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Abstract. We work out the general features of perturbative field theory on noncom-
mutative manifolds defined by isospectral deformation. These (in general curved)
‘quantum spaces’, generalizing Moyal planes and noncommutative tori, are con-
structed using Rieffel’s theory of deformation quantization by actions of R!. Our
framework, incorporating background field methods and tools of QFT in curved
spaces, allows to deal both with compact and non-compact spaces, as well as with
periodic and non-periodic deformations, essentially in the same way. We compute
the quantum effective action up to one loop for a scalar theory, showing the differ-
ent UV/IR mixing phenomena for different kinds of isospectral deformations. The
presence and behavior of the non-planar parts of the Green functions is understood
simply in terms of off-diagonal heat kernel contributions. For periodic deformations,
a Diophantine condition on the noncommutivity parameters is found to play a role
in the analytical nature of the non-planar part of the one-loop reduced effective ac-
tion. Existence of fixed points for the action may give rise to a new kind of UV/IR
mixing,.

1 Introduction

Noncommutative geometry (NCG), specially in Connes’ algebraic and operatorial
formulation [4], is an attempt to free oneself from the classical differential structure
framework in modeling and understanding space-time, while keeping in algebraic
form geometry’s tools such as metric and spin structures, vector bundles and
connection theory. The NCG framework is well adapted to deal with quantum
field theory over ‘quantum’ space-time (NCQFT) [34]. However, there is a lack
of computable examples crucially needed to progress in this direction. Here we
present a large class of models, the isospectral deformation manifolds, in which we
show the intrinsic nature of UV/IR mixing through the analysis of a scalar theory.

In [6,7] Connes, Landi and Dubois-Violette gave a method to generate non-
commutative spaces based on the noncommutative torus paradigm. For any closed
Riemannian spin (this last condition could be relaxed for our purpose) mani-
fold with isometry group of rank I > 2, one can build a family of noncommu-
tative spaces, called isospectral deformations by the authors. The terminology
comes from the fact that the underlying spectral triple, that is, the dual object
(C**(Meg), L*(M, S), Ip) encoding all the topological, differential, metric and spin
structures of the original manifold, and so defining the ‘quantum Riemannian’
space [5], has the same space of spinors and the same Dirac operator as the unde-
formed one (C°°(M), L?(M, S), ID); only the algebra is modified.
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More precisely, the noncommutative algebra C°°(Mg) can be defined as a
fixed point algebra under a group action [7]:

(M) = (C“(M)@Tl@)wéfl, (1.1)

where TL is a [-dimensional NC torus(-algebra) with deformation matrix © €
M;(R),©* = —O; « is the action of T! on M given by an Abelian part of its
isometry group, 7 is the standard action of T on ’]I“i9 and ® is a suitable ten-
sor product completion. By the Myers-Steenrod Theorem [26], which asserts that
Isom(M, g) C SO(n) for any n-dimensional compact Riemannian manifold (M, g),
one can see that the class of such manifolds whose isometry group has rank greater
or equal to two is far from small.

Varilly [33] and Sitarz [31] independently remarked that this construction
fits into Rieffel’s theory of deformation quantization for actions of R! [28]. Given
a Fréchet algebra A with seminorms {p;};c; and a strongly continuous isomet-
ric (with respect to each seminorms) action of R!, one can deform the product
of the subalgebra A, consisting of smooth elements of A with respect to the
generators X%, k€ {1,...,1} of the action a. The algebra A*> can be canoni-
cally endowed with a new set of seminorms {P; m ticrmen given by pim(.) =
sup;<; Z\ﬁlgmpj (X8.), 3 € N!. Those seminorms have the property of being com-
patible with the deformed product defined by the A*°-valued oscillatory integral:

axgb = (271')_l/ dyd'z e Y*> a1 _ (a)a_.(b), a,b e A,
R2! 50y

Here O is the (real, skewsymmetric) deformation I x I matrix, < y, z >= 22:1 T
and if we denote by A the algebra (A, +), the deformation process verifies
(AF)3 = AZ,e» and hence is reversible. In [16], we investigate the equiva-
lent of (1.1) in the non-periodic case and extend the construction of isospec-
tral non-periodic deformations (called also 6-deformations to distinguish them
from g-deformations) to non-compact manifolds within Rieffel’s framework, whose
paradigms are now the Moyal planes [12].

Although we will not use directly the fixed point characterization (1.1), we
want to insist on its crucial importance to understand the situation. Indeed, such
a characterization means that we are transferring the noncommutative structure
of the NC torus or of the Moyal plane inside the commutative algebra of smooth
functions, in a way compatible with the Riemannian structure.

The first studied examples of NCQFT were the NC tori and the Moyal planes,
in pioneer works like [3,11,21,23,24,34] (see also [10] and [32] for reviews). In
those flat space situations, the main novelty in regard to renormalization aspects
is that two kinds of Feynman diagrams coexist, respectively called planar and non-
planar. The first one yields ordinary UV divergences, while the non-planar graphs,
characterized by vertices which depend on external momenta through a phase, are
finite except for some values of the incoming momenta. That happens in particular
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for the zero mode in Ap*©* theory on the NC torus and in the limit p* — 0 for
the same theory on the Moyal plane. This is the famous UV/IR entanglement
phenomenon, which gives rise to difficulties for any renormalization scheme.

In this paper, we show that for any (in general non-flat) isospectral deforma-
tion, UV/IR mixing in (Euclidean) NCQFT exists as in the (flat) paradigmatic
examples of the NC torus and the Moyal planes.

In the next section, isospectral deformations are constructed and their basic
NCG properties are reviewed. The third section is devoted to the study of the
Ap*e* theory. One derives a field expansion from a (modified) heat kernel asymp-
totics to compute the effective action up to one loop. This construction gives a
simple algebraic meaning to the presence and behavior of planar and non-planar
sectors in those theories. In sections 4 and 5, using off-diagonal heat-kernel esti-
mates, we prove the inherent generic character of the divergent structures for all
kinds of isospectral deformations. Fixed points for the R! action potentially yield
a new kind of UV/IR mixing.

2 Isospectral deformations

As explained in the Introduction, isospectral deformations are curved noncommu-
tative spaces generalizing Moyal planes and noncommutative torus. To construct
those NC Riemannian spaces (spectral triples), we use an approach developed
in [16]. Advantages of this twisted product approach a la Rieffel are that it allows
to treat on the same footing compact and non-compact cases (unital and non-
unital algebras) as well as periodic and non-periodic deformations, and that it is
well adapted for Hilbertian analysis.

Let (M, g) be a locally compact, complete, connected, oriented Riemannian
n-dimensional manifold without boundary, and let a be a smooth isometric action
of Rb2< 1< n

a: R — Tsom(M, g) C Diff(M),

where [ is less or equal to the rank of the isometry group of (M, g). We can then
define a deformed or twisted product. The isometric action « yields a group of
automorphisms on O (M) that we will again denote by a: for all z € R!

o f(p) == fla—z(p))-

For brevity we will often write z.p = «,(p) to designate the action of a group
element on a point of the manifold. Obviously, the group action property reads

21.(72.p) = (;1+ 22).p and 0.p=p.

The infinitesimal generators of this action
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are ordinary smooth vector fields, so they leave C2°(M) invariant. Hence, given a
real skewsymmetric [ x [ matrix ©, one defines the deformed product of any f, h €
C2°(M) as a bilinear product on CZ°(M) with values in C°°(M) N L (M, p4) by
the oscillatory integral

froh = (2m)7! dydze Y*> ai_ (fla_.(h), (2.1)
R2! 209y

where < y, z >:= Zém Y727 can be viewed as the pairing between R! and its dual
group. In spite of appearances this formula is symmetric, even with a degenerate
O matrix (see the discussion near the end of this section), as one can rewrite the
deformed product:

L —1 1 1 1<y,z>
froh == (2m) /Rzl dydze a,y(f)a%(_)z(h).
The non-locality of this product generates a non-preservation of supports. In par-
ticular, the twisted product of two functions with disjoint support turns out
to be non-zero a priori. Whereas in the periodic case (keraw ~ Z!) the fixed

point characterization gives rise to a reasonable locally convex topology on the
1

a@T
invariant sub-algebra of the algebraic tensor product (COO (M) ® ’]l'l@> or

a®@T
(Cgo (M)®’]I‘6> depending whether M is compact or not, to obtain a smooth

algebra structure in the non-periodic case one has to complete C° (M) to a Fréchet
algebra with seminorms defined through the measure associated to the Rieman-
nian volume form, so that the action becomes strongly continuous and isometric
with respect to each seminorm. This feature is investigated in [16]. In the sequel,
as we mainly work at the linear level, C°(M) will be deemed “large enough”.
The associativity of the product (2.1) can be easily checked. The ordinary
integral with Riemannian volume form g4 is a trace (a proof is provided in [16]):

/M fg freh = /M g fh= /M tg hxe f (2.2)

« is still an automorphism for the deformed product:
az(f)xeaz(h) = az(f*oh); (2.3)
the complex conjugation is an involution:
(freh)™ = P [T (2.4)
and the Leibniz rule is satisfied for the generators of the action

XE(fxoh) = X*(f)xgh + fxo X5(h), k=1,... .1 (2.5)
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In fact, the Leibniz rule is satisfied for any order one differential operator which
commutes with the action «, thus for the Dirac operator when the manifold has a
spin structure.

