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A Floquet Operator with Purely Point
Spectrum and Energy Instability

César R. de Oliveira* and Mariza S. Simsen'

Abstract. An example of Floquet operator with purely point spectrum and
energy instability is presented. In the unperturbed energy eigenbasis its eigen-
functions are exponentially localized.

1. Introduction

It is not immediate whether a self-adjoint operator H with purely point spectrum
implies absence of transport under the time evolution U(t) = e~ *#; in fact, it is
currently known examples of Schrodinger operators with such kind of spectrum
and transport. In case of tight-binding models on [?(N) the transport is usually
probed by the moments of order m > 0 of the position operator Xey, = ke, that

is,
XM ="k (ex, Yex , (1)

keN
where e (j) = dx; (Kronecker delta) is the canonical basis of [?(N). Analogous
definition applies for I%(Z) and even higher dimensional spaces. Then, by definition,

transport at 1, also called dynamical instability or dynamical delocalization, occurs
if for some m the function

te (P(), X)), () =Ut), (2)

is unbounded. If for all m > 0 the corresponding functions are bounded, one has
dynamical stability, also called dynamical localization.

The first rigorous example of a Schrédinger operator with purely point spec-
trum and dynamical instability has appeared in [7], Appendix 2, what the authors

* CRdeO was partially supported by CNPq (Brazil).
t MSS was supported by CAPES (Brazil).



1256 C. R. de Oliveira and M. S. Simsen Ann. Henri Poincaré

have called “A Pathological Example;” in this case the tight binding Schrédinger
operator h on [?(N) with a Dirichlet condition at n = —1 was

(hu)(n) =u(n+ 1)+ u(n — 1) + v(n)u(n)

with potential

v(n) = 3cos(ran + 6) + Ao, (3)
that is, rank one perturbations of an instance of the almost Mathieu operator. An
irrational number o was constructed so that for a.e. 8 € [0,27) and a.e. A € [0,1]
the corresponding self-adjoint operator i has purely point spectrum with dynam-
ical instability at eg (throughout, the term “a.e.” without specification means
with respect to the Lebesgue measure under consideration). More precisely, it was
shown that for all € > 0

fmsup ", (0(0), X2(0) =00, 1(0) =co.

o0

Compare with the absence of ballistic motion for point spectrum Hamiltonians [17]

tim  (6(0), X*0(0)) =0,

Additional examples of this behavior are known, even for random potentials,
but with a strong local correlations [10], as for the random dimer model in the
Schrodinger case; there is also an adaptation [6] for the random Bernoulli Dirac
operator with no correlation in the potential, although for the massless case.

The time evolution of a quantum system with time-dependent Hamiltonian is
given by a strongly continuous family of unitary operators U (¢, r) (the propagator).
For an initial condition g at ¢ = 0, its time evolution is given by U (¢, 0)vy. If the
Hamiltonian is time-periodic with period T, then

Ut+T,r+T)=U(t,r), Vtr,

and we have the Floquet operator Up := U(T,0) defined as the evolution generated
by the Hamiltonian over a period.

Quantum systems governed by a time periodic Hamiltonian have their dy-
namical stability often characterized in terms of the spectral properties of the
corresponding Floquet operator. As in the autonomous case, the presence of con-
tinuous spectrum is a signature of unstable quantum systems; this is a consequence
of the famous RAGE theorem, firstly proved for the autonomous case [15] and then
for time-periodic Hamiltonians [8]. In principle, a Floquet operator with purely
point spectrum would imply “stability,” but one should be alerted by the above
mentioned “pathological” examples in the autonomous case.

In this work we give an example of a Floquet operator with purely point
spectrum and “energy instability,” which can be considered the partner concept of
dynamical instability in case of autonomous systems. We shall consider a particular
choice in the family of Floquet operators studied in [3]; such operators describe the
quantum dynamics of certain interesting physical models (see [1,3] and references
therein), and display a band structure with respect to an orthogonal basis {py}

t
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of 12(N) or [%(Z), constructed as eigenfunctions of an unperturbed energy opera-
tor. There are some conceptual differences with respect to the autonomous case
mentioned before, since now the momentum X™ is defined in the energy space

X™ = K™k )k » (4)

k>1

instead of the “physical space” N. Thus, if for all m > 0 the functions
n— (Y(n), X"p(n)), (n):=Upp, n>0, (5)

are bounded we say there is energy stability or energy localization, while if at least
one of them is unbounded we say the system presents energy instability or energy
delocalization; the latter reflects a kind of “resonance.”

Our construction is a fusion of the Floquet operator studied in [3], now under
suitable additional rank one perturbations, and the arguments presented in [7] for
model (3). For suitable values of parameters we shall get the following properties:

1. The resulting unitary operator Uy(3,0)" (after the rank one perturbation;
see (10)) still belongs to the family of Floquet operators considered in [3].

2. Ux(8,0)" has purely point spectrum with exponentially localized eigenfunc-
tions.

3. The time evolution along the Floquet operator Uy (3,6)" of the initial con-
dition ¢; presents energy instability.

Ux(B3,0)" will be obtained as a rank one perturbation of the almost periodic
class of operators studied in the Section 7 of [3] (we describe them ahead). In
order to prove purely point spectrum, we borrow an argument from [9] that was
used to prove localization for random unitary operators, and it combines spectral
averaging and positivity of the Lyapunov exponent with polynomial boundedness
of generalized eigenfunctions. In order to get dynamical instability, although we
adapt ideas of [7], we underline that some results needed completely different
proofs and they are not entirely trivial.

