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Abstract. We study large time asymptotics of solutions to the BBM—Burgers
equation
Ot (U — Ugz) + Puz — fUze + Uty = 0.

We are interested in the large time asymptotics for the case, when the initial
data have an arbitrary size. Let the initial data uo € H' (R) N W1 (R), and
0 = fR uo (z)dx # 0. Then we prove that there exists a unique solution
u(t,z) € C([0,00); H" (R) N W] (R)) to the Cauchy problem for the BBM-
Burgers equation. We also find the large time asymptotics for the solutions.

1. Introduction

This paper is devoted to the study of the Cauchy problem for the Benjamin—-Bona—
Mahony-Burgers (BBM-Burgers) equation

{at(u_ua:a:)_Nuww+ﬁux$$+uuw:07 x€R7t>07 (11)

U(O,J?)ZUO(J)), J?ER,
where p > 0, 3 € R. Usually the BBM-Burgers equation is written as follows
81& (’U - vww) + ﬁva: — Wzy + VVg = 07

which is equivalent to (1.1) in view of the change u (t,x) = v (¢, z + (t) .

For the global existence and optimal time decay estimates in Sobolev norms
of solutions to the Cauchy problem for the BBM-Burgers equation we refer to [1].
In the present paper we are interested to describe the first and second terms in an
asymptotic expansion of solutions to the Cauchy problem for the BBM—-Burgers
equation (1.1) for the case of the initial data having an arbitrary size. Everywhere
below we suppose that the total mass of the initial data 6 = [ uo () dz # 0.
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First let us refer to some known results about the large time asymptotics
formulas for solutions to (1.1). In paper [16] it was proved that for small initial
data up € L' (R) N H” (R), the solutions of (1.1) have the asymptotics

w(t) =3 f ((.) )+0(—-— ) (1.2)

as t — oo, where v € (0,1/2) and

fo (x) = —2,/70y log <cosh§ — sinh (%) Erf (%)) (1.3)

is the self-similar solution for the Burgers equation [4]

U +Uly — Pz, =0, z€R, >0, (1.4)
deﬁned by the total mass 6 = [ uo (z)dx of the initial data. Here Erf (z) =
ﬁ fo eV’ dy is the error function.

As far as we know there are no results on the large time asymptotics for
solutions to the Cauchy problem (1.1) without restrictions on the size of the initial
data. To remove the smallness condition on the initial data ug (z) we use the
method of paper [9].

Some other results for dissipative equations with critical nonlinearities were
obtained in papers [1-3,5,6,8,11-18].

Our aim is to prove the following result, where we find the large time asymp-
totics of solutions to the Cauchy problem for (1.1) in the case of initial data of
arbitrary size.

Theorem 1.1. Let the initial data up € H' (R)NW1 (R), and § = [ uo (x) dz # 0.

Then there exists a unique solution u (t,z) € C ([0, 00); H' (R) N W1 (R)) to the
Cauchy problem for the BBM—-Burgers equation (1.1), which has the asymptotics

w(t) =t fo (V) +o(h)
as t — oo uniformly with respect to x € R, where fy is given by (1.3). Moreover
if additionally the initial data ug € LY! (R), then the asymptotics (1.2) is true.

Next we obtain the second term of the large time asymptotic behavior of
solutions to the Cauchy problem for (1.1) in the case of the initial data of arbitrary
size. A similar result was shown in [12] for the KdV-Burgers equation.

Theorem 1.2. Let up € H' (R) N W1 (R) N LY (R), and 6 =[5 uo (x)dz # 0.
Then the solution u(t) to the Cauchy problem for the BBM-Burgers equatzon (1.1)
with the initial condition ug has the following asymptotics

u(t)=t"%f ((-)t‘%)+b—gt~e<() ‘%)+O<%) (1.5)

as t — oo uniformly with respect to x € R, where

iy 20 (Z}H / i () H () dy
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with

H(x) = cosh% — sinh (Z) Exf (ﬁ) .

Below F¢ or ¢ is the Fourier transform of ¢ defined by

5(6) = (2m)} /R e (2) da
and

Flo(x) = (2w)*%/ 8¢ () du
R
is the inverse Fourier transform of ¢. By C (I; B) we denote the space of continuous
functions from a time interval I to the Banach space B. The usual Lebesgue space
is denote by L? (R), 1 < p < oo, the weighted Lebesgue space L”* (R) is defined
by

L7 (R) = {¢ € L” (R);[|¢]lLp.c = [I()* @llLs < 00},
where (z) = \/1+ |z|?, a > 0. Weighted Sobolev spaces we define as follows

k
Wit (R) = ¢ ¢ € LP R); (|9 wre = > |07¢]| . <00
§=0

where k >0, a > 0, 1 < p < co. In a particular case p = 2 we denote H** (R) =

W’;’“ (R) . Also we define the norm of the usual Sobolev space H* (R) = H*% (R)

k ; k

and W) (R) = WEO(R) as follows [[¢llge = Y50 [|070]|. » 1llws = 3250
1076, -

The rest of the paper we organize as follows. Some preliminary estimates

of the Green operator G (t) solving the linearized Cauchy problem corresponding

to (1.1) are obtained in Section 2. Section 3 is devoted to the proof of Theorem 1.1.
In Section 4 we prove Theorem 1.2.

