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Low Temperature Analysis of Two-Dimensional
Fermi Systems with Symmetric Fermi Surface

G. Benfatto, A. Giuliani and V. Mastropietro

Abstract. We prove the convergence of the perturbative expansion, based on Renor-
malization Group, of the two point Schwinger function of a system of weakly in-
teracting fermions in d = 2, with symmetric Fermi surface and up to exponentially
small temperatures, close to the expected onset of superconductivity.

1 Introduction and main results

1.1 Motivations

The unexpected properties of recently discovered materials, showing high-T, su-
perconductivity and significative deviations from Fermi liquid behavior in their
normal phase (i.e., above T.) [VLSAR], provides the main physical motivation
for the search of well-established results on models for interacting non-relativistic
fermions, describing the conduction electrons in metals. One can consider such
models not only in d = 3, but also in d = 1,2, to describe metals so anisotropic
that the conduction electrons move essentially on a chain or on a plane.
Renormalization Group (RG) methods provide a powerful technique for stu-
dying such models. While in d = 1 RG methods were applied since long time
[So] and many rigorous results up to 7' = 0 were established (see for instance
[BGPS], [BoM], [BM] and [GM] for an updated review), in d > 1 the application
of RG methods is much more recent and started in [BG], [FT]. At the moment RG
methods seem unable to get a rigorous control of such modelsind > 1up toT =0,
for the generic presence of phase transitions (for instance to a superconducting
state) at low temperatures (unless such phase transitions are forbidden by a careful
choice of the dispersion relation, see [FKT]). On the other hand, RG methods
seem well suited to obtain rigorous information on the behavior of d > 1 models at
temperatures above T, and to clarify the microscopic origin of Fermi or non-Fermi
liquid behavior in the normal phase. One can write, in the weakly interacting case,
an expansion for the Schwinger functions based on RG ideas; the finite temperature
acts as an infrared cut-off so that each perturbative order is trivially finite; the
mathematical non-trivial problem is to prove that the expansion is convergent,
and it turns out that such problem is more and more difficult as the temperature
of the system decreases. Indeed, if A is the interaction strength, the cancellations
due to the anticommutativity properties of fermions allow quite easily to prove
convergence of naive perturbation theory for T > |\|%, for some constant a > 0. On
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the other hand, the critical temperature in the weak coupling case at which phase
transitions are expected is O(e’(awrl) where a is a constant essentially given
by the second order contributions [AGD] of the expansion, i.e., it is exponentially
small and so quite smaller than |A|*, if A is small enough.

In [FMRT] and [DR] the perturbative expansion convergence was proved
for the effective potential up to exponentially small temperatures, in the d = 2
Jellium model, describing fermions in the continuum, with dispersion relation
e(k) = |k|?/(2m) and a rotation invariant weak interaction. One of the main
difficulties of the proof is that non-perturbative bounds are naturally obtained in
coordinate space, while one has to exploit the geometric properties of the Fermi
surface (i.c., the set of momenta k such that (k) = ), which are naturally in-
vestigated in momentum space. In [FMRT] and [DR] an expansion based on RG
is considered, such that only the relevant (but not the marginal) terms are renor-
malized; this has the effect that one has convergence for T > e’(cwrl, where c is
related to an all order bound, hence it is expected to be much bigger than a. The
proof uses in a crucial way the rotation invariance of the Jellium model, an hy-
pothesis which is indeed quite unrealistic (it corresponds to completely neglecting
the effect of the lattice).

The aim of this paper is to prove convergence of the perturbative expan-
sion for the two point Schwinger function, in the case of an interacting system
of fermions in a lattice or in the continuum. Since the interaction modifies the

—.

Fermi surface, we write the dispersion relation eo(k) of the free model in the form
co(k) = (k) + de(k) and try to choose the counterterm de(k), which becomes part
of the interaction, as a suitable function of the original interaction, so that the
Fermi surface of the interacting system is the set F = {k : £(k) = u}. We can face
this problem if 5(12) satisfies some conditions, implying mainly that F' is a smooth,
convex curve, symmetric with respect to the origin.

We prove convergence for weak coupling and up to temperatures T° >
exp{—(co|A|) 71}, where ¢ is a constant whose explicit expression is given in (4.31)
and depends only on the size of the second order contributions of the perturbative
RG expansion. In order to get this type of result, we consider an expansion in
which both the relevant and marginal terms are renormalized. In fact, if one does
not renormalize the marginal terms, one obtains the bound 7' > exp{—(c|\|) 7'},
the constant ¢ being related to an all order bound, like in [DR]; of course it is
expected that ¢ >> ¢p.

1.2 The model

There are two main classes of models of interacting fermions, depending whether
the Fermi operators space coordinates are continuous or discrete variables. Our
analysis deals with both such possibilities, so we give the following definitions.

1) Continuum models. In such a case, given a square [0, L]? € RQ, the inverse tem-
perature 3 and the (large) integer M, we introduce in A = [0, L]? x [0, 3] a lattice
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A, whose sites are given by the space-time points x = (xg, &) = (ngag, n1a, nsa),
a =L/M, ay = /M, ni,na,ng = 0,1,...,M — 1. We also consider the set
D of space-time momenta k = (ko,E), with k = %, S Z2, i = (ny1,n2),
—M <n;<M-—1and kg = %T(TLO + %), ni,na,ng =0,1,...,M — 1. With each
k € D we associate four Grassmanian variables @Zf{ -+ €,0 € {+,—}. The lattice
Ay is introduced only for technical reasons so that the number of Grassmanian
variables is finite, and eventually, before sending L to infinity, the (essentially
trivial) limit M — oo is taken.

2) Lattice models. In such a case, given [0, L]? € Z2, the inverse temperature 3
and the (large) integer M, we introduce in A = [0, L]? x [0, 8] a lattice Ay, whose
sites are given by the space-time points x = (xo,Z) = (ngag,n1,n2),a0 = B/M,
ni,ng =0,...,L—1and ng =0,1,..., M — 1; this definition is obtained from the
previous one by defining ¢ = 1. In such a case D is a set of space-time momenta

—.

k = (ko, k), with kg = 2Z(n+ %), n € Z, -M <n < M —1; and k = 2%,
iel’ ii= (n1,n2), —[%] < n; < [(Lz;l)] With each k € D we associate four
Grassmanian variables 1&15(70, g,0 € {+,-}.

All the models are defined by introducing a linear functional P(d) on the
Grassmanian algebra generated by the variables 1[)1"‘;)0, such that

/ P(d)ig. 0 o = L0, s st (k1) | (1.1)

-,

where ¢(k), the dispersion relation of the model, is a function strictly positive
for £ # 0 and equal to 0 for k = 0, p is the chemical potential and C’al(k) is
the ultraviolet cut-off. In the case of lattice models we choose Cy*(k) = 1, while

for continuum models the function Cy!(k) is defined as Cy (k) = H (E(E) - u)

where H(t) € C°(R) is a smooth function of compact support such that, for
example, H(t) =1 fort <1 and H(t) =0 for ¢t > 2.

We introduce the propagator in coordinate space:

1 .
L,p _ — 1 - —ik-(x—y) A N T - +
o =y) = Jim g 3 e 600 = fim [ Pavyi g, 02

where the Grassmanian field 15 is defined by

1 n ik-x
Vo = 23 D i et (1.3)

keD
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The “Gaussian measure” P(di) has a simple representation in terms of the
“Lebesgue Grassmanian measure”

Dy = [[ diyf,din,, (1.4)

keD, o=+
1
¢y tE)>o0

defined as the linear functional on the Grassmanian algebra, such that, given a
monomial Q(¢)~, %) in the variables ¢,__, ¢y . its value is 0, except in the case

Q(1/AF,1/A)+) =Tl 01[);01[);0, up to a permutation of the variable, in which case
its value is 1. We define

P(dip) = N"'Dy - exp 25 Z Co(k)(—iko + £(k) — )ty iy o -
kEDo +
L(&)>0

(1.5)
with N = [[ycp oo [(E28) " (—iko + (k) — 1) Co(k)].
The Schwinger functions are defined by the following Grassmanian functional
integral

[ Pdy)e” N(¢)1/)x1 o
S(X1751701a~-~7xn75n70n)*ngl;ol\}li?oo fP @) —N@) )
(1.6)
where
N (@ L2ﬁ Z (K, MU Ve o (1.7)
kE’D o==%
L(F)>0

and, if we use [ dx and 6(zo — yo) as short-hands for ) apa? and ag "6z, 4o

xEAM

W) =AY [ dxdysteo — po)in (7 Dttty (18)

Vg0 (Z) being smooth functions such that max, e [ dZ (1 + |Z]?) |vse (Z)] is
bounded.

Note that u(k )) is related to the counterterm de(k) introduced in §1.1 by
the relation de(k) = Cy (K)o (K, \)

In order to make more precise the model, we have to specify some properties of
the dispersion relation. We will assume that 5(12) verifies the following properties
(whose consequences are discussed in §7. From now on ¢, ¢y, cs,. .., will denote
suitable positive constants.

1. There exists g such that, for |e| < eg, (k) — pu = e defines a regular C*°
convex curve X(e) encircling the origin, which can be represented in polar
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coordinates as p'= u(0, e)é,.(0) with €,.(0) = (cos@,sinf). Note that eg < p,
since (k) > 0 for k # 0 and £(0) = 0; moreover u(6, ¢) > ¢ > 0 and, if (0, ¢)
is the curvature radius,

r,e) ' >c>0. (1.9)
2. e is chosen so that, if k € X(e) and |e| < e, then Cj (k) = 1.

3. If |e| < eq, then
0<ec <Ve(®)-€(0) <ca. (1.10)

4. The following symmetry relation is satisfied

£(p) = e(~p) (L11)

implying that the curves ¥(e) are symmetric by reflection with respect to
the origin.

We will call ¥p = ¥(0) the Fermi surface and we will put w(6,0)é.(0) = pr(6)
and u(0) = u(0,0) = |pr(0)].

Remarks. The Grassmanian functional integrals (1.6) are equal, in the limit M —
00, to the Schwinger functions of an Hamiltonian model of fermions in two dimen-
sions, expressed in terms of fermionic creation or annihilation operators. Among
the dispersion relations which are in the class we are considering is that of the
Hubbard model, defined in a lattice with local interaction ve o/ (T — §) = 05,—0' 0z,

-,

(without the counterterm) and (k) = 2 — cos k1 — cos k2, and that of the Jellium
model, defined in the continuum with e(k) = |k|2/2m. The index o is the spin
index; in the following it will not play any role and it will be omitted to shorten
the notation.

We are mainly interested in the two point Schwinger function S(x —y) =
S(x,—;y,+), with S(x, —;y, +) given by (1.6). For A = 0 and 2(k, \) = 0, S(x—y)
is equal to the propagator (1.2), hence its Fourier transform is singular at kg = 0
(which is not an allowed value at finite temperature) and (k) = . As we said in
§1.1, we want to fix Q(E, A) so that the location of this singularity does not change
for A # 0; this allows to study the model as a perturbation of the model with
A=0.

Our goal is to prove the following theorem.

Theorem 1.1 There exist two positive constants € and cg, the last one only depend-
ing on first and second order terms in the perturbative expansion, and a continuous

function D(k,X) = O(X), such that, for all |\| < e and T > exp{—(co|A|) 1},
$0) = 301+ A8 (k) (112)

where §(k) is the free propagator at finite 8 (i;e., it is equal to the Fourier trans-
form of limy . g¥P(x —y), see (1.2)) and |S1(k)| < ¢, for some constant c. In
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the continuum case with (k) = |k|2/2m and v(7) = o(|7 | there exists another

)
constant ¢1 such that, if |\ < e and T > exp{—(c1|A])"}, 2(k,\) = v(}) is a
constant.

However, in order to simplify the discussion, we shall not really study (even if
we would be able to do that) the finite volume case and the convergence as L — oo,
but we shall study directly the formal thermodynamical limit of our expansions
and we shall introduce a few other technical simplifications, which leave unchanged
the relevant properties of the models. See the remark at the end of §2.1 for a precise
definition of the model for which we do prove Theorem 1.1.

This theorem says that the two point Schwinger function of the interacting
system is close to the free one, for weak interactions and up to exponentially small
temperatures; the condition on the temperature is not technical, as at temperatures
low enough phase transitions are expected and a result like (1.12) cannot hold.
The theorem is proved by an expansion similar to the one in [BG], in which the
relevant and the marginal interactions are renormalized at any iteration of the
Renormalization Group. One writes S (k) in terms of a set of running coupling
functions, which obey recursive equations, the beta function of the model. We prove
that the expansions of S(k) and of the beta function are convergent, if the running
coupling functions are small in a suitable norm; the convergence proof is based on
the tree expansion and the determinant bounds used for instance in [BM] and on
a suitable generalization to the present problem of the sector counting lemma of
[FMRT)]. Finally we show, by choosing properly the counterterm ﬁ(E, A) and by
solving iteratively the beta function, that the running coupling functions are small
up to temperatures exponentially small T > exp —(co|A|)™!; ¢ is expressed in
terms of a few terms of first and second order, see (4.31) below, so much closer
to the expected value for the onset of superconductivity. Our non perturbative
definition of the beta function is interesting by itself, as it could be used to detect
the main instabilities of the model at lower temperatures.

In order to complete our program, we should prove that 2(k, ) and (k) can
be chosen in a space of functions with the same differentiability properties and
that the relation eo(k) = e(k) + 2(k, A) can be solved with respect to £(k), given
50(E) and A. This would imply that the introduction of the counterterm is only a
technical trick, but does not restrict the class of allowed dispersion relations; for
example one could consider the Hubbard model away from half-filling.

We did not yet get this result, mainly because our bounds can only show
that ﬁ(E, A) is a continuous function of compact support, whose Fourier transform
is summable, while E(E) has to be a bit more regular than a twice differentiable
function. A similar problem appears in [FKT] in which a result similar to Theorem
1.1 above is proved in a class of asymmetric Fermi surfaces (the asymmetry makes
an equation like (1.12) valid up to T' = 0). It is likely that an improvement in the
differentiability properties of the counterterm could be obtained by applying the
more detailed analysis on the derivatives of the self-energy introduced in [DR].
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This problem is not present in the Jellium model, where, by using rotational
invariance (so that both the free and the interacting Fermi surfaces are circles),
one can choose ﬁ(E, A) as a constant with respect to E; this is the last statement in
the theorem, already proved in [DR]. In order to get this result in a simple way, we
chose to give up the “close to optimal” upper bound on the critical temperature;
in fact the constant ¢; depends on an all order bound, like in [DR]. However, even
in this case, our result has some interest, since we get it without being involved in
the delicate one particle irreducibility analysis of [DR].

2 Renormalization Group analysis

We start, for clarity reasons, by studying the free energy of the model. In this
section we write an expansion for it in terms of a set of running coupling functions
and we show that the expansion is convergent if the running coupling functions
are small enough in a suitable norm.

2.1 The scale decomposition

The free energy is defined as

1 _ya
LTﬁlog/P(dw(Sl))e ve (2.1)

P(dypSVy = P(dy), VP =V4+N.

