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Stability of Standing Waves for Nonlinear Schrodinger
Equations with Inhomogeneous Nonlinearities
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Abstract. The effect of inhomogeneity of nonlinear medium is discussed concerning
the stability of standing waves e*“t¢,, (z) for a nonlinear Schrédinger equation with
an inhomogeneous nonlinearity V (z)|u|P~1u, where V(z) is proportional to the
electron density. Here, w > 0 and ¢, (z) is a ground state of the stationary problem.
When V(z) behaves like || =% at infinity, where 0 < b < 2, we show that e*“!¢,,(x)
is stable for p < 14 (4 — 2b)/n and sufficiently small w > 0. The main point of this
paper is to analyze the linearized operator at standing wave solution for the case
of V(z) = |2|~°. Then, this analysis yields a stability result for the case of more
general, inhomogeneous V (z) by a certain perturbation method.

1 Introduction

The nonlinear Schrédinger equations
i0pu = —Au — g(z, [ul*)u, (t,z) € RM" (1.1)

arise in various physical contexts such as nonlinear optics and plasma physics.
When g(x, |u|?) = V(z)|u[P~1, equation (1.1) can model beam propagation in an
inhomogeneous medium where V' (z) is proportional to the electron density. L.
Bergé [2] studied formally the stability condition for soliton solutions of the above
type of equations, depending on the shape of g(x, |u|?). The real function g(z, |u|?)
is a potential which can either stand for corrections to the nonlinear power-law
response, or for some inhomogeneities in the medium. In addition, Towers and
Malomed [29] recently observed by means of variational approximation and direct
simulations that a certain type of time-dependent nonlinear medium gives rise to
completely stable beams.

Akhmediev [1], Jones [17] and Grillakis, Shatah and Strauss [13] studied
the existence and stability of solitary waves of (1.1) when g(z, |u|?) describes three
layered media where the outside two are nonlinear and the sandwiched one is linear.
Also, Merle [23] investigated the existence and nonexistence of blowup solutions
of (1.1) for inhomogeneities of the form g(x, [u|?) = V(x)|u|*™.

In this paper, we will not exactly deal with the same nonlinearity as those
in [2, 29], we consider the case g(z,|u|?) = V(z)|u[P~! with V() satisfying the
following assumptions (V1) and (V2) with n > 3,0 < b < 2and 1 < p <
1+(4-20)/(n—2).
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(V1) V(z)20, V(x)#0, V(z)eCR"\{0},R), V(z)e L (jz]<1),

where 0* = 2n/{(n + 2) — (n — 2)p}.
(V2)  There exist C' >0 and a > {(n+2) — (n —2)p}/2 > b such that

1 C
)
’( |z[® ||
for all z with |z| > 1.

The main purpose in this paper is to show that under the above assumptions
on V(x), the standing wave solution of (1.1) is stable for p < 1+ (4 — 2b)/n
and sufficiently small frequency. As an example satisfying (V1) and (V2), we keep
V(z) = (1+ |z|>)~%? in mind.

By a standing wave, we mean a solution of (1.1) of the form
uu(t,z) = e, (x),
where w > 0 and ¢, (x) is a ground state of the following stationary problem

—Ap+wp—V(z)[p|"'¢p=0, zeR"
e H'R"),  ¢#0.
We recall previous results. Several authors have been studying the problem

of stability and instability of standing waves for (1.1) (see, e.g., [3, 6, 7, 9, 11, 13,
22, 25, 30, 32]). First, we consider the case V() = 1, namely,

(1.2)

i0pu = —Au — |ulP~tu, (t,z) € RM™, (1.3)

where l<p<oocifn=1,2,and 1 <p<1+4/(n—2)ifn>3.

For w > 0, there exists a unique positive radial solution 1, (x) of

Ao — [$FIE =0, xR v
pe H'R™Y), ¢ 20, (14)

(See Strauss [26] and Berestycki and Lions [4] for the existence, and Kwong [19] for
the uniqueness). It is known that a positive solution of (1.4) is a ground state. In
[6] Cazenave and Lions proved that if p < 14 4/n then the standing wave solution
ey, (x) is stable for any w > 0. On the other hand, it is shown that if p > 1+4/n
then the standing wave solution !4, () is unstable for any w > 0 (see Berestycki
and Cazenave [3] for p > 1+ 4/n, and Weinstein [30] for p = 14+4/n). The aim of
the paper is to study, in the case where V (z) satisfies (V1) and (V2), what happens
in the complementary case of the result in [11], where instability of standing waves
was shown for p > 1+ (4 — 2b)/n and sufficiently small w > 0.

We define the energy functional E and the charge @ on H!(R") by

1 1 1
B) = 5IVelE = — [ V@@t Q)= gl
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We remark that by the assumptions (V1) and (V2), the functional E is well defined
on HY(R™) if p <1+ (4 —2b)/(n—2).

The time local well-posedness for the Cauchy problem to (1.1) with g(z, |u|?)
= V(x)|u|P~! in H'(R™) and the conservation of energy and charge hold (see, e.g.,
Theorem 4.4.6 of Cazenave [5]). Exactly, we have the following proposition.