It is worth mentioning that in [16] a form of dynamical stability was obtained
for discrete evolution along some Floquet operators (CMV matrices) related to
random Verblunsky coefficients.

This paper is organized as follows. In Section 2 we present the model of
Floquet operator we shall consider, some preliminary results and the main result
is stated in Theorem 2. In Section 3 we shall prove that our Floquet operator is
pure point. Section 4 is devoted to the proof of dynamical instability.

2. The Floquet operator

We briefly recall the construction of the Floquet operator introduced in [3] based
on the physical model discussed in [1]. The separable Hilbert space is I2(Z) and
{¢k }rez denote its canonical basis. Consider the set of 2 X 2 matrices defined for
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any k € Z by
 _ip re % jtetvn
Sk =e""" < ite= "k peick

parameterized by the phases ay, i, 0 in the torus T and the real parameters
t,r, the reflection and transition coefficients, respectively, linked by 72 + t2 = 1.
Then, let P; be the orthogonal projection onto the span of ¢;, @11 in (*(Z), and
let U, U, be two 2 x 2 block diagonal unitary operators on [?(Z) defined by

U. = Z P Sor Py, and U, = Zp2k+152k+1p2k+1 .
kez kez

The matrix representation of U, in the canonical basis is

S_o
U@ = SO )
S

and similarly for U,, with Ssx41 in place of Ssi. The Floquet operator U is defined
by

U=U,U,,
such that, for any k € Z,

U(p2k = irteii(92k+92k—1)efi(0t2k*Vzk—1)(p2k71

+ T26_1(92k+92k—1)6_i(0‘2k—0¢2k—1)¢2k
+ i,,,tefi(ezk+92k+1)e*i(V2k+a2k+1)Qp2k+1

2 _—i(0 6 —1
— t3%e (0214 2k+1)e Z(’sz+’)’2k+1)<p2k+2 (6)

2 —i(0 02— i —
U(P2k+1 = —t%¢ i(021+02x 1)61(’72k+’72k 1)(‘02}%71
+ irrte_i(ewc+02k—1)ei(72k+0¢2k—1)@2k

+ T2e*1(92k+92k+1)61(a2k*a2k+1)<p2k+l

+ /L'Tte*i(emc+92k+1)ei(0¢2k*72k+1)Sp2k:+2 .

The extreme cases where rt = 0 are spectrally trivial; in caset = 0,r =1, U is
pure point and if t = 1,7 = 0, U is purely absolutely continuous (Proposition 3.1
in [3]). From now on we suppose 0 < r,t < 1.

For the eigenvalue equation

Uw:ezEw
wZZCk(pk, Ck,EE(C,

keZ
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one gets the following relation between coefficients

Cok C2k—2
=Ti(E ,
( C2k+1 > k( )< C2k—1 )
where the matrix Ty (E) has elements

T (E)ll — o HEFTy2R—1+72K—2F028 14028 —2)

)

Tk(E)12 = ZZ (e*i(EJFV%—l*Otzk—2+92k_1+92k_2) _ efi('ygk_lfagk_l))

)

Ty (E)21 _ ir (e*i(ezk—2*92k+’Y2k+V2k—1+’Y2k—2+a2k—1)
t
— i (B + bag—2 + O2k—1 + Y2k + Y2k—1 + Y2k—2 + Q2k) ); (7)
1 .
_ W(E402k+02k—1—Y2k —V2k—
Tk(E)QQ——t2€( 2k +02k—1— Y2k —Y2k—1)
rr o , ,
+ " 6*1(V2k+V2k—1) (61(92k*92k—2+a2k—2*a2k—1) + 6*1(a2k*0¢2k—1))
r?
_ 671(E+92k—2+92k—1+V2k+V2k—1+a2k*a2k—2)
12

and
det Tk(E) — o~ 02520272k +2726 14726 —2)

Given coefficients (cg, 1), for any k € N* one has

< Cok >:Tk(E)...TQ(E)T1(E) ( 0 )

C2k+41 C1
( C-2k ) =T 41 (E) ... T (B) 'Ty(E)! ( €0 ) :
C—2k+1 1

In the physical setting [1], the natural Hilbert space is (?(N*), with N* the set
of positive integers, and the definition according with [3] of the Floquet operator,
denoted by U™, is

7i(90+91)67ia1 7i(90+01)67i71

Utpr =re p1 + ite v2,
Utor=Upr, k>1 (8)
with Uyy, as in (6). In this case the eigenvalue equation is
Ut = &P
with ¢ = Y77 | crpk. Then starting from co, c3, we have
< 2k ) :Tk(E)...TQ(E)< ©2 ) k=23,...
C2k+1 c3

where the transfer matrices T (F) are given by (7), along with the additional one

(2)=a(2E).
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where

a1(E) = jf (e—i(E+y1+91+00) — re*i("“*"“))

1
t2

+ r e~ (v2+m) (ei(92*90*0¢1) + Te*i(‘h*al))
t2

Tefi(E+90+91+v2+v1+0t2)

t2 '

az(E) = — e (E+02+01—72—7)

For further details and generalizations of this class of unitary operators, we
refer the reader to [3,9,11,12]. In particular, when the phases are i.i.d. random
variables, it was proved to hold in the unitary case typical results obtained for
discrete one-dimensional random Schrédinger operators. For example, the avail-
ability of a transfer matrix formalism to express generalized eigenvectors allows to
introduce a Lyapunov exponent, to prove a unitary version of Oseledec’s Theorem
and of Ishii-Pastur Theorem (and get absence of absolutely continuous spectrum
in some cases).

