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Self-Adjointness of the Pauli-Fierz Hamiltonian
for Arbitrary Values of Coupling Constants

F. Hiroshima

Abstract. The Pauli-Fierz Hamiltonian describes a system of N electrons minimally
coupled to a quantized radiation field. The electrons have spin and an ultraviolet
cutoff is imposed on the quantized radiation field. For arbitrary values of coupling
constants, self-adjointness and essential self-adjointness of the Pauli-Fierz Hamil-
tonian are proven by means of a functional integral.

1 Introduction and main results

The Pauli-Fierz Hamiltonian [33] governs a system of N -electrons minimally cou-
pled with a quantized radiation field. The N -electrons are assumed to have spin
and the quantized radiation field is smeared by an ultraviolet cutoff. The purpose
of this paper is to establish self-adjointness and essential self-adjointness of the
Pauli-Fierz Hamiltonian for arbitrary values of coupling constants.

For sufficiently small values of coupling constants self-adjointness of the Pauli-
Fierz Hamiltonian on an explicit domain, sayD, has previously been established. In
[21] we have shown essential self-adjointness on D for arbitrary values of coupling
constants, for N = 1 under certain integrable conditions on the ultraviolet cutoff.
In this paper we show self-adjointness on the same domain D for all N ≥ 1 under
some weaker conditions on the ultraviolet cutoff.

1.1 The Pauli-Fierz Hamiltonian

Suppose that the N -electrons move in the d-dimensional space, where d ≥ 3. Let
L2 := L2(Rd). The Hilbert space of state vectors is defined by

Htotal :=
[
C2[d/2] ⊗ L2

]N
⊗F , (1.1)

where [k] denotes the integer part of k. Here F is the symmetric Fock space over
Cd−1 ⊗ L2, i.e.,

F :=
∞⊕
n=0

⊗n
s

[
Cd−1 ⊗ L2

]
,
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where ⊗n
s denotes the symmetric tensor product with ⊗0

s[C
d−1 ⊗L2] := C. Under

the identification Cd−1 ⊗ L2 ∼= L2(Rd × {1, 2, ..., d− 1}) we have

F ∼=
∞⊕
n=0

⊗n
sL

2(Rd × {1, 2, ..., d− 1}).

In what follows we identify (1.1) as

Htotal
∼= (⊗NC2[d/2]

)⊗ L2(RdN )⊗F ∼= (⊗NC2[d/2]
)⊗ L2(RdN ;F). (1.2)

The vacuum vector in F is defined by Ω := {1, 0, 0, 0, ...}. The smeared annihilation
and creation operators are denoted by ar(f) and a†r(f), f ∈ L2, r = 1, ..., d − 1,
respectively. They are linear in f and satisfy the canonical commutation relations:

[as(f), a†r(g)] = (f̄ , g)L2δrs, [ar(f), as(g)] = 0, [a†r(f), a†s(g)] = 0

on the finite particle subspace

Ffin := ∪∞
m=0

{
{Ψ(0),Ψ(1),Ψ(2), ...} ∈ F

∣∣∣Ψ(n) = 0, n ≥ m
}
,

where (f, g)K denotes the scalar product on K. Note that
(Ψ, a†r(f)Φ)F = (ar(f̄)Ψ,Φ)F , Ψ,Φ ∈ Ffin,

and we formally write as

ar(f) =
∫

ar(k)f(k)dk, a†r(f) =
∫

a†r(k)f(k)dk.

We write the norm on K as ‖ · ‖K. Unless confusion may arise we write simply
(f, g) and ‖f‖ for (f, g)K and ‖f‖K, respectively. Note that in our notation (f, g)
is linear in g and anti-linear in f .

Under the identification (1.2) the Pauli-Fierz Hamiltonian is given by

HPF :=
1
2

[
σjµ ⊗

{(
pjµ + ajexµ(x

j)
)
⊗ 1− eAµ(xj)

}]2
+1⊗V ⊗1+1⊗1⊗Hf , (1.3)

where the summation over repeated indices is automatically understood unless
otherwise stated. Here we adopt the unit: c = � = 1, e denotes the electron charge
regarding as the coupling constant, and pj := (pj1, · · · , pjd) and xj := (xj1, · · · , xjd)
are the-jth electron momentum and its canonical position operators in L2, respec-
tively. Let σ1, ..., σd denote 2[d/2]×2[d/2] matrices satisfying the anti-commutation
relations:

{σµ, σν} = 2δµν1, µ, ν = 1, ..., d.

