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Abstract. The eigenfunctions e*{*®) of the Laplacian on a flat torus have uniformly

bounded LP norms. In this article, we prove that for every other quantum inte-
grable Laplacian, the LP norms of the joint eigenfunctions blow up at least at the

pP—2
rate ||¢kllLr > C’(e))\k4p “ when p > 2. This gives a quantitative refinement of
our recent result [TZ1]| that some sequence of eigenfunctions must blow up in LP
unless (M, g) is flat. The better result in this paper is based on mass estimates of
eigenfunctions near singular leaves of the Liouville foliation.

0 Introduction

This paper, a companion to [TZ1], is concerned with the growth rate of the LP-
norms of L?-normalized A-eigenfunctions

Apj = Npj, (@5, 0r) = Gk

on compact Riemannian manifolds (M, g) with completely integrable geodesic flow
G? on S*M. The motivating problem is to relate sizes of eigenfunctions to dynam-
ical properties of its geodesic low G* on S*M. In general this is an intractable
problem, but much can be understood by studying it in the special case of inte-
grable systems. To be precise, we assume that A is quantum completely integrable
or QCI in the sense that there exist n = dim M first-order pseudo-differential
operators Py, ..., P, such that

P =VA, [P,Pj]=0 (1)

and whose symbols (p1,...,pn) satisfy the independence condition dp; A dpa A
-+ Adpp # 0 on a dense open set Q@ C T*M — 0. Since {p;,p;} = 0, their joint
Hamiltonian flow ®;(z,§) = exp(t1Xp,) o --- o exp(t1.X,, ) (2, &) (where X, de-
notes the Hamiltonian vector field of p) defines a Hamiltonian R" action with
R*-homogeneous moment map

P=(p1,...,pn): T"M — 0 — R"™. (2)

Throughout, we will assume that the orbits of this action are non-degenerate in
the sense of Eliasson (see [El] and Definitions 2 and 3).

The main result of [TZ1] was that the L°°-norms of the L?-normalized joint
eigenfunctions {py} of (P1,..., P,) are unbounded unless (M, g) is flat. The rough
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idea was to prove that orbits of the R™ action which had singular projection to
M (under the natural projection 7 : T*M — M) caused sup-norm blow-up in
associated sequences of eigenfunctions. In this paper, we make use of singular
orbits rather than just singular projections of possibly regular orbits. The nice
feature of singular orbits is that the associated modes blow up at high rates. To
use this approach, we first prove that singular orbits must occur unless (M, g)
is a flat torus, and we relate blow-up rates of LP-norms of sequences ||px||Lr
of eigenfunctions to the dimensions of the singular orbits. For the definition of
singular orbits and Eliasson non-degeneracy, see Definition (1).

Theorem 1 Suppose that (M, g) is a compact Riemannian manifold whose Lapla-
cian A is quantum completely integrable as in (1) and suppose that the Hamilto-
nian R™ action defined by (2) satisfies Eliasson’s non-degeneracy condition (Def-
inition 2). Then, unless (M, g) is a flat torus, this action must have a singular
orbit of dimension < n. If the minimal dimension of the singular orbits is ¢, then
for every € > 0, there exists a sequence of eigenfunctions satisfying:

—€

n—¢
[l = Cle)A,*

(n=0w=2) __

||g0kHLpZC(e))\k » , 2<p<oo.

The proof does not determine the minimal dimension ¢. By taking products
of lower-dimensional manifolds, it is easy to construct examples with any value
of {=1,...,n— 1. But, as will be discussed in §1, it is quite plausible that one-
dimensional orbits ‘often’ occur for Hamiltonian R™ actions on cotangent bundles.
Such leaves correspond to closed geodesics which are invariant under the R™ action.
Simple examples are given by the ‘equatorial geodesics’ on convex surfaces of
revolution, i.e., geodesics invariant the S' action. In such cases, the eigenfunction

n—1
blow-up estimate becomes the optimal rate ||gx||r~ > C(e)A, T . In the case
of the sphere or other convex surfaces of revolution, the blow-up rate is achieved
by ‘highest weight’ eigenfunctions (corresponding to joint spectral points on the
boundary of the image of the moment map P).
Regarding the sharpness of the result, based on the case of the quantum Euler

n—¢£
top [T1], it seems reasonable to conjecture that ||y, |lc > CA; ¥ in the elliptic

n—~¢
case and ||y, [lc > CA; T (log A;) ™ for some a > 0 in the hyperbolic case.

The method of proof of Theorem 1 is partly based on a study of trace for-
mulae, as in [TZ1], and partly on a study of Birkhoff normal forms of quantum
integrable systems and their modes and quasi-modes near singular torus orbits. We
derive LP estimates from studying matrix elements (Ap,,, p,) of pseudodifferen-
tial operators relative to the joint eigenfunctions ¢,,. In the case of multiplications
A = 1g by (smoothed out) characteristic functions of domains Q C M, such ma-
trix elements measure the L?- mass [, |¢,(2)[?dV of the eigenfunction in Q. To
obtain LP norm information from L?-mass estimates, we study small scale eigen-
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function mass, that is, the mass in shrinking tubes. The main estimate is given in
Lemma 8.

To our knowledge, these and the results of [TZ1, TZ2] are the first lower
bounds on eigenfunctions in the completely integrable case. They were contained
in the original posted version (arXiv (math-ph/0002038)) of our article [TZ1]. In
revising that paper for publication, we decided to separate the results into the
qualitative one of [TZ1] and the present quantitative ones.

A recent paper of Donnelly [D] has obtained a similar maximal blow up rate

n—1

At for L™ norms of eigenfunctions on compact Riemannian manifolds (M, g)
with warped product metrics or isometric S! actions under certain non-degeneracy
assumptions. In the S'-action case, the assumption is analogous to the existence of
a singular Eliasson non-degenerate one-dimensional orbit. Donnelly’s setting has
two commuting operators of a very special type (i.e., S! acts on the base), whereas
our QCI setting has n commuting operators of a more general type. Comparison
of the results suggests a common generalization to partially integrable Laplacians
P, = VA P, ...,Py,m < n, [P;, P;] = 0. If the associated R™ action has a
one-dimensional orbit satisfying an analogue of Eliasson non-degeneracy, then it
is reasonable to expect the existence of a sequence of joint eigenfunctions which
blow up at the maximal rate.

In another paper [TZ2], we give a proof of the eigenfunction blow-up result of
[TZ1] which in some ways is closer in spirit to the approach of this paper than that
of [TZ1]. The method is to relate norms of modes to norms of “quasi-modes”, i.e.,
approximate eigenfunctions associated to Bohr-Sommerfeld leaves of the Liouville
foliation. That paper also gives a number of detailed examples of quantum com-
pletely integrable systems such as Liouville tori, surfaces of revolution, ellipsoids,
tops and so on.