Our main interest is on the almost periodic example

U=U({bc} {on} {}),

where the phases «j are taken as constants, ay = a Vk € Z, while the ~4’s are
arbitrary and can be replaced by (—1)*'a (see Lemma 3.2 in [3]). The almost
periodicity due to the phases 6 defined by 6, = 278k + 6, where § € R, and
0 € [0,27). We denote U above by U = U(f3,0) and then for any k € Z see (6)

U(ﬂ, 9)30216 _ irtefi(27rﬁ(4k71)+29)(‘02k71

+ TZe—i(2ﬂ5(4k—l)+29)(p2k

+ Z-rtefi(27rﬁ(4k+1)+29) Vo1

_ t26—i(2ﬂﬁ(4k+1)+20)@2k+2

U(ﬁ, 0)()02]64_1 — —t267i(2776(4k71)+20)(p2k_1 (9)
+ itre—t2rBEK=1F20)

+ Tze—i(2ﬁ5(4k+1)+20)<p2k+l

Fitre—tRTBURFDF20) o)
Let U(8,6)" be the corresponding operator on [?(N*) defined by (8). The following
result was proved in [3].

Theorem 1. (i) For 8 rational and each 6 € [0,27), U(B,0) is purely absolutely
continuous, o5 (U(8,0)T) =0, 0ac(U(B,0)7) = 0ac(U(B,6)) and the point spec-
trum of U(B,0)T consists of finitely many simple eigenvalues in the resolvent set

of U(5,0).
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(ii) Let T (E) be the transfer matrices at E € T corresponding to U(f3,0).
For (8 irrational, the Lyapunov exponent v(E) satisfies, for almost all 6,

and so 04.(U(B,0)) = 0. The same is true for U(3,0)".

Finally, we introduce our study model. We consider a rank one perturbation
of U(B,0)", X € [0,27) (see also [5])

UA(B,0)" ==U(B,0) e =U(B,0)* (Ia + (¢ = 1)P,,) (10)
where Py, (-) = (p1, -)¢1. We observe that
U(s, 9)+ =U" ({9k}Z°:o, {oun}els, {A/k}Zil)

and Uy (3,0)T = U*({ék}zozo, {ak}eq, {’fk}zozl) where 0y = 6y — \ and 0, = 6y,
ax = ag, Yk = Yk for k > 1. Hence, the perturbed operator Uy (3, 6)" also belongs
to the family of Floquet operators studied in [3]. Note also that the Lyapunov
exponent is independent on the parameter .

We can now state our main result:

Theorem 2. (i) For 8 irrational, Ux(3,0)" has only point spectrum for a.e. 6, X €
[0,27), and in the basis {¢r} its eigenfunctions decay exponentially.
(ii) B can be chosen irrational so that

n 2
N B {CAEX  t
n—oo F(n) ’
for all 6 € [0,27) and any X € [§, 5], where F(n) = ln(gj-n) and X is the moment
of order m =1 given by (4).

Remarks.

1. Joining up (i) and (ii) of the theorem above we proved that for some f irra-
tional, for a.e. § € [0,27) and X € [F, §], Ux(B,60)" has pure point spectrum
and the function

n <(UA(5, 0))" 1, X*(Ux(B, 9)+)"¢1>

is unbounded. That is, we have pure point spectrum and dynamical instabil-
ity.

2. One can modify the proof to replace the logarithm function f(n) = In(2 4+ n)
for any monotone sequence f with lim,, . f(n) = oco.
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3. Pure point spectrum
In this section we prove part (i) of Theorem 2. We need a preliminary lemma.
Lemma 1. For any 3 and 0, the vector 1 is cyclic for U(3,0)T.

Proof. Fix B and 6. We indicate that any vector ¢, k € N* can be written as
a linear combination of the vectors (U(ﬁ,&)*)ngol, n € Z. Since U(B,0) 1 =

Te_i(2ﬂ5+29)€_ia(p1 + ite—i(2ﬂ5+20)e—io¢<p2 then
T - ir
p2 = = TN U (G ) o+ (11)
Now .
(U(ﬂ, 9)+) $1 = a1p1 + azp2 + azps, (12)

where a1, ag and az are nonzero complex numbers. Thus, using (11) and (12),
suitable linear combination of (U(8,8)")~tp1, o1 and U(B3,0) T 1 yields p3. Since
U(B,0)T o2 = b1 + baga + b3ps + baps we obtain that ¢4 can be written as a
linear combination desired. Due to the structure of U(3,0)", the process can be
iterated to obtain any . (]

We are in conditions to prove pure point spectrum for our model.

