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Uniform Estimates of the Resolvent
of the Laplace-Beltrami Operator
on Infinite Volume Riemannian Manifolds. II

F. Cardoso* and G. Vodev

Abstract. We prove uniform weighted high frequency estimates for the resolvent of
the Laplace-Beltrami operator on connected infinite volume Riemannian manifolds
under some natural assumptions on the metric on the ends of the manifold. This
extends previous results by Burq [3] and Vodev [8].

1 Introduction and statement of results

The purpose of this paper is to extend the results in [8] to more general Riemannian
manifolds (which may have cusps). Let (M, g) be an n-dimensional unbounded,
connected Riemannian manifold with a Riemannian metric g of class C>(M)
and a compact C*°-smooth boundary M (which may be empty), of the form
M = XoUX; UXs, where X is a compact, connected Riemannian manifold with
a metric g|x, of class C*° (Xo) with a compact boundary Xy = OM UJX; UOXo,
OMNOX, =0, 0MNoXy =0, 0X1NOXy =0, X, = [Tk,—i—oo) X Sk, e >
1, with metric g|x, := dr? + ok (r), k = 1,2. Here (Sk,0%(r)), k = 1,2, are
n — 1 dimensional compact Riemannian manifolds without boundary equipped
with families of Riemannian metrics oy (r) depending smoothly on r which can be
written in any local coordinates 6 € Sy in the form

or(r) =Y _ gk (r,0)d:do;, gf € C(Xy).
i,J
Denote Xy, = [r, +00) X Si. Clearly, X}, can be identified with the Riemannian
manifold (S, ox(r)) with the Laplace-Beltrami operator Agx,, . written as follows

Aoxe, = =Pk 2 00.(prg}l 00,
)

where (gi) is the inverse matrix to (g5 and pj, = (det(gh))"/? = (det(g}7))~1/2.
Let A, denote the Laplace-Beltrami operator on (M, g). We have

/
AXk = A(]|Xk = _pzzlar(]?kar) + Aaxk,r = —83 - z—zar + Aaxk,r'
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Throughout this paper given a function p(r,8), p’, p”" and etc. will denote the first,
the second and etc. derivative with respect to r. It is easy to check the identity

P2 Bx,pp P = =02 + Mgy + i (1, 0), (1.1)

Zae (97 5,),

and g, is an effective potential given by

Ly (O \? o~ Ok Ok
0(r:6) = () (T2 )+ o) 2 30 T Sl 2 mA )
0,

where

We make the following assumptions:

o <c. Wpg <o, Pagco, (2

with constants C, o > 0. Denote by hj, the principal symbol of Ayx, ., that is,

Zg (r0)&&;,  (0,8) € T*Sy.

Clearly, —0hy,/Or can be interpreted as being the second fundamental form of the
surface 0.X .. We suppose that

0.2 Crog, o0 €T, (1.3

with a constant C' > 0. In particular, this means that X1, (resp. 0Xa ) is strictly
convex (resp. strictly concave) viewed from X, (resp. Xs3,). This implies that
the commutators (—1)*[0,., Ax ], k = 1,2, are strictly positive.

Denote by G the selfadjoint realization of A, on the Hilbert space H =
L?(M,dVol,) with Dirichlet or Neumann boundary conditions on dM. Given
51,82 € R, choose a real-valued positive function xs, s, € C°(M), Xs; .50 = 1
on M\ (X141 UX2 541), Xs1,80 =7 %% on Xy, +2. Also, given a > 1 choose a
real-valued positive function 1, € C°°(M), 7, = 0on M\ X1.4, 7 = 1 on X1 411.
Our main result is the following

Theorem 1.1 Under the assumptions (1.2) and (1.3), for every sy > 1/2, s3 > 1,
there exist positive constants Cy,C > 0, a > r1 so that for z € R,z > Cy, the limit

+
Rsl S2

() == Elifég Xs1.60(G — 2 +i8) Pxey 00t H— H
erists and satisfies the bounds
L1/2
IR, o (2)leemy < e, (1.4)

7R3, sy (2)all 2y < Ccz12, (1.5)



Vol. 3, 2002 Uniform Estimates of the Resolvent of the Laplace-Beltrami Operator II ~ 675

Suppose that there exist metrics o () depending smoothly on r € (—o0, +00)
such that op(r) = ox(r) for r > r, and the resolvents (defined for Imz < 0,
Rez > 0)

comp

Ryo(2) = (Axp — )7 L2 (XD, dVolgxg) — HE (X)), dVol,,X2 ),

where X} = (—oo, +00) x Sy with metric gxo = dr? + G(r), Axo denoting the

selfadjoint realization of the Laplace-Beltrami operator on X,g on the Hilbert space

L*(X},dVol,_, ), extend analytically to Im 2 < el Rez > Cy, 1,01 > 0,
k

and satisfy in this region the bounds (with o = 0,1):

(0% z 1/2 o0
02 xRxo (Z)X||/:(L2(X2,d\/olgxo)) < Cpel! Vx € C°(X}), (1.6)
k
with some constants C3,v2 > 0. As a consequence of Theorem 1.1 we get the

following

Corollary 1.2 Under the assumptions (1.2), (1.3) and (1.6), the resolvent (defined
forImz <0, Rez>0)
Ra(2) == (G — 2)~ " L2, (M, dVoly) — Hy, (M, dVoly),

extends analytically to Im z < e’7|z|1/2, Rez > Cy, and satisfies in this region the
bound

z 1/
IxBm(2)x ey < cenl: (1.7)

Vx € C°°(M) of compact support, with some constants Co, C,y > 0.