We close by stating a conjecture on a much larger class of Riemannian man-
ifolds which is suggested by the recent results:

Conjecture 2 Any compact (M, g) with a stable elliptic orbit has a sequence of

n—1
eigenfunctions whose L norms blow up at the rate A\, * .

Such orbits occur in the KAM setting of perturbations of integrable systems. There
surely exist quasi-modes with this property, and the difficulty is to show that this
implies the existence of modes with this blow-up rate.

1 Geometry of completely integrable systems

This section is devoted to the geometric aspects of our problem. We begin with
some preliminary background on completely integrable systems. In particular, we
describe Eliasson’s normal form theorem for completely integrable Hamiltonians
near non-degenerate singular orbits. We then prove the existence of singular orbits
of Hamiltonian R™ actions commuting with geodesic flows on manifolds other than
flat tori.
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A completely integrable system is defined by an Abelian subalgebra

p:R{plv--'apn} - (COO(T*M_O)’{v})' (3)

Here, {,} is the standard Poisson bracket. We assemble the generators into the
moment map

P=(p1,...,pn): T"M — B CR™. (4)

The Hamiltonians p; generate the R™-action
D, =expt1E,, cexplaZ,, ---oexpty,=,, .

We denote ®@;-orbits by R™:(z, £). By the Liouville-Arnold theorem [AM], the orbits
of the joint flow ®; are diffeomorphic to R* x T™ for some (k,m), k +m < n. We
now consider level sets P~1(b) of the moment map and their decompositions into
orbits.

First, we suppose that b is a regular value. Since P is proper, a regular level

has the form
PHb) = ADB)U- - UA™D (D), (b€ Brey) (5)

where each A®)(b) ~ T™ is an n-dimensional Lagrangian torus. Here, mq(b) =
#P~1(b) is the number of orbits on the level set P~1(b). In sufficiently small neigh-
bourhoods Q) (b) of each component torus, A® (b), the Liouville-Arnold theorem
also gives the existence of local action-angle variables (Il(l), . ,L(Ll) , Gy), ceey aﬁf))
in terms of which the joint flow of =, ,...,Z,, is linearized [AM].

Now let us consider singular levels of the moment map and singular orbits of
the R™-action. We use the following notations:

Definition 1

o A point (x,€) is called a singular point of P if dpy A -+ - Adpn(x,&) = 0.

o A level set P~1(c) of the moment map is called a singular level if it contains
a singular point (x,€) € P~Y(c). (We then say c is a singular value and write
S Bsing-)

e A connected component of P~1(c) is a singular component if it contains a
singular point.

o An orbit R"-(x, &) of Oy is singular if it is non-Lagrangian, i.e., has dimension
<n;

Suppose that ¢ € Bging. We first decompose the singular level

PHe) = Ui Ty (0 (©)
into connected components Fg;g(b) and then decompose

T (¢) = Up_\R"™ - (1, &) (7)
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each component into orbits. Both decompositions can take a variety of forms. The
regular components ngizlq(b) must be Lagrangian tori. Under a non-degeneracy
assumption (see Definition 1.1 ), the singular component consists of finitely many
orbits. The orbit R™ - (z, ) of a singular point is necessarily singular, hence it has
the form R¥ x T™ for some (k, m) with k + m < n. Regular points may of course
also occur on a singular component; their orbits are Lagrangian and can take any
one of the forms R¥ x T™ for some (k, m) with k +m = n.

Now let v € P~1(c) and assume the orbit R™ - (v) := {expt1Z,, o - -0
exp tx=p, (v); t = (t1,...,tx) € R™} is compact and of rank k in the sense that

rank (dp1, ..., dpn)|y = rank (dp1,...,dpy) = k < n. (8)

2
v

Following [El] (see p. 9), we observe that the Hessians d
subalgebra

p; determine an Abelian

d’p c S*(K/L,w,)* (9)

of quadratic forms on the reduced symplectic subspace K/L, where we put
K = () kerdp;(v), L =span{Z,,(v),...,Z,,(v)}.
i=1

Definition 2 [El] The orbit R™ - v is said to be non-degenerate of rank k if d’p is
a Cartan subalgebra of S?(K/L,w,)*.

A Cartan subalgebra is a maximal Abelian subalgebra generated by semi-
simple elements. The above definition is (superficially) more general than the one
in [E]] (p. 6), since Eliasson assumes through most of [El] that the subalgebra is
elliptic (in a sense we describe below). However, most of Eliasson’s ideas apply to
generic integrable systems where the Cartan subalgebra is of mixed type, with real
or complex hyperbolic generators as well as elliptic ones, as discussed in the last
section of [El] and in [El2]. Also, our assumption that (9) is a CSA is somewhat
stronger than in [El].

The definition can be rephrased in terms of reduced Hamiltonian systems, as
follows. First, there is a singular Liouville-Arnold theorem (cf. [N]) which produces
action variables conjugate to the angle variables on the singular orbit. As in (8), we
choose indices so that dpy, .. ., dpy are linearly independent everywhere on R™-(vg).
The singular Liouville-Arnold theorem [AM] states that there exists local canonical
transformation

U =9(1,0,z,y) : R* — T"M 0,

where

I = (Il,...,Ik),G: (91,...,9k) ERk, xr = (171,...,17”,]6),
Y= (ylv"wynfk) GRn_km
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defined in an invariant neighbourhood of R™ - (v) such that
pioy=1I (i=1,...,k), (10)

and such that the symplectic form w on T*M takes the form

k n—k
Yrw=> dl; Ado;j+ > drj Ady;. (11)
j=1 j=1
As for the remaining Hamiltonians p;, there exist constants ¢;; withi = k+1,...,n

and j =1,...,k, such that at each point of the orbit, R™ - (v),

k
dpi = Zcijdpj' (12)

j=1

Since dpq, . ..,dpy are linearly independent in a sufficiently neighbourhood U of
v € P~1(e), the action of the flows corresponding to the Hamilton vector fields,
Epys- -5 Zp, generates a symplectic RF action on P~1(co) NU. We reduce U with
respect to the partial moment map Z := (I1,...,Ix)(= (p1,...,pk)), i.e., we take
{Z = 0} and divide by the Hamiltonian flow. This produces a 2(n — k)-dimensional
symplectic manifold,

Yi =P Y eo) NU/RF, (13)

with the induced symplectic form, 0. We will denote the canonical projection map
by:

Tk © ’Pil(CO) NnNU — Ek.
Since {p;,p;} = 0 for all 4,5 = 1,...,n, it follows that pgt1,...,p, induce C™

functions on Xj, which we will, with some abuse of notation, continue to write as
Dkt1s -« -5 Pn- From (12), it follows that

dp;(mp(v))=0; i=k+1,...,n.