Erg=—

Note that our model has an ultraviolet cut-off in the k momentum, but the kg
variable is unbounded in the limit M — oo. Hence, it is convenient to decom-
pose the field as (=1 = (D 4 (S0 where (D) and (=9 are independent
fields whose covariances have Fourier transforms with support, respectively, in the
ultraviolet region and the infrared region, defined in the following way.

Item 1) in the list of properties of the dispersion relation given in §1.2 implies

that, if Hy(t) is a smooth function of ¢ € R', such that

R e

~ > 1 being a parameter to be fixed below, then, since C*O—l(E) =1if |5(E)7u| < ey,
St k) = Gt + Al

Gt = o [\/ig+ ) - 2] | (2.3

fi(k)

Cy(k) {1 — Hy [ k2 + [e(k) —,42H .

The covariances g(*!) and g(=0 of the fields y(“) and (=9 are defined as in
(1.8), with f;(k) and G *(k) in place of Cy ' (k).
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If we perform the integration of the ultraviolet field variables ¥(t1) we get
e~ L?BELp — o—L*BEo /P(d¢(§0))€7vo(¢go) ) (2.4)

where V(©) (1/)(50)), the effective potential on scale 0, is given by an expression like
(2.12) below and Fj is defined by the condition V(9 (0) = 0.

The analysis of the ultraviolet integration is far easier than the infrared one.
It can be done by the same procedure applied below for the infrared problem, by
making a multiscale expansion of the u.v. propagator ¢(*) (x), based on an obvious
smooth partition of the interval {|ko| > 1}. In this way, one can build a tree
expansion for V(©), with endpoints on scale M > 0, similar to the infrared tree
expansion, to be described below, see Fig. 1 and following items 1)—6). It is easy to
see that there is no relevant or marginal term on any scale > 0, except those which
are obtained by contracting two fields associated with the same space-time point
in a vertex located between an endpoint and the first non-trivial vertex following
it (i.e., the tadpoles). However the sum over the scales of this type of terms, which
is not absolutely convergent for M — 400, can be controlled by using the explicit
expression of the single scale propagator, since there is indeed no divergence, but
only a discontinuity at o = 0 for £ = 0. We shall omit the details, which are of
the same type of those used below for the infrared part of the model.

Let us now consider the infrared integration; it will be performed, as usual,
by an iterative procedure. Note first that we can write

0
Ho(t)= > fu(t), (2.5)
h=—o0
where f,(t) = Ho(y~"t) — Ho(y~"*1t) is a smooth function, with support in the
interval [y"~2eg,v"eg], and v > 1 is the scaling parameter. In order to simplify

some calculations, we will put in the following v = 4, but this choice is not essential.
Since |ko| > 7/3, Vk € D, if we define

hs = max{h < 0:+""leg < 7/B}, (2.6)
we have the identity
0
Crlw =Y 50« h0=h (Vg +ER ). e
h=hg

We associate with the decomposition (2.7) a sequence of constants Ej,, h =
hg,...,0, and a sequence of effective potentials V™ (1)) such that V" (0) = 0 and

o—L?BBLs _ ~L?BE), /P(dw(ﬁh))e_v(h)(w(gh)) , (2.8)
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where P(dy<") is the fermionic integration with propagator

() (x) — L Cil(k) o ikx
=" (x) L251§—2k‘0+8(/2)—u : (2.9)
with .
Cylk) = > f3(k) = Cty (k) + fulk) - (2.10)
j=hgs

The definition (2.8) implies that

1 <
Erp=Ens ~ 725 log/P(dw(ghﬁ))e‘V(hB)(thB)) . (2.11)
If we neglect the spin indices and we put €1 = -+ = ¢, =+, €pq41 = -+ =
€2, = —, we can write the effective potentials in the form

e8] 2n
VO (p(<h)y = Z/dxl ... dxop [H 1/])((§h)8i‘| WQ(Z)(xl, cey Xap) - (2.12)
n=1 i=1

Remark. The terms in the right-hand side of (2.12) are well defined at finite M and
L, as elements of a finite Grassmanian algebra, but have only a formal meaning
for M = L = oo. However, one can prove that the kernels, as well as Ey, g, have
well-defined limits as M and L go to infinity. Such result is achieved by studying
a suitable perturbative expansion of these quantities and by proving that they are
uniformly (in M and L) convergent and, in the case of the kernels, that they have
fast decaying properties in the x variables; see [BM] for a complete analysis of this
type in the one-dimensional case. However, since this procedure is cumbersome
and difficult to describe rigorously without making obscure the main ideas, which
have nothing to do with the details related with the finite values of M and L, we
shall discuss in the following only the formal limit of our expansions and we shall
prove that the kernels as well as the free energy constants Ej are well defined.
For similar reasons, we shall also consider ky as a continuous variable and we shall
take into account the essential infrared cut-off related with the finite temperature
value, by preserving the definition (2.10) of the cut-off functions. This means, in
particular that, from now on

1 1
L_wzﬂw/pdk. (2.13)

keD

Moreover, we shall suppose that the space coordinates are continuous variables,
both in the continuum and lattice models. This means that, from now on, f dx will
denote the integral over R”. Finally, we shall still use the symbol L23 to denote
the formally infinite space-time volume in the extensive quantities like L2GE},.
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2.2 The localization procedure

Let us now describe our expansion, which is produced by using an inductive pro-
cedure. First of all, we define an £ operator acting on the kernels in the following
way':

1. LW =0ifn > 3.

2. If n =2 and we put x = (x1,...,X4), X; = (23,0, Ti), X; = (Ti,0,T3), 6(xg) =
6(z1,0 — 2,0)0(z1,0 — 3,0)6(T1,0 — T4,0)
Wi ) = 3(ay) [ dlao\ara) W) (2.14)

Note that, because of translation invariance, this definition is independent of
the choice of the localization point, that is the point whose time coordinate
is not integrated (x; in (2.14)).

3. If n = 1 and we put (by using translation invariance) Wéh)(xl,XQ) =
Wéh) (Xl - X2)7

LW (31, %2) = 810 — 2,0) / at W (¢, 7y — 7)

0y 0610 — 20) / dt t WP (b, 7y — 7). (2.15)
The definition of £ is extended by linearity to V" so that we can write
LM (psh)y = /dxldx26($1,0 — @2,0)7 " vn (@1 — @)L TS

b [ dxidxadona — van)an (s~ 3N Or, SN

b [ @B U N L (2a0)

where \,(Z) = fd(go\xl,o)Wih) (x), Y (21 — 2%) = fdtWéh) (t,1 — Z2) and
(21 —a2) = — [dtt Wéh) (t, %1 — Z2). Note that, in the term containing zj (¥ —
Z2), we can substitute ¢:(§h)+ Oz ,ShF with —[0z, , ,(Eh”]w,gh)*.

The functions Ay, v, and zp, will be called the running coupling functions of
scale h or simply the coupling functions.

It is useful to consider also the representation of LV ) (4)(=")) in terms of
the Fourier transforms, defined so that, for example,

ik )
WM (x1,%2) = / RPN (2.17)

3
dki ek (X —X [
W4(h)(X1,X2,X3,X4) :/H {We eiki(xi—x4) W4(h)(k17k2’k3) . (218)
i=1
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We can write

o) — —(%)m () — ik (B g

+

(<h <h)+¢(<h 1/J(<h (2.19)

)\h(kl, k2, k3)5(k1 +ky — ks —ky),

where Ay, (K1, k2, k3) = Wi (0, k1), (0, k2), (0, K3)), v"0n (k) = W( 1(0,F), 2u(k) =
i W™ (0, F).
We also define R = 1 — £; by using (2.15), we get:

RWQ(h) (Xl,XQ) = WQ(h) (X1 — X2) — 5(.’,81’0 — IQ,O)WQ(}L) (O,fl — .’fg)
i6z1’05(x1,0 — :172,0)8;6017[/2(@ (O,fl — fQ) 5 (220)

where W™ (ko, 7) = [ dt eihot T (¢, #). Furthermore

h h = (h) (=
R, (x) = W () — d(zo) W (©.2) (2:21)
where Wih) (kg, Z) is the Fourier transform of W4(h) (x) with respect to the time
coordinates.

2.3 The sector decomposition

We now further decompose the field /(=" by slicing the support of cy '(k) as in
[FMRT)]. Let Hy(t) be a smooth function on the interval [—1,+1], such that

Cf1 it <1/4 .
Hz(t){o it o3 o MO+ H(l-0) =1 1/4<t<3/4, (2:22)

and let us define, if w is an integer in the set Oy = {0,1,..., y—(h=1)/2 _ 1} (recall
that v =4) and h <0,

Cpo(t) = Hy ('y

h
2 h

(t — ehw)) , 9h7 (w + 2) vz (2.23)

™

It is easy to see that fh’w (t) can be extended to the real axis as a periodic function
of period 27, that we can use to define a smooth function on the one-dimensional

torus T, to be called Ch.w(0); moreover

S G =1, voeT" . (2.24)

weOy
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On the other hand, the properties of 5(1?:') assumed in §1.2 imply that, if Ch_l(k) #+
0, k = u(f, €)é.(h) with e = (k) — pu. Hence, we can write

PENE = ST FEPr Ty EWE - pgysh) = TT P(ayEP),  (2.25)

weOy, w€Oy

where P(dwffh)) is the Grassmanian integration with propagator

M (x—y) = /dk ity n) @ Tn ®Ghe®) o o
Gy Tiko +2(k)

If we insert the left-hand side of (2.25) in (2.12), we get

V(h (Z eezpp((fhw)x <h))€> Z Z

weOy n=1wi,....,w2, €0
2n
: / dx ... dxo, []'[ e“ﬁF“’wmwiiib{“] W (x1, ..., x2m). (2.27)
=1

By using (2.10), we can write

/ [ Plagi)e RV (Tueo, o7 0 ul0)

w€eOy,

/P (dy(=h=D) / I1 Pawi) (2.28)

w€Oy,
—(LARYWI ($ER DT S TE O )Ty ()2
.e x w h x,w

)

where P(dw&h)) is the integration with propagator

gé;h) (x) = /dke—i(kx—ﬁF(Gh,w)f)L(k) ) (2.29)

(2m)? —iko + (k) —

Fpw(k) = fa(k)Crw(®) - (2.30)

The support of Fj, o, (k) will be called the sector of scale h and sector index w.
In order to compute the asymptotic behavior of gfdh)(x) it is convenient to
introduce a coordinate frame adapted to the Fermi surface in the point pr(0h ).

By using the definitions of §1.2 and putting é&;(0) = (—sin 6, cos ), we define

FO) = dpr(6) ‘dﬁF(G) T d(9)8(9) + ul(8)@(0)
d6 | db WO )2
W) = u(f)e,-(0) — u'(8)e:(6) . a1



Vol. 4, 2003 Low Temperature Analysis of Two-Dimensional Fermi Systems 149
Moreover, given any k belonging to the support of Fj, ., (k), we put

k= pr(One) + ki) + ky7FO0hw) = pr(Ohe) + K (2.32)

it is easy to verify that |[k}| < Cy", |k} < C~3
By using (2.32), we can rewrite (2.29) as

, see Lemma 7.3 in §7 for details.

1 . v Frw(ko, Pr(0nw) + K
gfuh)(x) = 573 /dkodk/efz(koz(hqc z) : h, ( OLPF( h, ) t ) ) (233)
( 7T) —iky + E(pF(ah’w) + k) — 7!

Let us now put
F=2171(0h0) + 257 0nw) ; (2.34)

the following lemma gives a bound on the asymptotic behavior of gfdh) (x), which
is very important in our analysis, as in [FMRT]. It will be proved in §7.

Lemma 2.1 Given the integers N, m,ng,ni,ne > 0, with m = ng + ny + no, there
exists a constant Cn m, such that

3h 1 h
|ano o™ anzg(h) (X)l < CN,m’)/ p) ,y(no—i-nl-f- 1ng)
z

; < . (2.35)
o 1+ (y* o + 7|24 | + 2P| )N

Remark. Lemma 2.1 holds also for non C'* Fermi surfaces: it is sufficient the con-
dition that the derivatives of £(k) diverge “not too fast” (i.e., that 0™ /9k'}" Ok'}>

[e(k) — ] = O(y~Hm+ama=))),

2.4 The tree expansion

Our expansion of VW, 0> h > hg is obtained by integrating iteratively the field
variables of scale j > h + 1 and sector index w = 1,...,7 /2 and by applying
at each step the localization procedure described above, which has the purpose of
summing together the relevant contributions of the same type. It is well known
(see for instance the reviews [G], [BG1] or [GM] for a tutorial introduction) that
the result of this iteration can be expressed as a sum over trees. We assume the
reader familiar with this formalism and we simply give here some definitions in
order to fix the notation.

1) Let us consider the family of all trees which can be constructed by joining a
point r, the root, with an ordered set of n > 1 points, the endpoints of the unlabeled
tree (see Fig. 1), so that r is not a branching point. n will be called the order of
the unlabeled tree and the branching points will be called the non-trivial vertices.
The unlabeled trees are partially ordered from the root to the endpoints in the
natural way; we shall use the symbol < to denote the partial order.

Two unlabeled trees are identified if they can be superposed by a suitable
continuous deformation, so that the endpoints with the same index coincide. It is
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]
/u/ < 3

v
]
r| v — <'\ ,

<

| N

h h+1 Ry 0 +1 +2

Figure 1: A possible tree of the expansion for the effective potentials.

then easy to see that the number of unlabeled trees with n endpoints is bounded
by 4™.

We shall consider also the labeled trees (to be called simply trees in the fol-
lowing); they are defined by associating some labels with the unlabeled trees, as
explained in the following items.

2) We associate a label h < 0 with the root and we denote 7}, ,, the corresponding
set of labeled trees with n endpoints. Moreover, we introduce a family of vertical
lines, labeled by an integer taking values in [h, 2], and we represent any tree 7 €
Th.,n so that, if v is an endpoint or a non-trivial vertex, it is contained in a vertical
line with index h, > h, to be called the scale of v, while the root is on the line
with index h. There is the constraint that, if v is an endpoint, h, > h + 1.

The tree will intersect in general the vertical lines in set of points different
from the root, the endpoints and the non-trivial vertices; these points will be called
trivial vertices. The set of the vertices of 7 will be the union of the endpoints, the
trivial vertices and the non-trivial vertices. Note that, if v; and vy are two vertices
and v; < vg, then hy, < hy,.

Moreover, there is only one vertex immediately following the root, which will
be denoted vy and cannot be an endpoint (see above); its scale is h + 1.

Finally, if there is only one endpoint, its scale must be equal to h + 2.

3) With each endpoint v of scale h, = +2 we associate one of the two contributions
to VW (p(=1), and a set x,, of space-time points (the two corresponding integration
variables); we shall say that the endpoint is of type X or v, respectively. With each
endpoint v of scale h,, <1 we associate one of the three terms appearing in (2.16)
and the set x, of the corresponding integration variables; we shall say that the
endpoint is of type v, z or A, respectively.

Given a vertex v, which is not an endpoint, x,, will denote the family of all
space-time points associated with one of the endpoints following v.
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Moreover, we impose the constraint that, if v is an endpoint, h, = h,s + 1, if
v’ is the non-trivial vertex immediately preceding v.

4) If v is not an endpoint, the cluster L, with scale h, is the set of endpoints
following the vertex v; if v is an endpoint, it is itself a (¢rivial) cluster. The tree
provides an organization of endpoints into a hierarchy of clusters.