Then σj := (σj1, · · · , σjd) is given by

σjµ := 1⊗ · · · ⊗ the jth
σµ ⊗ · · · ⊗ 1︸ ︷︷ ︸
N

, µ = 1, ..., d, j = 1, ..., N,
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where σµ appears as the jth factor. V denotes an external potential. We assume
that there exists a constant 0 ≤ aV < 1, and bV ≥ 0 such that

‖V f‖ ≤ aV‖∆f‖+ bV‖f‖, f ∈ D(∆), (1.4)

where D(T ) denotes the domain of T . ajex : Rd → R denotes an external vector
potential assumed to be

(1) ajex ∈ C1(Rd), (2) ‖ajex‖∞ <∞, (3) ‖∂jµajex‖∞ <∞, (1.5)

where ‖ · ‖∞ denotes the sup norm. The free Hamiltonian in F is defined by

Hrad :=
∫

ω(k)a†r(k)ar(k)dk

with the dispersion relation
ω(k) := |k|.

Under the identification, L2(RdN ) ⊗ F ∼= L2(RdN ;F), the transverse vector po-
tential quantized by the Coulomb gauge is defined by

Aµ(x) :=
1√
2

∫
erµ(k)

{
a†r(k)e−ikxλ̂(−k) + ar(k)eikxλ̂(k)

}
dk,

where er = (er1, ..., e
r
d) denotes polarization vectors satisfying er(k) · es(k) = δrs

and er(k) · k = 0 for almost everywhere k ∈ Rd. λ̂ ∈ L2 is an ultraviolet cutoff
function, and physically reasonable choice is

λ̂(k) =
ρ̂(k)√

(2π)dω(k)
,

where eρ denotes the electron charge density;∫
Rd

ρ(x)dx = 1,

and f̂ is the Fourier transform of f . Note that in the case of kµλ̂ ∈ L2, µ = 1, ..., d,

divA(x) = 0

on some dense domain. We assume that

λ̂(−k) = λ̂(k)

which ensures that HPF is a symmetric operator in Htotal.
We abbreviate 1⊗ 1⊗X , 1⊗X ⊗ 1, X ⊗ 1⊗ 1 by X unless confusions may

arise. Thus we write (1.3) as

HPF =
1
2

N∑
j=1

(
pj + ajex(x

j)− eA(xj)
)2

+ V +Hf +Hspin.
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The spin term is given by

Hspin := −1
2

∑
1≤µ<ν≤d

σjµσ
j
ν

(
eBµν(xj)− bµνex j(x

j)
)
,

where bµνex j denotes the external field,

bexj := i∇j ∧ ajex,
and Bµν the quantized magnetic field,

B(xj) := i∇j ∧A(xj) = 1√
2

∫
k ∧ er(k)

{
e−ikxj

λ̂(−k)− eikx
j

λ̂(k)
}
dk.

A typical example is as follows: d = 3, (σ1, σ2, σ3) is the 2× 2 Pauli matrices:

σ1 :=
(

0 1
1 0

)
, σ2 :=

(
0 −i
i 0

)
, σ3 :=

(
1 0
0 −1

)
,

and V the Coulomb potential smeared by the electron charge eρ,

Vsmear(x1, · · · , xN ) := − e2

4π

∑
1≤i<j≤N

∫
R3×R3

ρ(xi − k)ρ(xj − k′)
|k − k′| dkdk′,

or the Coulomb potential in M static nuclei:

VCoulomb(x1, · · · , xN , y1, · · · , yM ) := − e2

4π

∑
1≤i<j≤N

1
|xi − xj | +

N∑
j=1

M∑
i=1

|e|Zj

|xj − yi| ,

where y1, ..., yM are constants in Rd, Z1, ..., ZM positive constants.
Over the past few decades a considerable number of studies have been made

on the Pauli-Fierz type models (including spin-boson models and the Nelson model
[31]) by many authors. In particular spectral analysis of the Pauli-Fierz type mod-
els has been investigated in e.g., [2]-[13], [15, 16] [19]-[29], [32, 36, 37].

Ground states are defined as the vectors associated with the bottom of the
spectrum of a self-adjoint operator. Existence of ground states of the Pauli-Fierz
type Hamiltonian was proven for weak couplings in [2, 4, 19, 20]. In particular,
Bach-Fröhlich-Sigal [5] proved it without infrared cutoffs. For arbitrary values of
coupling constants, existence of ground states has been shown by Spohn [37] for the
Nelson Hamiltonian, by Gérard [15] for rather general models, and by Griesemer-
Lieb-Loss [16] for the Pauli-Fierz Hamiltonian. The multiplicity of ground states
has been established by Bach-Fröhlich-Sigal [4] for the Nelson Hamiltonian, by
Hiroshima [20] for a spinless Pauli-Fierz Hamiltonian, and by Hiroshima-Spohn [23]
for the Pauli-Fierz Hamiltonian including spin. Resonances have been investigated
by Hübner-Spohn [26], Bach-Fröhlich-Sigal [3, 4], Bach-Fröhlich-Sigal-Soffer [6],
and Jakšić-Pillet [27], moreover scattering theory by H. Krohn [24], Hübner-Spohn
[25], Dereziński-Gérard [8], and Fröhlich-Griesemer-Schlein [13].
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1.2 The Friedrichs extension

To our best knowledge a general way to define a self-adjoint extension of HPF

for all values of coupling constants is to take the Friedrichs extension since HPF

consists of the quadratic part and a potential V .
Let

Kj
µ := σjµ

(
pjµ + ajexµ − eAµ(xj)

)
.