2. Preliminaries

Consider the linear Cauchy problem

8t(u_uatat)_,uurr+6uzzm:f(tvx)v Z‘ER,t>O, (21)
u(0,2) = ug (x), zeR. '
Using the Duhamel principle we rewrite problem (2.1) in the form
t
u(t) :g(t)u0+/ G(t—7)Bf (r)dr, (2.2)
0

where the Green operator G (t) is given by

1 .

G(t)g=Fte (P05 g ()
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and (see [7])
Bo=(1-0) o= F (14 6O =5 [ o) ay
R
Note that
186w < €| 1_82)%
—cfa-) -0 =Cléln

for k € N.

We first collect some preliminary estimates of the Green operator G (t) in
the norms ||@||, and ||¢[|p1.. , where a € [0,1], 1 < p < co. We use the notation
(t) = V14 t2. Denote the commutator

(038G (t) ] ¢ = 0BG (t) (Vo) — YOEBG () ¢

Lemma 2.1. Suppose that the function ¢ € L (R) N LY (R), where a € [0,1].
Then the estimates

16.() 6l < ¢ ol +C ¢ 1727 gl
1656 (1) ]|, < C @0 6lws -
HQ( )6 = 9Go ()l < Ct (gl + 0lLra)
(117 (6 0o —0Go (1) | < "7 e

and

1[02B%G (1), ) ]| < C ()% ¢ % [[thullpe 192

are valid for all t > 0, where Gq (t,z) = (4wput)” % e et

keN, 1<r<p<oo, 0<b<a, 19:/¢(a:)da:
R

Proof. Note that the Green operator G (t) can be represented as

1 A

G (t) ¢ = F e tne=BE)(16) g ()
= Fle € g (¢) - F —WWZ (=89 (1+€) "4 (©)
+ 7! (et(uﬁ2iﬁ£3)(1+£2)l _ o nt€?
A 5 ¢k X “k\ -
ety L (- 59" (14 €2) >¢> (©)
k=0

5 4k
= Go ()6 + ¢ Y A )6+ R (1), (23)

k=0
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where

60 (1) = | Go(t.r =)o) dy.
A1) 6= ((n - 50,)" B ) (x + B)

and the remainder
R<t>¢=AR<t,x—y>¢<y>dy

with a kernel ) R
R(t,x)= (2m) 2 F 'R(t,¢),
where
R(t€) = e (796 (1460) " _ gt
5

_ i tk . k —k

—e MJrﬁthE('u_zﬂg) (1_'_52) )
k=0

Note that the Green operator for the heat equation Gg (t) satisfies all the

estimates of the lemma. We have

5 1k

- t -

Y GA W <O e 6]y (2.4)
k=0 Lr

and

5 tk .

Z SAT e <O e [l (2.5)
=0 Ll,a

for all t > 0, where 1 < p < oo.
Now we estimate the remainder R (t). We represent
R(t,6) = € (14€) 7" (s (he) ™ pmanet (1))
—pt+iBEt N N o\ —k
—e > (=B (1+€7)
k=0
gre~th€ (14E) | < o) e 5 for all |¢] < 1,

for |£] < 1, then applying
t > 0, where n > 0, we see that

i—l-k

’gkagﬁ(t,g)‘ <OoWTT e HE L oSt
for all |£] <1,t>0,0<j,k <3.In the domain |£| > 1 we represent
. 5 k
~ . —iBg t _
R(t,€) =~ 4 et (eu”gz N (u—iBe)t (1+€) k)

k!
k=0

for |¢] > 1, then
[€FOLR (1,6)| < Ce ¥4 O (1) emgh



490 N. Hayashi et al. Ann. Henri Poincaré

for all |{| > 1,t>0,0 <4,k <3. Thus we see that

[ olR (Lo < T e HE LowPert (gt

forall ¢ e R, ¢t >0, 0 < j,k < 3. Hence, taking the inverse Fourier transform, we
1
find for all |z| < ()2

|0z R (t2)| = ‘(%)5 / R (L E) df’
R
<t> Ltle)® L1+C<t>867ﬂt

14k 1
N > Tl

i, . . .
For the case of |z| > (t)2, integrating three times by parts with respect to £ we
obtain

\ /\

a+1eh~?|,

/\

|0k R (t,2)| = C |2 °

| g (¢R (1.0)) d&‘

<Cla| P ()2

0P| ola T e
L1

a+1eh~
<l E b < <t>—%>_3 ety

Thus we have the inequality

14k

ER o) <0 () @ (2.6)

for all z € R, t > 0. Now by the Young inequality for convolutions with 1/p+1 =
1/r+1/q in view of (2.6) we find

ok ()6l = | [ 9t R 0~ ) o) dy

< [|5R ®)[|,. 4]l

Lpr

1

14k 1 1\ —37r %
<o ol - dx)
< C(f)*%(%*%)*g
forall 1 <¢g<p<ooand
Rl = | [ Rz =)00)dy
R L1:b
<R Ollgeo [6llps + 1R @) e 165
1 1 1\ 3
<@ il /R (I8l (@) + I6llgrn ) ()" %) ~da

