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Abstract. We study the Yangians Y (a) associated with the simple Lie algebras
a of type B, C or D. The algebra Y(a) can be regarded as a quotient of the
extended Yangian X(a) whose defining relations are written in an R-matrix
form. In this paper we are concerned with the algebraic structure and repre-
sentations of the algebra X(a). We prove an analog of the Poincaré-Birkhoff-
Witt theorem for X(a) and show that the Yangian Y(a) can be realized as a
subalgebra of X(a). Furthermore, we give an independent proof of the classi-
fication theorem for the finite-dimensional irreducible representations of X(a)
which implies the corresponding theorem of Drinfeld for the Yangians Y (a).
We also give explicit constructions for all fundamental representation of the
Yangians.

1. Introduction

For any simple Lie algebra a over C the corresponding Yangian Y(a) is a canonical
deformation of the universal enveloping algebra U(a[z]), a[z] = a ® C[z] in the
class of Hopf algebras; see Drinfeld [10, 11, 12]. In accordance to Drinfeld, each
Yangian Y(a) has at least three different presentations; see also Chari and Press-
ley [7, Chapter 12]. In this paper we are concerned with the one commonly known
as the RT'T-presentation and which preceded the other two historically. It goes
back to the work of the St.-Petersburg school on the inverse scattering method;
see, e.g., Takhtajan and Faddeev [24], Kulish and Sklyanin [15], Tarasov [25, 26],
Reshetikhin, Takhtajan and Faddeev [23]. In the case of A type, i.e., a = sly, the
RTT-presentation of the corresponding Yangian turns out to be particularly useful
in the applications of the R-matrix techniques to the classical Lie algebras; see,
e.g., the review paper [17] and references therein. Moreover, this presentation is
most convenient for the study of various subalgebras of the A type Yangian which
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play an important role in the applications to the quantum spin chain models; see,
e.g., Arnaudon et al. [2, 3, 4], Molev and Ragoucy [19].

In a recent paper by Arnaudon et al. [1], the RTT-presentation of the Yangian
associated with the B, C or D type Lie algebra a was studied. The Yangian Y (a)
was presented as a quotient of a quadratic algebra whose defining relations are
written in the form of an RTT-relation. Below we denote this algebra by X(a)
and call it the extended Yangian. The paper [1] contains an explicit construction
of a formal series z(u) whose coefficients belong to the center of X(a). As shown
in [1], the quotient of X(a) by the relations z(u) = 1 is isomorphic to Y(a). In
the orthogonal case a = on (B and D types) this reproduces an earlier result of
Drinfeld [10].

Our aim in this paper is to describe the algebraic structure of the extended
Yangian X(a) for each orthogonal and symplectic Lie algebra a = oy and a = sp,,,
and classify its finite-dimensional irreducible representations. First, we prove an
analog of the Poincaré-Birkhoff-Witt theorem for the algebra X(a). Then, follow-
ing the approach of Molev, Nazarov and Olshanski [18], we define the Yangian Y (a)
as a subalgebra of X(a). In [18], the A type Yangian Y(sly) is defined as a sub-
algebra of the Yangian Y(gly) for the general lineal Lie algebra gl so that the
algebra X(a) can be regarded as an analog of Y(gly) for the B, C' and D types.
Furthermore, we show that the coefficients of the series z(u) are algebraically inde-
pendent and generate the center of X(a). This implies that the finite-dimensional
irreducible representations of the algebras X(a) and Y(a) are essentially the same.
These representations of the Yangian Y (a) were classified by Drinfeld [12]; see also
Chari and Pressley [7, Chapter 12]. However, this classification is given in terms of
a different presentation (new realization) of Y(a). At present, no explicit isomor-
phism between the new realization of the orthogonal or symplectic Yangian Y(a)
and its RTT-presentation is known. (Such an isomorphism in the case of Y(sly)
was given by Drinfeld [12], its most recent detailed exposition can be found in [5].)
Therefore, the classification results of [12] do not imply an immediate description
of the finite-dimensional irreducible representations of the extended Yangian X(a).

We develop an independent approach to the representation theory for the
algebras X(a). We define Verma modules M (A(u)) over X(a) in a standard way,
where A(u) is a tuple of formal series which we call the highest weight. We show
that every finite-dimensional irreducible representation of X(a) is isomorphic to the
unique irreducible quotient L(A(u)) of M (A(u)). We classify the finite-dimensional
irreducible representations of X(a) by producing necessary and sufficient condi-
tions on the highest weight A(u) for the module L(A(u)) to be finite-dimensional;
see Theorem 5.16. Reformulating these conditions for representations of the sub-
algebra Y(a) of X(a) we thus obtain another proof of Drinfeld’s theorem [12] for
the case of the classical Lie algebras a = oy and sp,,,.

As a first step, we consider the low-rank cases and construct explicit isomor-
phisms Y(sp,) =~ Y(slz), Y(03) ~ Y(sl3) and Y(04) =~ Y(slz) ® Y(slz). The former
is quite immediate while the remaining two require appropriate versions of the
fusion procedure for R-matrices. The representations are then described by using
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the known results for the Yangian Y(slz) which are due to Tarasov [25, 26]. For
the sake of completeness, we reproduce a proof of those results which is a simpler
version of the one contained in [16]. Using the above isomorphisms, we also give
explicit formulas for the evaluation homomorphisms from X(a) to the universal
enveloping algebra U(a) for each a = sp,, 03 and 04.

In order to establish the necessary conditions for L(A(u)) to be finite-
dimensional, we use an induction argument which allows us to get the conditions
for the rank n Lie algebra a from those of rank n — 1. The sufficient conditions
on A(u) are established by producing finite-dimensional modules having A(u) as a
highest weight. We do this first for the so-called fundamental modules and then
employ the Hopf algebra structure on X(a). In particular, this proves that every
finite-dimensional irreducible representations of X(a) is isomorphic to a subquo-
tient of a tensor product of the corresponding fundamental modules. We also give
an explicit construction of all fundamental modules of X(a) basically following the
approach of Chari and Pressley [6] but avoiding the use of their results on the
singularities of the R-matrices. For the applications of the fundamental Yangian
modules to the affine Toda field theories see Chari and Pressley [8].

The financial support of the Australian Research Council and the Laboratoire
d’Annecy-le- Vieux de Physique Théorique is acknowledged.

2. Definitions and preliminaries
We let a denote the simple complex Lie algebra of type By, C,, or D,,. That is,

a=02n41, 5Po,, O O2p, (2-1)

respectively. Whenever possible, we consider the three cases (2.1) simultaneously,
unless otherwise stated. The Lie algebra a can be regarded as a subalgebra of the
general linear Lie algebra gly, where N = 2n + 1 or N = 2n, respectively. It
will be convenient to enumerate the rows and columns of N x N matrices by the

indices —n,...,—1,1,...,n, if N = 2n, and by the indices —n,...,—1,0,1,...,n,
if N=2n+1. For —n <i,j < n set
Fij = Eij —0i; E_j i (2.2)
where the E;; are the elements of the standard basis of gl and
1 in the orthogonal case,
bij = . . . Bom (2.3)
sgni - sgnj in the symplectic case.
The elements Fj; span the Lie algebra a and satisfy the relations
Fij + Hij F,j},i =0 (24)

for any —n < i,j < n, and

[Fij7 Fkl] = 6kj F; — 51'1 ij — 5k,7i eij F,j’l + 5l,7j Qij Fk,—i- (2.5)
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For any n-tuple of complex numbers u = (u1,...,u,) we shall denote by
V(u) the irreducible representation of the Lie algebra a with the highest weight .
That is, V() is generated by a nonzero vector £ such that

Fi; ¢£€=0 for —n<i<j<n, and
Fif=p & for 1<i<n.
The representation V' (u) is finite-dimensional if and only if
Wi — piv1 € Zy for i=1,...,n—1
and
—p1 — p2 € Zy if a=o02p,
—p1 € Z+ if a= 5Pon,
-2 € Z+ if a= 02p41-
Consider the endomorphism algebra End CY and let e;; € EndCY be the
standard matrix units (we use lower case letters to distinguish the elements of
End CV from the basis elements of gly; the latter will also be regarded as gen-

erators of the universal enveloping algebra U(gly)). We denote by F the N x N
matrix whose ij-th entry is Fj;. We shall also regard F' as the element

F= Y e;®F;€EndC" @U(a). (2.6)

i,j=—"n

We shall use the transposition ¢: End CY — End CV which is a linear map
defined on the basis elements by the rule

(ei5)" = 0ij e—j—i, (2.7)
and the standard transposition defined by
(eij)’ = eji. (28)
The permutation operator P is an element of End CY ® End CV given by
i,j=—n

We let @Q denote the transposed operator Q = P! = P!2 with respect to the first
or second copy of End CV,

n
Q= Z Oij €ij @ €—i—j. (2.10)
1,j=—n
Whenever the double sign + or F occurs, the upper sign corresponds to the or-

thogonal case while the lower sign corresponds to the symplectic case. Note that
the operators P and @ satisfy the relations

P?2=1, PQ = QP = +Q, Q>=NQqQ. (2.11)
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Set
k=N/2F1L (2.12)

The R-matrix R(u) is a rational function in a complex parameter u with values in
End CN ® End CV defined by

R(u)=1—£—|— @

U uU—K

(2.13)

It is well known that R(u) satisfies the Yang—Baxter equation
Ria(u) Ris(u+v) Ras(v) = Raz(v) Riz(u + v) Riz(u), (2.14)

see [14], [27]. Here both sides take values in End CV ® End CY ® End C and the
subscripts indicate the copies of End C" so that Ris(u) = R(u) ® 1 etc.
Following the general approach of [11] and [23], we define the extended Yan-
gian X(a) as an associative algebra with generators ti; ,
r =1,2,... (the zero value of i and j is skipped if N = 2n), satisfying certain
quadratic relations. In order to write them down, introduce the formal series

where —n < 4,5 <n and

tii(u) = itg) uweX(a)u Y], £ =4, (2.15)
r=0
and set
T(u)= Y e @ti;(u) € EndCY @ X(a)[[u™"]]. (2.16)

Consider the algebra End CY @ End CV ® X(a)[[u~!]] and introduce its elements
T1(u) and To(u) by

Tl(u) = i €ij ®1 ®tij(u), TQ(U) = i 1® €ij ®t”(u) (217)

ij=—n hj=—n
The defining relations for the algebra X(a) have the form of an RTT-relation:
R(u —v) Ty (u) Ta(v) = To(v) T1 (u) R(u — v). (2.18)

Equivalently, in terms of the series (2.15) they can be written as

[tij(u), tiu(v)] = ui (tkj (u) tir(v) — tgj(v) til(u))

v

e (T D Ot ) i (0) By D Ot p0) 1)),

U—v—~K
p=—n pP=—n

(2.19)

Remark 2.1. The above definition of X(a) can be extended to the cases a = 0y
and o0y. However, both algebras X(o1) and X(o02) are commutative. In addition,
in X(o02) we have t_1 1(u) = t1,_1(u) = 0. In what follows, we only deal with the
orthogonal Lie algebras oy for N > 3. O
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Consider an arbitrary formal series f(u) of the form
f) =1+ fiu" + fou™ + - € Cllu"]]. (2.20)

Also, let a € C be a constant and let B be a matrix with entries in C such that
BB = 1. It is easily derived from the defining relations for the algebra X(a) that
each of the mappings

g Tw) > () T(w), (2.21)
Ta: T(u) — T(u—a), (2.22)
T(u) — BT(u) B
defines an automorphism of X(a). Furthermore, each of the mappings
T(u) = T(-u),
T(u) = T*(u),
T(u) — T} (u),
defines an anti-automorphism of X(a); cf. [18, Section 1]. This is easily verified

with the use of the following property of the R-matrix implied by (2.11):
1

R(u) R(—u) =1 - —. (2.23)

and the fact that R(u) is stable under the composition of the transpositions in the
first and the second copies of End CV.
The extended Yangian X(a) is a Hopf algebra with the coproduct

n

A tig(u) = Y tia(u) @ taj(u), (2.24)
the antipode
S: T(u) — T (u),
and the counit
e:T(u)— 1,
cf. [23], [18, Section 1].
Multiplying both sides of (2.18) by u — v — k, taking u = v+ k and replacing
v by u we get
QT (u+ k) To(u) =Te(u) Ty (u+ k) Q. (2.25)
Since Q/N is a projection operator in C¥ ® CV with a one-dimensional image,

the expression on each side of (2.25) must be equal to @ times a series z(u) with
coefficients in X(a). Since Q T3 (u) = Q T4 (u) and Ty (u) Q@ = T4(u) Q, we have

T'u+ k) T(u) = T(u) T (u+ k) = 2(u) 1, (2.26)

where
z(u) =1+zu "+ 20u 2+, z; € X(a). (2.27)
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Taking the kl-th entries in (2.26) we get the formulas

S Ot w(ut ) ta(w) = 3 Outaa(u) o i(u+ k) = 0y 2(w). (228

It was shown in [1] that all the coefficients z; are central in X(a), and z(u) has the
property!

A z(u) — z(u) ® z(u). (2.29)
By the Hopf algebra axioms, this implies that the image of z(u) under the anti-
pode S is found by

S: z(u) = z(u) L. (2.30)
By (2.26), we have
S: T(u) — z(u) ' T (u + k).

Hence, since the transposition is involutive, we conclude that the square of the
antipode is the automorphism of X(a) given by

2.7 Wy o), 2.31
S (u)’_)z(qun) (u+ 2k); (2.31)

cf. [18, Section 1].
We define the Yangian Y(a) associated with the Lie algebra a as the subal-
gebra of X(a) which consists of the elements stable under all the automorphisms

of the form (2.21). It will follow from [1] and the results below that this definition
is consistent with the one given by Drinfeld [10]; cf. [18, Section 1].

3. Poincaré—Birkhoff-Witt theorem and the center of the extended
Yangian

Let us denote by ZX(a) the subalgebra of X(a) generated by all the coefficients z;
of the series z(u); see (2.27).

Theorem 3.1. We have the tensor product decomposition
X(a) = ZX(a) ® Y(a). (3.1)

Proof. We follow the argument of [18, Section 2.16]. There exists a unique series
y(u) of the form
y(u) =1+yu ' +you 4, yi € ZX(a)

such that y(u)y(u+ k) = z(u). In order to see this, it suffices to write this relation
in terms of the coefficients,

2k = 2y + Ap(Y1, - Yk—1), k>1, (3.2)

where Ay is a quadratic polynomial in k& — 1 variables. By (2.26), the image of
the series z(u) under the automorphism (2.21) is f(u) f(u + &) z(u). Hence, the

!Note that the R-matrix considered in [1] coincides with our R(—u).
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automorphism (2.21) takes y(u) to f(u)y(u). This implies that the series 7;;(u)
defined by
75 (w) = y(u) "t (w), i,j=—-n,...,n, (3.3)
are stable under all automorphisms (2.21). Write
Tij(u) = 6;; + 7’1‘(3‘1)1171 + Ti(j2)
So, the coefficients Ti(jr) of 7;(u) belong to the subalgebra Y(a). Now the decom-
position X(a) = ZX(a) - Y(a) follows from the relation t;;(u) = y(u) 7;(u).

It remains to demonstrate that the elements z; are algebraically independent
over Y(a). Due to (3.2), it suffices to do this for the elements y;. Suppose on the
contrary, that for some positive integer n there exists a nonzero polynomial B in
n variables with the coefficients in Y(a) such that

By, yn) = 0. (3.4)

Take the minimal n with this property. The coefficients of B are stable under
any automorphism (2.21). Hence, applying the automorphism (2.21) with f(u) =
1+ au™" and a € C to the equality (3.4) we get

B(yi,...,yn+a)=0

for any a € C. This means that the polynomial B does not depend on its n-th
variable, which contradicts the choice of n. O

wE g

Corollary 3.2. The Yangian Y (a) is isomorphic to the quotient of X(a) by the ideal
generated by the elements z1, 2o, ..., i.e.,

Y(a) = X(a)/(2(u) = 1).