5) The trees containing only the root and an endpoint of scale h + 1 will be called
the trivial trees; note that they do not belong to 7 1, if h < 0 (see the end of item
3 above), and can be associated with the three terms in the local part of Y,

6) We introduce a field label f to distinguish the field variables appearing in the
terms associated with the endpoints as in item 3); the set of field labels associated
with the endpoint v will be called I,,. Analogously, if v is not an endpoint, we shall
call I, the set of field labels associated with the endpoints following the vertex v;
x(f) and e(f) will denote the space-time point and the e index, respectively, of
the field variable with label f.

If h, < +1, one of the field variables belonging to I, carries also a time
derivative 0y if the corresponding local term is of type z, see (2.16). Hence we can
associate with each field label f an integer m(f) € {0,1}, denoting the order of
the time derivative. Note that m(f) is not uniquely determined, since we are free
to choose on which field exiting from a vertex of type z the derivative falls, see
comment after (2.16); we shall use this freedom in the following.

If h <0, the effective potential can be written in the following way:

VO @ED) + LB =) Y VP (ryEW), (2.36)
n=17€Ty n
where, if v is the first vertex of 7 and 7y,...,7s (s = $y,) are the subtrees of 7

with root vg, YV (7, w(fh)) is defined inductively by the relation

—1)s+1 B B
V) 00y = Tl 00 gy ), p ) g )

(2.37)
and Y+ (7, qp(ShH1))

a) is equal to RV (7;,4(Sh+1)) if the subtree 7; is not trivial;

b) if 7; is trivial and h < —1, it is equal to one of the three terms contributing
to LYPHD ((EPHD) or if h = 0, to one of the two terms contributing to
YD (p=1),

5,:;_1 denotes the truncated expectation with respect to the measure

[T Paui),
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that is

9P
5}?+1<X1; .. ;Xp) = m 10g/1;[P(dw(‘(uh+1))e>\1X1+-..+>\pXP -
" (2.38)
This means, in particular, that, in (2.37), one has to use for the field variables the
sector decomposition (2.25).

We can write (2.37) in a more explicit way, by a procedure very similar to
that described, for example, in [BM]. Note first that, if h = 0, the right-hand side
of (2.37) can be written more explicitly in the following way. Given 7 € 7Tj ,, there
are n endpoints of scale 2 and only another one vertex, vy, of scale 1; let us call
v1,..., U, the endpoints. We choose, in any set I,,, a subset @Q,, and we define
P,, = U;Q,,; then we associate a sector index w(f) € Op with any f € P,, and
we put Q,, = {w(f): f € Py, }. We have

VO (7, (£0)) = Z VO (7, Py, Q) (2.39)
Py Qg
VO(7, Py, Q) = / A0, 050 (Pog) K (%0,) (2.40)

n

K, () = 000 (P\Qu), - 0O P\ Qe [T KD 6c) - (241)

Ea]
=1

where we use the definitions (Jp is from now on the time derivative)

~(<h 3 — 7 m <h
s(ﬁ (p,) = fH = NFr Onu()F(£) g U@kf}{g& ., h<O0, (2.42)
€P,
- 1
1/)(1)(11t>v) _ I | 1/))(c();)(f) 7 (2.43)

fep,

9 (2 — §)d(xo — yo) if v; is of type X and x,,, = (x,y),
Kq(;i)(x’vi) - { v(Z —9)0(xo —yo) if v; is of type v, (2:44)
and we suppose that the order of the (anticommuting) field variables in (2.43)
is suitable chosen in order to fix the sign as in (2.41). Note that the terms with
P,, = 0 in the right-hand side of (2.39) contribute to LAGE;, while the others
contribute to V() (¢p(=0).

We now write V(0 as £V + RV with £V defined as in §2.2 (it rep-
resent, in the usual RG language, the relevant and marginal contributions to
VO ((=9)) and we write for RV(®) a decomposition similar to the previous one,
with RV (7, P,,, Q) in place of V(O (7, P, ,Q,,); this means that we modify,
according to the representation (2.20), (2.21) of the R operation, the kernels

W, Gem) = [l \xn S, (o) (2.45)
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where xp, = Uyrep, X(f). In order to remember this choice, we write

(<
RVO) (1, Py, Q) = / Aoy U (P )IRK LY, (30,)] - (2.46)

It is not hard to see that, by iterating the previous procedure, one gets for
VW) (7,4(SM) for any T € T, ., the representation described below.

We associate with any vertex v of the tree a subset P, of I,, the external
fields of v. These subsets must satisfy various constraints. First of all, if v is not an
endpoint and vy, ..., vs, are the vertices immediately following it, then P, C U; P,,;
if v is an endpoint, P, = I,. We shall denote @),, the intersection of P, and P,;
this definition implies that P, = U;Q,,. The subsets P,,\Q,,, whose union Z,, will
be made, by definition, of the internal fields of v, have to be non-empty, if s, > 1.

Moreover, we associate with any f € Z, a scale label h(f) = h, and, if
h(f) <0, an index w(f) € Op(y), while, if h(f) = +1, we put w(f) = 0. Note that,
if h(f) <0, h(f) and w(f) single out a sector of scale h(f) and sector index w(f)
associated with the field variable of index f. In this way we assign h(f) and w(f)
to each field label f, except those which correspond to the set P,,; we associate
with any f € P,, the scale label h(f) = h and a sector index w(f) € Op. We shall
also put, for any v € 7, Q, = {w(f), f € B, }.

Given 7 € 7, 5, there are many possible choices of the subsets P,, v € 7,
compatible with all the constraints; we shall denote P, the family of all these
choices and P the elements of P.. Analogously, we shall call O, the family of
possible values of Q = {w(f), f € Uy, }.

Then we can write

VW () = N v P). (2.47)
PeP,,Qe€0,

VM) (7, P, Q) can be represented as
VO (P, 0) = [, D (P KR ). (2.48)

with ng; }2) (Xy,) defined inductively (recall that h,, = h + 1) by the equation,
valid for any v € 7 which is not an endpoint,

K 'lo(x0) = i, TS 0c0)) &0 106 (Pu\Quy)s -, 06 (P, \Qu,, )]
= (2.49)
where ; = {w(f), f € P,,\Qu;} and @Zg:”)(Pvi\Qvi) has a definition similar to
(2.42), if h, <0, while, if h,, = +1, is defined as in (2.43).
Moreover, if v is an endpoint, Kl(,Q)(xv) is defined as in (2.44) if h, = 2,
otherwise
Ah,—1(2)d(zg) if v is of type A,
K" (x,) = 9" ton, 1 (& = §)6(w0 — yo) if v is of type v, (2.50)
zh,—1(Z — ¥)0(z0 — Yo) if v is of type z,
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where x,, = (X1,X2,X3,X4) if v is of type A, and x, = (x,y) in the other two cases.
If v; is not an endpoint,
Ry hy+1
Kf;l +1)(X'Ui) RKi PG ))Q( ) (X0,) 5 (2.51)
where 7; is the subtree of 7 starting from v and passing through v; (hence with
root the vertex immediately preceding v), P® and Q@ are the restrictions to 7;

of P and Q. The action of R is defined using the representations (2.20), (2.21) of
the regularization operation, as in (2.45), (2.46).

Remark. In order to simplify (2.42) and the following discussion, we now decide
to use the freedom in the choice of the field that carries the 0y derivative in the
endpoints of type z, so that, given any vertex v, which is not an endpoint of type
z, m(f)=0for all f € P,.

(2.47) is not the final form of our expansion, since we further decompose
VW (7, P,Q), by using the following representation of the truncated expectation
in the right-hand side of (2.49). Let us put s = s,, P; = P,,\Qy,; moreover we
order in an arbitrary way the sets Pii = {f € P,e(f) = £}, we call fﬁ their
elements and we define x(¥ = Usep- x(f), y® = Ufepjx(f), xij = x(f; ),
vij = x(f; ) Note that >_;_, |P| = Y.i_, |P;| = n, otherwise the truncated
expectatlon vanishes. A couple | = (f”, Z,],) = (fl_,fl+) will be called a line
joining the fields with labels f;, f;fj, and sector indices w;” = w(f;), w;m = w(f;")
and connecting the points x; = x; ; and y; =y, the endpoints of . Moreover,
we shall put m; = m(f;") + m(f;") and, if v, = w;', w; = w; = w;". Then, it is
well known (see [Le|, [BGPS], [GM] for example) that, up to a sign, if s > 1,

h h
ELWDS (P, ..., 05 (Py))
=S TT o a 6 —y0d,, o / APp(t)det GMT(6),  (2.52)
T leT
where - .
300 (0) = =771 () (2:53)

T is a set of lines forming an anchored tree graph between the clusters of points
x(M Uy that is T is a set of lines, which becomes a tree graph if one identifies all
the points in the same cluster. Moreover t = {t; ;» € [0,1],1 < 4,4’ < s}, dPp(t) is
a probability measure with support on a set of t such that ¢; = u; - uy for some
family of vectors u; € R” of unit norm. Finally GhMT(t)isa(n—s+1)x (n—
m m 7
ij, Z’J/ =t 1/8 ot (f '3 tgzb)(xij -
yl-/jr)5w7 + with (f;, Z,J,) not belonging to T

s+ 1) matrix, whose elements are given by ar

In the following we shall use (2.52) even for s = 1, when T is empty, by
interpreting the right-hand side as equal to 1, if |Pi| = 0, otherwise as equal to
det G = EF (v (Py)).
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If we apply the expansion (2.52) in each non-trivial vertex of 7, we get an
expression of the form

VO (1, P, Q)

<h) h
Z/dxvoz/’( )WT(P):Q\Q T(Xvo)

TeT

> v P,T), (2.54)

TeT

where T is a special family of graphs on the set of points x,,, obtained by putting
together an anchored tree graph T, for each non-trivial vertex v. Note that any
graph T' € T becomes a tree graph on X,,, if one identifies all the points in the
sets x,, for any vertex v which is also an endpoint.

Remarks. An important role in this paper, as in [FMRT], will have the remark that,
thanks to momentum conservation and compact support properties of propagator
Fourier transforms, V(h)(T, P, Q) vanishes for some choices of Q. This constraint
will be made explicit below in a suitable way, see (2.79).

Note also that WT(}Q Oy T(Xv0)7 as underlined in the notation, is independent

of Q,,, so that V() (T,P,Q,T) depends on €, only through the external fields
sector indices.

2.5 Detailed analysis of the R operation

The kernels W(P),Q\Q r(Xy,) in (2.54) have a rather complicated expression,
because of the presence of the operators R acting on the tree vertices, which are not
endpoints. In order to clarify their structure, we have to further expand each term
in the right-hand side of (2.54), by a procedure similar to that explained in [BM].

We start this analysis by supposing that |P,,| > 0 (otherwise there is no R
operation acting on vg) and by considering the action of R on a single contribution
to the sum in the right-hand side of (2.54). This action is trivial, that is R = I,
by definition, if |P,,| > 4 or, since R? = R, if vy is a trivial vertex (s,, = 1) and
|P,, | is equal to |Py|, © being the vertex (of scale h + 2) immediately following vg.
Hence there is nothing to discuss in these cases.

Let us consider first the case | P,,| = 4 and note that, by the remark following
( 01 ) m(f) =0forall f € on' It on = (flaf27f3af4)> with 8(fl) = 8(f2) =
+ = *5(]03) = 76(]04), and we put X(fi) = X, 5{1 = (xl’o,fl'), (.«J(fi) = W,
Pri = Dr(0nw,), we can write, by using (2.21),

RV (1, P, O, T) = / dx eXiz1 SPRATI, (x)

A @a0 — 210 ERT 10 10 E R TSN wE
h _

+(w3,0 — xl,o)lﬂf:,ﬁfw,(: D10 (w1,0) R S SR,

+ (w10 — oSS ST @ oS (259)
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where Wy (x) is the integral of W(IQQ r(Xy,) over the variables x,,\x, up to a
sign, and 9'(xg) is an operator defined by

1
9" (zo)F(y) = /0 dsOoF(§0(s), %) 5 &o(s) = o+ s(yo — o) - (2.56)

Similar expressions are obtained, if the localization point (see comment after
(2.14)) is changed.

Let us now consider the case | P,,| = 2. If only one of the external fields of vg
carries a Jy derivative, the action of R would not be trivial. However, we can limit
this possibility to the contribution corresponding to the tree with n = 1, whose
only endpoint is of type z, which gives no contribution to RV("). In fact, if there
is more than one endpoint, at most one of the fields of any endpoint of type z
can belong to P,,, so that we can use the freedom in the choice of the field which
carries the derivative so that m(f) = 0 for both f € P,, (see remark after (2.51)).

Hence, we have to discuss only the case m(f) = 0 for both f € P,,; if we put

Py, = (f1, f2), x(fi) = x4, w(fi) = wi, Pri = Pr(Ohw,;), We can write
RV (1, P, O, T) (2.57)

/dXdyel Prad=0r2¥) (yo — 26)2 W (x — Y)¢§,§w}ﬁ)+[52(xo)¢§,,§u@_] ,

where W (x; —x2) is the integral of W( r)’ .7 (Xu,) over the variables x,, \ (x1, X2),

up to a sign, and 9%(xo) is an operator defined by

1
82(560)1/1;%2)6 = /0 ds(1 — 8)8§w§f<}§§fg,w , &o(s) =zo+s(yo — o) . (2.58)

Instead of (2.57), one could also use a similar expression with [9%(yo) ,((,Sw}ll)+]

f@f in place of 1/1,(¢<th [62(20) y<£2) ]. We shall distinguish these two differ-
ent choices by saying that we have taken x, in the case of (2.57), or y, in the other
case, as the localization point.

By using (2.49) and (2.52), we can also write

Rv(h) (r,P,Q,T) (2.59)
/ dxy, / AP, (£) RIDE",(Poy)] (a0 — Ta0)"1P0D)
0. a€cA
Suq
{ IT %ma = l*)’l)fsw;,wf} det G" 1T (8) [ TIES 2 (0]
1€y, i=1

where A is a set of indices containing only one element, except in the case | P, | = 4,
when |A| = 3, and X.,y. are two points of x,,. Moreover, R[¢g (<h) W (Po)] =
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b5 (Pay), except if |Py,| = 4 or |Py| = 2 and m(f) = 0 for both f € P,; in
these cases, its expression can be easily deduced from (2.55) and (2.57). Finally,
b(p) is an integer, equal to 1, if p = 4, equal to 2, if p = 2, and equal to 0 otherwise.