< €t (10 1ol + 1610

1
¢tz |\¢|\Lq
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forallt > 0,0 <b<a < 1. Now by representation (2.3) in view of (2.4) and (2.5)
the first four estimates of the lemma follow.
Finally we estimate the commutator [8;’829 (t) ,1/)] ¢. Using the identity

/R B293G0 (t,y) (v (x — ) — ¥ (2)) 6 (x — ) dy

:/ dy8285G0(t,y)¢(x—y)/ywr (x — 2)dz,
R 0

by the Cauchy—Schwarz inequality we obtain the estimate

H /RB28§GO (ty) (W (@ —y) =¥ (2))d (v —y)dy

L1

:/Rdy182836*0(t,y>|/Rdx|¢<x—y>|/0 e (& — 2)| dz

Y
<lol [ av|B03Gn )| [ o= 0

L3
< ellge Il /R |yB283Go ()| dy < C (1) [allps 9l -
Also denoting
B2O2A" (1) 6 = (- 0,)" 02B"26) (« + 1)
=/RAk(t,y>¢(x+ﬁt—y>dy

we have

k
ey % (B2O2AF (1) v — YB2EA" (t) §)

L1
5 tk

< C sl ol e - 5 [ 1= 1) Aw (.51 =)l dy
k=0 "

<O ellps 6]l

and in the same manner using (2.6) we find

H/RB%SR“’” (v (x = y) =¥ () )6 ( — ) dy

L1

1

< COllbally: [0l /R [yB2O,R (t,y)| dy < C ()2 77 [thallp2 [0l -

Hence
1[028°G (8) 4] 6l < C ()77 % bullge [l
for all ¢ > 0. Lemma 2.1 is proved. O
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Consider the integral equation associated with the Cauchy problem for the
BBM-Burgers equation (1.1)

u(t,x)zg(t)uo—/o G(t—7)B(u(r)ug (1))dr. (2.7)

Define the norms

Lr(R/)

1600 = [[16 ) Lo

First let us prove a global existence result for large initial data.

Proposition 2.2. Suppose that the initial data ug € H (R) N W1 (R) N LY (R),
a > 0. Then there exists a unique global solution u € C ([0,00); H! (R) N W] (R)
N LY (R)) to the Cauchy problem (1.1). Moreover the a-priory estimates of a
solution are valid

[l oo,z + el 2 + [[tally o < C'lluollg - (2.8)

Proof. By using a standard contraction mapping principle we easily can prove that
for some T > 0 there exists a unique solution v € C([0,7]; H' (R) N W1 (R)
N LY (R)) to the Cauchy problem (1.1). We now multiply (1.1) by 2u and inte-
grate the resulting equation with respect to x over R to get

(I (0 + e 0122) + 20 s ()] = 0, (29)

hence integrating with respect to time ¢ > 0 we see that

t
lu ()72 + lue (D72 + 2#/0 s (7) Iz d7 < o]z (2.10)

for all ¢t € [0,T]. Thus, in particular
[ ()l <€

for all t € [0,T]. Then, applying estimates of Lemma 2.1 we obtain from integral
equation (2.7)

t
o @)lw; < Clluolwy +C [ 10802 (7l d

t
gc+c/ lu(T)|fadr <C(1+1), (2.11)
0

since [|0xBu? (1) ||y < C |[u? (7)||, = Cllu(7)|lz2 < C and
t
o (®)llge < Clluollee +C / ()% ]|0,Bu® (7)), dr
t
+c/ 10,862 (7)|| .0 dr
0

t
<COi 4 c [ ful)ly dr. (2.12)
0
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for all ¢ € [0, T] since |9, Bu? (7’)||L1 < C|lu(7)||7» < C and by the Sobolev imbed-
ding incquality [|0,8u? (7). < Cllu (7l 1 (lgrs < C ()l - De-
note [ [[u (7)|lg1. dr = ® (t) €, then by (2.12) we have &' (t) < C (1) 1! e~ O,
Integration yields ® (t) < C, again using (2.12) we get [|[u ()1 < CeC? for all
t € [0,T]. Combining this result with (2.11) we find the estimate

e Ollgre + llu (@) lyy < CeC

for all t € [0,T], where C > 0 does not depend on T. Therefore by a standard
continuation argument we can prolong the local solution to the global one. Thus
there exists a unique global solution u € C ([0, 00) ; H* (R) N W] (R) N L** (R))
to the Cauchy problem (1.1). Again we can write (2.9) now for all ¢ > 0, which
therefore implies inequality (2.10) for all ¢ > 0. Hence the solution satisfies the
a-priory estimate (2.8). Proposition 2.2 is proved. O

We now estimate the third derivative of the solution. Denote © (z) = 1 for
all z >0 and © (z) = —1 for all z < 0; © (0) = 0.

Lemma 2.3. Let the initial data ug € H! (R)N'W1 (R). Moreover we assume that
the norms of the solutions are bounded

||uHoo,2 + HuwHooQ + ||UIH22 <C.

