eiθj

(
cj

η
cosh(τjη)

∞∑
m=0

Jm(k, j − 1, κj − 0, λ)

+ dj cosh(τjη)
∞∑

m=0

J̃m(k, j − 1, κj − 0, λ)

)
. (5.17)

Lemma 5.2. For k = 1, 2, and j = 2, 3, . . . , n + 1, we have

∞∑
m=0

Im(k, j − 1, κj − 0, λ) = 1 + O
(
(
√−λ)−1

)
, (5.18)

∞∑
m=0

Ĩm(k, j − 1, κj − 0, λ) = 1 + O
(
(
√−λ)−1

)
, (5.19)

∞∑
m=0

Jm(k, j − 1, κj − 0, λ) = 1 + O
(
(
√−λ)−1

)
, (5.20)

∞∑
m=0

J̃m(k, j − 1, κj − 0, λ) = 1 + O
(
(
√−λ)−1

)
(5.21)

as λ → −∞.

Proof. We pick k = 1, 2, j = 2, 3, . . . , n + 1, and λ < −‖q‖L∞(R), arbitrarily.
By (5.5), we notice

I0(k, j − 1, x, λ) = 1, J0(k, j − 1, x, λ) = tanh
(
η(x − κj−1)

)
. (5.22)
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We choose m ∈ N, arbitrarily. Substituting (5.10) for (5.6), we obtain the recur-
rence relations

Im(k, j − 1, x, λ)

=
1
η

∫ x

κj−1

sinh
(
η(x − ξ)

)
q̃(ξ)

cosh
(
η(ξ − κj−1)

)
cosh

(
η(x − κj−1)

) Im−1(k, j − 1, ξ, λ)dξ , (5.23)

Jm(k, j − 1, x, λ)

=
1
η

∫ x

κj−1

sinh
(
η(x − ξ)

)
q̃(ξ)

cosh
(
η(ξ − κj−1)

)
cosh

(
η(x − κj−1)

)Jm−1(k, j − 1, ξ, λ)dξ . (5.24)

On the other hand, it follows by differentiating (5.5) that

Ĩ0(k, j − 1, x, λ) = 1 , J̃0(k, j − 1, x, λ) = 1 . (5.25)

Substituting (5.11) for (5.9), we derive

Ĩm(k, j − 1, x, λ)

=
1
η

∫ x

κj−1

cosh
(
η(x − ξ)

)
q̃(ξ)

cosh
(
η(ξ − κj−1)

)
sinh

(
η(x − κj−1)

) Im−1(k, j − 1, ξ, λ)dξ , (5.26)

J̃m(k, j − 1, x, λ)

=
1
η

∫ x

κj−1

cosh
(
η(x − ξ)

)
q̃(ξ)

sinh
(
η(ξ − κj−1)

)
cosh

(
η(x − κj−1)

)Jm−1(k, j − 1, ξ, λ)dξ . (5.27)

The integral kernel in (5.23) is estimated as

0 ≤ sinh
(
η(x − ξ)

)
cosh

(
η(ξ − κj−1)

)
cosh

(
η(x − κj−1)

) q̃(ξ)

=

(
1
2

tanh
(
η(x − κj−1)

)
+

sinh(x + κj−1 − 2ξ)
2 cosh

(
η(x − κj−1)

)
)

q̃(ξ)

≤
(

tanh
(
η(x − κj−1)

))
q̃(ξ)

≤ q̃(ξ) (5.28)

for ξ ∈ (κj−1, x), because it follows by (5.4) that

q̃(x) ≥ 0 , a.e. x ∈ R . (5.29)

Thereby, we get

Im(k, j − 1, κj − 0, λ) ≥ 0 (5.30)

by induction. Furthermore, we show

Im(k, j − 1, x, λ) ≤ 1
m!

(‖q̃‖L∞(R)(x − κj−1)
η

)m

(5.31)
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by induction. By (5.22), it follows that (5.31) holds when m = 1. We pick l ≥ 2,
arbitrarily. Suppose that (5.31) holds for m = l − 1. We have

Il(k, j − 1, x, λ) ≤ 1
η(l − 1)!

∫ x

κj−1

q̃(ξ)
(‖q̃‖L∞(R)(ξ − κj−1)

η

)l−1

dξ

≤ 1
(l − 1)!