We would like to apply iteratively equation (2.55) and (2.57), starting from
vo and following the partial order of the tree 7, in all the 7 vertices with |P,| = 4 or
|P,| =2 and m(f) = 0 for f € P,. However, in order to control the combinatorics,
it is convenient to decompose the factor (Ya,0 — a,0)"F*0) in the following way.
Let us consider the unique subset (I1,...,1,) of T,,, which selects a path joining
the cluster containing x, with the cluster containing y,, if one identifies all the
points in the same cluster; if this subset is empty (since x, and y, belong to the
same cluster), we put m = 0. If m > 0, we call (¥;_1,7;), ¢ = 1,m, the couple of
vertices whose clusters of points are joined by [;. We shall put x9;_1, ¢ = 1,m,
equal to the endpoint of I; belonging to x3, ,, X2; equal to the endpoint of I;
belonging to xz,, Xo = Xo and Xom+1 = Yo. These definitions imply that there are
two points of the sequence x,., r =0,...,m = 2m + 1, possibly coinciding, in any
set xp,, © = 0,...,m; these two points are the space-time points of two different
fields belonging to Py,. Then, we can write

Yo = Ta0 = »_(Tr0 = Tr-10) - (2.60)

r=1

If we insert (2.60) in (2.59), the right-hand side can be written as the sum over
a set B,, of different terms, that we shall distinguish with a label «,,; note that
| Buo| < 3(254, — 1)%. We get an expression of the form

1 T (<h
RV (7, P, O, T) = — S / A%y, / dPr, (t)R| §2§03a(Pv0)]
v

: Qg €Byg

. [ H (T1,0 — yl,o)bl(a”o)agngff;ﬂ)(xl - Yl)‘swf,w,*]

I€T,,
Svg

- det G (6) T (o) — u?) (o0 KD 0] (2.61)
=1

where we called (x(i), y(i)) the couple of points which, in the previous argument,
belong to x,, and b;(cw,), by, (aw,) are integers with values in {0, 1,2}, such that
their sum is equal to b(| Py, |)-

Let us now see what happens, if we iterate the argument leading to (2.61).
Let us suppose, for example, that |P,,| = 2, that the action of R is not trivial on
vy and that b = by, (a,) > 0. In this case, if we exploit the action of R in the

form of (2.57), we have an overall factor (wél) —yél))m, m = 2+b, which multiplies

K£?+2)(XU1). Hence, if we expand this factor, by using an equation similar to
(2.60), we get terms with some propagator multiplied by a factor (z;0 — y1.0)%,
with b; > 2. If we further iterate this procedure, we can end up with an expansion,
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where some propagator is multiplied by a factor (z;0 — y1.0)% with b, of order
||, which would produce bad bounds. However, we can avoid very simply this
difficulty, by noticing that, if we insert (2.20) in an expression like

Jy = / dxdy Fy (x)Fo(y)(yo — 20)*RW (x —y) , (2.62)

we get, by a simple integration by part, if b = 2,

Jy = / dxdyFy (x) Fa(y) (o — 20)’W (x — ), (2.63)

that is the R operation can be substituted by the identity, while, if b = 1, we get
I = [ axiyF (010 (o) a3 0 — 20 W x - ). (2.64)

where 9'(xq) is the operator defined by (2.56). This means that, if b = 1, the
action of R only increases the power of (yo — o) by one unit. Note that, in (2.64)
one could substitute F} (x)[0" (o) F(y)] with —[0 (yo)Fi(x)]Fa(y); we shall again
distinguish these two different choices by saying that we have taken x, in the case
of (2.64), or y, in the other case, as the localization point.

Even simpler is the situation, when |P,,| = 4. In fact, if we insert (2.21) in
an expression like [ dxF(x)(yg — ) RWa(x), y* and z* being two points of x, we
get

[ ixF e~ ) RWa0) = [Pl o) Wate) . (265)

“zero” cannot increase.

so that, even in this case, the power of the

There are in principle two other problems. First of all, one could worry that
there is an accumulation of the operators D1 (dimensionally equivalent to a deriva-
tive of order ¢) on a same line, if this line is affected many times by the R operation
in different vertices. Moreover, since the definition of the D1 (zo) operators depends
on the choice of the localization point x, it could happen that there is an “interfer-
ence” between the R operations in two different vertices, which would make more
involved the expansion. However, one can show, by the same arguments given in
§3.3 and §3.4 of [BM] in the one-dimensional case, that these problems can be
avoided by using the freedom in the choice of the localization point and, mainly,
the fact that some regularization operations are not really present. Let us consider,
for example, the first term in the right-hand side of (2.55) and note that, if we sum
it over the sector indices, we get, in terms of Fourier transforms, an expression of
the type

4
[T 00 e~ — k)
=1

. [W4(k1,k2,k3) - W4(k1, (0, E2)7k3)} . (2.66)
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However, if f is the label of the field wg”“, it is easy to see that W4(k1,

(O,EQ),kg) = 0, if there is a vertex v > vy with four external legs, such that
f € P; and f is affected by the R operation in ¥. Hence, in this case, we can
substitute the first term in the braces of (2.55) with [], 1/1,(5};)6

We refer to §3.3 and §3.4 of [BM] for a complete analysis of this problem,
whose final result is that the action of R on all the vertices of 7 will produce
terms where the propagators related with the lines of 7' are multiplied by a factor
(71,0 — yi.0)” with b, < 2 and (after that) are possibly subject to one or two
operators éq, g = 1,2. Moreover, some of the external lines belonging to P,, can
be affected from one operator 3‘1, as a consequence of the action of R on vy or some
other vertex v > vg. Finally, the lines involved in the determinants may be affected
from one operator 9. We introduce an index a to distinguish these different terms
and, given «, we shall denote by 9%(f) the differential operators acting on the
external lines of P,, or the propagators belonging to T', as a consequence of the
regularization procedure.

All the previous considerations imply that RV (r,P,Q,T) = 0, if |P,,| = 4
and n = 1 (that is there is only an endpoint of type A and no internal line associated
with vg) or Py, = (f1, f2) and m(f1) + m(f2) = 1 (since this can happen only if
n = 1 and the endpoint is of type z, as a consequence of the freedom in the choice
of the field carrying the derivative in the endpoints of type z) or m(f1)+m(f2) =0
and n = 1. In all the other cases, we can write RV (r,P,Q,T) in the form

RV (-, PO, T) = 3 / 050, Wi b0\ 20 (K0 JRIGE, (Pug)] . (2.67)
a€AT

where

7(Lh i 5 Z Ade <h
R (Pal) =TT oo 0@ OG5 0y, 269
€Py,

and, up to a sign,
WP o\, T.0(Xvo)

= [ﬁ Kf;:'(xv;)] { H %/dPTv(tv)det GhoTo(t,) (2.69)
i=1 v

notve.p.
~ _ ~ + my o~
T 8 0990000990 ) (10 — w1.0)"= D05 500 (1 — ym}} :
LeT,

where “e.p.” is an abbreviation of “endpoint” and, together with the definitions
used before, we are using the following ones:

1. Arp is a set of indices which allows to distinguish the different terms produced
by the non-trivial R operations and the iterative decomposition of the zeros;
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2. vf,...,v;, are the endpoints of 7 and h; = hyx;
3. ba(v), ba(1), ¢a(f;) and ga(f;") are positive integers < 2;

4. if ga(f;) > 0, 27 o denote the time coordinate of the point involved, together
with x;, in the corresponding R operation, see (2.58) and (2.56), otherwise
‘90(552 o) =1;

5. if v is a non-trivial vertex (so that s, > 1), the elements GZ”ji’f;’,j, of Ghv'To(t,)
are of the form

G Ty =t (2.70)

gty =
‘Za(f;j/)
0

Aro(fi;) A m(f, ) am(f; ) ~(hy
20y (21,0)0 (51,005 05" G0 (15 = yirg )0 v
if v is trivial, T, is empty and [ dPr, (t,) det Gh» T+ (t,) has to be interpreted
as 1, if |Z,] = 0 (Z, is the set of internal fields of v), otherwise it is the
determinant of a matrix of the form (2.70) with ¢; ;, = 1.

2.6 Modification of the running coupling functions

We want now to introduce a different representation of the running coupling func-
tions Ap, vp, zp, in order to include in the new definitions the momentum con-
straints on the external lines of the corresponding vertices. To remember these
constraints in the iterative calculation of the (so modified) running coupling func-
tions will play an essential role.

Note that, if we substitute (2.69) in (2.67) and we express the whole integral
in Fourier space, the Fourier transform of K ZL: (Xyx) is multiplied by the factor

# <hug ()
II g I Fpen®®) . (2.71)

fePU: NPyq fePU;k \ Py

In order to use this property, we define, for any h < 0 and w € Oy, the
s-sector Sh . (see §2.1 and §2.3 for related definitions) as

Sho = {k = pe,(0) € R : |e(k) — pl < 7"eo, Cnw(0) # 0} . (2.72)

Note that the definition of s-sector has the property, to be used extensively in the
following, that the s-sector S}1,, of scale h+1 contains the union of two s-sectors
of scale h: Spt1,w 2 {Sh.20 USh20w+1}, as follows from the definition of (., see

(2.23).
We now observe that the field variables @Zf(}}’;‘)j((f)) have the same supports

as the functions C};t (k(f)) Choyw(r)(O(f)) and h(f) < h; —1,Vf € f’v;; hence in
the expression (2.69), we can freely multiply K (ko) by [ep . Fri-1.00n) (k).
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where Fh,w(l;:') is a smooth function = 1 on S, and with a support slightly
greater than Sy, while &(f) € Op,—1 is the unique sector index such that
Shif)w(f) S Shi—1,6(r)- In order to formalize this statement, it is useful to in-
troduce the following definition.

Let G(") be a function of 2p variables & = (Z1, .. fgp) with Fourier trans-
form G(k), defined so that G(Z) = [ dk(2m)~* exp(fzzl | €iki;)G(k), where
Elye-sEp = —Epyl1 = ... = *€2p = +1. Then we define, given h < 0 and a family

c={0,€0y,i=1,...,2p} of sector indices,

G(E) . (2.73)

2p ~ .
H Fh70'i (kl)

i=1

v dE —i 3P eikiZ
(S2p,h,£*G)(g):/(2ﬂ)4pe S e

In order to extend this definition to the case h = 1, when the sector index can
take only the value 0, we define F1 O(k) as a smooth function of compact support,

equal to 1 on the support of Cy ' (k ) defined in §1.2.
Hence, if we put p; = |P vrls Qi = {&(f), f € Pyr} and we define, for any
family o = {o(f) € Op,—1,f € Pv;} of sector indices of scale h; — 1, labeled by

the set Py (Q; is a particular example of such a family),
7% h, — hz
Kv;‘,g(x“f) - (Spuhi—LQ * K’U:) (X

we can substitute in (2.69) each Khi (xy») with Kh ~

vr) (2.74)

i

). If vf is of type v, z or

( *

A KD - (Xvz) can be written as y hi “16(20,0:)0h,— 1,0 (For ), 6(x0,07 ) Zn,—1,0(Z0r) OF

§(zo,0r) )\hi,l,g(:zzvi ) respectively. Up, —1.o(Zi—¥i), Zn,—1 g( —¢;) and S\hiq,g(fv;‘)
will be called the modified coupling functions.

We shall call WT(T;?;?T,Q(XUO) the expression we get from W, p o\, .T.a (Xupo)

by the substitution of the running coupling functions with the modified ones. Note

that Wf’;og)Ta(xvo) is not independent of Qy,, unlike W, p o\, 7,0(Xv,), and

vQ

that WT(Z;??Z{T,Q(XUO) is equal to WT’P,Q\QUO’T’Q(X»UO), only if |P,,| = 0; however,

the previous considerations imply that, if pg = |P,,| > 0,

(Brony * WESra) ) = (Sponnn, * Wep o, 1a) (i), (275)

a trivial remark which will be important in the discussion of the running coupling
functions flow in §4.

2.7 Bounds for the effective potentials and the free energy

Given a vertex v of a tree 7 and an arbitrary family & = {S;, ,,,f € P,} of
s-sectors labeled by P,, we define
Xo(8) =x | Vf € P Tk(f) € Sjy0y 0 Y e(NE(F) =0 , (2.76)

feEP,
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where x(condition) is the function = 1 when condition is verified, and = 0 in
the opposite case. Moreover, given a set P of field labels, we denote by S(P) the
special family of s-sectors labeled by P, defined as

S(P) ={Shipywir) » [ €P}. (2.77)

The previous considerations imply that

0 oo
Erg< Y. Y Jan(0,0), (2.78)

h=hg—1n=1

with

Jnn(2lo,q0) = Z Z Z Z Z lHXU<S<Pv))

TE€Th,n PEPr:|Pygl=2lg, TET a€Ar Q€O L v
EfEPuO aa (f)=a0

/ d(xy, \x")

where x* is an arbitrary point in x,,, lp is a non-negative integer and ZQGOT
differs from ) ., since one w index, arbitrarily chosen among the 2ly w’s in
Qu,, is not summed over, if [p > 0, otherwise it coincides with ZQGOT'

Remarks. Note that we could freely insert [[[, xo(S(Py))] in (2.79), because of
the constraints following from momentum conservation and the compact support
properties of propagator’s Fourier transform.

Note also that, if I = 0, given 7 € 7}, 5, the number of internal lines in the lowest
vertex vg (of scale h + 1) has to be different from zero.

W(mod)

T,P,Q,T,a(xvo) ) (279)

Hence, in order to prove that the free energy and the effective potentials are
well defined (in the limit L — oo and 8 not “too large”), we need a “good” bound
of Jp.n(2lo, qo)-

In order to get this bound, we shall extend the procedure used in[BM] for the
analysis of the one-dimensional Fermi systems, which we shall refer to for some
details (except for the sum over the sector indices, which is a new problem).

An important role has the following bound for the determinants appearing
in (2.69):

| det GZmTv (t'u)| S 62521 ‘P“ilflpv‘72(5v71)
B (2720 1Po; =1 Pul =2(s0=1)) o 572, g (Poy \Quy )+ m(Po, \Quy)]
—ho Lier, 90 (5 +aa (S +mUH+mA0)] (2.80)

-
-
where, if P C I,,,, we define go(P) = > ;¢ p ¢a(f) and m(P) = >, p m(f).

The proof of (2.80) is based on the well-known Gram-Hadamard inequality,
stating that, if M is a square matrix with elements M;; of the form M,; = (4;, B;),
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where A;, B; are vectors in a Hilbert space ‘H with scalar product < -, > and
induced norm || - ||, then

|det M| < TTIlAl - 11Bill - (2.81)

Let H =R g R* @ L? (R?); it can be shown that

hoy, Ty (hv) (hy)
Gl = (wa ®u,®A (o Ve F®uy®B X7 ) +), (2.82)

where v,, € RI9" ,we O and u; € R*, i =1,...,s, are unit vectors such that

(ho (ho) :
Vo Vi = 0y, W; - Uy = t; ;7; MOTEOVer, Ax(fﬁ) o BX(fj,j,),wl are defined so that:

Ada(fi;) Aqa(fj/,-/) m(f;7) am () -
0y (21000 (1 10)0 I 0y I g (i —yay)  (283)

(ho) (ho) _ [ dk ) (hw)
= (A e Bl D >—/(2W)3Ax(f”)’wl(k)Bx(f;j/)’wl(k),

with ||A4;|| - || B;|| satisfying the same dimensional bound as the left side of (2.83).
For example, if ¢o(f;;) = qa(fZ,J,) = 0, one can put,

S )
Al (k) = e Mot (ko)™ (i)™
6+ () - n)
B (k) = ™ /Py, o iko +(F) = ] - (2.84)

Using Lemma 2.1 and (2.81), we easily get (2.80).
The next step is to bound by 1 the integrals over the probability measures
dPr, appearing in (2.69). After that, we bound the integral

/d(xvo\X*)H[fff;Qi(xv;)} II % (2.85)

i=1 vnot e.p. *

A - A +
T {or " @hoas Ryug>uxuoyuw@*”aﬁﬂﬁﬁ“<xlynl}‘

ety

We can take from §3.15 of [BM] the identity (independent of the dimension):

d(xp,\x*) = ] dr: . (2.86)

leT~

where T™* is a tree graph obtained from T = U, T}, by adding in a suitable (obvious)
way, for each endpoint v}, ¢ = 1,...,n, one or more lines connecting the space-
time points belonging to x,:. Moreover r; = (£o(t) — no(s1), Z1 — 41) (see (2.56)),
ifl € UyTy,and rp =x; —y;, ifl € T* \ Uy Ty
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Hence (2.85) can be written as

JT,P,T,a / H dI‘l

leT*\UuTv

, (2.87)

n
~

H Kvi*l,fli (x”; )

=1

with

Jepra= ][] % / IT (2.88)

vnot e.p. U 7 IET,

~ — ~ +
(@003 (1) (@0 — y0) DO 5L (k1 — )

By using Lemma 2.1, we can bound each propagator, each derivative and each
zero by a dimensional factor, so finding

Jrp o <" H [%62(51]—1)7—}% 2ier, ba(®)
vnot e.p. o
.,-Y*hu(sufl),yhuElgTU[qa(fl+)+qa(fl7)+m(fl+)+m(fl*)] ' (2.89)

Let us now define, for any set of field indices P, Op(P) = ® fe pOy,. The next
step is to use the following lemma, to be proved in §3.