Proposition1 Letn > 3 and 1 < p < 14 (4 —2b)/(n — 2). Assume (V1) and
lim| ;| —oo V(2) = 0. Then, for any ug € HY(R"™) there exist T = T (||uo||g) > 0
and a unique solution u(t) € C([0,T], HX(R™)) of (1.1) with u(0) = ug satisfying

E(u(®) = E(u), Qu(t) = Q(uo), € [0,7].
Before we state our theorem, we give some precise definitions.
Definition 1 For w > 0, we define two functionals on H!(R"):
Su(v) := E(v) + wQ(v) (action),
L (v) = [IVol3 + wllvl3 — / V(@)[o(x) P da.

RTL
Let G, be the set of all non-negative minimizers for

inf{S,(v): v H' (R™)\ {0}, L,(v) = 0}. (1.5)

The existence of non-negative minimizers for (1.5) was proved by the standard
variational argument since V' (z) vanishes as |x| — oo (see [26, 11]). Namely, we
have

Lemma 1.1 Let n > 3 and 1 < p < 1+ (4 — 2b)/(n — 2). Assume (V1) and
lim V(x) =0. Then G, is not empty for w > 0.

|| — o0

Remark 1.1
(i) We note that
Ly (v) = OaSu (M) |x=1 = (S (v),v).

(ii) Let ¢, € G,. Then, there exists a Lagrange multiplier A € R such that
S! (dw) = ALl (dw). Thus, we have (S (ds), du) = AMI. (@), ¢o). Since

<S:u(¢w)7¢w> = Iw(¢w) =0

and

(I (60), d0) = —(p— 1) / V(@)pulP <0,

we have A = 0. Namely, ¢,, satisfies (1.2). Moreover, for any v € H'(R")\ {0}
satisfying S/ (v) = 0, we have I, (v) = 0. Thus, by the definition of G,,, we
have S, (¢n) < S, (v). Namely, ¢, € G, is a ground state (minimal action
solution) of (1.2) in H*(R™). It is easy to see that a ground state of (1.2) in
H'(R") is a minimizer of (1.5).
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The stability and instability in this paper is defined as follows.
Definition 2 For ¢, € G, and § > 0, we put

L 1 ny . _ 0 )
Us(pw) := {UGH (R™) : 01161]1%”’0 e“oully <§}.

We say that a standing wave solution e™?¢,(z) of (1.1) is stable in H(R") if for
any £ > 0 there exists § > 0 such that for any ug € Us(d.), the solution u(t) of
(1.1) with u(0) = ug satisfies u(t) € U-(¢,,) for any ¢t > 0. Otherwise, ™, (z) is
said to be unstable in H(R"™).

The following theorem is our main result in this paper.

Theorem 1 Let n > 3 and 1 < p < 1+ (4 — 2b)/n. Assume (V1) and (V2). Let
bw € Gu. Then, there exists w, > 0 such that e™'@,(x) is stable in H'(R™) for
any w € (0,wx). In particular, we can take w, = co in the case where V(x) = |z|=°
with 0 < b < 2.

Remark 1.2 We make use of Hardy’s type inequality to control the degree of non-
linearity in the space H'(R™). That is why the restriction on the spatial dimen-
sions, i.e., n > 3 appears in the assumption of Theorem 1.

Grillakis, Shatah and Strauss [13, 14] gave an almost sufficient and necessary
condition for the stability and instability of stationary states for the Hamiltonian
systems under certain assumptions. By the abstract theory in Grillakis, Shatah and
Strauss [13, 14], under some assumptions on the spectrum of linearized operators,
e™olp, () is stable (resp. unstable) if the function ||¢,||3 is strictly increasing
(resp. decreasing) at w = wg. In the papers of Shatah [24], Shatah and Strauss
[25], the authors used the variational characterization of ground states instead of
assumptions on the spectrum of linearized operators. In the case V' (z) = 1, by the
scaling v, (z) = w'/®P=Dep; (/wz), it is easy to check the increase and decrease of
|ts]|3. However, it seems difficult to check this property of |¢,||3 for V(z) # 1
since we do not have the scaling invariance in general.

To avoid such difficulty, we apply another sufficient condition for stability.

Proposition 2 Let n > 3 and 1 < p < 1+ (4 — 2b)/(n — 2). Assume (V1) and
lim|g| oo V(2) = 0. Let ¢, € Gu. If there exists § > 0 such that

(S5(guw)v,v) = dl|vlFn (1.6)

for any v € HY(R™) satisfying Re(¢,,v)r2 = 0 and Re(idy,v)r2 = 0, then the
standing wave solution e, (z) of (1.1) is stable in H*(R™).