Remark. It is easy to see that the above results hold for more general connected
Riemannian manifolds of the form

M=X,UX]U---UX/UXju---UXJ, T1>0,J2>1,

with X f like X7, X§ like X5, and X being a compact Riemannian manifold with
boundary 8Xo = OM UdX] U---UdX{ UdXIU---UdXL, oM Nax] =0,
OM NOXE = 0, 0X] NOXE = 0, X' N X =0, j1 # jo, X NIXE = 0,
i1 # .

This corollary can be derived from the bounds (1.4) and (1.6) in precisely
the same way as in the proof of Theorem 1.2 of [8] and this is why we omit the
proof.

Another consequence of the above theorem is that we get uniform high fre-

quency resolvent estimates for long-range perturbations of the Euclidean metric.
Let O C R™, n > 2, be a bounded domain with a C"*°-smooth boundary I'" and
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a connected complement 2 = R™\ O. Let g be a Riemannian metric in Q of the
form

9= Z gij(z)dziday,  gij(x) € C™(Q).

4,j=1

We make the following assumption:
105 (935 () = 655)| < Calx) 271, (1.8)

for every multi-index a, with constants Cy,dy > 0, where (z) := (1 + |z|?)!/?
and §;; denotes the Kronecker symbol. Denote by A, the corresponding Laplace-
Beltrami operator, i.e.

Ay =123 0. (f2990,,),

ij=1

where (g%) is the inverse matrix to (g;;) and f = det(g;;). Denote by G the self-
adjoint realization of A, on the Hilbert space H = L?(2;dVol,), dVol, := f'/2dx,
with Dirichlet or Neumann boundary conditions on I'. It is not hard to see (e.g. see
the appendix of [3] for the proof of an analytic version) that under the assumption
(1.8), there exists a global smooth change of variables, (r,60) = (r(z),0(x)), for
|z] > 1, where r € [rg,+0), ro > 1,0 € § = {y € R" : |y| = 1}, which
transforms the metric g in the form

dr? +r? Zhij(r,é)déidéj, (19)

i,
where h;; € C* satisfy the inequalities
10705 (hij (r, 0) — 133 (0))| < Cagr%" (1.10)

for all multi-indexes o and 3. Here 3, ; h?j (0)df;db; is the metric on S induced by
the Euclidean one. The coordinates (r, §) are just the normal geodesics coordinates
which are well defined outside a sufficiently large compact since the metric g is close
to the Euclidean one. In other words, the Riemannian manifold (£, g) is isometric
to a connected Riemannian manifold (M, g) of the form M = Yy UY, where Yj
is a compact connected Riemannian manifold with boundary 9Yy = OM U 9Y,
OMNAJY =0, and Y = [rg,+00) x S, 79 > 1, with metric given by (1.9) and
satisfying (1.10). Therefore, Y is a particular case of the manifold X; above, and
we get the following consequence of Theorem 1.1.

Corollary 1.3 Under the assumption (1.8), for every s > 1/2 there exist constants
Coy,C >0 and a > 1 so that for z € R,z > Cy, the limit

RI(2):= lim (z)"%(G — 2z +ie) ) *: H - H

e—0t
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erists and satisfies the bounds
1/2
IRE ()l ooy < e, (1.11)

”XaR;L(Z)XaHE(H) < 0271/2a (1'12)

where xq denotes the characteristic function of |x| > a.

Remark. It is easy to see from the proof that it suffices to have (1.10) for a+|5] < 3.

When g;; = J;; outside some compact the bound (1.11) follows from the
results of Burq [2], where he proved a similar bound for the cutoff resolvent. This
was improved in [7] for metrics satisfying ¢;; — ;5 = O(efmﬂso), €p > 0. Burq
[3] has recently extended his result to long-range metric perturbations assuming
that g;; admit an analytic extension from {z € R" : |z| > po}, po > 1, to
{z € C": |Rez| > po, |Im z| < v|Rez|}, 70 > 0. In particular, this implies that if
(1.8) holds with « = 0, it holds for any a. He used the complex scaling method to
show that there are no resonances in an exponentially small neighbourhood of the
real axis. In particular, it follows from [3] that one has an analogue of (1.11) for
the cutoff resolvent, which combined with the result of Bruneau-Petkov [1] imply
the bound (1.11) itself in that case. Burq [3] has also proved an analogue of (1.12)
with x, replaced by the characteristic function of a < |z| < b with b > a > 1.