(‖q̃‖L∞(R)

η

)l ∫ x

κj−1

(ξ − κj−1)l−1dξ

=
1
l!

(‖q̃‖L∞(R)(x − κj−1)
η

)l

.

Therefore we have (5.31) for all m ∈ N. Now we prove (5.18). By (5.22), (5.30),
and (5.31), we have

0 ≤
∞∑

m=0

Im(k, j − 1, κj − 0, λ) − 1

≤
∞∑

m=1

1
m!

(‖q̃‖L∞(R)τj

η

)m

≤ ‖q̃‖L∞(R)

η
exp
( ‖q̃‖L∞(R)

η

)
,

and thus (5.18). Similarly, we get (5.19)–(5.21). �

We recall (2.13)–(2.16). By Lemma 5.2, we have the following lemma.

Lemma 5.3. We have
y1(κn+1 + 0, λ)∏n+1
j=2 eiθj cosh τjη

=
{

an+1μ(n)ηn−k(n) + O (ηn−k(n)−1
)

if bn+1 = 0 ,

bn+1μ(n)ηn−k(n) + O (ηn−k(n)−1
)

if bn+1 
= 0 ,
(5.32)

y′
2(κn+1 + 0, λ)∏n+1
j=2 eiθj cosh τjη

=

⎧⎪⎪⎨
⎪⎪⎩

dn+1μ(n)ηn−k(n) + O (ηn−k(n)−1
)

if bn+1 = 0 ,
dn+1μ(n)ηn−k(n)−1

+
{
cn+1μ(n) + dn+1O(1)

}
ηn−k(n)−2

+O (ηn−k(n)−3
)

if bn+1 
= 0

(5.33)

as λ → −∞.

Thanks to Lemma 5.3, we have Proposition 5.1 (f) and (g).
Let (r̃, ω̃) be the polar coordinates of (ỹ, ỹ′), where ỹ(x, λ) is a nontrivial

solution to (5.1) and (5.2). Then ω̃(x, λ) satisfies the equations

d

dx
ω̃(x, λ) = cos2 ω̃(x, λ) +

(
λ + q(x)

)
sin2 ω̃(x, λ ), x ∈ R \ Γ (5.34)
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as well as the boundary conditions

sin ω̃(x + 0, λ)
(
cj sin ω̃(x − 0, λ) + dj cos ω̃(x − 0, λ)

)
= cos ω̃(x + 0, λ)

(
aj sin ω̃(x − 0, λ) + bj cos ω̃(x − 0, λ)

)
, (5.35)

sgn
(
sin ω̃(x + 0, λ)

)
= sgn

(
aj sin ω̃(x − 0, λ) + bj cos ω̃(x − 0, λ)

)
, (5.36)

sgn
(
cos ω̃(x + 0, λ)

)
= sgn

(
cj sin ω̃(x − 0, λ) + dj cos ω̃(x − 0, λ)

)
(5.37)

for all x ∈ Γj and j = 1, 2, . . . , n. We choose the branch of ω̃(x + 0, λ) as

−π ≤ ω̃(x + 0, λ) − ω̃(x − 0, λ) < π for x ∈ Γ . (5.38)

Thanks to this selection, ω̃(x + 0, λ) is uniquely determined. Let ω̃ = ω̃(x, λ, ω̃0)
be the solution of (5.34)–(5.38) subject to the initial condition

ω̃(+0, λ) = ω̃0 . (5.39)

We define the rotation number of (5.34)–(5.39) as

ρ̃(λ) = lim
n→∞

ω̃(2nπ + 0, λ, ω̃0) − ω̃0

2nπ
. (5.40)

In a similar way to Section 3, we have the following theorem, which is an
extension of (1.14).

Theorem 5.4. For j ∈ N, let B̃j = [α̃j , β̃j ] be the jth band of the spectrum of H̃.
Put

l = 

{
1 ≤ j ≤ n| (bj < 0) or (bj = 0, dj < 0)

}
.

Then we have

α̃j = max

{
λ ∈ R

∣∣∣∣∣ ρ̃(λ) =
m − 1

2
− l

2

}
,

β̃j = min

{
λ ∈ R

∣∣∣∣∣ ρ̃(λ) =
m

2
− l

2

}

for j ∈ N.
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