Proof of Theorem 2 (i). Fix 3 irrational and let | - | denote the Lebesgue measure
on [0,27). By Theorem 1 (ii), for any F € [0, 27) there exists Q(F) C [0, 27) with
|Q(E)| =1 such that

v(E) >0, V0ecQE).
Thus, by Fubini’s Theorem,

2m dE 2m 2m da dE
1= QE = 0
| el = [ ([ xamoy ) 5

27 27
dE\ db
p— 9
/0 </0 XQ(E)( )27T> o
and for € in a set of measure one

27
dE
=1
/; XQ(E) (9) or )

that is, @ € Q(F) for almost all E € [0,27). Then we get the existence of Qy C
[0,27) with |Qg| = 1 such that for any 6 € Qq there exists A9 C [0,27) with
|Ag| = 0 and

v(E) >0, VEecA;:=10,2m)\ Ap.
Let u’g) , be the spectral measures associated with

27
Ux(3,0)% = / ePdFy \(E)
0
and respectively vectors gy, so that for k € N* and all Borel sets A C [0, 27)
u () = (o, For(M)or) -



Vol. 8 (2007) Purely Point and Energy Instability 1263

Now, for rank one perturbations of unitary operators there is a spectral averaging
formula as for rank one perturbations of self-adjoint operators (see [18,20] for the
self-adjoint case and [2,5] for the unitary case). Thus, for any f € L'([0,2n)) one
has

27 2 2 dE
| [ rmaam = [y

Then, applying (13) with f the characteristic function of Ay we obtain

dE
2

(13)

21
0= || =/ Xao (E)
0

21 21 27
- / dx / Yo (B)diab A (E) = / b \(Ag)dA,
0 0 0

and so Mé)\(Ag) = 0 for almost all A\. Therefore, for each § € g, there is Jy C
[0, 27) with |J§| = 0 such that

g A(Ag) =0, VAEJp. (14)

By Lemma 1 and (14), it follows that Fy x(Ap) = 0 for all 6 € Qy and X\ € Jp.
Moreover, let Sp » denote the set of E € [0,27) so that the equation

U)\(ﬁv 9)+¢ = eiE
has a nontrivial polynomially bounded solution. It is known that
Fo([0,27m)\ So.0) =0

(see [3,9]). Thus we conclude that Sy x N Ag is a support for Fy z(-) (see remark
bellow) for all 6 € Qp and A € Jy.

Now, if E € Sp N A then Ux(B,0)" 1 = e'F1p has a nontrivial polynomi-
ally bounded solution ¢ and v9(E) > 0. By construction vp x(E) =9(E) where
7o, (E) is the Lyapunov exponent associated with Ux(/3,6)". Thus, by Oseledec’s
Theorem, every solution which is polynomially bounded necessarily has to decay
exponentially, so 1 is in [2(N*) and is an eigenfunction of U, (3,60)". Hence, we
conclude that each E € Sy y N A§ is an eigenvalue of Uy (8,6)" with correspond-
ing eigenfunction decaying exponentially. As [2(N*) is separable, it follows that
So.x N Aj is countable and then Fy »(-) has countable support for all § € Qy and
A € Jp. Thus Ux(8,0)" has purely point spectrum for a.e. 6, A € [0, 27). O

Remark. We say that a Borel set S supports the spectral projection F(-) if
F(]0,2m)\ S) =0.

4. Energy instability

In this section we present the proof of Theorem 2(i4). The initial strategy is that of
Appendix 2 of [7], and Lemmas 2 and 3 ahead are similar to Lemmas B.1 and B.2
in [7]. However, some important technical issues needed quite different arguments.
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To begin with we shall discuss a series of preliminary lemmas, adapted to the
unitary case from the self-adjoint setting.

4.1. Preliminary lemmas
Let P,>, denote the projection onto those vectors supported by {n : n > a}, that
is, for ¢ € 1?(N*)

0, if n<a

(Paza®)(n) = { (n), if n>a’

and similarly for P,«,. Let f(n) be a monotone increasing sequence with f(n) —
00 as m — 0.

Lemma 2. If there exists T,, — oo, T,, € N for all m, such that

D o) |8

1
f(Tn)?’

i (Ux(8,0) <P1H

then

hmsupHX UA (B,0)" H2f 7)

J—00

Proof. By hypothesis, for each m € N, there must be some j,, € [T, 27T,,] such
that

m 1
‘P”ng% (UA(5,6)") J #1 H f(To)?
and then
| (a5,0)%) ‘PlH = 3 02 (UAB,0)7)" o1 (m)?
neN*
T ) 2
m +\JIm
2 32 | sidiy (P, @077 01) @0
TQ
> m X
~ f(Tn)?
Therefore

(Y4
VRS
o
S
N——
no
VR
==
.
Sk
N———
=
Kﬁ
(.
3

f(Jg)S |x a3, wHQ

v
Kﬁ
<
:
8

and the lemma is proved. (Il

In order to prove Theorem 2 (ii) we want to apply the above lemma with
f(n) = (In(n + 2))'/5. By keeping this goal in mind, the estimate in relation (15)
is crucial as well as the following lemmas.
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Lemma 3. Let £ be a unit vector, P a projection, and U a unitary operator. If
£ =n+1 with (n,v) =0, then
1/2

2T 2T
1 : 1 :
roq 2= PO > wl? =3 | STIPUP L (16)
§=T j=T
Proof. Denote D := T~1H Z?:T ||(Ia — P)U’¢||?. Then
1 2T
D= 1—||PU¢|?
T+1,Z( [PU7E]I%)
=T
2T
- >l + Inll* = 1 PU7 (g + 9)I1)
T+1
=T
1 2T
= 2 _ PUIn||2
il T+1Z” U
=T
2T
1 . . _
2 _ Jahl|2 J J
+ Il T—|—1;(”PU ¥|[2 +2Re ((PUIn, PU7Y)) )
—A+B,

with A = [In]? =z}, S0 [PUIn|? and B = (|2 — 14, XiZo (| PUTR|? +
9Re ((PU7n, PUI))).