Equivalently, Y(a) is generated by the elements 7'~(~T), where —n < 4,5 < n and

)

r=1,2,... subject only to the relations
1
[7ij (W), T (V)] = — (Tkj(u) Tit(v) — Tk (v) Til(“))
1 n n
T u—v—r (5k,—i p;n Oip Tpj (w) T—pi(v) — 6y _; p;n Oip Tie,—p(V) T,-p(u))
(3.5)
and
Z 9}“' T,i’,k(’u—f'ﬁ) m(u) = §kl' (36)

Proof. Let I be the ideal of X(a) introduced in the statement of the corollary. Then

Theorem 3.1 implies that X(a) =1® Y(a) proving the first statement.
(r)

Now, the coefficients 7;;” of the series 7;;(u) with 4,5 = —n,..., n generate
the subalgebra Y(a). Indeed, it follows from the proof of Theorem 3.1 that any
element z € X(a) can be uniquely written as a polynomial B in y1,%9,... such

that the coefficients of B are elements of the subalgebra of X(a) generated by
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the elements Ti(jr). On the other hand, if x belongs to the subalgebra Y(a) then
B cannot depend on the elements y; because x is stable under all automorphisms
(2.21). Hence, x belongs to the subalgebra of X(a) generated by the TZ-(;).

Finally, recall that the coefficients y; of the series y(u) are central in X(a).
Hence, we derive from (3.3) that the relation (2.19) will hold if the series ¢;;(u) are
respectively replaced by 7;;(u) which gives (3.5). Furthermore, (3.6) follows from
(2.28). Conversely, (3.5) and (3.6) are defining relations for Y(a) because they are

respectively equivalent to (2.19) and the relation z(u) = 1. O

Proposition 3.3. The subalgebra Y(a) of X(a) is a Hopf algebra whose coproduct,
antipode and counit are obtained by restricting those from X(a).

Proof. The relation (2.29) implies that
Az y(u) = y(u) @ y(u). (3.7)

Therefore the image of Y(a) under the coproduct on X(a) is contained in Y(a) ®
Y(a). By (2.30), the image of y(u) under the antipode S is y(u)~!. Hence,

S: y(u) ™ T(u) — y(u) T~ (u).

Any automorphism (2.21) leaves the product y(u)T~!(u) invariant and so the
subalgebra Y(a) of X(a) is stable under S. O

Introduce an ascending filtration on the extended Yangian X(a) by setting
deg tg) =r—1 (3.8)
for any k,l € {—n,...,n}. Denote by f,glr) and z, the images of the elements tg)

and z,., respectively, in the (r — 1)-th component of the associated graded algebra
grX(a). Then (2.28) gives the relations

0+ 0t =0 % (3.9)

Furthermore, (3.3) implies that the degree of each element T,glr) does not exceed

r — 1 and its image ?k(lr) in the (r — 1)-th component of gr X(a) is given by
1
2

The ascending filtration on the Yangian Y(a) is induced by the one on X(a). We
denote by grY(a) the associated graded algebra.

) =6 — Ou t_f?_k). (3.10)

Proposition 3.4. The mapping
Fja' e 70 (3.11)

defines an algebra homomorphism v : U(a[z]) — grY(a).
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Proof. By (3.10),
%,El” + Ok ?E?_k =0

for any —n < k,l < n and r > 1. Furthermore, using the expansion
1

:u71+u72v+...’
u—"v
-7, —S

take the coefficients at u~"v™* on both sides of the relation (3.5). Keeping the
highest degree terms, we come to

r(r) 77_}~£ls)] _ 5k _(r+s—1) s 77_(7“-1-5—1) iy 0. _(r+s—1) +5l7_j0" 7(r+§—1).

Tij i Til il Tkj k—iVij T_j ij Th,—i
It remains to compare these relations with (2.4) and (2.5). O

Since the graded algebra gr Y(a) is generated by the elements fig-r), the ho-
momorphism 1 defined in Proposition 3.4 is obviously surjective. Our aim now
is to show that ¢ is an algebra isomorphism (see Theorem 3.6 below). We shall
follow the approach of Nazarov’s paper [21, Section 2|, where a similar result was
established for the Yangian of the queer Lie superalgebra.

Let p be the vector representation of the Lie algebra a on the vector space
CN. So,

p: Fij = €45 — Gij €_j,—i-
For any ¢ € C consider the corresponding evaluation representation p. of the
polynomial current Lie algebra a[z] given by

pe: Fijx® — c®p(Fiy), s> 0.

For any c¢q,...,¢ € C consider the tensor product of the evaluation repre-
sentations of ax],

Peryyey = Py @ Py -

Lemma 3.5. Let the parameters ci,...,c; and integer [ > 0 vary. Then the inter-

section in U(az]) of the kernels of all representations pe, ... ¢, is trivial.

Proof. Choose a basis Y1, ..., Yy of a, where M = dim a, and set y; = p(Y;). Let
A be a nonzero element of U(a[z]). Choose a total ordering on the set of basis
elements Y;z* of a[x] and write A as a linear combination of ordered monomials in
the basis elements. Let m be the maximal length of monomials which occur in A.
For each monomial

(Yo, z°) -+ (Yg, 2°™) € U(a[x]) (3.12)
occurring in A consider the corresponding symmetrized elements
3 Yoy @) @ @ (Yo, a%™) € (alz])®™. (3.13)

q€G,

Regarding U(a[x]) as the quotient of the tensor algebra of a[z] we derive that the
elements (3.13) are linearly independent. Identifying the vector spaces

(a[w])®m = a®m[x1’ v 7xm],
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we can regard the sum (3.13) as a polynomial function in m independent variables

Z1,..., T, with values in the vector space a®™,
Z xiq(l) .. .xfg(M) Yaq(1) R & Yaq(m)_ (314)
qEG
Note that
Peror: Yo 1 Z e ylM, Yyl = 1@ 1) g 4 1® =R,

Hence, the image of the monomlal (3.12) under the representation p., . ., is given
by

m

Z cii k y([lkll] . ygf: € End(CM)®™, (3.15)
E1yeenkm=1
Let us complete the set of matrices 41,...,yar to a basis y1,...,yn2 of End CV

in such a way that the identity matrix 1 € End CY occurs as a basis vector 3; for
some i € {M +1,...,N?}. Denote by V,, the subspace in (End C")®™ spanned
by the basis elements y;, ® --- ® y,;,  where at least one of the tensor factors
is 1. Observe that the image under the representation pg, .. ., of any monomial
of length < m occurring in A is contained in V,,. I*"‘urthermore7 modulo elements
belonging to V,,, the sum (3.15) can be written as

Z ci"(” ~-~cf,‘{("‘) Yay, R ® Yagim - (3.16)
9€6m
This sum is the value of (3.14) under the specialization z; = ¢; and replace-

ment of Y; with y; = p(Y;) for all ¢ = 1,..., m. However, since p is faithful and
the elements (3.13) are linearly independent, there exist values of the parame-
ters ci,..., ¢y, such that the corresponding sums (3.16) are linearly independent
modulo the subspace V,,, which completes the proof. O

We are now in a position to prove the following.

Theorem 3.6. The mapping 1: U(a[z]) — grY(a) defined in (3.11) is an algebra
isomorphism.

Proof. Due to Proposition 3.4, we only need to show that the kernel of ¢ is trivial.
Let C be a nonzero element of U(a[z]). We shall show that 1/(C)) # 0. The universal
enveloping algebra U(a[x]) has a grading defined on the generators by declaring
the degree of Fj;x® to be equal to s. Then % is obviously a homomorphism of
graded algebras. Hence, we may assume that C' is homogeneous of degree, say, d.
Write

C =3O g Fuagya™ ™) (B ), (3.17)
summed over the indices i4, jo, 74 such that ry + -+ r,, =d + m.

Consider the element C’ € Y(a) given by the formula

() . ()
chl]l’ sZmeTlljl ’Lmﬂm
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where the summation is taken over the same set of indices as in (3.17) with the
same coefficients. Then the image of C’ in the d-th component of the graded
algebra grY(a) coincides with ¢(C). So, it suffices to show that deg C’ = d.
Applying the standard transposition (2.8) to the third copy of End C" in the
Yang-Baxter equation (2.14) and using (2.23) we come to the relation

Riz(u —v) R{3(—u) R33(—v) = Ry3(—v) Ri3(—u) Ri2(u — v), (3.18)
where

li li
R/(u)zlfPer @
U u—kK

with the transposition applied to the first (or second) copy of End CV. Hence, by
the defining relations (2.18) of the algebra X(a) we conclude that the mapping
T(u) — R’(—u) defines a representation of X(a) in the space CV. Taking its com-
position with the automorphism (2.22) we obtain for any ¢ € C the representation
oc: T(u) — R'(—u + ¢). Equivalently, in terms of the generating series (2.15) we
have

Oc: tij(u) — 6ij + €45 (u — C)_1 - Hij €_j,—i (u + K — C)_l. (319)
Since the transpositions (2.7) and (2.8) commute, using (2.26) and the relations

Q)2 =1, P'Q' =Q'P'=+P', (P)2=NP/

we derive that the image of z(u) under o, is given by

1
o S
oc: z(u) — et n)?
There exists a unique series f.(u) € 1 +u~'C[[u~!]] such that
(u—c+r)?

fe(u) fe(u+r) = m

Then o.: y(u)™' — fo(u) so that due to (3.19), for the image of the series 7;;(u)
under o, we have

O¢: Tij(u) — fc(u) ((5” + €ij (’LL — 0)71 — gij €_j,—i (’LL + K — 6)71>. (320)

Observe that the coefficient of the series f.(u) at u~* is a polynomial in ¢ of degree
< k — 1. Therefore, taking the coefficient at ©~" in (3.20) we find that the image
of Ti(;) under o, is a polynomial in ¢ of degree < r — 1 with coefficients in End C".
Moreover, the coefficient of this polynomial at ¢"~! coincides with p(F;;).

Using Proposition 3.3, we can construct a representation of Y(a) in the space
((CN)®l by

Ociyoyoy = 0cy Q- Q0¢y,y c; € C.

The image of the element C’ under o, ... ., is a polynomial in ¢, ..., ¢; of degree
< d. Moreover, the homogeneous component of degree d of this polynomial coin-
cides with D = p.,, ., (C). By Lemma 3.5, there exist values of the parameters
c1,...,c such that D # 0. This implies that the element C’ has degree d and so
P(C) #0. o



Vol. 7 (2006) On Representations of Yangians 1281

The following is an analog of the Poincaré-Birkhoff-Witt theorem for the
algebra Y(a). It is immediate from Theorem 3.6.

T

Corollary 3.7. Given any total ordering on the set of generators TZ-(]) with

i+7 >0, r>1, in the orthogonal case,
and
i+7 20, r>1, in the symplectic case,
the ordered monomials in the generators form a basis of Y(a). (|

Remark 3.8. The algebra Y(a) admits another filtration defined by setting the
degree of the generator Ti(jr) to be equal to r. It follows from Corollary 3.2 that the
associated graded algebra gr Y(a) is commutative. Let ?igr) denote the image of Ti(jr)
in the r-th component of grY(a). By Corollary 3.7, the graded algebra grY(a) is
isomorphic to the algebra of polynomials in the variables ﬂg-r), where the indices
i, j,r are subject to the same conditions as in Corollary 3.7. O

Recall that ZX(a) is the subalgebra of X(a) generated by the coefficients z;
of the series z(u).

Corollary 3.9.
(i) The center of the algebra Y(a) is trivial.
(ii) The center of the algebra X(a) coincides with ZX(a).
(iii) The coefficients z1,z2,... of the series z(u) are algebraically independent
over C, so that the subalgebra ZX(a) of X(a) is isomorphic to the algebra of
polynomials in countably many variables.

Proof. Tt is well known that the center of the universal enveloping algebra U(a[x])
is trivial; see, e.g., [18, Proposition 2.12]. So (i) and (ii) follow from Theorem 3.6. It
is implied by the proof of Theorem 3.6 that the elements y1, y2, . . . of the series y(u)

are algebraically independent over C C Y(a). Hence so are the elements z;, i > 1.
O

We shall also need the following version of the Poincaré-Birkhoff-Witt the-

orem for the algebra X(a).

Corollary 3.10. Given any total ordering on the set of elements tz(-;) and z, with
i+7 >0, r>1, in the orthogonal case,

and
i+7 >0, r>1, i the symplectic case,

the ordered monomials in these elements form a basis of X(a).

Proof. By Theorems 3.1, 3.6 and Corollary 3.9(iii), the graded algebra gr X(a) is

isomorphic to the tensor product of the universal enveloping algebra U(a[z]) and
the algebra of polynomials C[(y,(a,...] in indeterminates (.. An isomorphism is
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given by
o 1
ti(j) = Fyat T+ 5 %4 G
so that ¢, is the image of z,; see (3.9). This implies the statement. O
Proposition 3.11. The assignment
1
Fij — Ti(j) (321)
defines an embedding U(a) — Y (a), while the assignment
1/.a 1
Fij— 3 (tgj) — 03 t(,},i) (3.22)

defines an embedding U(a) — X(a).

Proof. The defining relations (3.5) and (3.6) of Y(a) imply that the map (3.21) is
a homomorphism. Its injectivity follows from Corollary 3.7. Furthermore, by (3.3)
we have Ti(jl) = tl(.jl.) — 0;; y1- It remains to observe that 2y, = z; = tg) + t(jgﬁi for

any 4 and tl(;) = —0; t(_lj)y_i for i # j by (2.28). O

4. Isomorphisms for low rank Yangians

Recall that the Yangian Y(gly) for the general linear Lie algebra gl is defined as

a unital associative algebra with countably many generators Ti(jl), Ti(jz), ... where
1 <1i4,7 < N, and the defining relations
r+1 s r s+1 r s s r
750, 1 - [, 1) = T T - 1T, (4.1)

where r,s > 0 and Ti(;)) = 0;;. Equivalently, these relations can be written as
min(r,s)
TP T = Y (T VTt o) )
a=1
Introducing the generating series,
Tyj(u) = 8y + T u™ + TP w4 € Y(gly)[[u™ ],

we can also write (4.1) in the form

(u =) [Ti (), Tra (v)] = Tij (u) T (v) = Ty (v)Tia (). (4.3)
Equivalently, using the notation of Section 2 and introducing the matrices
R°(u)=1—Pu~! (4.4)
and
N
7o) = 3" ey ©T;y(u) € EndC @ Y(ghy)[[u~) (4.5)
i,j=1

we can present the defining relations in the form of an RT'T-relation
R®(u—0) T (u) Ty (v) = T3 (v) T7° (u) R°(u — v); (4.6)
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cf. (2.18). We use the superscript “o” here to distinguish the objects related to
Y(gly) from those related to the algebra X(a).
The Yangian Y(gly) is a Hopf algebra with the coproduct

A: Tij(u) =Y Tip(u) @ Tig(w). (4.7)
k=1

An ascending filtration on Y(gly) can be defined by setting

deg Ti(f) =r—1 (4.8)
Let Ti(jr) denote the image of the generator Ti(jr) in the (r — 1)-th component of
the associated graded algebra grY(gly). We have an algebra isomorphism

Ulalyle) = g Y(aly),  Eyo' ™ =T (49)
The assignment
ev: Tij(u) — 6;j + Eju™! (4.10)
defines a surjective homomorphism Y(gly) — U(gly). Moreover, the assignment
E;j — Ti(jl) defines an embedding U(gly) < Y(gly).
For any series g(u) € 1+ u~'C[[u™!]] consider the automorphism of Y (gly)
defined by
T;j(u) — g(u) Tij(w). (4.11)
The Yangian for sly is the subalgebra Y(sly) of Y(gly) which consists of the

elements stable under all automorphisms (4.11).
The algebra Y(gly ) is isomorphic to the tensor product of its subalgebras

Y(gly) =ZY(gly) ® Y(sly), (4.12)

where ZY (gl ) denotes the center of the algebra Y(gly ). The subalgebra ZY (gly)
is generated by the coefficients of the series D(u) called the quantum determinant.
In the case N = 2 it takes the form

D(u) = Tu(u) ng(u — ].) — Tgl(u) Tlg(u — ].)