We have basically two distinct situations. When the group action is effective
(ker @« = {0}), i.e., for a non-periodic deformation, it is seen that the good topo-
logical assumption on « in order to avoid serious difficulties is properness. That
is, we assume the map

(2,p) €ER' x M + (p,a.(p)) € M x M

to be proper. Recall that a map between topological spaces is proper if the preimage
of any compact set is compact as well. On the other hand, for periodic deforma-
tions the action factors through a torus action & : R'/Z! — Isom(M, g), and the
factorized action & is automatically proper.

When M is compact, @ must be periodic to be proper, while in the non-
compact case both situations appear. We point out that the (non-compact) non-
periodic case is the most difficult one. First, when the manifold is not compact,
the essential spectrum of the Laplacian is non-empty, so its negative powers are
no longer compact operators. Furthermore, for periodic deformations (of compact
manifolds or not) we have a spectral subspace decomposition, indexed by the dual
group of T!, which does simplify proofs and computations.

We do not explicitly treat the mixed case o : R? x T!=¢ — Isom(M, g), but its
general features will be clear from what follows.

The hypothesis of geodesically completeness of M guarantees selfadjointness
of the (closure of the) Laplace-Beltrami operator A restricted to (the dense subset
C>°(M) of) L?(M, ), the separable Hilbert space of squared integrable functions
with respect to the measure space (M, p,). In our convention, A = (d + §)? is
positive, and reduced to 0-forms A = dd = *,,d *,, d where %, is the Hodge star.
Completeness (plus boundedness from below of the Ricci curvature) is needed to
have conservation of probability [2,9]:

/ 1o (p) Kulp,pl) = 1,
M

where K; := K, -«a is the heat kernel of the manifold. Recall that K:(p,p’) for
t > 0 is a smooth strictly positive symmetric function on M x M. The restriction
to manifolds without boundary is required to have a simple (with vanishing of the
odd terms [17]) on-diagonal expansion of the heat kernel

Ki(p,p) ~ (4nt)~"/2 Z thag(p), t— 0, (2.6)
leN

where a;(p) are the so called Seeley-De Witt coefficients.

It is proved in [16] that for non-compact non-periodic deformations (the state-
ment being immediate in the periodic case) Ly = Lg? (resp. Ry = Rg?), the opera-
tor of left (resp. right) twisted multiplication by f, defined by Ly = fx,v (resp.
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Rp = px, f), for ¢ € H := L*(M, piy), is bounded for any f € C°(M). This will
be also true for smooth functions decreasing fast enough at infinity.
Denote by V, the induced action of R on L?(M, p1,4) by unitary operators

Vah(p) :== P(—2.p);

then one can alternatively define L; and R; by an operator valued integral

Ly= (27r)—l/ dydze vV M;V_,, (2.7)
R2! §®y

Ry = (277)_l/ dydze V== V__M;Vi_ (2.8)
R2! §®y

where M denotes the operator of pointwise multiplication by f.
Such integrals do not define Bochner integrals in the vector space £(H). Indeed, the
operatorial norm of the integrands in (2.7) and (2.8) are not integrable functions
on R%, since they depend on y and z only through unitary operators. Actually,
the latter must be understood as L£(H)-valued oscillatory integrals [28].

Formulas (2.7) and (2.8) can be easily derived from (2.1) using

VoMV = Ma.(p)

and the translation z — z — %@y which leaves invariant the phase due to the
skewsymmetry of the deformation matrix. Note that they can be used to define
(left and right) ‘Moyal multiplications’ of any bounded operator on H, taking
the place of My in the formulas. Within this presentation, it is straightforward
to check that L and R are two commuting representations (in fact R is an anti-
representation):

[Lf,Rh] =0, Vf,h S CEO(M)

Thus formulas (2.7) and (2.8) provide an other way to check the associativity of
the twisted product, which is equivalent to the commutativity of the left and right
regular representations.

Using the trace property (2.2), one can also prove that the adjoint of the
left (resp. right) twisted multiplication by f equals the left (resp. right) twisted
multiplication by the complex conjugate of f:

(Lf)* = Lg-, (Ry)" = Ry

Again, this fact can be directly checked using formulas (2.7) and (2.8). For Ly it
reads

L)y =en ! [

dly d'z e<¥*> v, M- Vfl(—)
R2! 29Y

= (Qﬂ)fl /Rm dlydlz e 1<y, 2> V%@z My V_y,
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where the changes of variable z — %@z, y — 2071y and the relation < O~ 1y, 0z >
= — < y,z > have been used.

The primary example of such a space is the n-dimensional Moyal plane Rg. In
this case, the manifold is the flat Euclidean space R™,l = n, and R™ acts on itself
by translation. Another interesting non-compact space which carries a smooth
action of R”~! by isometry is the n-dimensional hyperbolic space H”, that we can
make into noncommutative Hg by the previous prescription.

For periodic actions, there is a lattice L = 87!, 3 € M;(Z) in the kernel of o
which factors through a torus ']I‘g := R!/BZ!. This quotient is a compact space if
and only if the rank of § equals [. In this case, we have a spectral subspace (Peter-
Weyl) decomposition (see [6,28,33] for details): for any bounded operator A which
is a-norm smooth (the map z € ’]TZB — V,AV_, is smooth for the norm topology of
L(H)), one can define a [-grading by declaring A of I-degree r = (rq,..., ;) € BZ!
when

VLAV., = e nattnz) g vy € T,

Then, any a-norm smooth operator can be uniquely written as a norm convergent

sum
A= )" A,

reBzl

where each A, is of I-degree (rq,...,r).

This is in particular the case for the operator of pointwise multiplication by any
function f € C°(M), since My lies inside the smooth domains of the derivations
9;(.) :=[Xj,.]. This assertion is obtained iterating the relation

1125, Myl = 1M, ) | = X5 () oo

which is finite since f € Cg°(M) and because the X are ordinary smooth vector
fields.

Writing the spectral subspace decomposition of such operator, we find the Peter-
Weyl decomposition of any f € C°(M), as f = 3 s fr, where f,. satisfies
a.(f,) = e tnzmttnz) £ The twisted product of homogeneous components
satisfies the noncommutative torus relation:

frkohs = e 3P0 (2.9)

Noncommutative tori T%, odd and even Connes-Landi spheres S3""!, S2" [7] are
examples of such compact noncommutative spaces; and the ambient space of Sg‘l
is a non-compact periodic deformation.

In summary, it is clear that the noncommutative structures of isospectral
deformations are inherited from the NC tori or Moyal planes one’s, depending
whether the deformation is periodic or not.

When O is not invertible, the deformed product reduces to another twisted
product associated with the restricted action o := a|y 1, where V' is the null space
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of © — see for example [28]. Hence, one can handle non-invertible deformation
matrices without any trouble. But of course, the “effective” deformation is always
of even rank.

Finally, in the non-periodic case only, properness of « implies that it is also
free. To see that, recall that properness of any G-action is equivalent to {g €
Glg.X NY # 0} is compact for any X,Y compact subset of M — see [25]. So,
taking X =Y = {po} for any py € M, its isotropy group Hp, = {z € Rl|z.py =
po} = {z € RYz{po} N {po} # 0} is compact as well. But the only compact
subgroup of R is {0}, hence the action is automatically free. This implies that the
quotient map 7 : M — M/R! defines a R!-principal bundle projection.