We define the form QPF(Φ,Ψ) by

QPF(Φ,Ψ) =
1
2
(Kj

µΦ,K
j
µΨ) + (H1/2

radΦ, H
1/2
radΨ) + (|V |1/2Φ, |V |1/2Ψ)

with the form domain

Q := ∩N
j=1 ∩d

µ=1 D(Kj
µ) ∩D(H1/2

rad ) ∩D(|V |1/2).

Since Q is dense, the Friedrichs extension of HPF exists for λ̂ ∈ L2.

Proposition 1.1 Let λ̂ ∈ L2. Then the Friedrichs extension of HPF exists.

It must be noted that no extra conditions on λ̂ is needed to define the Friedrichs
extension. As is well known, this extension, however, do not give information of
the domain, and there still remains the possibility that several distinct self-adjoint
extensions exist.

In general, the dynamics of a system is determined by the one-parameter
unitary time-evolution generated by the Hamiltonian. A densely defined Hamil-
tonian, however, may have several distinct self-adjoint extensions. Then we need
to choose a particular self-adjoint extension to define a dynamics. In other words,
distinct self-adjoint extensions determine distinct time-evolutions. It will be useful
to keep this aspect in mind as we examine spectral properties of the Pauli-Fierz
Hamiltonian derived by the Friedrichs extension.

1.3 Main results

In [21] we have shown that for arbitrary values of coupling constants HPF is es-
sentially self-adjoint on D(∆) ∩ D(Hrad) in the case when (1) N = 1 and (2)
λ̂/
√
ω, ω2λ̂ ∈ L2. In this paper we prove self-adjointness on the same domain

D(∆) ∩D(Hrad) under the assumption (1) N ≥ 1 and (2) λ̂/
√
ω, ωλ̂ ∈ L2. Before

moving on to the main theorems it is desirable to describe why we pay attention
to conditions on λ̂.

1.3.1 Domain and cutoffs

We shall now look carefully into the assumption on λ̂. We shall mention the rela-
tionship between D(HPF) and the ultraviolet cutoff λ̂.



176 F. Hiroshima Ann. Henri Poincaré

Let λ̂, kµλ̂ ∈ L2, µ = 1, ..., d. Then, for Ψ ∈ C∞
0 (RdN )⊗̂[Ffin ∩D(Hrad)] (⊗̂

denotes algebraic tensor product), it holds that

Ψ ∈ D(pj ·A(xj)) ∩D(A(xj) · pj).

By the Coulomb gauge, we have

[pjµ, Aµ(xj)]Ψ =
N∑
j=1

divA(xj)Ψ = 0.

Hence, in particular, if λ̂, ωλ̂ ∈ L2, then

1
2

N∑
j=1

(
pj − eA(xj)

)2
=

1
2
p2 − eA(xj) · pj + e2

2
A2(xj) (1.6)

holds on C∞
0 (RdN )⊗̂[Ffin∩D(Hrad)]. Put the right-hand side of (1.6) asK. Clearly

both 1
2

∑N
j=1

(
pj − eA(xj)

)2 and K are closable. Let us denote their closed exten-

sions by the same symbols 1
2

∑N
j=1

(
pj − eA(xj)

)2 and K, respectively, and let N
be the number operator given by

N :=
∫

a†r(k)ar(k)dk.

From the inequalities:

‖a†r(f)Ψ‖ ≤ ‖f‖(‖N1/2Ψ‖+ ‖Ψ‖),

‖ar(f)Ψ‖ ≤ ‖f‖‖N1/2Ψ‖,
‖a�r(f)a�s(g)Ψ‖ ≤ 8‖f‖‖g‖(‖NΨ‖+ ‖Ψ‖),

where a�r = ar or a†r, it follows that, if λ̂, ωλ̂ ∈ L2, then

‖KΨ‖ ≤ C‖λ̂‖2(‖∆Ψ‖+ ‖NΨ‖+ ‖Ψ‖) (1.7)

with some constant C. Hence 1
2

∑N
j=1

(
pj − eA(xj)

)2 is well defined on D(∆) ∩
D(N).