Define the series d(u) with coefficients in ZY (gly) by the relation d(u) d(u — 1) =
D(u). Then all the coefficients of the series 7;;(u) = d(u)~! Tj;(u) belong to the
subalgebra Y (sly). The series 7;;(u) satisfy the relations

(u =) [Tij (), Ta(v)] = Tej (u) Tar(v) = Tij(v) T (u) (4.13)
and
7—11(’114) 7—22(11/— ].) —7—21(114) 712(’&— ].) =1 (414)
which are defining relations for the algebra Y(sls). In other words, the Yangian
Y(sly) is isomorphic to the quotient of Y(gly) by the ideal generated by all the
coefficients of D(u).

For more details on the algebraic structure of the Yangians Y (gl ) and Y(slx)
see, e.g., [18], [5].
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4.1. Extended Yangian X(sp,)

Observe that if N = 2 then in the symplectic case the operators P and @ satisfy
P+ Q = 1; see (2.9) and (2.10). Therefore, for the corresponding R-matrix (2.13)
we have

u—l( ZP) u—1

Rw) = —— (1- =) = — - R°(u/2).

This implies the following isomorphism where we adopt the convention of Section 2
for numbering the rows and columns of 2 x 2 matrices by the indices {—1,1}.

Proposition 4.1. The mapping

tij(uw) — Ty (u/2), i,j € {-1,1} (4.15)
defines an isomorphism ¢: X(spy) — Y(gly).
Proof. This is immediate from the defining relations (2.18) and (4.6). O

Corollary 4.2. The restriction of the isomorphism (4.15) to the subalgebra Y (sp,)
of X(sps) induces an isomorphism Y (spy) — Y(sla).

Proof. Recall that the subalgebra Y(sp,) consists of the elements stable under all
automorphisms of X(sp,) of the form (2.21). However, given a series f(u) in u~*
with complex coefficients, the mapping (4.15) takes f(u)t;;(u) to f(u)T;;(u/2).
So, we have the relation ¢o s = pg0¢, and hence progp™! = ¢~1opu,, where g(u)
is the series in u~! defined by g(u) = f(2u). Thus, the image of Y(spy) under the
isomorphism ¢ coincides with the subalgebra Y (sls) of Y(gl,), yielding the desired
isomorphism. O

Corollary 4.3. The mapping
ev: T(u) — 1+ Fu™! (4.16)
defines a surjective homomorphism X(spy) — U(sp,y).

Proof. The composition of the evaluation homomorphism (4.10) and the natural
projection gl — sly yields a homomorphism Y(gly) — U(sly). For N = 2 it
takes the form

T 1,-1(u) =1+ (BE_1—1 — E11) (2u)™", T_11(u) — E_yqu™",
T171(u) — 14+ (E171 — E—l,—l) (2U)71, T17_1(u) — E17_1u71.

Applying the isomorphism of Proposition 4.1 and using the generators Fj; of sp,
= sl we get a homomorphism X(sp,) — U(sp,) given by

ev: tij(u) — 0y + Fyut, i,j €{-1,1}.

Obviously, it is surjective. O
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4.2. Extended Yangian X(o3)

We shall now use a more standard notation for the generators of the Yangian
Y(gly), where the indices #, j in the defining relations (4.1) and (4.3) run over the
set {1,2}. Consider the vector space C? with its canonical basis e, ez and denote
by V the three-dimensional subspace of C? ® C? spanned by the vectors

v_1=e1®e, vy = e1®er+ex®er), U =—e® e

i
V2
We identify V with C3 regarding v_1,v9,v1 as its canonical basis. In particular,
the operators Py and Qv in V @ V will be given by the respective formulas (2.9)
and (2.10) so that, for instance, Py (vo ® v1) = v1 ® vg. Similarly, we regard the
generator matrix T'(u) = (¢;;(u)) as an element of End V ® X (03)[[u~"]]. Note that
the operator (1 + P)/2 is a projection of (C2)®? to the subspace V. Due to (4.6),
we have

1+P 1+P

—5 TPu) Ty (2u+1) =Ty (2u+ 1) T (2u) - —

because R°(—1) = 1 + P. Therefore, we may regard each side of this relation as
an element of End V ® Y(gly)[[u"1]].

Proposition 4.4. The mapping
1+ P
T(u) — +T T2 (2u) Ty (2u + 1) (4.17)
defines an isomorphism ¢: X(03) — Y(gl,). More explicitly, the images of the
generators under the isomorphism are given by the formulas

t_l,_1(u) — T11(2u) T11(2u + 1)

— \[ (T11(2U) T12(2’LL + 1) + T12(2U) T11(2U + 1))

s —Tho(2u) Ti2(2u + 1)
% (701(20) Tor (20 + 1) + Toa (2u) Trr (20 + 1)
Ty (2u) Too (2u + 1) + Ty (2u) Tia(2u + 1)
\1f (T12(2u) Tao(2u + 1) + Taa(2u) Tra(2u + 1))
> Ty (2) Tor (20 + 1)
-7

tl 1lu) — TQQ(QU) T22(2u + 1)

u

tllu

)

1

to,,l u

[\)

!

to,0

I

Tfo)l u

tl,fl u

I

tro(u (T21(2u) Too(2u + 1) + Toa(2u) Tor (2u + 1))

s

1,0(w)
(u)
(u)
(u)
(u)
(u)
(u)
(u)

Proof. We start by showing that the mapping defines an algebra homomorphism.
We use a version of the well-known fusion procedure for R-matrices; see, e.g., [2]
and references therein.
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Consider the tensor product space (C2)®4. As in (2.14), we use subscripts of
the R-matrix (4.4) or the permutation operator P € End(C?)®? to indicate the
copies of C? where the operator acts. In the following we consider V ® V as a
natural subspace of (C?)®? @ (C?)®2. Obviously, the operator

14+ Pio 14+ Py 1 o o

2 ) 2 = 4 Ri5(=1) R, (—1)
is a projection of (C?)®2 ® (C?)®2 to the subspace V @ V. Let us set
2 2

Since the R-matrix R°(u) satisfies the Yang-Baxter equation (2.14), we have the
following equivalent expression for Ry (u),

Ry (u)

- R74(2u — 1) Ry5(2u) Ry, (2u) Ry (2u+1).  (4.18)

1+ Py 14 Py

Ry (u) = R33(2u + 1) R{5(2u) Ry, (2u) Ry, (2u — 1) 5 5 (4.19)
Clearly, the subspace V ® V is stable under the operator Ry (u).
Lemma 4.5. We have the equality of operators in V ® V,
2u—1 Py Qv
Ry (u) = (1-=F . 4.20
v() 2u+1 U +u—1/2> (4:20)

Proof. Using the formulas of the kind
(14 Pr2) Piy Poy = (14 P12) P14
and
(14 Pr2) (1 + P34) Pra Poz = (1 + Pi2) (1 + P34) P13 Pas,
it is easy to get a simplified expression for the operator Ry (u),

:1+P12.1+P34.(17P14+P24+P13+P23 P13P24)
2 2 2u+1 u(2u+1)/

Ry (u)

The restriction of Ry (u) to the subspace V ® V is given by

P+ Put+Pis+ Py PigPy
2u+1 u(2u+ 1)

1 (4.21)

so that the proof of the lemma is completed by the application of (4.21) to all
basis vectors v; ® v; of V ® V. For instance, we have
Ry (u)(v_1 ®v_1)
:<1_P14+P24+P13+P23 Py3 Poy
2u+1 u(2u+1)
(u—1)2u—1)

S uurn  Famasa

>(€1®€1®61 ®er)

Clearly, the application of the operator on the right-hand side of (4.20) to the
vector v_1 ® v_7 gives the same result. The remaining cases are verified by the
same calculation. O
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By the lemma, the element Ry (u) coincides with the R-matrix (2.13) for
a = 03, up to a scalar factor. So, in order to verify that the mapping (4.17) defines
a homomorphism X(03) — Y(gl,) we need to show that the relation

Ry (u—v) Ty (u) T (v) = Tor(v) Ty (u) Ry (u — v) (4.22)

remains valid when T'(u) is replaced by its image. Here we use primed indices
to indicate the copies of the space V in the tensor product V ® V. We reserve
unprimed indices for the copies of C? in the tensor product (C?)®%. The left-hand
side of (4.22) reads

1+ Py 1+ Py
2 2
1+ P
X -
2
Writing the product of R-matrices in the equivalent form (4.19), we simplify this
expression to

1+P12.1+P34
2 2

- R{y(2u — 20 — 1) R (2u — 20) R3y(2u — 2v) Ry5(2u — 20 + 1)
1+ Py

T (2u) T (2u + 1) -

TP (20) T (20 + 1).

“R7(2u — 2v — 1) R (2u — 20) R3y(2u — 2v) Ry5(2u — 2v + 1)
x TP (2u) Ty (2u + 1) Ty (20) T, (2v 4+ 1).
Now apply the RTT-relation (4.6) repeatedly to bring this expression to the form

1+ P 1+ P
P TP g0 o0+ ) T @u) T 2u 4 )

X Ry, (2u — 2v — 1) R{5(2u — 2v) Ry, (2u — 20) R3s(2u — 2v + 1).

Finally, since R{5(—1)/2 is a projection, we derive from (4.6) that

1+P 1+P 1+P
% STP(2u) Ty (2u+ 1) = % TP (2u) T (2u + 1) - +2 2

Using the same property of R5,(—1)/2 we obtain that the resulting expression
coincides with the right-hand side of (4.22), where T'(u) is replaced with its image
in accordance with (4.17).

The explicit images of the generators of X(o03) are found by taking the matrix
elements in (4.17). Indeed, the application of T'(u) to the basis vector v_; of V
gives

T(u)(v_1) =t_1,—1(w) v_1 + to,—1(u) vo + t1,-1(u) v1,

1+ P
TP (20) T (2ut D)(0-) = —52 T (20) T 2u+ D(er 9 1)

2
1
= 5 Z Ta1(2u) Tb1(2u + 1) (ea ept+ep® ea) = T11(2u) T11(2u + 1) v_q
a,b=1

1
+ —2 T11(2u) T21(2U + 1) + T21<2U) T11(2u + 1)) Vo — T21(2’U,) T21(2u + 1) vq.
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This agrees with the formulas for the images of the series ¢, _1(u) for a = —1,0,1
given in the statement. The remaining formulas are verified in the same way. Note
also that the image of the series ¢ o(u) can be equivalently written as

T12(27.L) T21(2U —+ ].) + T22 (2’&) T11(2’LL + 1)
due to the defining relation in the Yangian Y(gl,).

In order to complete the proof of the proposition we now verify that the
homomorphism X(o03) — Y(gl,) given by (4.17) is bijective. Taking the coefficient

at u™" in t_q,_1(u) we find that for any r > 1
") 2t A (1, ),
where A,_; stands for a quadratic polynomial in the generators Tl(l1 ), e ,Tl(ffl).

)

The obvious induction on r shows that each generator TH with > 1 belongs to

the image of the homomorphism. Similarly, taking the image of tgri we find that

)

each generator TQ(; with > 1 also belongs to the image. Then taking the images

of t(ﬁ,o and téfll we derive the same property of the generators Tl(;) and TQ(;) with
r > 1. This proves that the homomorphism is surjective.

Finally, observe that the homomorphism preserves the respective filtrations
on X(o03) and Y(gly). Hence, we have a homomorphism of the associated graded
algebras gr X(o3) — gr Y(gly). It suffices to show that this homomorphism is injec-
tive. Identifying grY(gl,) with the universal enveloping algebra U(gly[x]) via the
isomorphism (4.9), we get

—(r 1 1 1 1 .
W = =5 B (/2 B o = s B (/27 B e B (/2

Zp (E11 + EQQ) (x/?)rfl.
Therefore, the injectivity of the homomorphism follows from Corollary 3.10. [

and

Corollary 4.6. The restriction of the isomorphism ¢: X(03) — Y(gly) to the sub-
algebra Y (03) induces an isomorphism Y (03) — Y(sls).
Proof. Recall that the subalgebra Y(o3) consists of the elements stable under all
automorphisms of X(o03) of the form (2.21). For any series f(u) of the form (2.20)
there exists a unique series
guw) =1+ giu" +gou=? + - € Cllu™"]]
such that f(u) = ¢g(2u) g(2u+1). By Proposition 4.4, we have the relation ¢opuy =
pg o ¢, and hence ppod~t = ¢~ op,. This implies that the image of Y(03) under
the isomorphism ¢ coincides with the subalgebra Y(slz) of Y(gl,) thus yielding
the desired isomorphism. O
Let us denote by ¢ the Casimir element for the Lie algebra o3,
1

c= §(F121 — F11) + FioFor.

In the following we use notation (2.6).



Vol. 7 (2006) On Representations of Yangians 1289

Corollary 4.7. The mapping
F?2—c1
u(2u—1)

defines a surjective homomorphism X(o3) — U(o3).

ev: T(u) — 14 E + (4.23)
u

Proof. Writing the homomorphism Y(gl;) — U(slz) used in the proof of Corol-
lary 4.3 in the current notation we get

Ti1(u) — 1+ (E1 — Es) (2u)™, Tio(u) — Epou™?,
Too(u) — 1+ (B — E1q) (2u) 71, To1(u) — Eoyu™t.
Composing this with the isomorphism sly — 03 given by
Ei1 — By — 2F 4 _q, Eip — \/§F71,0» Es — \/QFO,—l,
we get another homomorphism Y(gl,) — U(o3) such that
Tii(u)— 1+ F_1 4 ul, Tyo(u) — \/§F,1’0 ut,
Too(u) — 1+ Fyyu?, Tor(u) — V2 Fy _qu™t.

Finally, compose the isomorphism of Proposition 4.4 with the shift automorphism
tij(u) — ti(u—1/2) of X(03) and use the above formulas to get a homomorphism
X(03) — U(o3). It remains to verify that the resulting formulas for the images of
t;j(u) agree with (4.23). This can be done by an easy straightforward calculation.
For instance, for the image of g o(u) we calculate

tovo(’u) — T11(2’U, — 1) T22(2U) + T21(2’LL — 1) T12(2U)

F_1,—1) (1 &> +2. Fo,—1 . F_10 (4.24)
2u—1 2u 20—1 2u
On the other hand, formula (4.23) gives

2Fy 1 F_10+2Fy1F10— F4 + Fi1 — 2 FioFon

}—>(1+

t 1
oo(u) =1+ 2u(2u— 1)
14 2Fy _1F 10— Ff — Fi
2u(2u —1)
Clearly, this agrees with (4.24). All the remaining cases are verified by a similar and
even shorter calculation. Obviously, the homomorphism (4.23) is surjective. O

4.3. Extended Yangian X(o04)

We shall need the tensor product algebra Y(gly) ® Y(gl,). In order to distinguish
the two copies of the algebra Y(gl,), we denote the corresponding generator series
respectively by 7;;(u) and T}; (u) for the first and second copies, where i, j € {1,2}.
We also identify Tj;(u) ® 1 with Tj;(u) and 1 ® T, (u) with T} (u). As before,
we combine the series Tj;(u) and T};(u) into the matrices T°(u) and 7°°'(u),
respectively.

The algebra Y(gl,)®Y(gly) is naturally equipped with an ascending filtration,
where the degrees of the elements on each copy of Y(gl,) are defined by (4.8).
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Consider the vector space C? with its canonical basis e1,e; and set V =
C? ® C2. We identify V with C* regarding the vectors

Voo =e€1 ey, v_1 = €1 e, v = ez ey, Vg = —e2 ® eg

as the canonical basis of V. Then T7°(u) Ty ' (u) may be regarded as an element of
End V ® (Y(gly) ®Y(gly))[[u"']]. The operators Py and Qv in V®V are given by
the respective formulas (2.9) and (2.10). We shall regard the matrix T'(u) = (¢;;(u))
as an element of End V @ X(o4)[[u™1]].

