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C*-Algebras of Anisotropic Schrodinger
Operators on Trees

Sylvain Golénia

Abstract. We study a C*-algebra generated by differential operators on a tree. We
give a complete description of its quotient with respect to the compact operators.
This allows us to compute the essential spectrum of self-adjoint operators affiliated
to this algebra. The results cover Schrodinger operators with highly anisotropic,
possibly unbounded potentials.

1 Introduction

Given a v-fold tree I' of origin e with its canonical metric d, we write x ~ y when
x and y are connected by an edge and we set |x| = d(z,e). For each 2 € T'\ {e},
we denote by 2/ = (1) the unique element y ~ z such that |y| = |z| — 1 and we
set 2P = (zP=D) for 1 < p < |z|. Let 2T = {y € T' | |y| > |=| and y{I¥I=12D) = 2}
where the convention z(?) = z has been used.

On (2(T") we define the bounded operator 9 given by (9f)(z) = doy=a f W)
Its adjoint is given by (0*f)(e) = 0 and (9*f)(x) = f(2) for |z| > 1. Let 2 be
the C*-algebra generated by 0.

In order to obtain our algebra of potentials, we consider the “hyperbolic”
compactification I' = T'U JI" of T' constructed as follows. An element z of the
boundary at infinity 9T is a I'-valued sequence x = (zp,)nen such that |z,| = n
and x,1 ~ , for all n € N. We set |x| = oo for & € JT'. The space T is equipped
with a natural ultrametric space structure. For € OT' and (yn)nen a sequence
in I' we have lim,, .oy, = x if for each m € N there is N € N such that for
each n > N we have y, € z,,I'. We denote by C(T) the set of complex-valued
continuous functions defined on T'. Since I is dense in ', we can view C(T) as a
C*-subalgebra of Cy(T"), the algebra of bounded complex- valued functions defined
onI'. For V ¢ C’(f), we denote by V(Q) the operator of multiplication by V in
2().

Let us now denote by %(T) the C*-algebra generated by 2 and C(T). It con-
tains the set K(I') of compact operators on £2(I'). Following the strategy exposed
in [6], we shall first compute its quotient with respect to the ideal of compact op-
erators. We stress that the crossed product technique introduced in [6] in order to
compute quotients cannot be used in our case. Instead, we shall use the Theorem
4.5 in order to calculate the essential spectrum of self-adjoint operators related to
% (T'). In this introduction we consider only the most important case, when v > 1.
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Theorem 1.1 Let v > 1. There is a unique morphism ® : €(T') — 2 & C(dT) such
that ®(D) = D ® 1 for all D € 2 and ®(p(Q)) = 1 ® (plor). This morphism is
surjective and its kernel is K(T').

The rest of this introduction is devoted to some applications of this theorem
to spectral analysis. Let v > 1 and H = Zaﬁaa,g(Q)a*aaﬁ + K, where K is

a compact operator, aq.g € C(f) and a, g = 0 for all (o, 3) € N2 but a finite
number of pairs. Clearly H € €'(T'). As a consequence of the Theorem 1.1, there
is ® such that ®(H) =" ; 0**0° @ (an.p)|or, and, if H self-adjoint, its essential
spectrum is:

ess(H) = | ) 0( 3 a,p(1)0"*0").

yeor a,f

This result can be made quite explicit in the particular case of a Schrodinger
operator H = A+ V(Q) with potential V in C(T"). Since A is a bounded operator
on (*(T) defined by (Af)(z) = 32, (f(y) — f(x)), it belongs to %(T). We then
set Ag = 0 4 0* — vId (which belongs to ) and notice that A — Ay is compact.
One then gets (see [1] for instance):

ess (0 +0%) = 04c(0+0%) = 0(0 + 0") = [-2v/v,2y/V],

where 0,.(T") denotes the absolute continuous part of the spectrum of a given self-
adjoint operator T'. On the other hand, Theorem 1.1 gives us directly oess (0*+09) =
o(0* + 9). We thus get

Oess (A +V(Q)) = 0(Ao) + V(IT) = [~v — 2\/v, —v + 2/v] + V(IT).

In fact this result holds (and is trivial) in the case of v =1, i.e., when I' = N.

Given a continuous function on I, the Tietze theorem allows us to extend it
to a continuous function on I', so one may construct a large class of Hamiltonians
with given essential spectra. Nevertheless, we are able to point out a concrete class
of non-trivial potentials V' € C(I") with uniform behavior at infinity which form a
dense family of C' (f) Namely, for each bounded function f: I' — R and each real
a>1let

ja
Viz)=> fgff), (1.1)
k=1

where zj, = 2!*1=% for 2 € T' (V belongs to C(T') because of Proposition 2.3).

Concerning finer spectral features, based mainly on the Mourre estimate, we
mention that in the case H = A+ V(Q), with V as in (1.1) where @ > 3 and such
that V' (9T') = 0, the results of [1] can be applied (the hypotheses of the Lemmas 6
and 7 from [1] are verified since V (x) = O(|Jz|~*"!) when |z| — 00). The aim of our
work in preparation [8] is to prove that the Mourre estimate holds for more general
classes of Hamiltonians affiliated to %(f) and to develop a scattering theory for
them. Theorem 1.1 remains the key technical point for these purposes.
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The preceding results on trees allow us to treat more general graphs. We
recall that a graph is said to be connected if two of its elements can be joined by a
sequence of neighbors. Let G = |J;_; ;UG be a finite disjoint union of T';, each
T'; being a v;-fold branching tree with v; > 1 and of Gg, a compact connected
graph. We endow G with a connected graph structure that respects the graph
structure of each I'; and the one of Gy, such that I'; is connected to I'; (i # j)
only through Gy and such that I'; is connected to Gy only through e;, the origin
of I';. The graph G is hyperbolic and its boundary at infinity dG is the disjoint
union U7, dI';. We now choose V' € C(G U IG). One has V| € C(I;) for all
i=1,...,n and we easily obtain:

Gess(B+ V(Q) = | ([-11 — 27, —vi + 2/ ] + V(IL,)).
i=1

This covers in particular the case of the Cayley graph of a free group with
finite system of generators. We recall that the Cayley graph of a group G with a
system of generators S is the graph defined on the set G with the relation z ~ y
ifzy~™' € S or yx~! € S. Let G be a free group with a system of generators S
such that S = S~1. We denote by e its neutral element and we set |S| = v + 1.
One may associate the restriction of the Cayley graph to the set of words starting
with a given generator with a v-fold branching tree having as origin the generator.
Hence, the Cayley graph of G will be UY_,T"; U {e} where T'; is a v-fold branching
tree with the above graph structure. R

We now go further by taking V € C(I',R) such that V(I') C R (here R =
R U {oo} is the Alexandrov compactification of R). More precisely, V € C(T,R)
if and only if for each v € OI' we have either lim,_,, V(z) = where [ € R or for
each M > 0 there is N € N such that |V (z)| > M for all n > N and = € 7, I" (see
Proposition 2.3). We set

D(V)={fe @) [IV(QfI* < oc}.
Let T € & and Ty = ®(T). Since T is bounded, the operator H = T + V(Q) with
domain D(V) is self-adjoint and it is affiliated to €(I") (i.e., its resolvent belongs

to #(T)). Indeed, we have (V(Q) + z)~* € C(T) for cach z € C\ R, and for large
such z,
(H+2)7" = (V@ +2)7" ) (TV(Q) +2)71)",
n>0

where the series is norm convergent. Now, with the same z, we use the Theorem
1.1 and the fact that 2 ® C(9T') ~ C(9T', Z) to obtain

O (H+2)")=@((H+2)7")() =V +2)7" Y (To(V(y) +2)7 )"
n>0

Note that (V(v) + 2)~! = 0 if V(y) = oo. By analytic continuation we get
O, (T+V(Q)+2)7Y) = (To +V(y) +2)7%, for all z € C\ R. We used the
convention (Tp + V() +2)~t = 0if V() = o0.
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We now compute the essential spectrum of H. If V() = oo then (2, (H)) =
(). Otherwise, one has o(®~(H)) = o(To+V (7)) = 0(To)+ V(7). Hence we obtain:

Oess(T +V(Q)) = o(To) + V(9Ty),

where 9@y is the set of v € 9T such that V(v) € R.

Remark. We mention an interesting question which has not been studied in this
paper. In fact, one could replace the algebra 2 by the (much bigger) C*-algebra
generated by all the right translations p, (see Subsection 3.4 for notations) and
consider the corresponding algebra (f(f) This is a natural object, since it contains
all the “right-differential” operators acting on the tree (not only polynomials in 0
and 0*). A combination of the techniques that we use and that of [9, 10] could allow
one to compute the quotient in this case too. We also note that in [9, 10] a certain
connection with the notion of crossed-product is pointed out, and this could be
useful in further investigations. I would like to thank the referee for bringing to
my attention the two papers of A. Nica quoted above.

2 Trees and related objects

2.1 The free monoid I

Let & be a finite set consisting of v objects. Let I' be the free monoid over «/;
its elements are words and those of & letters. We refer to [3, Chapter I, §7] for a
detailed discussion of these notions, but we recall that a word zx is an .@/-valued
map defined on a set of the form! [1,n] with n € N, x(i) being the ith letter of
the word z. The integer n (the number of letters of z) is the length of the word
and will be denoted |z|. There is a unique word e of length 0, its domain being
the empty set. This is the neutral element of I'. We will also identify .7 with the
set of words of length 1.

The monoid I" will be endowed with the discrete topology. If x € T', we denote
I and I'z the right and left ideals generated by x. We have on I' a canonical order
relation which is by definition:

r<y&syeal.

We recall some terminology from the theory of ordered sets. If I is an ar-
bitrary ordered set and z,y € I', then one says that y covers x if x < y and if
r<z<y=z=zorz=y. Ilfx el wedenotez ={y €T |y covers z}

In our case, y covers x if x < y and |y| = |z| + 1. Notice that each element
x € I'\{e} covers a unique element /', its father, and each element x € T is covered
by v elements, its sons. The set of sons of z clearly is = {ze | ¢ € &/}. Hence:

ycoversx &y =x &y € 7.

I'We use the notation [1,n] = [1,n] NN where N is the set of integers > 0 and N* = N\ {0}.
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For |z| > n, we define z(™) inductively by setting z(*) = 2 and z(m+D = (z(™))
for m < n — 1. One may also notice that: |z(®| = |z| — «, if & < |z|, and for
a < |abl:

(@) if o < |b)
(a) _ ab'™, ifa<
(ab) { @D, if o > [b].
We remark that if v = 1 then I' = N and if v > 1 then I is the set of monoms of
v non-comimutative variables.

2.2 The tree I' and the extended tree associated to o/

Recall that a graph is a couple G = (V, E), where V is a set (of vertices) and E
is a set of pairs of elements of V' (the edges). If x and y are joined by an edge,
one says that they are neighbours and one abbreviates x ~ y. The graph structure
allows one to endow V with a canonical metric d, where d(z,y) is the length of
the shortest path in G joining x to y.

The graph Gr associated to the free monoid I' is defined as follows: V =T
and x ~ y if x covers y or y covers x. It is usual to identify I' and Gr, the
so-called v-fold branching tree. For all € T, we have |z| = d(e,x). We set
B(z,r) ={yel'|d(z,y) <r}and S"={z el'||z| =n}.

