Ann. Henri Poincaré 3 (2002) 537 — 612
© Birkh&user Verlag, Basel, 2002
1424-0637,/02/030537-76 $1.50+0.20/0 |Annales Henri Poincaré

Long Range Scattering and Modified Wave Operators
for the Wave-Schrodinger System™

J. Ginibre and G. Velo

Abstract. We study the theory of scattering for the system consisting of a
Schrodinger equation and a wave equation with a Yukawa type coupling in space
dimension 3. We prove in particular the existence of modified wave operators for
that system with no size restriction on the data and we determine the asymptotic
behaviour in time of solutions in the range of the wave operators. The method
consists in solving the wave equation, substituting the result into the Schrédinger
equation, which then becomes both nonlinear and nonlocal in time, and treating the
latter by the method previously used for a family of generalized Hartree equations
with long range interactions.

1 Introduction

This paper is devoted to the theory of scattering and more precisely to the existence
of modified wave operators for the Wave-Schrodinger (WS) system

1
10u = —§Au — Au (1.1)

OA = |ul? (1.2)

where u and A are respectively a complex valued and a real valued function defined
in space time R3*! A is the Laplacian in R? and O = 92 — A is the d’Alembertian
in R3*!. That system is Lagrangian with Lagrangian density

1 1 1
L=1i(tdu—udu)— 5|vu|2 + 5(8tA)2 - 5|VA|2 + Alul? . (1.3)
Formally, the L? norm of u is conserved, as well as the energy

B, A) = /dw{é (IVuP + (0.4 + [VAP) — Ajuf?} (1.4)

The Cauchy problem for the WS system (1.1) (1.2) is known to be globally well
posed in the energy space X, = H' @ H' @ L? for (u, A, 9;A) [1] [2] [4] [15].

A large amount of work has been devoted to the theory of scattering for
nonlinear equations and systems centering on the Schrédinger equation, in partic-
ular for nonlinear Schrodinger (NLS) equations, Hartree equations, Klein-Gordon
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Schrédinger (KGS) and Maxwell-Schrodinger (MS) systems. As in the case of the
linear Schrodinger equation, one must distinguish the short range case from the
long range case. In the former case, ordinary wave operators are expected and
in a number of cases proved to exist, describing solutions where the Schrédinger
function behaves asymptotically like a solution of the free Schrédinger equation.
In the latter case, ordinary wave operators do not exist and have to be replaced
by modified wave operators including a suitable phase in their definition. In that
respect, the WS system (1.1) (1.2) in R3™* belongs to the borderline (Coulomb)
long range case, because of the t~! decay in L® norm of solutions of the wave
equation. Such is the case also for the Hartree equation with |2|~! potential. Both
are simplified models for the more complicated Maxwell-Schrodinger system in
R3*!, which belongs to the same case, as well as the KGS system in R?*1,

Whereas a well developed theory of long range scattering exists for the linear
Schrodinger equation (see [3] for a recent treatment and for an extensive bibliogra-
phy), there exist only few results on nonlinear long range scattering. The existence
of modified wave operators in the borderline Coulomb case has been proved for
the NLS equation in space dimension n = 1 [19]. That result has been extended to
the NLS equation in dimensions n = 2,3 and to the Hartree equation in dimension
n > 2 [5], to the derivative NLS equation in dimension n = 1 [14], to the KGS
system in dimension 2 [20] and to the MS system in dimension 3 [22]. All those
results are restricted to the case of small data.

In a recent series of papers, [6] [7] [8], we proved the existence of modified wave
operators for a family of Hartree type equations with general (not only Coulomb)
long range interactions and without any size restriction on the data. The method
is strongly inspired by a previous series of papers by Hayashi et al [9] [10] [11] [12]
[13] on the Hartree equation. In the latter papers it is proved first in the borderline
Coulomb case and then in the whole long range case, that the global solutions of
the Hartree equation with small initial data exhibit an asymptotic behaviour for
large time that is typical of long range scattering and includes in particular the
expected relevant phase factor.

The present paper is devoted to the extension of the results of [6] [7] [8] to
the WS system and in particular to the proof of the existence of modified wave
operators for that system without any size restriction on the data. The method
consists in eliminating the wave equation by solving it for A in terms of u and
substituting the result into the Schrodinger equation, thereby obtaining a new
Schrédinger equation which is both nonlinear and nonlocal in time. The latter
is then treated as the Hartree equation in [6] [7] [8], namely w is expressed in
terms of an amplitude w and a phase ¢ satisfying an auxiliary system similar
to that introduced in [11]. Wave operators are constructed first for that auxiliary
system, and then used to construct modified wave operators for the original system
(1.1). The detailed construction is too complicated to allow for a more precise
description at this stage, and will be described in heuristic terms in Section 2
below. In subsequent papers, the results of the present one will be extended to the
case of the MS system.



Vol. 3, 2002 Long Range Scattering for the Wave-Schrodinger System 539

We now give a brief outline of the contents of this paper. A more detailed de-
scription of the technical parts will be given at the end of Section 2. After collecting
some notation and preliminary estimates in Section 3, we study the asymptotic
dynamics for the auxiliary system in Section 4 and uncover some difficulties due
to the different propagation properties of solutions of the wave and Schrédinger
equations. As a preparation for the general case, we construct in Section 5 the
wave operators associated with the simplified linear system obtained by replacing
(1.2) by the free wave equation OA = 0. We then solve the local Cauchy problem
at infinity for the auxiliary system in Sections 6 and 7, which contain the main
technical results of this paper. We finally come back from the auxiliary system
to the original one (1.1) (1.2) and construct the modified wave operators for the
latter in Section 8, where the final result is stated in Proposition 8.1.

We conclude this section with some general notation which will be used freely
throughout this paper. We denote by || - ||, the norm in L” = L"(R?) and we define
d(r) = 3/2—3/r. For any interval I and any Banach space X, we denote by C(I, X)
(resp. Cy (I, X)) the space of strongly (resp. weakly) continuous functions from I to
X and by L>(I, X) (resp. L2 (I, X)) the space of measurable essentially bounded
(resp. locally essentially bounded) functions from I to X. For real numbers a and
b, we use the notation a V b = Max(a,b), and a A b = Min(a,b). Furthermore, we

define
[avd =aVd if a#b

=a-+te for some ¢ >0 if a=0,
[andb] =a+b—JaVvb and [a]ly =[aVO].

For any interval I C R*, we denote by I the closure of I in R* U{occ} and for any
interval I = [a,b) we denote by I the interval I, = [a,00). In the estimates of
solutions of the relevant equations, we shall use the letter C' to denote constants,
possibly different from an estimate to the next, depending on various parameters,
but not on the solutions themselves or on their initial data. We shall use the
notation C(ay,asq,---) for estimating functions, also possibly different from an
estimate to the next, depending in addition on suitable norms a1, as,--- of the
solutions or of their initial data. Additional notation will be given in Section 3.

2 Heuristics

In this section, we discuss in heuristic terms the construction of the modifed wave
operators for the system (1.1) (1.2), as it will be performed in this paper. We
refer to Section 2 of [6] [7] for general background and for a similar discussion
adapted to the case of the Hartree equation. The problem that we want to address
is that of classifying the possible asymptotic behaviours in time of the solutions
of (1.1) (1.2) by relating them to a set of model functions V = {v = v(vy)}
parametrized by some data vy and with suitably chosen and preferably simple
asymptotic behaviour in time. For each v € V, one tries to construct a solution
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(u, A) of (1.1) (1.2) such that (u, A)(t) behaves as v(t) when ¢ — oo in a suitable
sense. We then define the wave operator as the map Q : vy — (u, A) thereby
obtained. A similar question can be asked for ¢ — —oo. We restrict our attention
to positive time. The more standard definition of the wave operator is to define it
as the map vy — (u, A)(0), but what really matters is the solution (u, A) in the
neighborhood of infinity in time, namely in some interval [T, c0), and continuing
such a solution down to t = 0 is a somewhat different question which we shall not
touch here.

In cases such as (1.1) (1.2) where the system of interest is a perturbation of
a simple linear system, hereafter called the free system, a natural candidate for V
is the set of solutions of the free system, parametrized by the initial data v, at
time ¢ = 0 for the Cauchy problem for that system. In the case of the system (1.1)
(1.2) one is therefore tempted to consider the Cauchy problem

1
1Oy = —§Au u(0) = uy

(2.1)

O0A=0 A(0)= Ay, 0,A(0)=A, ,
to take vy = (uy, Ay, A, ) and to take for v(v, ) the solution (u, A) of (2.1). Cases
where such a procedure yields an adequate set ) are called short range cases. They
require that the perturbation has sufficient decay in time or equivalently in space.
This is the case for instance for the linear Schrodinger equation or for the Hartree
equation with potential V(z) = ||~ for v > 1. Such is not the case however for
the system (1.1) (1.2). This shows up through the fact that the solution A of the
wave equation OA = 0 decays at best as t~! (in L> norm), which is the borderline
case of nonintegrability in time. That situation corresponds to the limiting case
v = 1 (the Coulomb case in space dimension n = 3) for the linear Schrédinger
and for the Hartree equation. A similar situation prevails for the KGS system in
space dimension 2 and for the MS system in space dimension 3. In the present
case, which is the borderline long range case, the set of solutions of the Cauchy
problem (2.1) is inadequate, and one of the tasks that will be performed in this
paper (see especially Sections 7 and 8) will be to construct a better set V of model
asymptotic functions.

Constructing the wave operators essentially amounts to solving the Cauchy
problem with infinite initial time. The system (1.1) (1.2) in this form is not well
suited for that purpose and we shall now perform a number of transformations
leading to an auxiliary system for which that problem can be handled. For addi-
tional flexibility we shall first of all allow for imposing initial data at two different
initial times tg and ¢; for the Schrodinger and wave equations respectively. With
the aim of letting ¢; and t( tend to infinity in that order, we shall take ty < t;. We
shall then eliminate the wave equation by solving it and substituting the result
into the Schrédinger equation. We define

w= (A2 | K({t)=wlsinwt , K(t)=coswt
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and we replace the wave equation (1.2) by its solution

A=Ay + AU (Juf?) (2.2)

where
Ag=K(t) Ay + K(t) Ay (2.3)
AP = [ at' K (t— ) Ju(t) . (2.4)

Here A is a solution of the free wave equation, with initial data (A, A,) at time
t = 0. For t; = oo, (A+,A+) is naturally interpreted as the asymptotic state for
A, in keeping with the previous discussion.

The Cauchy problem for the system (1.1) (2.2) with initial data u(tg) = ug
is no longer a usual PDE Cauchy problem because A; depends on u nonlocally in
time. A convenient way to handle that difficulty is to first replace that problem
by a partly linearized form thereof, namely

1
0w’ = —§Au’ — Ad' u'(to) = uo

(2.5)
A= AO + A1(|u|2) .

For given u, (2.5) is an ordinary (linear) Cauchy problem for u’. Solving that

problem for u’ defines a map I" : v — o, and solving the original problem then

reduces to finding a fixed point of I', which in favourable cases can be done for

instance by contraction. We shall make use of that linearization method, not for

the equation for u, but for the auxiliary system to be defined below.

Aside from the nonlocality in time of the nonlinear interaction term, which
can be handled by the previous linearization, the system (1.1) (2.2) is rather similar
to the Hartree type equations considered in [6] [7] [8], and we next perform the
same change of variables, which is well adapted to the study of the asymptotic
behaviour in time. The unitary group

U(t) = exp(i(t/2)A) (2.6)

which solves the free Schrodinger equation can be written as
U(t)= M(t) D(t) F M(t) (2.7)

where M (t) is the operator of multiplication by the function
M(t) = exp (iz®/2t) , (2.8)

F is the Fourier transform and D(t) is the dilation operator

(D()f)(x) = (it)™"* f(x/t) (2.9)
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normalized to be unitary in L?. We shall also need the operator Dq(t) defined by
(Do(t)[) () = f(z/t) . (2.10)
We now parametrize u in terms of an amplitude w and of a real phase ¢ as
u(t) = M(t) D(t) expl-ip(B)]w(t) - (2.11)
Substituting (2.11) into (1.1) yields an evolution equation for (w, ¢), namely

{io+ (26*)7'A —i(2t*) 712V - V + Ap) + t7' B + 0o — (262) V| b w =0

where we have expressed A in terms of a new function B by (2:12)
A=t Dy B (2.13)

Corresponding to the decomposition (2.2) of A, we decompose
B = By + B} (w,w) (2.14)

where Ay =t~ 1DyB, and A’il = t_lDOB?. One computes easily
tl/t

B (wy,wy) = /1 dv v™3 wtsin((v — 1)w)Do(v)(Re wyws)(vt) . (2.15)

As in the case of the Hartree equation, we have only one evolution equation
(2.12) for two functions (w, p). We arbitrarily impose a second equation, namely
a Hamilton-Jacobi (or eikonal) equation for the phase ¢, thereby splitting the
equation (2.12) into a system of two equations, the other one of which being a
transport type equation for the amplitude w. For that purpose, we split Bil into
a short range and a long range parts

By =BY + B} . (2.16)

in the following way. We take 0 < § < 1 and we define
{ (FBS) (t,€) = x(|¢] > t*)F B (t,€)
(FBy) (t.€) = x(|¢] < t°)F By (t,¢€)

where X(|§|§tﬁ) is the characteristic function of the set {(¢,&) : |§|§tﬁ}. The

parameter § will satisfy various conditions which will appear later, all of which
will be compatible with 8 = 1/2. We then split the equation (2.12) into the
following system of two equations

(2.17)

{ Ow = i(2t) 1 Aw + t72Q(V,w) + it~ (By + BE (w, w))w (2.18)

dvp = (2t*) 71|Vl — 7! BY (w,w)
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where we have defined
Q(s,w) =s-Vw+ (1/2)(V - s)w (2.19)

for any vector field s. The first equation of (2.18) is the transport type equation
for the amplitude w, while the second one is the Hamilton-Jacobi type equation
for the phase ¢. Since the right-hand sides of (2.18) contain ¢ only through its
gradient, we can obtain from (2.18) a closed system for w and s = V¢ by taking
the gradient of the second equation, namely

{ Opw = i(24%) " Aw + £72Q(s, w) + it~ (Bo + BY (w, w)w (2.20)

s =17%s-Vs —t7'VBY (w,w) .

Once the system (2.20) is solved for (w, s), one recovers  easily by integrating
the second equation of (2.18) over time. We refer to [6] for details. The system
(2.20) will be referred to as the auxiliary system and will play an essential role in
this paper. For the same reason as was explained for the partly resolved system
(1.1) (2.2), we shall use at intermediate stages a partly linearized version of the
system (2.20), namely

{ o' = i(262) T Aw' 4+ t72Q(s,w') + it~ (Bo + BY (w,w))w’ 2.21)

s =t"2s- Vs —t7 VB (w,w)

to be considered as a system of equations for (w’, s’) for given (w, s). The first ques-
tion to be considered is whether the auxiliary system (2.20) defines a dynamics
for large time, namely whether the Cauchy problem for that system is locally well
posed in a neighborhood of infinity in time, more precisely has a unique solution
defined up to infinity in time for sufficiently large ¢; and sufficiently large initial
time tg, possibly depending on the size of the initial data. This property was sat-
isfied by the corresponding auxiliary system associated with the Hartree equation
and considered in [6] [7]. Here however we encounter serious difficulties associated
with the difference of propagation properties of solutions of the Schrodinger and
wave equations. In fact a typical solution of the free Schrodinger equation behaves
asymptotically in time as

(U(t)us) (@) ~ (MDFuy)(x) = explia®/2)(it) > Fuy (a/t)

namely spreads by dilation by ¢ in all directions in the support of Fu,, while by
the Huyghens principle Ay remains concentrated in a neighborhood of the light
cone, more precisely within a distance R of the latter if the initial data (A, A} )
are supported in a ball of radius R. When switching to the new variables (w, B),
w tends to a limit when t — oo whereas By concentrates in a neighborhood of the
unit sphere, within a distance R/t of the latter in the previous case of compactly
supported data. Note however that for t; = oo, Bf® is expected to tend to a limit
like w and not to concentrate like By, as can be guessed from (2.15).
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We shall treat the auxiliary system (2.20) by energy methods, and in partic-
ular look for w in spaces of the type C([T, o0), H*) where H is the usual Sobolev
space based on L2. In order to treat the nonlinear term Bj(w,w), we shall need a
minimal regularity, in practice k > 1. However, when taking H* norms of By, the
previous concentration phenomenon implies

| Bo H* || ~ 0 (#7172)

which has worse and worse asympotic behaviour in time as k increases. This dif-
ficulty manifests itself in the following way:

(i) If tg = t1 < oo, the available estimates for the sytem (2.20) do not prevent
finite time blow up after tg, even if Ay = 0.

This encourages us to take t; > tg, and actually the situation becomes slightly
better in that case. Nevertheless

(ii) the available estimates do not prevent finite time blow up after ¢, which is
the same fact as (i) with ¢y replaced by ¢1, and

(iii) if Ao # 0 and if ¢ is sufficiently large, the available estimates do not prevent
blow up before ¢;.

A definite improvement occurs however if Ay = 0.

(iv) If Ag = 0, the available estimates allow for a proof of existence of solutions
in [to, 1] for to sufficiently large and arbitrary ¢t; > ¢g, possibly t; = oo.
In particular for t; = oo, the solutions are defined up to infinity in time.
Furthermore, for those solutions, w(t) has a limit w; as t — oo.

The last case brings us in the same situation as that encountered for the Hartree
equation in [6] [7] and could be taken as the starting point for the construction
of partial modified wave operators (restricted to the case of vanishing (A4, A, ))
by the same method as in [6] [7]. We shall however refrain from performing that
construction and turn directly to the case of nonvanishing (A, A} ). In that case,
the need to use H* norms with k& > 1 for w makes the treatment of Ay nontrivial,
even if one drops the interaction term A;. As a preparation for the general case,
we shall therefore first construct the wave operators at the same level of regularity
for the simplified system

{ i0su (1/2)Au — Agu (2.22)

OA40=0

namely for a linear Schrodinger equation with time dependent potential Ag satis-
fying the free wave equation. After the appropriate change of variables

u=MDw Ag=t"1 Dy By (2.23)
the Schrodinger equation becomes

R(w) = 0w — i(2t*) ' Aw — it ' Bow = 0 . (2.24)
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The construction of the wave operators for that equation in L?, either in the
form (2.22) or (2.24) can be easily performed by a simple variant of Cook’s method,
and the construction of the wave operators at the level of H* becomes a regularity
problem for the previous wave operators. Solving that problem for £ > 1 (in fact
for k > 1/2) requires special assumptions on the asymptotic states (w4, Ay, A),
to the effect that the product Byws decays faster in time in the relevant norms
than what would naturally follow from factorized estimates. Those assumptions
can be ensured for instance by imposing support properties of w,, to the effect
that w, = 0 on the unit sphere, and suitable decay of (A;,A,) at infinity in
space. They will be needed again in the treatment of the general problem.

The construction of the modified wave operators in the general case follows
the same pattern as for the Hartree equation. The aim is to construct solutions
of the auxiliary system (2.20) with suitably prescribed asymptotic behaviour at
infinity, and in particular with w(¢) tending to a limit w4 as t — oo. That asymp-
totic behaviour will be imposed in the form of a suitably chosen pair (W, ¢) and
therefore (W,S) with S = V¢, with W (¢) tending to w4 as t — oo. For fixed
(W, S), we make a change of variables in the system (2.18) from (w, ) to (g,%)
defined by

(¢,9) = (w,0) = (W, ) (2.25)

or equivalently a change of variables in the system (2.20) from (w,s) to (g¢,o)
defined by
(¢,0) = (w,s) = (W,S), (2.26)

and instead of looking for a solution (w, s) of the system (2.20) with (w, s) behaving
asymptotically as (W, S), we look for a solution (g,0) of the transformed system
with (g, 0) (and also ) tending to zero as t — co. Actually for technical reasons, we
need to modify the auxiliary system slightly, in the following way. When expanding
w =W + q in BI'(w,w), we shall replace that quantity by

By (w,w) = B (W, W) + 2B7 (W, q) + B (¢,9) - (2.27)
We furthermore define the remainders
Ry (W, S) = W —i(22) " PAW — t2Q(S, W) — it~ (By + BZ (W, W))W

(2.28)
Ro(W,S) = 0,S —t25-VS+t 'VBX(W,W) . (2.29)

Performing the change of variables (2.26) and including the previous technical
modification in the system (2.20) yields the modified auxiliary system for the new
variables (g, o).