Lemma 2.2 Suppose that there exist two constants C1 and C, such that the modi-
fied coupling functions satisfy the following conditions:

i) if |Py| =4, then
> /d(fv\f*)lj\hvfl,g(fv)| <2Ci Ay (2.90)
o€0h, -1

where >_" means that one of the sector indices is not summed over;
ii) if |Py| =2 and x, = (x1,X2), then

*

> Az |Dn, 1.4(F1 — )| < 20,0\, (2.91)
o€0p, -1
> dZ1|Zn, —1.0(T1 — )] < C1|A] . (2.92)
g€0h, 1

Consider a tree T € Tp, n, a graph T € T and the corresponding tree graph
T*, defined as after (2.86). Then

)y [H (xv<S<Pv)) 1T 5@7@01)

Qe0, lver leT,

n
~h;
H Kv;‘,fli (XU: )

=1

/Hdrl

IET*\T
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< Cn|/\|n,77%h[m4(vg)+x(Pv0:@)] H,y(hifl)x(v is of type v)
=1
H ’Y —3ma(v)+3(|Po|=3)x(4<| Py [<8)+ 5 (| Po|=1)x(| Py \>10)]7 (2.93)
v not e.p.

where my4(v) denotes the number of endpoints of type A following the vertex v.

Since Zf;l vil = |Pol —2(sy —1) < 4n, Y (sy —1) =n—1and [Ap| < ",
(2.80), (2.88) and Lemma 2.2 imply that

[Jh,n(2l0,q0)] < (c|A])™ Z Z

T€Th,n PEPT:|Pygl=2l0,
Zrepy, da(f)=a0

Z ,y—%h(m4(vo)+x(l020)) H ,y(h,-—l)x(v is of type v)
TeT =1

11 [iwhu%(z:;l |Poy 1= Pu] =2(s50 1) (2.94)

Sy-
v not e.p. v

fyhv 2521 [Qa(Pvi \Qvi)""m(Pvi\Qvi )]fy_hv ZZQTU ba(l)fy*hv(svfl)

,7[—§m4<v>+§<|a\—3)x<4§|Pu|ss>+§<|Pu\—1>x<\Pv\zm)]} .

Note now that the constraints on the values of ¢, (f) and b, (1) imply, as shown in
detail in §3.11 of [BM], that

Z h ZQ(M Pv,\Qv, +h qdo = Z h (295)

v not e. p. i=1 fely,
[ I1 7h(fm(f)} {H’V_h a(l)ba (l)} | (2.96)
fEIuo leT v not e.p.

where

z(v) =91 if|Pl) =4, (2.97)

{2 if |[P(v)| =2,
0 otherwise.

Moreover, since the freedom in the choice of the field carrying the derivative in
the endpoints of type z was used (see remark a few lines before (2.57)) so that
m(P,) = 0, if v is not an endpoint, and the field with m(f) = 1 belonging to
the endpoint v is contracted in the vertex immediately preceding v, whose scale is
h, — 1, we have the identity

H ’y m(P \Qv )] _ H,y(hifl)x(v is of type z) ) (298)

v not e.p. =1
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Putting together the previous bounds and supposing that the hypothesis
(2.90), (2.91), (2.92) of Lemma 2.2 are verified, we find that

Tnn(2lo:q0) < (lA)™ Y Yoo Dyt ado=0tal

TE€Th,n, PEPr:|Pyy|=2lg, TET
EfEPuO qa (f)=a0

. lH v(hi—l)x(lP(v)|—2)] H [i',yhv[i(Zf“l |Py; = Pul) =5 (su—1)]
- Sy
=1 v not e. p.

A=) = 3ma @)+ 3 (1P| =8)x(4<|Po | <8)+ 3 (1P| =1)x(| Py [ 210)] (2.99)

On the other hand, if ma(v) denotes the number of endpoints of type v or z
following v, we have, if ¢ is not an endpoint, the identities

5 (Z . |Pv|)

v>T
v not e. p.

4m4(f}) + 2m2(17) — |Pf,| y

Y (so—1) = ma(d)+ma(d) -1, (2.100)

V>0
which, together with (2.99) imply that

Jnn (200, q0) (2.101)

< (c|A\D™y h[—=qo+0dext (20)] Z Z Z H 5(|Pv|)7

T€T;
him \PUO\ 210 not e. p-

where

(-8 <p)+ (2-2)xw=10), (2.102)
dext (p) = g - %p - %x(p =0). (2.103)

Since §(|P,|) < 0, for any vertex v, which is not an endpoint, a standard
argument, see [BM] or [GM], allows to show that

> Z Z H AU < o (2.104)

T€T;
him \PO\ 210 not ep

The bounds (2.101) and (2.104) imply the following theorem.
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Theorem 2.1 If conditions (2.90), (2.91), (2.92) are satisfied, then
Tnn(2lo, qo) < (c|A|) a0 toex(2l0)] (2.105)

Remark. We will prove in §4 that, if |A| is small enough and c¢g log 8|\ < 1,
where cq is a constant depending only on first and second order contributions of
perturbation theory, it is possible to choose 71 (Z) so that the modified running
coupling functions satisfy the hypotheses of Lemma 2.2, (2.90), (2.91) and (2.92).
So, in that case, we see from Theorem 2.1 that lim;_,., Er g does exist and is of
order .

3 Proof of Lemma 2.2

3.1 The sector counting lemma

In order to present the proof of Lemma 2.2, we need to introduce some new defi-
nitions.

1. Given a tree 7 and P € P, we shall call x-vertices the vertices v of 7, such
that Z, (the set of internal lines, that is the lines contracted in v) is not
empty. We shall also call V,, the family of all y-vertices, whose number is of
order n.

2. Given h < 0 and a set of field indices P, we define O} (P) = ®cpO), and
we shall call ¢ = {0 € Oy, f € P} the elements of O (P).

3. Given h <0 and g € Op(P), we define G (o) = {Sh.o; 05 € a}.

4. Given a set of field indices P and two families of s-sectors labeled by P,
S = {S,w ,w, [ € P},i= 1,2, weshall say that SM < 8@ if S0 0 C
§ 9 F%f

S. 2 (), forany f € P.
Jg 20

The main point in the proof is the following lemma, which is an extension of
that proved in [FMRT] in the Jellium case; see §7 for a proof.

Lemma 3.1 Let b/, h, L be integers such that h' < h < 0. Let v be a vertex of a tree
7, such that |P,| = L and f1 a fixed element of P,. Then, given the sector index
of € Oy, and a set g € Op(P,\ f1), the following bound holds:

L h=h(p_g .
Y o ({Sve,UGK()) < {C v L4, (3
/€0, (Py\f1) c , ifL=2.
S,,(@H<6,, (@
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3.2 Proof of Lemma 2.2

First of all, we note that

HXv(S(Pv)) - H XU(S(PU)) . (32)

veVy

Let us consider first the case P, # 0 and let 9 be the first y-vertex following
the root (possibly equal to vg); note that P;, = P,, and that h(f) = h for any
f € Ps,. In the following it will also very important to remember that €2 is the
family of all sector indices w(f) associated with the field labels f and that w(f) €
On(s), h(f) being the scale of the propagator connected to the corresponding field
variable, see §2.4. In agreement with this definition, if Q is a subset of Q, >~ will
denote the sum over w(f) € Oy(y), for any f € €.

Let us call fy the field whose sector index w(fg) € Oy, is fixed in the sum over
). We rewrite the sector sum in the left-hand side of (2.93) as:

*

Y-y Y- % ) DI SENNCE)
Q QT}O Q\Qﬁo gﬂoeohﬁo (P{,O\fo) O )Qjoe ( ) Q\Qﬁo
5o \fo hio (00

Then, for any fixed o5, € On,, (Ps,\fo), we bound the product of y, functions as

H XU<S<PU)) < Xo (S(Pf)o)) H Xv (gv,f)o) ) (34)

veEVy ve{Vy\vo}

where

Suin = S(PAPs\0)) U {Shuy s € Oy, (@3,), f € Pu (Po\fo)} - (35)

In other words, for any v # 0y, we relax the sector condition by allowing the
external fields of v, which are also external fields of 79 and are not equal to fy, to
have a momentum varying, instead than in the original sector, of scale h, in that
of scale hs, containing it.

Let us now observe that the modified running coupling functions do not
depend on Qz,, if g is fixed, as it follows from definition (2.74); hence the only
remaining dependence on Qj, is in x4, (S(Ps,)). It follows, by using Lemma 3.1
for |Py,| < 8 and the trivial bound

*

> 1< eyt thoo=(1Psl=1) (3.6)

91—,0
P\ 0=y (a0



Vol. 4, 2003 Low Temperature Analysis of Two-Dimensional Fermi Systems 169

for | Py,| > 10, that we can bound the sum over Qg,, for any Sy, (g;,), as

*

Z X170<S<P170))

ﬂi(}

‘S(Pﬁo\fo)<6h50 (23q)

< eryoo =P[5 (1o | =3)X(4<I Pog |<8)+ 5 (1Poo | = Dx(1P3o[210)] (3 7)

We are thus left with the problem of bounding a sum similar to the initial
one, but with all the external sector indices on scale hy, instead of h. We shall do
that by iterating the previous procedure, in a way which depends on the structure
of the tree 7 and of the graph T'; the iteration stops at the endpoints, where we
can use the hypotheses (2.90), (2.91) and (2.92).

To describe this inductive procedure, we establish, for any vertex v € V,, a
partial ordering of the s, vertices vi,...,vs, € V, immediately following v on 7,
by assigning a root to the tree graph 7™ and to each anchored tree graph 7;. We
decide that the root of T is the space-time point containing fy; then we assign
a direction to the lines of the tree graph 7, the one which goes from the root
towards the leaves. Finally we decide that the root of T;, is the vertex which the line
of T, enters, where v’ is the x-vertex immediately preceding v € V,, if fy & P,;
otherwise, the root of T, is the vertex containing the root of T*, see Fig. 2.

2
)

>

Figure 2: A possible cluster structure corresponding to a tree 7 of the expansion
for the effective potentials such that sz, = 3. The set T3, is formed by the lines
¢1 and ¢3. The lines different from ¢; and /3 and not belonging to Py, have to be
contracted into the Lesniewski determinants.

The left-hand side of (2.93) is bounded by the product of the right-hand side
of (3.7) and the following quantity:

H Z Xv (gv,ﬁo) [g%ﬁwl}/ H drlﬁ’f{:;ﬁi(xv;)

v>T0,0EVy @ leT\T  i=1

, (3.8)

v,30
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where

QU;'L~)0 = {QU\Q'EO} U {Uf € Ohagvf ep,N (Pf)o\fO)} . (39)

Note that there is no sector index associated with fjy in Qv,go and that, if v is a
x-vertex immediately following 09 on 7, all the sector indices included in QU,;,O
belong to Op,, , since in this case the fields associated with P,\P;, are contracted
on scale hg,.

We now consider the s, x-vertices immediately following vy and we reorder
the expression (3.8) in the following way:

S5
(38) = H Z ij (S’Uj,f)o) H X’U(S’U,’Z)()) H 6“"?’“’;
j=1 Uvzvjﬁv’go “g‘jj 1€Uy>o; Ty
veVx
= b
I / e [K2 o G| | TT O (3.10)
v >v; €T,

where: 1) f drv; is equal to f HleT . dr;, where TU; denotes the subset of the tree

graph T connecting the set z,x; iij if s, = 1, [[;er, 0+ o~ has to be thought as
i v 1%

equal to 1.

We now choose a leave of T, (v1 or vs in Fig. 2), say v*, and we consider the
factor in the product ijl appearing in the right-hand side of (3.10) corresponding
to v*, together with the line [* € T,, entering v* (¢; or 3 in Fig. 2). We can
associate with v* the following quantity, which is independent of all the other
leaves and of the sector indices associated with the lines of T},,:

* *
] = Z Xo* (Sv*,f)o) Z H Xv(gv,ﬁo)
Qv*,f;o UU>U*QU7£'[)\QU*,{JO :ge;

H 5wl+,wf H / drvf

LEU > o Ty il >v*

~h
KU’.Z,QZ' (X’U: )

i

. (3.11)

where >°5 | means that we do not sum over the sector index associated with [*.
v*, 00

In order to bound the expression in the right-hand side (3.11), we have to
distinguish two cases

(a) v* is an endpoint. In this case ngwo = Z;thUVl and Yo+ (Sp.50) = 1,
since the corresponding constraint is already included in the definition of the

modified coupling functions, so that the expression to bound is simply:

S [

o€Qn -1

K hf)*g(xv* )

v

(3.12)
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Hence, conditions (2.90), (2.91), (2.92) imply that

[U*] S C|>\|")/_%(h”* —1)x(| Py* |:4),_Y(hv* —1)x(v* is of type v) ) (313)

(b) v* is not an endpoint. In this case, by the remark following (3.9), the expres-
sion in the right-hand side of (3.11) has exactly the same structure as the
left-hand side of (2.93), which we started the iteration from; one has only to
substitute v with v*, h with hg, and hg, with h,«. Hence we can bound the
right-hand side of (3.11) by extracting a factor

ey (hor =ho0) (5 (1 Pu= |=8)X(4< | P+ |<8)+ 5 (|Pyo+ | = 1)x(| P+ [ 210)) (3.14)

and we end up with an expression similar to (3.8), the line [* acting now as
an external field, since there is only one sector sum associated with it, thanks
to the factor ¢_+ _- present in the right-hand side of (3.10).

oW

It is now completely obvious that we can iterate the previous procedure, for
each leave of Tj,, ending up with a bound of the left-hand side of (2.93) of the
form

(e|A)™ H ~ (B )(3(1Po]=3)x(4<| Py | <8)+ 5 (| Pu| = 1)x(| Py [ >10))
veVy
n
H ,y—%(hi—l)x(vf is of type )\),y(hi—l)x(vf is of type v) ’ (315)
=1

where v’ is the y-vertex immediately preceding v on 7, if v > 99, or the root, if
v = ¥g. On the other hand, given v € V,,, P; = P, if v' < ¥ < v. Moreover,

n
H,Y*%(hrl)x(vf is of type A) _ =7 —3hma(vo) H 7*%m4(v) , (3.16)
=1 v not e.p.
where my(v) is the number of end points of type A following vertex v on 7. It

follows that (3.15) can be written in the form

n

(C|)\|)n’)/ L1 hma(vo) H,Y (hi—1)x(v] is of type v)
=1
DI AR AsIPISS RIS OXRIZI0]  (317)

v not e.p.

which proves Lemma 2.2 in the case |P,,| > 0.
The case P,, = ) is treated in a similar way. The only real difference is that
one has to sum over all sector indices. However, since the set of internal fields Z,,
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is necessarily not empty (our definitions imply that, in this case, 09 = vg), we can
choose in an arbitrary way one field fy € Z,,, and let it play the same role of the
selected external field of vy in the previous iterative procedure. Of course, the first
iteration step, which produced before the “scale jump” factor in the right-hand
side of (3.7), is now missing, but this is irrelevant, since that factor is equal to 1
if |Py,| = 0. All the other steps are absolutely identical, but, at the end of the
iteration, we end up with the sector sum related with fy; this produces a factor
y~zhvo = =3 (h+1) | Thig completes the proof. O

4 The flow of running coupling functions

In this section we prove that, if A\ is small enough, under a suitable choice of

5 1
the counterterm v (k) and up to temperatures exponentially small T > e 0P
the running coupling functions are uniformly bounded, so that the free energy is
analytic in .