Then the estimate is true

T 1
/ dt/ O (u (t, %) ) Bugas (t,x) dz| < C(T)% log (T)
0 R

for all'T > 0.

Proof. By the integral equation (2.7) we have

t—v(t)
Bugyq (t,x) = ang (t)uo — / 82329 (t—7)u(r)uy (1)dr
0

— /t o D3B%G (t — ) u (1) uy (1) dr, (2.13)

where v (t) = t3 for t > 1 and v (t) = 0 for ¢ € (0,1). The first summand in the
right-hand side of (2.13) can be estimated as

102BG (1) o < C (6)* lfuolwwy - (2.14)
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For the second term in the right-hand side of (2.13) changing the order of integra-
tion and applying the Cauchy—Schwarz inequality we find
T t—uv(t)
/ dt
0

O3B2G (t — ) u (7) ug (1) dr

L1

/ dt / “$lu(t - 7)llgo llue (= 7)llgs dr
*)

<cnu||oo2/ i [ e Pl

<c/ dt (¢ / ()" g (= )| dr

SC/O d¢<¢>‘/0 () g (¢ — 7)o dt
< C(T)* log (T). (2.15)

We now estimate the third term in the right-hand side of (2.13)

/ O(u(t,z)) / D3B2G (t — 1) u (7) uy (1) drdx
R t—v(t)

_ / deu (t, )| dro3B2G (t — 1) uy (1)
R t—v(t)
dx® (u , T dr 85829 —T),U(T)| Ug (T
+/R ((tn/t_u(t) [0352G (t — ) ,u (7)) us (7)

dzO(u (t,x t dr(u (1,2) — u (t,) )02 B> — 7)) Uy (T
st [ st
=L +1L+ 13, (216)

where the commutator

[0:8°G (t —7) ,u(n)] ¢ (7)
=BG (t—7) (u(r) ¢ () —u(r) 93BG (t — ) (7).
In the integral I; we integrate by parts to get
t

I = / dz |u (t, )| drO2B2G (t — 7) ug (7)

t—uv(t)

t
/ dzug (t,x) (t, x) ) / dr0?B%*G (t — ) uy (1),
t—uv(t)
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hence by the Young inequality

T T t dr
Lomoies [Can ol [ G e @l

T
dr
sc/ dt [tz (1) / e (¢ = 7)lg0
o ‘L o <’7’>‘ ‘L
< Clugl3log (T +1) < Clog (T +1). (2.17)

For the integral I> by Lemma 2.1, via the Young inequality we find

T T t
/0 J2 (t)|dt§/ dt/ dr || [02B2G (t = 7) ,u (7)] wa (7)]|

<c/ dt/ (=72 (t—7) 7% Jug (7)|2 dr
SClluw|\2,210g< ) < Clog(T). (2.18)

-

To estimate I3 we use integral equation (2.7)
u(t) —u(t—r) :/ g (t —t')dt’
0
:/ dt'0,G (t — ') uo —/ dt'B(u(t —t")ug (t—1t))
0 0
T t—t’
— / dt// dr'0,G (t —t' —7') B(u (") ug (77) ) ,
0 0

hence

u () —u(t—7)| < /dt t—1t) /dt lue (=12

t—t
s [lae [ @y - = o)l
then we have

T T v(t)
/0 ;13<t>|dtg/ dt/ dru () - u(t —7) ||, | 03626 () g (t — 7) || o

o »
<c/ dt/ “F g (¢ = 7) /dt

+ [, ¢~

/dt/ |ux<t—t—T>||Lz>.
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Therefore changing the order of integration we obtain

T T3 T3 . T .
[ im@las [ a [ dtlluz(t—T)ILz<<t—t>

3
T2

t—t’
+ lJua (t—t’)l\Lz+/ dr' (7) 7 e (t—t’—f’)lle>
0

oo

T3 T . T8
< Clog (T)/ dt’/ dr (r)"* < Clog (T)/ dt’ (t')y~
0 % 0

< C(T)% log (T). (2.19)

Substitution of estimates (2.17)—(2.19) into (2.16) yields

< C(T)¢ log (T). (2.20)

/ O (u(t,x)) / 2B%G (t — 7)u (1) uy (1) drdx
R t—uv(t)

Now from (2.14), (2.15) and (2.20) we get the result of the lemma. Lemma 2.3 is
proved. O

Now we give estimates for the third derivative of the solution.

Lemma 2.4. Let the initial data ug € H' (R)N'W1 (R). Moreover we assume that
the norms of the solutions are bounded

lu (8)lge < C (1473
for allt > 0, where o € (0,1/4]. Then the estimate is true
Buzzzll, ; < C
where s > max(l, (9/8 — 3/20)‘1) foro € [1/12,1/4], and s = 1 if o € (0,1/12).

Moreover we have

|02 Buug||,, < C (2.21)
where s > 1 for o € [1/12,1/4], and s =1 if o € (0,1/12).