Remark 1.3 In Proposition 2, the condition Re(¢py,v)rz = 0 is related to the
conservation of charge Q. In fact, we have (Q'(¢.),v) = Re(dw,v)r2. Moreover,
since it follows from S’ (e?¢,) = 0 for § € R that S” (¢, )i¢, = 0, (1.6) does not
hold if we do not restrict v € H'(R™) to satisfy Re(i¢.,v)z2 = 0.
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To check this sufficient condition (1.6) for the case of V(z) satisfying (V1) and
(V2), we first consider the case where V(x) = |z|~ with 0 < b < 2 as a limiting
problem since the stability results are already known in the case V(z) = |z|7?,
which simply follow from the arguments by [24] and [25]. Indeed, in [11], the
authors investigated the rescaling limit of ¢, (x) as w — 0. It was shown in [11]
that as w — 0, the rescaled function @, (z) defined by

bu(x) = WP V2PN g (Vor), w>0 (1.7)

tends to the unique positive radial solution ¢ () of (1.2) withw = 1 and V' (z) =
|z|~°. Using this convergence, they proved in [11] that e™*¢, (z) is unstable for
p > 14+ (4 — 2b)/n and sufficiently small w > 0. Due to the inhomogeneous
medium, the standing wave solution tends to be more unstable for small w > 0
since 14+ (4—2b)/n < p < 1+4/n is the stability region in the case where V(z) = 1.

From known stability properties of ¥4 () (see Section 2 of [11]), we would be
able to prove (1.6) in the limit. However, to our knowledge, there is no verification
of (1.6) even in the case V(z) = |z|~°. For that reason, in Section 2, we first study
the properties of the linearized operator at standing wave solution for the case
where V(z) = |2|=% in (1.1). In Section 3, we continue analyzing the linearized
operator, in particular, we observe that the kernel of real part of the linearized
operator is only zero, following the method of Kabeya and Tanaka [18]. We remark
that their idea could not be applied directly to our case. We need to modify their
perturbed functional in order that the singularity of |z|~ at the origin does not
affect the linear part of the equation (1.2). The crucial part is Section 3 because
uniqueness and nondegeneracy of a solution of semilinear elliptic equations often
plays an essential role in stability problems. In Section 4, we check the condition
(1.6) for V(x) satisfying (V1) and (V2), following Esteban and Strauss [8] (see
also [10]) and we prove Theorem 1.

We remark that Fibich and Wang [9] and Liu, Wang and Wang [22] treated
the stability and instability problems of standing waves for (1.1) with g(x, |u|?) =
V(ez)u/*™ in a radial space, where ¢ is a small parameter. Their ways of proof
are also a sort of perturbation method. However, they use (1.4) with p=1+44/n
as a limiting equation, their assumptions for V' (x) are different from those in this
paper and it is not clear whether there exists a simple relation between £ and w.

2 The case V(z) = |z|®

We consider the stability of standing waves for

1
10w = —Au — W|u|p71u, (t,z) € RM™, (2.1)
x

wheren >3, 0<b<2and 1 <p<1+4(4—2b)/(n—2).
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For any w > 0 there exists a unique positive radial solution v, ;, € H!(R™) of

A+ wip — ﬁw’*w =0, zeR" (2.2)

See Stuart [27] and Remark 3.1 of [11] for existence. The positivity of solutions
follows from the maximum principle. Radial symmetry of solutions was showed by
Gidas, Ni and Nirenberg [12] and Li [20] (see also Li and Ni [21]), and Yanagida

[33] proved the uniqueness. Moreover ), is in C?(R™) and vanishes as |z| — oo,
particularly decays exponentially (see [4, 5]). This unique solution is a minimizer of

dp(w) :=inf{S, p(v) : v € H'(R™)\ {0}, L,s(v) =0},

where
1 w 1 1
Sy = ||Vul]2+ = 2——/— Py,
8@ = 5IVel3+ S0l — g [ @)
1
Lo p(v) = [[Voll5 + wllvll3 */]R le(x)lpﬂdf&

In this section, we note the following fact as a special case of Theorem 1.

Proposition 3 Letn >3,0<b<2and1 <p <14 (4—2b)/n. Then the standing
wave solution e, ,(x) of (2.1) is stable in H*(R™) for any w > 0.

Actually, this fact can be proved simply by applying the method of [24, 25]
to the present case. Using the variational characterization dj(w), we may check
the sufficient condition for stability dj(w) > 0 in [24] and instability dj (w) < 0
n [25]. Since 1y p(7) is a solution of S/, ,(v) = 0, we have dy(w) = Q(Ywp). In
this case, by the scaling ¢, p(z) = w@= /2=y (o), we have 2Q (o) =
1w p]13 = w0/ (P=1}=n/2||4, 1 ||2. Therefore, for any w > 0, the standing wave
solution is stable if 1 < p < 1+ (4 — 2b)/n, and unstable if 1 + (4 — 2b)/n <p <
14 (4—2b)/(n—2). We have also blow-up instability for the case p > 14 (4—2b)/n,
following Weinstein [30] and Berestycki and Cazenave [3].

However, stability of standing wave solution does not always seem to imply
(1.6) immediately. The constraints in (1.6) depend on the negative and zero eigen-
values of the linearized operator at 1, . Therefore, the main aim in this section
is to show the following proposition.

Proposition 4 Assumen >3,0<b<2and1l <p <1+ (4—2b)/n. Let Y1 (x)
be the unique positive radial solution of (2.2) with w = 1. Then there exists 6 > 0
such that

(815 (W1,0)v, ) = d]Jv[7n
for any v € HY(R™) satisfying Re(1.p,v)r2 = 0 and Re(ity1 p,v)r2 = 0.
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Remark 2.1 By combining this proposition with Proposition 2, it follows that the
standing wave solution 1)y ;(z) of (2.1) is stable in H*(R™), that is, Proposition
3 holds.