In addition to this, from the inequalities:

‖a†r(f)Ψ‖ ≤ ‖f/√ω‖‖H1/2
radΨ‖+ ‖f‖‖Ψ‖, (1.8)

‖ar(f)Ψ‖ ≤ ‖f/√ω‖‖H1/2
radΨ‖, (1.9)

‖a�r(f)a�s(g)Ψ‖ ≤ (‖f/√ω‖+ ‖f‖)(‖g/√ω‖+ ‖g‖+ ‖√ωg‖+ ‖ωg‖)
×(‖HradΨ‖+ ‖Ψ‖), (1.10)



Vol. 3, 2002 Self-adjointness of the Pauli-Fierz Hamiltonian 177

it follows that, if λ̂/
√
ω, ωλ̂ ∈ L2, then

‖KΨ‖ ≤ C′(‖∆Ψ‖+ ‖HradΨ‖+ ‖Ψ‖), (1.11)

where C′ is a constant depending only on ‖λ̂/√ω‖ and ‖ωλ̂‖. Thus we see that
1
2

∑N
j=1

(
pj − eA(xj)

)2 is well defined on D(∆) ∩D(Hrad).
Let us summarize the main points that have been mentioned above.

Proposition 1.2 (1) In the case of λ̂, ωλ̂ ∈ L2, HPF is well defined on D(∆) ∩
D(Hrad) ∩ D(N). (2) In the case of λ̂/

√
ω, ωλ̂ ∈ L2, HPF is well defined on

D(∆) ∩D(Hrad).

The Pauli-Fierz Hamiltonian can be split out as

HPF = −∆/2 +Hrad + eHint + V +H(a),

where

Hint :=
1
2
{−pj ·A(xj)−A(xj) · pj + eA(xj)2

}
+Hspin,

and

H(a) :=
1
2
{
pj · ajex + ajex · pj + (ajex)

2
}− eajex ·A(xj).

Let λ̂/
√
ω, ωλ̂ ∈ L2. From (1.5), (1.8), (1.9), and (1.10), it follows that,

‖HintΨ‖ ≤ a‖(−∆/2 +Hrad)Ψ‖+ b‖Ψ‖

with some constant a and b, and for arbitrary ε > 0

‖H(a)Ψ‖ ≤ ε‖(−∆/2 +Hrad)1/2Ψ‖+ bε‖Ψ‖ (1.12)

with some constant bε for Ψ ∈ D(−∆/2 + Hrad) = D(∆) ∩ D(Hrad). Then, by
(1.4), we obtain

‖(eHint + V +H(a))Ψ‖ ≤ (|e|a+ aV + ε)‖(−∆/2 +Hrad)Ψ‖+ (b + bV + bε)‖Ψ‖.

Then in the case of λ̂/
√
ω, ωλ̂ ∈ L2, for e such that

|e|a+ aV + ε < 1,

HPF is self-adjoint on D(∆) ∩ D(Hrad) by the Kato-Rellich theorem. This was
established in e.g., [4, 5, 6, 19, 20, 32].
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1.3.2 Main results

Several articles also have been devoted to the study of self-adjointness of the
Pauli-Fierz type Hamiltonians. It is noteworthy that Arai [1] proves that the Pauli-
Fierz Hamiltonian in the dipole approximation is self-adjoint for arbitrary values
of coupling constants by means of the Nelson commutator theorem [34, Theorem
X.36]. In contrast, self-adjointness of the full Pauli-Fierz Hamiltonian for all values
of coupling constants is not obvious.

From the argument of Section 1.3.1 we may, therefore, reasonably conclude
that it is worth while to prove self-adjointness for arbitrary values of coupling
constants under the condition λ̂/

√
ω, ωλ̂ ∈ L2 instead of λ̂/

√
ω, ω2λ̂ ∈ L2 imposed

in [21]. Furthemore by Proposition 1.2 (1) it is interesting to consider essential
self-adjointness of HPF for λ̂, ωλ̂ ∈ L2 but λ̂/

√
ω �∈ L2. Our main results in this

paper are as follows:

Theorem 1.3 Suppose that λ̂/
√
ω, ωλ̂ ∈ L2. Then HPF is self-adjoint on D(∆) ∩

D(Hrad) and bounded from below. Moreover HPF is essentially self-adjoint on any
core of −∆/2 +Hrad.

Corollary 1.4 Let λ̂/
√
ω, ωλ̂ ∈ L2. Then there exists a constant C such that

‖∆Ψ‖+ ‖HradΨ‖ ≤ C(‖HPFΨ‖+ ‖Ψ‖), Ψ ∈ D(∆) ∩D(Hrad).