Proof. In view of the integral equation (2.1) we find

t
1Butas (8l < [[B2G (0wl + H /0 BOG (1 — 7) Bu () s (7) dr

Ll
t
< [|B02G (1) wol| ., +C / (t =)l ()l s () gz i

We first note that
1B3G () o]l < C (&) uolly: -
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By the Young inequality we obtain

H /ot (t =707 u () [z llue (D)2 dr

[ =m0 s (g ar
0

L (0,00)

<c|

L$(0,00)

<c|w™| ("

HU’JCHQ,Q?

L;1(0,00) H L;2(0,00)

for all t > 0 where 1/s+1 = 1/s1 +1/s2+1/2, 51 > 1,85 > (1/4—0)"",s >

(3/4 — 0)71 . Collecting these estimates we get
”BurchsJ <C

for all s > (3/4— o) ".
In the same manner we estimate the third derivative

|1Bugzs (t)]|1: < HBa?’ u0||L1 / B202G (t — 7)u? (1) dr

L1

t
n / BO2G (t — 7) 0,Bu (r) u, () dr

L1

By Lemma 2.1 we find
[1BO3G (t) o[, < C ()2 [luollwy -
And also
10,80 (7) s (7)1 < [1Bu2 (7)]| g + e (7) Bt (Pl + [t (7) , Bl s ()1

where

[u(r) Blo2u(r) = 5 [ o ) = ulr) Yy (7o) dy.

By the Cauchyfschwarz inequality

[ (7) Bltaa (7) ||
1

67|I7y| (’LL (7—7 x) —u (7—7 y) )uyy (7—7 y) dy

L1

IN

H/R@ (@ —y)e = (u(r @) —u(ry) Juy (r,y) dy

+ H/R e_“r_ylui (1,y) dy

z—y
gc/ dx/ dye*‘w*y‘e@c—y>|uy<7,y>|/ i (7 + 2)] dz
R R 0

L1

L1
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2
+ Clug (1)L

13
<c / dge €l [¢] / dy luy (r,9)| / iz (7, + 7)) dz
R R 0
< O lug (7)|52 -
Hence

_3 3 _ o1
Bt (s < € () Huoly +C [ 0= () Far

¢ _ o_ 1 1
0 [ = (e @ + 0 s ()1 1B (7))
2
for all ¢ > 0. We have

<C
L: (0,00)

/ (=) g ()22 dr
0

for s > 1. Using Lemma 2.1 and the Young inequality we obtain

H/Ot (t=7) " (1) g 1Buas (7)1 dr

L; (0,00)

e

1 1
ity N2 212 B,

where 1/s =1/s1 +1/s2+1/4—1 < 3/4, since s1 > 1, 53 > 2.
Collecting these estimates we get

HBumes,l <C

for all s > max(l, (9/8 — 3/20)*1> for o € [1/12,1/4].
Consider now the case o € (0,1/12). Then we can obtain a better decay
estimate for |lug (t)||12 . In view of the integral equation (2.1) we find

¢
||Ur (t) ||L2 < |02G (t) uo||p2 + ’/ BO?G (t — 7)u® (1) dr
0

L2

_3 t _ 3 1
<cwtio / =) u (@2 e (D2 dr

_3 -1 P s, 1
<o trort [T u, (0 dr

0
t 1

v [0 () dr

2

<ot E S g ()

' -1
+1og<t>/% (t —7)" " flug (7)||p2 dr
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then choosing a sufficiently small ¢ > 0, by the Gronwall inequality we obtain
355
el < € (1378

for all ¢ > 0. By applying this estimate, we obtain

_3 ¢ _ 3 1
[uz ()]l < C ) * +C/0 (t =7) " lu (Mg llus (7)]1F2 dr
t

SC(t>_%+Ct’1/2 ()i d¢+c<t>%”—%/ {t—7) " dr
0

t

<MW 4o B log (t).
Iterating the same procedure, we obtain
lus Blle < C (6% +C () Flog (¢).
By the Young inequality we obtain

t t
[ =0 el e Dl dr <€ [ ge=n) 7 m4 o ar
for all ¢ > 0. Collecting these estimates we get

1Bus (D)l < O (8)" " log? (t)

for all t > 0. In the same manner we estimate the third derivative

1Btes (Dllgs < [|BIG (1) uol|, + /0 BOIG (1 — 7) Bu? () dr

L1

+

/tt BO2?G (t — 1) 0,Bu (1) ug (1) dr

Ll
We have ,
|B8ZG (1) uo||p, < C (t)2

hence

Bttgwe (B)|ps <C )2 +C [ (=7 () 2dr

for all ¢ > 0. By this estimate we get
||Bumm”1,1 <C
if o € (0,1/12). Estimate (2.21) is proved in the same manner since we have
10280 (7) s (7)1 < C 008G (7)1 + |1 (7) Bt (7)1
+ [w (1), Bl ugaa (7)1 »
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where integrating by parts and by the Cauchy—Schwarz inequality
[ (7) Btz (7) || s

— % H/R e~ lz—vl (u (r,2) —u(7,y) )uyyy (7,y) dy

L1

IN

H/R@ (e —y)e (u(m @) = u(r,y) )y, (1,y) dy

L1

+ H/ eflwfy‘uy (T,y) Uyy (T,9) dy
R

L1

<c H |t~ u ey () dy

Lt

+0H [ <clu ol

L1

as in the previous case. Lemma 2.4 is proved. O

Now we estimate the decay rate of the L? (R)-norm of the solutions.