Clearly, 1, ijT | PU7n||? < |In]|? < 1, and the same is true with 7 replaced
by 1. Hence A > 0 and

oT 2T
1 . 2 . )
— 2 _ Jahll2 — J J
B=ol? =y S IPURP — 3 Re ((PUIn PUYW))
j=T j=T
;2T 5 2T
< lpll2 o2 _ j j
2ol -y S IPTIE - 2| S ipulipuvl
j=T j=T
2T 2
S PO
>l (L, S 1Puwl
J=T
;2 2 | 2
_9 PUnl|? PU |2
(THZII Un|> (Tﬂp U¢|>
j=T =T
1
2T 2
1 .
> el - 3<T+ > |PUJ¢|2> .
J=T

The result follows immediately. O
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The following lemma is an adaptation to the discrete setup of a classical
estimate found in Lemma 4.5, page 543 of [13].

Lemma 4. Let U = fo% e dEy (t) be the spectral decomposition of a unitary op-
erator U on the Hilbert space H. Let & € H be an absolutely continuous vector
for U, i.e., the spectral measure g, associated to U and &, is absolutely contin-

uous with respect to Lebesgue measure, and denote by g = dd’f € Ll([(), 271')) the
corresponding Radon—Nikodym derivative. Define

1/2
€N, = llgll 2> -

Then, for any n € H, one has
j 2
S UrE m 2 < 2 Il .
JEL
If it is clear the unitary operator in question, then ||| - || will be used to indicate
-

Proof. If |||€||| = co then the result is clear. Suppose [[|£]]] < oo and take n € H.

Denote by P,. the spectral projection onto the absolutely continuous subspace

Haoe of U, g = Paenp and § = dgf\o; then pe 5, is absolutely continuous and its

Radon—Nikodym derivative h is estimate by

Ih(z)] < (99)2 (z) = g2 (x) g2 () <[]l g2 ().
Hence h € L?([0,2)) with L? norm estimated by

2w 27 é
[h]l2 < |||€|||</0 §(9€)d9€> = |||€|||</O d/%) = [I€N1 - llmoll < (€N - NIl -

Since
) 27 B 27 B
(U7¢,m) :/ e dpug y (t) :/ eIt h(t)dt = V2r(Fh)(5),
0 0

1
2

it follows that
, ] 9
DU =D 2| (FR)G)? = 2|hll3 < 27 I€]1 Il
JEL JEL
which is precisely the stated result. O
4.2. Cauchy and Borel transforms

Given a probability measure p on 9D = {z € C : |z| = 1}, its Cauchy F},(z) and
Borel R, (z) transforms are, respectively, for z € C with |z| # 1,

et + 2
F = .
we = [ 0T
and

D eit — z

R = [0 aut.
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R, is related to F), by
F,(z) =2zR,(z)+ 1. (17)
Moreover, F), has the following properties [19]:

e lim, 1 F,(re') exists for a.e. 6, and if one decomposes the measure in its
absolutely continuous and singular parts

de
dp(0) = w(0),, + dps(9),
T
then
w(f) = 11%111 Re F,(re'?). (18)

e 0 is a pure point of x if and only if lim,11(1 — r)Re F,(re?) = 0.
e dys is supported on {6 : lim,11 F,(re?) = oo}.

Now, let U be a unitary operator on a separable Hilbert space H and ¢ a
cyclic vector for U. Consider the rank one perturbation of U

Uy =Ue*e =U(ILq + (™ = 1)Py) ,
where Py(-) = (¢,-)¢ and A € [0,27). Denote by duy the spectral measure asso-
ciated with Uy and ¢, F)\ = F,,, and Ry = R,,. We have the following relations
between Ry and Ry, F)\ and Fjy:

Lemma 5. For |z| # 1

_ Ro(z)
Ba(z) = e + z(e — 1)Ro(z) (19)
and
(€ =1) + (e +1)Fy(z)
F(z) = (e +1) 4 (e — 1) Fo(2) (20)
In particular, for X # =,
~ (1+9*)Re Fy(z)
Re Fy(z) = L+ iyFo(2)? (21)
where y = 1?&2) , and for =7
Re Fy(z) — 1o Fol2) (22)

R
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Proof. Relation (19) was got in [5]. For checking (20) we use relations (17) and (19).
In fact,

Fy(z) =2zR\(2) + 1
Ro(2)

=27 4 (et — 1)Ry(2) T
e + z(e — 1)Ro(2) + 22Ro(2)

e + z(e —1)Ry(z)
e + 2(e + 1)Ro(2)
i 4 z(eir — 1)Ro(2)
2e 4 22e Ry (2) + 22Ro(2)
2N + 2z Ry (2) — 2zRo(2)
e — 1+ e 4 2e?2Ry(2) + 1+ 22Rp(2)
e+ 1+ e +2eM2R(2) — 1 — 22Rp(2)
(e = 1)+ (™ + 1)(1+22Ro(2))
C (e 1) + (e — 1) (1 + 22Ro(2))
_ (€= 1)+ (™ + 1) Fo(2)
( ( 1)Fy

e —1) +
eiA + 1) ez)\ ( )