We define two self-adjoint operators L1, and Lap on L2(R™) by

1 _ 1 _
Ll,b =-A +1- pwl/izf)bl(x), Lg,b =-A +1- Wwibl(w)

with domain D(L;,) = {v € H(R",R) : |2[~%¢},'v € L2(R™)} for j = 1,2. We
remark that for v € H!(R") with v;(z) = Rev(z) and ve(z) = Imv(z),
(ST p(th1,p)v,v) = (L1 pv1,v1) + (Lo pva, v2),

1 _
(Lapor, 1) = [lor]2n —p / U @l @) da.
1 _
(Lapvs, v2) = |02l — / U @ (e) da.

and
Re(¥1,6,v)r2 = (Y16, v1) 12, Re(ith1,p,v) L2 = (P16, v2) 12
Thus it suffices to show the following.

Lemma 2.1 Assumen >3,0<b<2andl <p<1+(4—2b)/(n—2). Let Y1 ()
be the unique positive radial solution of (2.2) with w = 1.

i) If p <14 (4 —2b)/n, then there exists 51 > 0 such that
(i) Ifp
(L1 pv,v) > 61|v]|3a

for any v € HY(R™,R) satisfying (v,v1)r2 = 0.
(ii) There exists 62 > 0 such that

(L2pv,v) 2 baf|v]|72
for any v € HY(R™,R) satisfying (v,v1)r2 = 0.

The part (ii) of Lemma 2.1 is obtained since Lap1h1 = 0 and 91 4(z) > 0
for x € R™. Namely, 1 is the first eigenfunction of L} corresponding to the
eigenvalue 0. Moreover, by Weyl’s theorem, the essential spectrum of Ly are in
[1,00), since 91 5 tends to zero at infinity. These conclude (ii).

Therefore, we prove the part (i) of Lemma 2.1. For that purpose, we need to
show the following two propositions.

Proposition 5 Assumen > 3,0 <b<2and1 <p <14+ (4—2b)/(n—2). If
v € HY(R™ R) satisfies L1 v = 0, then v = 0.
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Proposition 6 Assumen >3,0<b<2andl <p <1+ (4—2b)/n. Then we have
inf{(Ly pv,v) : ve H (R R), (v,¢14)2 =0} = 0. (2.3)

We shall prove Proposition 5 in the next section. As to Proposition 6, we give
a proof in the same way as Proposition 2.7 in Weinstein [31]. First, we show the
following lemma.

Lemma 2.2 Assumen >3, 0<b<2andl <p <1+ (4—2b)/(n—2). For
v € HYR"), we define the functional

[VollS]lvl3

1
/WM’DH,

where 0 = {n(p—1)}/2+b>0and y={n+2—(n—2)p—2b}/2> 0. Then,

J(v) =

a:=inf{J(v): ve H' (R")}
is attained at a positive radial function ¥*(z) € HY(R™) N C>(R"™) such that

,yl—b/20b/2

1/(p—1)
JovT 1/29-1/2,y
o) tule

oo = (

Proof. We follow the proof of Theorem B of [30]. Since J(v) > 0, there exists a
minimizing sequence {v,} C H*(R"), that is, lim, o, J(v,) = . We can assume
that v, is positive since | V|v||2 < ||[Vv||2. Now, let v*#(z) = Av(uzx) for A, u > 0.
Then we have

J(M) = J(v),

[VoH |13 = N2~ Vo3,
[o*#]3 = A2~ o],

1 _ 1
/W|U/\7u|p+1 — /\pHM n+b/W|v|p+l'

We choose p, = ||vy|l2/[|Vou |2 and A, = Hv,,||g/271/|\Vv,,Hg/2 so that v, =

v v has the following properties.

Yu(x) € H'RY), y(z) 20, z€R",
lulla =1, IVl =1,

J,) —a as v — oo.

Namely {v,} is bounded in H'(R™). Thus there exists a subsequence {¢,} and a
limit . (x) € H*(R™) such that 1, converges to 1. weakly in H'(R"™). It follows
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from the Sobolev embedding on a bounded domain and the smallness of |z|~° for
large |x| that

1 1
/R—bwﬁ"'l(x)dxﬂ/R —bwf+1(x)dx as v — 00

n |I’| n |x|

for 1 <p <14 (4—2b)/(n—2) (see the argument in [27], Lemma 1.1 and Remark
3.1 of [11]). By weak convergence, ||t.||2 < 1 and ||[Vi),|2 < 1. Furthermore,

[% Y [% Y
<y = T ITOIBOE 5,
[omtopt T [ S
P o
1

V00 1
/W|¢u|p+1

It follows that ||V, ||9]|w«]|3 = 1 and therefore ||[Vibi|la = ||¢«]la = 1, which
implies that 1, — 1, strongly in H!(R™). This minimizing function v, satisfies
the Euler-Lagrange equation:

d

—J (Y« +€n)

R =0 forany neCR").

e=0

Taking into account that [|Veb.||2 = [[¢x[l2 = 1 and that [ |z]~*¢.[PT = 1/a, we
have

1
—0AY, + 7y — ap + 1)w¢f =0.
The smoothness of 1, follows from the same method as Section 8 of Cazenave [5].