Lemma 2.5. Let ug € H' (R)N' W1 (R). Assume that

t
dT ) ) Buazs (1, x) dz| + / dr | 028 (u (1) ue (7)) || 1 < C(1)7
0
(2.22)
for allt > 0, where o € [0,1/4). Then the estimates are valid
lu @)l < € ()7 H075)

forallt >0, and 1 <p <2.
Proof. Applying operator B = (1 — 82)_1 to (1.1) we get

up = p (1 — B)u+ B02Bu + Buu, (2.23)

since B = 1—0%B. We estimate the L! (R)-norm. We multiply (2.23) by © (u (¢, z))
and integrate with respect to x over R to get

/8t|u(t,x)|dx:,u/ O(u(t,z)) (1 - B)udx
R
+ﬂ/ u(t, ) 83Budx+/|utx|uwdx

—/ O(u(t,z))0Buu,dz .
R
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We have
d
[ ocluttn)lde = S u Ol
R
/ |u(t, z)| ugdx =0,
R

/@(u(t,a:))[)’udarg/ Blulde < [[u ()] -
R R

Therefore we find

t
|mwm<mwm+PAﬁA@wwm@&m

t
+ / dt/ O (u(t, z))92Buuydz|. (2.24)
0 R
In view of estimate (2.22) yields
gggla(ti)l < Cllu@lly < uollps +C ()7 < C(1)° (2.25)

for all ¢ > 0. Thus the estimate of the lemma with p = 1 is fulfilled.
We now multiply (1.1) by 2u, then integrating with respect to € R we get
d

= (Il @Iz + lua (O1F2) = =20 uz (B (2.26)

By the Plancherel theorem using the Fourier splitting method due to [17], we have

waw;=mmmm=/‘|mmWé&+/ a0 2de

&= €125
2 ~ 2
> 62 |lu(t)]lL2 — 26° sup [a@(t,€)[°,
1€1<é8

where § > 0. Thus from (2.26) we have the inequality
d ~
— llu (g < —p0® [l ()30 + 4p8° sup @ (£, ). (2.27)
dt <5

We choose 6% = 2(1+1¢)"" and change ||u (t)HiIl = (14t)">W (t). Then via
(2.25) we get from (2.27)

%W (t) < C(1+1)%+3 . (2.28)

Integration of (2.28) with respect to time yields
2 2420
W (1) < Jullf +C (146277 —1).
Therefore we obtain a time decay estimate of the L2-norm

lu @l < C (1487 (2.29)
for all ¢ > 0. Lemma 2.5 is proved. O
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Proposition 2.6. Suppose that the initial data ug € H' (R) N W1 (R). Then the
estimates for the solution are valid

lu (@)l + () |07 Bu (1)

for allt > 0, where 1 < p < 0.

I <

Proof. By Proposition 2.2 we have estimate
[l 2 + Nuzllo 2 + lually o < Clluollgn -

Now applying Lemma 2.3 we get

/ dT/ ) ) Baas (1, 2) dz| < C (t )5 log (t) < C (t)”° (2.30)

for all ¢ > 0, where o9 = 1/6 4+, v > 0 is small. And by Lemma 2.4 we have

t
| ar193B (. (7)) < 00
0
for all + > 0. Then by Lemma 2.5 we find the time decay of the L? (R)-norm
e (@)l < © (L +1)7 (2:31)

for all ¢ > 0. Applying Lemma 2.4, by the Holder inequality we obtain

1
dT )) Bty (7, 2) d| < C#' 776 [tazall,, , < Ct' 7,

for all ¢ > 0, where 5o > max(l,(9/8—3/200)71). Hence we arrive at esti-

mate (2.30) with o replaced by o1 = 1 —1/sg = 1/8 + O (y). We again apply
Lemma 2.5 to get a better time decay of the L? (R)-norm (2.31) with o replaced
by 01 =1/8 4+ O (). Namely

lu @)l <CA+1)7 5.

Then Lemma 2.4 yields estimate (2.30) with o( replaced by oo = 1/16 + O (7).
Now by Lemma 2.5 we get time decay estimate (2.31) with og replaced by o3 =
1/16+ O (7). Lemma 2.4 gives us estimate (2.30) with ¢ = 0. Therefore by virtue
of Lemma 2.5 we obtain an optimal time decay estimate of the L? (R)-norm

lu (t)]lpe < C(1+1)F (2.32)
for all ¢t > 0. Using (2.32) we can prove the following optimal time decay estimates
la ()l < € (1)~ 30=%) (2.33)

for all ¢ > 0, where 1 < p < co. For 1 < p < 2 estimate (2.33) follows from (2.32),
Lemma 2.5 and the Holder inequality. Let us prove (2.33) for p = oo. By the
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integral equation (2.7) applying Hélder inequality we get

1 (2 )