Now, for A\ # m we have e"* 4+ 1 # 0 and then

e —1

el + FO(Z)
F)\(Z) = Atj)\_l
14 (ei)\+1) FO(Z)
_ iyt E() | 1—iyko(2)
L+iyFo(z) 1 —iyFy(2)

iy + Fo(z) —iy|Fo(2)|* + y2 Fo(2)
|1+ iyFo(z)[? ’

where 21147-1 =iqy and y = 1?&2‘)\. So, for A # ,
(1+y*)Re Fy(2)
Re F =
T )
and (21) is obtained. For A = 7 we have F)(z) = Fol(z) and (22) follows. O

Lemma 6. Fiz a rational number 3. Then there exist C1 > 0 and Cy < 00, and

for each 6 € [0,27) and X € [, 5] a decomposition

©1 =N\ + Yo x
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so that
(Me.x,Yen) =0, (23)
Yol > C1, (24)
o lly, 5.0ps < Co (25)
(the notation ||| - |||, was introduced in Lemma 4).

Proof. We break the proof in some steps.
Step 1. By Theorem 1, since g is rational,

o5 (U(B,0)7) =0, 0ac(U(B,0)") = 0ac (U(3,0))

and the point spectrum of U(8,0)" consists of finitely many simple eigenvalues
in the resolvent set of U(f3, ). Denote by pg,x the spectral measure associated to
Ux(B3,0)" and (the cyclic vector) o1, and by pg the spectral measure associated
to U(B,0)" and ¢ (i.e., the case A = 0). Write

dFE
dpg A(E) = for(E) or T du$?(E)

dE
dpo(E) = fo(B),, _ + dpy(E).
Step 2. Relation between fp » and fp: By Lemma 5, for A # 7 one has
1+ y? F
Re Fyy(z) = VR )
11+ iyF, (2)]

where y = 1?:302 , and then

L+y*) fo(E
foamy = UENE
|1+ dylim,q1 F),, (ret?)|
for almost all E.
Step 3. Relation between fp and fo: By (9) and (8) one gets

U(B,0)t =e°U(3,0)* (26)
and using this relation it found that
(U(B.0)7) =77 (U(8,0))’
for all j € Z. Thus, by the spectral theorem, for any j € Z,
2w 2w
g dE g dE
—ijE _ —ijE _
/0 e fo(E) or /0 e fo(E —20) or °
Hence
fo(E) = fo(E —26) (27)

for almost all £
Step 4. Lower and upper bounds for fg x: We have

11%1 F,,(re'?) = fo(BE) +i 11%1 Im F,,(re'¥)
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and

ril 1 g eit —rett
2m it
. e’ +re 0
+ lim Im ) t
L J, <e“5 —relE) o)

If we denote . it el o
90(E) = lrl%lll tm (e“ — reiE> fo(®) 27’

then by (27) we obtain gg(E) = gO(E — 20) for almost all E. On the other hand,

by (26) we have that E is an eigenvalue of U(3,0)" if and only if F — 26 is an

eigenvalue of U(3,0)". Let {E9 ', be the set of eigenvalues of U(3,0)" (recall

that n < co) and dup S J(SEJQ (0 is the Dirac measure at E). Then

Jj=1
2w it iE 2m ;
. e +re 0 . 2rsin(E —t) 0
1 I . ) dp(t) =1 dp; (¢
i [ (G s o =t [ 0

~ 2rsin(E — E?)kf
i) (= B,
rit e 14 2 — 2rcos(E — EY)

2": 2sin(E — 20 — E?)x!
‘elEJ — ei(B— 29)‘

J=1

Since fo € L'([0,27)), by a result of [14] (Theorem 1.6 in Chapter III), the func-
tion gg is of weak L' type, i.e., go is measurable and there exits a constant C' > 0
such that for all 7" > 0 the Lebesgue measure

(B (B <T) 21— . (28)

Pick S > 0 such that Qg = {E : { < fo(E) < S} satisfies |Qg] > 0 and
dist (Qs, {E;-)}?:l) = L > 0. Then choose T sufficiently large such that
A:=QsN{E:|g(E) <T}
satisfies |A| > 0; by (28) this is possible. For 6 € [0, 27) put
Ip:={E€0,2m): E—20 € A};

thus |Ig| = |A| > 0. Then, for all § € [0,27), X € [0, %] (equivalently y € [0, 1])
and almost all E € Iy one has
" 2sin(E — 20 — E9)k! )

J
Z |eiE}) — ei(E—26)2

1+y li%rll E,, (re'?)
r =

<1+ ly| (fe(E) + 1go(E)| +

2|
<1+ fo(E —260) + |go(E —29|+Z s
j=1

2
S1+S+T+ 7,



Vol. 8 (2007) Purely Point and Energy Instability 1271

So, for all § € [0,2), A € [0,”] and almost all E € I,

B (1+9y*)fo(E)
f07)\(E) - |1 _|_iy1imTT1 F#Q(TeiE))P
Jo(E —20)
T (1+S+T+2/L?)?
1
= S(4+5+T+2/12)2"

In order to get un upper bound, note that
L+iylim Fy, (re™)| 2 yfo(E) 20,
T

and so, for all § € [0,27), A € [§, 7] (equivalently y € |

6 5 D and almost all
Eely

1
2437 1
L+ y?) fo(E
for(E) = .( v )fo(E) o
1+ iylim,qq F),, (ret?)|
o T+ fe(E) _ (1497
Y2 fo(E)? y? fo(E —20)
< 2(2+V3)%8.
Summing up, for all § € [0,27), A € [§, 7] and almost all E € Iy, we have
proved that
1
S(1+S+T+2/L?)