Note that the class of manifolds, (M, g), we study includes hyperbolic ones
with negative curvature, &, satisfying C~! < —x < C on M for some constant
C > 0. In fact, the methods we develop in the present paper apply to infinite
volume Riemannian manifolds with infinity consisting of a finite number of two
type of ends - elliptic ends (like X; above) whose number is > 1 and cusps (like X5
above) whose number is > 0. An elliptic end satisfying (1.2) and (1.3) with k = 1 is
of infinite volume. The condition (1.2) on the effective potential together with (1.3)
guarantee that the (Dirichlet) self-adjoint realization of Ay, on L*(X7,dVol,) has
no discrete spectrum (except for possibly a finite number of eigenvalues). Moreover,
if we consider the generalized geodesic flow in X, as (1.3) implies that 0X; is
strictly convex, every geodesic coming from the infinity of X; is allowed to hit
the boundary either transversally or at a diffractive point, so it escapes back to
infinity. This suggests that the operator Ax, should have properties typical for
the so called nontrapping operators. This in turn suggests that the resolvent of
the global operator A, cut off on the both sides by a cutoff function supported in
X should satisfy the same high frequency estimates as does the resolvent of Ax,.
We show that this is exactly what happens - see the bound (1.5) which without
cutoffs is known to hold for nontrapping perturbations. The key point of our proof
is the estimate (2.22) proved in Section 2. It seems that the assumptions (1.2) and
(1.3) with & = 1 are the weakest ones under which (2.22) holds true.

The situation on a cusp X is exactly opposite and this is why in (1.5) we
cannot take the function n with support on Xs. In fact, the conditions (1.2) and
(1.3) with & = 2 do not imply that the volume of X5 must be finite, but we
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will keep the notion cusp in this case as well. Of course, there are finite volume
hyperbolic cusps, X3, (with negative curvature) satisfying (1.2) and (1.3) with
k = 2. An interesting example of two dimensional hyperbolic manifolds our results
apply to is X = [ag, +00), X (R\ lxZ)s, ar,fr > 0, k = 1,2, with metrics
glx, = dr? + cosh® rdt?, g|x, = dr? + e=?"dt>. Note that for such manifolds the
bound (1.4) as well as Corollary 1.2 have been already proved in [8], but the bound
(1.5) seems to be new. We expect that Theorem 1.1 (or at least (1.4)) holds for
more general infinite volume hyperbolic manifolds with a more complex structure
at infinity, as for example manifolds with non-maximal cusps.

The bound (1.4) is proved in [8] for manifolds which have a similar structure
at infinity as the manifold M above, but under the restriction that the metric on
the ends X, k = 1,2, is of the form dr? + pi(r) 20, where o} does not depend
on 7, and pg(r) are smooth positive functions satisfying conditions analogous to
(1.2) and (1.3) above. The fact that we have a separation of variables was used in
an essential way in the methods developed in [8]. In the situation we treat in the
present paper we do not have such a separation of variables, which requires a dif-
ferent approach. It is based on an idea of Burq [3] which consists of using Carleman
estimates outside a sufficiently large compact with a real-valued phase function,
o(r), with ¢'(r) > 0, depending on the spectral parameter (in our case A > 1)
such that ¢’ = O(A~1r~1) outside another compact (in which region the estimates
are no longer of Carleman type). We apply this on the elliptic (infinite volume)
end X; - see Proposition 2.3 which is essentially due to Burq (see Propositions
6.2 and 7.2 of [3]), but here we give a different proof in a little bit more general
situation. Moreover, our construction of the phase function ¢ is simpler than that
one in [3]. Then the problem is to paste together this estimate with estimates
on the compact part of the manifold essentially due to Lebeau-Robbiano [4], [5]
(see Proposition 4.1 and also Theorem A.2 of [7]), with weighted estimates at the
infinity of X; (see Proposition 2.4) as well as with weighted Carleman estimates
on X3 (see Proposition 3.1). This is carried out in Section 4.

Acknowledgements. A part of this work was carried out while the second author
was visiting Universidade Federal de Pernambuco, Recife, Brazil, in March-April
2001, and he would like to thank this institution for the hospitality and the nice
working conditions. The first author was also partially supported by the agreement
Brazil-France in Mathematics - Proc. 69.0014/01-5.

2  Uniform a priori estimates on X;

We begin this section by constructing a real-valued phase function, ¢, with proper-
ties described in Lemma 2.1 below. A similar phase function was first constructed
by Burq [3]. Here we simplify this construction (as well as some of his arguments)
adapting it to our approach.

Let A > 1 be a big parameter, let 0 < § < 1 be independent of A, and
let 79 > 1 be independent of A and §. In what follows, C' will denote a positive
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constant independent of A, while C’ will denote a positive constant independent
of A\ and §. Define the continuous function @;(r) so that @;(r) = (Ar—% — 1)1/
for ry <r <a; = AY%, Zi(r) = 0 for r > ay, where A = (r1 +2)%(y0 +1)2/4+ 1.
Choose a real-valued function ¢ € C§°((—1,1)) such that ¢ > 0, [¢ = 1 and
#"? < Co¢ with some constant Cp > 0, and set ¢¢(r) = e 1¢(r/e), 0 < e < 1. Let
¢ € C§°(R) be a real-valued function, ¢ > 0, equal to 1 in a small neighbourhood
of a; and to zero outside another small neighbourhood of a;. Then the function