Proof. From Theorem 1.3 and the closed graph theorem,

‖(−∆/2 +Hrad)Ψ‖ ≤ C′(‖HPFΨ‖+ ‖Ψ‖), Ψ ∈ D(∆) ∩D(Hrad),

follows with some constant C′. Thus the corollary holds true. �

Next we consider a more subtle case. As we have mentioned in the previous
subsection, for the case of λ̂/

√
ω �∈ L2, HPF is a priori not defined on D(∆) ∩

D(Hrad) but well defined on D(∆)∩D(Hrad)∩D(N). Let C∞(T ) := ∩∞
n=1D(T n).

Theorem 1.5 Suppose that λ̂, ωλ̂ ∈ L2. Then HPF is essentially self-adjoint on
C∞(∆) ∩D(Hrad) ∩C∞(N) and bounded from below.

Finally also it is of mathematical interest to consider essential self-adjointness of

1
2

N∑
j=1

(
pj − eA(xj)

)2
+ V. (1.13)

Our method is also available to (1.13).

Theorem 1.6 Let λ̂, ωλ̂ ∈ L2. Then 1
2

∑N
j=1

(
pj − eA(xj)

)2 + V is essentially self-
adjoint on C∞(∆) ∩ C∞(N) and bounded from below.
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The outline of our strategy is from Step 1 to Step 4.
Step 1: Let

H :=
1
2

N∑
j=1

(
pj − eA(xj)

)2
+Hrad,

then
HPF = H + V +Hspin +H(a).

For sufficiently small coupling constants, the matrix elements of the heat semi-
group e−tH can be expressed by a functional integral. This type of functional
integrals were first studied in [30], and there have been numerous related works
e.g., [14, 17, 10]. We see that for arbitrary values of coupling constants the func-
tional integral itself is well defined and yields a heat semigroup generated by a
self-adjoint operator Ĥ .

Step 2: we prove that

Ĥ ⊃ H�D(∆)∩D(Hrad).

This statement was checked in [18] only for the case when λ̂/
√
ω, ω2λ̂ ∈ L2. In

this paper we relax this assumption to λ̂/
√
ω, ωλ̂ ∈ L2.

Step 3: we show that D(∆) ∩D(Hrad) is invariant under e−t bH , i.e.,

e−t bH {D(∆) ∩D(Hrad)} ⊂ D(∆) ∩D(Hrad),

which implies that Ĥ is essentially self-adjoint on D(∆)∩D(Hrad) by [34, Theorem
X.49].

Step 4: We prove that

(−∆+Hrad)(Ĥ + E)−1

is bounded for every E > 0. Thus we conclude that Ĥ is closed on D(∆)∩D(Hrad).
Hence Ĥ is self-adjoint on D(∆) ∩ D(Hrad) and bounded from below, and H is
also self-adjoint on D(∆)∩D(Hrad) and bounded from below. For arbitrary ε > 0
there exists cε > 0 such that, for Ψ ∈ D(∆) ∩D(Hrad),

‖HspinΨ‖ ≤ ε‖(−∆/2 +Hrad)Ψ‖+ cε‖Ψ‖,
and (1.4) derives

‖VΨ‖ ≤ aV‖HΨ‖+ bV‖Ψ‖
with some 0 ≤ aV < 1 and 0 ≤ bV. This, together with (1.12) and Corollary 1.4,
implies that HPF = H + V +Hspin +H(a) is self-adjoint on D(∆) ∩D(Hrad).

The paper is organized as follows: In Section 2 we construct a self-adjoint
extension in terms of a functional integral. In Section 3 we show some relative
bounds by using the functional integral representation. In Section 4 we prove the
main theorems. Section 5 is devoted to an appendix.
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2 A self-adjoint extension of HPF

2.1 A short review of a probabilistic description

For a moment let us look at

H =
1
2

N∑
j=1

(
pj − eA(xj)

)2
+Hrad

acting in
H = L2(RdN )⊗F .

It is useful to take a Schrödinger representation of F to investigate the semigroup
generated by H . Let

W := ⊕dL2

and
W0 := ⊕dL2(Rd+1).

q and q0 denote bilinear forms defined by

q(f, g) :=
1
2

∫
Rd

dµν(k)f̂µ(k)ĝν(k)dk, f, g ∈ W,

q0(f, g) :=
∫

Rd+1
dµν(k)f̂µ(k, k0)ĝν(k, k0)dkdk0, f, g ∈W0,

where

dµν(k) := erµ(k)e
r
ν(k) = δµν − kµkν

|k|2 =
(
1− k

|k| ⊗
k

|k|
)
µν

, k ∈ Rd,

is the transverse projection. Let (Q,µ) and (Q0, µ0) be probability spaces as-
sociated with the Gaussian random variables of zero mean (φ(f), f ∈ W ) and
(φ0(g), g ∈W0), respectively. Their covariances are given by∫