0rq = i(2t%) T Ag +t72(Q(s,9) + Q(a, W) + it~ Bog
+it 1 BY ™ (w,w)g + it~ (2BY (W.q) + BY (¢,9)) W — R (W, S) (2.30)
Qo =t"%(s Vo +0-VS) -tV (2B} (W,q) + B} (¢,9)) — R2(W, 5).
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Note that changing B! (w,w) to B°°(w,w) changes A by a solution of the free
wave equation, so that we are still solving the original system (1.1) (1.2), with
however a slightly different Ag as compared with (2.2).

For the same reason as for the partly resolved system (1.1) (2.2) and for
the auxiliary system (2.20), we shall use at intermediate stages a partly linearized
version of the system (2.30), namely

0 =i(2t?)7TAG +17(Q(s,¢') + Q(o, W) + it~ Bog'
+it 1B (w,w)q’ + it~' (2BY (W, q) + BY (¢,9)) W — Ry (W, S) (2.31)
o’ =t72(s-Vo' +0-VS) =t~V (2B} (W, q) + Bi*(¢,9)) — Ro(W, S).

The construction of solutions (g, o) tending to zero at infinity for the system (2.30)
with ¢; = oo proceeds in several steps. We assume first that (W, .S) and By satisfy
suitable boundedness properties and that the remainders Ry (W, S) and Ry (W, .S)
satisfy suitable decay in time. We solve the linearized system (2.31) for (¢’,o’) for
given (g, o), both with finite and infinite time ¢; and initial time to. We then solve
(2.30) by proving that the map T : (¢,0) — (¢’,0’) is a contraction in suitable
norms. We also prove that the solution of (2.30) with ¢y = t; < oo converges to
the solution with tg = t; = oo when 3 — oo, a property which is natural in
the framework of scattering theory. There remains the task of constructing (W, 5)
with W (t) tending to w4 as t — oo, and satisfying the required boundedness and
decay properties. This is done by solving the auxiliary system (2.20) with ¢; = oo
approximately by iteration. We restrict our attention to the second iteration, which
is sufficient to cover the range 1 < k < 2. The pair (W, S) or equivalently (W, ¢)
thereby obtained depends only on the asymptotic state w.. Solving the auxiliary
system (2.30) with that (W,S) and with ¢ = ¢; = oo yields a solution (w, s)
of the system (2.20) and therefore a solution (w,p) of the system (2.18) with
prescribed asymptotic behaviour characterized by (W, S) or (W, ¢). That solution
depends on (w,, Ay, Ay). Plugging that solution with w, = Fu, into (2.11) and
substituting u thereby obtained into (2.2) (2.4) with ¢#; = oo yields a solution
(u, A) of the system (1.1) (1.2) with prescribed asymptotic behaviour in time
explicitly expressed in terms of the asymptotic state (u,, Ay, A} ). More precisely,
that asymptotic behaviour is obtained or rather defined by replacing (w, ) by
(W, ¢) and |u|? = |Dw|? by |[DW]? in (2.11) and (2.2) (2.4) with ¢; = oo, so that
actually (u, A) behaves asymptotically as (M D exp(—ig)W, Ag + A(|[DW|?)),
which plays the role of modified free solution for the system (1.1) (1.2). As a by
product of that construction, we can define the map Q : (uy, Ay, Ay) — (u, A),
which is the required modified wave operator for the system (1.1) (1.2).

The main result of this paper, namely the construction of solutions of the sys-
tem (1.1) (1.2) defined for large time and with prescribed asymptotic behaviour
as described above, is stated in full mathematical detail in Proposition 8.1 below.
Since however that detail is rather cumbersome, we give here a heuristic descrip-
tion thereof, which can serve as a reader’s guide for that proposition. One starts
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with asymptotic states (uy, A, A, ) which are sufficiently regular in the sense that
(i) wy = Fuy € H* for sufficiently large k., (ii) the solution Ag of the free wave
equation generated by (A, A, ) according to (2.3) satisfies the optimal time decay
associated with that equation in suitable norms (see (8.9)=(3.15)) and satisfies an
additional joint time decay with w., needed to damp light cone interferences (see
(8.10)). One then constructs model asymptotic functions (W, .S) for the auxiliary
system (2.20), depending only on w,, by solving a truncated version of that sys-
tem approximately by iteration to second order (see (7.3) (7.5) (7.7)). The main
technical result is that one can construct a unique solution (w, s) of the auxiliary
system (2.20), defined for large time, and asymptotic to (W, S) in suitable norms
(see (8.11) (8.12) (8.13)). One then defines the phases ¢ and ¢ corresponding to s
and S according to s = V and S = V¢ and one reconstructs (u, 4) from (w, ¢)
by (2.11) and (2.2) (2.4) with ¢; = co. Then (u, A) is a solution of the system (1.1)
(1.2), defined for large time, and (u, A) is asymptotic to the modified free solution
(M D exp(—ip)W, Ag + A3°(|]DW?)) in suitable norms (see (8.15)—(8.23)).

The auxiliary system (2.18) satisfies a gauge invariance property similar to
that of the corresponding system for the Hartree equation used in [6] [7], and the
construction of the intermediate wave operator for that system can be made in a
gauge covariant way. For brevity we shall refrain from discussing that question in
this paper.

We now describe the contents of the technical parts of this paper, namely
Sections 3-8. In Section 3, we introduce some notation, define the relevant function
spaces and collect a number of preliminary estimates. In Section 4, we study the
Cauchy problem for large time for the auxiliary system (2.20). We solve the Cauchy
problem with finite initial time for the linearized system (2.21) (Proposition 4.1),
we prove a number of uniqueness results for the system (2.20) (Proposition 4.2),
we prove the existence of a limit w(¢) of w; for suitably bounded solutions of
the system (2.20) (Proposition 4.3), we discuss in more quantitative terms the
possible occurrence of blow up mentioned above, and we finally solve the Cauchy
problem for the system (2.20) with ¢; = co and large ¢( in the special case Ag = 0
(Proposition 4.4).

In Section 5, as a preparation for the construction of the wave operators for
the system (2.20) with Ag # 0, we study the existence of wave operators for the
linear problem (2.22) in the form (2.24). In particular we prove the existence of
L2-wave operators by a variant of Cook’s method (Proposition 5.2), we prove the
H* regularity of those wave operators under suitable decay assumptions of R(WW)
for the model function W (Proposition 5.3) and we finally reduce those decay prop-
erties to conditions on the asymptotic state (w4, A4, Ay ). In Section 6 and 7, we
study the Cauchy problem at infinity in the general case Ay # 0 for the auxiliary
system (2.20) in the difference form (2.30). Under suitable boundedness assump-
tions on (W, S) and decay assumptions on Ry (W, S) andf Ra(W,S) we prove the
existence of solutions for ¢y and t; finite and infinite, first for the linearized sys-
tem (2.31) (Propositions 6.1 and 6.2) and then for the nonlinear system (2.30)
(Proposition 6.3). We then choose appropriate (W, S), prove that they satisfy the
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required assumptions (Lemmas 7.1 and 7.2) and finally state the result on the
Cauchy problem at infinity for the system (2.30) in H* for 1 < k < 2 (Proposition
7.1). Finally in Section 8, we construct the wave operators for the system (1.1)
(1.2) from the results previously obtained for the system (2.30) and we derive the
asymptotic estimates for the solutions (u, A) in their range that follow from the
previous estimates (Proposition 8.1).

3 Notation and preliminary estimates

In this section we introduce some additional notation and we collect a number
of estimates which will be used throughout this paper. We shall use the Sobolev
spaces H¥ defined for 1 < r < oo by

Hff: {uH u;HiC I = ||<w>ku||r <oo}

where < - >= (1 + |- |?)Y/2. The subscript ~ will be omitted if = 2.
We shall look for solutions of the auxiliary system (2.20) in spaces of the type
C(I, X**) where I is an interval and

Xk,f _ Hk @w—l H@
namely
XH = {(w,s):we H", Vs € H'} (3.1)

where it is understood that Vs € L? includes the fact that s € L%, and we shall
use the notation
| w; H* || = Jwlx . (32)

We shall use extensively the following Sobolev inequalities, stated here in R™, but
to be used only for n = 3.

Lemma 3.1 Let 1 < g, r < o0, 1 <p< oo and0<j < k. If p=o00, assume that
k—j>n/r. Let o satisfy j/k <o <1 and

n/p—j=1—-o)n/qg+on/r—k).
Then the following inequality holds

lwiully <Cllullg™ I whulf (3-3)

The proof follows from the Hardy-Littlewood-Sobolev (HLS) inequality ([16],
p. 117) (from the Young inequality if p = 00), from Paley-Littlewood theory and
interpolation.

We shall also use extensively the following Leibnitz and commutator esti-
mates.
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Lemma 3.2 Let 1 < r,7r1,7r3 < 0o and
1/r=1/ri+1/ra=1/rs+1/r4 .
Then the following estimates hold
[ @™ (o) [l < C([| 0™ w [lry [V [[re + | @™ 0 [Irg | w[lry) (34)
form >0, and
I o™ ulo |l < C (@™ oy |0 [lry + | 0™ 0 g | Ve [lry)  (35)
form > 1, where [, ] denotes the commutator.

The proof of those estimates is given in [17] [18] with w replaced by < w >
and follows therefrom by a scaling argument.

We shall also need the following consequence of Lemma 3.2.

Lemma 3.3 Let m > 0 and 1 < r < co. Then the following estimate holds
[w™(e? =1) [» < W™ [lr exp(C | ¢ o) - (3.6)
Proof. For any integer n > 2, we estimate

an = o™ " [r <C(lwmellr e l% + 1™ e ¢ lloo)
= C(a1 0" ' +an_1b) (3.7)

by (3.4), where b =|| ¢ || and we can assume C > 1 without loss of generality. It
follows easily from (3.7) that

an < n(CH)" ' ay

for all n > 1, from which (3.6) follows by expanding the exponential. O

We next give some estimates of Bi', By and B} defined by (2.15) (2.17). It
follows immediately from (2.17) that

lw™Bg |l <709 | wPBY |2 < 7P || WP BT |2 (3.8)
for m < p and similarly

I w™ By lla < 70" | wPBY |2 < 7P || WP BT |2 (3.9)
for m > p. On the other hand it follows from (2.15) that

| ™ By (wi,wa) [|l2 < 1) (I @™ (wie) |l2) (3.10)

—  m



550 J. Ginibre and G. Velo Ann. Henri Poincaré
where I'! is defined by

(L () (1) = (3.11)

tl/t
/ dv v="73/2 f(ut)
1

or equivalently

() @ =z | v )

t

for t > 0, t; > 0. Most of the subsequent estimates of B! will follow from (3.8)
(3.9) (3.10) and from an estimate of | w™(wy@s3) ||2. The latter follows from the
HLS inequality if —3/2 < m < 0 and from (3.4) if m > 0. For future reference, we
quote the following special case, which will occur repeatedly

I w281 (w,w) Jl2 < C Ij_y s (Il 0*w |13) (3.12)
and which holds for 0 < k < 3/2. The required estimate
1w =22 ||y < O || WPw |13 (3.13)

follows from the HLS inequality if 2k < 3/2 and from (3.4) if 2k > 3/2, as men-
tioned above, and from Sobolev inequalities.
We next give a special estimate of the long range part BtL1 of Bil.

Lemma 3.4 Let m > —3/2. Then
” wm-i-lBtLl (wl’w2) H2 <C tﬁ(m+3/2)lt_13/2 (” w1 ||2 H Wa H2) . (314)

Proof. Let f = Dy(v)Re w1ws. From (2.15) (2.17), we estimate

th/t
/1 dv v | x(€) < P)E™ FAE) Iz

I w™ B (wi,wa) [|l2 <

<

ty/t
/1 dv v=3 || x(€l < E™ 12 | Ff lloo

tl/t
<C / dv P32 | (wy wo) (vt) |
1

which implies (3.14). O

We finally collect some estimates of the solution of the free wave equation
0OAg = 0 with initial data (A, A}) at time zero, given by (2.3).

Lemma 3.5 Let m > 0. Let w™A4 € L2, wm YA, e L2, VZw™A, € L' and
Vw™A, € L'. Then the following estimate holds

| w™Ag || < bo t™ 7" for2<r<oo (3.15)

for all t > 0.
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Proof. Tt suffices to prove (3.15) for m = 0, for r = 2 and r = oo. For r = 2, it
follows from (2.3) that

I Ao ll2 < | Ay ll2 + [ w™ Ay |l (3.16)

for all ¢ € R. For r = oo, the result follows from the divergence theorem applied
to the standard representation of solutions of the free wave equation in terms of
spherical means [21]. O

The time decay expressed by (3.15) is known to be optimal, and we shall
always consider solutions Ay of the free wave equation satisfying those estimates for
suitable m. In the applications, we shall use the estimates (3.15) in the equivalent
form expressed in terms of By defined by (2.13), namely

Il w™ Bo |I» < bo =T for 2 <1 < oo . (3.17)

4 Cauchy problem and preliminary asymptotics
for the auxiliary system

In this section, we study the Cauchy problem for the auxiliary system (2.20) and
we derive some preliminary asymptotic properties of its solutions. This section
illustrates both the method of solution with the help of the linearized version
(2.21) of that system and the difficulties arising from the different propagation
properties of the Schrodinger and wave equations. In particular we are able to
prove the existence of solutions up to infinity in time only if Ay = 0. This section
could be the starting point for the construction of partial wave operators with
vanishing asymptotic states for the field A, a construction which would be very
similar to that of the wave operators for the Hartree equation performed in [6] [7],
but which we shall refrain from performing here. The general case of non-vanishing
asymptotic states for A will be treated by a similar but more complicated method
in Section 6 below.

The basic tool of this section consists of a priori estimates for suitably regular
solutions of the linearized system (2.21). Those estimates can be proved by a reg-
ularisation and limiting procedure and hold in the integrated form at the available
level of regularity. For brevity, we shall state them in differential form and we shall
restrict the proof to the formal computation.

We first estimate a single solution of the linearized system (2.21) at the level
of regularity where we shall eventually solve the auxiliary system (2.20).

Lemma 4.1 Let 1 <k < /¢, ¢>3/2 and 8 > 0. Let I C [1,00) be an interval and
let t; € I. Let By satisfy the estimates (5.17) for 0 < m < k. Let (w,s), (v, s') €
C(I, X"™) with w € L®(I,H*) and let (w',s') be a solution of the system (2.21)
in I. Then the following estimates hold for all t € I:
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|| w ||la= const.
Orfwlel < Cbo {ll e 57w [T T T )
+ C{t?|Vsle+ 717 I (lwlf)} [l (4.1)
OV < O 12Vl Vsl +C 172 (12w s wla) + 18, () (4.2
where 0 < § < [k A3/2],

Br=pBAA2k—-1)]=p(1-2[3/2-kl), (4.3)
mi=[kA(2k—3/2)] =k—[3/2— K], (4.4)
By=B+1—k+[3/2—K-) . (4.5)

Proof. We omit the superscript ¢; in all the proof. We first estimate w’. It is clear
from (2.21) that || w’ ||2 = const. We next estimate

9 | o o] < 07 b, Bolu! 4472 || b, s] -V [l + | (V- s)obu [
+ W (V- s)w') |2 } +t71 | W, Bs(w,w)]w’ |2 - (4.6)
The contribution of By is estimated by Lemma 3.2 and (3.17) as
1w, BoJw' |2 < C (I VBo lloc [| &~ " [l + || w*Bo lls/s || ' )
< C by (¢ w1 fl2 4250 ' ) (4.7)

with 0 < 6 = §(r) < k A 3/2. This yields the first term in the RHS of (4.1) by
Sobolev inequalities and interpolation. We next estimate by Lemma 3.2

| s]- V' 2+ [|(V-s)w*u’ [z + || (V- s)w') |2

<O (195 floo ll&¥ 0! 12 + | s llags || 0! e+ [ H(V - 8) llgor || 0 1)

where 0 < 0 = 40(r) < [(k—1)A3/2] and 0 < 6" = 6(r") < [k A 3/2]. Choosing
d=[(k—1)A1/2] and ¢’ = [k A 3/2] and using Sobolev inequalities, we continue
the previous estimate by

e < C( | Vs |loo | wFw' 2 + || wlkv3/2y g ll2 |l wlkA3/2], 7 2
+x(k > 3/2) | Vs |12 |0 oo ) < C sle /] - 48)

We next estimate the contribution of Bg to (4.6). By Lemma 3.2 and Sobolev
inequalities, we estimate

| W, Bs(w, w)]w’ ||z
< C{ll VBs(w,w) [ls]| "~ 'w" [l6 + || " Bs (w,w) /5] w' ||}

< C{||w*/2Bs(w,w) la]| ' |12 + || "2~ By (w,w) 2]l ' |} (4.9)

where 0 < 6 = d(r) < 3/2. We choose § = [k A 3/2] and continue (4.9) as follows:
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If k < 3/2,s0 that § =k

< C||w¥?Bs(w,w) |2 | w*w' ||2

< 0D | W2 (w,w) 2 || wrw |l

< CtPEDL, g (| Wrw |13) || wFw’ |2

< Ct P Ly, (JwR) W'k (4.10)

by Sobolev inequalities, by (3.8) (3.12) and by the definitions (4.3) (4.4).
If k =3/2,so that § =3/2 — ¢,

< C H w3/2+aBs(w,w) ”2 H w3/2 ' H2

< Ot P07 | WPPTEB (w,w) o | WP s

< C t—ﬁ(1—25)13/27€< I w(3=9)/2y, ”2> I W32y ®

< Oy, (jul}) o/l (4.11)

by Sobolev inequalities, by (3.8), by (3.12) with k = (3 —¢)/2 and by (4.3) (4.4).
If £ > 3/2, so that 6 = 3/2 and r = 00

< Clle™ ™ Bi(ww) o {PE || wkul o+ | wf |l |
< P L (whw s w o) (| wFul flo + [l )
< Ct Ly, (JWR) Wk (4.12)

by (3.8) (3.10), Lemma 3.2, Sobolev inequalities and (4.3) (4.4). Substituting (4.7)
(4.8) (4.10) (4.11) (4.12) into (4.6) yields (4.1).
We now turn to the estimate of s’, namely to the proof of (4.2). For 0 < m < ¢,
we estimate

0 W™ s [lo] < 472 {]l W] VS [l2 4 | (V- s)w™ 8" )12}
+t71| wm”BL(w,w) lla - (4.13)
The first bracket in the RHS of (4.13) is estimated by Lemma 3.2 as

{} C(IIVs lloo | w™ 8" [l2 + 0™ s |l2 || V5 [lo)

<
< Cl|Vslg |VS/|g (4.14)

by Sobolev inequalities.
The contribution of By, for m = ¢ is estimated by (3.9) (3.10) (3.12) and
Lemma 3.2 as

| 2B (w,w) [l < C 52720 1o (|| wFw |[3) for k <3/2,
C tAU+1=k) (Il wFw |2 | w ||so) for k> 3/2,
C Pz <|| w3=9)/2,, H%) for k=3/2,
< Ct” I, (Jwl}) (4.15)
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in all cases. The contribution of By for m = 0 is estimated similarly as
| V?Br(w,w) o < CHPCP 0 L (|o*wlls || wl2) fork<3/2,
Ct Iy (| w o [|wl2) for k> 3/2,
CAe) I, (H G2 |y || w ||2) for k= 3/2 ,

<Ot Ly g (| w |2 Jwly) (4.16)
in all cases, with
By =PB1+1[3/2—kl4) < f (4.17)
since ¢ > k.
Collecting (4.14) (4.15) (4.16) yields (4.2). O

We next estimate the difference of two solutions of the linearized system
(2.21) corresponding to two different choices of (w, s). We estimate that difference
at a lower level of regularity than the solutions themselves.