Here, we denote the single point m(R™ - (v)) by 7 (v). We thus obtain an Abelian
subalgebra preq = R{pr+t1,...,0n} of (C(Zk),{,}) equipped with the Poisson
bracket defined by o, consisting of functions with a critical point at 7 (v). Equiv-
alent to Definition 2 is:

Definition 3 The orbit R"™ - v is non-degenerate of rank k if d>preq is a Cartan
subalgebra of the Lie subalgebra of quadratic forms in (C*°(Xk), {,})-

1.1 Normal forms of integrable Hamiltonians near
non-degenerate singular orbits

Eliasson’s normal form theorem for completely integrable systems near a compact
non-degenerate singular orbit A C P~!(c) of rank k expresses the Hamiltonians p;
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in terms of the linear action variables Ij, of (10) and of additional action variables
in the symplectic transversal (or reduced space). Before stating the normal form
theorem, we recall the definitions of the action variables.

Let Q(2m) denote the Lie algebra of quadratic forms on R?™ equipped with
its standard Poisson bracket. It contains the following special elements (action
variables):

(i) Real hyperbolic: I} = x;&;;

(ii) Elliptic: If = 22 + £%;
(iii) Complex hyperbolic: I" = x;&41 — Tit1& + V—1(2i& + Tip1€i1)-
Let us call the reduced (or transversal) Hamiltonian system around the equilibrium
point (or singular orbit) non-degenerate elliptic, if it is non-degenerate in the sense
of Definitions 2 and 3 and if the generators of d>p,..q are elliptic as in (ii). Elliason’s
elliptic normal form theorem states that in this non-degenerate elliptic case, there
exists a local symplectic diffeomorphism

k:V —=U, k(TFx0)=R" v

from a neighbourhood V' of T* x 0 in T*(T* x R"~*) to a neighborhood U of the
orbit and a locally defined C*° function f : (R™,0) — (R, 0) such that

pioﬂ_l7Ci:f(Ilev"'7157167]17"'7116)' (14)

There is a corresponding normal form theorem in the hyperbolic case or in
the case of mixed elliptic-hyperbolic systems. The statement and proof are alluded
to in [El] and discussed in detail in [E12]. We let 2m = 2(n — k) = dim K/L as
above. By our assumption, the sub-algebra d2p is a Cartan subalgebra of Q(2m)
By simultaneously diagonalizing the quadratic forms, we can find a basis of d?p
consisting of generators of the above types. The normal form theorem on the re-
duced (or transversal) space now states that there exists a locally-defined canonical
mapping, k : U — Up, from a small neighbourhood, U, of 7 (v) € X to a neigh-
bourhood, Uy, of 0 € R?™, with the property that:

Vi, j {pi omfl,ff} ={pi onfl,ljh} ={p; onfl,I;h =0. (15)

Here, p; are actually the functions induced by pi41,...,pn on Xi. By making a
second-order Taylor expansion about ¢ = " = [" = 0, it follows from (15) that
Vi = 1,...,n, there locally exist M;; € C>®(Up) with {I¢, M;;} = {I! M;;} =
{Ifh, M;;} = 0 such that:

H+L+1
piok™! — ZMW '+ > M-I+ Z Mj - IS, (16)
j=H+1 j=H+L+1

Non-degeneracy is easily seen to be equivalent to:
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The corresponding result for the original integrable system near a singular
compact orbit (Theorem C of [El]) is a parameter-dependent version of the reduced
normal form theorem, generalizing (14). With the same assumptions, there exists a
neighbourhood, Q, of the orbit, R™ - (v), and a canonical map x : Q — T*(T*) x D
with the property that, for alli =1,...,n

H+L+1 n
piok™ !~ ZMu Iy M-I+ Z M-I+ Y MyInpig
Jj=H+1 j=H+L+1 j=n—k+1
(17)
Here I" := (Il,...,fh) Ih = (I}:}l+1,...,fflh+L+1) and 1€ := (If 1 9,15 1)
denote the elements defined above and I := (I3, ..., I;) are momentum coordinates

of T*(T*). The M,; Poisson-commute with all the action functions.

As mentioned above, the proofs of (16) and (17) are similar to the elliptic
case in [El]; for discussion of how the results can be extended to mixed elliptic-
hyperbolic systems we refer to [El, El12, CP, VN, VN2].

1.2 Existence of singular orbits

In this section, we prove the first part of Theorem 1:

Lemma 3 Let (M, g) be a compact Riemannian manifold whose geodesic flow com-
mutes with a Hamiltonian R™ action. Then, unless (M, g) is a flat torus, the action
must have a singular orbit of dimension < n.

Proof. The hypothesis that the Liouville foliation is non-singular has two immedi-
ate geometric consequences:

(i) By Mane’s theorem [M] , (M, g) is a manifold without conjugate points;

(ii) The (homogeneous) moment map P : T*M — 0 — R™ — 0 is a torus fibration
by T".

Statement (ii) follows from the Liouville-Arnold theorem. On a non-singular leaf,
we must have dpi A -+ - Adp, # 0. Since this holds everywhere, P is a submersion;
and since it is proper, it is a fibration. The fiber must be T, again by the Liouville-
Arnold theorem. Since P is homogeneous, the image P(T*M —0) = R4 - P(S*M).
Since P is a submersion, the image is a smooth compact submanifold of S™~!
hence must be all of S"~1

By (i) it follows that M = M /T where (M, §) is the universal Riemannian
cover of (M,g) (diffecomorphic to R™), and where I' ~ (M) is the group of
covering transformations.

We claim that (ii) implies 71 (M) = Z"™.



Vol. 4, 2003 LP Norms of Eigenfunctions in the Completely Integrable Case 351

Indeed, T*M — 0 is a double fibration (with indicated fibers):
T*M -0
T/ (R"=0) (T™) N\ P
M R™ -0
By the homotopy sequence of a fibration 7 : £ — B,
74lF) = 14(B) = 1q(B) = my1(F) -+ = m(E) — m0(B) — 0
and using that m2(7T™) = 1 and that w2 (M) = 1 by (i), we obtain
1—m (S = 7 (S*M) — 1 (M) — 7o(S™ 1) — m(S*M) — mo(M) — 1
1 — m(S*M) — m(S™™) — m (T™) — 7 (S*M) — 7 (S" 1) —
— mo(T") = mo(S*M) — mo(S" 1) — 1 (18)

Since my(N) = m3(N) (where N is the universal cover), and since S*M = Sn—1 x
R", we have mo(S*M) = m2(S™~1). From its definition, we see that the homo-
morphism 72 (S*M) — m2(S"~ 1) is an isomorphism, hence the second sequence
simplifies to

1 — 1 (T") — 7 (S*M) — 711 (8" ) — m(T") — mo(S*M) — mo(S™F — 1
(19)

Let us first assume that n > 3. Then 71 (S*M) = 7 (M) and 7 (S" 1) = 1, so we
get
1-m(T) —-m(M)—1,

i.e., 7T1(Tn) = 7T1(M).