Q

φ(f)φ(g)µ(dφ) =
1
2
q(f, g), f, g ∈W,

and ∫
Q0

φ0(f)φ0(g)µ(dφ0) =
1
2
q0(f, g), f, g ∈ W0,

respectively. The finite particle subspace L2
fin(Q) is defined by

L2
fin(Q) := L.H.{:φ(f1) · · ·φ(fn):, 1|fj ∈W, j = 1, ..., n, n ≥ 1},

where L.H.{· · · } is the linear hull of the vectors in {· · · } and :X: denotes the Wick
product of X . Let ω̂ :W →W be a self-adjoint operator defined by

ω̂ := ⊕dω(−i∇).
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Define Hf and Nf by

Hf :φ(f1) · · ·φ(fn):=
n∑

j=1

:φ(f1) · · ·φ(ω̂fj) · · ·φ(fn):,

Hf1 = 0,

and
Nf :φ(f1) · · ·φ(fn):= n :φ(f1) · · ·φ(fn):,

Nf1 = 0.

Let
Aµ(λ) := φ(⊕d

ν=1δµνλ), µ = 1, ..., d.

The Hilbert space HS is given by

HS := L2(RdN )⊗ L2(Q),

and the following identification

HS
∼= L2(RdN ;L2(Q))

is used without notice. We define a symmetric operator HS on HS by

HS := HA +Hf ,

where

HA :=
1
2

N∑
j=1

(pj − eA(λ(· − xj)))2.

We define a linear operator T of F to L2(Q) by

• T :Aµ1(λ̂1) · · ·Aµn(λ̂n): Ω =:Aµ1(λ1) · · ·Aµn(λn):,

• TΩ = 1.

It is seen that T can be extended to a unitary operator of F to L2(Q). We denote
the extension as the same symbol T . In particular

T : D(N l) −→ D(N l
f ),

T : D(H l
rad) −→ D(H l

f ),

for arbitrary l ≥ 0. Moreover T implements the equivalences Aµ(x) ∼= Aµ(λ(· −
x)) for each x ∈ Rd, N ∼= Nf , and Hrad

∼= Hf . Thus we proved the following
proposition.
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Proposition 2.1 (1)Let λ̂/
√
ω, ωλ̂ ∈ L2. Then

THT−1�D(∆)∩D(Hf )= HS�D(∆)∩D(Hf ).

(2) Let λ̂, ωλ̂ ∈ L2. Then

THT−1�D(∆)∩D(Hf)∩D(Nf )= HS�D(∆)∩D(Hf )∩D(Nf).

(3)Let λ̂, ωλ̂ ∈ L2. Then

T
1
2

N∑
j=1

(
pj − eA(xj)

)2
T−1�D(∆)∩D(Nf)= HA�D(∆)∩D(Nf).

Then, instead of H , we shall study self-adjointness of HS for the time being.

2.2 A self-adjoint extension

Let {b(T )}T≥0 = {bjµ(T )}µ=1,...,d,j=1,...,N,T≥0 denote the dN -dimensional Brow-
nian motion starting at the origin on a probability space (P, db). We set XT :=
x+ b(T ), Xjµ

T = xjµ + bjµ(T ), M := RdN ×P , and dX := dx⊗ db. We see that the
map

Λ : t �→ λ(· − t)

is an L2-valued function onRd. Note that ̂(λ(· − t))(k) = e−ik·tλ̂(k). Let ωnλ̂ ∈ L2.
Then Λ ∈ Cn

b (R
d;L2), the set of n-times continuously differentiable bounded (up

to n-times derivatives) L2-valued functions on Rd. Let λ̂, ωλ̂ ∈ L2. Then the L2-
valued stochastic integral,∫ t

0

λ(· −Xs)dbjµ(s) ∈ L2(P )⊗ L2,

is well defined. Note that, in the case λ̂, ω2λ̂ ∈ L2, it is proven that

s − lim
n→∞

1
2

2n∑
k=1

{
λ(· −Xj

tk/2n) + λ(· −Xj
t(k−1)/2n)

}(
Xjµ

tk/2n −Xjµ
t(k−1)/2n

)

=
∫ t

0

λ(· −Xs)dbjµ(s)

in L2(P )⊗L2. Let Ξt : L2(Q)→ L2(Q0) be the second quantization of the isometry
⊕dξt :W →W0, which is defined by

(̂ξtf)(k, k0) =
e−itk0

√
π

√
ω(k)

ω(k)2 + |k0|2 f̂(k), f ∈ L2.
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Then Ξt also is an isometry and satisfies

Ξ∗
sΞt = e−|s−t|Hf . (2.1)

Since ξsλ is strongly continuous in s in L2(Rd+1), the L2(Rd+1)-valued stochastic
integral, ∫ t

0

ξsλ(· −Xs)dbjµ(s) ∈ L2(P )⊗ L2(Rd+1),

is well defined. Let
J 0
t := J 0

t (X) = e−ieφ(L(t)),

where

L(t) := L(X, t) :=
N∑
j=1

⊕d
µ=1

∫ t

0

λ(· −Xs)dbjµ(s).