We shall now define an extended tree by mimicking the definition of a free
monoid over /. We choose o € &; this element will be fixed from now on. For
each integer r, we set Z, = {i € Z | i < r}. The extended tree T associated to < is
the set of «7-valued maps = defined on sets of the form Z, such that {i | z(i) # o}
is finite. For = € f, the unique r € Z such that z is a map Z,, — &/ will be denoted
|z| and will be called length of x.

We shall identify I' with the set {z | |z| > 0 and z(i) = o if i < 0} as follows:
if z € T then we associate to it the element of I' defined on Zyy by extending

z with z(i) = o if i < 0. The element e will be identified with the map e € T
such that |e] = 0 and e(i) = o, Vi < 0. Notice that the two notions of length are
consistent on I'. B B

There is a natural right action of I' on I' by concatenation, i.e., for z € T
and y € T', zy will be the function z defined on Z,4, such that z(i) = z(i),
for i € Zy, and z(|z| + i) = y(i) for i € [1,]y|]. Then we equip I’ with an order
relation by setting:

rlyeycal.

As before, y covers z if and only if # < y and |y| = |z| + 1. Now, each # € T
covers a unique z’ € I and each z € T is covered by v elements, namely those
of ¥ = {xe | ¢ € &/}. We still have: y covers z < 3y’ = & & y € Z. Observe that
' =z, _,. We will set (@) = |z, _, for all a € Z. As we did it for T, we shall

identify the graph G with I. This justifies the notion of extended tree used for L.
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2.3 The boundary at infinity of I

We shall see in the ending remark of this subsection that the boundary at infinity of
T" can be thought as the boundary of a O-hyperbolic space in the sense of Gromov.
We prefer, however, to give a simpler presentation that is closer to the theory of
p-adic numbers (see [11] for instance). In fact, if v is prime the boundary will be
the set of v-adic integers.

Definition 2.1 The boundary at infinity of T is the set OT' = {x : N* — &/}. For
x € OT', we set |z| = 0o

Let T be TUAT. For z € f, we define the sequence (2, )nefo,2|] With values in I' by
setting x¢ = e and x,, = z[[y,,,] for n > 1. Observe that the map = — (2n)nefo,|2(]
is injective. There is a natural left action of I" on [. For z € T and Yy € f, zy will
be defined on the set? [1,|x| + |y|] by x(i) for i < |z| and by y(i — |z|) for i > |z].

We will now equip T with a structure of ultrametric space. We define a kind
of valuation v on I' x I" by

00 if z=uy.

oz, y) = { max{n |z, =yt if x#y (2.1)

Ifx,y ze T it is easy to see that:
v(z,y) = min(v(z, 2), v(z,y)). (22)

Let us set on T: R
d(l’,y) = exp(fv(a:,y)).

The relation (2. 2) clearly implies that (f (7) is an ultrametric space, i.e., a metric
space such that d(x y) < max(c?( z), c?( ,y)), for z,y, 2 € L. We will denote, for
r >0, B(z,r) = {y € T | d(z,y) < r}. Notice that ultrametricity implies that
B(z,r) is closed for all z € T and r > 0.

The topology induced by T on I coincides with the initial topology of ', the

discrete one. For x € 9I" and n € N,
2.l = {yeT|v(a,y) >n}=B(z,exp(-n+1))

which is the closure of an in T. Hence for each z € or, {an}neN is a basis of
neighborhoods of z in T. Observe that if 2 € T then 0T = 2T N JT.

Proposition 2.2 T and OT are compact spaces. Tisa compactification of T

Proof. OT' = &/N" | thus the set I' endowed with the product topology is compact.
This topology coincides with the one induced by the restriction of d on 9I' (for

2We use the convention [1, 0] = N* U {co}.
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x € 9T, the product topology gives us the same basis of neighborhoods {x,, 0T },.en
as d|or).

Since 91" is compact, in order to show that Lis compact, it suffices to remark
that UgearB(z, exp(—k)) = {yT | ly] = k+ 1} has a finite complementary in T,
for all k£ € N. Since I is dense in F Tisa compactification of I'. O

Notice also that if v>1, the topological space 0T is perfect.
The C*-algebra C ( ) of continuous complex—valued functions on T plays an

important réle. The dense embedding I' C r gives a canonical inclusion C ( ) C
Cy(T) (Cp(T) is the space of bounded complex-valued functions on I'). Moreover,
we have

Co(T) = {f € C(T) | flor = 0}, (2.3)
where Co(T') = {f: T - C | Ve >0,3IM >0 |z| > M = |f(z)] < e}. We shall
often abbreviate Cy(I") by Cp.

The following proposition gives us a better understanding of the functions in

c(D).

Proposition 2.3 Let E be a metrisable topological space. A function V : I' — E
extends to a continuous function V : I' — E if and only if for each x € O the
limit of V(y), when y € T converges to x, exists.

Proof Let z € OI' and 17(95) be the above limit. Let F' be a closed neighborhood
of V( ) in E; there is k such that V(:ka‘) C F. Then ;T is a neighborhood of
in T and, since F is closed, we have V(z;I') C F. O

Later on, we will need the next ultrametricity result. We will say that % =
{z;T'} is a covering of OT if % = {x;T'} is a covering of JT.

Proposition 2.4 For each open covering {0;}icr of OT, there is a disjoint and finite
covering {x;I'}jes of OT such that for each j € J there isi € I such that x;T’ C 0.