In the periodic case, the action is no longer automatically free, and the set
My;ng of points with non-trivial isotropy groups can give rise to additional diver-
gences in the effective action. This will be shown to constitute a new feature of
the UV/IR mixing on isospectral deformation manifolds.

3 ™4 theory on 4-d isospectral deformations

3.1 The effective action at one-loop

For the sake of simplicity, we now restrict to the four-dimensional case; n =
dim(M) = 4. Tt will be clear, nevertheless, that our techniques apply to higher
dimensions without essential modifications. We consider the classical functional
action for a real scalar field ¢:

A *
Steli= [ g 5T 0a (V) + dmlrot o). (3)

We could add a coupling with gravitation of the type {R(p*,¢) (or even
ER*,pxs ), where R is the scalar curvature and & a coupling constant, without
change in our conclusions. Indeed, this term is not modified by the deformation:
due to the a-invariance of the scalar curvature, we have Rx,f = R.f for any
feCx®(M), thus

/N9R~(90*@90):/ ugR*@w*@w:/ ug(R*ew)-sa:/ g R.¢ ..
M M M M

Similarly, thanks to the trace property (2.2), S[¢] can be rewritten as

A
Stel= [ o [ote +dmioo+ flod) (onp)]. (32)

so that, as in the falt cases, the kinetic part is not affected by the deformation.
Recall that in our conventions the Laplacian is positive: A = —V#V,,.

We aim to compute the divergent part of the effective action I'y;[p] associated

to S[i] at one loop. This is formally given by % In(det H), where H is the effective

potential. In our case (as in the commutative one) it will be seen that H = A+m?+



Vol. 6, 2005 Heat-Kernel Approach to UV/IR Mixing 999

B, where B is positive and bounded; so that when the manifold is not compact
H has a non empty essential spectrum (typically the whole interval [m?, +o0l).
In order to deal with operators having pure-point spectrum (discret with finite
multiplicity), we need first (independently of any regularization scheme) to redefine
formally the one-loop effective action as:

Iyfg] := L Indet (HHo_l),

where H, .= (A +m?)~! is the free propagator. We are “not so far” from having
a well-defined determinant since:

HHy' = (Hy+ B)H, " =1+ BH; ',

and BH ! js ‘small’: not trace-class in general, but compact; more precisely BHy 1
lies inside the p-th Schatten-class for all p > 2 (see below for the concrete expres-
sion of B and [16] for a proof of this claim). Physically, to replace H by HH, !
corresponds to remove the vacuum-to-vacuum amplitudes. We then define the log-
arithm of the determinant by the Schwinger “proper time” representation:

Tulp] = %ln (det(HHy ")) = —%/OOO % Tr (e7tH —e7tHo) . (3.3)

Before giving a precise meaning to the previous expression, that is to choose a
regularization scheme, we go through the computation of the effective potential H.
For that, the following definition will be useful.

Definition 3.1. Let (X, du) a measure space. A kernel operator on &, a functions
space on X, is a linear map A : £ — £ which can be written as

(Af)(p) = /X dp(a) Kap.q) (). fEE paeX,

where K 4 is the kernel of A. This definition leads to the following rules for the
product of two kernel operators and for the kernel of the adjoint:

KAB(p»Q):/Xdﬂ(u)KA(pvu)KB(UvQ)» and  Ka-(p,q) = Ka(q,p)". (34)

In our case, (X, du) = (M, p1y) as a measure space, & = C°(M) and we will
only be interested on distributional kernels, that is those K 4 lying on C° (M x M),
the space of distributions on M x M.

Recall that the effective potential (see for example [36]) is the operator whose
distributional kernel is given by the second functional derivative of the classical
action:

Kty (pop) = — )

N 025 —
Ky (p,p') — Sp(p)de(p') |2

T Sp(p)ae)’

)
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with functional derivatives defined as usual in the weak sense

)

t=0

where the coupling is given by the integral with Riemannian volume form (f, h) =

fM g S h.
Using the trace property (2.2) we find out:
dS[SD + tw] _ 2 A *03
T Ap+mip+ 510709 ).
Hence,
G 5[] 2 A ve3
= —"=A —*°°(p).
Splel 5(0) p(p) +mp(p) + 5797 (p)

The second functional derivative reads

< 6%S¢] > dSp[p + t]
do(p)op’ "/ dt

t=0

A
<(A +m? + g(Lwew + Roxop + R@Lw))557w> ’
¢

where 69 is the distribution defined by (89,¢) = [, 1g(p)0%(p)d(p) =
any test function ¢ € C°(M).
In conclusion, the explicit form of the operator H is:

A
2
H=A+m"+ E(Lw*ev + Rpvop + RoLy).
Because ¢ is real, the operators L, and R, are self-adjoint, and we can check
directly the strict positivity of H:

Losop + Rorop + LoRy = 3(Ly + Rp)* (L + Ry) + 5L Ly, + 5 R, R,

We are come to an important point: the existence of UV/IR mixing for
field theory on isospectral deformations comes from the simultaneous presence
of left and right twisted multiplications in the effective potential. Precisely, we
wish to illustrate the smearing nature of the product of left and right twisted
multiplication operator LyRjy. The crucial consequence, employed in subsection
3.3, is that the trace of Ly Rj, e~t(A+m*) ig regular when ¢ goes to zero, contrary
to Tr(Ls et A+m)) Tr(R; e~ HA+m™)) Tr(M; e~ *A+m*)) which in n dimensions
behave as t~"/2 when t — 0 (In fact the three latter traces are identical).

Remark 3.2. For a %@*93 theory on a six dimensional manifold, the effective
potential reads:

A
H:A+m2+§(L@+R@).
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Even in the lack of the ‘mixed’ term R, L.,, those theories have a non-planar sector,
but which will be present only at the level of the two-point function; the tadpole
is not affected by the mixing.

Consider the non-degenerate (n = 2N, © invertible) Moyal plane case. The
operator L¢Rj, turns out to be trace-class whenever f,h € S(R*V), say. This
fact is known to the experts, but rarely mentioned — to the knowledge of the
author, its first mention in writing is in [1]. We do a little disgression to see how
it comes about. Recall [12] that there is an orthonormal basis for L2(R2Y d?Vz),
the harmonic oscillator eigentransitions (270) ™™/2{ fiun b nenw, 0 := (det ©)1/2N
which are matrix units for the Moyal product:

fmn*@ fkl = 5nkfml-

Expanding f,h € S(R?Y) in this basis: f = Zm’n Conn Jmn, b = Zmn rn frnm, We
obtain:

Tr (Lth) = (271'9)71\, Z Ckl dst <fmn7 fkl*@ fmn*@fst>

m,n,k,l,s,t

= (27{9)71\, Z Ckm dnt <fmn7 fkt>

m,n,k,t

= § Cmm dnn
m,n

= (27T0)_N/d2N:B f(w)/d2Ny h(y) < oo.

Then in this case one can factorize H H L and extract a finite part in the effective
action. We have

A 1
HoH ™' = (1= S (Lpsgp + Rpnyo)
( 3' proe prow A + m2 + %(Lg)*gg& + Rg;*e%@))
A 1
X |(1—=L,R . 3.5
( 3' i S(JA + m2 + %(Lg)*gg& + RS{J*@Q{J + LQDRS@)> ( )
Now,
A 1
1-=L,R c1+LY(H),

3T A+ M2+ %(Lwe@ + Rpwgp + Lo Ry)

so that its determinant is well defined. Thus only the determinant of the first
piece of (3.5) needs to be regularized. The determinant of the second piece of (3.5)
contains the whole non-planar contribution to the two-point function, while for
the four-point function the finite non-planar part lies in both pieces.

The structure of the effective potential, i.e., the presence of mixed products
of left and right twisted multiplication operators, and thus the existence of two dis-
tinct sectors in the theory is fairly general: for noncommutative scalar field theories
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whose classical field counterparts are regarded as elements of a noncommutative
algebra, and a classical action built from a trace on the algebra, the effective po-
tential will contain in general sums and mixed products of left and right regular
representation operators.