Step 5. Conclusion: For A € [§, 7] and 6 € [0, 27) let

, < foa(E) <202+ V3)%S. (29)

Yo =P o1, mes=(Ia— P e,

where PIGQ’A is the spectral projection (of Ux(3,0)") onto Ip. Then for each 6 €
[0,27) and A € [§, 7] we have the decomposition @1 = 19 x+1g,x that satisfies (23).

By the construction in Step 4, we have that A = Iy is in the absolutely
continuous spectrum of U(3,0)", so by (26) and the definition of Iy it follows
that Iy is in the absolutely continuous spectrum of U(3,8)T; thus using Birman-
Krein’s theorem on invariance of absolutely continuous spectrum under trace class

perturbations, we conclude that Iy belongs to the absolutely continuous spectrum
of Ux(B3,0)" for all \. Therefore by (29)

0. 0.
Yo xll* = (o.x,vo.x) = (P p1, P pr)

27
= (1, Py 1) :/0 Xr1o (E)dpig,

dE |A|

= B >
L Joa(E), 2 21S(1+ S + T +2/L?)?



1272 C. R. de Oliveira and M. S. Simsen Ann. Henri Poincaré

and (24) holds with

_ 4] 2.
G = (27r5(1+5+T+2/L2)2) > 0;

also
2 = 1RSI - <2(2+ V3)2S
01 aays = IPL AL, (50 = It ol < 22+ V3)
and (25) holds with Cy = (2(2 + v/3)25)'/2 < co. The lemma is proved. O

4.3. Variation of 3

The next lemma gives an estimate of the dependence of the dynamics on (. Its
proof strongly uses the structure of Uy (3,6)*.

Lemma 7. Let 3,3 € R. Then, forn > 1,
| (UA(B,0)")" 1 = (UA(B.0)")" 1| < 2% 4"(2n* —n)2m |5~ §'] .
Proof. Tt is an induction. We have
U(8,0)  ¢; = U(B,0)" (la + (€™ = 1) Ppy )¢

_ [ UB,0) e, it j>1
Tl UB O e+ (e = 1DU(B,0) T if j=1

o U(ﬁ, 9)+(pj if j >1
T PUBO T i =1
Thus , , ,
Ux(B,0)T o1 = e?U(B,0)" o1 = are @D py + aze @™,
where a; = re*e~t20) and qy = itetre~HT29) Since
e~ — | < 2]z — 2| (30)
and |a;| <1, j = 1,2, then
[UA(B.0) 1 UA(8.0) | < 2e2m) — c=tem)
<4x22rB—-2nF|=2x4x2r |3 [

and the lemma is proved for n = 1.
Now,

(UNB,0)F)” p1 = Un(B,0) T Ux(B,0) " 1
= UA(B,0)" (aleﬂ‘(zwm% n QQeﬂ'(zwﬁ)m)
= ei)‘ale_i(Q’Tﬁ)U(ﬁﬁ)Jrcpl + age_i(Q’TB)U(ﬁ,G)Jrcpg
— gy 1270 (ble*i@”@@l + 526%(%6)@2)
T agei27H) (Cle—m(zwa))% F epe 32T

TR CHC LRI 046—1'(5.(2#5))@4)
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Since |aj| < 1,1bj| < 1, |¢j| < 1 and there are 244 < 4x4 terms in the expansion of

(Ux (B, 9)“')2 1 and the largest exponent (which provides the largest contribution

by (30)) is obtained from the product of the exponentialse™*(27%)e=i((2+3)276) —
e~ (A+243)276) e obtain

H(UA(5,9)+)2 — (U8, 0)F g01H<4><4><2(1+2+3)27r|5 ed
=2x4*(1+2+3)27|8 -7,

and the lemma is proved for n = 2. In a similar way by the structure of Uy (3, 0)"

we conclude that (UA(H,H)JF)3 1 has at most 42 x 4 terms where the largest
exponent is in e~ i(1F2+3)278 o —i((445)278) — o—i((1L+2+3+4+5)278) 2 g0

H(UA(B,H) Yor— (U8, 0)* <p1H<4><4><4><2(1—|—2—|—3+4—|—5)27T|6 Ied
=2x4%(1+2+3+4+5)27 (8- f].