Proposition 4.8. The mapping
T(u) = 17 (u) Ty ' (u), (4.25)

defines an embedding ¥ : X(04) — Y(gly) ® Y(gly). More explicitly, the images of
the generators under the embedding are given by the formulas

too—o(u) = Tui(u) T\ (u), to—1(u) = Tui(u) Ti5(u),
toi(u) = Tia(u) Ti; (u), to22(u) = —Tha(u) Ti5(w),
to1,—2(u) = Tui(u) Ty (u), tor,—1(u) = Tii(u) Top(u),
tori(u) = Tia(u) Ty (w), to1,2(u) = =Tha(u) Tyy(u),
t,—2(u) = Tor(u) T} (w), ti,—1(u) = Tor(u) Ti5(w),
tii(u) = Too(u) Tiy (w), t1,2(u) = =T (u) T3 (w),
ta,—2(u) = —To1 (u) Ty, (u), ta,—1(u) = —To1(u) Tyy(w),
t2,1(u) = —Tha(u) Ty, (u), tap(u) = Tho(u) Top(u).

Proof. We start by showing that the mapping defines an algebra homomorphism.
Identifying V ® V with the tensor product space (C?)®*, we set

Ry (u) = Ri3(u) Ray(u). (4.26)
Lemma 4.9. We have the equality of operators in V Q@ V,
~u—1 Py Qv
Ry(u) = = (1—7+u_1) (4.27)

Proof. We have
P, P. -1 P3P 1—P3)(1— P
Rv(u):(1_ﬁ)(1_ﬁ):u (1_ 13 24+( 13)( 24)).
u u u U u—1
It remains to note that Py = Pi3Poq and Qv = (1= Pi3)(1— Paq). This is verified

by the application of the operators to all basis vectors v; ®v; of V@V For instance,
by the definition of Q v,

Qv(v_2 ®v2) =v_2 @ V2 +1v_1 @1 +v1 ®V_1 + V2 ®V_2,
while
(1 =Pi3)(1 — Pos)(v_2®@v3) = (1 — Pi3)(1 — Pay)(—€1 @ €1 ® e2 ® e2)
=—e1Re1QVeRert+e1ReRe®e; +e2Qe; Ve ey —ers Ve ey Q ey,
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which clearly coincides with Qv (v—_2 ® v2). The remaining relations are verified in
the same way. O

By the lemma, the element Ry (u) coincides with the R-matrix (2.13) for
a = 04, up to a scalar factor. So, in order to verify that the mapping (4.25) defines
a homomorphism X(o4) — Y(gly) ® Y(gly) we need to show that the relation

Ry (u—v) Ty (u) Tar (v) = Tor (v) Ty (u) Ry (u — v) (4.28)

remains valid when T'(u) is replaced by its image. The primed indices are used here
to indicate the copies of the space V' in the tensor product V ® V. The left-hand
side of (4.28) reads

Ris(u—v) Ryy(u— ) T (u) Ty (u) T3 (v) Ty (v).
Applying the RT'T-relation (4.6) twice, we bring this expression to the form

T3 (0) T ' (0) T (u) Ty ' (u) Rig(u — v) Ry (u — v)
which coincides with the right-hand side of (4.28), where T'(u) is replaced with its
image in accordance with (4.25).
The explicit images of the generators of X(o04) are found by taking the matrix
elements in (4.25). Indeed, the application of T'(u) to the basis vector v_s of V
gives

T(u) (’U_Q) = t_27_2(u) V_9 + t_17_2(u) V_1 + t17_2(u) U1 + t27_2(’u) V2,
while

TP (u) Ty (u) (v—2) = 1 (u) Ty '(u)(e1 ® €1) Z Tar(u) Tyy (u) (ea ® €b)
a,b=1

= T (w) Ty (w) v_g + Try (u) Ty (u) v_y + Tor (u) Ty (u) v1 — Tox (u) Ty (u) va

This agrees with the formulas for the images of the series ¢, _a(u) for a =
—2,—1,1,2 given in the statement. The remaining formulas are verified in the
same way.

In order to demonstrate that the homomorphism v is injective, observe that
it preserves the respective filtrations on X(04) and Y (gly) ® Y(gl5). Hence, we have
a homomorphism of the associated graded algebras

grX(o4) — gr (Y(gly) ® Y(gly)).

Identifying the graded algebra grY(gl,) with U(gl,[z]) via the isomorphism (4.9),
we get a homomorphism

grX(o4) — U(gly[z]) @ U(gly[y])

so that
E£T1)72 — *Elg Iril, {1(2 — *Elg yr717 1( 1) E22 .Z‘r71 =+ E11 yril,
52(21 — —Eo IT?I, {2(3) — —Eoy yril, 2(2) — Foo 2" + Eo9 yr’l,
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and
Zr = (B + Eag) 2™ '+ (By + Ex) y"
Therefore, the injectivity of ¢ follows from Corollary 3.10. O

Due to the presentation of the Yangian Y (sly) provided by (4.13) and (4.14)
we have a natural projection Y(gl,) — Y(sl) defined by the mapping T;;(u) +—
7;;(u). Applying this projection to the first or second copy of Y(gl,) in the tensor
product algebra Y(gly) ® Y(gly) and taking its composition with the embedding
1 we get homomorphisms

XM X(04) = Y(sh) @ Y(al),  x®: X(os) — Y(aly) © Y(sla).
Corollary 4.10. The homomorphisms X1 and x? are bijective.

Proof. We only consider x(!), the proof for x(?) is similar. By the formulas of
Proposition 4.8 we have

X(l) : t_2,_2(u) tl,l(u — ].) — tlv_g(’ll,) t_le(’U, — ].) =
(702 (0) Taa( = 1) = Toa () Tiau = 1)) T3y () Ty (= 1) = Ty () Ty = 1),

Therefore, all the coefficients of the series T}/;(u) belong to the image of x(!).
Hence, so do the coefficients of 7;;(u) with 4,5 € {1,2}. This implies that x») is
surjective. To verify the injectivity of x(!) we use the same argument as in the
proof of Proposition 4.8. Namely, x(!) induces a homomorphism of the associated
graded algebras

grX(o4) — U(slzy[z]) @ U(gly[y])

and the argument is completed by the application of Corollary 3.10. (|

Corollary 4.11. The restriction of each isomorphism xV) and x? to the subalgebra
Y(04) induces an isomorphism Y(04) — Y(slo) ® Y(slo).

Proof. Again, we only consider the isomorphism (1. The subalgebra Y(04) con-
sists of the elements stable under all automorphisms of X(04) of the form (2.21).
For any formal series f(u) of the form (2.20) consider the automorphism ji; of the
algebra Y (slz) ® Y(gl,) defined by

fig: Tij(u) = Tig(u),  Tj(u) — f(u) Tj(w).
By the definition of (!, we have the relation y(!) opf = ﬁfox(l). This implies that
if y € Y(04) then x(!)(y) is stable under the automorphisms ji; for all series f(u).
Hence, the image of the subalgebra Y(o4) of X(04) under the isomorphism x")

coincides with the subalgebra Y(sl) @ Y(sl2) of Y(sl2) ® Y(gl,) thus providing the
desired isomorphism. O

Let us denote by c the following Casimir element for the Lie algebra oy,

1

c= =

2

In the following we use notation (2.6).

(F121 + F222) — Foo + Fp1 Fio+Fo _1F_q5.
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Corollary 4.12. The mapping

F F?2—_F—cl
T 14—+ —
ev: T'(u) — +u+ W

defines a surjective homomorphism X(04) — U(0y).

(4.29)

Proof. Consider the isomorphism sls @ slo — 04 given by

Ey1 — By — —Fpy — F22, Eip — F—2,1, By — F1,—2,
and

B, — Egy v F1y — Faa, Ely— F o 4, Eq +— F_1 o,

where the primes indicate the basis elements of the second copy of sly. Applying
the homomorphism Y(gly) — U(slz) used in the proof of Corollary 4.7, we get a
homomorphism Y(gly) ® Y(gly) — U(o4) such that

Ti(u)—1— w ut, Tio(u) — F_g; u Tl

Too(u) — 1+ w ut Toi(u) — Fy o u!
and

Ti1(u) = 1+ w ut, Tiy(u) — F g qu",

Too(u) — 1 — @ ul, Ty (u) — F_y _ou™t.

Using the isomorphism of Proposition 4.8 we get a homomorphism X(04) — U(0y4).
It remains to verify that the resulting formulas for the images of t;;(u) agree with
(4.29). This can be done by an easy straightforward calculation. For instance, for
the image of t_o _o(u) we calculate

Fiy + Fy u_l) (1 n Fip — Fy u_l)
2 2

FEQ’,Q — le,fl u_2

— )

t_o _o(u) — Th1(u) TV, (u) — (1 -

(4.30)
=1+ F,27,2 ’LL_l +

On the other hand, formula (4.29) gives

F2) o+ F 5 1 F 4 9+ F o1 F\ _9—F o 5—c

t,g,,g(u) — 14+ F,27,2 U_l +

2u?
which agrees with (4.30). All the remaining cases are verified by a similar calcula-
tion. Obviously, the homomorphism (4.29) is surjective. d

Remark 4.13. The respective compositions of the evaluation homomorphisms pro-
vided by Corollaries 4.3, 4.7 and 4.12 with the shift automorphism 7, given by
(2.22) yields the homomorphisms ev, = ev o 7, with the evaluation parameter a.

O
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5. Representations of the extended Yangians

Here we introduce the highest weight representations for the extended Yangians
X(a), where as before, a = 025,41, 5Py, Or 02,. We show by a standard argument
that finite-dimensional irreducible representations of X(a) are highest weight rep-
resentations. Then we give necessary and sufficient conditions for the irreducible
highest weight representations to be finite-dimensional. In particular, we obtain
an alternative proof of Drinfeld’s classification theorem for the finite-dimensional
irreducible representations of the Yangians Y(a).

5.1. Highest weight representations

A representation V of the algebra X(a) is called a highest weight representation if
there exists a nonzero vector £ € V' such that V is generated by &,

tij(u) =0 for —n<i<j<n, and
tii(u) € = Ai(u) € for —n<i<n,
for some formal series
AN(w) =1+ APt aPy2 40 AP e, (5.2)
where the value ¢ = 0 only occurs in the case a = 09,,1. The vector £ is called the
highest vector of V' and the tuple A(u) = (A_n(u), ..., An(u)) of the formal series
is the highest weight of V.
Let us identify the elements F;; € a with their images in X(a) under the
embedding (3.22). The defining relations (2.19) imply
(165t ()] = Gy () — Oy g () = Gy iz 0 () + 6 O b i (1)
Also, due to (2.28) we have

(5.1)

t) 40,60 =0, 2

i—i
Therefore, F;; = tl(-jl-) — 0;; 21/2. Since z; is central in X(a), this gives
[Fijs tii(w)] = Oy ta(u) — 65 thj(u) — 0p _; i t—ji(u) + 0y _; 055 th,—i(u).  (5.3)
Take the linear span of the elements Fiq,..., F},, as the Cartan subalgebra
h of a and consider the standard triangular decomposition of a. Then the nonzero
elements F;; with ¢ < j are the positive root vectors. The corresponding positive
roots are
—&—€5, € —¢; with 1<i<j<n
for a = 09,
—2g; with 1<i<n and —¢g—¢;, € —¢; with 1<i<j<n
for a = sp,,,, and
—g with 1<i<n and —g—¢;, & —¢; with 1<i<j<
for a = 09,41, where ¢; denotes the element of h* defined by €;(Fj;) = d;5- The
standard partial ordering on the set of weights of any a-module is now deﬁned
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as follows. If o and (8 are two weights, then « precedes 3 if § — « is a Z,-linear
combination of the positive roots.

Theorem 5.1. Every finite-dimensional irreducible representation V' of the algebra
X(a) is a highest weight representation. Moreover, V contains a unique, up to a
constant factor, highest vector.

Proof. Introduce the subspace V° of V by
VOi={neV|tjun=0 -n<i<j<n} (5.4)

We show first that V'V is nonzero. Consider the set of weights of V, where V is
regarded as the a-module defined via the embedding (3.22). This set is finite and
hence contains a maximal weight v with respect to the partial ordering on the set
of weights of V. The corresponding weight vector 7 belongs to V0. Indeed, if i < j
then by (5.3) the weight of ¢;;(u)n has the form v + « for a positive root «. By
the maximality of v, we have ¢;;(u)n = 0.

Next, we show that all the operators ¢y (u) preserve the subspace V9. Con-
sider first the case a = 09,,41. In the following argument we write = for an equality
of operators in V°. Due to (5.3), it suffices to show that for any i and k we have

ti’iJrl(u) tkk(v) =0. (55)

Suppose first that ¢ < k. Then (5.5) is immediate from (2.19) except for the cases
i = —k and i = —k — 1. In the former case, we have k > 0 and so (2.19) gives

o) ) = 3ty 65)
while for each p > k,
topn (W) = =y = Dk (0 )
o
Hence, t_p g1 () tpr(v) = t—k,— k41 (1) ter(v). So, (5.6) implies
<1 + Lk“) t s (0) B (0) = 0

U—v—~K

and thus, t_; _r11(u) tgk(v) = 0 verifying (5.5).

Similarly, in the case i = —k — 1 we have k > 0 and so
1 n
t_p_1_ t = t t_p_q1_ . 5.7
b1k () i (V) ’U/—’U—Iipzk;rl kp (V) t——1,—p (1) (5.7)

For each p > k£ 4+ 1 we have

thp(V) to—1,—p(u) = —[t—k—1,—p(), tip(v)]

1l
|
~

o
2
—~
<
=
i
T
=
|
2
—~
<
=
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Therefore, ty,(v) t_p—1,—p(u) = —t_p_1,—x(u) txr(v). So, (5.7) gives
n—k
<1 —+ u—v—ﬁ;) t_k_L_k(’U,) tkk(’l}) = 0

implying (5.5) in the case under consideration.
Suppose now that i > k. We can write

tiit1 (W) ter(v) = —[trr (v), tiit1(w)].
Now (5.5) is immediate from (2.19) except for the cases i = —k and i = —k — 1.
In the former case, we have k < 0 and so (2.19) gives

n

tokr1 () () = ———— Yty (0) bk (u), (5.8)
while for each p > —k + 1,

1 n
tp (V) tp,— k1 (u) = E— Z toq,k (V) tg,—kt1(w).
q=—k+1

Hence, t_p (V) tp,—k+1(w) = —t_g,—g41(w) tgx(v). So, (5.8) implies
n+k
1+ —— |t - t =0
( + Uuﬁ) ko~ k1 (w) T ()
verifying (5.5).
Finally, let ¢ = —k — 1. Then k£ < 0 and

top—1,—k(u) trr(v) = —[trr(v), top—1,—x(u)]

1 n
T —— Dtk it p(v). (5.9)
p=—k
For each p > —k we have
tog—1p(W) th,—p(v) = —[tr,—p(v), tog—1p(u)]
1 n
T — D tko1q(u)thg(v).
qg=—k

Therefore, t_;_1 p(u) te,—p(v) = t_p—1,—(w) trr(v). So, (5.9) gives
n+k+1
<1 -+ 7) t_k_L_k(u) tkk(v) =0
V—U—K
completing the proof of (5.5).
For the Lie algebras a = sp,,, and 09, the argument is essentially the same

as in the previous case. If a = sp,,,, then due to (5.3), it suffices to show that (5.5)
holds for i € {—n,...,—2,1,...,n— 1} and all k, together with the relation

t,l,l(u) tkk(v) =0. (510)
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This relation is immediate from (2.19) for £ > 1 and k¥ < —1; for the latter we
apply (2.19) to the commutator [trx(v),t_11(u)]. If K = 1 or k = —1 then the
claim is verified by a calculation similar to the cases (5.6) and (5.8), respectively.

If a = 04, then it is sufficient to verify (5.5) fori € {-n,...,—-2,1,...,n—1}
and all k, together with the relations (5.10) and t_; o(u) txr(v) = 0. The calculation
is again a repetition of the one for a = 09,,41.