1= (1= C)p1 + de * (C1)

belongs to C*°([r1,00)) and vanishes for » > a; + 1. Moreover, since 1 —
RS —2715Ar=17% if r < a; and to zero if r > a; as € — 0, taking € > 0 small
enough we can arrange

—l (M1 (r) <C'ort, Vr > (2.1)
Also, the choice of ¢ guarantees the bound
01 (r)? < Coi(r), Vr>r. (2.2)
Define a real-valued function ¢ € C*°([r1,+00)) such that ¢(r1) = —1 and
@'(r) = @1(r) + X2 o () (1 4+ A 25 (r) 7,

where ¢; € C*°([r1,+00)), j = 2,3, are real-valued functions independent of A,
0 < pi(r) <1, ¢(r) > 0, ¥r, chosen so that o = 0 for r < aj, p2 = 1 for
r>af,rm+2<ada; <a €supp(l—C), p3 =0 forr < ah, o3 =1 for r > a},
a1 + 1 < a) < ay. We also require that

Vr. (2.3)

] =

Ty (r) <

Moreover, near aj we choose @y in the form a(r) = exp((aj —7)~1) if r > af,
which guarantees the inequality

ph(r)? < Cipa(r), Vr>r. (2.4)
It is easy also to see that we have the inequalities
5]+ 15 (1] + 1@} ()] < Cr~tepa(r), § = 1,3,

D5 ()] + |5 (r)] + 103’ ()] < Cpr (7). (2.5)
Note that the choice of the constant A guarantees that p(r1 + 2) > 7o.

Lemma 2.1 The following inequalities hold for A > Xg(6) > 1 and ¥Vr > ry:
CAX It < yl(r) <Crt, (2.6)
—¢/ ()" (r) < C'or™, (2.7)
" ()] < CA2rR (), ()P < CAYErT Y (),
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" (r)| < CAr7te/ (r), | (r)] < OVt (2.9)
l@ ()] < CN2r7 1 (), (2.10)
2)\90’(7")2 +¢"(r) > C’rilcp’(r). (2.11)

Proof. We have
ON It < AT (rn () + a(r) < @/ (r) < 77 (ron (r) + A7 o () < Cr
which proves (2.6). To prove (2.7) observe that
9" (r) = 91 (r) = AT 2 oa () (1 + AV 23 (r))
AT () (L + A 23 (1) T = T pa () () (1 A 2 5(r)) 72,
and hence, in view of (2.1),
—¢'¢" = —p1h ATV 20105 (1 4+ A 2p3) 7

—ATV2r (Gpa + pr1ph) (14 A% 03) 7!
AATT2R5 (14 A 203) 72 = AT P aih (1 4+ A 203) 72
+)\71/2T72g0§<pg(1 + )\1/2903)72 <C'or POV <205

Moreover, in view of (2.5) we have
"] < Cr2pa(1+ X 205) 71 < CAV2r 7l
On the other hand,
¢ < AP+ Cr 72 (02 + @) (1 + A 2pg) 71,
and hence (2.8) follows in view of (2.2) and (2.4). Furthermore, we have
@ = o + 2071230y (14 A 23) 1 — 2071220l (14 A 205) !
+2r 20l (14 A 203) 72 4 A2 ol (14 A/ 2pg) 7!
Cr (L X 2g) R 4 2R (L A2,
and hence || < CAY2r=1. On the other hand, in view of (2.5) we have
|0"] < Cr™ 209 + AV 201 + CAY 2120y (1 4+ AV 203) "t < Oy,
which proves (2.9). In the same way,
PO < 1 [+ CXr 20 (14X 203) T O3 (|| |05 |+ 15 [) < OAY2r 1y
To prove (2.11) observe that
220" + 9" > 2200 +2r 203 (1+ AV 203) 2 4 o)
AT 205 (1 4 AY205) 7 (14 AV 20) 2,
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For r > a1 + 1 we have ¢1 = ¢} = 0 and hence, in view of (2.3),
A2 4 " > (1= 2rply — A7) 2(1 4+ AV 203) 72 > O'r Yy
For » < a; + 1 we have 3 = 0 and hence
200" + ¢ > 2207 + ¢ + 17205,

Since ¢/ (a1 + 1) = 0, there exists ag < a; + 1 such that |¢}]| < (2r)72¢3 for
agp <r <ai—+ 1. Hence, for ag <r <a; + 1,

A2 4 " > Ap? > OAV2r 1y (2.12)
For r1 < r < ag, we have |¢}| < Cp?, which again implies (2.12). O
Throughout this section || - || and (-,-) will denote the norm and the scalar

product on L?(S;), while the Sobolev space H'(X;,dVol,) will be equipped with
the semiclassical norm given by

2
||u||H1(X1,dVolg)

= ||u||L2(X1,dVol ) + |Dr U||L2(X1,dVol ) JF/ Z plg1jD0 u(r,-), Do, u(r, -))dr,
Ty

where D, = (i) ~'9,, Dy, = (iA) 10y, Denote by L?(X;) and H'(X;) the spaces
equipped with the norms

oy = | lutrlPar

1

lullZ x,) :/ llu(r, I + 1Drulr, )II* + Z (97 Do,u(r, ), Do, u(r,)) | dr.

