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Abstract. We consider the perturbed harmonic oscillator Tpy = —¢" +
2?Y + q(x), P(0) = 0, in L*(Ry), where ¢ € Hy = {¢',zq € L*(Ry)}
is a real-valued potential. We prove that the mapping g — spectral data =
{eigenvalues of Tp} @ {norming constants} is one-to-one and onto. The com-
plete characterization of the set of spectral data which corresponds to ¢ € Hy
is given.

1. Introduction and main results

Consider the Schrodinger operator

0 2 3
H:—@+|x| +4q(x]) x€eR’, (1.1)
acting in the space L?(R?). Let * = |x| and ¢ be a real-valued bounded func-

tion. The operator H has pure point spectrum. Using the standard transformation
u(x) — zu(x) and expansion in spherical harmonics, we obtain that H is unitary
equivalent to a direct sum of the Schrédinger operators acting on L?(Ry). The
first operator from this sum is given by

Tt =~ + %+ q@)b, 0(0)=0, >0, (1.2)

The second is —dd—; +z?+ I% + ¢(x) etc. Below we consider the simplest case, i.e.,
the operator Tp . In our paper we assume that

geH, ={qe L’(Ry): ¢ ,xqe L*(Ry)}.
The similar class of potentials was used to solve the corresponding inverse problem
on the real line [5]. Define the unperturbed operator TH¢ = —¢" + %, 4 (0) = 0.



1116 D. Chelkak and E. Korotyaev Ann. Henri Poincaré

The spectrum o(Tp) of T is the increasing sequence of simple eigenvalues o,, =
02 +0(1), where 69 = 4n+ 3, n > 0, are the eigenvalues of T . Note that o(Tp)
does not determine ¢ uniquely, see Theorem 1.3. Then what does the isospectral
set
Isop(q) = {p € Hy : 0,(p) = ou(q) for alln >0}
of all potentials p with the same Dirichlet spectrum as ¢ look like?
The inverse problem consists of two parts:

1) to characterize the set of all sequences of real numbers which arise as the
Dirichlet spectra of ¢ € Hy.
2) to describe the set Isop(q).

We shall give the complete solution of these problems in Theorem 1.3. To
describe the set Isop(q) we define the norming constants v,(q) by'

-2
vn(q) = log|lp(- 0n(9),9)||,” = 2log ¢y, p(0,9)[, n >0, (1.3)
where ¢(x) = ¢(x, A, q) is the solution of the equation
—¢" + 2o +q@)p=No, ©0)=0, ¢0)=1, (\¢geCxH,, (14)
and v, p is the n-th normalized (in L?(R)) eigenfunction of the operator T .

Remark. Let ¥, o(x) = ¥, o(|x|) be the n-th normalized (in L?(R?)) spherically-
symmetric eigenfunction of the operator H given by (1.1). Then we obtain

W, o(x) = w;\,/p%(”z:)

We describe papers about the inverse problem for the perturbed harmonic
oscillator, which are relevant to our paper. McKean and Trubowitz [11] considered
the problem of reconstruction on the real line. They gave an algorithm for the
reconstruction of ¢ from norming constants for the class of real infinitely differ-
entiable potentials, vanishing rapidly at doo, for fixed eigenvalues \,(q) = A}
for all n and “norming constants” — 0 rapidly as n — oo. Later on, Levi-
tan [10] reproved some results of [11] without an exact definition of the class
of potentials. Some uniqueness theorems were proved by Gesztesy, Simon [7] and
Chelkak, Kargaev, Korotyaev [4]. Chelkak, Kargaev, Korotyaev [5] obtained the
characterization and described the isospectral set for the case on the real line for
g€ H={qe L*R) : ¢,zq € L*(R)}. For uniqueness theorems we need some
asymptotics of fundamental solutions and eigenvalues at high energy. For charac-
terization we need “sharp” asymptotics of these values. Usually it is not simple.
Note that recently the asymptotics A, (q) were determined for bounded potentials
in [9]. Gesztesy and Simon [6] proved that the each Isop(q) is connected for various
classes of potentials. Note that the inverse problem for harmonic oscillator on the
half-line for the boundary conditions ¢’ (0) = bp(0), b € R is solved in [3].

9 e”n(‘])
and |¥,0(0)]° = Py n>0.

Here and below we use the notations || - ||+ = || - ||L2(R+) G =G '>L2(R+) .



Vol. 8 (2007)  The Inverse Problem for Perturbed Harmonic Oscillator 1117

Our approach is based on the methods from [5] and [13] (devoted to the
inverse Dirichlet problem on [0, 1]). The main point in the inverse problem for
the perturbed harmonic oscillator Tp on Ry is the characterization of Isop(q).
Note that, in contrast to the case of perturbed harmonic oscillator on the real-
line [5], the characterization of {v,}22 ), i.e., the parameterization of isospectral
manifolds, is given in terms of the standard weighted ¢2-space. Thus there is a
big difference between the case of the real line and the case of the half-line.

The present paper continues the series of papers [4,5] devoted to the inverse
spectral problem for the perturbed harmonic oscillator on the real line. Note that
the set of spectra which correspond to potentials from Hy (see Section 3 for
details) is similar to the space of spectral data in [5]. In particular, the range of
the linear operator f(z)r (1 —2)~/2f(z) acting in some Hardy-Sobolev space in
the unit disc plays an important role. As a byproduct of our analysis, we give the
simple proof of the equivalence between two definitions of the space of spectral
data (Theorem 4.2 in [5]), which was established in [5] using a more complicated
techniques.

We recall some basic results from [5]. Consider the operator

T = =" + 2% + q(x)p,
q € Hepen = {q € L*(R) : ¢/, 2q € L*(R); q(z) = q(—2z), = € R},

acting in the space L?(R). The spectrum o(7T') is an increasing sequence of simple
eigenvalues given by

M(@) = A2 4 pn(q), where X2 =)\, (0)=2n+1, n>0,
and p,(g) >0 as n— .
Define the real weighted ¢ 2-space
2={e={aky: R, elf = S (1 +mleal’ < Hoop, 720,
n>0
and the Hardy—Sobolev space of analytic functions in the unit disc D={z : |z| <1}:
H = H(D)
= (@) =D faz", 2€D: fu€R, |fllmz = I{fa}iollez < +oop, 720,
n>0

Introduce the space of spectral data from [5]

M= dh= iy 3 heen = L2

L feH3Y, ||hlx=
n>0 \/m f % || ”H HfHH2

3/4

. (15)
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Theorem 1.1 ([5]). The mapping q — {A(q) — A2}°°  is a real-analytic isomor-
phism? between the space of even potentials Heyen, and the following open convex
subset

S={{ha}2lg €H:AJ+ho <A+ h1 <XJ+hy<--}CH.

Remark. The inequalities in the definition of S correspond to the monotonicity of
eigenvalues.

Recall the following sharp representation from [5]:

L]tdt - ~ [e’e]
LA ftw). @}y e, gem.

where the subspace Hy C H of codimension 1 is given by

Anlq) = A +

Ho=SheH:VI—z Y hp2"| =f1)=0,. (1.6)
nz0 z=1

Remark that Lemma 3.4 yields i,(¢) = O(n=3/*log'/?n) as n — co. Also, we
need

Proposition 1.2 (Trace formula). For each ¢ € Heyen the following identity holds:
20) =23 (onla) = Aansi(q) +2). (L.7)
n>0
where the sum converges absolutely.
We come to the inverse problem for the operator Tp on Ry . For each ¢ € H

we set g(—z) = q(x), * > 0. This gives a natural isomorphism between H_
and Heyern, - Then
on(q) = A2nt1(q), n=0.
Let
Sp={{hn}plo€H: 00 +ho<o]+hi <o) +hy<--}. (1.8)

We formulate our main result.
Theorem 1.3.

(i) The sequence {0y, (q) — 02} belongs to Sp for each potential ¢ € Hy .

(ii) For each q € Hy the sequence {r,(q)}2, € 232/4, where Ty, s given by

Y - Aen+ 1!
vn(q) = Vroz 2(2n + 1) ﬁ22”[n!]2]

2By definition, the mapping of Hilbert spaces F' : H; — H. is a local real-analytic isomorphism iff
for any y € H; it has an analytic continuation F' into some complex neighborhood y € U C Hi¢
of y such that F is a bijection between U and some complex neighborhood F(y) € F(U) C Hac

+7rn(q), and 1/2 =v,(0) = log{

of F(y) and both F, F~! are analytic. The local isomorphism F is a (global) isomorphism iff it
is a bijection.
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(iii) The mapping ¢ — ({on(q) — 02124, q(0), {r.(q)}%,) is a real-analytic iso-
morphism between Hy and Sp x R x 232/4,

Remark. In particular, (p(0),{r,(p)}>2,) € R x 232/4 are “independent coordi-
nates” in Isop(q).