Proof. For each z € O there is i such that z belongs to the open set ; and
there is n = n(x,7) such that z,I’ C ;. Since IT" is compact, there is a finite
sub-covering of OI' made by sets {yjf}je[[lmﬂ such that each of its elements is a
subset of some ;. But in ultrametric spaces two balls are either disjoint or one
of them is included in the other one. Since {y;I'} are balls, we get the result. One
may also choose {yI | |y| = max;eq1,m] |95} as the required covering. O

Remark. As we said previously, this section could be presented from the perspective
of hyperbolicity in the sense of Gromov, see [2, Chapter V] (a deeper investigation
can be found in [4] and [7]). Let (M,d) be a metric space. For z,y € M and a
given O € M, we define the Gromov product as:

()0 = 3(d(0,2) +d(0,y) ~ d(z. ). (24)
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The space (M,d) is called d-hyperbolic if there is ¢ such that for all z,y, z,
OeM,
(Ivy)o 2 min((x,z)o,(z,y)o) — 0. (25)

A metric space is hyperbolic if it is d-hyperbolic for a certain 6. In fact, if there
is 0 such that (2.5) holds for all z,y,z € M and a given O then (M,d) is 26-
hyperbolic. Classical examples of 0-hyperbolic spaces are trees (connected graphs
with no cycle) and real trees (see [7] for this notion). Cartan-Hadamard manifolds,
the Poincaré half-plane and, more generally, complete simply connected manifolds
with sectional curvature bounded by x < 0 are d-hyperbolic spaces with J > 0.

We equip the set of sequences with values in M with an equivalence relation
between (u,) and (v,) defined by the condition lim, ;;)— 00 (Un, Um)o = 00. The
boundary at infinity 0M is the set of equivalence classes. A basis of open sets of
OM is given by

0 = {y € OM | v is not associated to any sequence of M \ &},

where & is an open set of M. The boundary of a 0-hyperbolic space is ultrametric.

In our context, if we drop the convention v(z,x) = oo, our valuation (2.1)
is exactly (2.4). Hence (2.2) implies that T" is O-hyperbolic. We define a geodesic
ray as being v : N — T" such that |y(n)| = n and y(n + 1) ~ vy(n). Geodesic rays
are representative elements of the above equivalence classes. The two notions of
boundary at infinity are identified by setting x,, = v(n).

3 Operators in £2(T)

3.1 Bounded and compact operators

We are interested in operators acting on the Hilbert space

CO)={f:T—=C| ) If(@) <o}

endowed with the inner product: (f,g) = > . f(z)g(z). We embed T’ C ¢3(T")
by identifying x with Xy,), where X4 is the characteristic function of the set A.
Observe that I' is the canonical orthonormal basis in £2(T') and each f € ¢3(T)
writes as f = > f(z)z.

We denote by B(T"), K(T') the sets of bounded, respectively compact operators
in (2(T'). For T € B(I'), we will denote by T* its adjoint. Given A C I' we denote
by 14 the operator of multiplication by X4 in ¢2(T'). The orthogonal projection
associated to {x € I" | |z| > r} is denoted by 1>,. For T € I', we have the following
compacity criterion for bounded operators T in £2(T):

Proposition 3.1 T € K(I') <= |15, 7| — 0 < ||T1>,]] — 0.

Proof. If one has for example |15, T'|| — 0, then 7" is the norm limit of the sequence
of finite rank operators 1p(c 7', hence is compact. O
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3.2 The operator 0

We now extend z +— 2’ to a map ¢?(I') — ¢%(T'). We set ¢/ = 0 and define the
derivative of any f € 32(1") as:

Of) (= = fly =Y fw=>Y_f
yel’ y' =z YET
Thus 9 € B(T). Indeed, |[f'[|* = Xper [/ (@)1 < v per Xyes IF WP < vIfI
The adjoint 8* acts on each f € ¢2(T) as follows:

0" f(x) = Xp\qep (2) f ().

Indeed, (Of, f) = Yper Xyes W) (@) = X per F@)Xr\(ey () (') = (f,0"f).
Moreover, [0 f|I* = 3, ey [f@)? = v 3 cr | £(2)]* = v|| f||* shows that

90" = vId. (3.1)

Thus 9*/+/v is isometric on ¢2(T') and ||9| = ||0*] = V-

For a € N we set f(® = 92 f. Thus for each z € I', (® is well defined in
/(') and 2(®) = 0 < « > |z|. For |2| > a the notation is consistent with our old
definition.

3.3 (C*-algebras of energy observables related to I"

We first summarize the method used in [6] to study the essential spectrum of
large families of operators. Let % be a Hilbert space and H a bounded self-
adjoint operator on 7. If C(3) = B(J)/K () is the Calkin C*-algebra, we
denote by S — S the canonical surjection of B(s#) onto C () and we recall that
Gess(H) = o(H) (this is a version of Weyl’s Theorem). If € is a C*-subalgebra of
B(s#) which contains the compact operators, then one has a canonical embedding
¢/K(s) C C(A). Thus, in order to determine the essential spectrum of an
operator H € € it suffices to give a good description of the quotient €/K (4#) and
to compute H as element of it. As explained in [6], we can actually go further by
taking H as an unbounded operator over J# such that (H +i)~! € €. We shall
apply this strategy in our context.

Let Dayg be the x-algebra of operators in (*(T) generated by O and 2 the
C*-algebra of operators in (*(T') generated by 0. Because of (3.1), Zai, is unital.
We denote by ¢(Q) the operator of multiplication by ¢ on ¢2(T). If C is a C*-
subalgebra of ¢£>°(T") then we embed C in B(T") by ¢ — ¢(Q). Let (Z,C) be the
C*-algebra generated by 2 U C. In this paper we shall take € = (2,C). This
algebra contains many Hamiltonians of physical interest, for instance Schrodinger
operators with potentials in C'. We recall that given a graph G the Laplace operator
acts on £?(G) as follows:

(Af)@) =D (fly) — f(2)).
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With our definitions A = 9+ 09" —vId +X{.}. Notice that if v > 1 then 2 does not

contain compact operators (see below), so A ¢ 2. On the other hand, if C' > Cy

and V' € C then the Schrédinger operator A + V(Q) clearly belongs to (2, C).
We now give a new description of K(T').