We now consider dimension 2. By (i), the genus g > 1. The unit tangent
bundles of surfaces of genus g > 2 do not fiber over a circle, so we can disqualify
them and conclude g = 1. (In fact, it follows by a classic result of Kozlov [K] (see
also [TAI]) that the only surfaces that can possibly have a completely integrable
geodesic flow (even with singularities) are M = S%,T2.)

It follows then that M is diffeomorphic to R"™/Z"™ i.e., M is a torus. Since g
has no conjugate points, the proof is concluded by Burago-Ivanov’s theorem that
metrics on tori without conjugate points are flat [BI]. U

1.2.1 Problem on homogeneous moment maps

As mentioned above, the existence proof of singular orbits does not give any in-
formation on the dimension of such orbits. Do there exist one-dimensional orbits
in ‘generic’ cases?
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In the case of Hamiltonian torus 7™ actions, one-dimensional orbits are de-
tected by the image C of T*M —0 under the moment map (I1,...,I,) : T*M -0 —
R"™. By assumption, the I; generate 2m-periodic Hamiltonian flows. In the case of
the flat torus, C = RN — 0, but in other cases C is a convex polyhedral cone with
boundary. The boundary faces correspond to singular orbits and, in particular, an
edge (a one-dimensional boundary face) corresponds to a periodic orbit.

The moment polyhedra of toric moment maps have been studied by Lerman
and Lerman-Shirokova [LS, L2]. Lerman has proved that if no subtorus acts freely
on T*M — 0, then C always has an edge [L3]. The problem we would like to pose
is to formulate and prove an analogous result for homogeneous R™ actions on
cotangent bundles. Can one detect singular torus orbits of dimension one from C
and must C have an edge? By taking products with flat tori one can see that not
all torus actions have a one-dimensional orbit, but perhaps ‘generic’ examples do.

To our knowledge, the cone C has not been studied to date for general homo-
geneous R™ actions. Clearly it depends on a choice of generators of the R™ action.
In the toric case, the special generators gave rise to a polyhedron C from which one
could read off the existence of singular orbits. Is there a good replacement in the
case of general R™ actions, one which does not already presuppose a knowledge of
the singular orbits?

2 Quantum integrable systems and Birkhoff normal forms

Our purpose in this section is to construct a microlocal Birkhoff normal form for a
QCI (quantum completely integrable) system near a singular orbit. We first set up
some notation for the joint spectrum of quantum integrable systems. Throughout,
we follow the notation and terminology of [TZ1] and refer there for background
on QCI systems.

2.1 Quantum integrable systems

In this article, the only Hamiltonians we consider are Laplacians A on compact
Riemannian manifolds (M, g), although many of the methods and results extend
to Schrédinger operators as in [TZ1]. We therefore assume that P; = /A, and that
the other commuting operators P, ..., P, are classical pseudodifferential operators
of order one.

Although our operators are homogeneous pseudodifferential operators, it is
convenient to use the notation and methods of semiclassical microlocal analysis.
We therefore rescale our operators to obtain

Q; = hP; € Op(SHM).

In forming microlocal models, we will need to introduce more general kinds of
semiclassical quantum integrable systems, so we pause to define the class.
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Definition 4 We say that the operators Q; € Oph(SZl’k); j=1,...,n, generate
a semiclassical quantum completely integrable system if

and the respective semiclassical principal symbols qi,...,q, generate a classical
integrable system with dgy Adga A ---ANdg, # 0 on a dense open set Q@ C T*M — 0.

Here, we use the notation of Dimassi-Sjostrand [DSj] for operator classes:
Given an open U C R", we say that a(z,&;h) € C°(U x R") is in the symbol
class S™*(U x R™), provided

0208a(x, & )| < Caph™™(1 + |€])F~ 171,

We say that a € S’Z’;’k(U x R™) provided there exists an asymptotic expansion:
o0
a(z, &h) ~ ™™ " aj (@, O,
j=0

valid for [¢] > & > 0 with a;(z, &) € S®¥=3(U x R™) on this set. The associated h
Kohn-Nirenberg quantization is given by

Opn(a)(a,y) = (2nh) " / VN g € 1) de.

n

As is well known, the definition can be globalized to M using a partition of unity.
We denote this class by Opp(S™*)(T*M). The symbol of the composition is given
by the usual formula: Given a € S™*1 and b € S™2:*2, the composition Opp(a) o
Opn(b) = Opp(c) + O(h*>) in L?(M) where locally,

o0 g |a‘
e, € ) ~o ) 3 20

|| =0

(Og'a) - (9;D).

!

For further details, we refer to [DSj].

For a general QCI system, we denote by {¢,} an orthonormal basis of joint
eigenfunctions,

Qi = 1j(R)u, (s Pur) = Spprs (20)

and the joint spectrum by

E(h) :=A{u(h) := (pa(R), ..., pn(h))}- (21)
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2.2 Model cases

Quantum Birkhoff normal forms are microlocal expressions of a given QCI system
in terms of certain model system. Model quantum completely integrable systems
are direct sums of the quadratic Hamiltonians:

e I":=h(Dyy+yD,) (hyperbolic Hamiltonian),
o J¢:= WD +y?, (elliptic Hamiltonian),
o [ :=h[(y1Dy, +y2Dy,) + V=1(y1D2 — y2Dy,)]
(complex hyperbolic Hamiltonian),
e [:=hDy, (regular Hamiltonian).
The corresponding model eigenfunctions are:
o up(y; A\ h)
= |log h| =124 (WY (y)ly|~V/2HAW/I 4 e (R)Y (—y)|y|~1/2HA/RY;
le— (M) + le+ (W) * = 1; A(R) € R.
o u.(y;n, h) = h~Y4exp(—y?/h) ®,(h"'/%y); n € N.
o U (1, 0;t1,ta, h) = |log h|~1/2p(Z1+ita(M)/h git2(R)O/R, 4, (B +5(h) € R.
o Upey(0;m,h) =e™ m e Z.
Here, Y () denotes the Heaviside function, ®,,(y) the nth Hermite polynomial and
(r,0) polar variables in the (y1,y2) complex hyperbolic plane.
The important part of a model eigenfunctions is its microlocalization to a
neighborhood of z = £ = 0, so we put:

Y(x;h) == Opr(x(2)x(y)x(E) ) - uly; h),

where € > 0 and x € C§°([—¢,€]). In the hyperbolic, complex hyperbolic, elliptic
and regular cases, we write 5, (y; 1), Yen(y; B), Ye(y; ) and 14 (y; i) respectively.
A straightforward computation [T2] shows that when t(h), t2(h), nkh, mh = O(h)
the model quasimodes are L2-normalized; that is

0pr(x(@)x(y)x (&) ) uly; )|l > ~ 1 (22)

as i — 0. Note that, although the model eigenfunctions above are not in general
smooth functions, the microlocalizations are C'*° and supported near the origin.