The ingredients of the proof of Theorem 1.3 are:

i) Uniqueness Theorem. We adopt the proof from [13] and [4]. This proof re-
quires only some estimates of the fundamental solutions.

ii) Analysis of the Fréchet derivative of the nonlinear spectral mapping
{potentials} — {spectral data} at the point ¢ = 0. We emphasize that this
linear operator is complicated (in particular, it is not the Fourier transform,
as it was in [13]). Here we essentially use the technique of generating functions
(from [5]), which are analytic in the unit disc.

iii) Asymptotic analysis of the difference between spectral data and its Fréchet
derivatives at ¢ = 0. Here the calculations and asymptotics from [5] play an
important role.

iv) The proof that the spectral mapping is a surjection, i.e., the fact that each
element of an appropriate Hilbert space can be obtained as spectral data of
some potential ¢ € Hy . Here we use the standard Darboux transform of
second-order differential equations.

The plan of the paper. Section 2 is devoted to the basic asymptotics of the eigenval-
ues 0y, (¢) and the values log[(—1)"9/ (0,0x,(q),q)] . In Section 3 we introduce the
space H and obtain its equivalent definition (Corollary 3.6). Furthermore, we con-
sider a kind of linear approximation of our spectral data and prove Theorem 3.10
that is, in a sense, the linear analogue of the main Theorem 1.3. Section 4 is de-
voted to the asymptotics of the norming constants v,(q). Also, in this sect. we
prove Proposition 1.2. In Section 5 we prove the main Theorem 1.3. All needed
properties of fundamental solutions, gradients of spectral data and some technical
lemmas are collected in Appendix.

2. Basic asymptotics

Let 1% (z,\) = D-1(v/27) be the decreasing near +oo solution of the unperturbed
2
equation

_w1/+x2w:)\w.
We use the standard notation D, (x) for the Weber functions (or the parabolic
cylinder functions), see [1]. Note that for each ¢ € Hy the perturbed equation

—¢" + 2% + q(2)p = M

has the unique solution ¢ (z, A, ¢) such that 14 (z) = ¢ (z)(14+0(1)) as x — 400
(see (A.11)).
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Lemma 2.1. For each ¢ € Hy and n > 0 the following identities hold:
(0,0 (a), q)l
1/’+ (07 Un(Q)a q)
wgr (07 Un(Q)) H On (Q) —Om (Q)

on(q) — ol on(q) — ol

vn(q) = 210gl (2.1)

V4 (0,04(q), q) = ; 51% =y (22)

m:m#n

Remark. It is important that the values 1./')+(0, on(q),q) are uniquely determined
by the spectrum o(Tp). In particular, ¥4 (0,0,(p),p) = ¥+(0,0,(q),q) for all
p € Isop(g) and n > 0.

Proof. The standard identity® ¢ = {4 4} yields

+oo 9 . +oo .
Vi @de = (e i} = 009 0),
0
where we omit 0,,(¢) and ¢ for short. Therefore,

’Q/JSr(0,0'n(Q),(]) :|2 _ _wﬁr(oaan(Q)aQ)
||¢+('70n(9)7Q)||+ ¢+(070n(q),(]) .

Using the Hadamard Factorization Theorem, we obtain

b (0,0,0) =02 (0,0)- [] =28 s ec.

0
g — 0
m>0 m

The differentiation of ¢4 (0, o, q) gives (2.2). O

@ = [¢!, 1 (0,9)]% = [

Let 90 be the normalized (in L?(R)) eigenfunctions of the unperturbed har-
monic oscillator on R. Note that 90 ,(-) = ¢np(-0) = V248, 1 (). Tt is well-
known that

PO (2) = (n!ﬁ)féDn (V2z) = (Q"n!ﬁ)féHn(x)e*% , n>0,

where H,(x) are the Hermite polynomials. For each n > 0 we consider the second
solution

O (x) = <n!ﬁ)1/2 (-1)3 Ilm D_, 1(iv2z), niseven,
' 2 (-=1)*z ReD_,,_1(iv/2x), mnisodd,

of the equation —¢” + 2%y = A\%¢) which is uniquely defined by the conditions
Dasnt =1, (Wpxa)(—2) = =) (@), zeR.
Note that (¥2x2)(z) = (—=1)""z + O(2?) as z — 0, and (Y2x9)(x) = —271 +

O(z72) as z — oo, see [5]. Following [5], for ¢ € H,, we introduce
q

Gn=(0.(00)%), . @n=(200xn), n20. (2.3)

3Here and below we use the notations {f,g} = fg' — f'g, v’ = Zu, = oy U-
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Also, we introduce the constants
o =2 (0,00), Kl = (9 (0,)%), F, =19(0,X%) and so on.

Theorem 2.2. For each q € Hy the following asymptotics® hold:

on(q) = oy + 22011 + 63 5(n), (2.4)
Y (0,0n(q),q) Kb, y
log + - @.9) _ 2L (0,(g) — 09) — dongr + 03, 5(n),  (25)
Kopt1 Kopt1 4

uniformly on bounded subsets of Hy , for some absolute constant § > 0.

Remark.

i) Proposition 3.2 immediately yields {qAn}ff:O € ‘H . Using basic properties of
the spaces H, Ho (see Proposition 3.3 and Lemma 3.4), we obtain

Goni1 =7 fo, a(t)dt - (05)"% + 0 (n—% log? n) .

ii) In the proof we use some technical results from [5], formulated in Appendix
A1-A4.

Proof. Let p = 0,(q) — 0% and m = 2n + 1. Recall that 62 = A% and 1 (0,\2, +
#,q) = 0. Lemma A.4 (i) yields u = O(m~'?). Due to Corollary A.3 and asymp-
totics (A.13), we have

0 (Do N0 L
0= ¢+(05Aﬁm+ﬂaq) _ 1/’+ ( ) ml;q)+lim 'LL—FO(m_llogm)

Hence, Lemma A.7 (ii) gives u = 20, + O(m~'log®m). Using the similar argu-
ments, we deduce that
1 P9

0= <¢$>+¢$-u+¢9+¢$>.2&m+7 (2&m)2) (0,72 ¢)+0 (m—% log? m) .

m

Together with Lemmas A.7 (ii), A.6, this yields

N =
I
K>
3
I
K<
3
K>
3
+
N
E
Q
3
+
N | =
K<
3
N—
V]
K>
3
I
=
3
3
e
+
o
+
>
2

4Here and below an = by + £2(n) means that {an — by}, € £2. We say that an(q) =
bn(g) 4+ £2(n) holds true uniformly on some set iff norms ||[{an(q) — bn(q)}2 ¢ll,2 are uniformly

bounded on this set.



1122 D. Chelkak and E. Korotyaev

Ann. Henri Poincaré

Furthermore, using Corollary A.3 and Lemma A.7 (ii), we obtain

¥, (0,0.(q), 9)

/

K‘m
(w3 + 8 + o) 0,2, + 1 a) )
= 7 +0(m™2)

0 4 oW Lo . @) 0 9h 10090 12) (0. A0
¢++¢+ +¢+ ,UJ+"r/)+ +¢+ qm+21/)+ (qm) (a maq)

+ O(m_% log® m)

v F! 1 v 2. k!
1t B (G G = T (2 o+ (2

- 8 K
2K:;n A 2 2
Hence,
0,0n(q), v i k! & )2
log V( n(4) q)_—qm++” +2(+”—(j”)2 T
ﬁ2n+l ’%m /im ( ) 16
v i 9
:_qm+ﬁTm 'U+€%+5(m)7

where we have used Lemma A.6.

AN \Y ~
3. Coeflicients 95,1, 42,11 and 4,
Let
U0 (z) = 240 (V)

n>0.

Note that the mapping

g {0}, H— 0,

(3.1)

is a linear isomorphism®. Moreover, since {ng}fﬁzo is the orthogonal basis of the
space Heyen , it is the orthogonal basis of Hy . On the contrary, {9, 1%, is

the orthogonal basis of the subspace

H} ={geH,;:q(0)=0} CH,.