Proposition 3.2 If €y be the C*-algebra generated by 2 - Cy then 6o = K(T').

Proof. For each ¢ € Cy, Proposition 3.1 shows ¢(Q) € K(I'). Hence 6, C K(I).
For the opposite inclusion, let T € K(T") and fix £ > 0. Proposition 3.1, shows that
there is an operator 7" with compactly supported kernel such that [|T — 7| < e.
Define §,, € K(I') by (6,f)(2) = f(y) if z = x and 0 elsewhere. We have
0,z = X121(Q) € Co. As T’ is a linear combination of ¢, ,, it suffices to show that

8z is in Gp. But this follows from 6, ,, = &, .(0*)1*1oWls, . O

If C is a C*-subalgebra of £°°(T") that contains Cp, then K(T') C (2, C).
Hence, in order to apply the technique described above, we have to give a suffi-
ciently explicit description of the quotient (2, C)/K(T"). In this paper we concen-
trate on the case C = C (f) which is, geometrically speaking, the most interesting
one (see the last Remark in §2.3). The C*-algebra generated by & and C(T') will be
denoted by (f(f) and the x-subalgebra generated by O and C(f) will be denoted by
‘K(f) alg- We will need the next fundamental property.

Proposition 3.3 [0, C(T')] c K(T).

Proof. For each ¢ € C(I') one has ([0, 9(Q)]f)(z) = 32, _,(¢(y) — ¢()) f(y )
(8o(Q) f)(x), where 1 belongs to C(T') and is defined by 1(y) = ¢ (y)—p(y’) wh

ly| > 1 and #(e) = 0. Observe that for v € OI' we have ¢¥(y) = p(v) — o(v) =
Hence by (2.3), ¢ € Cp. Proposition 3.2 implies ¢(Q) € K(T). D

Remark. The algebra Z is the tree analogous of the algebra generated by the
momentum operator on the real line. However, these algebras are rather dif-
ferent: 2 is not commutative and the spectrum and the essential spectrum of
the operators from & are not connected sets in general. For instance, one has
0(0%0) = 0ess(0*0) = {0, v} if v > 1. Indeed, we remind that if A, B are elements
of a Banach algebra we have 0(AB) U {0} = 0(BA) U {0} and, as noticed below,
dim Ker 9 is infinite for v > 1.

3.4 Translations in ¢?(T)

T" acts on itself to the left and to the right: for each a € T we may define Ay, p, : I' —
T by A\ (z) = az and p,(z) = xa respectively. Clearly, for a,b € T, A\ypp = ppa
and for any x € al' we define a~'z as being the y for which z = ay. For each
x €Ta={yeTl |3z el st y=za}, we define y = za=! by * = ya. We
extend now these translations to ¢?(I"). The translation )\, acts on each f € ¢*(I)
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as Y op f(@)ax, ie., (A\af)(z) = Xar(z)f(a™ ). In the same manner, we define
(paf)(x) = Xra(z) f(wa™t). The operators A\, and p, are isometries:

Aidg =1d and plp, = 1d. (3.2)

It is easy to check that the adjoins act on any f € £2(T) as (A f)(z) = f(az) and
(pif)(x) = f(za). Moreover,

Aads = 1,r and pep) = 1p,. (3.3)

Note also that 0" =3, _ pa and 0 =3_,,_; p5.

3.5 Localizations at infinity

In order to study €(I')/K(I') we have to define the localizations at infinity of
T € ‘K(f) by looking at the behavior of the translated operator AT\, as a
converges to 7y in r (abbreviated a — «), for each v € JT.

If T e KI') then u-lim,—, A:TA, = 0, where u-lim means convergence in
norm. Indeed, by (3.2), (3.3) and Proposition 3.1 we get || AT Agl|=|1arT1ar| —0,
as a — . Now, we compute the uniform limit of AT\, when T € ‘f(f)alg. There
is P, a non-commutative complex polynomial in m + 2 variables, and functions
i € C(T) for i = [1,m], such that T = P(¢1,92,...,0m,0,0%). We set T(y) =
Pler(7),02(7); -5 pm(7), 0,0%).

Lemma 3.4 There is ag € I' such that u-lim, ., A\;TAq = X T'(7)Aaq-
Proof. The Proposition 3.3 and (3.1) give some ¢y € C(I'), K € K(I') and oy, B €
Nsuch that 7 = >, ¢x(Q)0*** 0% + K and T'(v) = > 1 _; ¢ ()0 ** 9. Thus,

it suffices to compute a limit of the form u-lim,_~ A% (Q)0**9°\, with ¢ € o).
We suppose |a| > a and take f € ¢2(I"). We first show the result for ¢ = 1. Since

ANy = Y QD)= Y f), (3.4)
{yly® =(az)()} {y](ay) @) =(az)()}

it suffices to show that the set {y | (ay)"®) = (az)(®} is independent of a if |a| > a.
But this is precisely what asserts the Lemma 3.5 below.
We now treat the general case ¢ € C(T'). The identity

(Aap(Q)0* O Naf) () = p(az)(X50" 0" Ao f) ()
gives us that
IXe(@)0" 07 Aa = (A0 Na|| < [l0(aQ) — ()] - 007 — 0

as a — 7. On the other hand, by the Lemma 3.5, o(7)A\:0**9%\, is constant for
|a] > «. Thus, it suffices to choose |ag| > max{ax | k =1,...,n} in the statement
of the lemma to end the proof. O
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Lemma 3.5 For |a| > a we have:
0 for x| + 0 —a <0,

Wl (@)@ = (@)@ = { S99 fora] <a and [z] 4 §—a >0, (35)
(S8 for |x| > and x|+ B —a > 0.