Lemma 4.2 Let 1 < k < ¢, ¢ > 3/2 and 8 > 0. Let I C [1,00) be an interval
and let t1 € I. Let By be sufficiently regular, for instance By € C(I, HY). Let
(wy, 81), (wh, s) € C(I, X™) with w; € L=(I, H*), i = 1,2, and let (w), s}) be so-
lutions of the system (2.21) associated with (w;, s;). Define (wx,s+) = (1/2)(wy £
wa, 81 £ 82) and (w!L, sy ) = 1/2(w} £ wh, s} £ sy). Then the following estimates
hold for allt € I:

|00 | Wl |2 < O t72Vs |y [yl +Ct 2 I (i [ we [l2) [l |

(4.18)
0:| Vs o] < C 2 (IVsyle IV leo + | Vs—ley [V, ]e)
+ Ot (lwsle | w- |2) (4.19)
where 81, m1 and B are defined by (4.3) (4.4) (4.5) and where
3/2— Ky <lo<l—F . (4.20)

Proof. We again omit the superscript ¢; in the proof. Taking the difference of the

system (2.21) for (w}, s}), we obtain the following system for (w’_, s’ ):

o’ = i(26%) T AW+ t72(Q(sy, w) + Q(s—,w)) + it~ Bow’
+it ™t {(Bs(ws, wy) + Bg(w_,w_)) w’" +2Bs(wy,w_)w}}  (4.21)
Os_ =172 (s4 - Vs_ +s_- Vs ) =207 ' VB (wy,w_) .
We first estimate w’ . From (4.21) we obtain

10 1w Iz < €72 Q(s—,w!y) ||z +2¢7" || Bs(wy, w-)wly |2 (4.22)
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where only those terms appear that do not preserve the L2-norm. We estimate the
first norm in the RHS by Holder and Sobolev inequalities as follows:

If k < 3/2,
1QU—swl) s < C(s— llairny + 1 V- 5= llagw) | w¥ay |1
< O PFVs | Wk o
If k = 3/2,
| Q(s—ywly) o < C | Vs 2 || w27 ), [
If k> 3/2,

I Q(s— w’) [l < CIl Vs 2 (Il Vo!y [Is + [ w o)

and in all cases
| Q(s—w)) ll2 < CIVs_g, [ |k (4.23)

provided £y > [3/2 — k] ;.

We estimate the second norm in the RHS of (4.22) by (3.8) (3.10), by Lemma
3.2 and by the Holder and Sobolev inequalities as follows:

If k < 3/2,

| Bs(w,w-)w)y |la < C || 0*?7% Bg(wi,w-) || || w*u!, |2
< C 72D RV By (i wo) |z | @Ml
<C 20D L g (| Fwy o | w- o) | Wl [l -

If k = 3/2,

| Bs(ws,w-)w), 12 < Ct7072) L (|2 wy |z | w- Jl2) | w2 <w) |l -

If k > 3/2,
| Bs(wy,wo ), o < 7 || VBs(wy,wo) o || wf, |l
<C 7P Io (| wy [lso | w— Il2) | w} floo
and in all cases
| Bs(w, w ), fla < €t Ly (g i o )l . (4.24)

with 31 and m; defined by (4.3) (4.4). Substituting (4.23) (4.24) into (4.22) yields
(4.18).

We now turn to the estimate of s”_, namely to the proof of (4.19). From (4.21)
we estimate for m >0

00 | ™A o < 172 | ™ 51]- Vs [+ | (V-5 )0™ S 3

+ W™ (5= Vs |12 } +2t71 | w2 B (wi,wo) 2 (4.25)
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If m = 0 (a case which has to be self-estimating if £y = 0, which is allowed if
k > 3/2), we estimate the bracket in the RHS of (4.25) directly as

{m=0)} < 1| sy loe || V5" fla+ [ Vs ll2 (I V&, llso + 1| 926" 1)
< O (Vsgle | V5. Jla + 1| Vs |2 [Vs,1e) (4.26)

since £ > 3/2.
If m > 0, we estimate that bracket by Lemma 3.2 and Sobolev inequalities
as

{101 Tss lloo 1™ 12 + | 0™ sy ags || Vs |l
™ sy |9 floe + I sl | 0™28) o0 } (4.27)

where 0 < 6 = d(r) < 3/2,0 < ¢ = §(r') < 3/2. The first and third term in
the RHS of (4.27) are readily controlled by the corresponding terms in (4.19) for
0 <m < £y and £ > 3/2. The remaining two terms are similarly controlled through
Sobolev inequalities provided

0<d<[pAN3/2] , m+3/2-5§<{.
1<6 <[(lo+1)A3/2] , m+5/2-8<1.

Those conditions are easily seen to be compatible in § and ¢’ for all m, 0 < m < £,
provided ¢ > [(¢o + 1) Vv 3/2], which follows from ¢ > 3/2 and ¢ > ¢y + k.
We finally estimate the contribution of By (w4, w_) by

o™ 2By (wy, w-) [l2 < C 7™ || V2Br(ws,w-) ||2

by (3.9) and we estimate the last norm in exactly the same way as in (4.16),
thereby obtaining

I o™ By (wy,w-) ]2 < C %™ Ly g (Jwg [y | w- |2) (4.28)

Collecting (4.25) (4.26), (4.27) and the discussion that follows, and (4.28) and
noting that 85 + 8m < 35 for m < £y < £ — k, we obtain (4.19). O

With the estimates of Lemma 4.1 and 4.2 available, it is an easy matter to
solve the Cauchy problem globally in time for the linearized system (2.21).

Proposition 4.1 Let 1 <k < ¢, £ > 3/2 and 8 > 0. Let I C [1,00) be an interval
and let t, € I. Let By satisfy the estimates (3.17) for 0 < m < k. Let (w,s) €
C(I, X% withw € L>(I, H*). Let ty € I and let (w), sh) € X**. Then the system
(2.21) has a unique solution (w',s") € C(I, X"®*) with (w',s")(to) = (w, sh). That
solution satisfies the estimates (4.1) (4.2) for allt € I. Two such solutions (w}, s})

17 %

associated with (w;, s;), i = 1,2, satisfy the estimates (4.18) (4.19) for allt € I.

Proof. The proof proceeds in the same way as that of Proposition 4.1 of [6], through
a parabolic regularization and a limiting procedure, with the simplification that
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the system (2.21) is linear. We define Uy (t) = U(1/t), w'(t) = Uy (t)w'(t). We first
consider the case t > tg. The system (2.21) with a parabolic regularization added
is rewritten in terms of the variables (@', s’) as

o' =AW + 2 01Q(s, UT ') + it~ Ur(Bo + Bs(w, w)) Uy '
=nAw + F(uw') (4.29)
Os’  =nAs' +1t725- Vs —t7 VB (w,w) = nAs’' + G(s')

where the parametric dependence of F', G on (w, s) has been omitted. The Cauchy
problem for the system (4.29) can be recast in the integral form

(Yo (§)e Lo o

where V,,(t) = exp(ntA). The operator V;,(t) is a contraction in X** and satisfies
the bound
IV () LX) || < Clnt) =12

From those facts and from estimates on F', G similar to and mostly contained in
those of Lemma 4.1, it follows by a contraction argument that the system (4.30)
has a unique solution (@}, s,) € C([to,to + T, X**) for some T' > 0 depending
only on |wplx, |sp[, and 7. That solution satisfies the estimates (4.1) and (4.2) and
can therefore be extended to It = IN{t:t > ty} by a standard globalisation
argument using Gronwall’s inequality.

We next take the limit  — 0. Let 11, 2 > 0 and let (wj,s;) = (wy,, s ),
i = 1,2 be the corresponding solutions. Let (w’ ,s" ) = (1/2)(w] — wh, s] — s5).
By estimates similar to, but simpler than those of Lemma 4.2, since in particular
(w_,s_) =0, we obtain

{ O || w' 1I3< I —m2| (I Vi 13+ || Vs [13)
O || V' |I3< I — el (Il V281 113 + 1| V255 [[3) + Ct72 || Visy ool VT |3 -

Those estimates imply that (wy, s;) converges in X 0.0 yniformly in time in the
compact subintervals of I, to a solution of the original system. It follows then by
a standard compactness argument using the estimates (4.1) (4.2) that the limit
belongs to C(I,, X**). This completes the proof for t > t,. The case t < tq is
treated similarly. O

We now turn to the Cauchy problem for the auxiliary system (2.20). Because
of the difficulties described in Section 2, the problem of existence of solutions is
scattered with pitfalls, as the discussion below will show. On the other hand, the
uniqueness problem of suitably bounded solutions is a rather easy matter and we
consider that problem first. The proof relies entirely on Lemma 4.2 and therefore
does not require any a priori estimate on By. The snag of course is that it is difficult
to prove the existence of solutions with the required boundedness properties.
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Proposition 4.2 Let 1 <k < ¢, £ >3/2 and 3 > 0. Let I C [1,00) be an interval
and let t, € I. Let By be sufficiently reqular, for instance By € C(I, HY).
(1) Let to = t1 < oo and let (wo,s0) € X¥¢. Then the system (2.20) has at

most one solution (w,s) € C(I, X™) with w € L>®(I, H*) and (w,s)(tg) =
(wo, 50).
Let now By < 1, where B2 is defined by (4.5), let by satisfy (4.20). Let (w;, $;),
i = 1,2 be two solutions of the system (2.20) in I such that (w;,t""'s;) €
(CNL>®)(I, X% for somen >0 and let

| wi, L°(H") || < a , | t" Vs L°(HY) || <b . (4.31)

(2) Letto €1, ty <ti, to < oo and assume that (w1, s1)(to) = (we, s2)(to). Then
there exists ¢ = c¢(a,b) such that if

(ta(lflb) V. t0_ﬁ1> (1 — (to/tl)a) < C(a, b) (432)

where oo = [k AN3/2] — 1, then (wi,s1) = (we, s2). In particular there exists
To = To(a,b) such that if tg > To, then (w1, s1) = (wa, $2).

(3) Let t; = co. Assume that || wy — wy ||2 %2 and |V(s1 — s2)|¢, tend to zero
when t — 0o. Then (w1, s1) = (w2, $2).

Proof. If (w;,s;), i = 1,2 are two solutions of the system (2.20) in C(I, X*),
then they satisfy the estimates (4.18) (4.19) with (w},s) = (wi,s;), which we
denote (4.18=) (4.19=) and refrain from rewriting for brevity. The proof consists in
exploiting those estimates to prove that (wy, s1) = (wg, s2). We define y =| w_ ||2
and z = |Vs_|g,.

Part (1). With g = t1 < oo, the estimates (4.18=) (4.19=) take the general form

0] < (1) + g1 (1) / at’ b (t) y(t') (4.33)
[0:z] < fa(t)z + g2(t) /t dt’ ha(t') y(t') (4.34)

for suitable continuous nonnegative functions fi1, g1, h1, f2, g2, ha (actually hy =
ha, but that is irrelevant). Furthermore y(tg) = 2(t9) = 0. We shall reduce the
system (4.33) (4.34) to a standard form where Gronwall’s inequality is applicable.
We restrict our attention to the case t > tg for definiteness. The case t < ty can
be treated similarly. Defining z by

0~ B0 2) = e { [ o 10}

we reduce the system (4.33) (4.34) for (y, z) to a similar system for (y, z), where
f2, g2 and f; are replaced by 0, E~'gy and Ef;. We can therefore assume that
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f2 = 0. Then

" t

A0 [t ult) [t hae) u#) < Galt) [ dt halt) y(t)

to to to
where .
G — d 1! 1’
A1) / Lt gt
so that
t t
O < HOGD) [ ha)u®) +r(e) [ dt ) y(t)
to to
t
< (fl Gy + g1)/ dt/(hl V hg)(t/) y(tl)
to

which is of the same form as (4.33) with f; = 0. Integrating the latter yields

t

y< / Cat" () / " ) y) < Gi (1) / at’ b (1) (1)

to to to

where

t
G1(t) :/ dt' gi(t') ,
to
which together with y(to) = 0 implies y(t) = 0 for all ¢ by an easy variant of
Gronwall’s inequality. Substituting that result into (4.34) (with fo = 0) yields

z = 0 and therefore (wy, s1) = (w2, $2).

We now turn to the proof of Parts (2) and (3). Introducing the assumption
and notation (4.31), changing the variable from v to ¢ = vt in the definition of
I't) and omitting an absolute overall constant, we can rewrite (4.18=) (4.19=) in
the form

ty
|Oyy| <t72 az 4+t~ 1 te a2/ dt’ 717 gy (t) (4.35)
t

t1
10,2 < 47177 b ¢+ / dt £=1=0 (1) (4.36)
t

where a = [k A 3/2] —1 > 0, and the goal is to prove that (4.35) (4.36) with
suitable initial conditions imply y = z = 0.

Part (2). Let Y =|| y; L*([to, t1]) ||. Then

ty
t“/ A0 () < Y ol (1— (t/0)?)
t

< Yal(l—ty/t)) =Y. (4.37)
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Substituting (4.37) into (4.36) and integrating with z(to) = 0 yields
z<exp(bn ' t;") aY Byt %2 . (4.38)

Substituting (4.37) (4.38) into (4.35), integrating with y(t9) = 0 and taking the
Supremum over ¢ in [tg,t1] yields

Y < {exp (b nt tan) (1—p2)7 ! tg(l_ﬁZ) + 87t tgﬁl} a’y
which implies Y = 0 and therefore y = z = 0 provided

a? {exp (b nt tg") (1—B9)7 " tg(l_ﬁz) + ﬁl_l tgﬁl}ofl (1= (to/t1)") <1,
(4.39)
a condition which follows from (4.32) for suitable ¢(a, b).

Part (3). We now take t; = co. The term bz in (4.36) can be exponentiated as in
the proof of Part (2). Since in addition the statement does not involve conditions
on a and b, we can and shall assume without loss of generality that b = 0 and
a=1. Let
e(t) =Sup t'P2y(t') . (4.40)
>t

Then £(t) is nonincreasing in ¢ and tends to zero as t — co. Furthermore for any
toel

/ dt' 1 () < e(to)(a+ Bo) g ) (4.41)

to

Let now to € I (to will eventually tend to o0), yo = y(to) and zo = z(t9). We
estimate y and z for t < ¢ by integrating (4.35) (4.36) (with ¢; = oo, a = 1 and
b = 0) between ¢ and ty. Integrating (4.36) yields

to to
2(t) < Zo+(a+ﬁ2)_2€(to)+/ dt” t”‘1+52+“/ dt’ 717 y(t')
t t
to ’
< ..+/ dtl t/—l—a y(t')/ dt/ tl/—l-‘rﬁz-‘r(x
t t
< 2o+ (a4 B2) 2 elto) + (a4 B2) Tt V() (4.42)

where we have used (4.41) and where

Y(t) = /t ’ dt’ /=P gty (4.43)

Substituting (4.42) into (4.35), integrating and using the fact that Y (¢) is decreas-
ing in ¢, we obtain

y() <o+t (20 + (a+ Ba)2e(to)) + (a+ B2) L Y () +ya(t)  (4.44)
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where

to o0
m (t) _ / dt// t//717ﬁ1+a/ dt/ t/—l—a y(t’) )
t t

Substituting (4.44) into (4.43) yields
V() < yo B3t t0* + (20 + (at B2) (o)) (1 — Bo)~H #7152

to
+ (a+p2)7 ! / dt' =202 Yy (t) + Yi(t) (4.45)
t
where
to
Yl(t) :/ dt”/ t///—1+52 yl(t///)
t

to "’ 00
:/ dt” t//*l*ﬁﬁra/ dtm t///—1+ﬁ2/ dt/ t/—l—a y(t’)
t t t’

’

to oo
< ﬁ;l/ dt” t//—1—51+a+ﬁ2/ dt/ t/—l—a y(t’)
t t

"

to to
< Byt 7P (o B2) 7% elto) + ﬁ;l/ de” "1 / dt’ '~y (t')

t ¢!

to
< B P (ot ()2 elto) + / a1y (Y (4.46)
t

Substituting (4.46) into (4.45) yields the following inequality for Y'(¢):

<o+ [ "t g(t') Y () (4.47)

where
f(t) = By telto) + 20(1 — B2) 7 t7 (1752 4 (a + B2) "%e(to)

(1= Bo) 1707 4 G717 ) (1) = (a+ ) ™ 4720 4 gy

Note that f and g are decreasing in ¢ and that g is integrable at infinity. Let

Then (4.47) can be rewritten as

Y = —gY > —gf —g¥
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which is readily integrated with Y (¢9) = 0 to yield

Y(t) < /t ar g(t) f(t’)exp{/t dt” g(t”)} < f(t) G(t) exp(G(2))

and therefore by (4.47) again
Y(t) < () {1+ G{)exp(G(2))} -

Now G is independent of ¢y while f tends to zero when ¢y — oo for fixed ¢ under
the assumptions made. Letting g — oo then shows that

to
Y(t) = / dt’ =12 (') — 0 when tg — oo
t

which implies that y = 0, from which it follows easily that z = 0, and therefore
(wy,81) = (w2, 52). (]

Remark 4.1 The necessity of some condition of the type (4.32) in Part (2) is easily
understood on the simpler example

t1
0uy] < a? / dt' y(t') (4.48)
t

with ¢g = 0 and y(0) = 0. Defining Y =|| y; L>°([0,¢1]) || we obtain
|0ry| < a®(ty — )Y

and therefore by integration

t
Y <a®Y Sup / dt'(ty —t') = (1/2)a®> 2 Y
0

0<t<t;

which implies Y = 0 if at; < v/2. However if at; = 7/2, (4.48) admits the nonva-
nishing solution y = sin at.

We next prove another property which follows easily from estimates similar
to those of Lemma 4.2, namely the fact that for suitably bounded solutions (w, s)
of the auxiliary system, w(t) tends to a limit w; when ¢ — oco.

Proposition 4.3 Let k > 1, b < [3/2—k]y and B3 > 0. Let T > 1, t; = oo and
I = [T,00). Let By satisfy the estimate (3.17) for m = 0. Let (w, s) € C(I, X**0)
with (w,t"1s) € L>(I,X%%) for some n > 0 and let (w,s) satisfy the first
equation of the system (2.20). Then there exists wy € H* such that w(t) tends to
w4 weakly in H* and strongly in HY for 0 < k' < k when t — oco. Furthermore
the following estimate holds for allt € I:

| () —ws ||y < C 7 (4.49)
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where w(t) = U(1/t)w, and
a1 =nA[L/2NEk/3]A (B + Bk)

with [y defined by (4.3).
Proof. Let tog € I, wy = w(tp) and
a=|w L®(LHY) || b=[ " Vs L H) ||
The first equation of the system (2.20) can be rewritten as
Or (1) — o) = 2 U(L/1) Qs,w) + it~ U(1/£) (Bo + Bs(w,w)) w

where we have omitted the superscript oo in Bg, and therefore

O | w(t) —wo [l2 <72 Q(s,w) |l2 +t" || Bow [|2 +t~" || Bs(w, w)w ||z

By exactly the same estimate as in (4.23), we obtain (420
| Q(s,w) |la < C|Vs|e, |w|x < C abt'™". (4.51)
We next estimate
| Bow [l2 <[l Bo ll/s || w [l» < C abg t~ /27 (4.52)
with § = 6(r) = [k A 3/2], by (3.17) and Sobolev inequalities, and
| Bstw,whw < || Bs(w,w) llsss | w s
< OB By(w,w) 2wl (4.53)

with the same §. The last norm of Bg in (4.53) is estimated exactly as in the proof
of Lemma 4.1 (see (4.10) (4.11) (4.12)) as

[ B2 Bg(w,w) [l < € 747 1% (jwlf) < € a® P08 0 (4.54)

Substituting (4.51) (4.52) (4.53) (4.54) into (4.50) and integrating between to and
t yields

| @(t) — @(to) ]2 < C {(t A to)""ab + (¢ A to) /2R3 aby + (t A to)-ﬁl-ﬁkcﬁ}

from which it follows that w(t) and therefore also w(t) has a strong limit w, in
L? when t — oo and that (4.49) holds. Since in addition w(t) is bounded in H*, it
follows by a standard compactness argument that wy € H¥ and that w(t) tends
to w4 in the other topologies stated in the Proposition. O
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We now turn to the problem of existence of solutions of the auxiliary system
(2.20), with the aim of proving that that system defines an asymptotic dynamics
for large times and preferably up to infinity in time. Here however, we encounter
the difficulties described in Section 2 and arising from the different propagation
properties of the Schréodinger and wave equations. First of all for t; = tg, even
if By = 0, the estimates of Lemma 4.1 are insufficient to prevent blow up of the
solutions in a finite time after tg, independently of the size of ¢y and of the initial
data for (w, s) at to. In fact, if in the estimates (4.1=) (4.2=) we set by = 0, omit
the second inequality and take s = 0 in the first one, we obtain the following
stronger estimate for y = |w'|; = |w]k

1
dy<Cti=h y/ dv v 1™ gy (vt)P (4.55)
to/t

where m = mq +1/2 > 5 for 8 < 1, and p = 2. We shall prove that (4.55) does
not prevent finite time blow up by showing that equality in (4.55) implies such a
blow up. Taking y? instead of y as the unknown function and rescaling ¢ and y,
we can take p =1, tg = 1 and C' = 1 without loss of generality. We are therefore
led to consider the equation

1
O y=t1"M y/ dv v y(vt) (4.56)
1/t
or equivalently
t
Oy y =t 1 7hm y/ dt' =1y (4.57)
1

Warning 4.1 Let 0 < 81 < m. Then the solution of the equation (4.57) with initial
data y(1) = yo > 0 blows up in a finite time.