- 1/(p—1)
The scaling . (z) = (%) Y(y/2071/22) makes ¢(z) be a pos-
itive solution of (2.2) with w = 1. By the results in [12] and [20], ¢ (z) is radial.

Accordingly, ¢(z) is the unique solution 1 (). d

Proof of Proposition 6. We remark that the infimum of (2.3) is nonpositive because
the value (L1 v, v) is zero for v = 0. Since J(v) attains its minimum at 1 p,

d2

p=] 20

e=0

J(W1p +em)

for all n € C§°(R™). A simple calculation concludes
26 0
(Ll,bv,v> Z E (1 — 5) (le,b,Vv)%z (24)
for any v € H'(R",R) with (v,11)z2 = 0, where o and 6 have been defined in

Lemma 2.2. The result follows since the right-hand side of (2.4) is nonnegative for
p<1+(4—2b)/n. O
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Now we are ready to give a proof of part (i) of Lemma 2.1.

Proof of Lemma 2.1 (i). Let
T = inf{<L1)b1},1}> Pve Hl(anR)v (vvwl,b)LQ =0, Hv”H1 = 1}

and suppose 7 = 0 under the condition 1 < p < 1+ (4—2b)/n. Let {v;} C H(R")
be a minimizing sequence, that is,

hrn <L1,b’Uj,’Uj> = 0,

j—o0

lvjllegr =1, (vj,91)02 = 0.

Since {v;} is bounded in H'(R"), there exists a subsequence still denoted by
{v;} € H*(R",R) which converges weakly to some f. € H'. By weak convergence,
f satisfies (fx,914)r2 = 0. We also have

1 1 1 1
/Wwib sz- _’/Wl/ﬂf,b f*2 (2-5)

as j — oo for 1 < p < 1+ (4—2b)/(n—2). Indeed, we note that vi converges
weakly to f2 in L™/ ("=2)(R™) by the Sobolev embedding, and that |x|_bwf;1(x) €
L™/2(R™) since |x| = vanishes at infinity and 11 3 () decays exponentially for |z| >
C with some C > 0. For || < C, we know that |x|_bwf;1(x) € L"?(|x| < O) if
p <1+ (4—2b)/(n—2). Thus, we have

0= hIIl <L1,bvj7vj>
J—0o0

L@bpfl 2

=1-—p lim 1b Y5

j—00 Rn |./L'|b
—1-p [ ool
o T V10
and then, f. #Z 0. Moreover, by weak convergence, || f«||z1 <1 and

0 < (Lipfe, fo) < jlggo@l,wj,vﬁ =0,

where the first inequality follows from Proposition 6. We define g, := f./|| f«| m
and then g. satisfies g. € HY(R"), ||g«llzr = 1, (ges¥1)12 = 0, g« # 0 and
(L1,9%, g«) = 0. Since the minimum is attained at an admissible function g, # 0,
there exists (g«, A, 3) solution of the Lagrange multiplier problem

Ll,bg* = A(iAg* + g*) + ﬂ¢1,b» A?ﬁ S R? (26)
lgsl[r =1, (2.7)
(9%, ¥1,p)r2 = 0. 8
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By (2.6), (2.7) and (2.8), A = (L19+,9«). Thus, A = 0 since we have assumed
7 = 0. Therefore,
L1 vg« = BY1p.

On the other hand, let

b—2 1 1
9:="—5" <p—1¢1,b + 7% V%,b) .

Then we have L1 g = 11,5. Accordingly, L1 (g« — 8g) = 0. It follows from Propo-
sition 5 that g, = Bg. If 8 = 0, then g, = 0, which is a contradiction. Thus 3 # 0.
Here,

_ __B(2=b
(gesV1,0) L2 = (B9, V1p) 12 = 5 <p )

which violates (2.8) when p < 1+ (4 — 2b)/n. Thus, g. = 0, a contradiction. We
now conclude that 7 > 0if p <1+ (4 — 2b)/n. O

3 Nondegeneracy of unique positive radial solution for (2.2)

In this section, we give a proof of Proposition 5, following Kabeya and Tanaka
[18]. We always assume that n >3, 0<b<2and 1 <p <14 (4—2b)/(n—2).

Let 1 4(r) € H(R™) be the unique positive radial solution of (2.2). ¥ p(r)
decays exponentially and can be characterized as a critical point of the C? func-
tional

1 1 1 1
S10+(0) = SIVUl5 + Sl = —= | —pohida,
2 2 p+1 e [l

where v = max{v, 0}.

Remark 3.1 We briefly explain why S1, 1 (v) is C% on H'(R") when 1 < p <
1+ (4—2b)/(n —2). For v € HY(R"), let

1 1 o s
N) = p+1/Rn T o de, M(s)/O m(z, 7)dT

where m(z, 7) = |z|7*7%. For v,h € H'(R") and t € (—1,1) \ {0}, we have

M (v + th) — M(v)

" < Cla| ™ (lvg + the|P + [v4[7)|] (3.1)

since the function y — yiﬂ is a C? function on R if p > 1. The right-hand side of
(3.1) belongs to LY(R™) if 1 < p < 1+ (4 — 2b)/(n — 2). Therefore, by Lebesgue’s

convergence theorem,

th(vath)fN(v) / hmM(vath)fM(v)d
R

X

t—0 n t—0 t

1
/ hm/ m(z,v + th)hdt dz —/ —ul hdz.
n t—0 R |.’,E|b
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We conclude N(v) € C*H*(R"),R) and N'(v)h = [g,. x|~ hdz, for v,h €
HY(R"). C? regularity follows from the same argument.