4.1 The expansion for £y (w(gh))
By using (2.36), (2.47) and (2.54), we get

oPEE =3 Y S S S

n=17€T},, PEPr: QcO, TET
[Pyg |=2,4
“(<h h
: / dxvol/;gfvo)(PUO)EWT(,137Q\QUO7T(XUO), (4.1)
where, lf on = (fl, ey f4) and we put X(fl) = X; = (xi)o,fi), )21 = (ji,07fi) and
x* is any point in Xy,
cw™) =5 d(z,\i5) W) % 42
T,P,Q\szUO,T(E) (20) (Zo\70) T,p,g\gvo,T(K) ) (4.2)

while, if P, = (f1, f2) and m(Py,) = m(f1) + m(f2) =0,
LW o 21, %2) = dano — w20) / dir oW o oK), (43)
and finally, if P,, = (f1, f2), m(Py,) = 1,
EWiﬁ:),,Q\QU(J’T(Xl,Xg) = 0(x1,0 — T2,0)
./dil,o(g}l,o — 2.0 W ' o\q,, r(F1 %) - (4.4)

Note that there is no other case to consider, since, as a consequence of the freedom
in the choice of the field carrying the derivative in the endpoints of type z, there
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is no contribution to the effective potential with n > 2 and a derivative acting on
the external fields of vy, before the application of the £ operator.

Let us consider first the contributions to the right-hand side of (4.1) coming
from the trees with n = 1. These trees have only two vertices, vy (of scale h + 1)
and the endpoint v*, whose scale has to be equal to h+ 2. If we impose the further
condition that P,- = P,,, the sum of these terms is equal to LV (7, (=R,
In order to control the flow of the running coupling functions, we need a “good
bound” of the remaining terms.

Let us consider a contribution to the right-hand side of (4.1), such that n > 2
or n =1 and P, # P,,. By proceeding as in §2.5, it is easy to show that

(h)
LW e S\, 7 (%u,) Z T, P \Qy T, o(Xvo) 5 (4.5)
a€Ar
where Ar is a suitable set of indices and W' r2 2\ 7.o(Xv,) can be represented as

in (2.69). There is indeed a small difference, because of the delta function and the
integral appearing in (4.2), (4.3) and (4.4), but it can be treated without any new
problem. Moreover, by the considerations of §2.6, if we insert (4.5) in the right-
hand side of (4.1), we can substitute W% P g T, o (Xyy) with Wfﬁ;g‘??a(xm),
obtained by using the modified running couphng functions in place of the original
ones. As before, these modified functions are not constant with respect to €,,. We
can prove the following Theorem, analogous to Theorem 2.1.

Theorem 4.1 If conditions (2.90), (2.91), (2.92) are satisfied, given a couple of
integers (p,m) equal to (2,0), (2,1) or (4,0), we have:

YY XYy famaw

T€Th,n TeT aceAr Q€0
" pyg 1= pm(P%) m T

< (APl (4.6)

L,mod)
r( PT]OT o(Xup)

with dezt(p) defined by (2.103) and Y™ means that, if n = 1 and v* is the endpoint,
Py # Py,

Proof. We can repeat step by step the proof of Theorem 2.1 and use the remark
that, in the identity (2.95), go = m. O
4.2 The beta function

The discussion of §4.1 and the definition of modified running coupling functions
(MRCF in the following) of §2.6 (see in particular (2.75)) imply that
S\h.a(i') = (8'4,h,g * )\h-‘rl)(z) + (34,)1@ * ﬁﬁ£1)<‘~’h+1’ s "Nfliz) ’ (4'7)

’7h,g@) =7 (SQ,h,g * Vh+1)@) + (SQ,h,g * ﬁ}%fl)({’fﬂrlv NRE @ » (4-8)
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Zho (@) = (S2.n.0 * 204+1) (@) + (To.n.o * 5;21i1)(‘~’h+17 LV D) (4.9)
where vi, = (An, Vn, 21), Vi, is the set of the corresponding MRCF, Z = (%1, ..., %),
g = (01,...,0p), with 0; € Op—1 and p = 4 in (4.7), p = 2 in (4.8) and (4.9).
Finally, the beta function B (Vh, ..., v1;Z) is defined by the equation

ﬁﬁinl (Vh7 v 7V1;£) = FYih.X(p:Q’m:O) (410)

Y Y Y Y Y [daWiaa,

n=17€Tp,n PilPugl=p TET O\Q,, a€Ar

m(Pyg)=m
Note that, given a tree contributing to the right-hand side of (4.10), we can
substitute the RCF with the MRCF in all endpoints except those containing one
of the external fields of vo. However (§, ;. * 6;)7) is indeed a function of the

P
MRCF, as we made explicit in the right-hand side of (4.7)-(4.9) and

EES

(o * O Tty ooy V13 2) = 7 X@=2m=0 % 7 % 7 >

n=171€T;, P
" Pyg |=p, m(Pyg)=m

XYY [ dw\e) G WEERI . (.11

TeT o Q a€Ar

v =g

Iterating (4.7), (4.8) and (4.9) we find, for h <0,

1

Ah,d(i) = (3{4,h,g * 5ﬂ)(i) + Z (3{4,h,g * ﬁ;‘l,o)({’jv s 7{’1;2‘) ) (412)

j=h+1
ﬂh,g(f) = 7_h+1({§2,h,g*91)(@
1
+ > AT oo+ B0y, V) (4.13)
j=h+1
1
Zo(@) = Sano*2)@ + Y Bone 87 Fss Vi3 E), (4.14)
j=h+1

where, ignoring in the notation the spin dependence of v(Z), see (1.8), A () =
(8"4)1,9 * )\1)(@), with )\1(@) = —/\’U(.’Z"l — fg)é(fg, — f1)§(f4 - {fg), and 51(2) =
(82.1,(0,0) * v1)(Z). Furthermore Z1(Z) = z1(Z) = 0 and v1(Z) must be suitably
chosen.

We note that it is possible to choose the functions Fh’g(l;:') appearing in the

definition of the operators (§, 4., * -), see (2.73), in such a way that, if h <0,

> 1 - -
le(k) — p| < eoy" = 3 Z Frok)=1. (4.15)
oe0y



Vol. 4, 2003 Low Temperature Analysis of Two-Dimensional Fermi Systems 175

In order to simplify the following discussion, we shall suppose that the property
(4.15) is satisfied. Moreover we define Oy, = ®_; Op.

Theorem 4.1 implies that, given h < 0, the MRCF are well defined for h <
h < 1,if XA and 7,(Z) are small enough. We want to show that, given A small
enough and log 8 < ¢o|\| 71, it is possible to choose 71 (Z) so that the MRCF are
well defined for hg < h, with hg defined by (2.6). We shall try to fix 71 (Z) in such
a way that

1

— ~ = — j— 1 2,0N /o ~ —
~ h,8+1y1 @)+ Z v hg+j 1Z Z (%2,].7% *ﬁj’ )(Vj, .,V E) =0, (4.16)
J=hg+1 ;€02

so that (4.13) becomes:

h
U g(i) == Z 7_h+j_1
j:h5+1
R - I
. Z Z (SQ,h,g * ‘SQ,j,gj * 63‘70) (Vja v 7V1;£) ) (417)

a;€0;,2

where, given o = (01,02) € Oy 2, Z;eom is the sum restricted to the g; =
(0'/170'/2) S Oj’2 such that Sh’gi n Sj’g/i 7& @, 1=1,2.

In order to present our results, we have to introduce a few other definitions.
Given h < 1 and w € Op, we denote by Dj,, € R? the support of Fh,g(lz).
Moreover, if p = 2, 4, we call M, ,, the space of functions G (Z) : Oy, p ¥ R” - R,
such that

1) for any g € Oy p, G5 (&) is translation invariant;

2) for any g € Oy, p, the Fourier transform G‘E(E) of G4 (Z), defined so that,

- dE —ikE A (T S
G,(@) = / G ¢ FEGalh) 5(; k) | (4.18)

with e; = —eg =4, if p=2,and ] = €3 = —e3 = —e4 =+, if p=4,is a

continuous function with support in the set ®?_, Dy, ;..
Given G € My, ,,, we shall say that G,(Z) is the g-component of G. These defi-
nitions are such that 7y, ,(Z) and 2, ,(Z) are the g-components of two functions
vy, and Z, belonging to My, 2, while A, (%) is the g-component of a function
An € Mh74.
We shall define a norm on the set My, , by putting

|Gllnp = sup > /d(i\fj)ng@)l - (4.19)
1,0,€0p
jz;eR2 \T1€O0R 1
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Finally we shall define 901, as the set of sequences G = {G), € My, ,, hg <
h < 1}, such that the norm

16l =, max [1Glns (420)
is finite. We want to prove that the sequence X\ = {Ap,hg < h < 1} is well
defined as an element of M4, while the sequences UV = {Dh,hg < h < 1} and

Z = {Zn,hg < h < 1} are two elements of M.

We begin our analysis by “decoupling” equations (4.12) and (4.14) from
(4.13), that is we imagine that, in the right-hand side of (4.12) and (4.14), 7 is an
arbitrary element of 95, acting as a parameter. We want to look for a solution
(A(@) € My, 2(7) € My). We shall prove the following lemma.

Lemma 4.1 There exist positive constants Cy and Ca, depending only on first and
second order terms in our expansion, such that, given two positive constants Cs >
C1 and Cy, there exists Ao so that, if |A\| < Ao,

2C5Cy max{1,Cy  H\||hs| < 1 (4.21)
and ||0||2, [|7']]2 < Cs|Al, then, for hg < h <1,

IA@)A]na < 2C1 A3

|Z(D)nlln2 < CLIAL, (4.22)

X/~ X/~ _1 ~ ~
IX@)h =A@ )nllna < Cay 2h1jn>‘cl;<||l/h = Uplln2
Z(@)n — 2@ )nllne < Ca r;ﬂf,fﬂﬁh — Dl - (4.23)

Proof. Note that, if F}, .,(Z) is the Fourier transform of F}, ., (k), then

Cnyh

Rl hy N
L+ (s + 7 fos] )

Fial@)] < , (120

so that f dx |Fhw(f)| < ¢y for some constant ¢y independent of A and w. It follows
that there exists a constant C, such

Xlla <2CUA Y2 |8 ang * Mllna < CiIAy 2, (4.25)

having used also Lemma 3.1 for the second inequality.
We shall prove inductively that, if ||[D|]a < Cs|A|l, with C5 > Ci, then
IA@)nllna < 2C1 Ay~ 2" and [|Z(9)n|lne < Ci|Al. This bound is satisfied for

h = 1, by the first inequality of (4.25) and the fact that Z; = 0; let us suppose
that it is true for any j > h. Then, by using (4.12), (4.14), the second inequality
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of (4.25), Theorem 4.1 and the fact that 53(4’0) and ﬂ]@’l) do not have first order
contributions, we find

1

IX@llna < Gl 34478 3 [ConCiCaA2 + 3 ()]

<
j=h+1 n=3
1 o]
E@nlle < Y [ConCrGaAR + 3 ()] (4.26)
j=h+1 n=3

Hence, if A small enough and 2|A||hg|Cs max{C2 x,C2.} < 1, then ||5\(ﬂ)h||h74
< 201 Aly~ 2" and ||Z2(2)a|n2 < C1|Al, up to h = hg.

We still have to prove that, if ||7||2, ||7/|]2 < Cs|A|, then the bounds (4.23)
are verified. We shall again proceed by induction, by using that 5\(5)1 — 5\(17’)1 =0,
since A; is independent of 7, and that Z(P)1 = 0. Then, if we suppose that the
bound is true for any j > h, we find

X/~ Y/~ _1 ~ ~
IA@) = A )nllna < v 2h1§13}§||uj—u§||j,2

1

. Z 6'2,,\03 max{l, C4}|/\| + Z Cnl/\|n_1
j=h+1 L n=3 d

Z@)n — 20" )nl|n,2

IN

max [[7; — 7j];.2 (4.27)

1 i oo ]
- > [ Co2Camax{1, Cu}[A + > " |A"!
j=h+1 L n=3 ]

Hence, if A small enough and 2|\||hs|Cs max{1,C; '} max{Cy ,Cs.} < 1, the
bound is verified up to h = hg. The constant Cy appearing in the condition (4.21)
can be chosen as Cy = max{Cs »,Cs ,, C~’2,)\, C’Q,Z}. O

We want now to show that there is indeed a solution of the full set of equations
(4.12)—(4.14), satisfying condition (4.16).

Theorem 4.2 If |\| is small enough there exists a constant ¢y such that, for co|)|
log 8 < 1, it is possible to choose 11 (Z) so that the MRCF satisfy the hypothesis of
Lemma 2.2, (2.90), (2.91) and (2.92).

Proof. In order to prove the theorem, it is sufficient to look for a fixed point of the
operator T : 9y — My, defined in the following way, if ' = T():

*

h

_ htjo1 L - C o

vy, =— E e B 1 E (32,h,g*8{2,j,gj*ﬁf',o)(vj(y)?'-->V1<V);£)’
j=hg+1 ;€02

where v;(7) = (A\(), 7, 2(P)).
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We want to prove that it is possible to choose the constant C, > 1, so
that, if C is the constant defined in Lemma 4.1 and |A| is small enough, the set
F={v €My :||p|]2 <2C1C,|\|} is invariant under T and that T is a contraction
on it. This is sufficient to prove the theorem, since 95 is a Banach space, as one
can easily show.