Moreover let
Jt := Jt(X) = Ξ∗

0e
−ieφ0(K(t))Ξt,

where

K(t) := K(X, t) :=
N∑
j=1

⊕d
µ=1

∫ t

0

ξsλ(· −Xs)dbjµ(s).

We define, for F,G ∈ H,

I0
F,G :=

∫
M

(F0,J 0
t Gt) dX ,

and
IF,G :=

∫
M

(F0,JtGt) dX ,

where F0 := F (X0), Gt = G(Xt). The key lemma of this paper is as follows.

Lemma 2.2 (1) Let λ̂, ωλ̂ ∈ L2. Then there exists a nonnegative self-adjoint oper-
ator ĤA such that

I0
F,G = (F, e−t bHAG), F,G ∈ HS,

and D(ĤA) ⊃ D(∆) ∩D(Nf) with

ĤA ⊃ HA�D(∆)∩D(Nf).

In addition, assume λ̂/
√
ω ∈ L2. Then D(ĤA) ⊃ D(∆) ∩D(Hf) with

ĤA ⊃ HA�D(∆)∩D(Hf ).

(2) Let λ̂, ωλ̂ ∈ L2. Then there exists a nonnegative self-adjoint operator ĤS such
that

IF,G = (F, e−t bHSG), F,G ∈ HS,
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and D(ĤS) ⊃ D(∆) ∩D(Hf) ∩D(Nf) with

ĤS ⊃ HS�D(∆)∩D(Hf )∩D(Nf).

In addition, assume λ̂/
√
ω ∈ L2. Then D(ĤS) ⊃ D(∆) ∩D(Hf) with

ĤS ⊃ HS�D(∆)∩D(Hf).

Proof. See Appendix.

3 Relative bounds and invariant domains

We first state a fundamental fact.

Lemma 3.1 Let K be a Hilbert space.
(1) Let T be a densely defined closed operator in K and g ∈ K. Let D be a core of
T . Moreover suppose

|(Tf, g)| ≤ Rg‖f‖ (3.1)

for all f ∈ D with some constant Rg. Then g ∈ D(T ∗) with ‖T ∗g‖ ≤ Rg.
(2) Let S be a densely defined closed operator and U a densely defined linear
operator in K. Let DS be a core of S and DU the domain of U . Suppose that

|(Uf, Sg)| ≤ R‖f‖‖g‖ (3.2)

for all f ∈ DU and g ∈ DS with some constant R. Then U∗S has unique bounded
operator extension U∗S with ‖U∗S‖ ≤ R. In particular, if S is a bounded operator,
then U∗S is a bounded operator.

3.1 Relative bounds and invariant domains for ∆

Let Hd := −∆/2 +Hf .

Lemma 3.2 Let λ̂, ωλ̂ ∈ L2, E > 0 and t > 0. Then both ∆ke−t bHS , k ≥ 0, and
∆(ĤS+E)−1 are bounded operators. In particular, e−t bHS leaves C∞(∆) invariant.

Proof. We fix k ≥ 0. From the functional integral representation (5.19) it follows
that

|(F, e−t bHSG)| ≤ (|F |, e−tHd |G|). (3.3)

Take F ∈ D := C∞
0 (RdN)⊗̂[L2

fin(Q) ∩ C∞(Hf)]. Let FR denote the real part of F
and FI its imaginary part, i.e., F = FR + iFI. Define subsets of RdN ×Q by

Q+
R := {(x, φ) ∈ RdN ×Q|(∆kFR)(x, φ) > 0},

Q−
R := {(x, φ) ∈ RdN ×Q|(∆kFR)(x, φ) < 0},

Q+
I := {(x, φ) ∈ RdN ×Q|(∆kFI)(x, φ) > 0},

Q−
I := {(x, φ) ∈ RdN ×Q|(∆kFI)(x, φ) < 0}.
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Define also

F1 :=
{

FR(x, φ), (x, φ) ∈ Q+
R,

0, (x, φ) �∈ Q+
R,

F2 :=
{ −FR(x, φ), (x, φ) ∈ Q−

R,
0, (x, φ) �∈ Q−

R,

F3 :=
{

FI(x, φ), (x, φ) ∈ Q+
I ,

0, (x, φ) �∈ Q+
I ,

F4 :=
{ −FI(x, φ), (x, φ) ∈ Q−

I ,
0, (x, φ) �∈ Q−

I .