1
It is easy to see that

1/2 1/2
lull L2(x, ,avor,) = Iy ullz2x,),  Nullax, avol,) = py/ ull g (xy)-

Finally, given an a > r; and functions u(r, 8), v(r, ), we denote
||u||L2(6X1,a) = HU(CL, )H7 <U7U>L2(6X1,a) = <u(a7 '),v(a, )>7
lullfn ox,..) = Ilula, )II* + Z (97 Do,u(a,-), Do,ula, -)).

It is clear from the definition of the function ¢ above that there exists an a > r;
such that ¢'(r) = A~1r~! for » > a. The main result in this section is the following
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Theorem 2.2 Let u € H?*(X;,dVoly), u = 0, d,u = 0 on 80Xy, be such that
r*(Ax, — A +ie)u € L*(Xy,dVoly) for A >0,0<e<1land0<s—1/2 <
1. Then, for a suitable choice of the parameter § > 0, there exist constants
Cy,Ca, A0 > 0 (independent of A and €) so that for X > Ay we have

A _ _
[|eXetr) Lp(a))uH?Jl(Xl\Xl,a,dVolg) + su”iIl(Xl,a,dVolg)

< CIATP AP TA D (A, — N ie)ullF2(x,\ X, 0, dvol,)
+OA 2P (Ax, = N 4ig)ullTzcx,  aver,) — CoA ™ Im(Gu, u) 2(0x, ). (2:13)
Proof. Denote
P=p? (A 2Ax, —1+ie)p; P =D2+ L, — 14V +ie,
where 0 < e = O(A"2), L, = A"?A1,, V = A"2¢y, and
P, = e Pe™ ™ = P —/(r)? + X71¢" (r) + 2i¢/ (r) D,
We will first prove the following

Proposition 2.3 Let uw € H*(X1 \ X1.4), u =0, d,u = 0 on X1 UIX1 4. Then,
there exist constants C, Ao > 0 (independent of A and €) so that for X > Ao we
have

1@ /) 2ull i (x iy x.a) < O Pl 2 xa)- (2.14)
Proof. Let 1(r) € C*([r1, a]) be a real-valued function. Integrating by parts one
can easily get the identity
Re (Y Ppu, u)p2(x,\x,1.0) = (WDrtt, Drtt) £2(x,\ X, o) + (VL w) L2(x,\ X, 0)

(W +v? = A 2q + AT Y+ 27N u u) 2 (x\ x ) (2.15)
Set
F(r) = —{(Ly — 1+ W)u(r, ), u(r, )} + [ Dyutr, )1,
where W = A72¢; — ¢2 + A7 1¢”. We have
Fl(r) =
= —2Re (Lyu(r,-),u (r,-)) — 2Re (D?u(r,-), v (r,-)) + 2Re (1 — W)u(r,-), v (r,-))
= {[0r, LoJu(r, ), u(r,)) = (Wu(r, ), u(r, )
= —2Re (Pyu(r,-),u/(r,-)) + 4[| Dru(r, )||* — 2elm (u(r, ), u'(r, -))
= ([0, LyJu(r, ), u(r,-)) = (W'u(r, ), u(r, ).
Multiplying this identity by ¢’ and integrating with respect to r lead to
/a ¢'F'dr = —2Re /a<g0’P@u,u’>dT +4A /a ' Dyl |*dr (2.16)

T1 T1

—251m/ ((p'u,u’>dr—/ (@’[BT,LT]u,uMT—/ (&' W'u, u)dr.

T1 1
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On the other hand, we have

/ O Fldr = 7/ O Fdr
T1 T1

:Re/ (gp”qu,u)drf/ <<p”Dru,Dru>drf/ (" (1 — W)u, u)dr

1 T1 T1

:Re/ (@”P(pu,u>d7’f2/ (@" Dyu, Dyu)dr

T1 T1
/ <(>\ 1 //2+>\ 1 / ///+2 1)\ 2 (4 )U,U>d7’, (217)
1
where we have used (2.15) with ¢ = ¢”. Combining (2.16) and (2.17) we get the
identity

2/ ((2)\<p'2+g0”)’Dru,’Dru)dr—/ (@0, Ly)u, u)dr

T1 1

:2Re/ (gp’Py,u,u’>dr+Re/ (gp”Pg,u,u>dr+2EIm/ (@' u,uydr

T1 1

+/ <(_280/2 AT 1 //2+2)\ 1 / ///+2 1= <P(4)+/\ 2 /I)u,u>d7“. (2.18)

1

It is easy to see that (1.3) implies

_[araLr] Z

= Q

L,, C>0, (2.19)

and hence in view of (1.2) and Lemma 2.1 we conclude from (2.18)

[ i e+ [ e

N [Pl 65 [ 2l ar, (2:20

for A > Ap(a,d) > 1, where C' > 0 does not depend on A, 6 and a. On the other
hand, by (2.15) used with 1 = r~1¢’ we have

/ <(T71¢/(1 + 9012 + )\71S0N - )\71,,”7190/ 4 )\72,,”72 o )\72q1)

T1

-\ 2 72 //+2 1)\ 2 71<p///)uu>d7’

:/ (r='¢'Dyu, D u>dr+/ (T_1<p'LTu,u>dr—Re/ (Pou,r~ @ u)dr,

1 T1 1
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and hence, in view of Lemma 2.1 and (1.2), we get
o RIS (2.21)
2
< [1 D+ [ L+ [Pl
Now (2.14) follows from (2.20) and (2.21), provided ¢ > 0 is taken small enough.