5We say that the linear operator is a linear isomorphism iff it is bounded and its inverse is

bounded too.
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Following [5], for each potential ¢ € H we define two (analytic in the unit

disc D) functions

(Fq)( 1/4ZVE/€ q7¢2k ) Z€D7
k>0
27T 1/4 (@, 0% 11) o
(Gq)(2) + zeD,
)
where -
Ek:%’vﬂ'_ék_; as k — o00.

Lemma 3.1.

(i) The mapping q — Fq is a linear isomorphism between Hy and H§/4.
(ii) The mapping q — Gq is a linear isomorphism between HO and H§/4.

(iii) (Gq)(-) € C(T\{-1}) and (Gq)(-) € LY(T) for each q € H,.

Proof. (i), (ii) Using (3.1) and (3.3), we deduce that the mappings
q— {<q,$8m>+};°:0 — Fq, H, — (), — H}),
g~ {{g, %ng+1>+};o:0 — Gq, HY — (7, — H3),

are linear isomorphisms.
(iii) Let ¢ € H . Since 1J(0) = 21/47~1/4 (see (3.8)), we obtain

g(z) = 27171 ¢(0) - () + qo(z), = >0,

(3.2)

for some go € HY . Due to (ii), we have Ggo € H§/4 C C(T) C LY(T). Furthermore,

(3.9) yields

a (2m) 1/4
(@) 22 Z 2m+1
Hence, G{l;g e C(T\{-1}), Gwo € LY(T) and the same holds for Gq.

Lemma 3.2 ([5]). Let g € Hy. Then the following identities® hold:

o (Fo)2) o p [G0Q]
2 et = 20 _P+[ﬂ]’ =

n>0 n>0

(Fq)(1) = (2m)~} / g0dt,  (Fg)(—1) =2-%4(0),

where the coefficients @n and én ,n >0, are defined by (2.3).

8We write f(z) = g(z) iff the identity f(z) = g(z) holds true for all z € D.
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Remark.
i) Here and below we put (P f)(2) = 5= flClzl féi)jc for any f € L'(T) and
z € D. In particular, the identity (P Ziz_k cnC™)(2) = ZZ:O cnz™ holds
true for any ¢, € C.
ii) Definition (1.5) of the space H is directly motivated by asymptotics (2.4)
and (3.4)

Proof. Identities (3.4) were proved in [5] (Propositions 1.2 and 2.9). Also, in [5] it
was shown that

1= d8hla) [ et = 2m)t 3 VEL (o).
k>0 R k>0

in the sense of distributions, which gives (Fgq)(1) = (27)~ /2 Jr., a(t)dt. Further-
more,

~ ~ ~ 214 Hyy,(0)
5 xTr) = 0 x€T) - 0 O = 0 xT) -
(0= o) 30 = ST L
- () S VE @
k>0

in the sense of distributions. Together with (3.2), this implies (Fq)(—1) =

2712 4(0)/2. O
We need some results from [5] (see Lemmas 2.10, 2.11 [5]).

Proposition 3.3.

i) For each {h,}%, € H there exist unique v € R and h7(10) o € Ho such
n=0 n=0
that hy, = v - (X0)=1/2 4 W The mapping

h+— (v, h(o))
s a linear isomorphism between H and R x Hy. If h = {@n}%ozo ,qg€ Hy
then
1 1 =
v=221"2y1—2 Zhnz” =7T_1/ q(t)dt.
n=0 =1 R+

(i) The set of finite sequences {(ho,... ,hy,0,0,...), k>0, h; € R} is dense
m Ho .
(iii) The embeddings 532/4 CHo C 512/4 are fulfilled.
(iv) If {hn}520 € H, then {hp — hny1}22, € 63/4.
Remark. Since Ho C 512/4, the sequence of leading terms {(\2)~1/20}2  doesn’t
belong to Hy .

The next lemma gives the O-type estimate for sequences from Hy .

Lemma 3.4. Let {h,}°%, € Ho. Then h, = O(n~3/*1og"/?n) as n — cc.
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Proof. The proof is similar to the proof of Lemma 2.1 in [2]. Definition (1.6) of H,
yields

ZhnanM, e ct?, S f=71)=0.
n>0 V-2 ! k>0

Recall that (1 —2)"1/2 =3 . Ep,z™. Hence,

n

hn = ZEn—kfk - Z(En—k - En)fk - En Z fk .
k=0

k=1 k=n-+1

It is easy to see that E, = O(n~Y?) and E,_j, — E, = O(kn"'(n —k +1)"1/2).
Therefore,

Enz.fk

k=n-+1

—+o0 % —+o0 %
<En< 3 k) (Z k3|fk|2> = O0(n™1),

k=n+1 k=n-+1

n kl 1/2 n 1/2
<(Solmery) ) ()

= O(n*% log% n),

n

Z(En—k - En)fk

k=1

where the estimate Y5 k%/2| f|> < 400 has been used. O

Recall that Fg and Gq are defined by (3.2) and the system of functions
{19,352, is a basis of H, . Therefore, it is possible to rewrite Gg in terms of Fq.
Note that this situation differs from the case ¢ € H (the perturbed harmonic oscil-
lator on the whole real line [5]), where the functions Fig and Ggq are “independent
coordinates” in the space of potentials. »

For ( =€ € T,¢ € (—m,7), ( # —1, we define /C = ¢'s . We have the
identity

1 2 -1)°
Nt > és +)1 ¢* in L*(T). (3.6)

SEZ
Lemma 3.5. For each q € H, the following identity holds:

{(FQ)(O
Ve

Proof. We determine the coefficients of the function 9,,,; with respect to the

basis {wgk}i‘io- The standard identity {wgk 7¢8m+1}l = (/\gk - /\8m+1)¢8k¢8m+1
yields

(Gg)(z) = —=Py

5 ] zeD. (3.7)

{83 981 }(0)

0 0
)\2m+1 - )‘2k

(0o %) = / 08 (@)% (2)da

_ 5(0)(¥8,,11)'(0)
2(2(m—k)+1)
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Note that
- Hy(0) o (=DR2kEE-DIT (=)
U5(0) = )P (ragy T VEL.  (38)
0 / _ Hém+1(0) _ (_1)m2m+1 (2m+ ].)”
(¢2m+1) (0) (ﬁ22m+1(2m+ 1)!)1/2 (ﬁ22m+1(2m—|— 1)!)1/2
S N
Therefore,

1 (—1)ym—*
T V2r 2m—k)+1

(Ot s o)+ = (Wi s U5+ 2m + 1) EnmEg . (3.9)

Since ||{/;gk|‘%r =1/2, we obtain

. _ eri (=pm* Er
V@Cm+1)E, m = 2(m—k)+1 2k

This gives
F©O] _ 2, 1§~ D' 0 5 0,k
p+[ e =t X gy ¢ Ve T
21/4 IX (q,99 2
= _ (g 1b2m+1)+ 2" =-2(Gg)(z), zeD,
w3/ = [Om+ 1) By, m
where definition (3.2) of the functions F'¢ and Gg¢ has been used. O

We introduce the formal linear operator A by

(Af)(z)EPJ{\];(_C_)J zP%Vl—Z-\}%}, ferLy(m. (3.10)

Let
H3yy ={f € H3y: f(1) =0} C H )y
Using Lemma 3.5 we shall obtain the simple proof of Theorem 4.2 from [5]
about the equivalent definition of Hj .

Corollary 3.6.

(i) The operator A : I:T%M — H§/4 and its inverse are bounded.
(ii) The following identity holds:

o - {{hn}f_o Sz [ A9 e H} e

The norms ||h||x and Hg||H§/4 are equivalent, i.e., C’1Hg||H§/4 <|lh|lx < C’2||gHH§/4

for any g € H§/4 and some absolute constants Cy,Cy > 0.
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Remark. This equivalence was proved in [5] using different and complicated argu-
ments.

Proof. (i) Recall that the mapping ¢ — (Gq)(—=z) is a linear isomorphism between
HY and H§/4. Also, due to the identity (Fq)(—1) = 27%/2¢(0) (see Lemma 3.2),

the mapping ¢ — (F¢)(—=2) is a linear isomorphism between HY and I;I g /4 There-
fore, the mapping

™

1) = (F(-2) = g (Ga)(—2) = 5 P4 |

(Fg)(=¢)

L ] — Af(2)

is a linear isomorphism between H g a0 Hg_ and H g /4 respectively.