Let us go back to the computation of I'y;[¢]. The t-integral in (3.3) is divergent
because of the small-¢ behavior of the heat kernel on the diagonal. We thus define
a one-loop regularized effective action by:

. 1 [ dt _ _
IS [ := —5/ — T (et — e~ tHo) (3.6)

One can invoke less rough regularization schemes, for example a {-function regu-
larization o
I ) = —%/0 T 0)” T (e e, (37)

akin to dimensional regularization. However, for the purposes of this article (3.6)
will do. One can think of € as of the inverse square of A, with A a momentum
space cutoff.

To show that the expressions (3.6) and (3.7) are now well defined, we have
to prove that e *# — e7tHo ig trace-class for all ¢+ > 0. Note that for t — oo
convergence is ensured by the global e—tm’® factor, and that when the spectrum
of the Laplacian has a strictly positive lower bound one can construct massless,
IR divergence-free NCQFT. That is the case for the twisted hyperbolic planes Hg
since the L?-spectrum of A on H" is the whole half line [n2/4, oo|.

tH

Lemma 3.3. The semigroup difference e *H — e=tHo js trace-class for all t > 0.

Proof. Using positivity of H and Hy, the semigroup property and the holomorphic
functional calculus with a path v surrounding both the spectrum sp(H) C Rt and
sp(Hp) C R, we have

where Ra(z) = (z — A)~! denotes the resolvent of A. But H = Hy + B where B
is bounded. Using next Ry (z) = Ry, (2)(1 + BRy(z)), we find

Ru(21)Ru(22) — Ruy(21) R, (22) = Ru, (21) Ru, (22) BRu (22)
+ Ry, (21)BRu(21) Rp, (22)
+ RHO (Zl)BRH(Zl)RHO (ZQ)BRH(ZQ)

The first resolvent equation and the fact that Ly(z—A)™% Rp(z —A)~% € LP(H),
for p > 2/k, f € C*(M) [16], together with the Holder inequality for Schatten
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classes, yield
/ le d22 e_t(z1+z2)/2RH0 (Zl)RHo (ZQ)BRH (2’2)
¥ XY

is absolutely convergent for the trace norm. Similarly for the other terms. So
e tH _ ¢=tHo ig trace-class as required. O

3.2 Field expansion

We now tackle the e-behavior of I'{;[¢] to describe the divergences. We will then
show that, as for the Moyal planes and noncommutative tori, there exist for general
isospectral deformations two kind of contributions to the Green functions, the
planar one giving rise to ordinary singularities and the non-planar one exhibiting
the UV/IR mixing phenomenon. Note that, since we are in a curved background,
we can no longer work with Feynman diagrams in momentum space. However, by
abuse of language we continue to speak about planar and non-planar contributions,
because there is a splitting at the operator level which coincides with the splitting
of planar and non-planar Feynman graphs in the known flat cases. This point will
become clearer in subsequent subsections.

As we are only interested in the e-behavior of I'{;[¢] (we only consider the
potentially divergent part of the regularized effective action), we need a small ¢-
expansion for Tr (e_tH — e_tHO). This expansion will be managed in the same vein
as the ones obtained in [13,35]. The Baker-Campbell-Hausdorff formula is written:

o—tH — o—tB+5[AB]- L [A[A, Bl -5 [B,[A, B+ ,—~tHo_ (3.8)
We now expand the first exponential up to factors which, after taking the trace,
give terms of order less or equal to zero in ¢. Only a few terms will be important:
We have first to take into account that (in n dimensions)

Tr(LyAFe 8y ~t=n/27k ¢ 0,
Tr(RpAFe ) ~ t—n/27k 4 0. (3.9)

Indeed, for the “left” case (the right one being similar) since, as proved in [16], one
has L¢(1+A)~% € LP(H) for any p > n/2k and any f € C>°(M), we conclude for
all e > 0:
L ARt < Lg(1 + A (1 Ay
- (14 A)*

< C(G)t_(n/2+k+€).
The last estimate follows from functional calculus. Therefore, in the field expan-

sion we need to correct the power in ¢ by the order of the differential operator
appearing when we expand the first exponential in the equation (3.8).
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Secondly, we have to notice that the commutators [A, Ly], [A, Rf] (and also
[A, R¢Ly]) reduce by one the order of the differential operator (cf. equation (3.10)
below). To see this, we compute the commutators [A, L¢], [A, Ry] and [A, RyLy).
The simplest way is to use the formulas (2.7) and (2.8). By [V,,A] = 0 for all
z € R! (from the isometry property of o) and choosing a local coordinate system
{z#}, one obtains

A Ly] = (2n)"! /

1 1 —i<y,z>
Rzzdydze V%@y[A’Mf]V—l@)

oY==

= (27T)_l /Rzl dlydlz e i<y,z> V%@y (MAf - QMVvau) Vo

—EG)y—z

=Laf—2LvufVy, (3.10)
and similarly,

(A, Rf] = RAf — 2Ryu sV, (3.11)
(A, Rth] = Rf[A,Lh] + [A, Rf]Lh

= RyLam) + BapyLn —2RvepLy,n — Q(Rvauh + RVHth)V;p
(3.12)

The local coordinate system used must be compatible with the deformation, that
is, defined on some a-invariant open neighborhood U C M. To obtain one such,
choose any open covering {Ur}ie; of M and define {Ur}ies by letting R! act on
it: U; == RLU;.

This implies that in n dimensions, one only needs to use the BCH formula
up to order n — 2 to capture the divergent structure of the effective action.

Moreover, that the commutators decrease the degree of the differential op-
erator is a necessary condition to make the BCH expansion meaningfull: In [15],
we consider a field theory on a noncommutative 4-plane with an (associative)
position-dependant Moyal product (coming from a rank-2 Poisson structure on
R*). It turns out that the commutators [A, L] and [A, Rf] contain now a term
with an order two differential operator. This makes the BCH development use-
less since the k-times iterated commutator [tA, [--- , [tA,tLy] - --]] contains a term
which gives after the exponential expansion a contribution of order t~"/2*1 inde-
pendently of &k, the number of commutators involved. Thus, in this case the whole
BCH serie will be needed to capture the divergences.

Putting all together, we finally obtain:

2 £ t2
ottt _ <1 1B+ (6B - SIA A, B + 532) et 1 O(t);
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we mean by this estimate that we have a small-t expansion:

Tr (e—tH _ e—tHo) _

t2 t3 t2
Tr <( —tB + E[A’B] - g[A, [A, B]] + 532)6_”{0) +0(t). (3.13)

We now show that in fact, the commutators in the expression (3.13) give no
contribution to the effective action. Indeed, if each terms CAe *® and ACe 4
are trace-class, with C' = B or C = [A, B], then by the cyclicity of the trace and
the fact that the Laplacian commutes with the heat semigroup, one gets

Tt (ACe ™™ —CAe™) =Tr (CAe™ ™ —CAe™) =0 (3.14)

That CAe™*2 is trace-class is obvious from functional calculus and using the same
arguments than those used to obtain the estimate (3.9). For ACe™2, it is a little
bit less immediate since the latter appears as a product of a trace-class operator
(Ce*A) times an unbounded one (A). Actually, using the tautological relation

ACe ™ =CAe ™™ 4 [A,Cle 4,

and the equations (3.10) and (3.11) (iterated once more when C' = [A, B]), one
sees that this term appears also as a sum of trace-class operators. Hence (3.14) is
proved and we are left with

- - A —t(A+m?

TI' (6 tH _ (& tHO) = — tg Tr ((Lgp*@gp + Rgp*(_)gp + R@L@)e t( + ))
2 N

+ EW Tr ((L¢*94 + RL/’*(_)4 + 3R¢*9¢L@*@@

+ 2R, Lgeor + 2Ros Ly )e ) 4 O(1),

3.3 Planar and non-planar contributions

We split the previous expansion in two parts. In the first one, we only keep terms
like Lfe_tA and Rfe_m. Those belong to the “planar part”, since they give
commutative-like contributions as easily seen from equation (3.15) below. The
second contribution, corresponding to the “non-planar part”, consists of crossed
terms like Ly Rpe tA.