2.3 Ladders of eigenfunctions

Semiclassical limits are taken along ladders in the joint spectrum. For fixed b =
(b1,b2,...,b,) € R™, we define a ladder of joint eigenvalues of the original homo-
geneous problem P, = /A, Py, ..., P, by:

{Miks -y Ank) € Spec(Pr, ..., Py):Vi=1,...,n, lim =2% = b}, (23)

where [\g| := /A + -+ A2,
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In the corresponding A-scaled system, the ladder will be denoted by:
Ep(h) :={u(h) := (pa(h), ..., pn(h)) € Spec(Q1, ..., Qn); [1j(h) — by
<Ch,j=1,...,n}. (24)

We define the joint eigenspace corresponding to Y,(h) as follows: For b €
P(T*M —0), define

Vo (h) := {pp: llppullze = Lwith p(h) € Sp(h)}. (25)

2.4 Microlocal solution space

Following [CP] Definition 2, we call a family of distributions wup; i € (0, fig] admis-
sible if there exist constants N;;j = 1,2, 3 such that for any ¢ € S(R),

[ e@un(oyiz

We now define the microlocal (quasi-)eigenvalue problem in 2. We denote
h-microlocal equivalence on an open set 2 by =q [CP]. We say that v4(h) is a
quasi-classical eigenvalue if there exists a non-trivial, admissible solution of the
eigenvalue problem

< M1+ 2?) Ml ons

Qivy =qvi(W)Yy;j=1,...,n. (26)
The set of quasi-classical eigenvalues around c is thus:
QXc(h) :={v(h) : (26) holds, with |v(h) —c| < Ch, j=1,...,n}. (27)
We define the corresponding microlocal solution space as the span of
QVi(h) = {tby; [ ll1> = 1, (26) holds withu(h) € QE5(R)}.  (28)

The solution space (28) can be characterized uniquely (up to a C(%)-multiple)
in terms of the model quasimodes ., ¥n, ¥cn and Yrey. In the following, we

use the abbreviation (uc(y;n, k) - up(y; Ae(h), h) - uen(y; t1x(R), t2 k(R), R) Hk

Jj=1
e'mi% ) for the expression

T b (y55 h) © Hf:+f1L+1'l/Jchj (yj;h) ® Hf;;;ﬁlwej (yj; h)®
H?:L+H+E+1wrj (yﬁ h)
in which the (m,n, A, t1,t2) parameters are put in.

Proposition 4 For any v,,r) € QV.(h), there exist t1(h), \(h) € R and to(h),n(h),
m(h) € Z and an h-dependent constant c(h) such that

k
’l/)u —Q C(h) F (ue(y; n, h) ! Uh(y, A(h)v h) : uch(y; tl(h)v t2(h)7 h) H eim]ﬂj )7

where Fy, is the microlocally unitary h-Fourier integral operator in Lemma (5).
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Proof. The microlocal solutions of the model eigenfunction equations are unique
up to C(A)-multiples. This was proved for the strictly hyperbolic case in [CP] and
for the complex hyperbolic case in [VN2]. The elliptic case follows from the local
normal form. An application of Lemma (5) then gives the result. O

2.5 Singular Birkhoff normal form

In this section we introduce Birkhoff normal forms for a quantum completely in-
tegrable system near a singular orbit. The main result is the following quantum
analogue (see also [VN]) of the classical Eliasson normal form in (17). In the follow-
ing lemma, €*"-¢"7¢9(h) are each classical symbols of order 1 in A € (0, Agl; that is,
there exist ej’h’Ch’reg € C;j=1,2,... such that e>chred(p) ~ Py ej’h":h’reg I
as h — 0T,

Lemma 5 Letc € R” be a singular value of the moment map P and R™-v be a rank-
k Eliasson non-degenerate orbit of the joint flow. Then, there exists a microlocally
elliptic h-Fourier integral operator, Fy, and a microlocally invertible n x n matrix
of h-pseudodifferential operators, M;;, with [F{lMiij,Qk] =q0;k=1,....n
and satisfying:

Frl Qi —c1yeo s Qn—cn) Fn=q M - (I" — €"(h), I?" — " (h), I° — ¢°(h),
hDg — €"9(h)) + O(h>). (29)

Here, f]h = h<Dyjyj + yJ'DyJ')’ AIAJE - h2D§j + yjz’ I = h[(ijyj + yj+1Dyj+1) +
\/—1(ijj+1 — yj+1Dyj )] cmd Ij = hng.

Proof. The proof is essentially the same as in ([VN] Theorem 3.6). The only com-
plication here is that since R™ - (v) is a k < n-dimensional torus and not a point,
hDg,,...,hDg, must be added to the space of model operators. The proof can be
reduced to that in [VN] by making Fourier series decompositions in the (61, ..., 0%)
variables (see, for instance [T2] Theorem 3). O

3 Blow-up of eigenfunctions attached to singular orbits
of the Lagrangian fibration

The purpose of this section is to prove Theorem 1. We break up the proof into
a sequence of three Lemmas, each concerned with estimates of matrix elements
relative to the eigenfunctions. They culminate in an estimate in Lemma 8 of the
small scale L*? mass of certain eigenfunctions ¢, € V.(h) near any singular orbit
A C Tying(c). The end result is that for each & € (0, fig], there exist ¢, € V.(h)
with

(Opn(X3 (23 1)) pps ) > [log Al ™™ (30)
for some m > 0 and where x§(z;h) := x1(h~%z) with x;(x) a cut-off function
supported near 7(A).
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In the proof, we will need to use additional pseudo-differential operators
belonging to a more refined semi-classical calculus, containing cut-offs such as
x1(A~%2), which involve length scales ~ h® with 0 < § < 1/2.

3.1 Eigenfunction mass near non-degenerate, singular orbits

In this section, we give a lower bound for the microlocal mass on ‘large’ length
scales of joint eigenfunctions with joint eigenvalues p(%) € X.(h) near any compact,
singular orbit A C ¥.(h) satisfying Eliasson’s non-degeneracy condition. Note that
each connected component I's;,q(c) of a singular level always contains a k < n-
dimensional compact orbit A (see Proposition 1.3 of [TZ1]). Our lower bound is
analogous to that of Lemma 2.8 of [TZ1] in the regular case, which proves that
each component torus of a regular level carries an amount of eigenfunction mass
bounded below by a constant independent of A. In the singular case, the same
kind of proof gives a weaker result in which the mass can decrease but at most
logarithmically. It would be interesting to know if in fact there exists a uniform
lower bound for the mass as in the regular case, but we do not need such a strong
result for our application and do not pursue the matter here.