The proof will be given in Appendix A.

The previous result encourages us to take t; > tp and actually the situation
improves in that case and in particular we shall prove the existence of solutions
defined in [tg,t1] if By = 0 in Proposition 4.4 below. Of course for ¢; < oo, by
the previous argument, we shall be unable to exclude finite time blow up after ¢;.
On the other hand, if By # 0, we cannot exclude finite time blow up between t
and t; if ¢; is sufficiently large. Actually, we shall show that equality in a stronger
version of (4.1) implies such a blow up. We again drop the inequality (4.2) and
take s = 0 in (4.1). Omitting in addition the second term with by, we are left with

t1/t
dy=0C {yll/k 4717 y/ y~imm y(yt)2} . (4.58)
1

Since the solution of (4.58) is increasing in time for ¢ > tg, blow up for (4.58) is
implied by blow up for the equation

B y=C {yl_l/k F I By, (1 - (t/tl)’”)} . (4.59)
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Now if blow up occurs for ¢ < T™ for the equation
Oy=0C (yl_l/lC + 710 B (1 — 2_’”)) (4.60)

then a fortiori blow up will occur for the equation (4.59) if t; > 2T*. It is therefore
sufficient to prove blow up for (4.60), which after rescaling can be rewritten as

Oy y=rhy TV pp1mh 8 (4.61)

Warning 4.2 Let 2k > (1. Then the solution of the equation (4.61) with initial data
y(to) > 0 at time to > 1 blows up in a finite time.

The proof will be given in Appendix A. The condition 2k > (; is always
satisfied in the present situation.

We now prove the main result of this section, namely the existence of solutions
of the auxiliary system (2.20) defined up to t1, possibly with ¢; = oo, for By = 0
and for initial data given at sufficiently large ¢y < 1.

Proposition 4.4 Let By = 0. Let 1 <k < ¢, >3/2 and 0 < f < 1. Let B2 < 1,
where B is defined by (4.5). Let (wo,30) € X** and let yo = |wolr and Zo = |V3o|e.
Then there exists Ty < oo depending on (yo, 2o) such that for all to > Ty, there
exists T < to, depending on (yo,2o) and on to, such that for all t1, to < t1 < oo,
the auziliary system (2.20) with initial data (w, s)(to) = (wo,t0?S0) has a unique
solution (w, s) in the interval I = [T, t1) such that (w,t=P2s) € (CNL>)(I, X**).
One can take

Ty = {(G+u)" v} (4.62)
T =t 1,77, (4.63)
and the solution (w, s) is estimated for all t € I by
lw(t)|k < 2y0 (4.64)
[Vs(t)|e < (220 + C y3) (to V1) . (4.65)

Proof. The proof consists in exploiting the estimates of Lemmas 4.1 and 4.2 in order
to show that the map I : (w, s) — (v, s’), where (w', s") is defined from (w, s) by
Proposition 4.1, is a contraction of a suitable subset of C(I, X*¥) for a suitably
time rescaled norm of L> (I, X%). We first consider the interval I = [t, ;) and
we define the set

R ={(w,s) € C(I,X""): [|w; LI, H") | <Y,| t 7Vs; L=(I,H") || < Z} ,

for Y >0, Z > 0. Let (w,s) € R and (v',s") = I'(w,s). Let y = |w(t)|x, ¥ =
[w' ()|k, 2 = |Vs(t)]e and 2’ = |Vs'(t)]¢. From Lemma 4.1, namely (4.1) (4.2) with
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bg = 0 and with an overall constant omitted, we obtain
at y/ S t72+52 Zy’ +t71751 Y2y/
{ (4.66)

Oy 2/ <t 2Bz gz 4 =140 Y2

Integrating from to to t with (/,2')(to) = (v, 2)(to) = (yo, z0) Where zy = Zoto?,
we estimate

Y = ;L) |, 2 =||t P22 L) | (4.67)
by
V' <yoexp{(1— ) 52 24 57 1" 2
Z' < (Zo+ By Y?)exp {(1 — By) Lty Z} . (4.68)
We now impose
(1—-B2) tg 7 > 2(tn2)17
{ Bit > 2(n2) Y2 (4.69)
and choose
Y=dn L 2= VEGera i) wm

thereby ensuring that Y/ <Y, Z’ < Z, so that the set R is mapped into itself by
I'. The conditions (4.69) can be rewritten as

{ (1—B2) tg 7 > 2v/2(tn2)~" (Z + 4651 12) (4.71)
B tg > 8(tn2)~t g2 |

and hold for all to > Ty for Ty satisfying (4.62) with suitable C.
We next show that the map I' is a contraction on R. We use the notation of
Lemma 4.2 and in addition

{ y-=lw-@llz » 2 =[Vs_(Dle

y (4.72)
Yo =[ly—s L) | Zo =t 2 L) ||

and a similar notation for primed quantities. From Lemma 4.2, in particular (4.18)
(4.19), and again with an overall constant omitted, we obtain

Opy <t2Y 2z 4t 1A Y2y
(4.73)
O 2/ <t72HP2 Z(z 42 )4t 12 Y V.
and by integration with (y’_, 2" )(to) =0,
VY <(1—=Fo) ity Yz 4 o7 YR Y

Z' <exp ((1 — fa)! t(;l*ﬁzz) {(1 ) 27 4 Yy_} .
(4.74)
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The second inequality in (4.74) reduces to
20 <V {(-B) 7 g 22 4yt YY) (4.75)

under the first condition in (4.69) imposed previously.

We now ensure that the map I' is a contraction for the norms defined by
(4.72) in the form

Y < (¢t Z_4Y_)/4
(4.76)
7' <(Z_+ecY.)/4
which implies
Zl +eY! <(Z_+cY))2 (4.77)

by taking ¢ = 8035 'y and imposing the conditions

(1- 52)15(1)%}2 >87Z 51t€1 > 4Y?
(1—Ba) th 7 >4cY =328, V2

which follow again from (4.62) for all tg > Tp.

We have proved that I' maps R into itself and is a contraction for the norms
(4.72). By a standard compactness argument, R is easily shown to be closed for
the latter norms. Therefore I' has a unique fixed point in R, which completes the
proof for t > tg.

We now turn to the case t < tg, namely we consider the interval I = [T, to] for
some T < tg. The proof proceeds in exactly the same way, with however slightly
different norms. In addition, one has to take into account the following fact: the
various integrals I'! that occur in (4.1) (4.2) and (4.18) (4.19) involve w and wy,
wsg up to time t1. In the subinterval [tg, t1], one takes w = w; = wy = the solution
constructed at the previous step (in particular w_ = 0 for t > tg, so that actually
no contribution from the interval [t, t1] occurs in (4.18) (4.19)). In (4.1) (4.2) the
contribution of the interval [to, ¢1] is taken into account by using the fact that all
the integrals over time in the relevant Il are convergent at infinity and that we
shall eventually use the same ansatz |w(t)|x <Y = 2yg both for ¢ <ty and ¢t > ¢.
With this in mind, we complete the proof by simply giving the computational
details. We consider the set

Re = {(w,s) € C(L, X"); || w; L(L, H) | Y, || Vs; L=(1, HY) |< Z} .

For (w,s) € R<, (w',s') = T'(w,s) and y, ¢, z and 2’ defined as previously, we
estimate by Lemma 4.1, again with an overall constant omitted

< —2 / —1-05; 2,/
{It?tyl_t Zy' +t Y2y (4.78)

|0y 2| <t72 Z2' + 71482 y2
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and by integration from ¢ to tg with (y/, 2")(t0) = (y,2)(to) = (yo, 20), we obtain
y(t) <Y, 2 (t) < Z' with

Y’ < ypexp (tilZ + ﬂl_l =P Y2)

(4.79)
7' < (zo + 6851 Y? tgz) exp(t~1Z) .
We now impose
t>2((n2)"1 Z
(4.80)
By tFr > 2(¢n 2)71 Y2
and choose
Y =2 . Z=v2 (zo Fagyt R th> (4.81)

thereby ensuring that Y’ <Y, Z’ < Z so that the set R is mapped into itself by
I'. The conditions (4.80) can be rewritten as

B P > 8(tn 2)7 y3
t>2v2(0n 2)7 (3o + 485" ¥3) to?

and hold for all ¢ > T with T defined by (4.63) and Ty satisfying (4.62) for suitable
C.

(4.82)

We next prove that I' is a contraction on R for the norm in L (I, X%),
With the notation of Lemma 4.2 and in addition

{ y-=lw-(® 12 » 2 =Vs_(Ole (4.83)
Yo =llys L) Z- =]z L) |

and a similar notation for primed quantities, we obtain from (4.18) (4.19)
10y | <t 72V +t7 1A Y2y,
{ 0 2/ | <t72 Z(z + 2/ )+t P2 YY_ | (4.84)
By integration between ¢ and to, we deduce therefrom
Y <t '%YZ_ 4687t YRy

, (4.85)
7! < (t*lzZ, +B R YY )exp(flz)

thereby ensuring the contraction in the form (4.76) which implies (4.77) by taking
c= 8ﬁ2_1Yth and imposing

t>87 , Gt >4y? | t>4deY =326, 17 v?

which hold for all ¢ > T with the choice (4.81) under the conditions (4.62) (4.63).
With the previous estimates available, the proof proceeds as in the case t > to. O
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5 Asymptotics and wave operators for the linear system

In this section we study the asymptotic properties of solutions of the linear equa-
tion (2.22) in the form (2.24) at the level of regularity of H* with k > 1 for w. In
particular we solve the Cauchy problem at infinity, thereby constructing the wave
operators in H”. For the linear equation (2.24), the wave operators in L? can be
easily constructed by a variant of Cook’s method and the construction of the wave
operators in H” reduces to a regularity problem for the L? wave operators thereby
obtained. As a preliminary to that study, we shall first solve the Cauchy problem
for the equation (2.24) with finite initial time. We emphasize the fact that in this
section we do not strive after any kind of optimality in the treatment of the linear
equation, since we are mainly interested in a form of that treatment that can be
incorporated in that of the fully interacting system.

Proposition 5.1 Let I = [1,00), let k > 1 and let By satisfy the estimates (3.17)
for 0 <m < k. Let to € I and wo € H*. Then the equation (2.24) has a unique
solution w € C(I,L?) with w(ty) = wq. Furthermore w € C(I, H*) N L*>(I, L?)
and w satisfies the conservation law

|| w(t) |2 = const.
and the estimate

lw(t)|s < (1 +ck|t—t0|<tw0)’5—1) lwolk (5.1)

where k = k for integer k and k = k + € with € > 0 for noninteger k.

Proof. 1t follows easily from standard arguments and from Lemma 3.2 that w
exists and satisfies the properties stated except possibly the estimate (5.1), and
we concentrate on the proof of the latter, assuming without loss of generality that
|wolr = 1. We first prove (5.1) by induction for integer k > 1. Let 0 < j < k—1 and

yj =|| w/w [|2. From (2.24) and from the Leibnitz formula and Sobolev inequalities,
we obtain
90 gyl <C {1 VBo o || 0w 2+ 37 1 0%Bo o w0 > }
lal=3+1

and therefore by (3.17)
10 yjy1]l < Cbo (y; +17) . (5.2)

Substituting the induction assumption for y; and integrating (5.2) between o and
t, we obtain

IN

1+C by (14 (Cj+1)(tV o)) [t — to
1+ Cj+1|t — t0|(t V to)j

Yj+1

IN

with Cj11 = Cbo(C; + 2). This completes the proof for integer k.
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Let now k = ko + 6 with integer kg > 1 and 0 < 6 < 1. We estimate
|00 || *w [l2| <71 || [w", Bolw |2
< O | VBy e | w o + [ Bo s w i} (5.3)
by Lemma 3.2, with 0 < 6 = d(r) <1,

by (|| W o+ W )
by (3.17) and Sobolev inequalities. We next interpolate and obtain
< Cbo (| Wt 577 wRow 1§ £ L 370 T )

We finally substitute the estimate (5.1) for the integer values kg — 1, kg, and 1 and
integrate between ty and ¢, thereby obtaining

H wFw ||2 <1+C b0|t - tol(t \Y to)k_1+26/3
which yields (5.1) with e = 24/3. O

The fact that a direct H* estimate of the solution does not prevent its H*
norm to increase as a power of ¢ is a warning of the fact that the construction of
the wave operators at that level of regularity is not trivial. The same fact appeared
already in Section 4 above in Warning 4.2 and compelled us to assume By = 0 in
Proposition 4.4.

We next construct the L?-wave operators for (2.24).

Proposition 5.2 Let I = [1,00) and let By satisfy the estimates (3.17) for m = 0.
(1) Let W € C(I, L?) with U(1/t)W € C(I, L?), satisfying

| ROW) [l2 < co t'77% (5.4)

for some Ao > 0 and for allt € I. Then there exists a unique solution w € C(I, L?)
of the equation (2.24), such that w(t) — W (t) tends to zero strongly in L? when
t — oo. Furthermore, for allt € I,

[w() =W(t) 2 < o Ag 770 (5.5)

The solution w is the norm limit in L>°(I,L?) as tg — oo of the solution wy,
of the equation (2.24) with initial condition wy,(to) = W (to) obtained in Proposi-
tion 5.1, and the following estimate holds for all t € I:

ey (1) —w(t) 2 < co Mgt tg™ (5.6)

(2) Let in addition W € L>(I,H*) for some k, 0 < k < 3/2. Then there
exists wy € HF such that W (t) tends to w, strongly in L? and weakly in H* when
t — oo, and the following estimate holds for allt € I:

W) —ws |2 < C (t_/\o —|—t‘k/3) . (5.7)
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Conversely let wy € H* for some k, 0 < k < 3/2, and let Wy = U*(1/t)w,. Then
W1 satisfies the assumptions of Part (1) with Ao = k/3.

Let W, wy and W7 be related as above. Then the solutions of the equation
(2.24) constructed in Part (1) from W and Wy coincide.

(3) Let wy € L?. Then the equation (2.24) has a unique solution w € C(I, L?)
such that w(t) tends to w, strongly in L* when t — oco.

Proof. Part (1). Following the sketch of Section 2, we look for w in the form
w = W + q, so that q satisfies the equation

Oy q=i(2tH)*Aq+it™' By q— R(W) (5.8)
and therefore the a priori estimate
Ol allz | < TRW) 2 SeoAgh ¢ (5.9)

Define wy, as in Part (1) and let wy, = W + g, so that g, (to) = 0. Integrating
(5.9) between ¢y and t yields

gt (2) ll2 < co Ag |t — 5] (5.10)

and therefore, by L? norm conservation for the difference of two solutions
g0 () = @ (8) ll2 = 1| @eo (1) ll2 < co A ET2 — 157 (5.11)
for any to and t1, 1 < tg, t1 < co. This proves convergence of ¢, and therefore of
wy, in norm in L°°(I, L?). Let w be the limit of w;,. Taking the limit ¢y — oo in

(5.10) yields (5.5), while taking the limit ¢; — oo in (5.11) yields (5.6). Clearly w
satisfies the equation (2.24).

Part (2). W satisfies the equation
U)W =it P U/t) By W+ U(1/t) R(W) . (5.12)
From (3.17) and Sobolev inequalities, we obtain
| BoW ||z < || Bo llaw | W [|» < C abo t7*/3 (5.13)

where a =|| W; L*°(I, H*) || and k = 6(r). Integrating (5.12) between t; and t5
and using (5.4) and (5.13), we obtain

| DA W () = U)W (1) 12 < C {675 = 5™+ i = 5701} (5.14)

for any t; and to, 1 < t1, t3 < co. Therefore U(1/t)W(t) and therefore also W(t)
has a strong limit w, in L2, and

| UL/ W(t) —wsy |2 <C (t-k/S +t—%) : (5.15)
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from which (5.7) follows. Furthermore by a standard compactness argument, w4 €
H* with |wy|x < a and W (t) tends to wy weakly in H*.
Let now wy € H¥ and Wy = U*(1/t)wy. Then

R(Wy) = —it™! By U*(1/t) wy (5.16)
so that
| R(W1) |l2 < C bolwy | t+/3 (5.17)
by (5.13). The last statement follows from the fact that W and W; have the same
limit wy in L? and from L? norm conservation for the equation (2.24).
Part (3) follows from Parts (1) and (2) by a standard density argument. O
We next prove that the solutions with asymptotic properties in L? obtained

in Proposition 5.2 exhibit similar asymptotic properties in H* under suitable ad-
ditional assumptions.

Proposition 5.3 Let I = [1,00), let k > 1 and let By satisfy the estimates (3.17)
for0<m <k.Let \>0 and \g > \+k and let U(1/t)W € C*(I, H*) satisfy the
estimates (5.4) and

| W ROW) |2 < e t7172 (5.18)

foralltel.
(1) Let w be the solution of the equation (2.24) obtained in Proposition 5.2
part (1). Then w € C(I, H*) and w satisfies the estimates (5.5) and

I w*(w(t) = W) ll2 <€t (5.19)

foralltel.

(2) Let wy, be the solution of the equation (2.24) defined in Proposition 5.2
part (1). When to — oo, wy, converges to w strongly in L°°([1,T], H*') for 0 <
k' < k and in the weak * sense in L>=([1,T], H*) for any T < oo.

Proof. Part (1) will be proved together with the limiting properties stated in Part
(2). We know from Proposition 5.1 that wy, € C(I, H*). The main point of the
proof consists in estimating q;, = wy, — W in H* uniformly in to for ¢ < t5. We
know already from (5.10) that

| e (t) [l < Yo t77° (5.20)
for t < tg, with Yy = oAy . We next estimate y =|| w¥qy, ||2. From (5.8) we obtain
100 | warg ll2] <7 [ [w", Bolat, [l2 + || " ROW) |2 (5.21)

so that by Lemma 3.2, in the same way as in (4.7),

0 | wrary l2] < Ct7H (I VBo lloo I| @ taty l2 + || w*Bo lla/s || ao lI+)
+ || w* ROW) ||z (5.22)
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with 0 < & = d(r) < k A 3/2. Using the estimates (3.17), Sobolev inequalities and
interpolation with the help of (5.20) and the assumption (5.18), we obtain

Oy < C bo{Yol_‘s/k y5/k Hh—=1-6/3=X0(1-6/k)
+Yv01/k ylfl/k t*)\o/k} 1 tili}\ . (523)

We now define Y =|| t*y; L>([1,t0]) ||, substitute that definition into the RHS of
(5.23), integrate the latter between ¢ and g, and obtain

y < Cbg (Yol_é/k YOEA 4 0y) "t A YRy VR (L )t f)\fw)

+Cl )\71 ti)\
(5.24)
where
v =Moo — N1 —68/k)—k+5/3 (5.25)
Vo = ()\0 — )\)/k -1 (526)

provided A+v4 > 0 and A+v5 > 0. We impose in addition vy > 0, vo > 0, multiply
(5.24) by t*, take the Supremum over ¢ and obtain

Y <A Cbo (Y E YRRyt ) A g (5.27)
which is uniform in ¢g. The condition 7 > 0 reduces to
Ao > A+ k+25k/3(k —9) (5.28)

and can be satisfied for A\g > A+ k by taking ¢ sufficiently small. It implies v5 > 0.
Changing the notation to z = YYO_l, b=X"1Cby and c = /\_101Y0_1, we rewrite
(5.27) as

x<b (w‘s/k + xl_l/k) +ec. (5.29)
Assuming § < k — 1 without loss of generality and using
LL’G <ex +€—9/(1—0)
forz > 0,e>0and 0 < 6 < 1, we obtain from (5.29)
xz < 2b (ax + al_k) +c

and for € = (4b)~!
x < (4b)F +2¢
or equivalently
Y < (40N 1bo) Yo+ 20 ey (5.30)

which completes the proof of the estimate of g, in H* uniformly in to for ¢ < t,.
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Let now T < oo and J = [1,T]. We know from (5.30) that wy, is estimated
in L°°(J, H*) uniformly in to for ¢y > T and that w;, converges to w in norm in
L>(J, L?) by Proposition 5.2 part (1). It follows therefrom by a standard com-
pactness argument that w € (L= N C,)(J, H*), that w also satisfies the estimate
(5.30) and that w;, converges to w in the topologies described in Part (2). Strong
continuity of w in H” follows from Proposition 5.1. O

In order to complete the construction of the wave operators in H*, we now
have to construct model functions W satisfying the assumptions (5.4) and (5.18).
In view of Proposition 5.2 part (2), we restrict our attention to W of the form

W(t)=U"(1/t)ws (5.31)
for some fixed w; € H*+ and we take ky > 3/2. With that choice, we obtain
RW) =RU*(1/)W) = —i t~! By U*(1/t)wy . (5.32)

However, with no further assumptions on w,, we are restricted to A\g < 1/2 and
consequently to k < 1/2. In fact, from (3.17) we obtain

I ROW) ll2 < ¢4 Bo ll2 || U*(1/t)ws oo < Clo ¢ 2w, - (5.33)

Furthermore, from Lemma 3.2 and (3.17) we obtain for k < 1/2
I " R(W) |2
<Ct [ Bo 2 | U*(1/)ws llo + I Bo lr | 0*U*(1/t)ws |75}
< Cby t3/24F w |y, (5.34)

with 0 < § = 0(r) < 3k < 3/2. Together with an extension of Proposition 5.3 to
k < 1/2, which we have not performed, the estimates (5.33) (5.34) would allow us
to complete the construction of the wave operators for 0 < k < 1/2, with A\g = 1/2
and 0 < A< 1/2—k.