Now we verify that all the operators tg? on the space VO withi € {-n,...,n}
and r > 1 comprise a commutative family. First of all, by (2.19) we have
[tii(u), tii(v)] = 0 for any i # 0. Furthermore, for any ¢ < j such that i + j # 0 we

have
(u—w) [tis(u), tj;(v)] = tji(u) ti;(v) — tji(v) ti;(u)

and so, [t;;(u),t;;(v)] = 0 as operators on V°. Next, for any 0 <@ < j set
A =t j—i(u) tji(v) —tij(v) i (u),
where the value ¢ = 0 only occurs in the case a = 0g,+1. By (2.19), we get

1 1
App=——A —72 Ao 5.11
00 = T Aoo w2 05> (5.11)
and for any ¢ > 0
1 n
Ap=—--— 5" Ay, 5.12
U_U_H; ) (5.12)

as operators on V, while for 0 < i < j we have

1 - 1 -
Aj=— Ap — ——— Al
J U—U—H; k U—U—Ii;j at

This implies

Az]:Aii A_”
for 0 < i < j, and
u—v—1
Aoy = w—v Aoo — Ajj
for j > 0. Hence, (5.12) gives
n—i+1 1 =
1 7>A~—7 A=
(+’U,—’U—;‘i Y u—v—=k Z i =0

j=it1
thus proving that A;; = [t—; —i(w),t;;(v)] = 0 for all ¢ > 0 by an obvious induction.
Moreover, in the case a = 02,41, we derive from (5.11) that Agg = [too (), too(v)]
=0.

Since the operators tl(»z) on V0 are pairwise commuting, they have a simulta-
neous eigenvector £ € V0. Then ¢ satisfies the conditions (5.1). Moreover, since V/
is irreducible, the submodule X(a) ¢ must coincide with V' so that V' is a highest
weight module over X(a). In particular, £ is an a-weight vector with a certain
weight v.
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Finally, since the central elements z, act on V as scalar operators, Corol-
lary 3.10 implies that the vector space V is spanned by the elements
tr)glre) e 5 )

Jii1 Imtm

with j, > i, and 7, > 1. Hence, by (5.3) the a-weight space V,, is one-dimensional
and spanned by the vector £. Moreover, if p is a weight of V and p # v then
p strictly precedes v. This proves that the highest vector £ of V is determined
uniquely, up to a constant factor. O

Given any tuple A(u) = (A_p(u),...,A\n(u)) of formal series of the form
(5.2), we define the Verma module M(A(u)) as the quotient of X(a) by the left
ideal generated by all the coefficients of the series t;;(u) with —n < i < j < n,
and t;;(u) — Ai(u) for i = —n,...,n. As we shall see below, the Verma module
M (A(w)) can be trivial for some A(u). In the non-trivial case, the Verma module
M (A(u)) is a highest weight representation of X(a) with the highest weight A(u)
and the highest vector 1, which is the canonical image of the element 1 € X(a).
Moreover, any highest weight representation of X(a) with the highest weight A(u)
is isomorphic to a quotient of M (A(u)). Regarding M (A(u)) as an a-module, we
obtain the weight space decomposition

M(Mu)) = @ M),

summed over all a-weights v = (v1,...,v,) of M(A(u)), where
M)y = {ne MA(w)) | Fun=wvin, i=1,...,n}.

By (5.3), the set of weights of M (A(u)) coincides with that of the a-Verma module
with the highest weight \(1) = ()\(11), ce )\511)). This set consists of all weights of
the form \() — w, where w is a Z-linear combination of the positive roots.

One easily shows that any submodule K of a non-trivial Verma module
M (A(u)) admits the weight space decomposition

K=K, K, =KEnMQXuw),.

This implies that the sum of all proper submodules is the unique maximal proper
submodule of M (A(u)). The irreducible highest weight representation L(A(u)) of
X(a) with the highest weight A(w) is defined as the quotient of the Verma module
M (A(u)) by the unique maximal proper submodule.

Proposition 5.2. Let V' be a highest weight representation of X(a) with the high-
est weight A(u) = (A_n(u),..., Ay (u)) with some series (5.2). Then the coeffi-
cients of the series z(u) act on V as scalar operators determined by z(u)|y =
A—n(u+ K) Ap(u).

Proof. Let & be the highest vector of V. Then V = X(a) £ so that z(u) acts on V'
as a scalar function determined by its action on . However, taking k =1 = n in
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(2.28) we get

2(u) = Y Onitoin(u+ k) tin(u). (5.13)
Therefore, z(u) & = A_,(u + ,%Z)_)\::Zu) & O

5.2. Representations of low rank Yangians

Using the results on representations of the Yangian Y(gl,) (Tarasov [25, 26]; see
also [7, Chapter 12], [16]), and the isomorphisms constructed in Section 4, we
describe here the finite-dimensional irreducible representations of the extended
Yangians X (o03), X(sp5y) and X(o04). For the sake of completeness, we also reproduce
a simplified version of Tarasov’s classification theorem for the representations of
Y(gly); cf. [16].

We shall use the notation for the generators of Y(gl,) introduced in Section 4.
A representation L of the Yangian Y(gl,) is called a highest weight representation
if there exists a nonzero vector ( € L such that L is generated by ¢ and the
following relations hold

Ti2(u) (=0 and (5.14)
Tii(u) ¢ = pi(u) ¢ for i=1,2. (5.15)

for some formal series

wi(u) =14+ ugl)ufl + /,LZ(»Z)zf2 + uz(.r) e C. (5.16)

The vector ( is called the highest vector of L, and the pair p(u) = (p1(w), p2(u))
is the highest weight of L. A standard argument, similar to the one used in
Section 5.1 (see, e.g., [16]), shows that every finite-dimensional irreducible rep-
resentation of Y(gly) is a highest weight representation. Given any pair of series
p(w) = (p1(u), p2(u)), the corresponding Verma module M (u(u)) for Y(gl,) is the
quotient of Y(gly) by the left ideal generated by all the coefficients of the series
Ty2(u) and Ty (u) — pi(u) for ¢ = 1,2. When the components of p(u) satisfy the
condition g (u) pe(u — 1) = 1 then M (u(u)) may also be regarded as a module
over the Yangian Y(slz).

The Y(gly)-module M ((u)) has a unique irreducible quotient L(x(u)). Thus,
any finite-dimensional irreducible representation of Y(gls) is isomorphic to L(u(u))
for a pair p(u) = (1 (u), p2(u)). It remains to describe the highest weights i(u)
which correspond to finite-dimensional modules L(u(w)). This is given by the fol-
lowing theorem due to Tarasov [25, 26] in Drinfeld’s version [12].

Theorem 5.3. The irreducible highest weight representation L(p(u)) of Y(gly) is
finite-dimensional if and only if there exists a monic polynomial P(u) in u such
that

pr(u) _ Plu+1)

pale) ~ Pw) (517

In this case, P(u) is unique.

Proof. We shall need the following lemma.
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Lemma 5.4. If dim L(p(u)) < oo then there exists a formal series

f(u):1+f1u_1+f2u_2+"'7 fTE(C,

such that f(u)u1(u) and f(u)pz(u) are polynomials in u=".

Proof. By twisting the action of Y(gly) on L(u(u)) by the automorphism (4.11)
with g(u) = u2(u)~t, we obtain a module over Y(gly) which is isomorphic to the
irreducible highest weight representation L(v(u), 1) with v(u) = pu1(u)/ua2(u). So,
we may assume without loss of generality that the highest weight of L(u(u)) has
the form p(u) = (v(u),1). Let ¢ denote the highest vector of the Verma module
M (v(u),1). Since dim L(v(u), 1) < oo, the vectors TQ(?C € M(v(u),1) withi > 1
are linearly dependent modulo the maximal proper submodule K of M (v(u),1).
Hence, M (v(u),1) contains a nonzero vector £ € K of the form

m
€= T, e eC
i=1
Here m is a positive integer and we may assume that ¢, # 0. Then we have

Tl(;)f = 0 for all 7 > 1 because otherwise the highest vector ¢ would belong to K.
Write

viu) =14+ vyt 4 @y=2 4. v e
By the defining relations (4.2), in M (v(u), 1) we have

min(r,z)
Tl(g) TQ(?C - Z (TQ(;—l)Tl(vl”+z—a) _ T2(g+z—a)T1(;z—1)><~ — =D,

a=1

Hence, for all » > 1 we have the relations

Z el =,
i=1

They imply
v(u) (e +coud -+ epmu™ ) = (b +bou+ -+ bpu™ )

for some coefficients b; € C with b,,, = ¢,,. Thus, taking now
m
f(u) — C;zl Zci e
i=1

we conclude that both f(u)v(u) and f(u)1 are polynomials in u~*. O

Thus, taking the composition of the representation of Y(gly) on L(u(u))
with an appropriate automorphism of the form (4.11), we can get another highest
weight representation of Y(gl,) where both components of the highest weight are

polynomials in v~ !.
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For any «a,8 € C consider the irreducible highest weight representation
L(a, B) of the Lie algebra gl, and equip it with a Y(gly)-module structure via
the evaluation homomorphism (4.10). Let ¢ denote the highest vector of L(a, f3).
Then

En¢=ag, Eae ¢ =3¢, E2¢=0.
Moreover, if a — 8 € Z4 then the vectors (E2;)"¢ with r = 0,1,...,a — (8 form
a basis of L(a, ) so that dim L(a,8) = a— f+ 1. If « — 8 ¢ Z, then a basis
of L(a, ) is formed by the vectors (E21)"(, where r runs over all nonnegative
integers.
Now let 1 (u) and pa(u) be polynomials in u~1 of degree not more than k.
Write the decompositions

pr(u) = (1+ ™). . (1 +apu™),
po(u) = (1+ fru) ... (1+ Bru™t),

where the constants «; and (; are complex numbers (some of them are zero if the
degree of the corresponding polynomial is strictly less than k).

For any Y (gl,)-modules L; and Lo, their tensor product L ® Lo is equipped
with a Y(gl,)-module structure defined by the coproduct (4.7).

(5.18)

Lemma 5.5. Re-number the parameters a; and [3; if necessary, so that for every
index i =1,...,k —1 the following condition holds: if the multiset {oy, — g | i <
p,q < k} contains nonnegative integers, then a; — [3; is minimal amongst them.
Then the representation L(ui(u), pa(u)) of Y(gly) is isomorphic to the tensor
product module

L(ay, 1) ® L(ag, f2) ® - - - @ L(ag, Br). (5.19)

Proof. Let us denote the module (5.19) by L and let ¢; be the highest vector
of L(ay, B3;) for i = 1,..., k. Using the definition of the coproduct on Y(gl,) we
derive that the cyclic span Y(gl,)( of the vector { = (1 ® --- ® () is a highest
weight module with the highest weight (p;(u), p2(u)). Therefore, the proposition
will follow if we prove that the module L is irreducible.

We claim that any vector £ € L satisfying Ti2(u)§ = 0 is proportional to .
We shall prove this claim by induction on k. This is obvious for k£ = 1 so suppose
that k& > 2. Write any such vector &, which is assumed to be nonzero, in the form

P
=Y (BEn)"G1 @& where & € L(ag, B2) @+ ® L(aw, B)
r=0

and p is some non-negative integer. Moreover, if a3 — ;1 € Z4 then we may and
will assume that p < a3 — 1. We also assume that &, # 0. Applying Th2(u) to &,
with the use of (4.7) we get

p

Z (T11(U)(E21)7"C1 Q@ Tha(w) & + Tha(u)(Eo1) ¢ @ Taa(u) fr) = 0. (5.20)

r=0
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Using the definition of the Yangian action on L(aq, 1) and commutation relations
in gly, we obtain

T11(u)(B1)"Go= (L4 Bnu™)(Ba1) G = (1+ (a1 = 1)u™ ") (Ea1) G
and
Tia(w)(E2) ¢ = u ' Bz (E2) ¢ = u ™ r(an = B — 7+ 1)(Ea1)" G
Hence, taking the coefficient at (Es1)?¢, in (5.20) gives
(1+ (1 = p)u™ ") Taa(u) &, =0,

implying the relation T12(u)€, = 0. By the induction hypothesis, applied to the
Y(gl,)-module L(ag, f2) @ - -+ @ L(ag, Br), the vector &, must be proportional to
(2 ® -+ ® (i . Therefore, using (4.7) we get

Too(u)ép = (14 Fou™ ) ... (14 Bru™1)E,. (5.21)

In order to complete the proof of the claim it now suffices to show that p must
be equal to zero. Suppose by way of contradiction that p > 1. Then taking the
coefficient at (E21)P~1(; in (5.20) we derive

(]. + (041 —p—|— ].)U_l)TlQ(U)fpfl + U_lp(al — 51 —p+ 1)T22(’U,)£p = 0

Hence, multiplying by u* and taking into account (5.21) we get

(u+ay —p+ DuF  Tig(u) €1 + plar — i —p+ D) (u+ B2) ... (u+ Br) & = 0.

Now observe that the vector uk_lTlg(u)ép,l depends on u polynomially. This
follows by an easy induction with the use of (4.7). So, taking the value u =
—aq 4+ p — 1 we obtain the relation

plar—pr—p+1)(aa —fo—p+1)...(a1 =B —p+1)=0.

But this is impossible due to the conditions on the parameters «; and ;. Thus, p
must be zero and the claim follows.

Suppose now that M is a nonzero submodule of L. Then M must contain a
nonzero vector £ such that Ti2(u)€ = 0. Indeed, this follows from the fact that the
set of gly-weights of L has an upper boundary. The above argument thus shows
that M contains the vector ¢. It remains to prove that the cyclic span K = Y(gl,)¢
coincides with L.

Denote by s the anti-automorphism of the algebra Y(gl,), defined by

. tij ('LL) = tgfi’gfj(—u). (522)

Consider the vector space L* dual to L. That is, L* is spanned by all linear maps
o: L — C satisfying the condition that the linear span of the vectors n € L such
that o(n) # 0, is finite-dimensional. Equip L* with a Y(gl,)-module structure by
setting

(yo)(n) =o(s(y)n) for yeY(gl,) and o€L” neL
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It is easy to see that the dual module L(c, 8)* to the evaluation module L(«, )
is isomorphic to L(—3, —«). Moreover, the Y(gly)-module L* is isomorphic to the
tensor product module

L(—B1,—a1) ® -+ @ L(— P, —au,).

This is deduced from the fact that the anti-automorphism s commutes with the
coproduct A, where s is extended to Y(gly) ® Y(gly) by »(x ® y) = »(z) ® s(y)
for z,y € Y(gly). Furthermore, the highest vector ¢ of the module L(—8;, —«;) &
L(a;, B8;)* can be identified with the element of L(«;, 8;)* such that ¢}(¢;) = 1 and
¢} (n:i) = 0 for all weight vectors n; € L(ay, 8;) whose weights are different from
(v, Bs).

Suppose now that the submodule K of L is proper and consider its annihilator
Anmm K ={"eL" | (n)=0 forall ne K}.

Then Ann K is a nonzero submodule of L*, which does not contain the vector
(f ® -+ ® (. However, this contradicts the claim verified in the first part of the
proof, because the condition on the parameters «; and (3; remain satisfied after we
replace each a; by —(; and each (3; by —«;. O

By this lemma, all differences «; — 8; must be nonnegative integers because
the representation L(A1(u), A2(u)) is finite-dimensional. Then the polynomial

k

P(u)=[Ju+B)(u+Bi+1)... (uta;—1) (5.23)
i=1

obviously satisfies (5.17).
Conversely, suppose (5.17) holds for a polynomial P(u) = (u+71) ... (u+p).
Set
vi(u)= 1+ (y+Du) o (T4 (9 + Du™h),
va(u) = (L+mut) .. (1+yut),
and consider the tensor product module

L=Ln+17)®L(yz+172)® @ Ly + 1,7)

of Y(gl,). Obviously, this module is finite-dimensional. The cyclic Y(gl,)-span of
the tensor product of the highest vectors of L(y; +1,7;) is a highest weight module
with the highest weight (11 (u),v2(u)). Since this submodule is finite-dimensional,
then so is its irreducible quotient L(v;(u), v2(u)). Since

vi(u) _ (u)

va(u) — pa(u
there exists an automorphism of Y(gl,) of the form (4.11) such that its composition
with the representation L(vq(u), v2(u)) is isomorphic to L(uq (u), pa(u)). Thus, the
latter is also finite-dimensional.