In the following lemma, we write f (k) > g(h) if there exists a constant Cy > 0
such that for & sufficiently small, | f(R)| > Ci0|g(h)|

Lemma 6 Let A := R" - (v) C Tging(c) be an Eliasson non-degenerate orbit, and
let xa(z, &) € C§°(€2]0,1)) be a cut-off function supported in an invariant neigh-
bourhood 2 of A and identically equal to one on a smaller neighbourhood Q of A.
Then for each I € (0, ko) there exist ¢, € V.(h) and a constant m > 0 such that,

(Opr(XA)Pu, pu) > |log h|~™.

Proof. Let Aj;j = 1,..., K denote all the compact R"-orbits contained in the
singular component, I's;nq(c) and x;(x,€) € C3°;5 = 1,..., K cut-off functions
with x; = 1 near A;. We choose the indices so that A; = A and put x := x1. Let
F € S(R) with F > 0,F(0) = 1 and F' € C§°(R) with sufficiently small support
near 0 € R. We define f(t1,...,t,) == [T5-, F(t;). We have

Y (Opa()pus pu) (0 () =€)

pnex(h)

— | F(OTrOpn(x)el Zim tsQitm—eil/igy  (31)
RTI,

We calculate the trace using the microlocal conjugation of e’ 2= Qi (M =esl 4 jtg
normal form given in Lemma 5. Then, by a well-known parametrix construction
([BPU] Lemma 2.1) for Opp(x o k) - e Zi=1 tiMili/h for |¢| small, we have that
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fR" tYTrOpp(x et Zi=1 1@ =eil/h g1 is Jocally a sum of integrals of the form
ot [ [ [ st i

a(t,x,x, &) dtdedé + O(h), (32)

where a € C§° with a(0,z,z,£) = 1. Here, I (z,§) := (Ih(xl,ﬁl) SIn(xw, Em)),

Ien(2,€) = (Ien(zmi1,€a+1),- - In(@Ht 041, Eavn11)), Le(w, 5) (Le(zr+H+2,
Entmt2)s s Le(Tnk,En—k)) and I(x,8) = (In—k+1),---,1In). Next, make the
change of variables (t1,...,t,) —' M - (t1,...,t,) in (32) and get that

T := (2rh)™ [ [ [ e dUednden.D)s)/hp (s g 2 €) dsdadé + O(h), (33)
where,

b(s,z,2,6) = ("M~ (2,€) - 5) x 0 (2, &) a(' M~} (z,)s,x, 2, €) | det M (x, )|~

Since M (0) € GL,,(R), by choosing supp x sufficiently small it follows that b € C§°.
Then, by carrying out the iterated (s;, z;,&;)-integrals in (33), we are reduced to
computing the asymptotics of the integrals:

Treg == (2mh) ™1 [ f e eEs/NE (5)e(s, x, €)dsdadE ~ Crog,
Te:= (2mh)~t [7 % [, i@+ /he(s ., ) F (s)dsdade ~ c.
Ty, = (2rh) ™ [25 [% [%° etsw/he(s, x, €)F(s)dsdwdé ~ cp|log i,

T (27Th fO o z’r‘p[s1 cos @—sgsinal/h (S,T, 0, 9’ a)

X F(s1)F(sy)dsydsordrpdpdfdo ~ cop|logh).

where, ¢ € C§° with ¢(0) # 0 and ¢reg, Ce, ¢, ¢cr, denote non-zero constants. The

estimate for T, follows by stationary phase in the (s, &)-variables, whereas for

Te, Th, Tep, the asymptotics follow from Proposition 3.4 and Theorem 3.5 in [BPU]J.
It follows that for some non-zero constant Cy

> fh — ))(Opr(Xa)¢us i) ~ Co|log h|™, (35)
nex(h)

where, m, denote the total number of complex and real hyperbolic summands in
A;. The same estimate holds for all singular tori.
Put

m= j:Hll,E.l.).fK{mj} —my. (36)
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We now argue by contradiction that the estimate in the Lemma is correct.
If not, then for all ¢,’s the matrix element (Ops(xa)@u, ¢u) = o(|log A|~™), and
therefore

Y L (h) = ) (Opr(xa)eus ou) = ol logh|™™) > f(h — ).
prEX(h) rEX(h)

(37)

Since the Aj;j = 1,..., K are w-limit sets for the joint flow on I's4(c),

it follows by the semiclassical Egorov theorem and the Garding inequality ([T2]
Proposition 1) that for any joint eigenfunction ¢, with |u(h) — ¢ = o(1),

O (Opr(xi)pu>ou)) >> 1. (38)

=1

Thus,
Zuez(h) F(R=H(u(h) — o) < Zuez(h) <Z£1(Oph(xi)90w %L)) F(h1(u(h) = ¢))

< Zfil | log A|™:.

(39)
In the last line, we used (35) in each term.
Combining (35) and (39), we get the contradiction
[log A|™ < o(]log h|™™ o(| log ™), (40)
by the choice of m in (36). O

3.2 Localization on singular orbits

Let A be any Eliasson non-degenerate compact orbit. We claim that the joint
eigenfunctions ¢,, € V() satisfying the estimate in Lemma 6 must blow up along
m(A). The first way of quantifying this blowup involves computing the asymptotics
for the expected values (Opr(q) - Opr(xa)@u, Opr(xa)eu) where g € C3°(T*M).

Lemma 7 Let ¢, € V(h) satisfy the bound in Lemma 6. Then:

(Opr(q) - Opr(xa)eu, Opn(xa)epu) = le(h)? (/( )qdu + O(|log ﬁ|1/2)> ,

(41)
again with |c(R)| > |logh|=™ for some m > 0.

Proof. Since ¢,, solves the equation (26) exactly (and a fortiori microlocally on ),
we may express it by Proposition (4) in the form:

pp = c(h) Fuy, (42)
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for some constant ¢(h). Here,
k: .
Uy = (ue (y7 n, h) : uh(ya A(h)v h) *Uch (y7 tl(h)v t2(h)7 h) H elm]ﬂj ) (43)
j=1

Here, by applying the operators on both sides of the QBNF in Lemma (5) to
the model eigendistributions u,, and using the uniqueness result in Lemma (4), it
follows that for some n x n matrix M with M(0) € GL,,

M (mh,nh, A(h), t1(h), ta(R)) - (mh,nh, A(R), t1(h), t2(h)) = p(h).