By using Theorem 4.1 and Lemma 4.1 (with C5 = 2C,C,), we see that, if ||
is small enough and 4C>C, C, max{1,C; '} A||hg| < 1 (Cy4 will be chosen later),

h o

1 - j— hod n n

173 llhe < D> A"y [CL,CiIA + D A (4.29)
Jj=hpg+1 n=2

where 'y% is, up to a constant, a bound for the number of sectors ¢’ € O;

with non empty intersection with a given o € Oy, h > j and (', is a constant
Cl,u

= and

depending on the first order contribution (i.e., the tadpole). So, if C,, >
S, "IN < C1uCh| A, then |7 ]| < 2C1Cu A
We then show that T is a contraction on F. In fact, given 01,05 € F, by

using again Theorem 4.1 and Lemma 4.1, we see that, under the same conditions
supposed above,

h
174, — Tl < S My
j:h/3+1

'+ max 11,0 = || | CruCa 4D AP (4.30)

n=2

so that, if Y07, A" < C1,C4/2 and Cy = (2C,)7 ", then ||7] — #|| <
31|01 — o], if 8C2C1C2[A||hg| < 1. So the stated result follows and the constant
¢p can be chosen, by using (2.6) and by supposing that eq < 7, as

Co = 2(10g 7)_1010127,} maX{CQ,,\, 0272, 6'2,,\, 6'272} . (431)
]

Remark. We have proved that the flow of the MRCF remains bounded and small
up to temperatures T > e~ (D™ with ¢ given by (4.31). Note that C7, is
a bound for first order contribution to 7j, in the norm || - ||,2, see (4.19); more
exactly is a bound for the contribution from the tree with one endpoint to the
second addendum of the right-hand side of (4.13). In the same way 'y_h/202,,\ is a
bound in the norm || - || 4 of the first non trivial contribution (a second order one)
to A, and so on. Finally Cy is equal to ¢* [ dZ(1 + |Z]2)|v(Z)], if ¢ is the constant
appearing in the sector counting Lemma 3.1.
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5 The two point Schwinger function

In this section we define a convergent expansion for the two point Schwinger func-
tion which allows us to find its large distance asymptotic behavior and to complete
the proof of Theorem 1.1.

The Schwinger functions can be derived by the generating function defined
as

W(¢) = log/p(d¢)e—V(w)—N(w)+f dx[pf 5 +v 5] , (5.1)

where the variables ¢% are defined to be Grassmanian variables, anticommuting
with themselves and ¢Z. In particular the two point Schwinger function is given
by

82

S&Y) = Gotasy

W(e) : (5.2)

»=0

We can get a multiscale expansion for W(¢), by a procedure very similar to
that used for the free energy, by taking into account that the interaction contains
a new term, linear in ¢ and ¢. This novelty has the consequence that new terms
appear in the expansion, containing one or more ¢ fields linked to the correspond-
ing graphs through a single scale propagator. In order to study S(x —y), it is
sufficient to analyze the structure of the terms with one or two ¢ fields.

Let us consider first the terms produced after integrating the scales greater
or equal to h + 1 and linear in ¢. These terms can be obtained by taking one
of the contributions VW (7,P) = >, VW (7, P,Q) to the effective potential on
scale h and by linking one of its external lines, say f, with the ¢ field through a
propagator of scale j > h + 1, to be called the external propagator. However, one
has to be careful in the choice of the localization point in the vertices v such that
f € P, and |P,| < 4 (so that the action of R in v is not trivial); we choose it as
that one which connects f with the ¢ field (hence no derivative can act on the
external propagator, when one exploits the effect of the R operations as in §2.5).
This choice has the aim of preserving the regularizing effect of the R operation,
based on the fact that, if a field acquires a derivative as a consequence of the R
operation on scale i, then it has to be contracted on a scale j < i, so producing
an improvement of order v~ (=7) in the bounds. Note also that, because of the
localization operation, the scale j of the external propagator can be higher of the
scale of the endpoint @, such that f € P;.

The situation is different in the terms with two ¢ fields, connected through
two external propagators of scale j, and j, greater than A and involving two
fields, of labels f; and f,. There are two different types of contributions. The first
type is associated with trees 7 satisfying the following conditions:

1. the root has scale h,. > h,

2. T,, (the set of internal lines in the vertex immediately following the root) is
not empty,
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3. there is no external line in vg, except f; and f,, the lines contracted in the
external propagators.

These terms are produced, in the iterative integration procedure, at scale h, + 1
and, after that scale are constant with respect to the integration process. The
other type of terms is associated with trees such that

1. the root has scale h,
2. |Pyy| > 2.

These terms depend on the integration field
the subsequent integration steps.

Given a tree 7 (of any type) with two ¢ fields, the corresponding contributions
to W(¢) are obtained in a way slightly different from that described in the case of
the effective potential. Given j, and j,, larger or equal to h + 1, select two field
labels f, and f, and call ¥ the higher vertex, of scale h, such that

1. h < min{js, iy},
2. fr and f, belong to F;.

Let C be the path on 7 connecting v with vg. Given v € C, we avoid to apply
there the localization procedure, because the R operation, no matter we choose
the localization point, would give rise to terms with a derivative acting on the
external propagators (which is not convenient, see above). In all other vertices of
7 the localization procedure is defined as in the case of the free energy expan-
sion, by suitably choosing the localization point in the vertices following v and
containing f, or f,, as explained above. Then we substitute f, and f, with two
external propagators of scale j, and j,, respectively. Note that these propagators
can acquire a derivative, as a consequence of the R operation acting on a vertex
v, only if h, is greater or equal to their scale (j, or jy).

The previous considerations imply that S(x —y) is given by the following
sum:

(=h) 5o that they are involved in

Sx—y)=gx-y)+ Y Z Z > Y Sepx-y),  (53)

h:hB r=hg—1n=1 TETh Jhye P

where the family of labeled trees 7"~ and the families of external lines P, can
be described as in §2, with the following modifications (see Fig. 3).

1) There are two field labels, f; and f,, two scale labels j, > h and Jy = h, and a
vertex ¥ such that hy = h, fz, [y € Ps and there is no other vertex v > v such that
hy < min{j;,j,} and fu, fy € Py; we shall call v, and v, the endpoints (possibly
coinciding) that f, and f, belong to. Note that we are not introducing the sector
decomposition for the external propagators and that the vertex v can be lower
than the higher vertex preceding both v, and v, (opposite to what happens in
Fig. 3).
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/ o
v
_ 4 p
" v < v .\ v

R T <§:<'

~
h, h +1 +2

Figure 3: An example of tree contributing to S(x —y).

2) Given f; and fy, let C be the path on the tree (see dashed line in Fig. 3),
connecting v with the lowest vertex vy, of scale h, + 1. If v € C and v # vy,
|P,| > 4, while |P,,| = 2.

Given 7 € 7,»"» and P, we have

Sep(x—y) = [99) « Wep g, 5 97 (x — ), (5.4)

where * means the convolution in x space and W; p ;, ;, differs from the kernel

(hr+1) _ (hr+1) (hy) (hr+1)
Kp' W = EQ\QUO Ky pq of VI(7,P,Q) (see (2.48) and note that K p o
does not depend on £2,,) only because no R operation acts on the vertices of C.

We now consider the Fourier transform S(k) of S(x—y), which can be written
in the form:

S(k) = 4(k) (1 S (k)) : (5.5)

where g(k) is the free propagator. In order to prove Theorem 1.1, we have to show
that S1(k) is a bounded function.
Let us define by, = max{h : §(" (k) # 0}. By using (5.4), it is easy to see that

oo min{jz,jy

hac } h-1
NESE =Y > > > > Y Seegea, ). (5:6)

Jody=hk—1n=1 h=hy hr=hg—1_cqhhr P
implying that
|S1()] < | A7y

oo min{jm7jy} h—1

sup > > > YT SISl (BT

Jajy=hx—1,hk , h=hg hr=hg—=1 cphhrr P

where ||.||1 denotes the L; norm.
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We can bound ZreTf'h’T > p 1S Pj..5,1l1 by proceeding as in §2.7. Since
the combinatorial problems are of the same nature, we can describe in a simple
way the result by dimensional arguments. We can take as a reference the bound of
Jh, n(2,0), see (2.79) and (2.101), that is the bound of the L; norm of the effective
potential terms with two external lines on scale h, and no external derivative, and
multiply it by a factor v ~7=~Jv_ which comes from the external propagators (the
derivatives possibly acting on them are absorbed in the “gain factors” ’y*(h’h,),
produced by the localization procedure, so that they do not give any contribution
to the final bound). There are two relevant differences.

1) There is no regularization on the vertices with four external lines belonging
to C. This implies that one “looses” a factor v !, with respect to the bound
(2.101), for each vertex v € C such that |P,| = 4.

2) The external propagators sectors are not on the scale h,., but they are exactly
fixed. Hence, we have to modify the momentum conservation constraint (2.76)
in the tree vertices v such that f, or f, belong to P,, in order to remember this
condition when we bound the sector sums. Then, we have to prove a lemma
similar to Lemma 3.1, by substituting one sector sum with the constraint
that one momentum is exactly fixed. It is not hard to see, by using Lemma
7.5 and by proceeding as in §7.4, that we get a bound of the same type of
that of Lemma 3.1.

The previous considerations, together with the bound (2.101), allow to prove
that

Z Z ||ST,P,jI,jy||1 < (C|)\|)n7hr72hk

TETﬁ’hT P
PSP BN | s " (5:8)
reT T | Pug ‘ 2 not e. p.

where 0} = §(|B,]), if v ¢ C, otherwise 8} = 6(|P,|)+ x(|Py| = 4). By using (2.102),
it is easy to see that, if we define 0, = 0F —1/2,if v € C and by = 0% otherwise,
b, < 0 for all v € 7. Hence, the bound (2.104) is still valid, if we put b, in place of
5(|Pyl]), and we get

hi
151 (k)| ey ey Z yhroyh=ho)/2

h hg r—h,a 1

hi
¢ Z ,Y*(hk h) Z v (h—h < (5.9)

h,.=hg—1

IN

IN
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6 The rotation-invariant case

We consider now the Jellium model, which is defined in the continuum with (k) =
k|2/(2m) and v(Z — ) = o(|Z — §|), implying rotation invariance symmetry. In
particular, pp = |pr(0)| does not depend on 6 and the two point contribution to
the effective potential WQ( )(ko, =/ deQ( )( ) exp(ikx), see (2.17) and the line
before (2.15), is of the form W2 (ko, |k|), where Wéh)(ko,p) is a function of two
variables. We show that in such a case we can choose the counterterm IQ(E) as a

1

constant v, if the temperature T is big enough, i.e., T' > e =X where ¢ is a

constant depending on a bound to all orders of multiscale perturbation theory.
In order to get this result, we must change the localization definition, so that

1. £W2<,’j> =0ifn>2
it =1, LW ko, B) = WE(0, pr) = vhun.

We want now to analyze the properties of the R operator. If we put, as in
(2.32), for any ke Shws w € Op, k=k + Pr(0hw), we can write

1
_ d I
RW (o, B) = / dt W (tho, R + 7 (6n,0)1) (6.1)
0

1
_ / dt [koakowgh’ (tho, p(t) )
0

(tki +pr )k + t(k3)?
p(t)
where, for any vector ¥, we are defining v1 = - 7(0h,w), v2 = - T(0),.,) (see (2.31),
recalling that now €,.(0) = 7i(6), €:(0) = 7(0)) and p(t) = \/(tk] + |[pr|)? + (tk})2.
It is easy to see that the term apW2(h) (tko, p(t) ) in (6.1) can be rewritten in
the following form:

oW (tho, p(t) )] |

WS (tho, p(t) ) = cos 0(t)Dk, W3 (tho, tK' + Fr(0h.))
+ sin 0(8) O, Wi (thio, K + Fr (On.e)) (6.2)

. tk/ +pF . tké ~ (h) ith . tE’ 500 .
= dy (Zy 17 + Zy TN W y 61 0y0+1’( +pF( h,w))y ,
/ 0) “p(t)) 2 ¥)

where 0(t) is the angle between 7(6},..,) and tk’ + prp(6).,). Substituting (6.2) in
(6.1) we get, if p, = (0, 9F(0n,w

)
RVO (=) = 3 / dk

o,we0y,

Z / dt/ dk (<h)+ (<h)—/d W(h)( )i(tk’+pw)y

o,we0y,

(<h)‘f: w(<h)— Rw(h) (k)

k—po,w
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. (thy +pr)k) + t(ky)? (tkll +pr tk
- |ikoyo + 11+ 1Y 6.3
| 0 a0 63
Let us define the operators D;(t), i = 1,2, so that
Dyt = / k' e R+ pr (R + pr)RL + H(Ry)? 5 (<ne
(2m)3 p(t) p(t) Kow

DQ(t),l/)(Sh)E — . / dk/ eiek’x tk/Q (tkll +pF)ki + t(ké)Q 7(Lh)e (6 4)

o @2r) p(t) p(t) K '

Hence, (6.3) can be written as

RV (M) = - 37 / dt/ o / dy Py =P (y )yt

o,we0y,
(w0 — 20)do + (y1 — 1) D1 (t) + (y2 — w2) Da (D] Vi),

= > / dt/dx/dy ePoy—ipuxT () (v ) (6.5)

o,w€eOy
(o = 20)00 + (y1 — 21) D1 (1) + (y2 — w2) Da(B)] Wiy o LS~

where

nt) = y+ilx-y)
) = x+tly—x). (6.6)

It is easy to prove the following dimensional bound.

Lemma 6.1 Given non negative integers N,ng,ni,n2, m = ng + ny + no, there
exists a constant Cn m, such that

,Yh(%+no+n1+%n2)

|85° DY D52 g(" (x)] < Cnm (6.7)

N 9
L+ [(vh20)? + (vho1)2 + (77 22)2

where DI denotes the product of n factors D;(t;), j =1,...,n.

Remark. Each operator D;(t) improves the bound of the covariance by a factor
at least 7" this is what we need to obtain the right dimensional gain from renor-
malization operations, which also produce a factor 'y_h/ on a scale h/ > h. This
is a consequence of rotational invariance; in fact a naive Taylor expansion would
apparently produce a term of the form (yo — 22)9s,, which would give rise to a
“bad factor” v~ +7/2 in the bounds.

We can now repeat the analysis of the previous sections, in a much more
simple context. In fact it is easy to see that it is possible to fix v1 in such a way that
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vy, stay bounded for hg < h < 1. Furthermore we can easily perform the bounds
for the nt"-order contributions to the kernel of the effective potentials or to the
two point Schwinger functions. In both cases we find that, unless for the external
dimensional factors, the n*"-order contributions are bounded by (c|\|)"(log 3)" !,
where the diverging factor (log3)" ! is due to the choice of not localizing the
four-legs clusters and of localizing the two-legs clusters only at the first order. So
the result of Theorem 1.1 in the rotational invariant case easily follows.

7 Some technical lemmata

In this section, we first prove a few geometrical properties of the dispersion relation,
see §7.1, and the consequent bound on single scale propagators given in Lemma
2.1, see §7.2. In §7.3 we prove a parallelogram lemma, i.e., an implicit function
type theorem stating that, given a vector b varying in a small neighborhood of
Pr(01) + Pr(B), with |6 — 6, > 0, (see (7.23) below), b can be uniquely written
as pr(01) + pr(f2), with 6; varying in a small interval around 6;. This is the key
result we need in order to prove the sector counting Lemma 3.1.