Proof. Let J, = {y | (ay)® = (az)(®}. Then

al; = {ay|(ay)? = (ax) ™} = {y |y = (a2)} nal
= ((az)S°()) Nal.
We first notice that (az)(®SP c Slaltlel=a+8 If |z| — o + 3 < 0 then
((ax) 8Py nal' = 0, so aJ, = (. This implies J, = 0. If || —a + 3 > 0
then ((az)(®SP)Nal # (. If we suppose that |z| < a, i.e., |[(az)(®| < |a|, we have
a € (ax)@T. Let b such that a = (ax)®)b. Thus
((az)@SP)nal = ((az)®S%) N (az) Dbl = (az)™ (S5 N bT)
— (a2)@bgPIl = g5l — ggB+el-a

so we have a.J, = aSPt1*I=2 hence J, = §8FIzl—a

Finally, if |2| > a, i.e., |(az)(®)| > |a|, one has (az)(®) € al'. Thus we obtain
aJ, = (az)® 8P = az(®) SP hence J, = z(® S5, O

Remark. As seen in the proof of Lemma 3.4, one may choose any ag such that
|ag| > deg(P). On the other hand, we stress that the limit is not a multiplicative
function of T'. Indeed,

u-lim A20*0\, # (u-lim AZ0"A,) - (u-lim AZOA,).

a—y a—y a—y

Therefore, in order to describe the morphism of the algebra ‘K(f) onto its quotient
% (T")/K(T") we have to improve our definition of the localizations at infinity.

3.6 Extensions to I

The space £2(T') is defined similarly to £2(I"). Since I C T', we have ¢2(I') — ¢2(I").
As before, we embed I in 2(T) by sending 2 on X(,) and we notice that I is an
orthonormal basis of /2(T'). We define 9 : £2(T') — ¢2(T') by

Of) (@) = f'(@) = > f).

y'=x

For a € N, we set f(®) = 50‘f, notation which is consistent with our old definition
of (%) as the restriction of z to Z)z|—o- Obviously 0 € B(I'), its adjoint 0* acts as

(0" f)(z) = f(a'), 0 /+/v is an isometry on ¢2(I):

99" = V1d, (3.6)
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thus |0 = [|0*|| = v. We denote by 9 the C*-algebra generated by O and by .@alg
the x-algebra generated by 0. Both of them are unital.
We now make the connection between Z,;4 and Z,,.

Lemma 3.6 For |a| > «, one has: A:@*aﬁﬁAa = lpg*agﬁlp.

Proof. For any f € EQ(f), one has

10 1 f) (@) =1r(z) > @) f W)

{yly® =z(e)}

Using the same arguments as in the proof of the Lemma 3.5, one shows that for
each z € T the set {y € T | y(® = 2(®} equals the r.h.s. of (3.5). Thus the above
sum is the same as that of the r.h.s. of (3.4). O

We will also need a result concerning the localization of the norm on _@alg.
Lemma 3.7 If T € Dy, then ||T|| = |[1pT1p].

Proof. Because of (3.6), we can suppose that T = >orey k0" 9P . We denote by
# the integer max{B | k € [1,n]}. For each £ > 0, there is some g € ¢2(T') with
compact support such that ||g|| = 1 and | Tg|| > ||T||—¢. Note that if g1, 2, - - - , Ym
are distinct points of I, a1, as,...,a,, are complex numbers and x1,xs € f, we

have
m m m
1Y " aswryill® =Y lail® = 1) aswayi|®. (3.7)
=1 =1 =1

Thus, since g has compact support, there are = € f, m e N*and y; €T, |y;| > 5,
a; € C, for all i € [1,m] such that g = > ;- a;zy;. Weset f =>7" | a;ey;. Then
(3.7) gives us || f|| = |lg]l = 1. Using |yi| > 3, we get f € (%) and Tf € (%(T).
Also with (3.7) we obtain for z € T,

S

m

n m
~ ~ o~
1Tl =15 3 exaid™™ Byl = 15 3 enasleoy) @]
k=1 i=1 k=1 =1 |Z|:0¢k
n m n m
=220 D0 ea(y) ™l =133 > enaiely) |
k=1 1=1 |z|=ay k=1 i=1 |z|=ay
n m n m
=D DT arailey) Pz = 1D erasd™ ey = (IS
k=1 1=1 |z|=ay k=1 i=1

Hence, there is f € (2(T) such that |[1pT1pf|| = |Tf| = |Tgl| > |T| —c. O
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4 The main results

4.1 The morphism

In the sequel, a morphism will be understood as a morphism of C*-algebras. To
describe the quotient €' (I")/K(T'), we need to find an adapted morphism.

Theorem 4.1 For each v € OI' there is a unique morphism ®., : ‘g(f) — Z such
that ®(0) = 0 and @,(p(Q)) = (v), for all ¢ € C(T'). One has K(I') C Ker ®,.