(i) 1t g € H2,, , then go(=) = g(2) — g(1) € 73, and so [go(C)| < CI¢ 1[4,
|¢| =1, for some constant C' > 0. Hence, the following equivalence is valid:

Shr = n [ L] o =g+ S - p [0

n>0 n>0 z 1-¢

Py\1-C0> hnC”] =g(1) + g0(2) = g(2),

n>0

where P_f = f — P, f is the projector to the subspace of antianalytic functions
in . Therefore, the equation

9(¢) } 72 2
Zh [ =|, where f€H5,, 9€Hj5,,
n>0 \% 1- C
is equivalent to g(z) = (Af)(z). Then, (3.11) follows from (i). O

Lemma 3.7. For each q € H, the following identity holds:

v 7T

n>0

Z GanC" 1 zeD. (3.12)

n>0

Proof. Due to identities (3.2) and Lemma 3.5, we have

v (Gq)(Q) T, | (Fg)
2t =P -~ ———P
> F_J e
o7 \/_
=—ZP; ———P Q¢ .
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Therefore,
M ™ \/—_C A \/Z A
n 2n+IE__P nn__ nl(— n
TLZZOq? +12 4 + \/Z nzzoq C \/_—anoq ( C)‘|
EZP \/Z An n )" EEP \/Z An2n
4+\/_—<§)q "+ (=O™ 2+\/_—<nz>%qz<

since v/—C-v/(=+/—C2for (€T, (#+£1. O

We consider linear terms {q2,11}5%, and {q2,11}5%, in asymptotics (2.4),
(2.5).
Proposition 3.8.
(i) For each q € Hy the following identity is fulfilled:

n;)qgn ”—%, zeD, (3.13)
where
(Foa)(=%) = o (FQ)(:)VTT = ~ (Fa)(~2)VT ).
(ii) For each q € Hy the following identity is fulfilled:
S Gongae" = g \/1_<( Gpa)(€) + Y d2n1C" )] zeD,  (3.14)
n>0 n>0
where

1
(Gpa)(z%) = 55 (Fa)(=2)V1+z = (Fg)(z)vV1-2).
(iii) The mapping
q+— (Fpq;Gpq)
is a linear isomorphism between Hy and H. /4 X H3/4

Proof. (i) Due to (3.2), we have

n_ 1L [((FQz) (Fg)(=2)\ _ (Fpqg)(z*)
ZqQ"HZ - Z(\/l—z_ Vitz ): V1i—=22

n>0

This gives (3.13).
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(ii) Recall that Lemma 3.7 yields

v 71'

n>0
Using (3.2), we obtain

e 1((FQE) | (Fo=2)\  (Fod() _ .,
Sz~ o) (U + ) - B0C ) = (6:2).

This gives (3.14).
(iii) Recall that the mapping ¢ — F'q is a linear isomorphism between H_.
and H3/4 Therefore, we need to prove that Fqg — (Fpgq;Gpq) is a linear iso-

Z anCn‘|
n>0

morphism between H§/4 and H§/4 X H3/4 Due to definitions of Fp and Gp, the
direct mapping is bounded. Since

(Fa)(2) = (Fpa)(:*)V1+z + (Gpg)(z*)V1 - 2,

the inverse mapping is bounded too. O

Definition 3.9. For ¢ € H. define coefficients ¢,,, n > 0, by

>t = 5P ——=((Gp0)©) = Goa)V) | zeD.

Remark. Due to Proposition 3.8, we have Gpq € H§/4 . Hence, (Gpq)(-)—(Gpg)(1)
€ ﬁ§/4 and Corollary 3.6 gives {dn}72g € €3, -

Theorem 3.10.
(i) For each q € Hy the following identities hold:

v q(0) ~ p—
1 = e+ il >0, 3.15
Qont1 = 45,y T4 +mz>2(n—m)+1 " (3.15)

(ii) The mapping
g~ ({d2ns1}52039(0); {dn}52o)

is a linear isomorphism between Hy and H x R X 83/4

Proof. (i) Due to identity (3.14) and Definition 3.9, we have

v ~ s 1
Zq2n+1znzzqnzn+_P+ —<qu +ZQQn+1Z )1 . (3.16)
n>0 n>0 2 v—¢ n>0
Note that (Gpq)(1) = 271/2(Fq)(—1). Then, identity (3.5) yields (Gpg)(1) =
(see (3.6))

$¢(0) . Substituting the identity 1/\/—=C = 2 ZSEZ »yp n L*(T
into (3.16), we obtain (3.15).

(
)
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(ii) Due to Proposition 3.8 and identity (3.13), the mappings

¢ +— (Fpg;Gpq) — ({dons1}320:Gpa),
H, - H§/4><H§/4 — HXH§/4,
are linear isomorphisms. Using Corollary 3.6, we deduce that the mapping

Gpg— (Gpa)(1):{dn}ile), H3py— Rx L3,

is a linear isomorphism too. The identity (Gpg)(1) = $¢(0) completes the proof.

O
4. Asymptotics of v,(q) and proof of Proposition 1.2
Lemma 4.1. For each q € H, the following identity holds:
> (oulg) —of — 203,41) =0. (4.1)

n>0
where the series converges absolutely.

Proof. By asymptotics (2.4), the series }_, -(on(q) — 00 — 245,,1) converges

absolutely. Due to Lemma A.47, 88"(1"(;)) = ED(;U q), where 9, p is the n-th

normalized (in L?(Ry)) eigenfunction of the operator Tp . Therefore,

1 d 1
r@) == [ Tontsas = [ oo s0).a@) ds.
Recall that wi,D(x, 0) = 2(¢9,,1)(z) . Then,

1
70(@) = = 2o = [ (R p(e30) = 0 000). D),y -

The standard perturbation theory (e.g., see [8]) yields

3¢nD$q Z Pn,p( Z/7 1/’mD(y7 )1/) (22q)
on(q om(q) " T

m:m#n

Hence,

<¢121,D(xa sq) — (¢2,D)2(x)a q(x)>L2(R+ , dz)

s/ d
=/ <%¢27D($,tq),q($)> dt
0 L2(Ry , dz)

"Here and below 9¢(q)/dq = ¢(q) means that for any v € L? the equation (d¢&)(v) = (v,C) 2
holds true.
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- /0 8<2¢n,D(m,tq)

< 3 n, Doyth)me(%tQ) me(g;,tq),q(y)> q(x)> dt.
L2(dy)

mimz#n n(4) = om(q) L2(da)

This gives

Y (oula) = op = 2d2041) —2/ ds/ D (@n,p¥mp)t0). ),

on(tq) — om(tq)

n>0 n>0mim#n
Let
S — Zk: Z ((tn.0%m.D) tq Zk: f (Yn,p%m,p)(tq), ‘1>
oo, On(td) —om =50 onlte) —om(tg)
Due to Lemma A.8, for some absolute constant € > 0 we have
O(n_%m_%) for all n,m >0,

O(n‘i_im_%) . ifm>n4nite.

<(wn,Dwm,D)(tq), q>i = {

Using the simple estimate |0, (tq) — om(tq)|”t = O(|n — m|~!) and technical

Lemma A.9, we obtain S, — 0ask — oo, i.e., ano(an(q)—ag—Zﬁan) =0.

Proof of Proposition 1.2. Repeating the proof of Lemma 4.1, we obtain

3" (ale) = A = 24,) =0,

n>0

d

for ¢ € Heyen - Recall that Aopt1(q) = o (q) and /\2n+1 =09 . Using (4.1), we get

S D" (Aalg) = A% = 280) =3 (Anle) — X% — 24,

n>0

n>0
22 Un —O’ —2(]2n+1):0.
n>0

Due to Lemma 3.2, Propsition 3.3 (iv) this yields

S0 ala) =X =231 =2- U =T

n>0 n>0
Hence, q(0) =23, 5(—=1)"(An(q) — A},), which gives (1.2).

d

Recall that each sequence {0, (q) — 0%}, q € Hy belongs to the set Sp C H

given by (1.8).
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Theorem 4.2.
(i) Each function rn(q) = vy(q) — V9 + %, q € Hy satisfies
mn(q) = —24, + Ry, (1) + é%.}.é(”) s =m0 = {Um(Q) - UO}::O (4.2)

uniformly on bounded subsets of Hy ,where § > 0 is some absolute constant
and

¢3(0a 02 + pin) H (Ug + pn) — (‘-721 + fim)

Kont1 * tn mematn (091 + Mn) - 021 (4 3)

25!
+ # . _ E n>0.
Kon+1 m>0

Ry (p) = —2log

(i) For each {pm}_g € Sp the sequence {Ry,}52, belongs to the space 232/4,
Moreover, the mapping R : Sp — 532/4 gwen by {um}_o — {Ru}5%, s
locally bounded.