In order to cover higher values of k, and in particular for £ > 1, as will be
needed for the nonlinear system (1.1) (1.2), we shall need additional conditions on
w4 and By. We first exhibit a set of local sufficient conditions in the form of joint
decay estimates for wy, and By, where the nonlocal operator U*(1/t) no longer
appears.

Lemma 5.1 Let A\g > 0 and let m be a nonnegative integer. Let By satisfy the
estimates (8.17) for 0 < m < m. Let wy € H* with ky > 2\o V m and let
at = |wy|k, . Assume that By and wy satisfy the estimates

1 (0% Bo) (0°%wyy) || < by ¢ 70t Hlazl/2 (5.35)

for all multi-indices a, ag with 0 < |a1] < m and 0 < |ag| < 2N, and for all
t > 1. Then the following estimates hold for all m, 0 < m < m, and for all t > 1

| w™R(U*(1/t)wy) |2 [ W™ (Bo U*(1/t)wy) |2
< C(by + boay )t~ rotm (5.36)
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Proof. By interpolation, it is sufficient to prove (5.36) for integer m. Let o be a
multi-index with |a| = m. We estimate

107 (Bo U(1/t)ws) 2 <O Y (0% Bo) U(1/t) 8wy ||z . (5.37)

altaz=«a

If |as| < 2Xg, we expand U*(1/¢) through the relation
¢ = D)7 i) | < 2p) 7 fal?
J<p
with p+ 6 = X\g — |as|/2 and 0 < 6 < 1, so that

1 @™ Bo) U (1/1)0ws 2 <C Y 77| (9" Bo) A 0wy |5

J<Xo—|as|/2
+C | 9% B ||t~ o710l | wPow, ||
< C(bl + b0a+)t_)‘°+‘°“|+‘o‘3|/2 = C(bl + b0a+)t_>‘°+m_‘o‘3‘/2 (538)

by (5.35) and (3.17), which proves (5.36) in this case.
If |as| > 2)g, the last norm in (5.37) is estimated by the use of (3.17) as

11(0% Bo) U (1/1)0%w [l2 < C || 8" By [|oo || 0wy |2
< C by ay t1l < Chy ay tm0 (5.39)

since |a1| = m — |ag| < m — 2Xg, which completes the proof of (5.36). O

We shall apply Lemma 5.1 with m = {k}, the smallest integer > k. Then
(5.36) with m = 0 and m = k reduces to (5.4) and (5.18) with A = Xy — k
respectively. For A\g > k& > 1, one can take ki = 2.

We now give sufficient conditions that ensure the assumption (5.35). We first
remark that (5.35) is trivially satisfied under suitable support properties of w4
and of the initial data (A, A} ) of the scalar field Ag at time t = 0 (see (2.3)). In
fact, assume that

Supp (A4, AL) c {z:|z| <R}. (5.40)
Then, by the Huyghens principle
Supp Ao C {(z,t) : ||z| —t|] < R} (5.41)
so that
Supp Bg C {(z,t) : ||z| — 1| < R/t} . (5.42)
If on the other hand
Supp wy C {z: |lz| = 1] = n} (5.43)

for some 7, 0 < n < 1, then (9% By)0*2wy = 0 for t > R/n for any multi-indices
aq and ag, which ensures (5.35) in a trivial way.
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We shall now give more general conditions that ensure (5.35), keeping the
support condition (5.43) on w,, and relaxing the support condition (5.40) on
(A4, AL) to space decay conditions.

Lemma 5.2 Let \g > 0, ki > 2o and let ky > 3/2. Let wy € H*. Let a; be a
multi-indez.
(1) Let By satisfy (3.17) for m = |ay| and in addition

| xo @' By |2 < by tr0Hlenl (5.44)

where o is the characteristic function of the support of wy. Then (5.35) holds
for any multi-index as, 0 < |ag| < 2Xg. The constant in (5.35) can be taken as
by = C(bo \Y b2)(L+.

(2) Let wy satisfy the support property (5.43) and let (A4, A,) satisfy the
following conditions for all R > Ry for some Ry > 0:

| x(|lz] > R)O“ Ay |2 < C R™MH/2, (5.45)
I x(Jz| > R)Ay [los < C RMTV2 ifay; =0, (5.46)
/
| x(2l 2 RPUAL |l < C R dfan 20, (5.47)
where o is a multi-index satisfying o) < a1, || = |a1|—1, and where x(Jz| > R)

is the characteristic function of {z : |x| > R}. Then (5.44) holds.

Proof. Part (1). We estimate by the Holder inequality and interpolation between
(3.17) and (5.44)

[1(0% Bo) (0%*w) [l2 < | x0 (8% Bo) || || 0w |[3/5

< (bO vV b2)t—/\0+|(¥1\+2/\05/3 ” 6Ot2w+ H3/5

= (bo V bp)tPotlealtloal2 | gazgy g5 (5.48)
where 6 = §(r) = 3|aa|/4)g, so that 0 < § < 3/2. The last norm in (5.48) is

estimated by |wy |, through Sobolev inequalities since |az| +3/2 — 6 = 3/2 +
|aa](1 — 3/4X0) ranges from 3/2 to 2X¢ when |az| ranges from 0 to 2.

Part (2). Using the support properties of w4 and returning to the variable Ag, we
see that (5.44) is implied by

I xUlz] =t > )0 Ag(8) [l2 < by t=20+/2, (5.49)
Let now R > 0, let x1 € C®(R3), 0 < x1 < 1, xa(z) = 0 for 2| <1, x1(z) = 1

for |x| > 2 and let xg(x) = x(«/R). Let Ar be the solution of the wave equation
OAgr = 0 with initial data

(ER,atZR) (0) = (XR AL YR aa1A+) at t=0.
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By the Huyghens principle, Ag(t) = 0% Ag(t) for ||z| — t| > 2R so that
I x(lz[=t] = 2R)0% Ao (¢) [|l2 = [| x([[z]=t] = 2R)Ar(t) |2 < || Ar(t) |2 - (5.50)
It follows now from (3.16) that
I Ar() llz < [ Xk 0™ Ay ll2 + [lw™ xr 8" AL ||z - (5.51)
If a3 = 0, we estimate the last norm in (5.51) by
lw™ xr At ll2 < C Il xr At lloss - (5.52)
If ay # 0, we rewrite 0 = 8j80‘/1 and estimate
lw™ Xm0 Ay 2 < [0 9xrO™V Ay |l + || @ (9 xR)IM Ay |2
< ' xr0M Ay 2 +C || 95xa [lsll x (2| = R)G™ Ay |2
(5.53)

by the Sobolev and Holder inequalities. Collecting (5.50)—(5.53) and using the
assumption (5.45)—(5.47), we obtain

I x(lal — t] 2 2R)8% Ag(t) [l < C RA0+172
from which (5.49) follows by taking 2R = nt. O

Collecting the previous results essentially yields the wave operators in H* for
the equation (2.24) in the form of Proposition 5.4 below. In that proposition, we
have kept the assumptions on By in the implicit form of the estimates (3.17) and
(5.35). If so desired, those assumptions can be replaced by sufficient conditions on
(wy, Ay, A}) by the use of Lemmas 3.5 and 5.2.

Proposition 5.4 Let k > 1, ky > 2k, let Ao and X satisfy A > 0, k+X < Ao < k4 /2.
Let wy € H*, let By satisfy the estimates (3.17) for 0 < m <k, and let (wy, Bo)
satisfy the estimates (5.35) for all multi-indices oy, az with 0 < |ay| < k and
0 < || < 2X\o, where k is the smallest integer > k. Then the equation (2.24) has
a unique solution w € C([1,00), L?) such that

| w(t) —ws |]2 =0 whent— oo .
Furthermore w € C([1,00), H*) and w satisfies the estimates
[ w(t) = U1/ thws |2 < C 7 (5.54)
| ¥ (w(t) = U*(1/wy) [l2 < C £ (5.55)
for all t > 1.
Proof. The results follow from Propositions 5.2 and 5.3 and from Lemma 5.1. [

The existence of the wave operators for u in the usual sense at the corre-
sponding level of regularity is an easy consequence of Proposition 5.4. We refrain
from giving a formal statement at this stage. The same question will be considered
in Section 8 in the case of the interacting system (1.1) (1.2).
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6 Cauchy problem at infinity for the auxiliary system

In this section we begin the construction of the wave operators for the auxiliary
system (2.20) by solving the Cauchy problem at infinity for that system in the
difference form (2.30), for large or infinite initial time, and for a given choice
of (W, S) satisfying a number of a priori estimates. The construction of (W, .S)
satisfying those estimates is deferred to the next section. In the same spirit as in
Section 4, we solve the system (2.30) in two steps. We first solve the linearized
version of that system (2.31), thereby defining a map I' : (¢,0) — (¢’,0’). We then
show that this map is a contraction in suitable norms on a suitable set.

The basic tool of this section again consists of a priori estimates for suitably
regular solutions of the linearized system (2.31). In order to handle efficiently a
non-vanishing By, those estimates have to be much more elaborate than those of
Section 4.

We first estimate a single solution of the linearized system (2.31) at the level
of regularity where we shall eventually solve the auxiliary system (2.30).

Lemma 6.1 Let 1 <k < {, £ >3/2 and 8 > 0. Let I C [1,00) be an interval and
let t1 € I. Let By satisfy the estimates (3.17) for 0 <1 < k. Let (U(1/t))W,S) €
C(Ly, XML A CY(Ly, XP0) with W e L(Ly, HMYY and let

a=[| WiL¥(L, H* ) || (6.1)

Let (q,0), (¢',0') € C(I, X" with ¢ € L>®(I, H*) N L*(I, L?) if t; = oo, and let
(¢',0") be a solution of the system (2.31) in I. Then the following estimates hold
foralltel:

011 d" ll2] < C{t_2a I Vo llz+t777 a® Io (| q |2)

+t7 a i (lqll2 1 qls) }+ | Br(W,S) [l (6:2)

00 | ¥ s < {bo (11" 2 1o+ g/ |I)

+72 a (| WV o + | 0 oo + || Vo 1)

£2 (195 ool €4 ll2 + 1| 2205 [Jo]| wI3/21g’ |

x> 3/2) | @95 ] ¢ 1)

7 (T (1 g o+ alle) + o (L a )+ 1w 12 + 11 @ l2)
+t 7 a (L (| 0¥ M2l g l1s) + 2o (I Va 21 4 1)

o (9120 ll2) | ¥ lla + Timya (10l + g ll2) || Vo' )
7 (Tuge (1 Ve 1B) 1% s +Tioaze (I @ 2]l Va I1) | V' 112) }

+ [ Ry (W, 9) |2 (6.3)



Vol. 3, 2002 Long Range Scattering for the Wave-Schrodinger System 579
where s =S40 and 0 < § =d(r) < [k A3/2],

0 |70 [l < € t2{ || Vs llso |70 ll2 + [ Vs |12 || Vo [lc
| ™Yo ll2 | VS oo + 1l 0 lloo ™ V28 |2 }

+ {0 g Iy (] g ) + 7D 1 (g 113)
+ | WV R(W, 5) [ (6.4)

for0 <m </,

0111 Vo' lla] < CE2{ | s loell V6" Jl2+ | Vor s (11 V5 oo + | 0*/2V5 |2) }

+e{ta o (g o) + 47 (11 g 13) }+ I VR(W,S) 2 (6:4)0

where the time parameter is t1 in all the estimating functions I, and the super-
script t1 is omitted for brevity.

Remark 6.1. All the norms of (¢,0) and (¢’,0’) that appear in (6.2)-(6.4) are
controlled by the norms in X** through Sobolev inequalities. Furthermore all the
integrals I,,, are convergent if ¢; = oco. This follows from boundedness of ¢ in H*
in all cases where m > —1/2, namely in all cases but two. The exceptions are

Lo (lqlB) = / dv | qt) |
in (6.4) and
e — 3/2 1/2
(g2 HqHs)Scfl dv v | q |37 1 Vg |1y

< O'|| Va; L=([t,00), L) |12 || ¢; L*((t, 00), L?) |2

n (6.2), both of which are controlled under the additional assumption that ¢ €
L3(I,L?).

Finally it is easy to see by estimates similar to, but simpler than, those of
Lemma 4.1 that all the norms of the remainders Ry and Rp that occur in (6.2)—
(6.4) are finite under the assumptions made on (W, S).

Proof of Lemma 6.1 In all the proof, the time superscript in Bg, By, and in the
various I, is omitted, except in dubious cases. That time superscript is in general
t1, except in Bg(W, W) where it is oc.
Proof of (6.2). From (2.31), we estimate

10 1| ¢ [|2] <

72 Qo W) llz +t71 || (Bs(a,0) +2Bs(W,q)) W |2 + || Ru(W,S) [l2 . (6.5)
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We next estimate by (3.8) (3.10) and Sobolev inequalities

Qe W) < C N Vo 2 (I VIV iz + | W [loo) < Ca || Vo |2, (6.6)
I Bs(W, @)W [l2< Ct P | W lloo Lo (I W llcll ¢ ll2) < Ca®tPTo (|| ¢ [|2) , (6.7)
I Bs(g: )W [l2< C | Wi lloo I-1 (Il ¢ ll2ll ¢ [l3) < Cal-y([[qll2 [ ¢ l3).  (6:8)

Substituting (6.6) (6.7) (6.8) into (6.5) yields (6.2).
Proof of (6.3). From (2.31), we estimate

10 | ¢ Nlo| <t7' | W, Bold" l2 +t72 (|| W, ] - V' |2

F (V)b [la + | (V-9)d) [l2 + [|0*Q(a, W) ||2)

=1 (|| [w*, Bs(w,w)lq" |2 + || w* (Bs(q,q) +2Bs(q; W) W |2)

+ || w* Ri(W,S) |2 (6.9)

and we estimate the various terms in the RHS successively.
The contribution of By is estimated by Lemma 3.2 and by (3.17) exactly as
in Section 4 (see (4.7)) and yields

|, Bold ll2 < Cbo (£ *2g 1+ g/ Il,) . (6.10)
The contribution of Q(s,¢’) is estimated by (4.8) as

Iw®, 8-V ll2 + [ (V-5)wbd [l2 + | w* (V- 5)d) ||z

< C{ 1Vs oo | 0*d Nl + | w25 ||z [| w321 ||

+x(k > 3/2) || Vs |12 1 q' o } - (6.11)

The contribution of Q(c, W) is estimated by Lemma 3.2 and Sobolev inequal-
ities as

| QW) s < {0 oo | *VW 12 + || w¥o s | TW s
+ Vo 2 [ Wl + 1| Ve lls | W 6 }
<ca{llo"Vols + ol + [ Vo ls } - (6.12)

The contribution of Bg with w = W + ¢ yields a number of terms which we order
by increasing number of g or ¢’ occurring therein. We first expand

B (w,w) = BF (W, W) + 2B¢ (W, q) + Bg (4,9) -
By Lemma 3.2 and Sobolev inequalities, we estimate
|| [w*, Bs(W,W)ld" |2 < C{ | VBs(W. W) [lo | 014" |2

B W W) 2 ) e | (6.13)
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where we take 0 < 6 = d(r) = (k — 1) A 1/2 so that
Id Il <C(lo*q ll2 + 114 l2) -
Furthermore
I VBs(W, W) oo < C || V2BUW, W) |37 || 5272 By (W, W) |15
with § = 1/(2k — 1), and by (3.10) and Lemma 3.2
™ By(W, W) l2 < C L (| "W |2 | W [loe) < C a?

which we use with m =1, k +1/2 and k + 1/2 — §. Substituting those estimates
into (6.13) yields

| ¥ Bs W)l 12 < C a® (|47 12 + Ila' 1) - (6.14)
In a similar way, we estimate
| W, Bs(W,a)ld' 12 < C{ | o*2B1(W,0) |12 || *¢ 2
+ 2B (Woq) 2 | VG 2 } - (6.15)
By Lemma 3.2 again and by (3.10)
| ™ BUW, ) 12 < L (1| "W |2)
| Walla <C(IW oo | @™ lla + | &™*27W |2 |l q )
with 0 <6 =40(r) =m A 1/2, so that form < k—1/2
| @™ BU(W,0) o < C a T (lw™all> + lalo) | (6.16)

where || ¢ ||2 can be omitted for m < 1/2. Substituting (6.16) with m = 1/2 and
m =k —1/2 into (6.15) yields

| Bs(W, g 12 < C a{ Lo (Il 112) 1| &4’ I
1 (10572 )2 + llall2) IV 2 } - (6.17)
By Lemma 3.2 and Sobolev inequalities again, we next estimate
| " Bs(q,ld 12 < C{ | «*/*Bi(g.q) [l2 || "4’ |1
+ 1| 2B (g,0) 12 1| Vd' |12 } (6.18)
followed by (see also (3.10))

[ w3/231(an) 2 < Clij2 (H Ve ||§)
| ¥ 2B1(q,q) [l2 < Clic1y2 (Il &g |12 || Vg |2)
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so that
| [w*, Bs(q,9))d |2 < C{Il/2 (I Va l3) I w*q" |2

Hhioaye (0 llz [ Va ll2) | V' 2 } : (6.19)

We now turn to the second contribution of Bg to (6.9). By Lemma 3.2 and
Sobolev inequalities again

| Bs(W, )W) [l2 < C{ | W*BuW.g) [l2 || W

+ | VBU(W,q) ||z | 120 |z } (6.20)

and by (6.16) with m =k —1 and m =0
[ *(Bs(W, )W) [l2 < C a® (Ti—1 (| @*Halla + [lall2) + 1o (I qll2) - (6.21)

Similarly

| o Bs(a. W) Il < { || w*Bala.a) 12 | W [l

+ | VBilaq) ll2 [|*/2W | } (6.22)

followed by (see the proof of (6.19))

| w*"Bi(g,q) ll2 < C Te—r (| Fa 2 || q IIs)
| VBi(q,q) ll2 < C Io (|| Va ll2 || ¢ lI3)

yields
| o*(Bs(@: )W) |2 < Ca(li-r (I *qllz g lls) + 1o (I Va2 1 g 3)) - (6.23)

Substituting (6.10) (6.11) (6.12) (6.14) (6.17) (6.19) (6.21) and (6.23) into (6.9)
and reordering the contributions of Bg by increasing powers of (¢, ¢’) yields (6.3).