Any non-zero critical point of S; 4 (v) is a positive solution by the maximum
principle. On the other hand, as we mentioned in Section 2, radial symmetry of a
positive solution and the uniqueness of positive radial solutions follow from [12, 20]
and [33]. Thus it is 91,5(r).

For ¢ > 0 small, we consider the following perturbed functional:

1 1 _
Ss(v) = S1p4(v) =0 (m/R P dr — 5/}R wf’blvzd:v) :

Critical points v(z) of Ss(v) satisfy

_ 1
—Av+(1+ 51/1’197171)1) = (W + 5) o, xeR™

By the maximum principle, non-zero solutions are positive. Furthermore, such
positive solutions are radial for small § > 0 (see [12, 20]). Thus they satisfy

—Av+ (14 51/{;1)1) = <ﬁ + 5) vP, x e R (3.2)
v(z) >0, wv(x)=0v(=z]), =zeR" (3.3
ve HYRM). (3.4)

By Yanagida [33], we see that (3.2)—(3.4) has a unique positive radial solution for
small § > 0 (see Appendix). Since 1 (r) satisfies (3.2)—(3.4), the unique solution
of (3.2)—(3.4) is 11 4(r).

For 6 > 0, we define the Morse index

index S§ (11 ) = max{dim H : H C H'(R") is a subspace such that
(SY(thr5)h B) < 0 for all h € H\ {0}}.

¥1,5(r) has the following properties.

Lemma 3.1
(1) For sufficiently small § > 0, Y1 is a mountain pass critical point of S5(v),
i.e.,

Ss(1h1p) = ;g? Jnax, Ss(v(s)),

where T = {y(s) € C([0,1], HY(R™)) : ~(0) = 0, v(1) = eg}. Here, eg €
HY(R"™) satisfies Ss(eg) < 0.
(ii) The Morse index at ¥1p s equal to 1 for small § > 0, i.e.,

index S§ (Y1) = 1.
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For the proof of Lemma 3.1, we recall Hofer’s result in [15] (see also Tanaka
[28] as a related reference).

Proposition 7 ([15]) Let F be a real Hilbert space and U C F be a nonempty
open subset. Assume that I € C?(U,R) satisfies Palais-Smale condition and the
gradient I' has the form identity— K, where K is compact. Define A, c,d by

A={ae€C([0,1],F): a(i) =e; i =0,1},
d= glelgsup I(al0,1]),

c=max{I(ep), I(e1)}

and assume d > c. Let ug € U is an isolated critical point of I at the level d. Then
the Morse index at ug is at most 1.

Proof of Lemma 3.1. (i) For some py > 0 and ey € H!(R"), we have

inf  Ss(v) >0,

vl 1 =po0

lleollzr = po and  Ss(ep) < 0.

Therefore Ss(v) has mountain pass geometry. Since the embedding H* C L? is
compact on a bounded domain and |z|~% vanishes at infinity, Ss(v) satisfies the
Palais-Smale compactness condition if p < 14 (4—2b)/(n—2) (see Lemma 1.1 and
Remark 3.1 of [11]) and small § > 0. Therefore we can apply the mountain pass
theorem. Since 17 ; is the unique non-zero critical point of S5(v) for sufficiently
small § > 0, 11 5 is the mountain pass critical point.

(ii) By Proposition 7, the Morse index is at most one at the mountain pass
critical point, i.e., index S¥(¢1,) < 1. Indeed, Ss(v) satisfies the conditions in
Proposition 7. For v,h € H'(R™), let Si(v)h = (v — K(v),h) g1, where K(v) =
Ki(v) + Ka(v) : HY(R") — H(R") defined by (Ki(v),h)m = [p. 692, hdx,
(K2(v), hygr = [ (|| 70 + 8)v! hdx. We see that Ky is compact and that Kj is
compact for sufficiently small § > 0. Furthermore, 1 ; is the unique mountain
pass critical point for sufficiently small § > 0.

On the other hand,

_ 1 _
(S2(bra)h, ) = [[VA]3 + /R (1+ U HIn? - /R p(ww)wi’,blh%x.

n

Setting h = 11 and using (S5(¥1,5), ¥1,6) = 0, we have

(S5 (1)1, 16) = —(p— 1) /Rn (ﬁ + 5) zpffgldx <0.

Thus we get index S§ (¢1,) = 1. O
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Using Lemma 3.1, we verify Proposition 5.

Proof of Proposition 5. Suppose that there exists a non-zero solution wg € H(R")
of L pwo = 0. It satisfies

(14 (r1p)wo, €) =0 for all € € HY(R™).
By Lemma 3.1 (ii) with § = 0, we may also find a w; € H!(R™) such that
<Sil,b,+(¢1,b)w17w1> < 0.