~

Proof. We use the notations from §3.5. If T' € € (I") a1 then by Lemma 3.4 we have
u-limg oy AJTAa = AL T(7) Aag - Let T(y) be P(p1(7), 02(7), - -, pm(7), 9,07). By
Lemma 3.6 and (3.6) one can choose ag such that A} T'(y)As, = 1rT(7y)1r. Lemma
3.7 implies

1T = IIeT () e ] = I35, T (7)Aol = lu-lim AT A | < [T

Thus there is a linear multiplicative contraction ®9 : ‘K(f)alg - 9, ®Y(T) = T(y).
The density of %(f)alg in ¢(T) allows us to extend @Y to a morphism @, : ¢(T) —

2 which clearly satisfies the conditions of the theorem. The uniqueness of ®, is
obvious and the last assertion of the theorem follows from Proposition 3.2. O

4.2 The case v > 1

In this case, we are able to improve Theorem 4.1. We recall first that an isometry is
said to be proper if it is not unitary. The operators 9* and 9" are proper isometries
and the dimensions of the kernels of 0 and 0 are infinite: in the case of 0, if one
lets a,b be two different letters of .7, and one chooses g € ¢*(I'a) and h € £*(T'b)
such that h(zb) = g(xa) for all x € T, then g — h is in Kerd.

Let T be the unit circle of R? and H? the closure of the subspace spanned
by {e"? n € N} in ¢2(T). For g € L>°(T), we define the Toeplitz operator T, on
H? by Tyh = Pg2gh, where Pg2 is the projection on H?. We denote by 7 the
C*-algebra generated by Ty, where we u is the map u(z) = z. The next theorem
is due to Coburn (see [5] for a proof).

Theorem 4.2 If S is a proper isometry, then there is a unique isomorphism 7 of
T onto .7, the C*-algebra generated by S, such that #(T,) = S.

Thus there is a unique isomorphism _# of 2 onto 2 such that F(0) = /(5), SO
in the case v > 1 we can rewrite our Theorem 4.1 as follows.

Theorem 4.3 Let v € OI'. There is a unigue morphism ®., : (f(f) — 2 such that
D, (0(Q)) = () for all p € C(T') and &4(D) =D for all D € 9.
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Remark. When v = 1, there is no isomorphism ¢ : ¥ — 2 such that F(0) = d

because 2 is commutative. Thus, in this case, one cannot hope in a result as above.
There is an other way of proving Theorem 4.3 which uses the next proposition.

Proposition 4.4 Ifv > 1 then {3*0‘85}{%561\;} is a basis of the vector space Daig.
One has v > 1 if and only if {5*a5ﬁ}{a756m is a basis of space .@alg.

Proof. Let \; # 0 for all i € [1,n]. Assume that > \;0**9"% = 0, where
(cv, B;) are distinct couples. We set @ = min{w; |4 € [1,n]} and I = {i | a; = a}.
We take z € I' such that |z| = a and we obtain Y, ; A;i(9” f)(e) = 0. Notice
that {0;}icr are pairwise distinct by hypothesis. Now, by taking ip € I and f
the characteristic function of Sg, , we get that A;, = 0 which is a contradiction.
Hence Y 1 X;0**0% £ 0, i.e., the family is free. Let now v > 1 and \; # 0
for all i € [1,n]. We suppose > -, N0 0% = 0, with (o, 3;) pairwise distinct.
We fix # € T and set & = max{a;,i € [1,n]}. One has >, N0 0P f) (z) =
doim1i Ai Xyeaton g f(y) = 0. Notice that 2§08 M (@) 5" = () if and only if
o —a # 3 — 3. Taking f € £2(S!*1-*11P1) | we see that one can reduce oneself
o the case when there is some k such that «; — 3; = k for all ¢ € [1,n]. Since
glahga—k=l c gla-l)ga—k=1 c (@) §a=k for all | € [1, (@ — k)], there is some
Yo € ™SR\ Uy, 252(@) SFi. Then, taking f = Xy, we get some o such that
Ai, = 0, which is a contradiction. Hence Z?:l )\15*(”5*& 2 0. Finally, since when
v =1 one has 90" = 9*9 = 1d, {0*" 8%} 4 e is obviously not a basis. O

4.3 Description of ¢(T')/K(T)

Theorem 4.5 i) For any v > 1, there is a unique morphism ® : €(T') — 2@C(8T)
such that ®(0) = 0 ® 1 and ®(0(Q)) = 1 ® (plor). This morphism is surjective
and its kernel is K(T').

ii) For v > 1, there is a unique surjective morphism ® : € (') — 2 @ C(dT) such
that ®(0) =0 ® 1, ®(¢(Q)) =1 (¢lar) and Ker ® = K(T).

Once again, as in Remark 4.2, the statement (ii) of the theorem is false if
v = 1. As a corollary of Theorem 4.5 we obtain the following result.

Proposition 4.6 If v > 1 then 2 NK(T") = {0} and if v =1 one has K(T') C 2.

Proof. Let v > 1 and T € 2 N K(T"). Theorem 4.5 gives us both ®(T) = T ® 1

and ®(T') = 0 (since T is compact). For v = 1, as in the proof of Proposition 3.2,

it suffices to prove that d, , is in &. But this is clear since 0, = orlzttliglatil _

o+lelglel, O
We devote the rest of the section to the proof of Theorem 4.5.

Proof. By Theorem 4.1 there is a morphism ® : €(I') — 29T such that (®(9))(v) =
0 and (®(o(@Q))(y) = ¢(v), for all v € I, ¢ € C(T'). Since the images of
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d and ¢(Q) through @ belong to the C*-subalgebra C(dT, Z), and since €(T)
is generated by @ and such ¢(Q), it follows that the range of ® is included in
C(dT, 2). We have C(dT',2) = 9 @ C(dT'), so we get the required morphism
®:¢T) —» 2 C(). Now since ®(9) = 0 ® 1 and ®(0(Q)) = 1 ® (¢lar),
and since any function in C(8T) is the restriction of some function from C(T),
it follows that ® is surjective. Its uniqueness is clear. It remains to compute the
kernel.