Inductively one finds that (Ux(3,0)")" ¢ has at the most 4™ terms, and according
to (30) the largest contribution comes from the product

o~ 11424 +2n=3)2mB ,—i(((2n—2)+(2n—1))27B) _ ,—i((1+2+-+2n—1)273)

and then
| (UAB,0)")" o1 = (UA(B,0)T) 1| <2x4™(1+2+ - +2n—1)21 |8 — F|;
since 2n2 —n =142+ .-+ 2n — 1, the result follows. O

4.4. Proof of Theorem 2 (ii)

Finally, using this preparatory set of results, we finish the proof of our main result.
Let f(n) = (In(2+n|))5. Sequences By, Ty, Ap, will be built inductively, starting
with 81 = 1, so that
(i) ﬂm+1 Bm = 275! for some k,, € N;
(i) 5. +1 Z2Tm P, (I (UA(B,0)T) ¢1]? > (T )2 for all 6 € [0,27), X €
[6+ 2] and § with |5 ﬁm| < Am7
(iii) |ﬂm+1 ﬁk| < Ay for k = 1,2,.
If (i), (ii), and (iii) are satisfied then we conclude by (i) that 8o, = lim 3,, is
irrational, by (iii) that |Sec — Bm| < Ay, and then by (ii) that
1 m

i 2
Tm—|—1 ZT: ||P”Zf(:,”:FTn) (Uk(ﬁooaa)—’_)J 4101” Z f(Tm)2

for 6 € [0,27) and X € [§, 7]. So by Lemma 2

hmsupHX Ux(8,0) ) H2f

n—oo

for 8 = B and the result is proved.
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Then we shall construct B, T, Ay, such that (i), (ii), and (iii) hold. Start
with 61 = 1. Given 81, ..., Bm, T1,..., Tm—1 and Ay, ..., A, _1 we shall show how
to choose Tp,, Ay, and Bi41-

Given By, let 1 = 7+ ¥ be the decomposition given by Lemma 6 and let
C1, Cs be the corresponding constants. Choose T, > 2T;,,—1 (and Ty > 2) so that

C2 = 3V2rCy (2f (T,) ™ + TY)? > 2f(T) ™" (31)
This is possible since C; and Cy are fixed (given G,,) and f(n) — co.
Note that
2T

TLZH e (UAB,0)7) " < T+1#{n:n< f(TT)}HwHF; (32)

in fact

1 & .
71 2 1P g (G360 ol

T+1Z > ‘(UAﬁa )1”)(")‘2

I=Tn< iy
2
TS z\(wm "v) (n >\
n<f(T)J_
n< s(r) I=
then by Lemma 4
L B 1 ,
ra1 2 1P, @O VIS oy 3 il

and (32) follows.
By Lemma 3 and (32)

1 2T,

T,+1 Z H n> m (U/\(ﬂm, )+)j</’1||2

7771
1

2Ty, . 2

J=Tm

27 . Tin 2 :
> o - 3<Tm "< }nwm )



Vol. 8 (2007) Purely Point and Energy Instability 1275

o T, :
> 2 . m 2
> Cf 3<Tm+1#{n n < f(Tm)}C2>

012—3\/2W02<Tm1+1#{n:n<fgjn)}> .

Slnce#{n n<fT )}<2

FT) + 1 it follows that

1 2T,

T, +1 Z H n> lm (Ux(ﬁma ) 301H

J=Tm

1

> Cf = 3VanCy <Tm1+ | (fQéZ) ! 1))

2012—3\/27702(f(; )+T1 )

for 6 € [0,27) and A € [F, §]. Thus by (31), we obtain

672
[ o )
J
1,41 2 Wz g, OGO 02
for 6 € [0,27) and A € [§, 7]

So, by Lemma 7, for 3 € R, # € [0,27) and A € [§, 7]

1 2T,

T _|_1 Z H n>, Tm (UA(57 QOIH
1 2T 2
= <T _|_1 Z || |n\> Tm (U)\(ﬁ7 ) @1”)

2T,
1 - j
B (Tm+1 Z P">f< T (U (B 0)7)" 01

=dm

2
+ P T ((UA(@ 9)+)j Y1 - (UA(ﬁm’ 0)+)j <p1) H)

2T,
1 ~ j
(o 3 I g, @y o

=Tm

2
- [[(@nB.0) = (OnBa0))) ¢1H>
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| U ‘
> P 7 (Ux(Bon®)F) o1
= <Tm+1jZT (” A CACER A

2
— 4257 = j)mlB - ml))

2 1 o ’
> - 47 (25 —j)ﬂ>|ﬁ—ﬁm|> :
(f(m) Tm+1<j§m

T, +1
F(Tw) S35, 4741242 = j)m
we obtain that, if |8 — G| < A,

2T,

Z ||Pn2 o (U/\(ﬁaa)Jr)j 801H2 >

=T,

Taking

m =

1

Tm+1j f(Tm)z.

Finally, pick 3,,+1 rational so that

1Bn — Bms1] <A, n=1,....,m,
and By 11 = By +27 %" for some k,,, € N. This finishes the proof of Theorem 2 (ii).

Remark. For the operator Ux(8,0) := U(3,0)(la + (e** — 1)P,,) on [*(Z) we can
similarly prove an analogous result. The proof of dynamical instability for some
irrational 3 is essentially unchanged except for Lemma 6 which is simplified since
U(B,0) is purely absolutely continuous for § rational. On the other hand, about
pure point spectrum, the main difference in this case is that 7 might not be cyclic,
an thus, we don’t get pure point spectrum for Uy (3, 8) for a.e. § and A as obtained
on [?(N*), but we get that ¢; is in the point spectral subspace corresponding to
Ux(8,0) for a.e. § and .
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