By the inverse function theorem, the (mh,nh, A(h),t1(h),t2(h)) are uniquely de-
termined (modulo O(h*) ) by the joint eigenvalues p(h) and moreover, when
w(h) € X(h) it follows that mh, nhi, \(h), t1(h), t2(h) = O(h). By Lemma (6), by
(22) and by (42), it follows that for i € (0, ko],

[log b =™ < (Opr(xa)$us u) = le(B)|*(F*Opn(xa) Fuy, wy) < Je(R)?. (44)

Granted this lower bound on |¢(%)|, the Lemma reduces to estimating matrix
elements of model eigenfunctions. We now evaluate the matrix elements case by
case. The most interesting case is where the orbit A is strictly real or complex
hyperbolic. We use (42) to conjugate to the model setting. The function g goes to
qo x where x is the canonical transformation underlying F'. The model R"- action
locally reduces to a compact torus T*-action, so we can average the function go y
over the action to obtain a smooth invariant function. We then Taylor expand this
averaged function in the directions (y,n) transverse to the action. We obtain:

(Opr(q) © Opr(Xa)@pus Opr(xa)ep)

= |C(h)|2 (/]R"~( )qdu + (Opn(rn)up, up) + (Opr(ren)upu, we) + (9(ﬁ)> . (45)

where, 7, 7. € C§°(Q) are the Taylor remainders with rp, ren = O(ly| + n)).
A direct computation for the model distributions, u, (see [T2] Lemma 5 and
Proposition 3) shows that:

(Opn(rn)up, w) = O(|log Bl /%), (Opn(ren)uy, ) = O(|log Bl /%), (46)

The remaining cases are where elliptic (i.e., Hermite factors). Each such factor
satisfies

(Opn(re)up, up) = O(R) (47)

so is better than what is claimed. O
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3.3 Mass concentration on small length scales

Let A := R™ - v be a compact, k-dimensional singular orbit of the Hamiltonian
R™-action generated by (p1,...,ps). In this section, we study mass concentration
of modes in shrinking tubes of radius ~ A% for 0 < § < 1/2 around 7(A) in M,
where 7 : T*M — M denotes the canonical projection map. Such small scale
concentration of mass estimates quickly lead to sup-norm estimates.

For the sake of simplicity we will assume in this section that

m:A— M

is an embedding. This seems to be a reasonable assumption since dimA = k <
dim M, and it is satisfied in most (if not all) the examples we know. As we explain
in §3.5, the proof extends with only minor modifications to the general case.
We denote by Te(m(A)) the set of points of distance < e from m(A). For

0 < & < 1/2, we introduce a cut-off x4 (x;h) € C5°(M) with 0 < x§ < 1, satisfying

(i) supp x§ C Ths (m(A))

(i) x} = 1 on Tyyaps (n(A)).

(iif) 05x] (2; )| < Cah 0l
Under the assumption that A is an embedded submanifold of M, the functions

Xi(@:h) = G (> d? (z,7(A))) (48)

are smooth on T¢(w(A)) and satisfy the conditions. Here, d(.,.) is the Riemannian
distance function. Also, ¢; € C§°(R) with 0 < ¢; < 1,{i(z) =1 for |z| < 3/4 and
supp ¢1 C (—1,1).

Lemma 8 Let ¢, € V.(h) satisfy the bounds in Lemma 6. Then for any 0 < <
1/2, (Opn(x3)@us o) > |log h|~™.

3.3.1 Outline of proof

The proof uses the somewhat technical properties of small scale pseudodifferential
operators. We first sketch the proof without these technicalities.

Let x3(z,&;h) € C§°(T*M;[0,1]) be a second cut-off supported in a radius
R’ tube, Q(h), around A with

Q(h) C supp X} (49)

and such that
X{ = 1 on supp x5 (50)

Then, clearly
X4(,€) > x5 (, €), (51)
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for any (z,£) € T*M. Modulo small errors (see (57)), inequality (51) implies the
corresponding operator bound for the matrix elements:

(OPH(X(;)SDH» Pp) > (Oph(Xg)S"/u Pu ) (52)

Now, take ¢, € V.(h) satisfying the bounds in Lemma 6. We basically use (42)
and (44) to estimate the matrix elements on the RHS of (52) from below in terms of
the masses of the model distributions u(y, 8; i) = H?Zl ™% g (y) - up(y) - wen(y).
But to obtain the fine estimate in the lemma, we need to compute these masses
on shrinking neighbourhoods of diameter i° centered around a singular ¢ < n-
dimensional orbit, A. Therefore we need to introduce appropriate classes of small
scale pseudodifferential operators. By estimating matrix elements of such opera-
tors, we show that in shrinking neighbourhoods of diameter A%, the model distri-
butions have finite mass bounded from below by a positive constant independent
of i € (0, iy provided we choose 0 < § < 1/2, giving the estimate stated in the
Lemma.

3.3.2 Small scale semiclassical pseudo-differential calculus

The more refined symbols are defined as follows: Given an open set U € R™ and
0 <6 < 3, we say that a(z,&h) € SP*(U x R™) if

020 alw, & )] < Cagh™ o170, (53)

Model symbols include cut-offs of the form x(h™%z, h=%¢) with xy € C§°(R?").
There is a pseudo-differential calculus Ops S5 (U x R™) associated with such sym-
bols with the usual symbolic composition formula and Calderon-Vaillancourt L2-
boundedness theorem [Sj]. Composition with operators in our original class
OppS™%(U x R™) preserves Opp S5 (U x R™).

We can now give the proof.

Proof. We need to define shrinking cut-offs around A C T* M, and therefore intro-
duce a Riemannian distance function on 7% M. A natural choice is to use the Rie-
mannian metric induced by the Riemannian connection of (M, g) on T*M x T*M:
the connection induces a splitting T(T*M) = H @ V into horizontal and vertical
sub-bundles. We define a metric by requiring that H L V; on H we lift the metric
g under 7; for V we use the Euclidean metrics; g induces on the vertical spaces.

We then let d(.,.) be the associated distance function between points of
T*(M). For € > 0 sufficiently small we define

Ac = {(2,6) € T*(M);d((,€), A) < ¢} (54)
We then choose x3(x, & h) € C§°(T*M with 0 < x3 < 1 so that:

supp x2 C A%hs, x2=1 on A%hs, and so that Xg(x,§; h) € SS(T*M). (55)
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For example, we can define

X3(@, & h) == Go(h2d* ((2,€); A)), (56)

where o € CP(R), < ¢ < 1 with ((x) = 1 for || < 1/2 and supp (2 C
(—3/4,3/4). We choose the cut-off x{ as defined in (48). Clearly, X? € SYT*M);
j=1,2,and

X3(2,€) 2 x3(x,€), V(@ &) € T"M.