)

~—
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Finally, suppose that @(u) is another monic polynomial in u and
Plu+1) Qu+1)

P(u) — Q(u)
This means that the ratio P(u)/Q(u) is periodic in w which is only possible for
P(u) = Q(u). O
The polynomial P(u) is called the Drinfeld polynomial of the representation

L(p(u)).
We now apply Theorem 5.3 to the low rank extended Yangians.

Corollary 5.6. The Verma module M(A(u)) over X(spy) is non-trivial for any
highest weight A(u) = (A_1(uw), A\1(u)). Moreover, the X(spy)-module L(A(u)) is
finite-dimensional if and only if there exists a monic polynomial P(u) in u such
that
Aog(u)  Plu+2)
= . 5.24
M) Pl 20

In this case, P(u) is unique.
Proof. This is immediate from Proposition 4.1 and Theorem 5.3. O

The evaluation homomorphism provided by Corollary 4.3 allows one to re-
gard any irreducible spy,-module V(i) as an X(sp,)-module. The corresponding
evaluation module is immediately identified with an irreducible highest weight
module.

Proposition 5.7. The evaluation module V (1) over X(sp,) is isomorphic to L(A(u))
with

1

Aoi(uw)=1—pru” and AM(u) =14 pu™t. O

Corollary 5.8. The Verma module M(A(u)) over X(o03) is non-trivial if and only
if the highest weight A(u) = (A—1(u), Ao(u), A1 (u)) satisfies the condition
A1(u—1/2) A(u) = Xo(u — 1/2) Ag(u). (5.25)
Moreover, if this condition holds then the X(o03)-module L(A(u)) is finite-dimen-
sional if and only if there exists a monic polynomial P(u) in u such that
X(uw)  Pu+1/2)

M P (5.26)

In this case, P(u) is unique.

Proof. Let the Verma module M (A(u)) be non-trivial. By Proposition 4.4, we may
regard M (A(u)) as a Y(gl,)-module. In particular, we have

T11(2u) T11(2u + ].) ].)\ = )\,1(’&) 1)\7
where 1, is the highest vector of M (A(w)). This implies that 1, is an eigenvector
for T11(u), that is, Th1(u) 1y = p1(u) 1 for a certain series p(u). Moreover, this

series satisfies
p1(2u) pr (2u+ 1) = A_q(u). (5.27)
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Similarly, Too(u) 1x = pa(u) 15 for a series po(u) satisfying
pi2(2u) p2(2u + 1) = Ar(u). (5.28)
Furthermore, by the defining relations (4.3) we have
Tha(2u) Too(2u + 1) + Toa(2u) Tha(2u + 1) = 2 Tya(2u + 1) Too(2u).

Since 9,1 (u) 1x = 0 we derive that Th2(u) 1y = 0. Hence, using the action of ¢ o (u)
on 1, we also get

11 (2u) po(2u 4+ 1) = Ag(u). (5.29)
This gives the condition (5.25).

Conversely, if the condition (5.25) holds for a highest weight A(u) then there
exist series p11 (u) and ps(u) satistying (5.27), (5.28) and (5.29). Consider the Verma
module M (pq(u), pa(u)) over Y(gly). Using the formulas of Proposition 4.4, we find
that the highest vector 1, € M (u1(u), po(u)) satisfies the conditions (5.1) for the
action of X(o3).

The argument of the first part of the proof shows that, regarded as a Y(gl,)-
module, the module L(A(w)) is isomorphic to L(u (u), po(u)) with gy (u) and pa(u)
satisfying (5.27), (5.28) and (5.29). So writing the relation of Theorem 5.3 in terms
of the series A;(u), we get the desired condition. O

The evaluation homomorphism provided by Corollary 4.7 allows one to regard
any irreducible og-module V(1) as an X(03)-module.

Proposition 5.9. The evaluation module V (1) over X(o3) is isomorphic to L(A(u))
with
(2u — p1)(2u — p1 — 1)

Aa(w) = 2u(2u—1) ’
Ao(u) = (2u +5;)((22uu_1l;1 — 1),

2u(2u —1)
Proof. This is immediate from Corollary 4.7, as the Casimir element ¢ acts on
V(1) as multiplication by the scalar (u? — uy)/2. O
Corollary 5.10. The Verma module M (A (u)) over X(o4) is non-trivial if and only
if the highest weight M(u) = (A_a(u), A_1(u), A1 (u), \a(u)) satisfies the condition
Ao (w) Aa(u) = A_q(w) A (u). (5.30)
Moreover, if this condition holds then the X(04)-module L(A(w)) is finite-dimen-
sional if and only if there exist monic polynomials P(u) and Q(u) in u such that
Aa(w)  Plu+1) M) Qut1)
= and = . 5.31
) P N QW) 31

In this case, P(u) and Q(u) are determined uniquely.
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Proof. Suppose that the Verma module M (A(u)) over X(o04) is non-trivial. Using
the isomorphism x*) provided by Corollary 4.10, we shall regard M (A(u)) as a
module over the algebra Y(slo) ®Y(gl,). As was seen in the proof of Corollary 4.10,

Xt o o(u)tia(u—1) =t _o(u)t_o1(u—1)— T/ (u) T/ (u—1).

This implies that 1 is an eigenvector for T, (u), that is, TY; (u) 1x = pf (u) 1 for
a certain series p(u). Similarly, Ty, (u) 1x = ph(u) 1y for a series ph(u). Then, by
the formulas of Proposition 4.8, we also have
Ti1(u) 1y = pp(u) 1y and Too(u) 1y = pa(u) 1y
for some series p1(u) and po(u). Moreover, we have the relations
A—a(u) = p(u) py(w), A1(u) = pa(u) pg(u),
Ar(u) = pa(u) pi (u), Az (u) = pi(u) pp(u),
which imply (5.30). Conversely, if (5.30) holds for some series A;(u), then there ex-
ist series p;(u) and p}(u) satisfying (5.32) together with the condition pq (u) po(u—
1) = 1. Consider the Y(slz) ® Y(gly)-module M (p1(u), po(u)) @ M (1] (w), ph(w)).
The vector 1, ® 1, satisfies the conditions (5.1) for the action of the series t;;(u)
thus proving that the X (04)-module M (A(u)) is non-trivial.
Finally, the argument of the first part of the proof shows that, regarded as
a Y(slz) ® Y(gl,)-module, the module L(A(u)) is isomorphic to L(uq(u), po(u)) ®
L(py (u), ph(w)) with the p;(u) and uf(u) satisfying (5.32). By Theorem 5.3, the
module L(py(u), po(u)) ® Ly (u), ph(w)) is finite-dimensional if and only if there
exist monic polynomials P(u) and Q(u) in u such that

p _ P+l ) Qutl)

ua(u)  P(u) : i) Qu)

Writing these formulas in terms of the A;(u) we get the desired conditions. O

(5.32)

The evaluation homomorphism provided by Corollary 4.12 allows one to re-
gard any irreducible o04-module V(i) as an X(o04)-module.

Proposition 5.11. The evaluation module V(i) over X(o4) is isomorphic to L(A(u))
with
(2u — piy — po) (2u + piy — pi2)

A-a(u) = 4u? ’
e
M (u) = (2u+p1 — Mi)szu+ul +u2)7
Ao () = (2u — +M1)u(22u+u1 +M2)'

Proof. This follows from Corollary 4.12, as the Casimir element ¢ acts on V(u) as
multiplication by the scalar (u? + u3)/2 — po. O
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Remark 5.12. More general evaluation modules V (i), with a € C over X(a) for a =
54, 03 and 04 can be obtained by using the respective evaluation homomorphisms
evy: X(a) — U(a) instead of ev; see Remark 4.13. Then V (i), will be isomorphic
to the irreducible highest weight module L(A(u)), where the components \;(u) are
found from the formulas of Propositions 5.7, 5.9 or 5.11 by replacing v with u — a.

5.3. Classification theorems

Our goal here is to prove classification theorems for the finite-dimensional ir-
reducible representations of the extended Yangians X(a) for a = 02,41, 5Py,
and 0g,. The corresponding theorem for the Yangian Y(sly) implies that every
finite-dimensional irreducible representation of Y(sly) is isomorphic to a subquo-
tient of the tensor product of the fundamental representations [12], [7, Chapter 12].
We shall use the following version of the well-known construction of the funda-
mental representations of Y(sly). They are obtained by restriction from the corre-
sponding representation of Y (gl ) which is obtained by a simple particular case of
the fusion procedure; see, e.g., [9], [20]. The vector space CV carries an irreducible
representation of Y(gly) with the action of the generators given by

Tij(u) — 65 + eju™", i,je{l,...,N},
where the e;; denote the standard matrix units. So,
Tij(u) e = 0;; e + ;1 € u ™t

where eq, . .., en denote the canonical basis of CV. Since for any b € C the mapping
T;;(u) — T;;(u—>b) defines an automorphism of Y(gly ), using the coproduct (4.7),
we can equip the tensor product (CV)®™ with the action of Y(gly) by the rule

Tij(u) (e, ® -+ @ €5,,) =
N
Y T (e @ Toay(ut1) e ® @ Ta,_j(utm—1)e,,. (533)

a1,y @m—1=1
For any 1 < m < N set
& = Z SENO - €o(1) ® -+ @ €q(m) € (CNHy®m,
ceS,,

Then &, has the properties

Tij(u) & =0 forall 1<i<j<N (5.34)
and
M . b ciem,
&m if m+1<i<N.

Thus, the vector &, generates a highest weight module over Y(gly) whose irre-
ducible quotient is isomorphic to a fundamental module; see [7, Chapter 12], [16].



1308 D. Arnaudon, A. Molev and E. Ragoucy Ann. Henri Poincaré

Consider the extended Yangian X(a’) for the subalgebra a’ of a of rank n — 1.
That is,

/ .
a’ = 09p_1, 5Py, _9, 02n—2 Tespectively for a = 09p41, 5Py, Oon.

Note that X(a') is not a natural subalgebra of X(a). Let V' be an X(a)-module.
Set

Vi={meV|tu(uyn=0 for k<n and
tonk(u)n=0 for k> —n}.

Lemma 5.13. The subspace V1 is stable under all operators t;j(u) with the con-
dition —n + 1 < 4,57 < n — 1. Moreover, these operators form a representation of
the algebra X(a') on V'*, where each operator t;j(u) is the image of the generator
series of X(a') with the same name.

Proof. For any 7 € V* we have the following relations modulo elements of V'
which are implied by (2.19): if k <n and —n+1 < 4,5 <n—1 then

L 0; —nt—n i (1) tn (V) 7.
U—V— K B V)

thn (V) tij(w) n = —[tij(u), ten(v)] 0

However, applying again (2.19), we find that

lonj (u) tyn(v)n = ——— lonj (u) tnn(v) 1.

Therefore, t_, j(w) tny,(v) n = 0 implying ti,(v) t;;(w) n = 0. A similar calculation
shows that for any & > —n and —n+1 <i,j < n—1 we also have t_,, 1(v) t;;(u) n
= 0 proving the first part of the lemma.

In order to prove the second part, suppose that the indices i, j, k, [ satisfy the
condition —n + 1 < 4,4, k,I <n — 1. Then by (2.19) for any n € V' we have

i), tia ()] = (1 ) o) — 1y (0) )
N ﬁ(‘;kv—i D Oty (W)t pi(v) =65 > Oy tk,—p(v)tip(u)) .

p=—n p=-—n

Writing the right-hand side modulo V*, we get

(tkj(u) ti(v) =t (v) ta (u)) n

u—v
1 n—1 n—1
e — (519,4 Z Oip tpj(w) t—p(v) = &) _; Z Ojp te,—p(v) tz‘p(“)) n
p=—n+1 p=—n+1
1

- <5k,—i it (W) tn (V) =0 _; 0 —ntrn(v) i,—n(u)) 7.

U—v—~K
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Applying again (2.19), we obtain

n—1
1
tonj(W)tn (V) = ——— Z O —nptpi(u)t_pi(v)n
U—v—K
p=—n+1
1
b —— (t_w(u) tn1(v) = 0y —j 0j,—n tnn(v) t—m—ﬂ(“)) 1.
Hence,
1 n—1
topi(u) tna(v)n = Tu—v—rt1 Z O0—np tpj(w) t—pi(v)
p=—n+1
1
a——" L AR OLE OL
Similarly, tg »(v) t;,—n(w)n = —[t; —n(w), tkn(v)] n and
1
i,—n 7t n =—— —‘gi—nt—n—n tnn
1 (0) i ()]0 = — e By Ot () (0]
1 n—1
R p— ( > g tep(0) tip() + tin(v) i,,n(u)) n
p=—n+1
which gives
1
tkn ti,—n =——96 7'0i7nt7nfn ton
(0 b0 = e 5Bt () ban(0)
1 n—1
I ve——— D Oonpth,—p(v) tip(u)n.

p=—n+1

Combining these expressions, we come to the following relation
1
[t (0),taa ()] 1 = —— (b () ta(v) = b (0) a(w) )

n—1
1
e (B Y Ot ()t pa(0) =6

u—v—kKr+1 1

z_: Ojp th,—p(v) tzp(u)) n

p=—n+1

1
O, —i 01— O [t—n,—n (), tun (V)] .

+ (u—v—kK)(u—v—K+1)
Finally, by (2.19),

1
[t—n,—n (u)a tnn(v)] = _m [t—n,—n (u)7 tnn(v)] 77’
so that [t_, —n(w),tpn(v)]n = 0. This yields the desired relations between the
operators t;;(u) on V' since K —1 = £’ coincides with the value of the parameter

for the Lie algebra a’. O
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Proposition 5.14. The Verma module M (A(u)) over X(a) is non-trivial if and only
if the components of the highest weight A(u) satisfy the conditions

Apntic1(u+ K —1) _ An—i(uw)
Acntilut+r—1)  Ap—iyi(u)

fori=1,....,n—1if a =09, orsp,,, and fori=1,...,n if a = 02p41.-

(5.35)

Proof. Suppose first that M (A(u)) is non-trivial. We use induction on n taking
Corollaries 5.6, 5.8 and 5.10 as the induction base. Let us apply t_, —pn+1(u)
tnn—1(v) to the highest vector 1) of M (A(u)). By (2.19) we have

t—n,—n—i—l(u) tn,n—l(v) 1)\ -
e (i () 1 (0) F A () A1 (0) = A () Aa(0) T,

U—v—~K

which implies
(u=v—k+1)t_p —pt1(w) tnn_1(v) In = Ay (1) Ay (V) 1x — A1 (w) Ap—1(v) 1.

Putting v = v + k — 1 and replacing v by u we obtain (5.35) for ¢ = 1. Fur-
thermore, by Lemma 5.13, the subspace M (A(u))t of M(A(u)) is a module over
X(a’). The highest vector 1, belongs to M (A(u))" and generates a highest weight
X(a')-module with the highest weight (A_,+1(u), ..., Ap—1(u)). So, the remaining
conditions hold by the induction hypothesis.

Conversely, suppose that A(u) satisfies the conditions. Consider the left ideal I
of the algebra X(a) generated by the coefficients of the series ¢;;(u) with i < j
where ¢ +j > 0 or i + j > 0 for the orthogonal or symplectic case, respectively;
and by the coefficients of the series t;;(u) — A;j(u) for ¢ = 1,...,n and z(u) —
A_n(u + K) An(u). By Corollary 3.10, the quotient M (A(u)) = X(a)/I is non-
trivial. Let 15 be the image of 1 € X(a) in the quotient. It suffices to verify that
the vector 1, satisfies all the conditions (5.1). Now we use Corollary 3.10 again.

Let us choose the total ordering on the elements tg) and z, with the conditions on
the indices as in the statement of the corollary, in such a way that any element ¢

ij
with ¢ > j precedes any element t;:}c) while the latter precedes any element of

the form tl(-;-) with ¢ < j. We shall regard X(a) as the adjoint a-module with the
action defined on the generators by (5.3). For any pair k < [ and any r > 1 write

the element t,(:l) as a linear combination of the ordered monomials. The a-weight

of each of the monomials coincides with the a-weight of t,(;;). Then the relation
t,(;la) 1, = 0 follows because the vector 1y is annihilated by any monomial occurring
in the combination. The same argument shows that 1, is an eigenvector for the
action of any element t,(;) Thus, the X(a)-module M(A(u)) is a Verma module
M (A(u)). Tt remains to verify that its highest weight A(u) coincides with A(u).
This holds for the components of X(u) with positive subscripts by the definition

of M(A(u)). Furthermore, since z(u) 1y = A_p(u+ £) An(u) 1y, (5.13) implies that
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tom,—n(u) Iy = A_p(u) 1x. So, X_n(u) = A_pn(u). By the first part of the proof,
since the Verma module M (A(u)) is non-trivial, the conditions (5.35) must hold

for the components of A(u). This shows that A(u) = A(u), and thus M (A(u)) is
non-trivial. O

Corollary 5.15. The irreducible highest weight module L(A(u)) over X(a) exists if
and only if the conditions (5.35) hold.