As seen in Theorem 4.1, K(I') C Ker ®. In the remainder of this section we
shall prove the reverse inclusion. For this we need some preliminary lemmas.

Lemma 4.7 Let R = ¢(Q)0**0" and % = {ail'}icpi,n) be a disjoint covering
of OT. For each € > 0 there are c¢1,¢a,...,cm € Ran(p) and there is a disjoint
covering %' = {b;T'}jeq1,m) of OT finer than % such that |1y R— R'|| < e, where
R =" 1y,0¢;0°%0% and U’ = UJL ;T

Proof. Let ¢ > 0 and denote £/[|0**3%|| by €’. Since ¢(AT') is compact, there are
1,792, - - -, yn C OL such that o(AT') € UN_, D(¢(vk), '), where D(z,7) is the com-
plex open disk of center z and ray 7. The open sets 7 = ;L' N~ (D(p(7x),€"))
cover JI'. Proposition 2.4 gives us a disjoint covering {b;I'} jc1,m] of OI" such that
for each j € [1,m] there are ¢ and k such that bjf C 0 . To simplify the nota-
tions, we will denote by 7; those v associated to b;I". We set %’ = {b;T'}jeq1,m]
and R’ = Z?:l 1y, r0(7;)0* 8P, Recall that Supgep,r [9(75) — p(@)] < €' s0

IR =1 R)fIP = Y 1> Lo,r@)(p(y) — (@)@ 0" f) (@)

zel j=1
= Z D1 (2))(0* 0" f)(2)[?
j=1 zeb;T
< Z sup [¢(7;) — (@) U0 ) ()
j=1%€b; T z€b;T
< 5'22 > @)
j=1 zeb;T
< 07772 0T 0P - |IFI1P = 211
Denoting ¢(7,) by ¢; we obtain the result. O

Lemma 4.8 Let T = Y_}'_, 01(Q)0*** 0% with ¢y, € C(T') and let € > 0. There
are a compact operator K, a disjoint covering {a;I'} jeq1,my of OI' and

n m
S =3 D Larpr(yn)d" 9%,
k=1 j=1

with minjeqy,my || > maxgeq,n) ax and ;5 € O such that [|T — S — K|| < e.
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Proof. We denote by a = max{ay | k € [1,n]}. Let Tk be ¢x(Q)0***3%. Setting
Wy = Ujalja=a}ial'}, we apply Lemma 4.7 inductively for k € [1,n] with ¢/n
instead of e, Z = %._1 and R = Ty, denoting %’ by % and R’ by Sk. Then, for
k € [1,n] we get |1y, Tr— Sk|| < e/k. Since %j.+1 is finer than %, for k € [1,n—1],
we obtain || 1y, >p_; (Tk — Sk)|| < €, hence [T — 1y T — 1y, > p_; Skl < e. To
finish the proof, we denote the compact operator 1y<T by K, 1y, > p_q Sk by S
and %, by {ajr}je[[l,m]]~ O

We now go back to the proof of Theorem 4.5. Let T' € Ker ®. For each £ > 0
there is 77 € € (T')alg such that || T —T"|| < /4. By relation (3.1) and Proposition
3.3, we can write T = > _, 0x(Q)9*** 9 + K, where K € K(T') and ¢y, € o).
Thus ||®(T)|| < e/4. Using Lemma 4.8, we get an operator S and a compact
operator K; such that |T" — S — K;|| < /4. This implies that ||®(S)|| < &/2.
Lemma 4.9 There is Ky € K(T') such that ||S — Ka| < ||®(9)].

Before proving the lemma, let us remark that it implies
IT =Ky = K| < [T =T+ |T" =S = K| + IS - K2 <e.
Hence T € K(T'). Thus Theorem 4.5 is proved. 0

Proof of Lemma 4.9. First, we remark that for each a € I and o, § > 0, Proposition
3.3 gives us that 1,00*“0” — 1,70**0%1,p is a compact operator. We define S’ =
Sorey Z;n:1 Lo, rn(7)k)0"“*9P4 1, 1 and we set Ko = S — 5, which is a compact
operator. Since {a;I'};¢[1,m) is a disjoint covering of 9T, for any f € 2(I):

m

Is'fI2 = Z|ZZ Lo,rpr(13)0" 0% 1,0 ) ()

zel’ k=1 j

(Lo, rn(7j,6)0" 0% 14,0 f) (2)?

I
Ms
P_ﬂﬁ I

>
Il
—

j=1z

3

n

< |Z a; TPk (V5,k) 3*%3@“1%1“”2 [La,rfII.

<
I
—

Now we use (3.2) and (3.3) and get:
12a;r (D @r(r)0"*0%) Lasrll = X5, (D @n(35)0" 07 ) g, .
k=1 k=1

Since |a;| > max{ay | k € [1,n]}, Lemmas 3.6 and 3.7 give us:

1A, Z R %) N | = (Y er(0)0" " 0%) 1|
=1 k=1

n

1> or ()" 0.

k=1
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For each j we choose 7; € a;0T. The family {a;I'};e[1,m] is a disjoint covering
of O, so we have lim, ., Xq,r(z) = 1 and lim; ., Xo,r(z) = 0 for i # j. Hence

®.,(S") = iy er(756)0* " 0%, We obtain
1SS < D 1 (SO - 1L, fI17 < Sélgrll®w(5’)|\2~||f||2~
j=1 7

Finally, since K(I) € Ker®, [8(S)] = [$(5")]| = sup, cor [, (S)]|- O

Acknowledgment. I take this opportunity to express my gratitude to Viadimir
Georgescu for suggesting me the subject of this work and for helpful discussions. I
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