The planar contribution to the effective action is

1 [ Cem2 [ A _
Pil,P[‘P] = 5/ dte”! 2{§Tr ((Lsa*@sa +R¢*@s&)e m)

t A -
3G Tr ((Lw*(_ﬂ + Ryeo)e tA)} + O(€%).
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To compute those traces, let us show that first the trace is a dequantizer for the
deformed product

Tr(Lye ™) =Tr (Rye ™) = Tr (Mye ), (3.15)

whenever My e 2 is trace-class. Here M ¢ still denotes the operator of pointwise

multiplication by f. We only treat the L case, since for the Ry case the arguments
are similar. From the definition 2.1 and the product rule (3.4) for kernel operators,
a little calculation gives the following expression for the Schwartz kernel of L e ~*4:

Kipealop) = @07 [ dydse 0= (4050 Ki(zp.0).
Then
Tr (Lye ) = /M 1g(p) K1, e—ea (p, p)
= (2m)~" /M ig(p) /Rm d'yd'ze” "<V f(=10y.p) Ki(z.p,p).

Using next the invariance of the volume form under the isometry p — %Gy.p and
the fact that [e7*2 V,] = 0, translated in terms of invariance of its kernel

Kt(z-pvz'p/) = Kt<papl)a (316)

the claim follows after a plane waves integration:
Tr(Lpe ') = (27T)"/ 19 (p) /Rm d'yd'ze " <*> f(p) Ki(2.p,p)
M
= / 119(p) f(p)/ d'z6(2) Ki(2.p,p)
M R!

- /M 1o (p) £ (p) K (prp) = Tr (M e=t2).

Hence, the planar part of the one loop effective action reads:

€ * —tm? A — —
wplel = /E dte™" {5 Tr (M(p*(_)(pe tA) BDYEIE Tr (M(P*(_)4€ tA)}+O(eo).
Using the on-diagonal heat kernel expansion up to order one
t
Ki(w,z) = (4mt) (1 — ER(J?)) + 01,

where R is the scalar curvature, together with the relation

I(Mfe*‘A (va) = f(x)Kt(va)v
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one obtains at € order:
. > dt e—tm’ A 1A 1 A2,
1,pl#] :/€ W/M Hg (g@*@%’ - t(gg(@*@sﬁ)RﬂL B} (3!)2<P © ))
(3.17)

The planar part thus yields ordinary % and |Ine| divergences. They can be sub-
stracted adding local counter-terms to the original action.

The contribution for the non-planar part is

1 [ A
I velel = 5/ dt 67tm2{§ Tr (RS(,L% e’m)

€

t A2 _
“5ap ™ (BRevapLomap + 2RoLywos + 2RprosLi)e ) b+ O().

We now simplify this expression. By the definition of the twisted product (2.1)
and using the identity ¢ (z.p) = [}, 1g(p’) 6% ,(p") ¥(p’), one can easily derive the
Schwartz kernel of the left and right twisted multiplication operators:

Ki,(p,p') = (2m)7! /Rm dydze V> f(—10y.p) 67 ,(0),

and

K (o) = @) [ dydzen = fap sy @)
R2! —50y.p

By the kernel composition rule (3.4), we obtain after few changes of variables and
a plane waves integration, the kernel of Lthe_tA in term of the heat kernel K;:

‘KvaRhe*‘A (papl) =

n) [ dlydse 0 (- 40y - 2)0) W) K- 1030
R2L
Hence, the trace of L;Rpe~? reads (with a few changes of variable):

T (L) = o)™ [ o) [ dyd's 0 ) hiep) Ki-Ou.1)
M

=Tr (RyLpe™"2). (3.18)

To obtain the last equality, we used the fact that K; is symmetric, its invari-

ance under o and the isometry p — —z.p. Invoking formula (3.18), we obtain
for Fil,NP[‘P]:

€ — 1 * —tm?
Fu,NP[‘P] = (2m) l§/ dte™? /

—1 z A
ug(p)/ d'yd'ze= <> { So(p)e(zp)
€ M R2! .

2

2 (31)2

(3¢*@<p(p)<ﬂ*@sﬂ(2-p) + 490(17)@*93(?:-17)) }Kt(*@yp,p) +0() .
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We shall see that the better e-behavior of the non-planar part and the UR/IV en-
tanglement phenomenon come from the presence of the off-diagonal heat kernel in
the previous expression. Depending on the precise geometric setup, the non-planar
contributions could still be divergent. In the unfavorable cases, the divergences are
non-local as shown is the next subsections. This makes the renormalization prob-
lematic.

4 Non-periodic deformations

4.1 NCQFT on the Moyal plane in configuration space

When M = R* with the flat metric, | = 4 and R* acting on itself by translation,
isospectral deformation gives R‘é. In this case, the heat kernel is exactly given by

x—y|2

Ki(w,y) = (4mt) "2~ i,

so we can explicitly compute I'(; p(¢) and I'y; yp(p). For the planar part, we
obtain from (3.17)

[e’e} e—tm2 2
ol = [ @t [ (566 - SEm e @) £ 0)

that will give the ordinary ¢! and |Ine| divergences for the respectively planar
two- and four-point functions.
The non-planar part is given by:

2
—tm
_ley|?

I nple] = (27T)_4/ dfw /R12 d*rdrydtze " <VE> e ar

2
«(Gare@ele s 2 (Bprap@lprp(ors +ip()e™ (@ +2) ) +O(e).

The Gaussian y-integration can be performed to obtain:

F§l7NP[<p]:(27r9)_4/ dte_tmz/ Az dize 10 o)l
€ RS

2
« (G3@e(2) - i Bonasl@onaelc) + dpla)e™(2))) + O,

where 6 := (det ©)'/%. Finally, the t-integration gives

rs or0) 4 [ dte dt e—e(m*+107" (z—2) )

Lnplel = (270) /RS Taz g +10-1(z —2)|2
A A2 Bpke o) e p(2) + dip(x)p*e% (2) .

(g3~ G et ooy ) O
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This expression is regular when € goes to zero — we are now in the full noncom-
mutative picture.

From the previous formula one reads off the associated (non-planar) two- and
four-point functions in configuration space in the limit € — 0:

A 1
96 m? + |0~ 1(z — y)|2’

2

A3
4 _ -8 e _ —_ 4
Gunp(T,y,2,u) = —(70) 5d (25(17 y+z u)/d v(

G%l,NP(xv y) = (m6)~*

62i<v,(~)’1(u7z)>
m2+10-1(z —v—1)|?)?
e21’<z7y,(~)’l(zfy)> )

(m2+ 10~z —y+2z—u)?)?

+

We see that the UV/IR mixing in configuration space manifests itself in the
long-range behavior of the correlation functions. The slow decreasing at infinity of
the two- and four-point functions is equivalent to a IR singularity in momentum
space, as shown by a Fourier transform:

é%mm@mwxﬁéKmm@aw@+n»

Here K,(z) denotes the n-th modified Bessel function. We retrieve the known
UV/IR mixing (se for example [29]):
m _
%Kl(”ﬂ@ﬂ) ~ (01€]) %, §] — 0.
This last result at one loop in the Moyal (translation-invariant) context is usually
obtained by means of Feynman diagrams in momentum space — see for exam-
ple [29]. We just checked that the Fourier transform for the two-point function
coincides with the standard calculation’s result.
However, this is not the end of the story. The behavior of the amplitudes

as 0 | 0 presents interesting differences in configuration and momentum spaces.
Assume that © has been put in the canonical form

0
0= ,

and choose ' = 6 for simplicity. In effect, developing the two-point expression in

terms of 6, we find
1 1 1 62m? i *m*
el - PR\ T TR )

First of all, we remark that the logarithmic dependence on 6 of the UV /IR mixing
in momentum space (in addition to its quadratic divergence) found in [29] is ap-
parently absent here. Now, with the sole exception of the first term, the previous



1010 V. Gayral Ann. Henri Poincaré

series is made of functions that are not tempered distributions, and so they have
no Fourier transform. In other words, the passage to the “commutative limit” does
not commute with taking Fourier transforms.

The question is subtler, though. We can ask ourselves to which kind of diver-
gences the terms of the last development are associated to. The answer is that first
term is infrared divergent in configuration space; the second one is both ultraviolet
and infrared divergent, and the following are all ultraviolet divergent. It is perhaps
surprising that there is a way to recover the exact result from that nearly non-
sensical infinite series; this involves precisely the correction to the indicated UV
divergences. Indeed we can “renormalize” (in the sense of Epstein and Glaser) the
1/|x|?*+4 functions, with the result that the redefined distributions [1/|z|?**4]x
are tempered. Those [.]r distributions depend on a mass scale parameter. Their

Fourier transforms [1/ |:1:/|2k\+4] r (making a long history short) have been calculated
as well [18,30], with the result

— _\k+1 2k
1/ HIR(E) = oy |2 — W+ 1)~ (e + )]

Now, a natural mass scale parameter in our context is 1/0m. This is where In 6 can
sneak back in. Upon substituting this for y in the previous formula, and summing
the series of Fourier transforms, we recover on the nose the exact result:

T(n+1)— \I/(n+2)) = %K1(0m|§|).