[ (@)L <G () uollp~ + 5/0 10:BG (t = 7)|[pe [lu (T) L2 d7
I 9
+ §A 108G (t = 7)llgs [|u? (7|4 dr
2
1 1 % _1
<Ct z+4Ct” / (r) 2dr
0

t _z 1 3
+C[ (t=7) Flu()lf= [lu(r)llf2dr
hence

t 1
Hmwhmscf%+0fé/@—rrﬁwvmaﬂr
t

gmﬁ+0dﬁ/<wwr%mmmmm

2

t
+ gt—% / (t—r)" % dr,

2

hence by the Gronwall lemma it follows that [ju (¢)||pe < %t’%. We find (2.33) for

all 2 < p < oo via the Holder inequality. In the same manner we get the estimates
|92Bu (1)), < C (1)~ 20=5)!

for all £ > 0, 1 < p < 0o. Proposition 2.6 is proved. O

3. Proof of Theorem 1.1

Now we obtain the large time asymptotic formulas for solutions to the Cauchy
problem (1.1). Let us take a sufficiently large initial time T' > 0 and define v (¢, x)
as a solution to the Cauchy problem for the Burgers equation with u (T, x) as the
initial data

U+ Uy — Wz =0, t>T, xR, (3.1)

v(T,z)=u(T,z), reR. '
By the Hopf-Cole [10] transformation v (¢,z) = —2;1% log Z (t,x) it is converted
to the heat equation Z; = uZ,,. So we have the solution explicitly

Z (t,z) = /RdyGo (t,z —y)exp (—i /y u (T, €) d{) , (3.2)

— 00

2
where Gg (t,z) = (47r,ut)7% e~ 17 is the Green function for the heat equation. Note
that the following estimates are true

o (®) 1o + () |02 (1), < C (1) #(7%) (3.3)
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forallt >T,1<p< oo.
Consider now the difference w (t,z) = u (t,z) — v (t,z) for all ¢t > T. By (1.1)
and (3.1) we get the Cauchy problem

{wt—kar(vw)—k%%wz—uwm—khz=0, t>T, xR, (3.4)

w(T,z) =0, z€eR,

where
h = (682 + u@i) Bu — 0, Buuy .

Since we consider the large initial data, we need to eliminate the linear term

% (vw). We make a change 0;'w = [*__w(t,y)dy = pg/Z, then from (3.4) we

obtain the Cauchy problem

gt_ﬂgww+F:07 t>T,IL‘€R, (35)
g(T,z) =0, reR, '
where
u 1 ?
= 27 (ggg—k Egv) +Zh.
By virtue of estimates of Proposition 2.6 and (3.3) we have
1Z )l + 127 @) <€ (3.6)
for all ¢t > T and a rough time decay estimate
o (®)llgs + ) 02w (1)]|,,, < € (12075 (3.7)
forallt > T, 1< p < oco. Let us prove the estimate
1 _ 1
lg (D)llps + (82 llge ()|, < C (t) 7 20 (3-8)

forall t > T, 2 < p < oo, where v € (0,1/2). By contradiction, suppose that for
some t = T} estimate (3.8) is violated, i.e., we have

g ()ls + 2 lgs ()|, < C(8) 72 (3.9)
for allt € [T,T1], 1 < p < co. In view of (3.3), (3.6), (3.8) and (3.9) we find
IF ) < Cllgallpe l9:le + C lglim |02l + C 11 2Rl
< (7 4 )

< CmaX{T"_%,T_’V} (@) (3.10)
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forallt € [T,T1], 1 < p < oo. Using the integral equation associated with (3.5) in
view of estimate (3.10) we find

lg DllLs < /T dr ||Go (t = )l [1F (7) |

< Comsfrrb 1 [0
T

< Cmax{T 75 T} () <o)

forallt € [T,T1], 1 < p < o0, since T is sufficiently large. In the same manner we
have

t+T

192 (#)|Ls S/T dr [[0:Go (t = 7)o [ (7)|s

t
’ / dr [0:Go (t = 7)1 1F (7)o

ﬂ
<omsfr o [ ot
T
t
comafrrb ) [ oo
t+T
< Cmax{T75, T () <o

for all t € [T,T1], 1 < p < co. The contradiction obtained proves estimate (3.8)
for all t > T. Since

1
w=2" (ugz + 5911)

estimate (3.8) implies
L
lu(t) —v @)l <C ()72
for all t+ > T. It is known that if zug € L* (R), then
1 1 1
t)—t2 )t H <C(t)y 772
v -1 (0| _<cw

Therefore the estimate of the theorem follows. Theorem 1.1 is proved.

4. Proof of Theorem 1.2

As in the proof of Proposition 2.6 we can obtain the following estimate of the
LY! (R)-norm of solutions of the Cauchy problem (1.1)

[N

lu @lpia < C )7 (4.1)
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Indeed applying estimates of Lemma 2.1 to the integral equation (2.7) we get
@)l <16 ol +C [ (086 (¢ =)0 (7). r
t
+€ [ 16t~ 7) Bu () us (1) g dr
<CoE+ 0/2 [u2 (7)) . d
0
+ C'/ (t— T>7% |u? (T)HLL1 dr
0
t 1
+ C/ (t—7)2 || Bu(T) ug (7)||p1 dT
2t
+C [ IBu(r s (7)o dr

<ot +c<t>‘%/0 () |l ()l dr

hence by the Gronwall lemma estimate (4.1) follows for all ¢ > 0.