Proof of (6.4). From (2.31), we estimate

|0 [ ™o o <72 (I W™ 8]- Vo' [z + (| (V- s)w™ 0" |
+ Wt (o V) [l2) + 7 | ™2 (Br(g,q) + 2BL(W,q)) ||
+ || W™ Ry(W, ) |2 (6.24)

We next estimate by Lemma 3.2 again
[ w™* 5] Vo' 2 < C ([ Vs lloo @™ 0" [l + [[0™ s |2 || Vo' [|oo) (6.25)

o™ o VS) 2 < C (o™ o ll2 [ VS oo + [0 lloo [ w™ VS ||2) (6.26)
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while by (3.9) and Lemma 3.4

| 2B Wg) 2 < 0D L (W e g )
< P 0 gy (g ) - (6.27)
| ™ 2By (g,q) |l2< C P2 1y o (| q [13) - (6.28)

Substituting (6.25) (6.26) (6.27) (6.28) into (6.24) yields (6.4). For m = 0, the
term || w™Vs |2 || Vo' || can be omitted, and the term o - V.S can be estimated
in a sllightly different way, thereby leading to (6.4)o. O

We next estimate the difference of two solutions of the linearized system
(2.31) corresponding to two different choices of (g, o), but to the same choice of
(W, S). As in Section 4, we estimate that difference at a lower level of regularity
than the solutions themselves.

Lemma 6.2 Let 1 <k < {, £ >3/2 and 3 > 0. Let I C [1,00) be an interval and
let t; € I. Let By be sufficiently regular, for instance By € C(I, HY). Let (W, S)
satisfy the assumptions of Lemma 6.1. Let (q;,0:), (q},0!) € C(I, X**) with ¢; €

LI, H*)NL2(I,L?), i = 1,2, ift; = oo, and let (¢}, }) be solutions of the system
(2.31) associated with (g;,0;) and (W, S). Define (qx,0+) = (1/2)(q1 £ g2,01+02)
and (q'y,0’) = (1/2)(q] £ ¢b, 01 £ 04). Then the following estimates hold for all
tel.

011 g la] < C{¢72 a | Vo flo +472 (Il P27 Vo 5 || Wl ¥/2g,, |,

+x(k>3/2) || Vo Iz 11 d) lloo) + ¢ a2 Io (Il - 2)
7 a(lldh s To (o= I12)+ Tl as lls Il a- I12))
s s Taga (g lls - ll2) } (6.29)

00 0™V [s] < C 472 || Vs floo 0™Vl ll2 + | Vs lloe | @™ Vo 2
T Wm RS s W™ Vol [l 4 | W™, s o )

FC{ETHIOED o (] g [la) + TP g0 (| sl - fl2)

(6.30)
00 Vo' o] < C 2] || Vsl | V0L 2
+ 90— 2 (I V8 oo + | 0*/2V5, 2) }
+C{t P a b (g 1)+t L (lar o g 2) f - (6:30)0
where s, = S+o0,, s =S+,
0<m<tly, m=mA1/2,5=056(r)=[(m+1)A3/2],
B/2— My <lo<t—1, (6.31)

and the superscript t1 is again omitted in the estimating functions I,,.
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Remark 6.2 Under the assumptions made, all the norms in the first part of the
RHS of (6.30) are controlled by [Vs,|¢, [Vs, |, [Vo_|g and [Vo' |g,.

Proof. Taking the difference of the system (2.31) for (¢}, o}), or equivalently and

more simply rewriting (4.21) with (w—,s_) = (g—,0_), (w",s" ) = (¢",0"), and

accounting for the replacement of BY (w,w) by Bgl’oo(w, w), we obtain

O =i(2t2)"1A¢ + t—2{Q(s+,qL) + Q(o_,w;)} + it 'Boq_
it (BE > (wi,wy) + B (-,0-)) ¢ +2B8 (wy,q- )y} (6:32)
o' =t"2(sy Vol +o_-Vs,) =2t 'VB (wy,q_) .

We first estimate ¢’ . From (6.32) we obtain
106 1 g~ ll2| <72 Q(o—, ) [l +2¢7" || Bs(ws, q-)w!, |2 - (6.33)
We expand (6.33) by using
(wir54) = (W,8) + (g4,04) , (W}, 5,) = (W, ) + (¢}, ")

and we estimate the various terms successively.
From (6.6) we obtain

[ Qe—,W)l2<Call Vo2 . (6.34)

By the same estimates as in the proof of (4.23), we next obtain

| Q- dp)ll: < O Il Moo | || w3/, |,
+x(k > 3/2) | Vo |la || 4 e } - (6.35)
We next estimate by (6.7) (6.8)
| BsW,a )W [ <C a7 Iy (| g |2) (6.36)

| Bs(q+,q- )W l2 <Cal-1(]lg+lsllq-12) - (6.37)

The remaining terms are new. Using (3.10) and Sobolev inequalities, we obtain
successively

I BsW,q-)dy [l < Call ¢} lls To(ll a- ll2) (6.38)

C H BS((J+,(J7) ||3 || ql+ ||6
C I yp(llasllsllg-1ll2) I ds lls - (6.39)

Substituting (6.34)—(6.39) into (6.33) yields (6.29).

| Bs(qs.q-)dy |2 <
<
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We next estimate o’_. From (6.32) we obtain

100 1| ™07 o] <472 (| W 4] Vol [l2 + || (V- si)w™ ol |z

m iy om (6.40)
+ Wt oo - Vs o) + 267 [ TH(BL(W, q-) + Br(g+,4-)) |l2

and we estimate the various terms successively.
From Lemma 3.2 and Sobolev inequalities, we obtain

™ 5] Vo [l < C (1 Vs o |0
16 sy o || VO 1) (6.41)
< (11 Vs e 07907 la + |0~ 42T s, | || 0™ Vo |2)

with m’ = §(r') =m A 1/2, and

o™ (o-Vs) 1< C (I VS, ol ™ Vo [l2 + | 0™ Vs [la/s]l o [Ir)

< C (195, locll 0™ Vo |12 + | ™ 5/27095, ] o |I,) (6.42)

with 6 =6(r) = [(m+ 1) A 3/2].
The contribution of By, to (6.40) is estimated exactly as in the proof of (6.4)
(see (6.27) and (6.28)) by

| w2 (BL(W,q-) + Brlar.q-) 2 < C (a t* D o (|l g |l2)
D Ly (s o 2) - (6.43)

Substituting (6.41) (6.42) (6.43) into (6.40) yields (6.30) and (6.30¢), where one
term from (6.41) can be omitted. O

We now begin the study of the Cauchy problem for the auxiliary system in
the difference form (2.30) and for that purpose we first study that problem for the
linearized version of that system. For finite initial time ¢q, that problem is solved
by a minor modification of Proposition 4.1. The following proposition is simply a
compilation of that result and of Lemmas 6.1 and 6.2.

Proposition 6.1 Let 1 < k < ¢,¢>3/2 and 3 > 0. Let I C [1,00) be an interval and
let t; € I. let By satisfy the estimates (3.17) for 0 < m < k. Let (U(1/t)W,S) €
C(Iy, XFHLEHYNCY (T, XF) with W € L=(I, H*') and define a by (6.1). Let
(q,0) € C(I, X™*) with ¢ € L>(I,H*) N L3(I,L?) if t = co. Let to € I and let
(qh,04) € XKt Then the system (2.31) has a unique solution (q',0") € C(I, X**)
with (¢',0")(to) = (g}, 0(). That solution satisfies the estimates (6.2) (6.3) (6.4)
of Lemma 6.1 for all t € I. Two such solutions (q},0}) associated with (q;,0;),
i = 1,2 and with the same (W, S) satisfy the estimates (6.29) (6.30) of Lemma
6.2 for allt € 1.
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We shall be eventually interested in solving the Cauchy problem for the aux-
iliary system (2.30) with infinite initial time to. As a preliminary, we need to solve
the same problem for the linearized system (2.31). This is done in the following
proposition, which of course requires much stronger assumptions on the asymptotic
behaviour in time of (W,S) and (g, o). With the study of the nonlinear system
in view, we already make the assumptions that will be needed for that purpose,
although they could be slightly weakened for the linear problem. Since we want to
take tg = oo, we also take t; = occ.

Proposition 6.2 Let 1 < k < ¢, £ > 3/2. Let 3, Ao and X satisfy
0<pB<l , A>0 , X>A+k , X>0(+1). (6.44)

Let t1 = 00, let 1 < T < o0, and I = [T,00). Let By satisfy the estimates (3.17)
for 0 <m < k. Let (W, S) satisfy the assumptions of Proposition 6.1 with

Wlkt1 < a, (6.45)
| WwTVS ||o < b trTHAM=3/2) (6.46)

for somen >0 and for 0 < m < /{41,

[ Ri(W,S) [l <ot [ WFRi(W,S) [ <er t717H, (6.47)
| W™V Ry (W, S) ||l2 < g t 717 20HBMHAD for 0 <m < 0, (6.48)

for allt € I. Let (q,0) € C(I, X**) satisfy

lall: <Yot™ , |o*qll2 <Y 7, (6.49)
| w™Vo ||p < Z t72oHPmHD for 0 <m <0, (6.50)

for allt € 1. Then the system (2.31) has a (unique) solution (¢',0') € C(I, X*™*)
satisfying

ld [l <Yg 2 [l 2 <Y ¢, (6.51)
| WV || < Z' 72D for0<m <1, (6.52)

for some Y], Y', Z' depending on k, £, B, Xo, A, a, b, co, c1, c2, Yo, Y, Z and T,
for allt € I. That solution satisfies the estimates (6.2) (6.3) (6.4) of Lemma 6.1
for all t € I. Two such solutions (q;,0}) associated with (g;,04), i = 1,2, satisfy
the estimates (6.29) (6.30) of Lemma 6.2 for all t € I. The solution (¢',0’) is
actually unique in C(I, X**) under the condition that (¢',o") tends to zero in X0
norm when t — oo.

Proof. The proof consists in showing that the solution (g;,,0},) of the linearized
system (2.31) with ¢; = oo and with initial data (q; ,0} )(to) = 0 for finite to,
obtained from Proposition 6.1, satisfies the estimates (6.51) (6.52) uniformly in to
for t < tg (namely with Yy, Y’ and Z’ independent of ¢y), and that when ¢y — oo,
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that solution converges on the compact subintervals of I uniformly in suitable

norms.
We first derive the estimates (6.51) (6.52) for that solution, omitting the
subscript tg for brevity in that part of the proof. Let

vo=lldllz o ¥y =l d I, 2=V |2 . (6.53)

We first estimate y(. Substituting (6.47) (6.49) (6.50) into (6.2), and omitting an
overall constant, we obtain

|at y6| < a2z t—2—)\o+ﬁ + a2 Y, t—l—ﬁ_,\0
+a (Yosf,)l/z =120+ N0 =N /2k o y=1=X0 (6.54)

where Y = Y VY. Integrating (6.54) from ¢ to t with yj(to) = 0, using the fact
that Ag > 1 and Mg — (Mg — A\)/2k > k — 1/2+ A, and defining

Yo = [ £ yo; L=([T o)) || (6.55)
we obtain
Y{<cotaZT 04 a2 Yy TP 4a(YPY)/? 7-G-1200 - (6.56)

That estimate is manifestly uniform in tg.

We next estimate y’, wasting part of the time decay in order to alleviate the
computation. In particular when estimating s = S 4+ o, we use the fact that the
time decay of o is better than that of S by at least a power 1—n. Furthermore in the
contributions coming from Bg, we eliminate Y and \g by using Yo <Y =Y VY,
and A\g > A + k. In particular we estimate

m 1-m/k m/k
lo™qlle < lals ™" | o q |5
S Y t*)\o(lfm/k)f)\m/k S Y t*)\ﬂ»mfk (657)

for 0 < m < k, and similarly

k _ 1-m/k
[w™q [lo <y™* (vg o) "

< gmk ik (v t‘*)l_m/k <tmF(y +Y5t) . (6.58)
Substituting (6.47) (6.49) (6.50) into (6.3), using (6.57) (6.58) and omitting an
overall constant, we obtain
1k 1-1/k 1-6/k 1

|6ty/| Sbo{ylo/ y/ / +y10 / ylé/k th—1 6/3}

ta Z tEATREBRED g1 (e 2 (Y £

+a2 (Y + Yyt Y ) ha T Y Y )Y

AV (Y Y ) et (6.59)
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The terms linear in 3’ in the RHS of (6.59) can be eliminated by changing variables
from y’ to y’ exp(—FE(t)), where

E(t) = bT]_l t=" + Zt7 1 + a2t + (k _ 1/2 + )\)_laYt_(k_l/2+>‘)
+(2(k =1+ A)"t V22210 (6.60)

so that it is sufficient to estimate 3’ from (6.59) with those terms omitted and
to multiply the end result by exp(E(t)). With those terms omitted, and with the
help of the estimate of y(, (6.59) can be rewritten as

|3ty'| < bo{y,éﬂs/k y/6/k th=1=6/3=X0(1-6/k) + Y/(l]/k y,l_l/k t—/\o/k}
+ () (6.61)
where
Ci(t) =a Z t~A=Ak+D) | (bt + 2t )Yy

(a2 +av e (IR (V4 ¥) 4 VA2 e (6.62)

In particular C;(t) is decreasing in t.
The inequality (6.61) is essentially identical with (5.24), up to notational
change and replacement of ¢; by C;(t). Proceeding as in Section 5, defining

Y = ||y L=((T, o)) | (6.63)
and reintroducing the factor exp(F(t)), we obtain (see (5.30))
Y’ < exp(E(T)){ (4A"b)" vy +2x! Cl(T)} , (6.64)
‘Emn es)timate which is again manifestly uniform in ¢g. This completes the proof of
6.51).

We next estimate z], for 0 < m < £. By interpolation, it suffices to estimate
2z, and z;. We define

Dy = || 072D 2 L (T t0)) | (6.65)
and
Z'= Sup Z.,=ZiNv Z,. (6.66)
0<m<e

We first estimate z{. Substituting (6.48) (6.49) (6.50) into (6.4)¢ and omitting an
overall constant, we obtain

10y 2] < (bt717 + Zt72) 2 + bzt T Ao ts
Ha Yot L YE TR0/ gy 1A (6.67)
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Integrating (6.67) from ¢ to ¢y, we obtain
Zy<exp(bn T+ 2T { M+ro—8) "' b7t
+ho—=B) " (aYo+Y5 T + ) } (6.68)

where we have used again the fact that A\g > 53/2.
We next estimate z;. Using the inequality

3/2¢0 1-3/2¢
C || w'va 37| Vo' 1y

C 382 (17P4 || w'Vo' |2 + || Vo' ||2) . (6.69)

Vo' oo <
<

substituting (6.48) (6.49) (6.50) into (6.4) with m = ¢, and omitting again an
overall constant, we obtain

0y 2| < (bt7177 4 Zt72) (zg + Z} t*%“’(“l))

+b 7 t—l—”]—/\o-i'ﬁ(é-i-l) +a YO t—l—ko-‘rﬁ(f"rl)

+y02 12X +0(45/2) | s 1= Ao +p(E+1) (6.70)
Integrating (6.70) as before, we obtain

Zy<exp(bn t T"+2 T {b(z +Zn Tt T4 22, T
7 (@Yo +YE TP 4 e) } (6.71)

where v = Ao — S(¢ + 1) > 0, which together with (6.68) completes the proof of
(6.52).

We have proved that the solution (q; , o} ) of the system (2.31), vanishing
at to, satisfies the estimates (6.51) (6.52) for t € [T, to], with Yy, Y’, Z’ satisfying
(6.56) (6.64) (6.66) (6.68) (6.71), which are uniform in ¢3. We now prove that
(¢,,01,) tends to a limit when ¢y — oo. For that purpose, we first let (g;,o7}),
i = 1,2, be two solutions of the system (2.31) corresponding to the same (g, o) and

defined in an interval [T, 1) for some tg > T'. Let (¢"_, 0" ) = (1/2)(q} — ¢4, o5 —0%).
L? norm conservation for ¢’ implies

) 2= I d (ko) I forall te [T to] (6.72)
Furthermore, the simple case ¢— =0, o = 0 of (6.30)( implies

W | Vol l2< Ct7 bt +Z¢71) || Vol |2 (6.73)
and therefore

| Vol () |2 <exp(C(n ' bt ™"+ 2t ")) | Vo(to) [l - (6.74)
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Let now T <t} <t} < oo and let (¢}, o)) = (qgé,agé), i =1,2. Then

1 (6) s = a- () ll2 = (1/2) | a5(t) [l < Y5 02"~ forall £ <) (6.75)

by (6.72) with to =t} and (6.51) for ¢’ = ¢} and ¢t = ¢} Similarly, by (6.52) with
o' =chand t =1t],

—A
I Vol (1) || = (1/2) | Vas(th) || < 25 77
so that by (6.74) with tg = ¢},
| Vo ()| < exp(C(n bt "+ Z 1)) Zy 7°°77 forallt <t . (6.76)

From (6.75) (6.76), it follows that (q; ,o; ) converges to a limit (¢',0") €
C(I, X%%) uniformly on the compact subintervals of I. From the uniform estimates
(6.51) (6.52) and from Lemma 6.1, it then follows by a standard compactness ar-
gument that (¢, 0’) € C(I, X**) and that (¢’, ') also satisfies the estimates (6.51)
(6.52). Clearly (¢', 0’) satisfies the system (2.31). This completes the existence part
of the proof.

The uniqueness statement follows immediately from (6.72) (6.74) by letting
to — OQ. O

We now turn to the main result of this section, namely the fact that for T’
sufficiently large (depending on (W, .S)), the auxiliary system in difference form
(2.30) has a solution (gq,0) defined for all ¢ > T and decaying at infinity in a
suitable sense. In the same spirit as for Proposition 4.4, this will be done by showing
that the map I" : (¢,0) — (¢’,0’) defined by Proposition 6.2 is a contraction in
suitable circumstances. According to our intuition of scattering, another natural
route towards the same result would be to construct first the solution (g, o¢,) of
the auxiliary system (2.30) vanishing at ¢y and to take the limit of that solution as
to — oo. That route can also be followed, but it is slightly more complicated than
the previous one. One of the complications comes from the fact that the system
(2.30) depends on t;. In view of Warning 4.2, for finite ¢y, we expect difficulties
if we take t; > to. This prompts us to take t; = tg. The comparison of two
solutions (g,,0,) corresponding to different values of ¢y is then complicated by
the fact that they do not solve exactly the same system, so that Lemma 6.2 is not
directly applicable and additional terms occur in the comparison. On the other
hand, for By # 0, the construction of the solution (g, , 0¢,) of (2.30) is expected to
meet difficulties for ¢t > ¢y, because of Warning 4.1. We shall therefore undertake
it for t < to only, which is sufficient anyway to take the limit {9y — oo. That
construction proceeds again by a contraction starting from the solutions obtained
for the linearized system. The corresponding proof for ¢y < oo is not significantly
simpler than for £y = oo, which is another reason why the second method is more
complicated than the first one, since in addition to that construction, a limiting
procedure is needed.
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We now state the main result and formalize the previous heuristic discussion
in the following proposition.

Proposition 6.3 Let 1 < k < ¢ and £ > 3/2. Let 3, A\g and X satisfy (6.44) and in
addition

1+A>B(5/2—k) .

Let By satisfy the estimates (3.17) for 0 < m < k. Let (W, S) satisfy the assump-
tions of Proposition 6.2 in [1,00). Then there exists T, 1 < T < oo, and positive
constants Yo, Y and Z, depending on k, £, B3, Ao, A, a, b, cg, c1 and c2, such that
the following holds.

or all tg, T' < tg < 0o, the system (2. with t1 = tg has a unique solution

1) F Il T h 2.30) with h ) luts
(q,0) € C(I, X**) with I = [T,to] and (q,0)(to) = 0. That solution satisfies
the estimates (6.49) (6.50) for allt € I.

(2) The system (2.30) with t; = oo has a unique solution (g,0) € C(I, X*"),
where I = [T, 00) satisfying the estimates (6.49) (6.50) for allt € 1.

(3) Let (qi,,01,) be the solution defined in Part (1) for to < oo and let (q,0)
be the solution defined in Part (2) for to = oco. When tg — 00, (qty,0to)
converges to (q,0) strongly in L°(J, X¥€) for 0 < K <k, 0< ¢ < ¢, and
in the weak-+ sense in L>°(J, X**) for any interval J = [T,T] with T < co.