Remark. Note that ¢,, = 232/4(n) due to Theorem 3.10 (ii). Therefore, {r,(¢)}2, €
e
Proof. (i) Let o, = 0,(q) and p,, = 0(q) — 0%, n > 0. Lemma 2.1 yields

Vn(‘l) - 1/2 _ log[er(O’Un’q) ) H2n+1]
2 1/’+ (07 On,s Q) K/2n+l
Using Theorem 2.2 (ii) and Theorem 3.10 (i), we obtain

log YL (0,00, q) . A1 q(0) _ B Z q2m+1
- n
K1 Khpyr ' 420 +1)

Furthermore, identity (2.2) gives

¢+(0 On,q ) _ 10 l¢+(0 Un) H On _Um‘|

Ron+1 * Un

log

Kon+1 S —

Hence,

where

h(z) = Z hpz™ = gPJr {\/__J , where g¢g(z)= Z(Mm — 20 9m41)2™

m>0
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Due to asymptotics (2.4) and identity (4.1), we have g € H§/4+5 and g(1) = 0.

Hence?,

9(Q) 2 9(Q) 2
ﬁEW%+6(T), and so P+ \/—_C EH%+5.
Thus, Y, -0 hnz" € H§/4+5, ie, {hn}nlo € é??/4+6'

(ii) Let {um 152 o € Sp . We rewrite (4.3) in the form R, = RP+RP+RY
where

Ron41 " fn RKonir
R® = — 2log |1 — fim Hm )
1 Hom P
R® == B L —
" 2m;énn—m mz>02(n—m)+1

In the following Lemmas 4.3—4.5 we will analyze these terms separately. Recall
that Proposition 3.3 and Lemma 3.4 give u,, = O(n~'/?) as n — oo and

o =0 (n+1)72 +£7,4(n), (4.4)

where v € R is some constant.

Lemma 4.3. The asymptotics Ry = ’ngz (n+1)"t+ 532/4(71) hold true.

Proof. Due to 99(0,00) = 0, p, = O(n~'/?) and the estimates from Corol-
lary A.3, we have

P90, A) + ) 14 Ront1 Kont1

2 1 4
- - - w, +0(Mn 2log" n).
Kont1* fn 2font1 ' Gkangr " ( )

Therefore,

2%k Eonit1 Kont1 (Kant1)? 3
R?(’Ll):( 2n+1_.n+) n_2( .n+ _ .n+ > EL+O7’L7§1047’L
Kyt Kon+1 K 6hont+1  8(kan+1)? a ( g n)
2 s 2,2

O —2 ] =
0@ 1og'n) = T2

where we have used Lemma A.6 and (4.4). O

™ _
4_8M’2‘ (n+1)~" +€§/4(")a

Lemma 4.4. The asymptotics R = —% (n+1)"1+ 232/4(n) hold true.

8Here and below W2(T) is the Sobolev space on the unit circle T = {¢ € C: |¢| = 1}.
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Proof. For m # n we have

Hm Hm, Hm n
21 1-— + =
& 4(n—m) + pn 2(n—m)  2(n—m)(4(n—m)+ py)

2 —3/2
- Fim - 0( m 3)
(4(n —m) + pn) (n—m)
Pmbn M,
8(n—m)2  16(n—m)?

o m=3/2 4 m~1/2p-1
* ( (n—m) )

Therefore,

16R® = —24, - _Mm MmO,
m%nm—m)? 27 (n”%)

Recall that s, = v(n +1)"1/2 4 512/4(n) and p2 = v3(n+1)"1 + 232/4(n). Using
simple technical Lemma A.10, we deduce that

16R® = —2(@ +£§(n)> (ﬁ 40 (n))
2,,2
+ <3(7;711) 4y (n)) YO ?).

This gives 48RS = —n%v2(n + 1)L +£2,,(n) . O

INEIN

SN

Lemma 4.5. The asymptotics Rslg) =/2

374(n) hold true.

Proof. Note that the following identities are fulfilled in L?(T):

too l l
3 __T 3 S
2l:7oo 21 +1 - \/—_C ) 7 - IOg(_O )

where the branches of v/—C and log(—(), ¢ € T\ {1} are such that v/1 = 1 and
logl =0. Then,

1
Z RS,LB)ZTL = —5 P+

n>0

(%C T log<—<>) Zm] .

Since {pn}22, € H, we have

F
> " = &) where F e H3),.

"s0 T V1I=z’
Introduce the function
1(Q) = TYCAoR0 g (4.5)

VI-¢ ’



Vol. 8 (2007)  The Inverse Problem for Perturbed Harmonic Oscillator 1135

It is clear that v € C°°(T \ {1}). Note that y(¢) — 0 as ( — 1£40. This yields
v E VV32/4 (T),vF € VV32/4 (T) and Py[yF] € H§/4 . The last statement is equivalent

to {RV}2g € 62, O

Lemmas 4.3-4.5 give R, = RY + RY + RY = 632/4(71). Note that all
estimates are uniform on bounded subsets of Sp. The proof of Theorem 4.2 is
finished. O

5. Proof of Theorem 1.3

Introduce the mapping

g ({0} 5a(0)s {ral@}2, )
where 11,,(q) = 0,(q) — 0% . Due to Theorems 1.1, 4.2, we have
®:H, -SpxRx/3.
4
Theorem 1.3 claims that ® is a real-analytic isomorphism. The proof given below
consists of five steps: ® is injective (Section 5.1); @ is real-analytic (Section 5.2);
the Fréchet derivative d,® is a Fredholm operator for each ¢ € Hy (Section 5.3);

d,® is invertible for each ¢ € H, , i.e.,, ® is a local real-analytic isomorphism
(Section 5.4); & is surjective (Section 5.5).

5.1. Uniqueness theorem

Let ({pn(P)}aZ0:2(0) i {rn(P)}7Z0) = ({1n(0)}5Z0:4(0);{rn(g)}5Zo) for some
p,q € Hy. By definitions of u,, and r, , it is equivalent to

on =0n(p) =0n(q) and v, =v,(p) =v,(q) forall n>0.
Using Lemma 2.1, we obtain
Y, (0,00,p) =" (0,00,q) forall n>0.

The rest of the proof is standard (see also [4]). Recall that ¢(z, A, ¢) is the solution
of (1.4) such that ¢(0,X,¢) =0, ¢'(0,,¢q) = 1. Introduce the functions

Fl(wav(Iap)
A;ZII, ) = T Ay N
i e =25 0 X
Fl(wav(Iap) = ¢+($,)\,p)@/($,)\,q) - (,0(33, Avp)wii-(xa AvQ) ’
F2(/\»$7(Iap)
A;xa ) = T Ay N
f2( 1 p) 1/’+(07)\aQ)

FQ(A;xv Qap) = ¢+(ZE, )\ap)(p(xa Av Q) - QO(ZE, A,p)¢+($, )\a q) .
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Both f; and f5 are entire with respect to A for each € R, . Indeed, all roots
On, n >0, of the denominator ¢4 (0, -, ¢) are simple and all these values are roots
of the numerators F;, F5, since

Y4 (T, 00, D) o o _er(x,an,q)
tp(ﬂ:,an,p) —¢+(0,0n,p)—¢+(070mQ)— (,0(33,0'”,(])

for all x € Ry and n > 0. Standard estimates (see Lemma A.2 and asymp-
totics (A.6)) of ¢ and ¢4 give

fisepa) =140 (IN72) . pizpa) =0 (IN7F), =M, koo,
Then, the maximum principle implies

Hxzp,q) =1, fa(z,p,9) =0, AeC.
This yields ¢(z, A\, p) = p(z, A, q) and ¥4 (z, A\, p) =¥y (x, A, q), i.e, p=gq. O

5.2. ® is a real-analytic mapping

Recall that for some § > 0 the following asymptotics are fulfilled (see (2.4)
and (4.2)):

oo

pin(0) = 22011 +03 5 (1), 7(@) = =200+ R ({sm (@)} ) +£2 ,5(), (5:1)

where
R:Sp — f; ;o RiAbmlm—o = {Rn}neo

is a locally bounded mapping given by (4.3). Let H ¢ be the complexification of
H, . Due to Lemma A 4 (ii), for each ¢ € H all functions o,,(¢) and ¢, (0, 0,,(q), q),
n > 0, have analytic continuations into some complex neighborhood of g. More-
over, due to Lemma 2.1, all functions v, (q) have analytic continuations into some
complex neighborhood of gq. Therefore, for each real potential ¢ € Hy all “coordi-
nate functions” p,(q), ¢(0), r,,(g) of the mapping ® have an analytic continuation
into some small complex neighborhood @ of q.