By the Garding inequality, there exists a constant C; > 0 such that:

(Opr(x3)us 1)) = (OPr(X3)ps o) — Crh 2. (57)

We now conjugate the right side to the model by the A-Fourier integral oper-
ator F of Lemma (5). Since F is a microlocally elliptic i-Fourier integral operator
associated to a canonical transformation k, it follows by Egorov’s theorem

(Opr(X3) ey u) = lc(R) [ (Opn(x3 © K)uy, uy) — Csh! =2 (58)

where ¢(R)u,(y, 6; 1) is the microlocal normal form (43) for the eigenfunction ¢,,.
Since ¢, € V.(h) satisfies the bounds in Lemma (6) it follows that |c(h)*> >
|log A|~™ and from (58) we are left with estimating the matrix elements (Opx(x3 o
K)uy,u,) from below. To simplify the calculation, define the product-type cut-off
function

L+N L+M+N+1

X2 on(y.n Iih) = [ x( 2y x(h%n;) - T x(h=%pj)x(h°ay)-
J=1 J=L+N+1
[T x(Lisiy). (59)
j=n—I1+1

Here (75, a;) denote radial variables in the jth complex hyperbolic summand and
x(z) € C§°(R) is a cut-off equal to one near zero. Since y =n =1 = 0 on (k™ 1)*A,
it follows that for y(z) with sufficiently small support,

X5 o k(y,m I;h) > xo o k(y,n, I; ). (60)

Thus it suffices to estimate X;‘S o k(y,n, I; k). from below. To simplify the notation
a little, we will write x°(z; k) := x(h~%z) below. Now, (Opp(x¥ o k)u,u) consists
of products of four types of terms. The first three are:

Mez/ X° (5 ) |XBue (n; B) [ dn,

Mh:/ X’ (3 1) |xOun (n; h)|2dn,
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and finally,
Mep = /_00 /_00 X° (n1,m2; 1) |X/5U\db(771»772;h)|2d771d772-
To estimate M., we note that, since ¢, € V(k), and
Fle WMy (yh= %)) () = e /1y (i 12),
it follows that,
M, = /Oo e 2/ @, (h=1/2 ) 2dn + O(h™)
and so for h € (0, hg], Mc(h) ~ 1.

To estimate M}, we recall that A(h) = O(h) and that by [CP] Section 4.3 it
suffices to estimate:

1 /Oo g = —1/2+iX/h 5 ? d§
x(hE/ R / e M (x /R E)dx| —= | . 61
1ogh<0</>0 (a/t )iz (6)
The integral in (61) equals:
Ro-1 i K¢ 2
(log h)~* / 0 / e @2 N gyl O(|log hI7Y). (62)
0 0

To estimate this last integral, assume first that £ € [0, A~%]. Then,

Ri¢
/ e—imw—1/2+i/\/hdw:O(|h6€|1/2)
0

and so, (61) equals

1

L e
|log Al -
s &

From (63), it follows that:

h¢ ?
/ e~ 2iMg 1 O (| log B ). (63)
0

M, = C(8) + O(|logh| ™) (64)

where C/(6) >0 when 0 < 4 < 3.

Finally, we are left with the integral M., corresponding to a loxodromic
subspace. Since |Jx(p)| < 1 for all k € Z and p € R, and k(h) = O(M),t(h) =
O(h), it follows that:

na

Te(p)p™ " dp

Ro-1 2d
_ « _
Mo, = [toghl | W o(osh ). (69)

h—9

0
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Here, Ji(p) denotes the kth integral Bessel function of the first kind [AS]. For
a>ho,

Ko

i k+1+it/h
jk(p)pit/hdp oit/h kt1+it/ )

2

TRy +O(|Wa7?) = 1+0(|h’a|71/?), (66)
2

0

and so,

h671
d
Mch:|1ogh|’1/ §+O(|logh|’1):1—25+(9(|1ogh|71). (67)

Consequently, given § = 1/2 — € it again follows that M., = C(€) > 0 uniformly
for h € (0, Ap(e)].

The final step involves estimating (Opp(x?(I))e™? ei™?). An integration by
parts in the Iy,..., I, variables shows that:

(Opu(X°(1))e™, ™) = 1+ O(R'°). (68)

As a consequence of the estimates above for Mj, M., M. and the estimates in
(57),(58) and (60), it follows that for any ¢ > 0 and 6 = 1/2 — ¢, there exists a
constant C'(e) > 0 such that for all ¢, € V.(h) satisfying the bounds in Lemma 6,

(Opr(X3)Pus u) = C(€)|log h|~™. (69)

3.4 Completion of the proof of Theorem 1

Since

Sar leu(@) X3 (25 1) dvol(x) < supyer, s (r(ay) 190 (@)1? [oy X3 (@: ) dvol(w)

< Neullee - oy X (5 h) dvol(w)
(70)
it follows from Lemma 8 or (69) that
feull ([ e duot(o)) = cofogn . )
uniformly for & € (0, fig(€)]. Since
[ xitash) duol(a) = (a0, (72)
M

the lower bound coming from (71) is:
lpullte > Clh =0 log h| ™.
Since we take A~ € {\j;\; € Spec — VA}, this gives:

—€

n—¢
loa; L = Cle)A; 7

The lower LP bounds when 2 < p < oo follow by applying the Holder inequality
in the estimate (69). O
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We doubt that much is lost in the second inequality in (70), since we expect
wu(x) to take its supremum at or near m(A) and to have a roughly constant size
on this set.

This completes the proof of Theorem 1 when 7(A) is embedded. We now
briefly explain how to modify the proof in the general case.

3.5 General m(A)

The only problem is that the function d?(x, 7(A)) is not generally smooth if 7(A)
has singularities (such as self-intersections). We therefore need to use different
cut-offs from ¢;(h=2%d?(x, w(A)). It turns out to be sufficient just to localize our
argument as follows.

For any C'° map such as m : A — M, there exists a relatively open dense
set U on which 7 : A — 7(A) attains its maximum rank. By the implicit function
theorem, there further exists a relatively open set V' C U on which 7 : V — 7(V)
is one to one. For small €, the image of the normal bundle of radius e along the
relative interior of w(V') exponentiates to a product tubular neighborhood of the
form (V) x D% where DT is the r-dimensional ball of radius e. We use the
corresponding Fermi normal product coordinates (y, v). We pick a function Fy (y),
compactly supported in the interior of m(V) and equal to one on a somewhat
smaller open subset V' C 7(V') and with the same ¢ as above we define the cut-off

X3 (@3 h) = Fy ()G (B2 (o)) (73)

Due to Fy there is no singularity at the boundary of F(V'). The cut-off is smooth
and satisfies

(i) supp x} C Ty (m(V))
(ii) x3 = 1 on a product neighborhood of the form V' x D"

3/4h5)
(iii) 05§ (23 h)| < Cal=01ol.
Correspondingly, we define
X5(@,6 1) = Fy (0)Ca(h™d*((2,€);V)), 0 €V, n(0) =y. (74)

Here, we are using the singular action-angle coordinates (I,6) near A.

The argument is then the same as in the embedded case, except that we
need to multiply by the additional cut-off factor Fy (6) in the angle coordinate. If
m:V —m(V) has rank k, this modification therefore does not change the remain-
ing calculations in any essential way, since the eigenfunctions corresponding to the
singular action variables, i.e., the exponentials e!*:?) have modulus one. So the
df integral simply becomes the integral of Fy over A rather than the integral of 1,
and this merely changes the lower bounds in (68)—(69) by an h-independent factor.

If on the other hand, 7 : V' — @ (V') has rank < k, then the estimates actually
improve because the tube volume in (72) decays to a higher power in . We leave
the details of this to the reader.
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