Now we obtain the second term of the large time asymptotics as ¢ — oo of
solutions u(t,z) to the Cauchy problem (1.1). As in the previous section we take
a sufficiently large initial time 7' > 0 and consider the Cauchy problem for the
Burgers equation (3.1). Then for the difference w (¢,2) = u (¢,2) —v (¢, z) by (1.1)
and (3.1) we get the Cauchy problem (3.4) with estimates (3.8).

Consider now the linear Cauchy problem

(4.2)

Spt+ar(<ﬂv)_ﬂ<prr+ﬁvrrrzoa t>T,$€R,
e(T,z)=0, reR.

To eliminate the second term from (4.2), we integrate (4.2) with respect to z and
make the substitution

/r o(t, y)dy = u;((tt 3;)) ;

— 0o

where Z(t, z) is defined by (3.2). We obtain

{St—usmr+ﬁzvzz:Ov t>T’ Z‘ER, (43)

s(T,x) =0, reR.

It is easy to integrate (4.3) to get

s(t,z) = —ﬂ/T dT/R dyGo (t — 7,2 —y) Z (T, y) vyy (T,Y) . (4.4)
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Now let us compute the asymptotics of s (¢,x) as t — co. We integrate by parts
with respect to y to obtain

t o0 [e'e]
S(t,x)=—6/Tdr/0 dyazc:o@—r,x—y)/ Z (7,1) vy (7,1)
Yy

t 0 Y
+ 6/ dT/ dy0,Go (t — 7,0 — y) / Z(1,m) vy (7,m) dn
T —00

—00

—6/thG0 (t—r,a:)/ Z (1,m) vy (1,m) dn
=1+ }; + I3. "
Since
202 ()1 < C ()72,

we obtain

t [e'e] [e'e]
|11|§|ﬂ|AdT/ dy|9.Co (t—m—yﬂ/ Z (7,1) [vgy (7, 0)]
0 y
s : 1
gcfl/ dT||xvm(T)||Ll(R)+c/ a7 (t =) * Jone (M) s
T s

t+T

SCt‘l/T : <T>5d7+c/; (t—7)" () Ldr=00"%).  (4.5)

The integral I is estimated in the same way. Now we consider I35. We have the
asymptotics

Z(t,x)=H(x)+0 (t’%) ,

where

H(x) = Cosh% — sinh (g) Erf (ﬁ)

with x = x/v/t. Then in view of the identity

integration by parts yields
1
|z g == [ ez

R
- 5= | @)+ o).
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Therefore

t
I3 = —6/T drGo (t — T, x)/RZ(T, n) Vyy (T,1) dn

_ B 5 by o )
= 2\/m/Rfe(y)H(y)dy/T T\/ﬁe 4 >+O(t
— gGo (t,z) logt/ng’(y)H(y)dy +0 (f%) . (16)

Hence the asymptotics is true

b -5 -1
s st [ i)+ 0 (17})

for large t — oo uniformly with respect to « € R. This formula can be differenti-
ated with respect to x. Hence we see that

o (t2) = p (?(i?)) = ngtNe (x)+O G)

=
N———

s(t,z) =

as t — oo uniformly with respect to = € R, where y = x/v/t and

_ 6 (fola) — 52 ) e B
o) = - (02WH“(;)) | e,

It follows from (3.4) and (4.2) that the remainder ¢ (¢, z) = w(t, ) — p(t, )
is the solution to the Cauchy problem

wt—"aﬁ (Uw)_,u¢zat+%8zw2+6wrrr+azhl:O, t>T, xeR,

(T, z) =0, zeR,

(4.7)

where
hy = (—B0; + pd3) Bu — 9, Buu, .
To eliminate the second term from (4.7) as above we integrate this equation with
respect to x and introduce the new unknown function
Z(t,x) [*
rita) = 20 [ e g)ay,
T
Then we obtain
— prey +F1 =0, t>T, R,
Ty — UTgq + L1 x (4.8)
r(T,z) =0, z€R,

where

1
F1 = §Zw2 + Zﬁu&z + Zhl .
In view of (3.3) and (3.8) we find
IF1 ()l < Cllwllyee wllpe + Cllwezllps + [1hallLs

<omTTTTE o TR <o Y (4.9)
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forallt > T, 1 <p < o if we choose v € (1/4,1/2). Using the integral equation
associated with (4.8) we obtain in view of (4.9)

t+T

HNMMSAQWMW—ﬂMWHﬂm

t
+/ dr |G (t =)l |F1 (7)o

t+T
2

forallt > T, 1< p < oco. In the same manner we have

t+T

72 (8)|o S/T 7 [|0:G (¢ = 7)o 1 F1 (7) I

t
+ [ 0.6 ¢ =7l 1P (Dl

t+T
2

< 0/ (t—7) e () dr
T

forallt > T, 1 < p < oco. Then by the identity

1
Y= 71 (rm + Erv)

we obtain the estimate

-1
[ () = v () = @)llp- < C ()
for all £ > T. Theorem 1.2 is proved.
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