Repeating the proof of (5.1) we obtain that these asymptotics hold true
uniformly on bounded subsets of @) . Let

g ({2‘?2n+1}zo:0 1q(0) 5 {—2‘7n}i2°:o) :

Due to Theorem 3.10 (i), ®(©) is a linear isomorphism between H . and HxRx€§/4 :

In particular, ®(©) is a real-analytic mapping. Consider the difference

o — q)(O) q = ({Mn(q) - 2ﬁ2n+1}2020 ;05 {Tn(Q) + 2511}2020) )
-0 H, — 03  xRx/3.
4 4
All “coordinate functions” p,(g) — 2@2,1“ , Q) + 24, are analytic and ® — ®(©)

is correctly defined and bounded in some small complex neighborhood of each real
potential (since (5.1) holds true uniformly on bounded subsets). Then, ® — ®(©) is
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a real-analytic mapping from H into €§/4+5 XRXEP?M and @ is real-analytic too,
since 532/4+5C€32/4CH. O

5.3. The Fréchet derivative dq® is a Fredholm operator for each ¢ € H_

In other words, we will prove that d,® is the sum of invertible and compact
operators. Let

W g (O;O;R({um@)}f:—o)) and ®® =o — o — o)

Using the same arguments as above, we obtain that Rp : Sp — 232/4 is a real-
analytic mapping (since it is locally bounded in some small complex neighborhood
of each real point 4 € Sp and all “coordinate function” R,, are analytic). Then,
®() is real-analytic as a composition of real-analytic mappings. Theorems 2.2, 4.2
yield
@ Hy — 03, xRx (3.

Repeating above arguments again, we obtain that ®) is a real-analytic mapping
too.

Fix some ¢ € Hy . The Fréchet derivatives d,®, d,®V) of the analytic map-
pings ®, ®() at the point ¢ are bounded linear operators and

dg® = dy @ + d, @Y + d,d® = (2@ 4 4, 0M) + 4,03 .
Note that the operator
dg®@ H, — H xR x (2
4
2
3/4+
632/ , is compact. In order to prove that ®© + d,®() is invertible, we introduce
two linear operators

A:Hy M, prs Ap = {2P2011}5%,,
B:H, — (3, p— Bp={-2D,}32,.
4

is compact since it maps H into £§/4+5 xR x/ s and the embedding €§/4+5 C

Recall that ®©p = (Ap;p(0); Bp). The chain rule implies
(dqq)(l))p = (005 (du(gR)Ap) ,

where d, R is the Fréchet derivative of the mapping R at the point u(q) =
{pm(9)}55_y € Sp . Hence, @ + 4,01 = C®) | where both operators C' and
C~! given by

CH HXRX L3, = HXRX L,

C:(hit;r) — (h;t;r:l:(d#(q)RD)h)
are bounded. Recall that (@g))_l is bounded due to Theorem 3.10 (ii). Therefore,
the operator (®(® + d,®M)~! is bounded too. O
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5.4. ® is a local real-analytic isomorphism

By Fredholm’s Theory, in order to prove that (d,®)~! is bounded, it is sufficient
to check that the range Rand,;® is dense:

H xR x {3, =Rand,®. (5.2)
Note that Lemma A.4 (ii) gives

doule) d1og |(~1)"0%, (0,0u(a).q) |
dq(t) dq(t)

where ¢, p(-,¢) is the n-th normalized eigenfunction of Tp and xn,p(-, q) is some
special solution of (1.4) for A = 0,,(¢) such that {xn.p,¥n p} = 1. In particular,

(¢n,DXn,D)(t, q) ~ ta t - 07
(Yn,DXn.0)(t,q) ~ —t~!, t— +o0.

Due to Lemma A.5 (i), for each ¢ € H the following standard identities are
fulfilled:

no(ta), = —(¥n,pxn.0)(t, ), (5:3)

((¢721,D)I(q)7"r/)12n,D(Q))+ =0,
((¢Z,D)/(Q)a ¢m,DXm,D)(Q))+ = %5mn ) (5.4)
((wn,DXn,D)/(Q)a (¢m,DXm,D)(Q))+ =0, n,m=0.

Note that (7, p)'(-,q) € Hy . Using (5.3), (5.4), we obtain

(%2 @) =0

and

alOg [(_1)711!/ (07 Un(q)a (])} 2 ’ _ dnm
( N WhoV@) =%

for all n,m > 0. Due to Lemma 2.1, this implies

(W‘f;(qm’( ;’D)/(Q)L:O and ( 94 ,(¢§17D)’(Q)>+:5nm.

The identity

9q(0) / _ o
(2 @20r@) = o0 =0
gives
5rn(q) 2 / _ ayn(q) 2 / _
< 8q 7(wm7D) (q))+ - ( 8q 7(wm7D) (q)>+ - 6nm .
Thus,

(dg®) (V37 p)'(2)) = (0505 ep) ,
where 0 = (0,0,0,...), o = (1,0,0,...),e; = (0,1,0,...) and so on. Therefore,

{(0;0)} x £5,, = {(0;0;¢) : c € £3,4} C Rand,®. (5.5)
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We come to the second component of (d,®)¢, i.e., to the value £(0). We
consider the lowest eigenvalue \g(g) of the operator Ty (with the same potential g
and the Neumann boundary condition ¢’ (0) = 0) and the function

£(t) = (90)'(t. Mola),q) , tER,
where 9(t) is the solution of —” + 2?9 + g(x)y) = A such that 9(0) = 1 and
¥ (0) = 1. Note that £(0) = 1. Asymptotics (A.11), (A.12) give & € H since
ﬂ(aAO(q)7Q) is proportional to ¢+(7>\0(q)7q) MOI‘GOV@I‘, using @(O,AO(Q),Q) =
¥n,p(0,¢) = 0, we obtain
(aun (q) _ _{¢n,D s @}{wn,D ) 19}(05 AO(Q)a q)

J— 2 -
B4 7§>+ = (¢n.p(a) ’§)+ - 2(om(q) — Xo(q)) -

Hence,

(dg®)e = (0515 (dgr)€), where (dgr)¢ = {(argq(q) ,g) } €3y
+

n=0

Together with (5.5) this implies
{0} xR x 63?/4 C Rand,®.

Furthermore, we consider the functions —2(¢m,. pXm.p) (¢) € Hy (see asymp-
totics (A.11), (A.12)). Identities (5.3), (5.4) and (¢»m,pXm.p) (0,q9) =1 give

(442) (20, 0Xm.0) (@) = (5 =2 (dgr) (200X 0) (@) ) -
Due to Proposition 3.3 (ii), the set of finite sequences is dense in Hy. Therefore,
Ho X R x £3,, C Rand,® . (5.6)
In conclusion, we consider an arbitrary function ¢ € H, such that fR+C (t)dt # 0.
Proposition 3.3 (i) implies
(dg®)¢ & Ho X R x £3),.

Together with (5.6) this yields (5.2), since the codimension of Hy in H is equal
to 1. 0

5.5. ® is surjective
Lemma 5.1. Letg € Hy, n >0 andt € R. Denote
d2
t _ ¢
+ oo

nh(z,q) =1+ (e = 1) V2 p(s,q)ds.

x

Then q!, € Hy and
om(2) = om(q)
V(@) = Vim(q) + t0mn
for all m > 0. Moreover, ¢.,(0) = ¢(0).
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Remark. Therefore, 7, (q%) = rm(q) + tnm for all m > 0.

Proof. This Lemma is similar to [5] Theorem 3.5 and can be proved by direct calcu-
lations using the so-called Darboux transform of second-order differential equation
(see also [11], [13]) and Lemma 2.1. Note that 7}, (z, q) =e'—(e'—1) [;92 (s, q)ds=
el + O(x3), z | 0. This implies ¢f,(0)=¢q(0) . O

We consider an arbitrary spectral data (h*;u*;c*) € Sp x R x 532/4 . Due to

Theorem 1.1 and Proposition 1.2, there exists a potential ¢* € H, such that
n(q*) =h} forall n>0 and ¢*(0)=u".
This yields
(R*55u*;r(q")) € ®(Hy), where r(¢*) = (ro(q*),r1(q"),...).

Due to Proposition 3.3 (ii), for each € > 0 there exist a finite sequence t. =
(to,...,tx,0,...) such that

(" —te) = (@) = || ("= r(a")) —te|| <e.
Since @ is a local isomorphism, for some € > 0 we have
(W 5uc —t) = (W5u™5 (e —to, ooy Ch — i, Chy s Crg -+ )) € P(HL).