7.1 Geometrical properties of the dispersion relation

Let B={p € R? : le(P) — p| < eo}; the hypotheses on (p) described in §1.2
imply that there is a C*° diffeomorphism between B and the compact set A =
T" x [—eo, eo], defined by

p=q0,e) =u(d,e)e.(0) , (A,e)eA. (7.1)
Moreover, the symmetry property (1.11) implies that
g0+ m,e)=—q0,e), (7.2)

a property that will have an important role in the following.

Let us now introduce some more geometrical definitions, which we shall need
in the following. For any fixed e, we can locally define the arc length s(6,e) on
Y (e); we shall denote 9/0s the partial derivative with respect to s, at fixed e, and
we shall sometime use the prime to denote the partial derivative with respect to
0. If 7(0,e) = 0p(0, e)/Os is the unit tangent vector at X(e) in ¢(6,e), we have

s'(0,e)7(0,e) = g(@,e) =u'(0,e)e-(0) +u(0,e)er(0) ,
s'(0,e) = Ju'(h,e)? +ub,e)?, (7.3)

where €;(0) = (—sin 8, cos9).
Analogously, if (6, e¢) is the outgoing unit normal vector at 3(e) in ¢(0, e)
and 1/r(6,e) is the curvature (which satisfies the convexity condition (1.9)), we
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have

s'(0,e)ii(0,e) = wu(f,e)e-(0) —u'(0,e)e;(0)
P iy oy s'(0,¢)®
W(G,e) = s'(0,e)T(0,e) — (0.0) 70, e) . (7.4)

Lemma 7.1 The angle a(0,e) between 7i(0,e) and €.(0) is a monotone increasing
function of 6, such that, if ||01 — 02|| denotes the distance on T,

cil|bz — 61| < (02, €) — a(br, e)|| < c2|f2 — 61| ; (7.5)
moreover, a(0 + m,e) — a(f,e) = 7.

Proof. By using (7.3) and (7.4) and Taylor expansion, one can easily prove that,
if a; = a(b;,e),

A
sin(as —a1) = fi(fa,e) F(0ne) = (B2 — 001D L0, — 012, (7.6)
r(61,¢e)
ﬂ ﬂ (62 — 61)% 5™ (61, ¢) 3
COS(O[Q*OQ) = TL(92,6)~TL(01,6):17 9 T2(91,6) +O(92701) ,

which implies (7.5) for |#; — 0| small, hence even for any value of 62 — 61, together
with the monotonicity property. The fact that a(6 + m,e) — (6, e) = 7 is a trivial
consequence of (7.2). O

We denote by pr(6) = ¢(0,0) the generic point of the Fermi surface Xp =
32(0). Moreover, to simplify the notation, from now on we shall in general suppress
the variable e when it is equal to 0; for example, we shall put pr(0) = u(0)é.(0).
Let us consider an s-sector S, ,, see (2.72).

Lemma 7.2 If p'= pé,(0) € Shw, h <0, w € Oy, then
p—u@| <y 10— Ohu| < Ty (7.7)

Proof. The bound on 6 follows directly from the definition of S ,. On the other
hand, the identity

u(6) .
e(P) — = e(per(9)) —e(u(B)er(9)) = / dp’ €.(0)Ve (p'é.(0)) ,  (7.8)

and the property (1.10) of £(p), easily imply the bound on p — u(6,0). O

The following lemma shows that, if p'€ Sp, ., the difference between p and
Pr(0h.) is of order 4" in the direction normal to ¥ in the point §r (6}, ), while
it is of order 4"/ in the tangent direction.
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Lemma 7.3 If g€ Sh o, h <0, w € Oy, then

P=0rOhw) + k17i(Ohw) + ka7(Ohe) . |kl <y, |kl <2 . (7.9)
Moreover,
a S -
S (00.0) + Ral(Oh) + ka7 (0n0))| < o2 (7.10)
2

Proof. If p = pé,.(6), by Lemma 7.2 |p — pr ()| < cy". Hence, to prove (7.9),
it is sufficient to prove that |[pr(0) — pr(0h.w)]i(0hy)| < ey and |[pr(0) —
P (0n.0))7(0n0)| < ¢y"/?. These bounds immediately follow from the following
ones, which can be easily proved, by using (7.3), (7.4) and some Taylor expan-

sions:

[Pr(61) — Pr(62)] - 7i(62) = O(61 — 62)* (7.11)

[PF(01) — Pr(62)] - T(02) = O(01 — 62) . (7.12)

It is sufficient to put here 61 = 6, 63 = 6}, ,, and to recall that 6 — 0y, ,, = O(y"/?).
Let us now observe that, if we derive with respect to 8 the identity e(u(6, e)-
é-(0)) = e, we get, for any p' € B,

[Ve(@)7(0,e)]s'(0,e) =0 = Ve(p) = a(b,e)i(d,e), (7.13)
a(f, e) being a smooth function, strictly positive by (1.10). Hence, if 5 € Sy, ., by

using the first line of (7.6), (7.13) and the fact that |e(p) — u| < ey", |0 — 00| <
h/2
ey

a;(f) = Ve(p) 7(Onw) = a0, e)i(0,¢) - 7(0n.)
2

= a8, e)ii(0) - F(Oh.) + O(Y") = O("/?) , (7.14)
which proves (7.10). O

Given p’ € Sh ., we shall also consider the projection on the Fermi surface,
defined as

pL=pr0L)=p—xi(0L). (7.15)
Note that (7.15) has to be thought as an equation for 6, and x, given p'; it is easy

to prove that, as a consequence of the condition (1.9), this equation has a smooth
unique solution, if e is small enough, what we shall suppose from now on.

Lemma 7.4 If 7 = pé,(0) € Shw, h <0, and = and 01 are defined as in (7.15),
then |z| < ey and |0 — Onw| < ey,
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Proof. (7.9) and (7.15) imply that

ki = [ﬁF(HJ_) - ﬁp(eh,w)] . ﬁ(&hw) + l’ﬁ(@J_) . ﬁ<0h,w) , (716)
ky = [ﬁF(HJ_) —ﬁp(eh,w)] -F(Ohw) +.’L’ﬁ(9J_) -%’(O;W) . (717)
By using the (7.11), (7.12) and (7.6), one can easily complete the proof of the
lemma. 0

7.2 Proof of Lemma 2.1

The bounds on ki and ko in (7.9) imply that [dpFy.(p) < ¢y**/2. On the
other hand, if F, ., (p) # 0, | — ipo + (p) — pu| > 7", so that (2.33) implies the
bound |g{” (x)| < ¢y3"/2. 1t is also very easy to prove that |07g{" (p)/0p?| and
|8"§§Jh)(p)/8k?| are bounded by ¢y~ ""+1). Hence, using simple integration by
parts arguments, one can show that |22\ (x)] < ¢y"3/2=™) and |2," ¢ (x)| <
cy"3/2=1) Moreover, it is easy to prove that

R n nl _ 0 n
075 (p)/0k3| < eyt [y sup |2ZPL]" (7.18)
P

which implies the bound |a" (" (x)| < cy"(3/2=1/2)_ Finally, by using Lemma 7.3,
it is easy to prove that the previous bounds have to be multiplied by y™", if one
substitutes gé,h)(x) with Bmgé,h)(x)/ax()" or Bmgé,h)(x)/(?x'lm, while they have to
be multiplied by 7™"/2 if g0 (x) is changed in 9™ g{" (x)/dx},™.

The bound (2.35) is a simple consequence of the previous considerations. [

7.3 The parallelogram lemma

Let us consider the map F, defined on the two-dimensional torus T2, with values
in Rz, such that, if (61,62) € T? and b = F(61,02), then
b=7r(6) + r(6s) - (7.19)

The differential J(6;,02) of F is a matrix, whose columns coincide with s'(61)7(61)
and s'(02)7(02). Then Lemma 7.1 implies that det J # 0, hence F is invertible,
around any point (61,62) € T, where

T = {(61,05) € T? : sin(6; — 63) # 0} . (7.20)

Moreover, if [|6; — 05|| = &, b = 0, while, if 6; = 6y = 6, b = 2u(6)é,(6). Finally,
7T is the union of two disjoint subsets, which are obtained one from the other by
exchanging #; with 65, and each one of them is in a one-to-one correspondence
through F' with the open set

D={j=pé(0): 0<p<2u®),0ecT}. (7.21)

The following lemma will have an important role in the following.
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Lemma 7.5 Let (01,02) € T, b= pr(6h) + pr(62),

¢ = min{||0y — fa||, 7 — ||, — Go]||} > 0, (7.22)

=L

=ri(01) +r27(01) , i <emd , ro] << ead. (7.23)

Then there exist cg, ¢ and 19, such that, if co < ¢ and n < ng, then b+7eD
and

b+ 7= Pr(01) +pr(b2) , |6 —0;| < com. (7.24)

Proof. We shall consider only the case ¢ = ||, — 02]; the case ¢ = 7 — ||0; — 05|
can be easily reduced to this one, by using the symmetry property (7.2). We shall
also choose the sign of 61 — 92, so that ¢ = G — 0.

Let us define §; = 6; — 0;, § = /67 + 03; then we can write, by using (7.19),
(7.3) and (7.4), if b+ 7 € D (which is certainly true, if 7 is small enough),

;o dpF(91)51+ dpr(62)

7 o021 0(6%)
= (518/(9_1)7_"(91) + 528’(0_2)7_"(9_2) + 0(52) . (725)

Let us now put §; = nx;, r1 = nor1, ro = nre; condition (7.23) takes the form
|71] < ¢1 and || < 1. Since, by hypothesis, 7 < co¢, the condition b + 7 € D is
satisfied, together with (7.24), if and only if the following system of two equations
in the unknowns x1, x2 has a unique solution:
T1¢
S L L 0T
s'(02) sin[a (1) — 05(92)]
@

b 7:% B fl?cos[a 1) ( 2)] +O(n) + O(c2) (7.26)

s'(01)  s'(61) sin[a(01) — o(62)]

where a(f) is defined as in Lemma 7.1 and O(cz), O(n) are of second order as
functions of the z;’s.

By using Lemma 7.1, we see that the right sides of (7.26) are bounded for
¢ — 0. Hence, by the Dini Theorem, (7.26) allow to uniquely determine x; and
x9 for any ¢ > 0, given 7, if  and ¢ are small enough, and |6;| < ¢on, with ¢
independent of cs. O

7.4 Proof of Lemma 3.1 (sectors counting lemma)

Let A/, h, L be integers such that i’ < h < 0. Given w; € Oy and &; € Oy,
i=2,...L,let Ap p/(w1;@2,...,01) be the set of the sequences (wa, . ..,wr), such
that i) Sprw, C Sk, for i = 2,..., L; ii) there exists, for i = 1,..., L, a vector
kD € Sp ., so that ZiL:1 E@D = 0.
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If L = 2, the momentum conservation ii) and the symmetry property (1.11) im-
mediately imply that |Ap p (w1;@2,...,0r)] = 1. Hence, in order to prove Lemma
3.1 it is sufficient to consider the case L > 4; we have to prove that

| A (@13 @3, ., @p)| < Py 7 ED (7.27)

Let 8; = 04 ., , so that 6; is the center of the f-interval, which the polar angle
of 7 has to belong to, if p’ € Sy ,,. For any pair (i,5), we define

i, = min{][6; — 0[], m — [[6; — 6]} - (7.28)

By a reordering of the sectors, which is unimportant since we are looking for a
bound proportional to ¢, we can get the condition (recall that L > 4):

=L, >¢i; , Vi,je[2,L]. (7.29)

Note that, given @ € Oy,

h—h'

|w €Oy : Sh’,w C Sh7@| =7 2 (7.30)
Hence, given any positive constant cg, if we define
Ac = {(wa, ..., wr) € Appr(wi,@2,...,a01) : ¢ < Leg 'y 72}, (7.31)
we have:
h—h'

A<l <y 7 E3(cLeg ), (7.32)
where (cho_l)2 is a bound on the number of possible choices of wy_1 and wy,
given wi,...,wr_o. Hence, in order to prove (7.27), it is sufficient to prove that,
if ¢g is small enough, a similar bound is valid for the set

.A> == {(WQ, e ,wL) S Ah7h/(w1,®2, . ,(:}L) : ¢ Z L6617h /2} . (733)
We have
h—h'

|As| < mL»yT(L*3) , (7.34)
where m, is a bound on the number of choices of wy,_1 and wy,, given wy, ..., wr_o.
In order to get my, we consider a particular choice of wo,...,wr_o € Op
and we suppose that the set & = {(wr_1,wr) : (wa,..., wr) € As} is not empty.

Moreover, we define
¢0 = max ¢L71,L , (735)

(wp—1,wr)€E

By definition, for any choice of (wr_1,wr) € &, we can find L vectors
EV . k(E) ] such that k) € S, and

L .
> kD =0. (7.36)
=1
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Moreover, by Lemma 7.3, for i = 1,..., L, we can write
KO = pp(0:) + 2i(0:) + yi7(0:) , lwl <™ |wl <2 (7.37)

Hence, since ¢o > Leg 'y /2, we get

n

KD A pr(02)] = [5F(0:)] [Pr(02)] sin gz + O(YF) < coo (7.38)
fori=2,...,L, and, by using (7.36),

L

ZE(Z) /\ﬁp(eg)

=2

KD A Gr(0y)] = < Ly , (7.39)

so that ¢12 < cLgy.
Lemma 7.1, (7.37) and (7.39) easily imply that

KD = pp(0;) + 37 (02) + 5:7(62),

_ W2 it > _ W2t >

[ < oo i < e . (7.40
|w|_{CL¢0’Yh/2 ifi=1 "~ 7l = cyM /2 ifi=1 (7.40)

Let us now define
L—2

i=-> pr) , b=kK"V+E" | F=b-a, (7.41)
=1

where k| denotes the projection on the Fermi surface, see (7.15). By using Lemma
7.4, the momentum conservation (7.36) and (7.40), we get

F=r1i(02) +re7(62) , |r] < CL¢0'yh//2 , el < cL'yh//2 . (7.42)

Note that the vector @ defined in (7.41) is fixed, if the indices wy,...,wr_2

are fixed. Hence, if we put pr(6;) = EY), t =L —1,L, my, can be calculated by
studying the possible solutions of the equation

pr(Or—1) +pr(r) =a+7, (7.43)

as 7 varies satisfying (7.42). Let (é(LOll,é(LO)) be a particular solution of (7.43),
such that k) € Sy, i = L —1,L, with ¢_1.;, = ¢, and put by = pr(8,) +
ﬁp(é(LO)) = G+, so that (7.43) can be written as Fp (0,1 )+Pr (A1) = bo+(F—7%).
The definition of ¢ implies that ¥ — 7 can be represented as ¥ — 7y = T’lﬁ(é(LO)) +
r’zf'(é(LO)), with ||| < eLgoy"/? and |rh| < L™ /2. Hence a simple application of
Lemma 7.5 shows that the solutions of (7.43) belong, up to a exchange between
61 and 9_L, to a connected set and that my, < cL?, if ¢g < Ca/c1, where ¢; is the
constant ¢ of (7.42) and ¢ is defined in Lemma 7.5. O
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