Proof. Parts (1) and (2). We prove Parts (1) and (2) together, because the proof is
exactly the same for both. It consists in showing that the map I": (¢,0) — (¢/,0”)
defined by solving the linearized system (2.31) is a contraction on a suitable subset
of C(I,X"™*) in the lower norms used in Lemma 6.2. For ty < oo, the map T is
defined by Proposition 6.1, restricted to those (g, o) satisfying (¢, c)(to) = 0, with
the initial data (¢’,0”’)(t9) = 0. For tg = oo, the map T is defined by Proposition
6.2. The relevant estimates on I' are those derived in the proof of Proposition 6.2
in the case t; = co. The same estimates also apply to the case tg = t1 < oo, which
is relevant for Part (1) of this proposition. They are independent of t.
We define the set

R={(a.0) € C(LX"): (g.0)(to) =0 ifto < o,
| t}q; L1, L) | < Yo, || P whq; LI, L%) || <Y,

Sup || =Bty g Lo, L2) || < z} . (6.77)
0<m<¢

We first show that R is stable under I" for suitable Y, Y, Z and for sufficiently
large T. Let (q,0) € R and (¢’,0’) = T'(q,0). Then (¢, 0’) satisfies the estimates
(6.56) (6.64) (6.68) (6.71) where Y, Y’, Z' are defined by (6.53) (6.55) (6.63)
(6.65) and/or their extension to tg < oo. It is therefore sufficient to ensure that the
RHS of (6.56) (6.64) (6.68) (6.71) are not larger than Yy, Y, Z, and Z respectively.
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For that purpose, it is sufficient to choose

Yo =2co ,Z = 2ev~(cy + daco)
(6.78)
Y = 6{(4)\711)0)]6260 + 4)\71(01 + Co)}

and to take T sufficiently large in the sense that

0 Z T~ 4 a2 Y, TP 4a (Y3 V)P T-0-1/200 < ¢ |
nT">8 , T>4eZ , aTP>Y,, (6.79)
ET) <1 , Ci(T)<2(e1+co) -
The conditions (6.79) are lower bounds on T" expressed in terms of the parameters
listed in the Proposition, after substitution of (6.78).
We next show that I is a contraction on R in the norms considered in Lemma

6.2. Let (¢;,0;) € R and (q¢},0}) = I'(gi,04), i = 1,2, and define (¢4,04) and
(¢y,0)) as in Lemma 6.2. We define in addition

y-=1lg-ll2 » z-m=[w"Vo_ | (6.80)
Yo = [0y L) |, Z-= Sup |70 n (1) || (6.81)
0<m<¥y

and we make similar definitions for the primed quantities. We take £y = [3/2 — k|4
and estimate y” and z’,, by (6.29) (6.30), taking advantage of the fact that
m’ = m in (6.30) for that choice of ¢y. Using the fact that I' maps R into itself
and omitting again overall constants, we obtain

|8ty/_| <aZ_ =27 2o+0 +Y 7 t—2= Ao +B(ko+1)—A +ad2 Y. t—1=B=20
o VY. 4120t 00N /2k | §2 y p—1-3N0+2(h0—N)/k (6.82)

where Y =Y VY,
|8t2/—m| S (b t—l—n + 7 t_2) (Zl—m =+ 7 t—)\o'i‘ﬁ(m-‘rl))
ta Yo ¢ttt | yiyr g 1220 46(m5/2) (6.83)

for 0 < m < {4y. Integrating (6.82) (6.83) from ¢ to to with (y’,z",,)(to) = 0 and
using again the fact that A\g > A+ k > 1 and A\g > (¢ + 1) > B((o +2) V 5/2),
we obtain

Y <az T U0y z 7-1-A6+D)
+2 Y. T P+aV Y. T—(k=1/2+X) +Y2Y. —2(k=1+X) ’ (6.84)

Z-<exp(by ' T4 2T )by T Z T 2

5 @Y +T YY) (6.85)
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We now ensure that the map I' is a contraction for the norms defined by
(6.80) (6.81) in the form

Y/ < (¢t Zo+Y_)/4
(6.86)
Z' <(Z_4cY_)/4
which imply
Z'+eY! <(Z_+cY.)/2 (6.87)

by taking ¢ = 83 'a and T sufficiently large, depending on the parameters listed
in the proposition, in part explicitly and in part through Yy, Y and Z defined by
(6.78). (It is only at this point that we need the condition 14+ A > 8(5/2 — k), in
order to ensure that the power of T in the second term in the RHS of (6.84) is
negative).

We have proved that for sufficiently large 7', the map I' maps R defined
by (6.77) into itself and is a contraction for the norms (6.81). By a standard
compactness argument, R is closed for the latter norms, and therefore I'" has a
unique fixed point in R, which completes the existence part of the proof of Parts
(1) and (2).

The uniqueness statement of Part (1) is a special case of Proposition 4.2 part

(1), while the uniqueness statement of Part (2) follows from Proposition 4.2 part
(3) and from the fact that Ag > 1 > fs.
Part (3). Let T < t} < t4 < oo and let (¢, 04), ¢ = 1,2, be the solutions of the
ssytem (2.30) obtained in part (1) and corresponding to ¢y = t; = t} respectively.
Those solutions satisfy the estimates (6.49) (6.50) for ¢ < t;. Define as before
(g,04) = (1/2)(q1 £ q2,01 £ 02). We shall estimate (q_,o_) for ¢t < #| in the
norms considered in Lemma 6.2. In order to alleviate the notation, we omit the
prime on ¢, to in the rest of the proof. By (6.49) (6.50), we estimate

{ g (t1) ll2 = (1/2) | a2(t1) ||z < (1/2)Y0 817
| @Yo (t1) |2 = (1/2) | w™Vaa(t) [l < (1/2)2t; D

(6.88)

for 0 < m < £. On the other hand (¢q—,o_) satisfies a system closely related
to (6.32) where however (¢/.,0',) = (q+,04) and where additional terms appear
because of the different values t; and ¢s occuring in Bg and By,. More precisely

dug- = i) Aq- +¢72{Qs1,0-) + Qo wy) 4+ it~ Bog-

H't_l{ (Bg > (wy,wi) + B§(q-,q-)) - + 2BG (wy, q,)w+}
—i(2t)"" (B¢ — BY) (g2, 42+ 2W) (g2 + W) (6.89)

oo =t"%(s4 -Vo_+o0_-Vsy)—2t"'VB (wyi,q-)
+t7'V (B — BY) (g2, 42 +2W) .
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We first estimate the additional terms in (6.89) as compared with (6.32). From
(6.36)—(6.39) we obtain

| (B¢ — B¢) (42,02 +2W) (g2 + W) [l

< C{ (at™+ Il a2 lls) a Lo (Il g2 ll2) +a I-1 (|l a2 [|z || g2 )

+ a2 lle I-1/2 (a2 ll2 || a2 Hﬁ)} (6.90)

where the various I,,’s are taken in the interval [t1,¢3]. From (6.49) and Sobolev
inequalities, we obtain

ta
I ¢ |2) < Yo W?/ dt’ 3120 <y /2 42 (6.91)
t1

ta
I (|| q2 ||2 || P ||3) < CY%WY t_1/2/ At —1/2=2 0+(Xo—X)/2k

t1
< CYy YV t71/23/27 20t (ho=2)/2k (6.92)

a2 ll6 T-1/2 (| @2 |l2]l @2 |l6) < OYoY2¢= Aot Ro=)/k
t

x / S 1=t o)k < OV V220t 00N k=20t (o =Nk (6 g3)
t1

and therefore for ¢t < ¢;
| (BE = BY) (a2,02+2W) (a2 + W) |12 < C 47212 a? ¥ 77112

taY, Y tl—xo+(,\o—x)/2k—1/2 1Y, V2 tl—z,\o+2(,\o—x)/k—1/2} . (6.94)

Similarly using (6.43) and

ta
1_3/2 (” 7 ”%) < }/02 tfl/ e t/72>\0 < }/02 tfl ti_2/\0
t1

we estimate for ¢ < t;

H wm+2 (Bzz _ B?) <q27q2 + 2w) ”2§ C (a Yy + Y'02t3ﬁ/2—1 t%fkr)) tﬁ(m-kl)f;)x().

(6.95)

We define y_ and z_,, by (6.80), we take again £y = [3/2 — k]4+, we choose )|
satisfying

1V (Ao —1/2) VB (L +1) <N, < Ao, (6.96)

we define (see (6.81))

Vo= | oy () || 2o = Sup || #6720 LT, 0]) || (6.97)
sm=xto
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and we estimate those quantities in the same way as in the proof of Parts (1) and
(2). From (6.89), we obtain differential inequalities for y_, z_,,, very similar to
(6.82) (6.83) with v’ =y_, 2/, = z_,,, with however additional terms estimated
by (6.94) (6.95).

We integrate those inequalities from ¢ to ¢1, with initial condition at t; esti-
mated by (6.88). We then substitute the result in (6.97) and omitting an overall
constant, we obtain finally (see (6.84) (6.85))

Y. <az T~ 4 yz_m—1-2+B8t+1) 4 2y 7B
+CLYY,T7(]€71/2+)‘) + Y2Y7T72(k71+>\)

+{Y0 + a®Yot7? 4 aYp Yy FTVEY 4y e 2 }tl_(/\o_’\‘/’)(G.QS)

Zo<exp(bny ' T4 2T ) { by T ZTY) 2
B 0 Y +T Y, V) + (Z ta Yo+ V2 t;ﬁ) t;“(’%)} . (6.99)

Proceeding as above, we deduce therefrom that for T sufficiently large and for a
suitable constant ¢ ,
Y. +¢Z_ <O (t;“(’”tﬁ) : (6.100)

From (6.100) it follows that (g¢,,0t,) tends to a limit uniformly in compact subin-
tervals of [T, 00) in the norms (6.80). By a standard compactness argument, that
limit belongs to C([T,00), X**) and satisfies (6.49) (6.50). One sees easily that
the limit satisfies the system (2.30) with ¢; = oo, and therefore coincides with the
solution obtained in Part (2). Actually, as mentioned before, Part (3) provides an
alternative (more complicated ) proof of Part (2). O

7 Choice of (W, S) and remainder estimates

In this section, we construct approximate solutions (W, .S) of the system (2.20)
satisfying the assumptions needed for Propositions 6.2 and 6.3 and in particular
the remainder estimates (6.47) (6.48), thereby allowing for the applicability of
Proposition 6.3, namely for the construction of solutions of the system (2.30).
More general (W, S) also suitable for the same purpose, could also be constructed
by exploiting the gauge invariance of the system (2.20).

We rewrite the remainders as

Ri(W,S)=U*(1/t)0,(UQ /)W) —t2Q(S, W) — it ' (By 4+ Bs(W, W))W (7.1)

Ro(W,8) = 0,5 —t 728 - VS +t'VBL(W, W) . (2.29) = (7.2)

We recall that t; = co in R1, Rg, and we omit ¢; from the notation. We construct
(W, S) by solving the system (2.20) approximately by iteration. The n-th iteration
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should be sufficient to cover the case Ay < n. Here we need A\g > k£ > 1, and we
must therefore use at least the second iteration, which will allow for \y < 2. For
simplicity, we shall not go any further here. Accordingly we take

W = wo + wr , S=s50+s1 (73)
where
O U(1/t)wy =0 wp(o0) = wy (7.4)
O 8o = —t_1VBL(w0,w0) 80(1) =0,
so that
wo =U*(1/t)wy
t (7.5)
solt) = — / dt’ -1V By (wo(t)), wo(t'))
1
and
O (U(1/t)wr) =t U(1/t) Q(s0,wo) wi(00) =0, 76)
Oy 81 = t_280 -Vsg — 2t‘1VBL(w0,w1) 81(00) =0, .
so that

1m@)=—UWUﬂlmﬁ%’QUOﬁﬁQ@Mﬂﬂw@W .
s1(t) = —/toodt’ t'"2s50(t") - Vso(t') + 2/toodt’ t VB (wo(t'),wi () . '

The remainders then become

Ry (W, 8) = =t=2{Q(s0,w1) + Qls1,w0) + Qo1 wy) |
—it™'(Bo + Bs(W,W))W , (7.8)

RQ(W, S) = —t_2{80 -Vsy +51-Vsg+s1- Vsl} + t_1VBL(w1,w1) .

Note that the term with By + Bg(W, W) in (7.1) is regarded as short range and
not included in the definition of (W, .S).

We now turn to the derivation of the estimates (6.45)—(6.48). The regularity
properties of (W, S) used in Section 6 follow from similar but simpler estimates.
We first estimate all the terms not containing By.

Lemma 7.1 Let 0 < 8 < 1, ky > 3, wy € H* and ay = |wyi|p,. Then the
following estimates hold:
|w0|k+ <ast (7.9)

C’aﬁ_ﬁnt for0 <m < k4

W™ S0 (|2 S 7.10
” ” { C a? thlm—k+) form > ky | ( )
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lwilg,—1 <Cal t7H(1+4nt), (7.11)
Cait_l(l—i—ént)z foro<m<ky—1
@™ s1lle <q € ad =181k (1 4 fn ) (7.12)

forky, —1<m<ky—14+p71,
Clay) t73(1 +4n t)3 foro<m<k; —2

[ W™ Ra(W,5) [l2 < 4 C(ay) t=3+Bm+2=ke) (1 4 ¢ £)2 (7.13)
fork, —2<m<k, —2+p"",

| w™(Q(S,w1) + Q(s1,wp)) |l < Clay) t™H(1 +fn t)? foro<m<ky—2
(7.14)

| w™(Bs(W,W)W) ||2 < C(ay) t~Pk+=mt1) for0<m <ky—1. (7.15)

Proof. (7.9) is trivial.
(7.10). By (3.10), Lemma 3.2 and (3.9) we estimate

t
o™ sl < [ de €70 W™ By (uwo(®), wo®)) |
1

t
c/ dt' ¢ Ly (| ™ wo(t) [l2 || wo(t') |loo) < Ca2tn t
1
for 0 <m < k4

IN

t
€ [ #7180 B (R o | un(t) o) < Ca ¢4

for m > ky .

(7.11). By Lemma 3.2 and (7.10), we estimate

| Qso,0) ll2 < C Il Fso lla (Il w*2wo ll2 + [l wo lloe) < C atnt

| W 1Q(s0, wo) [l2 < C{ | w50 || (” w*Pwo [l2 + | wo H°°>

+ (w250 ll2 + 1150 ll ) | 5o |12 } < C adnt

from which (7.11) follows by integration.
(7.12). By Lemma 3.2 and (7.10) we estimate

| w™(s0 - Vso) ll2 < C 1™ s ll2 (I w250 12 + | 50 )

Cat (¢n t)? form<ky—1
< { * i (7.16)

Cat tAm+1=ke)pp ¢ form>ky —1.
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On the other hand
| w™ B (wo, w1) 2

Clp (lw™wo [l2 | w1 [lo + lw™wr [l2 | wo [loo) < Caft™ (1 +nt)
form<k;—1

CtAmTI=kO L (|| @k g 2 | wi oo + Il w® L 2 || wo [loo)
< Ca? A+ 1=k =1(1 4 ¢n t) form>ky—1.
(7.17)
(7.12) now follows from (7.16) and (7.17) by integration provided 8(m+1—k,) < 1.
(7.13). By Lemma 3.2 again, and by (7.10) (7.12) we estimate

| W™ (s0 - Vs1 +s1- Vs + 51+ Vi) [l2 <
C{ I w™* s |2 (H W21 2 + || 51 Hoo) + W™ sy (H w50 Jl2 + | 50 [loo

w21l + st )

{ Clay) t71(1 + n t)3 form <k;y—2
<

Clay) t=1HPm+2=k) (1 4 n t)2 forky, —2<m<ky —24+3"1.
(7.18)
On the other hand
| W™ B (wy,w1) |2

Clny (|| w™wy [|2]| wr [Joo) < Calt™2(1+ fn t)? form<ky—1

<4 MR (Wb ol wn o) < Caf 5RO 21 4 ft)?
form >k, —1.
(7.19)
(7.13) now follows from (7.8) (7.18) (7.19).
(7.14). By Lemma 3.2 again, and by (7.10) (7.11) (7.12) we estimate

| W™ (Q(s0, w1) + Q(s1,wo) + Q(51,w1)) ||2
< e so lla (lw®wnlls + wn lloo) + 1™ lls (1 w250 2
+ 150 loo + | w*%s1]l2 + || 1 ||<><>> + || W™ sy [l <|| WPy 2+ [ wo oo

w2+ o)+ w0 g fl2 (0251 2+ 151 ) }

<Cad’ t7'1+mt)1+a®t (1+Int) (7.20)

from which (7.14) follows.
(7.15). As previously, we estimate for 0 < m < k.

| w™Bs(W, W) [|2<[| @™ Bs(wo,wo) |l2 +2 || " Bs(wo,w1) [|2
+ || w™Bg(wy,wi) |2
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< ORI (400 (|| R wo ] wo floo) + T —1 (I o 2] wr [loe
o (o e + o 1)) }
< Ctﬁ(’”_’”){t_ﬁ a2+t a1+t t)+172 a8 (1+tn t)2} (7.21)
by (7.11). Therefore
I Bs(W, W)W [[2 < || Bs(W, W) [l2 [| W [|c < Clay) t7P0+#D
| Bs(WWIW) fl2 < C{ | H T Bs (W W |z | W o

+ I Bs(W. W) [loo || ™ ~1W |I2 } < Clay) t7% (7.22)
which yields (7.15) by interpolation. O
We next estimate the terms in R; containing By.

Lemma 7.2 Let 0 < f < 1. Let 1/2 < Ao < 2 and ky > 2)\g V 3. Let By satisfy
the estimates (3.17) for 0 < m < 2, let wy € H*+ and assume that By and w,
satisfy the estimate (5.35) for all multi-indices oy, as with 0 < |ay| < 2 and
0 < |aa| < 2Xg. Then the following estimate holds for all m, 0 < m < 2, and all
t>1.

| w™(By W) ||z < C t=rotm (7.23)

Proof. The contribution of wy to (7.23) is estimated by Lemma 5.1 with m = 2.
In order to estimate the contribution of wy, we decompose w; = w} + wy where

w) = 7/ dt’ 72 Q(so(t'),wy)
¢

W)= Q=0 /0) [ at Qs wold)

- "t ¢ (L= U )QUo ). wo(t) + Qsolt). (1 - U y) ).
We first consider

Bo(t)wy(t) = — /°° ar' t/72{$0(t/) - Bo(t)Vws + (1/2)(V - 50)(t/)Bo(t)w+}

t

We estimate

I Bo(0w @) I < [ at ¢=2{ 1 5o0) 1 | Bo(0) Vs |2

+ 1 (V-50)(t) llo || Bo(t)ws |2 } < Ct—%“/?/t dat' ¢ 2n t

<Ot V21 4t t) (7.24)
by (5.35) and (7.10).
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Similarly, we estimate
HABWWW»MSC/ at’ ¢=2{ || Aso [ls | BoVuy [l
t

+ | Vo [looll V(BoVwy) [l2 + | s0 [l ll A(BoVwy) [l2 + [| AV - so [|2]| Bow+ |
+ 11 V20 ll6 || V(Bowy) [ls + | V50 [loo | A(Bowy) [l } (7.25)

where sg = so(t') and By = By(t), and therefore by (7.10)

I ABo wy) [l2 < C a? 71 (1 +4n f){ (I Bo lloo + [ VBo [l3) a+

+ || (ABo)Vuws |12 + | (ABoyuws ||z }

<C a2 (a+ bo t71/3 4+ by t”\°+3/2) (14 ¢n t) (7.26)

by (3.17) and (5.35).
We next estimate the contribution of w}. By the same estimates as for w;
(see the proof of (7.11)) we obtain

Wk, -1 <C ad t7 (1 +4nt)
[wi |k, —3 < C al t72(1+nt)

where we have used the fact that the factors (1 — U®*)(1/t)) can be replaced by
t~1A for the purpose of the second estimate, and therefore

[ w™wf |2 < Cad 72821 tnt) for0<m<ky—1 (7.27)
by interpolation. By Lemma 3.2 and (3.17) we then obtain

Il w™(Bo wy) ll2 < C (Il w™Bo [lsc [ Y l2 + || Bo lloo [ @™ [|2)

<Cbyal t7 2™ (14+4nt). (7.28)
Collecting (7.24) (7.26) (7.28) and the estimates of Bowy coming from Lemma 5.1
yields (7.23) for 0 < m < 2. O

We can now collect Proposition 6.3 and Lemmas 7.1 and 7.2 to obtain the
main technical result on the Cauchy problem for the auxiliary system in the differ-
ence form (2.30). We again keep the assumptions on By in the implicit form of the
estimates (3.17) and (5.35), which can however be replaced by sufficient conditions
on (wy, Ay, AL) by the use of Lemmas 3.5 and 5.2.