L, mE S e fmlg]
PER T 2 A dnnl(n + 1)] 2

For the four-point function, again in the 6 | 0 limit no dependence on In() is
apparent in configuration space. The resulting expression is however (UV- and)
IR-divergent, and its redefinition d la Epstein and Glaser allows one to reintroduce
the In 6.

The effect of the rank of © becomes clearer in position space. Indeed, for a
generic n-dimensional Moyal plane with a deformation matrix of rank I < n, the
two-point function in momentum space is always finite and behaves as |©¢|~"12,
when ¢ — 0. However, since ©¢ € Im(0) = R!, the IR singularity is not locally
integrable if [ < n — 2. It follows that the two-point Green function does not have
a Fourier transform since it is not a temperate distribution. Thus in the four-
dimensional case, the non-planar contribution to the tadpole in position space
remains infinite if [ = 2! The four-point function has a Fourier transform, its
IR singularity in momentum space being of the In type, and the Green function in
position space is finite whenever [ # 0. For example, had we treated R% xR? instead
of R, we would have found that the four-point part of YN ple] is convergent,
while the two-point part diverges as Ine.

This point is discussed in details in [14], where we use the (-regularization scheme
and the Duhamel asymptotic expansion (instead of the BCH one), in order to
compare our results with those present in the literature.
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These features of the UV/IR mixing phenomenon on position space reappear
in the general non-periodic case, where the effective action will still be divergent
for [ = 2. This is shown in the next subsection.

4.2 The divergences of the general non-periodic case

Assume ¢ € C°(M). We have also to make some more precise assumptions on the
behavior of the geometry at infinity in order to control the heat kernel. In [2,9], it
is proved that if M is non-compact, complete, with Ricci curvature bounded from
below (plus either uniform boundness of the inverse of the volume or of the inverse
of the isoperimetric constant of the Riemannian ball for some fixed radius), then
the heat kernel satisfies

(dmt) "2~ @)/ < Ky (p, )
< C(4mt) 2~ ds@r)/40+0)t (4.1)

where d, is the Riemannian distance and C, ¢ are strictly positive constants.
In the general periodic case, we have shown that I'{; v ple] is given by:

€ 1 > —tm? —1 z
Ly nple) = W/e dte™* /Mﬂg(p) /]R?l d'yd'ze " <V*> K,(—Oy.p,p)

2
X {%w(p)w(w) - % (;)2 (3<p*@<p(p)<p*@s0(2-p) + 4@(19)90*@3(2-19))} +0(e").

We now show that this expression cannot produce more important divergences
than the planar contribution. Again, the regularity of those integrals depends only
on ! (that we may call the effective noncommutative dimension), and on the metric
through the Riemannian distance function.

Before estimating the two-point part of I'] LNP [¢], which is our main purpose
in this section, we make the following remark: in our present setting, the two-point
non-planar Green function reads

€ >\ —1 z > —tm?
Gll,NP,2P(p7p/) = W/R?l dydze =¥ >/ dte™ "™ Ky(—Oy.p,p) 5g.p(p/)'

Now, one can qualitatively see in this distributional expression the UV/IR entan-
glement phenomenon: thanks to the estimate (4.1), we have

e’} 0 —tm?
dte="™ K (0y.p,p) < C / dt —— e~ %@ Pp 10Tt
/0 € t( ypvp) — 0 (47Tt)2€ g

O 4AmyV1+c (mdg(Gy.p,p))
1672 dg(Oy.p, p) Vite
~C'd;*(©y.p,p), y—0,
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and the reverse inequality also holds
/ dte™"™ Ky(©y.p,p) > C" dy*(Oy.p,p)
0

which points precisely to the UV /IR mixing, since y € R! has to be interpreted as
a momentum.
For the two-point part of I'f; p[¢] we have

€ l
Frarlel] < gy sup { [ @2 letenl
e8] —tm?

e 2
dt —— dly e % (—Oy.p.p)/4(1+c)t
x (@n)? /Mug(p) Iw(p)l/w ye

W;gﬂg{/R #x1o(z)] | el

0 —tm?
X sup / dt S /dlye*dﬁ(*9y~p,p)/4(1+c)t '
pesupp(yp) | Je (47t)?

By the properness of «, [, d'z|¢(z.p)| is finite for all p € M since {z € R :
z.p € supp(y)} is compact for each p € M because ¢ has compact support.
Thus, @(p) := [p d'z]p(z.p)| is constant and finite on each orbit of «, and if
we denote m : M — M/R! the projection on the orbit space, then ¢ factors
through 7 to give a map ¢ defined by @(n(p)) := @(p). Finally, ¢ € C°(M/R!)
because if p ¢ R!.supp(y), so that 7(p) is not in the compact set 7(supp(p)),
then @(m(p)) = 0. This proves that sup,c s { [o d'z]@(2.p)|} < oo. Furthermore,
since « acts isometrically the induced metric § on the orbits (which are closed
submanifolds since the action is proper [25]) is constant, so

IN

da(y-p.p) = > Gy

Here, §;;(p) (which depend only on the the orbit of p) are strictly positive contin-
uous functions since in the non-periodic case the action is free, and then {(0,p) €
R! x M} is the only set for which F(y,p) := d,(y.p,p) vanish. Note that we can
use a global coordinate system (on one orbit) given by a suitable basis of R in
such a way that §;;(p) is diagonal. Thus, with 6 := (det ©)'/!, we have:

1/2
o . A7(1 + o)t S0 N\ —
/Rl dly e= 43 (~Oy-p.p)/A(1+e)t <%) (det G(p)) /2.

Hence, one obtains

|Fil,NP,2P[<P” <

| >

Cl 30,00 / dt /22t

€
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where

O(lv g? #1, 902) =

T 1/2—2 c 1/2
— 2(275)1l+ ) H%HIS&I} {/Rl dlZ|<P2(Z-p)|} sup {(detg(p))—lm}.

pEsupp(p1)

Four the four-point part, similar estimates read:

}Fil,NPAP[@” <

22 3 : oo 1
7—29 l(3C(l,g,<p*@s0,<p*@s0)+4C(l,g,s0,<p*@so*@<p))/ dt t!/2 e tm

€

We then have proved the following:

Theorem 4.1. When M is non-compact, satisfying all assumptions on the behavior
of the geometry at infinity displayed above and endowed with a smooth proper
isometric action of R!, then for p € C°(M) we have:

5076) fOT’l:4,

. Ci(
IS ol <
i) | ll’NP’zp[ ” - {Cz(gﬁ,@)|1ne| forl =2,

ii) T npaplel] < Cs(p,©) forl=4orl=2.

The possible remaining divergence for [ = 2 refers to the fact that the IR singu-
larity might be not integrable, as illustrated previously. In this case, the two-point
non-planar Green function does not define a distribution and the theory is not
renormalizable by addition of local counter-terms, already in its one-loop approx-
imation order.

5 Periodic deformations

Periodic deformations (when the kernel of « is an integer lattice) behave rather
differently from non-periodic ones. In the following, we consider ker a« = SZ! with
B al x [ integer matrix of rank /, so that R!/BZ! =: ’IFIB is compact. For the sake
of simplicity, we will often suppress the subscript .

Momentum space (the dual group of ’]TZB) being discrete, IR problems only occur
for some values of the momentum. In favorable cases one can extract the divergent
field configurations in the non-planar part (which are often finite in number when
(27) 71O has irrational entries) and renormalize them like the planar contributions;
then there is no really UV/IR mixing. When (27)~!© has rational entries, the
theory is equivalent to the undeformed one, in the sense that there are infinitely
many divergent field configurations.
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Although in all periodic cases we have a Peter-Weyl decomposition for fields,
only in the compact manifold case shall we be able to describe the individual
behavior of non-planar “Feynman graphs”, defined through that isotypic decom-
position. Both in the compact and in the non-compact case, by means of the
off-diagonal heat kernel estimate (4.1), we show in the second subsection how, for
periodic deformations, the arithmetical nature of the entries of ©, more precisely,
the existence or nonexistence of a Diophantine condition on O, plays a role in
determining the analytical nature of I'f; y p[e].