Proof. If L(A\(u)) exists then the conditions (5.35) are derived by repeating the
argument of the first part of the proof of Proposition 5.14. Conversely, if the
conditions hold then the Verma module M (A(u)) is non-trivial by Proposition 5.14.
Therefore, the irreducible quotient L(A(u)) of M (A(u)) exists. O

We are now in a position to prove the classification theorem for finite-dimen-
sional irreducible representations of the extended Yangian X(a).

Theorem 5.16. Fvery finite-dimensional irreducible X(a)-module is isomorphic to
L(A\(u)) where M(u) satisfies the conditions (5.35) and there exist monic polyno-
mials Py(u), ..., P,(u) in u such that

)\i_l(u) - Pz(u + 1)

Ai(w) — Pi(u) for i=2,....n (5.36)
and also M) Pi /2)
o(u) P u+1/2 . —
M T R T aT e
Ai(w) _ Pi(ut2) g =
M © R e
)\_1(U) o Pl(u+ 1) zf a = 0gp.

Xo(u) — Pi(u)
Conversely, if (5.35) and the above conditions on the highest weight A(u) are
satisfied then L(A(u)) exists and has finite dimension.

The polynomials P (u), ..., P,(u) are called the Drinfeld polynomials corre-
sponding to the finite-dimensional representation L(A(u)).

Proof. Due to Theorem 5.1, every finite-dimensional irreducible X(a)-module is
isomorphic to L(A(u)) for some highest weight A(u). Then A(u) must satisty (5.35)
by Corollary 5.15 since L(A(u)) exists. Now we argue by induction on n taking
Corollaries 5.6, 5.8 and 5.10 as the induction base. Observe that if n > 2 then by
(2.19), the mapping

Tij (u) = ti+n—27j+n—2(u)v 1] € {1’ 2}

defines a homomorphism Y(gly) — X(a). So, L(A(u)) can be regarded as a Y(gl,)-
module. The highest vector 1y € L(A(u)) then satisfies

Tn(u) 1)\ Z)\nfl(u) 1)\, ng(u) 1)\ = )\n(u) 1)\, Tlg(’u,) 1)\ =0.
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Since the cyclic span Y(gl,) 1, is finite-dimensional, we derive from Theorem 5.3
that there exists a monic polynomial P,(u) such that (5.36) holds for ¢ = n.
Furthermore, by Lemma 5.13, the subspace L(A(u))" is a module over X(a’). The
highest vector 1) belongs to L(A(u))™ and generates a highest weight X(a’)-module
with the highest weight (A_,4+1(u), ..., An—1(u)). Since the cyclic span X(a') 1, is
finite-dimensional, the remaining conditions on the A;(u) hold by the induction
hypothesis.

Suppose now that the highest weight A(u) satisfies the given conditions. Then
L(A(u)) exists by Corollary 5.15. We need to show that dim L(A(u)) < oo. Observe
that the n-tuple of Drinfeld polynomials corresponding to an X(a)-module L(A(u))
determines the highest weight A(u) up to a simultaneous multiplication of all
components A;(u) by a series f(u) € 1 + u *C[[u!]]. On the other hand, the
composition of the action of X(a) on L(A(u)) with the automorphism (2.21) yields
a representation of X(a) isomorphic to L(A (u)), where the components of A’'(u)
are given by M.(u) = f(u) A\;(u). Therefore, it suffices to prove that a particular
module L(A(u)) corresponding to an arbitrary n-tuple of Drinfeld polynomials is
finite-dimensional.

We shall use the coproduct (2.24) to equip the tensor product of two X(a)-
modules with an X(a)-module structure.

Lemma 5.17. Let L(A(u)) and L(p(u)) be two irreducible highest weight modules
over X(a) with

Aw) = An(w), . An(w) and - p(u) = (pon(u), .. pn(w).

Then the tensor product 1y ® 1, of the highest vectors of L(A(u)) and L(u(u))
generates a highest weight submodule V' over X(a) in L(A(u)) ® L(p(uw)) with the
highest weight

(A—n(u) prp(u), - .., An (W) pn(w)). (5.37)

Moreover, if the modules L(A\(u)) and L(p(u)) are finite-dimensional with the cor-
responding n-tuples of Drinfeld polynomials (Py(u),...,P,(u)) and (Q1(u),...,
Qn(u)), respectively, then the n-tuple of Drinfeld polynomials corresponding to the
irreducible quotient of V' is (P1(u) Q1(u), ..., Py(u) Qn(uw)).

Proof. Tt follows easily from (2.24) that the vector £ = 1, ® 1,, satisfies (5.1) with
the highest weight (5.37). The second statement now follows from the relations
defining the Drinfeld polynomials. O

By the lemma, we only need to show that if an irreducible highest weight
module L(A(u)) corresponds to an n-tuple of Drinfeld polynomials of the form
Pj(u) =1 for all j # i and P;(u) = u—b for certain i € {1,...,n} and b € C, then
dim L(A(u)) < co. Furthermore, the composition of the action of X(a) on L(A(u))
with an automorphism of the form (2.22) yields a representation of X(a) whose n-
tuple of Drinfeld polynomials is Pj(u) = 1 for all j # ¢ and P;(u) = u—a—b. Thus,
it suffices to prove the claim for all values of the index i and a certain particular
value of b € C.
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Consider the representation of X(a) on CV defined in (3.19) with ¢ = 0 so

that
tij (U) [ad §ij + €ij ’Ulil — 91‘]‘ €_j,—i (u + I{)il.
Equip the tensor product (CV)®™ with an X(a)-action by

tij(u) (ei, @ -~ @ e, ) =
Z tia (u) €iy Dtajas (u + 1) iy @ Ota,,_yj (u+m— 1) Cims (538)

where we use the coproduct (2.24) on X(a) and the automorphism (2.22). For any
1 <m < nset

= 3 BN onctra © - ®ecnctrrir € (V)

ccGy,
We claim that &, satisfies
tij(u)&m =0 forall —n<i<j<n (5.39)
and
Mgm if —n<i<-—n+m-—1,
u+m—1
tii(u)&m =< Em if —n+m<i<n—m, (5.40)
—1
Ll Em if n—-m+1<i<n.
U+ K

Denote by P(™) the operator in (CN)®™ which acts on the basis vectors by
pim) (€, @ ®Re; ) =¢€; @ Dej.

We have P (£,,) = a&,,, where a = 1 or —1. The definition (5.38) implies the
following relation for the action of X(a) on (CV)®™,

Hij t_j7_1j(u) = P(m) tij(fu —K—-—m++ 1) P(m) (541)

Due to (5.3), in order to verify (5.39) in the case a = 09,1, it therefore suffices
to consider the values j = i + 1 with —n < 7@ < —1. Since the expression for
the vector &, only involves the tensor products e;, ® --- ® e;, with negative
subscripts i, we may assume that the summation indices aq, ..., a;,—1 in (5.38)
are all negative. Indeed, ;4, (u) €;, = 0 unless a1 < 0 implying t4,4,(u+ 1) e, =0
unless az < 0 etc. However, in this case the formula (5.38) takes the same form
as its Y(gly)-counterpart (5.33) if we take into account the convention on the
basis vector indices. Therefore, the relations t; ;11(u) &, = 0 and, hence (5.39),
are implied by the corresponding property (5.34) of the vector &, in the case of
Y(gly). Moreover, this argument also proves (5.40) for the non-positive values of i.
The application of (5.41) completes the proof of (5.40).

The same argument applies to the cases a = sp,,, and a = 02, which also
shows that t_1 1(u) &, = 0 together with ¢_; 2(u) &, = 0 for a = 0gy,.
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Thus, in the case a = sp,,, for any m € {1,...,n—1} the vector &,, generates
a highest weight submodule of (CV)®™ whose n-tuple of Drinfeld polynomials is
Pj(u) =1 for all j # m and Py, (u) = u+~x—1, while &, generates a highest weight
submodule of (CY)®" whose n-tuple of Drinfeld polynomials is Py (u) = u+n — 1
and Pj(u) = 1 for j # 1. This completes the proof of the theorem in the symplectic
case, as the irreducible highest weight modules over X(a) with such n-tuples of
Drinfeld polynomials are finite-dimensional.

Similarly, the proof is also complete in the case a = 05, and the values
m € {1,...,n—2}, as well as in the case a = 09,11 for the valuesm € {1,...,n—1}.
In order to complete the proof in the remaining cases, we shall use the spinor repre-
sentations of the orthogonal Lie algebras. The spinor representation V(—1/2,...,
—1/2) of the Lie algebra 03,41 can be realized in the 2"-dimensional space A,, of
polynomials in n anti-commuting variables &1, ..., &,,

A, =spanof {§,...6, |1<i1<---<ip<n, 0<k<n}

The generators of 09,41 act on this space as the operators

1
Fz’j:fiajfits F_ji=0;0j, Fj—i=¢&¢&;,

% 0is Fiop= %
where 4,5 € {1,...,n} and 0; is the left derivative over ;. The restriction of A,
to the subalgebra 02, C 02,41 (spanned by the elements F;; with 4,j # 0) splits
into the direct sum of two irreducible submodules, A, = A} @ A, , where A}
(respectively, A ) is the subspace of A, spanned by the even (respectively, odd)
monomials in the generators &. We have the isomorphisms

Af2V(=1/2,...,-1/2) and A, 2 V(1/2,-1/2,...,-1/2). (5.43)

177
(5.42)

Foi = &,

The highest weight vectors of the 02,-modules A}l and A, are, respectively, the
vectors 1 and &;.

Lemma 5.18. Each spinor representation of oy can be extended to a representation
of the algebra X(on) by the rule

tij(u) = 055 + Fyj ut, i,j€{-n,...,n}

Proof. The claim follows by a direct verification that the images of ¢;;(u) satisfy
the defining relations (2.19) with the use of the following identity of operators in
each spinor representation:
ko1
(Fz)ij = (5 + Z) 6ij + K Fyj, (544)
where F' is defined in (2.6). Indeed, in the particular case i = j = n, the identity

is verified by a straightforward calculation. The general case then follows by com-
muting both sides of this particular identity with appropriate generators Fj;. [
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The lemma implies that the spinor representation V(—1/2,...,—-1/2) of oy
becomes an irreducible highest weight representation of X(ox) with the highest
weight A(u), where

1 1
Ai(u) =1+ §u_1 for i< -1, Ai(u)=1-— §u_1 for i>1

and Ag(u) = 1 (the latter only occurs for N = 2n + 1). The corresponding n-
tuple of Drinfeld polynomials is (u — 1/2,1,...,1) in both cases N = 2n and
N = 2n + 1. Finally, the spinor representation V(1/2,—1/2,...,—1/2) of 0,
becomes an irreducible highest weight representation of X(02,) with the highest
weight A\(u), where

1
)\i(u):1+§u_1 for i<—-2 and ‘=1,

1
Ai(u) =1-— §u_1 for i>2 and i=-1.
The corresponding n-tuple of Drinfeld polynomials is (1,u — 1/2,1,...,1). O

Theorem 5.16 allows us to get another proof of Drinfeld’s classifications the-
orem for the Yangian modules [12]; cf. [7, Chapter 12].

Corollary 5.19. Any finite-dimensional irreducible representation of the Yangian
Y (a) is isomorphic to the restriction of an X(a)-module L(A(u)) to the subalgebra
Y(a), where the components of \(u) satisfy the conditions of Theorem 5.16. In
particular, such representations of Y (a) are parameterized by the tuples (Py(u),. . .,
P, (u)) of monic polynomials in w.

Proof. By Theorem 3.1, any finite-dimensional irreducible representation V of Y(a)
can be extended to a representation of X(a) where the elements of the center ZX(a)
act as scalar operators. By Theorem 5.16, the X(a)-module V is isomorphic to
L(A(w)) for an appropriate highest weight A(u). This allows one to attach a tuple
of polynomials (P;(u), ..., P,(u)) to the Y(a)-module V.

Conversely, given any n-tuple of polynomials (P (u), ..., P,(u)), there exists
a highest weight A(u) such that the conditions of Theorem 3.1 hold. Moreover, the
components of A\(u) are uniquely determined up to simultaneous multiplication by
a formal series in u~!. This implies that the corresponding X(a)-module L(\(u))
is determined up to twisting by an appropriate automorphism (2.21). However,
the subalgebra Y(a) consists of the elements stable under all such automorphisms.
This yields the desired parametrization of the representations of Y(a). (]

The finite-dimensional irreducible representations L(A(u)) corresponding to
the n-tuples of Drinfeld polynomials of the form (1,...,u—a,1,...,1), wherea € C
and u—a is on the i-th position, are called the fundamental representations of X(a)
or Y(a). The following corollary was established in the proof of Theorem 5.16.

Corollary 5.20. Every finite-dimensional irreducible representation of Y(a) is iso-
morphic to a subquotient of a tensor product of the fundamental representations.
O
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5.4. Fundamental representations

In this section we give a more explicit description of the fundamental represen-
tations of the algebras X(a) and Y(a). We shall follow the general approach of
the paper by Chari and Pressley [6]. However, contrary to [6], we avoid using the
theorem describing the singularities of R-matrices.

We start with the orthogonal case a = 0. The fundamental representations
with the n-tuples of Drinfeld polynomials (u—1/2,1,...,1) and (1,u—1/2,1,...,1)
(the latter for N = 2n only), were constructed in the proof of Theorem 5.16.

Now let N = 2n + 1. The tensor square of the spinor representation A,, of
0an+1 has the following decomposition into irreducibles:

A ® A, = PV (), (5.45)
p=0
where p(?) = (0,...,0,—1,...,—1) with p zeros. Note that V (u(P)) is a fundamen-

tal representation of 09,41 for any 1 < p < n—1. It corresponds to the fundamental
weight w,,_,, in a more standard notation. The highest weight vector v, of V()
is given in an explicit form by

Up = Z(il)jﬁmﬂl Eiy oo &ip @ &G, &Gy (5.46)

summed over all partitions of the set {1,...,p} into the disjoint union of two
subsets {i1,...,ix} and {j1,...,7:} so that p = k +{ with k,] > 0 while iy < ---
< and j; < - < jj.

By Lemma 5.18, we may regard A, as an X(02,1)-module. Furthermore,
using the coproduct (2.24) and the automorphism (2.22), we can equip A, ® A,
with an X(09,41)-action by

n

tij(w)(n® () = Z (5ik + Fip (u— a)_l) ne <6kj + F; u_l) ¢, (5.47)

k=—n
where 7, € A,, and a € C is a fixed constant.
Proposition 5.21. If a = p — 1/2 then the vector v, € A, ® A,, has the properties
tij(w)v, =0 for —m<i<j<n (5.48)
and

(u—p)(u+1/2) )
mvp for 0<i<p,

tii (u) Up = (549)

(u—p)(u—1/2) .
(e —p 12 Up for p+1<i<n.

Proof. By the definition (5.47), we have

tg;)(ﬂ®C)=Fijn®C+ﬂ®FijC
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and
tz(-;) (n®()=ad? Z Fin® Fi¢+a" " Fyn®( (5.50)
k=—n

for r > 2. In particular,
ti (@ Q) =atly e () (5.51)

for any r > 2. Since v, is the highest weight vector in the 0g,,1-module V (1)),
we have the relations tz(-jl-) vp =0for —n < i < j <nand

MOV 0 for 0<i<p,
w P —Up for p+1<i<n.

Now, (5.3) implies that
Fiy 2] = 1

o i1, 1=1,...,n.