We define a 2-dimensional subspace H of H!(R") by H = span{wp, w; }. Then we
have
(874 (W1p)h,h) <0 forallhe H.

On the other hand, we have for all § > 0,
(S5 (WY1p)h h) = (ST (d1p)h, h) —d(p — 1)/ W hda
RTL
< —8(p— 1)/ ¢t h*dz for all h € H.
RTL

We remark that 11 4(z) > 0 in R and we get
(S5 (Y1), hy <0 forall h e H\ {0}.
It means that for all 6 > 0,
index S§ (¢1) > 2,

which is a contradiction to Lemma 3.1 (ii) with sufficiently small § > 0. O

4 Proof of Theorem 1

In this section, we prove the following Lemma 4.1 to show Theorem 1. For w > 0,
we define

(v, w) 1wy = Re(Vv, Vw) 2 +wRe(v, w) 2,

ol ) = (v, 0) 5y, 0w € HY(R™). (4.1)
Then, we see that || - || 1 () is an equivalent norm on H'(R") to || - || 1.

We remark that for v € H*(R™) with vi(z) = Rev(z) and va(z) = Imwv(x),
we have

<SZ(¢W)’U7’U> = <L17wU1,U1> + <L2,w’l}2,’l}2>, (42)
Lo = Il = [ V@R @m@Rd,  @3)
(Laworon) = Il = [ V@@ @la@P e, (@)
Re(¢w,v)r2 = (¢w,v1)r2,  Re(idw,v)r2 = (du, v2) L2, (4.5)

under the assumptions in Proposition 2.
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Lemma 4.1 Letn >3,0<b<2andl <p <1+ (4—2b)/(n—2). Assume (V1)
and (V2). Let ¢, € G,

(i) Let p < 1+ (4 —2b)/n. There exists w1 > 0 with the following property: for
any w € (0,w1), there exists 61 > 0 such that

(L1,w0,0) > 61|v]|F )

for any v € HY(R™,R) satisfying (v, )12 = 0.
(ii) For any w € (0,00), there exists d2 > 0 such that

(La,wv,v) > 82|v[|F )
for any v € HY(R™,R) satisfying (v, )2 = 0.

Proof of Theorem 1. Since || - || g1 () is equivalent to || - || g1, by (4.2) and Lemma
4.1, there exists § > 0 such that (1.6) holds for any v € H'(R") satisfying
Re(dw,v)r2 = 0 and Re(ig,,v)r2 = 0. Hence, Theorem 1 follows from Propo-
sition 2. O

In order to show Lemma 4.1, we use the rescaled function ., defined by (1.7).
For w > 0, we define the rescaled operators Ly, and La, by

(L) =l ~ o [ v (Z2) 7 @lo(o)P

(Lawvd) =l — o7 [ v () & @t o,

Then, for v(x) = w?=/2P=D5(,/wx), we have
ol () = w!TE @D 5)5,
(¢, 0) 2 = WV EV=2(G, 7)1,
(Ljwv,v) = W T ETEDTL; 5,5), =12
(see (4.1), (4.3) and (4.4)).

Proof of Lemma 4.1. We show (i) by contradiction. Suppose that (i) were false.
Then, there would exist {w;} and {v;} ¢ H*(R",R) such that w; — 0,

lim (L1 ,v;,v5) <0, (4.6)
J—00
H/Uj”%ﬂ = 17 (vjv g)wj)Lz =0. (47)

Since {v;} is bounded in H'(R™), there exists a subsequence of {v;} (still de-
noted by {v;}) and v9 € H'(R™,R) such that v; — vy weakly in H'(R",R).
Therefore, |vj|2 — |vg|?> weakly in L™/("=2)(R™). Further, by Proposition 3 of
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[11], we see that ¢, — 11 strongly in H'(R"), so that (;35,;1 — P! strongly
in £2/A(=2=D}Rm) 0 LPFD/P=1)(R"). Moreover, by (V1) and (V2) if p <
1+ (4—2b)/(n—2),

lim

J—

wj_b/zV vy L
Vvei) o=l

follows from Lemma 4.2 of [11]. Thus, we have

0*

- 1 _
T (%w—]) @@ o= [ Wwi’,bl(wlvo(:c)Fdx(. |
4.8

Indeed,

— T Tp— 1 -1
[ (o (=) it - outitig) ao
1 L -
= [ ot e+ [ @t -ty s

n ||t

- x IR
o[ (v () ) e
" J

The first term converges to 0 as j — oo since |z| =%, € L™/2(R™) (see Proof
of Lemma 2.1 (i)). The two remaining terms are estimated as follows: For some
R > 0 such that |z|7® < ¢ if [2| > R,
Sy e
o J2f0 Lo
- T -1
< |l|z| bHLe*(\z\gR)Hfbf;jl* f,b ||2n/{(n—2)(p—1)}

Tp— —1
01130/ (n—2) + €llBE " = V3 a1y -1 1051511

—b/2 T\ Lo
/ n<“’f v(\@) |x|b)% vy

wj_b/zV oy L
V@i =l

which conclude (4.8). Therefore, by (4.6), (4.7) and (4.8), we have

<

7 -1
[, | Zzjn/(n_z)||Ungn/(n—2)v
0*

0 > liminf(Ly.,v;,v;)

J—00

1 _
= 1 —p/Rn Wwf,bl(xﬂvo(xﬂzdx. (4.9)
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Again, by (4.6), (4.8), we have

0 > lim inf(il,wj vj,v5)

J—00

— liminf 2 _7b/2/ V( T )Np_l . 2d)
imin <||UJ|H1 por? [ V() B @@ do

1 _
looll2n — p /R U @lvo(@) e = (Lo, ).