It means that (h*;u*;c¢* —t.) = ®(gx+1) for some gqrr1 € Hy. Using Lemma 5.1
step by step, we construct the sequence of potentials

¢ =(g+1)7 €eHy, j=kk—1,...,10),
such that
®(q;) = (h"5u; (g —to, s Gy = -1,¢] 1 Clyrs--))
Then, ®(qo) = (h™;u";c"). 0

A. Appendix

Here we collect some technical results from [4], [5] which are essentially used above.

A.1 The unperturbed equation
For each A € C the equation —¢" 4+ 2%¢) = A\ has the solution ¥ (z, ) = D%
(v2z) , where D, (z) is the Weber function (or the parabolic cylinder function,

see [1]). For each x the functions 49 (z,-) and (¢9)'(z, ) are entire and the follow-
ing asymptotics are fulfilled:

M)

x

W2, A) = (V22) T e 7 (140 %), =— +o0,

(69 (2, ) = —%

A1 (A1)

(\/ix)Te_% (1+0(z7%), z— +o0,
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uniformly with respect to A on bounded domains. Note that (see [1])

_ _ a1 T(3)
¥§(0,A) = D1 (0) =2 r(%)
BN 2T /A+1
- 1 NG P( 1 )
r-1) (A.2)
(W)'(0,0) = V2D, (0) =27 —2
2 (=)

O =Dr 27 (A+3
= sin 1 T r 1 .
Let J%(x,t;\) be the solution of —¢” + 2% = A\ such that JO(¢,t;\) = 0,
(JOY,(t,t;A) = 1. Then
JO0,t0) = —°(t, \) = —p(t, A, 0),

(J9)5 (0,4 A) = 9°(t, ) = 9(£,\,0). (43)
In order to estimate wi and J, we introduce real-valued functions
a(\) = A Rike%(ﬁlm)‘,
2e
A=A, ¢e0,2m), (A1)

p(x, A) = 1+ A2 4 J2® — A2,
cr(a:,/\)zRe/ Vy2—Ady, x>0,
0

where \/y2 — A = y+ o(1) as y — +oo (it is equivalent to Re/y2 — X > 0, if
y = 0).

Lemma A.1. For all (z,t,\) € Ry x Ry x C the following estimates are fulfilled:
92 (@, )] < Coa() - S
= plx, \) (A.5)
(9) (2, )] < Coa(A) - plar, eV
Ch
p(z, A)p(t, )

N
0V (2. 1: )| < G PEN) (oot
|(J )w(xa ) )l = Cl p(t,)\) € ’

where Cy, C1 are some absolute constants.

elo@ M=ot

|70z, t; A)] <

Proof. See Lemmas 2.1 and 2.3 [4]. Note that the proof is based on the result
of [12]. O
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Remark. If x = 0 and |\| > 1, then” o(0,A) = 0 and p(0,\) < |A\|*/4. Tt follows
from identities (A.2) and routine calculations that

WL0,N)] = AT %a(N), i A=k #XS, 4,

(1) (0.0 = N*a(X), i A=k # A3,
In other words, the estimates (A.5) of [14 (0, )| and [/, (0, A)| are exact on these
contours.

k,neN. (A.6)

A.2 The perturbed equation
The solutions ¢4 , ¥, ¢ of the perturbed equation —¢" + 2%y +q(x)p = Mp, X € C,
can be constructed by iterations:

vile A g) =Y o (@ \q),

n>0
s = [P e, A
B10(z, N, q) Zﬁ (@, X, q)
n>0
o (@A q) = /;J (o, OV (8, N, a(t)dt (4.8)

where we use the notations 1, = 9 and ¥ = ¢ for short and 19&0) =99, ﬁgo) =0,
see (A.3).
Introduce functions

T g(t)]at

ﬂ-‘r(xaAvq) 201/ 2(t )\)7
Bol(z, A, q) = C4 / |dt

It is easy to see ([5] Lemma 5.5) that

O Jq(t)|dt _
B0 0) = Bele.\a) + ol ha) = Ci [ qu((g' = 0N ) - (A9
Lemma A.2. For all (z, ), q) € Ry x Cx Hyc the following estimates are fulfilled:

e 7@N B (x, ) q)

10 (2, A, q)| < Coa(N)

plx, N n! ’
o(x,\) n A
(n) < 2C . € . 60 (33, 7q) i—1.92
|Il9j (ﬂj, A7q)| — (1 + |A|1/4)2j,3 p(x’ )\) n' k) j I .

In particular, series (A.7), (A.8) converge uniformly on bounded subsets of
Ry x C x Hyc . Moreover, the similar estimates with p(x, \) instead of m mn

right-hand sides hold true for the values |( (in))’(x, A, q)| and |(¥ (n)) (z, N\ q)|.

9Here and below f < g means that C1|f| < |g| < C2|f| for some absolute constants Cy,Ca > 0.
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Proof. See [4] Lemma 3.1 and [5] Lemmas 5.2, 5.3. O

Corollary A.3. For all (\,q) € C x Hyc, n,m > 0 and some absolute constant
C > 0 the following estimates are fulfilled:

‘aw(ﬁ)(o, A,q)‘ _ miC ™ HlallEr,  log™ (1A +2) - a(X)

oA™ n! (A +1)E+s A10)
‘amwi”’)/(o,x,q)‘ o alli, g™ (A +2) - a()
2 - n! (Al +DE-F

Proof. Note that o(0,\) = 0 and p(0,)) < 1 + |[\|'/%. Hence, Lemma (A.2)
and (A.9) give (A.10) for m = 0. Recall that wsr")((),)\,q), (wi"))’(O,)\,q) are
entire functions. Therefore, the simple estimate

a(M@)) = 0(a(N), if A@)=XA+e?log™ (A +2),

and the integration over the contour A(¢), ¢ € [0,2x], imply (A.10) in the case
m > 0. 0

e = s+ [0

Let

z2+1 Tt
The following asymptotics as x — +oo are fulfilled uniformly on bounded subsets
of C x Hic (see [5] p. 139 and p. 169):
_ 22 ~
V(e X q) = (V22)'T e (14 0(Bal.9) ).
erd) — — (B e (1403

er(xa/\v(J)_ \/5(\/51:) e (1+O(6+(ZE7Q)))
Moreover, if xi(x, )\, q) is a solution of —¢” + x%¢ + q(x)y = A such that
k={x+,¢+} #0, then

k

Xalw A a) =~ (VA T (14 0By (r0) )

(A.11)

(A.12)
—A+1

/ k 22 2
Xy (@A, q) = =5 (V22) 72 e (1+0(5+(x,q))) :
Remark. If ¢ € Hyc, then (A.11), (A.12) give (¢¥1x+)" € Hic (see [5] p. 172).

A.3 Analyticity of spectral data and its gradients
Recall that H, ¢ is the complexification of the space H. .

Lemma A .4.

(i) There exist absolute constants No,rg > 0 such that for any g € Hic and
n > Nollq|lu . the function ¢, (0,-,q) has exactly n roots, counted with mul-
tiplicities, in the disc {\ : |\| < 4n} and exactly one simple root in the disc
AN =02 < ron /21,
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1) For each real potential q € all ewgenvalues o,(q) extend analytically to
ii) Fi h l jal H. all e l d lyticall
some complez ball {p € Hic : ||p — qlla.. < R(q)}. Its gradients'® are given

by
doyp (q)
dq(t)

where Y, p is the n-th normalized eigenfunction of Tp. Moreover,

= ¢72L,D(t7 q) )

dlog [(—1)"1%r (0,0n(q), Q)}

= —(¥n,0xXn.0)(t,q),

9q(t)
where
_ ﬁ(tﬂan(Q)WI) _ ﬁ )
X?’L7D(t7 q) = ;L,D(O’ ) 1/4 (07 an(q), (]) wn,D(tv q)-

Proof. (i) The proof repeats the proof of [4] Lemma 4.1 (see also [3] Lemma 3.1).