Proposition 7.1 Let 1 < k < { and £ > 3/2. Let 3, Ao and X\ satisfy

0<fB<2/3 , A>0 , A+Ek<X<2 , X>p(L+1). (7.29)
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Let k4 satisfy
ez k42 . ke22h , Be4+1) 2N, BU+3—k)<1. (7.30)

Let wy € H*+, let By satisfy the estimates (3.17) for 0 < m < k and let (w,, Bo)
satisfy the estimates (5.35) for all multi-indices an, as with 0 < |a1] < 2 and
0 < |aq| < 2Xg. Let (W, S) be defined by (7.3) (7.5) (7.7). Then
(1) (W, S) satisfy the estimates (6.45) (6.46) (6.47) (6.48), with0 < n < 1-38/2
in (6.46).
(2) All the statements of Proposition 6.3 hold.

Proof. Tt follows from Lemmas 7.1 and 7.2 that all the assumptions of Proposition
6.3, and in particular the estimates (6.45)—(6.48), are satisfied. O

8 Wave operators and asymptotics for (u, A)

In this section we complete the construction of the wave operators for the system
(1.1) (1.2) and we derive asymptotic properties of solutions in their range. The
construction relies in an essential way on Proposition 7.1. So far we have worked
with the system (2.20) for (w, s) and the first task is to reconstruct the phase (.
Corresponding to S = sg + s1, we define ¢ = ¢y + @1 where

o= /1 dt’ =1 By (wo (1), wo(t) (8.1)

1= /too dt' (2t%) " so(t')|* + 2/00 dt’ =1 B (wo(t'), wa(t")) (8.2)

t
so that sop = Vg and s; = V1.

Let now (g, o) be the solution of the system (2.30) constructed in Proposition
6.3 part (2) and let (w,s) = (W, S) + (¢,0). We define

v [ A o o 28) s (s 4 200) ()

+ /oo dt' =1 (BX(q,q) + 2B (W, q) + B3 (wy,w)) (') (8.3)

t
which is taylored to ensure that Vi) = o, given the fact that so, s and o are
gradients. The integral converges in H?, as follows from (6.49) (6.50) and from the
estimate (see the proof of (6.4))

Ollolla<t[[Vola(lsllee + VS Is)+t"alo(] ¢ll2)
2T s (g 13) + || Ra(WLS) |2
<C (t—2—ko+ﬁ(1 +0nt) 4+t 122 H80/2 =81 g t)3)

< C i (8.4)
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Furthermore, this implies that
IV llo=1olz<Ct. (8.5)

Finally we define ¢ = ¢ + 9 so that Vi = s, and (w, ¢) solves the system (2.18).
For more details on the reconstruction of ¢ from s, we refer to Section 7 of [6].

We can now define the wave operators for the system (1.1) (1.2) as follows.
We start from the asymptotic state (uy, Ay, Ay ) for (u, A). We define w; = Fu,,
we define (W, S) by (7.3) (7.5) (7.7) and By by (2.3) (2.13), namely

Ag=K({t) Ay +K(t) A, =t~ Dy By .

We next solve the system (2.30) with ¢; = oo and with initial time to = oo for (¢, o)
by Proposition 6.3, part (2), we define (w, s) = (W, S) + (¢,0) and we reconstruct
® from s as explained above, namely ¢ = g + @1 + 9 with g, ¢1 and 9 defined
by (8.1) (8.2) (8.3). We finally substitute (w, ) thereby obtained into (2.11) (2.2),
thereby obtaining a solution (u, A) of the system (1.1) (1.2). The wave operator
is defined as the map Q : (uy, A, Ay) — (u, A).

In order to state the regularity properties of w that follow in a natural way
from the previous construction, we introduce appropriate function spaces. In addi-
tion to the operators M = M (t) and D = D(t) defined by (2.8) (2.9), we introduce
the operator

J=Jt)=xz+itV, (8.6)

the generator of Galilei transformations. The operators M, D, J satisfy the com-
mutation relation

iMDV=JMD. (8.7)

For any interval I C [1,00) and any k > 0, we define the space
X*(1) = {u . D*M*u € C(I,H’“)}

= {ui< ) >* wec, 12} (88)

where < A >= (1+ /\2)1/ 2 for any real number or self-adjoint operator A and where
the second equality follows from (8.7).

We now collect the information obtained for the solutions of the system (1.1)
(1.2) and state the main result of this paper as follows.

Proposition 8.1 Let 1 < k < {, £ > 3/2. Let 3, Ao and X satisfy
0<B8<2/3 , A>0 , A+k<X <2 , XN>p(+1). (7.29)
Let ky satisfy

ke >k+2 . ki>2% , Bl +1) =X, BE+3—ky) <1. (7.30)
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Let uy € FH* | let wy = Fuy and ay = |wyi|i, . Let (A4, Ay) € HY @ HL.
Let Ay defined by (2.3) satisfy the estimates
| w™ Ao(t) ||» < bo t¥71 (3.15) = (8.9)
for0<m<k,2<r<ooandallt>1, and the estimates
(9% Ao) ((9°*w) (/1)) |2 < by ¢ IHIaD/2 (8.10)

for all multi-indices an, ag with 0 < |a1| < 2 and 0 < |ag| < 2Xg. Let (W, S) be
defined by (7.3) (7.5) (7.7). Then

(1) There exists T, 1 <T < oo such that the auziliary system (2.20) with t1 = oo
has a unique solution (w, s) € C([T,0), X**) satisfying

[ w(t) =W(t) [l <C (8.11)
| ™ (w(t) =W (b)) [l < C ¢ (8.12)
| w™(s(t) = S(t) [l <C t7 2™ for0<m<L+1. (8.13)

(2) Let ¢ = o + @1 be defined by (8.1) (8.2), let p = ¢ + ¢ with ¥ defined by
(8.8) and (q,0) = (w,s) — (W, S). Let

u = MD exp(—ip)w (2.11) = (8.14)

and define A by (2.2) (2.8) (2.4) with t; = co. Then u € X*([T,)), (A,0;A) €
C([T,0), H* @ H*1), (u, A) solves the system (1.1) (1.2) and u behaves asymp-
totically in time as M D exp(—i¢)W in the sense that it satisfies the following
estimates:

| u(t) = M(t) D(t) exp(~ip(t))W (t) ||l2 < Clas, b, br)t™™ (8.15)
11T (O (exp(ig(t, z/t)u(t) = M(t) D(t) W(t)) ll2 < Clay,bo, bi)t™  (8.16)
| u(t) = M(t) D(t) exp(—ig(t))W (1) | < Clas,bo, by}t~ 0+ Ro= 00k (8.17)

for0<4d(r)=(3/2-3/r) <[kA3/2].
Define in addition

Ay = A — Ay — A°(IDW?) . (8.18)

Then A behaves asymptotically in time as Ag + A°(|[DW|?) in the sense that As
satisfies the following estimates:

[ Az(t) [|l2 < Clay,bo,by) t~r0+/2 (8.19)

Furthermore, for 3/2 < k(< 2):
| VA2(t) |l2 < Clay,bo,by) t—r071/2 (8.20)
| WV Ay (t) |2 < Clay,bo,by) t—A7F12 (8.21)
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while for (1 <)k < 3/2:

| VAs(t) [[2 < C(as,bo, b1) (f_’\o_l/z + f_2A°_1/2+(/\°_A)3/2k> (8.22)

| w12 45(8) |l < Clag, bo, by )t~ A—26+1 (H +tk’3/2) . (8.23)
A similar result holds for k = 3/2 with a t¢ loss in the decay.

Proof. The proof follows from Propositions 6.3 part (2) and from Proposition
7.1, supplemented with the reconstruction of ¢ described above in this section,
except for the estimates (8.15)—(8.17) on u and (8.19)—(8.23) on A. In particular
the estimate (8.10) is nothing but the estimate (5.35) expressed in terms of Ag
instead of By while the estimates (8.11) (8.12) (8.13) are essentially (6.49) (6.50)
supplemented with (8.4) (8.5).

We next prove the estimates (8.15) - (8.17) on u. From (8.14) with ¢ = ¢+ 1 and
from (8.7), it follows that

I [7]™ (exp(i Do ¢p)u = MDW) [|l2 =|| &™ (w e™™ = W) |2 (8.24)
For m = 0, we estimate

(| wexp(—ity) =W |2 | w(exp(=iy) =1) [l2 + [[w—=W [

lwls ¢l + gl <Ot

IA A

by (8.5), a Sobolev inequality and (8.11). This proves (8.15). For m = k, we
estimate by Lemma 3.2

| * (exp(~ip)w — W) |2 < C{ | w* (exp(=ivy) = 1) || || w lle

+ llexp(=iv) =1 [l | wFw [l2 + || w*(w —W) |2

<C W0l exp(C ¥ o) | Vo llz +(l o [l | Vo [2)2 ]| wFw |2
4 |l < C (t—/\o+ﬁ(k—1/2) 4 Not5/2 +t‘A) <Cct

by Lemma 3.3, by the Sobolev inequality

1%l <C(ll 0 |l2 || Vo [|2)"?

and by (8.12) (8.13). This proves (8.16).
The estimate (8.17) follows immediately from (8.15) (8.16) and from the
inequality

ISl =720 | DM f |l < C 700 || DD M

=0t IBP 2 -
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We finally prove the estimates (8.19)—(8.23) on A. It follows from the defini-
tions (2.2) (2.3) (2.4) (8.18) and from (2.13) (2.14) that

Ay =t7" Dy BY*(q.q+2W) . (8.25)

It is therefore sufficient to estimate B$°(q,q + 2W). We omit the superscript oo
for brevity. We first estimate by (3.10)

| Bi(g,q+2W) [l2 <C Iy (|| w ™ (glg+2W)) 2)

<CIa(lqll2llg+2W |3) <C it (8.26)

by Sobolev inequalities and by (8.11), since g+ 2W is bounded in H* and a fortiori
in L3. This proves (8.19).
For k > 3/2, we estimate similarly

I VBi(a,q+2W) |2 < To (Il g ll2 [l ¢ +2W [|oc) < C ¢ (8.27)

by (3.10) and (8.11), since g + 2W is bounded in L* in that case. Furthermore,
by (3.10), Lemma 3.2 and Sobolev inequalities

| W Bi(q,q+2W) [l2 < C I (| w*q l2 (Il ¢ loo + | W loc)

+ 1 Vg lls | 2 )p) < €0 (8.28)

by (8.11) (8.12). The last two inequalities imply (8.20) and (8.21) respectively.
For k < 3/2, we must estimate Bj(q,q) and Bi(q, W) separately because ¢
is no longer controlled in L*°. We estimate as before

[ VB, W) 2 <To ([l qll2 | W |lee) < C t
by (8.11), while
| VBi(g,q) ll2 < To (| ¢ |7 ) < C ¢72Rot(Po=R)8/2k

by (8.11) (8.12), which together imply (8.22).
We next estimate by (3.12) and (8.12)

| w*712 Bi(q,9) ll2 < C Ik—sya (| &g [I3) < C ¢} (8.29)
while by (3.10) and Lemma 3.2

| w12 Bi(g, W) 2 < € Iisya (| 02 |12 | W loc
gl | w2 a5
< C Lan (1622 12 (I W oo + | W [12))
by Sobolev inequalities, with 1/2 < 6 = d(r) = 2k — 3/2 < 3/2,
e SO AP0 NB/2R-1) o g A3/ 24k (8.30)

by interpolation between (8.11) and (8.12). Now (8.23) follows from (8.29) and
(8.30). O



606 J. Ginibre and G. Velo Ann. Henri Poincaré

‘We conclude this section with some remarks on variations which can be made
or attempted in the formulation of Proposition 8.1.

Remark 8.1 We have stated the assumptions on (A+,A+) in an implicit way in
the form of conditions on the solution Ag of the free wave equation that they
generate. Sufficient conditions for (8.9) and (8.10) to hold directly expressed in
terms of (A4, A,) and possibly wy can be found in Lemma 3.5 and Lemma 5.2,
but those conditions are far from being optimal (especially those of Lemma 5.2).

Remark 8.2 The available regularity for A is stronger than stated, as follows from
the assumption (8.9) on Ay, from the simple estimate on A°(|[DW|?)

| " AF(DWE) 2 < Clas) 7172
for 0 < m < k4, and from the remainder estimates (8.19)—(8.23).

Remark 8.3 The asymptotic behaviour in time of the scalar field A differs in an
important way from that of a solution of the free wave equation. In fact A behaves
asymptotically in time as

A~ Ay + ASS(IDW?) .
Replacing W by w, as a first approximation in the last term, one obtains
AP (|Dwy|?) = 7 Do By (wy, wy)

with B (w4, w4) constant in time. This yields a contribution to A which spreads
by dilation by ¢ and decays as ¢t ! in L> norm. That contribution can in no obvious
sense be regarded as small as compared with Ag.

Remark 8.4 One might be tempted to look for simpler asymptotic forms for v and
for A by replacing for instance W by w. in (8.15) (8.16) (8.18) and/or by omitting
a few factors U™)(1/t) in (7.5) (7.7). This however would introduce errors at least
O(t™1) and spoil the t=* decay in (8.11) (8.15) (8.19) (8.20) (8.22).

Acknowledgements. We are grateful to Professor Yves Meyer for enlightening con-
versations.

Appendix A

In this appendix, we prove Warnings 4.1 and 4.2.

Proof of Warning 4.1 One sees easily that (4.57) with y(1) = yo > 0 has a unique
maximal increasing solution y € C*([1,7*),RT) for some T* > 1. We shall argue
by contradiction by showing that if 7* is sufficiently large, then y(¢) is infinite for
some t < T*. By integration, (4.57) with y(1) = yo is converted into the integral
equation

1

y(t) = yo exp {(m B /

» dv y(vt) (v — v } . (A1)
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We shall prove by induction that (A.1) implies a sequence of lower bounds y(t) >
an 1" with o, rapidly growing and a, not too small. We start with ag = yo,
ap = 0. Substituting that lower bound into (A.1) yields

y > yoexp{yo h(t)}
where

h(t) = (m = p1) ™" fﬁl/ dv (v=17m — 170

1/t
=(m—B) t(m P ) m T gt e
so that y > a1t provided

Inoai/yo < (m — B1)~* (fozl In T+ yo(m 1 — ﬂfl)) (A.2)

where 7 = ¢™~f1 > 1. The minimum of the RHS is attained for 7 = maa /Yo,
which we take > 1, and we can then take

a; = yo exp {(m — Bt Bt yo}(€ Yo/m ag)*H/(m=F) (A.3)

Here «; is an arbitrary fixed parameter, which we take large. In particular we
impose a1 > (m~lyy V 2/31).

At the following steps of the iteration, it will be sufficient to replace (A.1) by
the lower bound obtained by letting m decrease to 31, namely

1

y(t) > yoexp {t‘ﬁl /1/ dv y(vt) v=1"P1n u|} (A4)
t
or equivalently
)= woosn { [ o) ¢ i} (45)
We now describe the determination of (ani1,an11) = (a/,a’) from (an,a,) =

(a, ). Substituting the induction assumption into (A.5), we obtain for a > 31 (a
condition that will be ensured below)

t
Yy > Yo €Xp {a/ dt’ t/'—1=ite Kn(t/t’)}
1
= yg exp {a(a —B1) A (r—1—1tn T)}
where 7 = t*A1 > 1. This implies y > a’t* provided
nd/yo<ala—pF)2(r—1—tn7)=d(a—pF1) YUnT

—0@(r—1)— (@+1)ln 1) (A.6)
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where

=o' /(a—p1) , a=ald(a—p). (A7)
The minimum over 7 of the last member of (A.6) is attained for ar = a + 1, and
it suffices to impose

In(a/yo) < 0(1 — (a+ 1)n(a+1)/a) =0(n a— f(a))
which allows us to take a’ = yoa’ provided
f@=@+1)n(a+1)—alna—-1<0

a condition which is easily seen to hold for a < 1/2.
Finally we can take

o =0a—p) , d =y (af(a—p)?) (A.8)

provided
a<60(a—p)?)2. (A.9)

So far 6 is a free parameter. For definiteness we choose 8 = 2, so that after coming
back to the original notation, (A.8) (A.9) become

Ap41 = 2(0571 - ﬂl) ) (AlO)
ant+1 = Yo az/4(an — B1)*, (A.11)
anp < (an - 51)2 . (A12)

(A.10) is readily solved by
an =201 + 2" Hog —26) .

(A.12) is harmless and holds for all n if it holds for n = 1 and if yo < 4(a; — 31)?,
which can be arranged by taking «; sufficiently large. (A.11) can be rewritten as

Gniio ___ yiay (2(% - m)“ - { an Yo }2 (A.13)
64(ang1 — B1)t 642(an — 1) \ g1 — 51 ) — | 64(an — )4 '
by (A.10). Let now ¢ > 1 and define
Up = An tan7251 y0/64(05n - 51)4 .

It follows from (A.10) (A.13) that u,11 > u2 and in particular u, > 1 for all n if
w1 > 1, namely if ¢ is sufficiently large in the sense that

taliQﬁl Z (a1y0)71 64(041 — 61)4 . (A14)

For such t, the condition u,, > 1 can be rewritten as
y(t) > an t* > 2yt 64(an — B1)*
> 4420yt 240 (o — 26))% . (A.15)

Since the last member of (A.15) tends to infinity with n, such a ¢ cannot be smaller
than T, which proves finite time blow up. O
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Remark A1. Since the RHS of (4.56) and (4.57) is decreasing in 3; and increasing
in m, blow up in finite time for (81, m) implies blow up in finite time for (51, m)
with 8] < 81 and for (81, m’) with m’ > m, while the opposite situation prevails
as regards the existence of global solutions. Actually it is easy to see that (4.56)
or (4.57) admits global solutions for small data if 31 > 0 and m < ;. When
coming back to the original equation (4.55), the condition of small data becomes
a condition of large tg.

Proof of Warning 4.2. We want to prove finite time blow up for (4.61) with y(to) =
yo > 0. Omitting the second term in the RHS and integrating the remaining
inequality, we obtain

k
y= (/" +t—to) =(t—to) (A.16)

We next keep (A.16), omit the first term in the RHS of (4.61) and change ¢ to
t + to. It is then sufficient to prove blow up for

y > t*
(A.17)
Oy > (t+1t0) 1P o3 .

For that purpose, we show by induction that y satisfies
y(t) > yn(t) > an 1% (t + o) "I (A.18)

starting with ap = 1, ap = k and 9 = 0 given by (A.17). We obtain
t
Ynt1 = / dt! (to +t") 71 3 (1)
0

t
Z ai/ dt/(to + t/)—(1+51)(3'7n+1) t/3(¥n,
0
> ai(to + t)*(1+ﬁ1)(37n+1) t3an+1(3an + 1)71

thereby ensuring (A.18) at the level n + 1 if we choose

Ont1 = 3ay, + 1 s Ynt1 =3V +1, (A.19)
ant1 = a>/(3a, +1) . (A.20)
(A.19) is readily solved by
an =3"(k+1/2)—1/2 | 3, =(3"—1)/2 (A.21)
so that
any1 > al(k+1/2)71 3=(n+1) (A.22)

or equivalently
bpt1 > b (A.23)
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where

bp = an 372734 (k41/2)7Y/2 (A.24)
Let now ¢t > 0 and
Uy, = by, ton+1/2 (to + t)*(1+ﬁ1)(7n+1/2) ) (A.25)

It follows from (A.19) (A.23) that u,4+1 > u> and in particular that u, > 1 for all
n if ug > 1. The condition ug > 1 reduces to

2R (1o + )0 > 33/2(k 4 1/2) (A.26)
and holds for ¢ sufficiently large if 2k > (1. For such a t, by (A.18)
Y > ap 1O (tg 4+ )T > (k4 1/2)1/2 gn/2H3/4 =12 (4 4 ) (IHP)/2 (A 27)

Since the last member of (A.27) tends to infinity with n, such a ¢t cannot be smaller
than the maximal time T* of existence of the solution y of (4.61), which proves
finite time blow up. O
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