O

Proposition 2.4 Let u € H*(X1,) be such that r°*Pu € L*(X1,,) for 1/2 < s <
(1 4+ 00)/2. Then, YO < v < 1 there exist constants C1,Ca, Ao > 0 (which may
depend on vy but are independent of A and ) so that for A > Ao we have

||7”_SUH§11(XI,Q+1)
< CLN?||r* Pul|Za(x, ) = Cod ™ Im (Dru, w) 2o, o) F YUl Frx, o\ s o) (2:22)

Proof. Choose a real-valued function ¢ € C*°(R), 0 < ¢ < 1, such that ¢(r) =0
forr <a+1/2, ¢(r) =1 for r > a+2/3 and ¢'(r) > 0, Vr. Integrating by parts
we get

(r>*(Ly = 14+ V)u, pu) r2(x, ) + I "D (du) [ 72(x, )

= Re (r % P(¢u), du) L2 (x, ) 2sA"?Re (r~ 21 (¢pu), PUY LX) )5

and hence

(12 (L = 14 V)gu, du)r2(x, o) + Ir " Dr(du)Z2x, )

< OMIIP@GW)3ax, ) + OO (Ir6ullfax, ) + Ir D@ o, ) ) -
(2.23)
We also have

5||U||%2(x1,a) = Im (Pu,u)p2(x, ) — A~ “Tm (W', u) 2 (0x, )

<y PullFex, ) AT Il k) = AT Im (W u) 2o, )

Vv > 0, and
ID-(9u)172(x, ) < 2ll0ull2(x, ) + 1P(@W)Z2(x, )
<20ullZa(x, )+ 1Pull2x, ) + ON)drullinx, .y

where ¢1 € C§°([a,a+1]), ¢1 =1 on [a + 1/3,a + 3/4]. Hence,

X (loulle(x, .y + D@2, ) ) (2.24)

<O, (N)|I7* PullZ2(x, ) + Ir " ullin x, ) = 33 m (u',u) 20, ),
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Vv > 0. Set

E(r) = —((Ly =1+ V)du(r,-), gu(r,-)) + | Dr(¢u)(r,-)[|*.
We have
E'(r) = —([0r, Lrlgu(r, ), u(r, ) — (V'du(r,-), pu(r,))
—2eTm (pu(r, ), (du)' (r, ) — 2AIm (P(du)(r, ), Dr($u) (1, -))
= —([0r, Lylu(r, ), pu(r, ) = (V'u(r, ), u(r, )
—2eTm (¢u(r, ), (du)'(r,)) — 2AIm ($Pu(r, -), Dr($u)(r; )
=2 ([P, glu(r, ), ¢Dru(r, -)) = 2Mm ([P, ¢lu(r, -), [Dr, ¢lu(r, -)).

Since
[P,¢] = [D},¢] = —A"%¢" — 2iA"'¢/D,.,

we obtain in view of (2.19),

E'(r) = %LT(M)(T, D), 0ulr, ) — e (pu(r, )1 + 1Dr(¢u) (r,)|1%)

—0)r=2 ([lgu(r, )[I* + [Dr (du)(r,)]1?)
—OO™) (lgru(r, I + 91 Drulr, )||?)
+46¢' [ Dru(r, -)||* = O5(A2)r?*|| Pu(r, ) ||*.
Since ¢¢’ > 0, we deduce

C
E'(r) = —(Ln(¢u)(r, ), pu(r,-)) = eA ([lgu(r, )|I* + [ Dr(gu)(r, )]*)
—0()r™ (|lulr, I + [Drulr, ) — Oy (N2)r®* || Pulr, )||*. (2.25)
Integrating (2.25) from ¢ > a to +oco and using that L, > 0 and (2.24), we get

E(t) <OMr~*ullfx, .y + O O)[7° PullZ2(x, ) = 33" m (u',u) 20, )
(2.26)
Vv > 0. Multiplying (2.26) by t~2° and integrating from a to +oo yield (with a
constant C' > 0):

/ r 2 B(r)dr < OW)llr*ull} x, .)

+0, (A7 PulZax, ) — CA ' Im (u', w) 20, ) (2.27)

V¥ > 0. On the other hand, multiplying (2.25) by r!=2%  integrating from a to
+00, using (2.23), (2.24) and the identity

/ T2 E (r)dr = (25 — 1)/ r25 B (r)dr,
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we obtain (with a new constant C' > 0):
Ir=* L2 (¢u)l|72x, 0y < OWIIr*ullFra(x, .

+O0, ()7 PulZax, ) — CA ' Im (u', w) p2(ox, ) (2.28)

V7 > 0. Combining (2.23), (2.27) and (2.28), we get (with possibly a new constant
C >0):
7= dull (x, .y < O ullFn (x, .