5.1 Periodic compact case and the individual behavior
of non-planar graphs

Because everything is explicit, we look first at the flat compact case. Let M = T*
with the flat metric, let R* act on it by rotation (so and [ = 4 and we are in

the ‘fully noncommutative picture’). With the orthonormal basis { Z(;k)m; }k -,
IS
of L*(T*, d*z) the heat kernel is written

Ki(z,y) = (2m)~* Z e*t\k\2€i<k,x7y>7
kez4

and we have

6i<}’c,ac> 1<q, x> _ e—%@(k,q) 6i<}’c-&-q,w>7

*o€
with ©(k, q) := (k, ©¢). Expanding the background field ¢ in Fourier modes ¢ =
Speza Gk €<F"> with {ci}rezs € S(Z*) whenever ¢ € C*(T*), we obtain:

1 e m ) o\ . A2 1
€ — s Z"(kﬂ") _ .
weld =32 m2 + |k[2 {3!2””6 2302 m2 + [k[2
k r

« Z Cp Cs Cos C_T_ue—%@)(r—i-s,u) (3 ei@(k,r—i—s) + 4€i®(k,r+u)>} + O(EO).

T,8,U

We can now analyze the individual behavior of non-planar Feynman diagrams.
One sees that, thanks to the phase factors, the sum over k is finite when € goes to
zero, whenever (27)~1© has irrational entries and r # 0 for the two-point part, or
r+s # 0 and r+wu # 0 for the four-point part. In effect, returning to the Schwinger
parametrization (which exchanges large momentum divergences with small-¢ ones)
and applying the Poisson summation formula with respect to the sum over k we

| Z/dt

kezZ*

z@(k r)

Z ’ITL2+ |k|2

kezZ*

e—\27rk—®r\2/4t

Hence, the t-integral is finite whenever r # 0 and % ¢ Q. Essentially the same
conclusion holds for the four-point part.
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We now go to the general periodic compact case. In order to be able to
calculate, we make explicit use of the invariance of the heat kernel under a. Let us
decompose H = L*(M, p,) in spectral subspaces with respect to the group action:

H =P Hx.

kez!

Each Hy, is stable under V, (recall that V, denotes the induced action on H) for all
z € RY:; and furthermore all 1) € Hy, satisfy V. = e *<#*>4). Note that if 1) € H},
then |¢)| € Hy. Let Py be the orthogonal projection on Hy. Because the Laplacian
commutes with V., the heat operator also commutes with Pj; hence et is block
diagonalizable with respect to the decomposition H = €, .z He:

BitA = E P eitA P.
keZ!

In each Hj the operator 0 < Py e tA Py is trace-class, so it can be written as

P.e AP, = Z R [T YT

neN

where {9 n }nen is an orthonormal basis of Hj, consisting of eigenvectors of Py APy,
with eigenvalue Ay ,,. The heat semigroup being Hilbert-Schmidt, its kernel can be
written as a (L?(M x M, py X p,)-convergent) sum:

Ki(p,p) = > D e oty (p)Pn (0)- (5.1)

keZ! neN

Because each 9y (p) lies in Hy, the invariance property (3.16) Ki(z.p,z.p') =
Ki(p,p') is explicit.

Any ¢ € C*(M) has a Fourier decomposition ¢ = .. ¢y, such that
{llorlloc} € S(Z) and a.(¢,) = e i <*">¢,. Furthermore, this decomposition
provides a notion of Feynman diagrams, that is of amplitude associated with a fixed
field configuration. The non-planar one-loop regularized effective action reads:

1"6 1 €7€(m2+)\k,n) 9 )\
Lnplel = B /M tg(P) kezzjl % EESY [Vn] (P){g
A2 1

3 0r(p) 9a(p) O —

r,s€Z!

@r(p) ¢s(p) pu(p) ou(p)
r,8,u,vEZLL

« (3 efé((—)(r,s)+(—)(u,v))efi@(k,quv) + 467;@(r+s,u+s)efi(~)(k,v)>} + O(EO).

2302 m2 + Apn

Although we do not know the explicit form of the vy ,, we can by momentum
conservation reduce the sums exactly as in the NC torus case, as shown in the
following lemma.



1016 V. Gayral Ann. Henri Poincaré

Lemma 5.1 (Momentum conservation). Let v; € Hy, NLI(M, pg) fori=1,...,q
Then:

/M ,LLg ’l/)l . .1/)(1 = C(’l/)l, .. .,1/1(1) 5k1+---+kq,0-

Proof. By the a-invariance of y, and with the relation a(1;) = e~ *<*F>¢; we
have

/ ‘ugwl.”wq :6i<z,k1+'“+kq>/ ,ug’l/)1~'~7/)q7
M M

for all z € R; the result follows. O

Because |¢k.,|?(p) is constant on the orbits of a and ¢, € C®(M) C
L1(M, pgy) for all ¢ > 1, Lemma 5.1 gives

] —e(m +Ak,n) 9 A
Fu,NP[‘P] _/ Z Z m2 + Ao [¥r.nl (p){§ Z
keZ! neN reZl
1 Or )\2 1
r(p) p—r(p) €' <HO" — T Z 2r(P) @s(p) Pu-s(p) p-r—u(p)

2(3!)2 m2 + Akn -

< e~ LO(r+s, u)(3 z@(kr+s)+4 Ze(k”'“))}—i-O(eO). (52)

To analyze the divergences when € — 0 for a fixed field configuration, note that if
we re-index Ak, in a standard way (Mg < --- < A, < -+ ), Weyl’s estimate asserts
that A\, ~ n'/2, hence

2
> Z |1§k+n/|\k L > % = K(m24a)-~(p, ),

keZ! nEN neN

is finite if and only if N > 2. We see that the sum over n and k in (5.2) diverges
in the limit € — 0 for certain values of the momenta (r = 0 for the two-point part,
r+s =0 and r + u = 0 for the four-point part) if (27r)~'© has irrational entries.
When the entries (27) 71O are rational, there are infinitely many divergent field
configurations since e *<¥©7> — 1 for infinitely many k whenever % € Q. For
other configurations, convergence is guaranteed by the estimate (4.1), as shown in
the next subsection.

In summary, we have shown that the behavior of an individual field configu-
ration in the non-planar sector for any periodic compact deformation reproduces
the main features of the noncommutative torus.

In the next paragraph, the arithmetic nature of the entries of © gets into the
act; also we show there that the possible existence of fixed points for the action
may give rise to additional divergences.
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5.2 General periodic case and the Diophantine condition

Assume now that « periodic, but M can be compact or not (within the hypothesis
of section 4.2 when M is not compact). In this general setup, the Peter-Weyl de-
composition still exists, but the heat operator, not being a priori compact, cannot
be written as (5.1). Thus we return to the off-diagonal heat kernel estimate. In
this case, using Lemma 5.1 and the a-invariance of Ky, we obtain:

Iy nplel = %/m dte=™" /M ug(p){% > Ki(©rp,p)er(p) o-r(p)

rezt

> 0 (0) 9s(p) Pu—s(p) por—ulp) e 2O F)

r,5,uCZ!

X (3 Ki(O(r+s).p,p) +4K(O0(r + u).p,p))} + O(e%).

t A2
2(31)2

We consider only the case (27)71© has irrational entries, from now on. Then
divergences appear when r = 0 for the two-point function and r+s=0,r+u =0
for the four-point functions. This leads us to introduce a reduced non-planar one-
loop effective action Fi’lfﬁip [¢] by subtracting the divergent field configurations;
for renormalization purposes, they have to be treated together with the planar
sector.