(ii) The proof of the analyticity repeats the proof of [5] Lemma 2.3 (p. 172). In
order to calculate gradients note that the standard arguments (see [5] Lemma 5.6)
give

0 (0,),q)
oL (0,0, q)
S A ez 0,

Applying the Implicit Function Theorem to the equation ¥ (0,04,(g),q) = 0 and
using the identity fR+ Y3 (t, A, q)dt = {14,191 }(0, A, q), we obtain

donle) _  0¢4(0)/0q(t) _  (p¥1)()

dq(t) — OvL(0)/ON 4, (0)
L 10 1 ) B
OO o Y
and
Olog [(-1)"¢/, (0.u(a) a) | —(us (1) + 04,(0) - 42 (1)
dq(t) - ¥ (0) = = (¥n,0Xn,0)(t),
where we omit 0,,(¢) and ¢ for short. 0

10Recall that 0¢(q)/dq = ((q) means that for any v € L? the equation (dq€)(v) = (v,¢)2 holds
true.
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Lemma A.5. (i) For each g € Hy andn,m > 0 the following identities are fulfilled:

(( 121,D)/7 72n,D)Jr =0,

((djn DXnD )Jr _% mn s
((¢2 "/Jm DXm, D)Jr = % 5m
((wn,DXn D ¢m DXm D) 0

Remark. This Lemma is similar to [5] Lemma 2.6 (see also [13, p. 44-45]).

Proof. For instance, we prove the third identity. Integration by parts gives

Ly = / (W2 ) (t ) (. p X, D)t 9)dlE
Ry

=5 | {noxin 0.0} 0
% /R (Xm,Dwn,D{¢m,D 7"/)n,D} + 1prn,Dwn,D{Xrn,D 5 wn,D}) (ta q)dt

For n # m , this implies
— =
2(om(q) — on(a))

If n = m7 then {meame} - Oa {X?’mDawn,D} = 1. HGDCG, Inn =
1/2 Jp ¥n p(t q)dt = 1/2. O

+ oo

{¥m.D s ¥n,0 HXm.D ,¥n,p}) (2. 4. )\ —0.

=0

Inm -

A.4 The leading terms of asymptotics of 1/, (0, \) and ¢/, (0, \)

Recall that , = ¢9(0,%), s/, = (%) (0,X2), A, = 1%(0,A2) and so on. (A.2)
yields

Kont+1 =0, H2n+1 A2 n+1|1/4 ()‘2n+1) Ran+1 =X |/\2n+1| A (/\2n+1)
(A.13)

Lemma A.6. The following asymptotics are fulfilled:

./ .
ﬁ2n+1 N R2n+1 _ O(n_l)

/ : - ’
Kant1 2’<52n+1

Kon41 _ (An1)? T —0om™Y
Kopir  (Kbny1)? ’

Fan+1 _ (Fant1)? W_2 =0 as n— oo

3kont1  4(kont1)?
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Proof. We prove the last asymptotics, the others are similar. Let f(\) = r1/29%%
['(2H) . Identity (A.2) yields

(~1)"+ia

k2n+1 = 1 f(4’fl + 3) s
. (=)™ i df(N)
1 =2 .
F2nt1 4 dA ‘)\:4n+3
and 3 +1 2
(U ()" @ f)
Fant1 = g fldn+3)+3 4 d\? ‘)\:4n+3 '
Hence,
Kopp1  (Reny1)® | 72 [df(N)  (df(N) ’ ‘
3/%32,14_1 4(/%2714_1)2 48 o d/\2 d\ A=4n+3
2 .
= g f]_, =0
since j—; logT(z) = O(z7 ') as  — +00. O

Lemma A.7. Let ¢Sr1) = (1)(0,02,q), ¢Sr1) = .5:)(0,02,(]) and so on. For some
absolute constant § > 0 and all ¢ € Hy the following identities and asymptotics
are fulfilled:

1 . 0
¢S_) = —2kon+192n+1,
“ (1) . /%/2n+1 A Ly 2
vy = —2Fkons1 | — Qont1+ 5 Qons1 + 45 5(n) |,
Kan+1 2 ‘
Y’ g
( _(,'_)) = —Ii/2n+1 “ldop41,
(1 / I%}I v 772 A
( i)) — "<‘.//2n+1 _—I2n+1 q2n+1 =+ _q2n+l + £f+§(n) )
2n+1 8 :

1/13_2) = _2/%2n+1 (_é2n+la2n+l + £%2+5(7’L)) ’
2 ! 1 v 7'('2 A

uniformly on bounded subsets of H .
Proof. See [5] Lemmas 5.11, 5.12 and [5] Theorem 6.4. O

A.5 Three technical lemmas

Lemma A.8. Let q,p € Hy . Then for all ¢ € (0,1/8) the following asymptotics is
fulfilled:

“Im3 >
O(n lm ) for allm,m >0, (A14)

Anm = ((]7 (%%bm)(]?))i = {
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Proof. Using Lemma (A.2), Corollary (A.3) and asymptotics (A.6), we obtain
Un(,p) = V2 (x) + O(n” Flogn - p~* (. A7)
Un(z) = 0(p~ (2, A0))
where 10 is the n-th unperturbed eigenfunction of the harmonic oscillator on R.

Note that
dt

+o0 dt —+o00
<
/0 (e +1) - pt(t, AG) — /0 (e + (1 + |AG —2])
Therefore, for each R > 0 we have

too )|t 77 -
[/R m} <O tm4).

+o00
| @ s laPae =0 (i k(17009
R

=0 .

If R =0, this gives apm = O(n’l/zm’lm). Let m — n > n'/2%< In this case we
put R =n® and obtain

Anm = (q7 (1/)21/)21))3_ + O(logn . n—lm_%)

€

n 2
= | [ atwstiontoar] +o (w0t
0
Using WKB-bounds, it is easy to see (e.g., see [5] Lemma 6.7) that
YO(t) = \/2/m - (A) T cos (VAT -t — T8) + O(n~143%) [t <me.

Since m > n + n'/?*¢ we have /A0 —./A0 > nf . Integration by parts and
q € L*(R) imply

/O”Eq(t) Yn(O)m (t)dt = O (”7%76”’%) - /0 n€|q/(7f)|dt +O(n~ i3, 1)
-0 (n*%*%mﬁ) .

Therefore, G, =0(n="2=sm=V2 4O (n=1/2=(1=)em=1/2) = O(n~1/2~¢/2m~1/2)
O

Lemma A.9. Let {anm tn,m>0 satisfy asymptotics (A.14) for some e € (0,1/2).
Then

k “+00
Sk:Z Z Gnm —0 as k— o0.

m-—n
n=0m=k+1
Proof. Let

1
k k+k2Te

k +o0o
SU=3 > M and P =) Y o

— — = 1
n=0 m=k+1 n=0 me=ktk3te
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Using the simple estimate

ktkB+e 1 1
1 z+e _ 3 te

S o ) o)
m:ka—n +1—-—n +1-—n
we get

k
S’,(Cl) = O(k%) Z On 2(k+1-n)"")=0(k 2" logk) .

n=0

Also, we have

k +oo _1l_&e _1 k “+o00 _1
Sff)=z_;) y A osonitn Y A

m:k+k%+€ n=0 m=k+1

Note that ZZ:O O(n=1/27¢/2) = O(k'/?7¢/2) and Z;(:kﬂ 0(27::2) = O(logk -

k~1/2) . Hence, S’](f) = O(k=¢/?logk) as k — oo . Summarizing, we obtain Sy — 0
as k — oo. O

Lemma A.10. Let h, = O(n=") and h, =v-(n+1)"P + €§71/4(n) , where v € R
and B € [1/2,1]. Then,

2

hom T 9
2 GmmP =3y Tl

m:m#n
Proof. Let
1
> - * S
B(n —m)2 Z Z Loz
mim#n (m + 1) (n m) m:m—n|<{y/n  m:m-—n|>y/n

Since Y-, (m—n|<ym (M — m)~2 =+ 72 4+ O(n=Y/?), we have
Sy = #4-0(71_5_%) : 7T—Q—i—O(n_%) :L—FO(TL_B_%) .
(n+1)8 3 3(n+1)8

Note that Sy = O(n™!7#),if 8 < 1, and Sz = O(n~2logn), if 8 = 1. In any case,
we obtain

v-(m+1)"7F w20
3 ( )F

(n—m)2  3(n+1)° +05_1(n).

m:m#n

Let iy = hyp — v - (m + 1)7?. We have

i\ 1 _ (m+1)28-3 p2,
(Z (n—m)2> = Z (m+1)2°~2(n — m)? Z (n—m)*
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Using the simple estimate > (m 4+ 1)72041/2(n — m) =2 =0((n+1)"20+1/2) |

we deduce that

Z(“”‘“)“ )3 (fi%) <O Y (PR Y ez =0)

n>0 m:m#n m>0 n:n#m

m:m#n

since hy, = 552_1/4(m) . Therefore, T - (0 — m)

m:m#n
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