Y

Moreover, by (4.7), we have (vg, 1) 2 = 0. Therefore, by Lemma 2.1 (i), we have
vo = 0. However, this contradicts (4.9). Hence, we conclude (i). By an analogous
argument as (ii) of Lemma 2.1, we can also prove (ii). O

5 Appendix

5.1 Uniqueness for (3.2)—(3.4)
We have cited the uniqueness result by Yanagida [33]. Here, we briefly check the

conditions to prove the uniqueness of a solution (3.2)—(3.4). The condition ap-
peared as (C1)—(C6) in Theorem 2.2 of [33]. In the paper [33], the following type
of semilinear elliptic equations was treated:

u’(r) + - 1u'(r) +g(Mu(r) + h(r)u(r)? =0, r>0, n>3,

where we denote d/dr by ’.

As an application to our present case, we consider g(r) = —(1 + &Pf;l) and
h(r) =7r7%+ 4, where § > 0, n > 3,0 < b < 2 and 11 ,(r) is the unique positive
radial solution of (2.2) with w = 1. We remark that 1 ,(r) € C?*(R") decays
exponentially as » — oo by the standard argument for radial solutions of elliptic
equations (see, for example, Berestycki and Lions [4]) and 11 (r) is monotone
decreasing with respect to r > 0 from [12, 20, 21], i.e., ¥} ,(r) < 0 for r > 0. First,
we know that two conditions )

(A1)  g(r) and h(r) are in C*((0, 00)),
(A2)  r*79g(r) — 0 and r*=9h(r) — 0 as r — +0 for some o > 0,

are satisfied. Now let m € [0,n — 2] be a parameter and define

Grsm) = =8(p = 1)r™ P2l 2 () 4 (1) + 2(n = 3 = m)r™ (14 69 ()
+m(n —2—m)(n —2—m/2)r"™ 1

H(rim) = - {2(n —2)—-m+ 2= 2m+2) _;Erml—i— 2) } pmobtl
{2(n2)mpT}5r +

These are related to Pohozaev identity (see Yanagida [33] for details).
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Required conditions in [33, Theorem 2.2] are following:

(C1) h(r) >0 for all r € (0,00) and h(r) > 0 for some r € (0,00).

(C2) G(r;n—2) <0 for all r € (0, 00).

(C3) For each m € [0,n — 2), there exists an a(m) € [0, oo] such that G(r;m) > 0
for r € (0,a(m)) and G(r;m) < 0 for r € (a(m), 00).

(C4) H(r;0) <0 for all r € (0, 00).

(C5) For each m € (0,n — 2], there exists a S(m) € [0, co] such that H(r;m) > 0
for r € (0,8(m)) and H(r;m) <0 for r € (6(m), 00).

(C6) When g(r) = 0 for all » > 0, h(r) satisfies h(r) # Cor?, where Cp > 0 is an

-2 2
arbitrary constant and ¢ := n ( _nt ) .

2 n—2

The condition (C6) is excluded in the present case. It is clear that (C1), (C4)
and (C5) hold since

2b 2
H(r;0) = o lr*bﬂ -2 {n —-2— P } r(rb +94).

Also, since
G(rin —2) = {rPg(r)} = —r(2+ 2697, (r) + 6r(p — D7, (r)d,4(r)),

taking ¢ so small that the right-hand side is nonpositive for all »r > 0, we can
conclude (C2) for sufficiently small § > 0. The condition (C3) follows for small
d > 0, too. Indeed, if 0 < n — 3 — m, then we have G(r,m) > 0 for all r > 0,
therefore we may take a(m) = oco. If -1 <n—3—m < 0 and m > 1, we have
that G(r,m) — —oo as r — oo and that G(r, m) tends to a nonnegative constant
as r — 0. For the case where —1 < n—3 —m < 0 and m < 1, we see that
G(r,m) — —oo as r — oo and G(r,m) — oo as r — 0. Moreover, in both cases,
d (G'(r,m)

e

satisfying (C3) (see a similar investigation in [18, Lemma 1.3]).

3 ) < 0 for r > 0 and sufficiently small § > 0. Thus, there exists a(m)
rme

5.2 Orbital stability

Next, we remark on the proof of Proposition 2. Proposition 2 implies the following
lemma:

Lemma 5.1 Under the assumptions in Proposition 2, there exist C > 0 and € > 0
such that _
E(u) = E(¢0) > C inf [lu— 6,7
€

for u € Us(dy,) with Q(u) = Q(Puw).

We can prove this lemma following Grillakis, Shatah and Strauss [13, Theo-
rem 3.4] (see also [16, Proposition 1], Section 2 of [10]). Theorem 1 follows from
Lemma 5.1 and the proof of Theorem 3.5 of [13].
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