I ple] = %/OO dte " /M ug(p){% > Ki(Orp,p)er(p) o—r(p)
- % Z/ Pr (p) Ps (p) SﬁufS(p) ‘P*rfu(p)eié(m)(ﬁ%’u)

X (3 K(O(r +s).p,p) +4 K(O(r + u).p,p)) }

Here Y is the notation for > rezi,rso i the two-point part, 3° ez o and
Yo suczt ruso 11 Tespectively the first and second piece of the four-point part.
Using now the estimate (4.1) and performing the t-integration, we obtain:

4m+/1 + ¢
dg(Or.p, p)

Mol < g | {5 5 o)l )

Ky (LD s 5 o o) e ) - (2)

lim
e—0

mdy(O(r + s).p,p) mdg(O(r + u).p,p)
i) AR (T )} 653)

Definition 5.2. # € R'\ Q' satisfies a Diophantine condition if there exists C' > 0,
B > 0 such that for all n € Zl\{o}:

HTLGHTZ := inf |n9+ k| > C|?’L|_(l+ﬁ)'
kez!

x (3Ko(
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Diophantine conditions constitute a way to characterize and classify irra-
tional numbers which are “far from the rationals” in the sense of being badly
approximated by rationals. The set of numbers satisfying a Diophantine condition
is ‘big’ (of full Lebesgue measure) in the sense of measure theory, but ‘small’ (of
first category) in the sense of category theory [27]. Again because the metric is
constant on the orbits we have:

> a0y +E) @ + )

4,j=1

d%(y.p,p) = inf
2(y.p,p) Jn

7t

Recall also that the modified Bessel functions have the following behavior near the
origin

Ki(z) = é 0@, Kolz) = —y +1n(2) — In(z) + O(x),

where v is the Euler constant. Thus, in view of {||¢,|le} € S(Z'), and provided the
integral over the manifold with the measure p, can be carried out, in (5.3) we have
convergence if and only if d;Q(G)r.p,p) € S'(Z"), that is, if and only if the entries
of © satisfy a Diophantine condition. This result seems to be new, although the
pertinence of Diophantine conditions in NCQFT had been conjectured by Connes
long ago. Recently, these conditions have been found to play a role in Melvin
models with irrational twist parameter in conformal field theory [22].

We said above: “provided the integral over the manifold with the measure
ftg can be carried out”. This because dy?(ay(.),.) for a non-zero y € T' might
not be locally integrable with respect to the measure given by the Riemannian
volume form. Problems may appear on a neighborhood of the set of points with
non-trivial isotropy groups. In fact, by simple dimensional analysis, we expect
serious trouble when the isotropy group is one dimensional. For p € M let H,
its isotropy group and let Mgy = {p € M : H, # {0}}. Recall that My, is
closed and of zero-measure in M since the action is proper (see [25]), and note
that for a non-zero y € T!, d,(y.p,p) = 0 if and only if p € My, and y € H,,.
On Myey := M\ Mgingy (the set of principal orbit type), since the action is free,
one can define normal coordinates on a tubular neighborhood of an orbit T!.p. Let
(4,2, u=1,...,n—1,i=1,...,1 be respectively the transverse and the torus
coordinates of a point p € M,..4. Because the action is isometric, in this coordinate
system the metric takes the form

where ¢ is the induced (constant) metric on the orbit. Such coordinate system is
singular with singularities located at each point of Mg, and when z = (&#, z%)
approach py € Mging, §(&) collapses to a | — dim(Hp,) rank matrix. Since in this
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coordinate system f14(p) d;*(y.p, p) equals

det g(Z
) (i g(AI) : ldljdnflj:,
> i =1 9i(2)y'y?

when dim(H,,) = 1 the singularity of d;z(y.p,p) for p — pp cannot be can-
celled by y/det g. This is a new feature of the UV /IR mixing for generic periodic
isospectral deformations which needs to be investigated in detail in each model; it
occurs, for instance, for the Connes-Landi spheres and their ambient spaces. Let
us summarize:

Theorem 5.3. For M compact or not (within the assumptions displayed in section
4.2 in the non-compact case), endowed with a smooth isometric action of the com-
pact group T', | =2 or | = 4 and with a deformation matriz whose entries satisfy
a Diophantine condition, then for any external field p € C°(M,) vanishing in a
neighborhood Msing the one-loop non-planar reduced effective action is finite.

In other words, if the Diophantine condition is not satisfied or if d;z(ay(.), 2
¢ L} (M, u,) then the reduced non-planar two-point function does not define a
distribution and the theory is not renormalizable, already at one-loop, by addition

of local counter-terms.

6 Summary and perspectives

We have shown the existence of the UV /IR mixing for isospectral deformations of
curved spaces.

For periodic deformations the entanglement only concerns (at the level of
the two-point function) the 0-th component of the field in the spectral subspace
decomposition induced by the torus action. In this case, the UV/IR mixing does
not generate much trouble since one can treat it for renormalization purposes
together with the planar sector.

In the non-periodic situation, we obtain non-planar Green functions which
present the mixing in a similar form to the Moyal plane paradigms.

Our approach gives an algebraic way to understand the presence of the non-
planar sector for those theories: it comes from the product of left and right regular
representation operators. As a byproduct of our trace computations, we obtain
that the better behavior of the non-planar sector is due to the presence of the
off-diagonal heat kernel in the integrals.

However, its regularizing character depends highly on the geometric data.
For non-periodic deformations, the conclusion is that when the noncommutative
rank is equal to two, the non-planar 1PI two-point Green function does not define
a distribution and the associated effective action remains divergent [14]. Only the
group action of rank four gives rise to a UV divergent-free non-planar sector in
the 4-dimensional manifold case. When the action is periodic, we have shown
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that it is necessary that the entries of (27) 1O satisfy a Diophantine condition to
ensure finiteness of the reduced non-planar effective action, i.e., in order that the
reduced non-planar 1PI two-point Green function define a distribution. Additional
divergences may exist due to the possible fixed points structure of the action «.

Our treatment of the generic UV/IR behavior, can be generalized to higher
dimensional isospectral deformations and/or to gauge theories. Also, we have re-
stricted ourselves to the 4-dimensional case, for the sake of simplicity and physical
interest, but it is clear that the heat kernel techniques employed here apply to
higher dimensional scalar theories.

For gauge theory on (any dimensional) isospectral deformations manifolds,
there is an intrinsic way to define noncommutative actions of the Yang-Mills type.
For any w € QP(M),n € Q%(M) (say compactly supported and smooth with
respect to «) one can set

wAhen = (271')71/ dydze V> (a* 1 w)A(aln),

R2! _EGZJ
where o} is the pull-back of a, on forms. Given now an associated vector bundle
7 : E — M with compact structure group G C U(N), and a connection A €

QY(M, Lie(G)) we define the NC analogue of the YM action

Sy m(4A) ::/ tr(Fo Ne *, Fo),
M

where Fg := dA+ ANg A. In this context, one can prove a trace property, namely:

/w/\@*Hn:/ wA*,m, Yw,n € QP(M).
M M

Hence Sy (A) equals [,, tr(Feo A *, Fe). To manage the quantization, one can
once again use the background field method in the background gauge, and if we ig-
nore the Gribov ambiguity, the one-loop effective action reduce to the computation
of determinants of operators (quadratic part in A of Sy ar+S¢f and Faddeev-Popov
determinant) which can be locally expressed as

(Vu +La, — RA#)(V# + Law — Ran) + B,

where B is bounded and contains left, right and a product of left and right twisted
multiplication operators. It is then clear that UV /IR mixing will appears in the
same form as in the flat situations (see [21,23,24]).
A further interesting task is be to look at what happens for a Grosse-Wulken-

haar like model for the non-compact case. In [20] it is proved that if we add a
confining potential (harmonic oscillator in their work) in the usual Ag*©* theory
on the four dimensional Moyal plane, i.e., the Grosse-Wulkenhaar action

2

Sawleli= [ e [§@uer,00)a) + 2355 (ol ()
2

m A
+ Tw*ew(w) + zw*ew*eso*sso(w) ,
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then the theory is perturbatively renormalizable to all orders in A\. The deep mean-
ing of this result is not yet fully understood, but some explanations can be men-
tioned. First, to add a confining potential is in some sense equivalent to a com-
pactification of the Moyal plane and in the second hand, the particular choice of
the potential corresponds to a Moyal-deformation of both the configuration and
the momentum space. This can be seen by the invariance (up to a rescaling) of this
action under p, < 2(071),,2", §(p) < (m0)*p(x). This point needs to be clari-
fied. It would be good to know whether their renormalizability conclusion (UV /IR
decoupling) holds in the general context when one adds a coupling with a confining
potential in the scalar theory.

Last, but not least, it remains to see whether the UV/IR entanglement con-
cerns only @-deformations or not. Connes-Dubois-Violette [7] 3-spheres and 4-
planes, whose defining algebras are related to Sklyanin algebras, are good candi-
dates to test this point.
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