+O0y ()| Pull72(x, ,) — CAT Im (W, u) 2o, ) (2.29)
V0 < v < 1, which clearly implies (2.22). O

Let w € H*(X1), v = 0, 9,u = 0 on dX1, be such that r*Pu € L*(X;).
Choose a function x € C*°(X;) such that x =1 on X1\ X q42, x =0 on X1 g43.
Applying Proposition 2.3 to the function e*?yu (with a replaced by a+ 3), we get

|\€/\(PU||%11(X1\X1,G+2)
<O Pullzx,\ x, rs) + OWNEM Ul Fr(x, 0\ Xy e (2.30)

Since 1 < eMe(M=9(@)) < Const fora <r < a + 3, we deduce

X2 3 v x oy T 1l (0 X2
S O()\2)||ek(tp("‘)_ﬁa(a))Pu||%2<X1\X1’a)

FONIIPul L2 x, \x1 rs) F ODNulE (x, o\ X1 (2.31)
It is easy to see that (2.13) follows from combining (2.22) and (2.31).

3 Uniform a priori estimates on X,

The purpose of this section is to prove the following

Proposition 3.1 Let u € H?*(X5,dVol,), u = 0, ,u = 0 on 8X5. Then ¥§ > 0,
0 <e <1, we have

o P28 _ 28 .
HT ! 66A u”Hl(Xg,dVolg) < CA 3/2”6)\ (sz — /\2 +Z‘€)UHL2(X2,¢1V019)7 (31)
for X > Ao with constants C, Ay > 0 independent of A, € and u but depending on 6.

Proof. Define the spaces L?(X5) and H'(X3) analogously to L?(X;) and H'(X)
introduced in the previous section. Denote ¢(r) = r=29, w = e*?u, and

Pi=py?(\2Dx, = L4ie)p, /? =D} + L, =1+ V +ie,
Py = M Pe™? = P — /(1) + A1 (r) + 2i/ (1) Dy,
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where 0 < e = O(A72), L, = A™2As,., V = A\~2gs. Note that (1.3) implies

[87’7 L’I"] Z

= Q

L., C>0. (3.2)

Clearly, (3.1) is equivalent to the estimate
Ir = 2wl a1 (x,) < O Powll 2 x,)- (3.3)
Denote by Pj the adjoint operator of P, with respect to the scalar product in

L*(X3), and set Re P, = P“’;P;, ImP, = P“’Q_Z.P;. We have

ReP,=D?+ L, —1-¢' (r)*+V, ImP,=¢ (r)D, + D¢ (r) +e.
In view of (1.2) and (3.2), and taking into account that
@' (r) = =260 () = 26(20+1)r 2072 " (r) = —25(264+1)(26+2)r 2073,
it is easy to see that we have, in view of (3.2) and (1.2),
A[PpwlZ2(x,)
= MI(Re Pl )+ Al (Im Pyl )+ iN(Re Py Tin Py, )
> iX[Re Py, Im Pylw, w) 12(x,) > 2(¢" Drw, Dyw) £2(x,)
+ 4= [0, L Jw, w) 12 (x,) + 4" w, w) 12 (x,) — 2(¢"V'w, w) 2 x,)
— O (I Drwl| 2y + 70wl L2 (x)
2 C||7°7175Drw|\%2(xg) + C||r71*5Li/2wH%2(X2) - O()\fl)HTfl*JwH%{l(xz)-
(3.4)
On the other hand, integrating by parts leads to the identity

Re(r2"2 Pyw, w)p2(x,) = Ir™ 0 Drw||32(x,)

(2 (L =14V = =45+ DA 220 — (5+1) (20+3)A2r H)w, w) 12 (x,),
and hence

1, -
kg ! 5“’”%2()(2)

<l Dl Gy + Ir T 0L R0l Fa gy + (T Pow, w) 2 (x|
Since 1
[P Pow, w) 12 x| < 217wl Te ) + 1Ppwl 72y,

we conclude

1, 1 1

Z”T ! SwH%?(Xg) <[t JDTWH%%XQ) +[Ir! 5L71~/2w||2L2(X2) + | Powl]|Fx,)-
(3.5)

Now (3.3) follows from (3.4) and (3.5). O
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4 Proof of Theorem 1.1

Let (Mp, go) be a compact, connected Riemannian manifold with a C*°-smooth
boundary M, and a metric go of class C°°(Mj). Denote by Ay, the (positive)
Laplace-Beltrami operator on (Mg, go) and let U C My, U # (), be an arbitrary
open_domain such that OU N My = ). Suppose that 0My =T'U f, T #0, r £ 10,
I'NT =0, and given 0 < g9 < 1 denote My ., = My \ {x € My : dist(z, 0My) <
€0}, MO,EO = Mo\ {z € My : dist(z,T) < g}. Let U C Moy 2¢,- The following
proposition is proved in [8] using the interpolation inequalities of Lebeau-Robbiano
[4], [5] (see Theorem 3.2 of [8]) and this is why we omit the proof.