Furthermore, taking the (i — 1,7) entry in (2.26) and comparing the coefficients
at u~2 we get

2 1 1 2 1
tl('—)l,i - Z tz('—)l,k téz + t(—i),—i+l - “t(—z'),—zq-l =0.
k=—n

Hence, (5.48) will follow if we prove that v, is an eigenvector for all the opera-
tors tE?) with ¢ = 1,...,n. By (5.50), we have the following equality of operators
inA, ®A,,
12 = N (Fu@1)(Fu @1+ 10 Fi) — (F)i ® 1+ aFy; ® 1.
k=—n
Note that each element Fj; € 02,41 acts on A, ® A,, as the operator
A(Fri) = Fri @ 1 4+1® Fy,.

Due to (5.44), in the spinor representation A,, we have (F?);; = n/2+(n—1/2) Fj;.
Moreover, we have A(Fy;) v, = 0 for k < ¢ and for 1 <4 < k < p. The latter follows
from the fact that each vector A(Fy x—1)v, with k € {2,...,p} is annihilated by
all operators A(Fj ;1) and hence must be zero, as the 02, 1-module V(u(®)) is
irreducible. Recalling that a = p — 1/2 we thus get for any i € {1,...,p},

t2 v, = Y (P ® 1) A(Fwi) vp + (p — n) (Fi ® 1) vy — /2.

k=p+1

Using the expression (5.46) for v, and the formulas (5.42) it is now easy to derive
the relation tl(-f) vp=—-p/2-v,. i€ {p+1,...,n} then

£ v, =3 (Fi © 1) AFi) vy + (p — 1) (Fi © 1) v, — n/2v,.
k=1
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Using again (5.46) and (5.42), we find that A(F);) v, = 0 for k > ¢ which gives
tz(-?) vp = (—p/2+41/2) v,. Thus, (5.48) is proved. For any 7 > 0 the relation (5.49)
is now implied by (5.51) with j = 4. Finally, we have té%) vp = —p/2 - v, which is
verified by a similar calculation. This implies (5.49) for i = 0. O

Due to Proposition 5.21, the cyclic span W, = X(02,+1) v, of the highest
vector v, € A, ® A,, is a highest weight module over X(02,+1). By the following
theorem, W, is irreducible. This module is finite-dimensional, and if 1 <p < n—1
then the corresponding n-tuple of Drinfeld polynomials is (1,...,u—1/2,1,...,1)
with u — 1/2 on the (p 4+ 1)-th position; see Theorem 5.16. So, this yields a con-
struction of the fundamental representations of X(02,41) alternative to the one
used in the proof of Theorem 5.16. The following is a version of a result of Chari
and Pressley [6, Theorem 6.2] and earlier results of Ogievetsky, Reshetikhin and
Wiegmann [22]. We assume that 1 <p<n—1anda=p—1/2.

Theorem 5.22. The X(09,+1)-module W), is irreducible. Its restriction to the uni-
versal enveloping algebra U(02,41) is given by
[(n—p)/2] »
WplU(omn 1) = @ V (P20,
i=0
Proof. By Corollary 3.10 and Proposition 5.21 the vector space W), is spanned by

the elements
t(rl) t(T'rr{) v

iy Ly Ups m =0,

with j, > i, and 7, > 1. By (5.3), the 09,1 1-weights of W), have the form u(®) —w,
where w is a Z,-linear combination of the positive roots; see their description in
the beginning of Section 5.1. However, any Z,-linear combination of the positive
roots has the form kie; + -+ + ky &,, where the k; are integers and the sum
ki +--- 4k, is a non-positive integer. Since p® — ) = €41+ +ep forl < p,
we conclude that, as an 09,11-module,

W, C évuﬁs)). (5.52)

We shall now demonstrate that none of the irreducible 05,,11-modules of the form
V(u(s)) with s = p+1,p+3,... can occur in the irreducible decomposition of W,,.
We need the following lemma which holds for any value of the parameter a.
Lemma 5.23. For any s € {2,...,n} in the X(02p,41)-module A, ® A, we have

t(fs)ﬂ,s vy =(a—s+1/2)vs_s.

Proof. By (5.50), we have

o= > (Farik ® ) AFk) = (F) ay1,© 1+ aF o1, @1,

k=—n
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Furthermore, (5.44) implies (F?)_s415 = (n — 1/2) F_441,5. Moreover, in the
02n+1-submodule V(,u(s)) of A, ® A, we have A(Fys)vs = 0 for k < s. Hence,
applying (5.42) we obtain

t£22+1,svs = Z (Ok s @1)(§x 0s @1 +1®&p, O5) vs+(a—n+1/2) (05051 ®1) vs.
k=s+1

Finally, using the formula (5.46) for v, we come to
t®) L vs=(a—s+1/2) (00_1 @ 1) vs = (a — 5+ 1/2) v,_s. O

Now, if the irreducible module V' (u(*)) with s = p+2i—1 for some 7 > 1 occurs
in the irreducible decomposition of W), then W, would also contain V(u(p_l)) by
Lemma 5.23. But this contradicts (5.52). Thus, as an 02,41-module,

[((n—p)/2] 4
W, S P vt (5.53)
i=0

We now need the following counterpart of Lemma 5.23.

Lemma 5.24. Let s € {2,...,n}. If a # —s+ 1/2 then the projection of the vector
tflsﬂ Vs_o € Ay @A, onto the component V(u(®)) in the decomposition (5.45) is

nonzero.

Proof. Let us introduce a bilinear form on the vector space A,, by

(&, “&inr & "'6j1> =01,
where I = {i1,...,ix} and J = {j1,...,51} are subsets of {1,...,n} such that

i1 <---<ipandj <--- < g, with §;; =1if I = J, and 0 otherwise. The form
possesses the covariance property with respect to the action of 09,41,

<Fij777 <>:<na Fjic>7 naCGArr
Extend the form ( , ) to a bilinear form on the tensor product space A, ® A,, by

(m ®@n2,C @ C2) = (1, C2) (N2, C1)-

One easily verifies that this form inherits the covariance property. In particular,
the irreducible components V (u(*)) in the decomposition (5.45) are pairwise or-
thogonal. So the lemma will follow if we prove that (th)_S 41 Vs—2,Vs) # 0. However,
a direct calculation with the use of (5.50) shows that for any n,{ € A, ® A,, we
have

(t20,¢) =, (17 +a (1@ Fji — F;; 1)) ¢).

Hence, using Lemma 5.23 and the formulas (5.42) we find that
<tf),s+1 Vs—2,Vs) = (vs—2, (t(ferl,s +a(1®F i1, = Fgi1,5® 1)) Vs)
=(—a—s4+1/2){vs_a, vs_2) #0,
completing the proof of the lemma. O
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If a = p — 1/2 then the condition of Lemma 5.24 is satisfied for any s €
{2,...,n}. Thus, Lemmas 5.23 and 5.24 imply that the X(02,41)-module W), is
irreducible and its 0s,1-irreducible decomposition coincides with the right-hand
side of (5.53). O

Consider now the case a = 0s,. As we mentioned in the previous section,
the restriction of the 02,41-module A,, to the subalgebra os,, splits into the direct
sum of two irreducible submodules, A,, = A" @ A, and we have the isomorphisms
(5.43). We have the following tensor product decompositions of the 02,-modules:

[n/2]
A ® A = @ p3), (5.54)
AL @A, = @ V(prth)y, (5.55)
where u®) = (0,...,0,—1,...,—1) with p zeros. Note that V(u®) is a funda-

mental representation of 09, for any 2 < p < n — 1. The highest weight vector
v, of V(u®) in the decompositions (5.54) and (5.55) is given by (5.46) with the
following additional restrictions: both k and [ are even for (5.54) with p = 2r,
while k is even and [ is odd for (5.55) with p = 2r 4 1.

By Lemma 5.18, we may regard A" and A, as X(02,)-modules. As in the
previous case, we equip the tensor products AT @ Af and A @A, with an X(02,)-
action by

L0ne0 = Y (St Futu-a)ne (5y+ Fyut) . (650)

k=—n

where a € C is a fixed constant. In the following proposition we consider the cases
of even and odd p simultaneously. If p = 2r then v, € A} ® Al and if p=2r +1
then v, € A} @ A,

Proposition 5.25. If a = p — 1 then the vector v, has the properties
tij(w)v, =0 for —n<i<j< (5.57)

and

tii (u) Up = (558)

Proof. The proof is essentially the same as for Proposition 5.21 with the use of

the relation (5.44). The calculation of the eigenvalues of the operators t( ) on Vp
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gives
(@) {(1/4 —p/2)vp for —1<i<p,
v (3/4—p/2)vp for p+1<i<n
These imply the desired properties. 0

The cyclic span W), = X(02,,) v of the vector v, is a highest weight module
over X(02y,). By the following theorem, W), is irreducible. This module is finite-
dimensional, and if 2 < p < n — 1 then the corresponding n-tuple of Drinfeld
polynomials is (1,...,u—1/2,1,...,1) with « — 1/2 on the (p+ 1)-th position; see
Theorem 5.16. So, W), is a fundamental module over X(02,,). The following is the
0o,-counterpart of Theorem 5.22. We assume that 2 <p<n—1landa=p—1.

Theorem 5.26. The X(o02y,)-module W), is irreducible. Its restriction to the universal
enveloping algebra U(o0a,) is given by

[(n—p)/2] 4

WplU(02n) = @ V(N(p+21))-
i=0
Proof. Considering the og,-weights of W, and using Corollary 3.10, we conclude
that, as an 0s,-module,
[(n—p)/2] _
W, S P vt (5.59)
i=0

The equality in (5.59) and irreducibility of the X(02,)-module W), is implied by
the following two lemmas which are verified in the same way as their 09,41-
counterparts.

Lemma 5.27. For any s € {2,...,n} in the X(02,)-module A @ A or AT @ A
for even or odd s, respectively, we have

t(fzﬂ)svs =(a—s+1)vs_2. O
Lemma 5.28. Let s € {2,...,n}. If a # —s + 1 then the projection of the vector
tg)_sH vs_o onto the component V(u'®)) in the decomposition (5.54) or (5.55),
respectively, is nonzero. O

In particular, if @ = p — 1 then the condition of Lemma 5.28 is satisfied for
any s € {2,...,n}. This completes the proof of the theorem. O

We conclude by showing that each fundamental representation of the Lie
algebra sp,, can be extended to the algebra X(sp,,) providing a fundamental
representation of the latter. Due to Theorem 3.1, it suffices to prove the cor-
responding statement for the Yangian Y(sp,,). We follow the argument of [6]
adopting it to the presentation of Y(sp,,,) provided by Corollary 3.2. For any
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indices k,l € {—n,...,n} introduce the elements Jy; € Y(sp,,,) by

Jkl—Tkl — ZT(U
We shall identify the universal enveloping algebra U(sp,,,) with a subalgebra of
Y(sp,,,) via the embedding (3.21). Denote by J the subspace of Y(sp,,,) spanned
by all elements Jy;.

Lemma 5.29. The subspace J is stable under the adjoint action of the Lie algebra
5P, . Moreover, the sp,,, -module J is isomorphic to the adjoint representation.

Proof. We easily derive from (5.3) that
(Fijs Tkl = 01 Ji — 63y kg — Oy, Oij J—ji + 6y _j 0ij T, —i-

This proves the first claim. For the proof of the second, take the coefficient at v 2
in the relation (3.6). This gives

( ) 4 O T(l k+ /17' Z Tkl) z(ll) 0, (5.60)

1=—n

where we have used the relation T,Sll) +01 Till)ﬁ . = 0. Replacing k£ and [ respectively

by —I and —k in (5.60), then multiplying it by 6x; and adding the result to (5.60)
yields Jg 4+ 0k J—i,—r = 0. The argument is completed by observing that dim J =
dim sp,,, by Corollary 3.7. O

The following lemma is straightforward from the defining relations of Y (sps,,)
given in Corollary 3.2.

Lemma 5.30. The algebra Y(sp,,,) is generated by the elements Fi; and Jy; with
kle{-n,...,n}. O

The fundamental representations of sp,,, are the modules V(1)) where the
highest weights have the form p(® = (0,...,0,—1,...,—1) with p zeros, for the
values p = 0,1,...,n — 1. In a more common notation, V(u(p)) corresponds to
the fundamental weight w,,_,. Denote by W), (a) the fundamental representation of
Y (sps,,) corresponding to the n-tuple of Drinfeld polynomials (1,...,u—a,1,...,1)
with @ € C and u — a on the (p 4+ 1)-th position. By Theorem 5.16, the Y(spy,,)-
module Wp(a) is isomorphic to the restriction of the X(sp,,, )-module L(A(u)) to
the subalgebra Y(sp,,, ), where the components of A(u) are given by

_u—a—p if —n<i<-p—1,
u—a—p—1

Ai(u) =91 it —p<i<p,
u—a . .
u—at1 oprlsisn

forp=1,...,n—1, and
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— 1
v-atl if —n<i< -1,
uU—a

Ni(u) =

Z() u—a-+1 Fol<i<
_ i i<n
u—a-+2 =

for p = 0. So, Wp(a) may also be regarded as an X(sp,,, )-module. Recall that the
universal enveloping algebra U(sp,,,) is embedded into X(sp,,,) via (3.22).

The following is essentially a reformulation of a particular case of [6, Theo-
rem 6.1].

Theorem 5.31. The restriction of W,(a) to U(spy,) is isomorphic to the funda-
mental module V (uP)). Moreover, the action of Y(sps,,) on V(u®)) is determined
by the assignment Jy — b Fy withb=—(n—p+1)/2+ a.

Proof. By Theorem 5.1, the X(sp,,,)-module W, (a) contains a unique, up to a con-
stant factor, highest vector £. By the Poincaré-Birkhoff-Witt theorem for X(sp,,,)
and the relations (5.3), £ is a unique weight vector of the weight p®) in the 5Po,,-
module W) (a). Furthermore, the irreducible decomposition of this module takes
the form

Wy(a) = V() & Pe) V), (561)

summed over the weights v strictly preceding p(P) with respect to the standard
partial ordering on the set of sp,, -weights, where the ¢(v) are some multiplicities.
Consider the sp,,,-module homomorphism

V: TV (uP) — W,(a) (5.62)

defined by
Y Ju @v— Jy v, ve Vip®).

By Lemma 5.29, the sp,,,-module 7 is isomorphic to V(p) with p = (0,...,0,—2).
It is well known that the irreducible decomposition of V(p) ® V(u(?)) contains
V(1)) with multiplicity one, and does not contain any modules V(v) with v
strictly preceding p(®); see, e.g., [13]. Therefore, the homomorphism 1 must be
multiplication by a scalar on the component V(,u(p)) and zero on the other ir-
reducible constituencies of V(p) ® V(u?)). Then by Lemma 5.30, the subspace
V(1) of W,(a) is stable under the action of Y(sp,,,) and thus W,(a) = V (u®))
since W), is an irreducible Y (sp,,, )-module. This proves the first part of the theorem
and shows that the action of the elements Jy,; on V (1u(P)) is given by Jy; — b Fj for
some b € C. By Lemma 5.30, this determines the action of Y(sp,,,) on V (u(®)). Fi-
nally, the exact value of b is found by calculating the eigenvalue of the operator J,,,
on the highest vector & of L(A(u)) = W,(a). This eigenvalue remains unchanged
if we multiply all components of A\(u) by the formal series f(u) € 1+ C[lu™!]]u™!
defined from the relation

F(w) £+ 8) Ao (4 ) An(u) = 1.
In the case 1 < p < n — 1 we obtain
fwy=1+mn—-pu?+--.
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By Proposition 5.2, we have z(u) = 1 in the X(sp,,)-module L(f(u)A(u)) so that
the eigenvalue of 7, (u) on the highest vector of L(f(u)A(u)) is f(u) A, (u). This
allows one to find the eigenvalue of 7% which turns out to be (n—p)/2—a+ 1.
Since the eigenvalue of 7793 = F,,, on the highest vector is —1, the eigenvalue of
Jnn is (n —p+1)/2 — a proving the claim for the case under consideration. In the
case p = 0 the value of b is found by the same calculation. U
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