Proposition 4.1 Let u € H?(M,) satisfy either Dirichlet or Neumann boundary
conditions on I'. Then, VB > 0 3Cg,v3 > 0 (independent of uw and A below but
depending on U ) so that we have

el s iz < Coe™ ™ [(Angy = Xl aqar

+Cse" M ul| g 1) + e‘ﬁ'MI\UHHl(MO\MO,EU)’ AeC, A >1. (4.1)
Let u € D(G) be such that x; ', u € L?*(M,dVoly), where s; and sy are as
in Theorem 1.1. Let xo € C°°(M), x2 = 0 on M \ Xa,,4+1, X2 = 1 on Xoy40.

Applying Proposition 3.1 (with § = s — 1) to xou yields

||7”782UH?fl(xz,rﬁz,dwlg) < eM(Ag — X+ i5)“||2L2(X2,dVO19)
coA

+e™ HUH%{1(X2,T2+1\X2,T2+2,delg)- (4.2)

Let x1 € C®(M), x1 =1 on M\ X1, 42, X1 = 0 on Xy, 3. By Proposition 4.1
applied to the function y;u we get

A .
”XluH%{l(M\XQ,T2+2,dVolg) < Cpe™M(Ag = N + zE)XlU’H%Z(M\Xg,erg,dVolg)

B[ 112
+e ||U||Hl(Xz,rzu\xgyrzﬁ,dv@lg)» (4.3)

VB > 0 with Cg, v > 0 independent of A, € and u. Hence,
2
||u”Hl(M\(Xl)rl+2UX2’7-2+2),(1V019)
< Cge?M|[(Ag — A2 + ie)ul|2
e g L2(M\(X1,r, +3UX2,ry+3),dVolg)

2 A 2 —BA 2
FORN M [ull B xy o\ savely) T € M Ul (o o\ Yoy csavol,) (44)

V3 > 0.
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Combining (4.2) and (4.4), for A > 1, we obtain
Il oy aavory) Il a0 v,
< eM[(Ag = A +ie)ull T2 x, avor,)
P M[(Ag = A+ i€)ull Lo (A (X, 1, 450X, 1) dVoL)

291 A 2
Fe M ull g x, o\ Xy aadVoly) (4.5)

with a constant v; > 0 independent of A\, € and wu. Let r1 < by < by <r;+1
be such that ¢(b1) < ¢(b2) < 0 and choose X1 € C°(M), X1 =0 on M\ X14,,
X1 = 1 on Xj,. By Theorem 2.2 applied to xiu (with v =y + 1, s = s1), we
get

+ el = ullF x, o avol,)

<O eM(Ag — N + iE)UH%Z(Xl\Xl,a,dVolg)

A 2
lle ¢U||H1(X1,b2\xl,a,dvag)

HOA2)e @] (A — A% + i€)u|\%2(xl,a,dv(>19)
—CA e Im (O,u,u) 2 (0x, ) + ff_c’\||u||§1r1(x1,b1 \X1,5,,dVoly)> (4.6)

with some ¢, C' > 0. Since ¢(r) > v + 1 for » > r; + 2, by combining (4.5) and
(4.6) one can absorb the last terms in the right-hand sides and conclude

HT_Szu||%’1(x2,7‘2+27d\/01g) + HUH?fl(M\(Xl,n+2UX2,r2+2)7dV01g)

+ el ||7”781U|\?{1(X1,a,d\/013)

+”eAWUH?fl(Xl,lu\Xl,a,dVolg)
< eco/\H(Ag - N+ i‘s)uH%z(XQ,dVolg)
+e2A(Ag = N + iE)UH%2(M\(Xl,rl+3uX2,T2+3),dVolg)
+OA?) [l (A — N + i‘s)u"%z(Xl\Xl,a,dVolg)
+OAN )1 (Ag = N +ie)ulTacx, , avol,)
—C\ ey (Oru, U>L2(8X1,a)~ (4.7)

On the other hand, by Green’s formula we have

—Im (Oru, u) 129, )
=—Im ((Ay — A2+ is)u,u)g(M\Xl,a,delg) - €|‘u|‘%2(M\X1,a>dVOIg)

< e syl foanx, , aver,) + PG (Bg = A +ie)ulTaan x, , avol,)s (48)

VB > 0, where ps € C°(M), ps =7r° on X3 ryt1, ps = 1 on M \ Xo.
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Combining (4.7) and (4.8) leads to the estimate
e_cl/\HPsﬂH?{l(M\Xl,a,delg) + |\7“_Slu||%11(xl,a,d\/olg)

< e ML (Ag — A+ ia)u”%Z(M\Xl,a,dVolg)
FONT)r (Ag = N +ie)ullTax, , avol,)s (4.9)
with some constants c1,co > 0. Hence,

Xs1,s2ull L2ar,avel,) < CeM X5, (Bg = N+ ie)ul| L2 (ar,avel,) (4.10)
for A > Ag, with some constants C, A9,y > 0 independent of A\, ¢ and u, which
implies the existence of the limit in Theorem 1.1 as well as the bound (1.4) (with
z=\?).

Let now (Ay — A +ie)u =0 in M \ X1 4. Then (4.9) yields

7~ ull L2 (xy 0 avol,) < ONDIFH (Ag — A +ie)ull2cx, . avol,),  (4.11)

which clearly implies (1.5).
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