Note that Fi ∈ D(∆k) and ∆kFi > 0, i = 1, 2, 3, 4. Since |∆kFR| = ∆kF1 +∆kF2

and |∆kFI| = ∆kF3 +∆kF4, we have

|(∆kF, e−t bHSG)| ≤ |(∆kFR, e
−t bHSG)| + |(∆kFI, e

−t bHSG)|
≤ |(|∆kFR|, e−tHd |G|)|+ |(|∆kFI|, e−tHd |G|)|

=
4∑

i=1

(∆kFi, e
−tHd |G|) ≤

4∑
i=1

‖Fi‖‖G‖.

Since ‖F1‖2+‖F2‖2 = ‖FR‖2, ‖F3‖2+‖F4‖2 = ‖FI‖2, and ‖FR‖2+‖FI‖2 = ‖F‖2,
we have

∑4
i=1 ‖Fi‖ ≤ 2‖F‖. Hence

|(∆kF, e−t bHSG)| ≤ 2‖F‖‖G‖. (3.4)

Since D is a core of ∆k, the boundedness of ∆ke−t bHS follows from Lemma 3.1. By
means of (3.3) we have

|(F, (ĤS + E)−1G)| ≤ (|F |, (Hd + E)−1|G|).

Note that ∆(Hd + E)−1 is bounded. Thus, (ĤS + E)−1HS ⊂ D(∆) and

|(∆F, (ĤS + E)−1G)| ≤ 2‖F‖‖G‖

follows in a similar way as (3.4). Hence ∆(ĤS + E)−1 is bounded by Lemma 3.1.
Thus we get the desired results. �

Lemma 3.3 Let λ̂, ωλ̂ ∈ L2. Then the same statements as Lemma 3.2 hold with
ĤS replaced by ĤA. In particular, e−t bHA leaves C∞(∆) invariant.

Proof. We have
|(F, e−t bHAG)| ≤ (|F |, e−t(−∆/2)|G|).

Hence, the same proof as of Lemma 3.2 yields the desired results. �
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3.2 Relative bounds and invariant domains for Hf and Nf

We identify W0 = ⊕dL2(Rd+1) ∼= L2(R)⊗W . Let

ω̂0 := 1⊗ ω̂ :W0 →W0.

Let E refer to the expectation value with respect to db. The following is useful for
estimating matrix elements of e−t bHS .

Proposition 3.4 Let λ̂, ωλ̂ ∈ L2 and ωk/2λ̂ ∈ L2. Then K(t) ∈ D(ω̂k/2
0 ) and

E
(
‖ω̂k/2

0 K(t)‖2mW0

)
≤ (2m)!

2m
tmdmN2m‖ωk/2λ̂‖2mL2 .

Proof. See [21, Theorem 4. 6]. �
We define H0

f : L2(Q0)→ L2(Q0) by

H0
f :φ0(f1) · · ·φ0(fn):=

n∑
j=1

:φ0(f1) · · ·φ0(ω̂0fj) · · ·φ0(fn):,

H0
f 1 = 0.

Then
Ξ∗
tH

0
f = HfΞ∗

t . (3.5)

Let
π0(f) := i[H0

f , φ0(f)].

Thus we have
[φ0(f), π0(g)] = iq0(ω̂0f̄ , g). (3.6)

Let λ̂, ωλ̂ ∈ L2. Then it is easily seen that Jt maps D(Hf) onto itself. From (3.5)
and (3.6) it follows that

[Hf ,Jt] = Ξ∗
0e

−ieφ0(K(t))

{
−eπ0(K(t)) + e2

2
q0(ω̂0K(t),K(t))

}
Ξt (3.7)

holds on D(Hf).

Lemma 3.5 Let λ̂, ωλ̂ ∈ L2. Then for Ψ ∈ D(Hf) we have e−t bHSΨ ∈ D(Hf), and
there exists a constant C such that

‖[e−t bHS , Hf ]Ψ‖ ≤ C(t+
√
t)‖(Hf + 1)1/2Ψ‖. (3.8)

Proof. Let F,G ∈ D(Hf). Note that (HfF )(x) = Hf(F (x)) for each x ∈ RdN .
Then

(HfF, e
−t bHSG) =

∫
M

(F0, HfJtGt) dX
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=
∫
M

(F0, [Hf ,Jt]Gt) dX +
∫
M

(F0,JtHfGt) dX

=
∫
M

(F0, [Hf ,Jt]Gt) dX + (F, e−t bHSHfG).

We have by (3.7) ∫
M

(F0, [Hf ,Jt]Gt) dX

=
∫
M

(
F0,Ξ∗

0e
−ieφ0(K(t))

{
−eπ0(K(t)) + e2

2
q0(ω̂0K(t),K(t))

}
ΞtGt

)
dX .

Note that
‖π0(K(t))ΞtΨ‖ ≤ θ‖(Hf + I)1/2Ψ‖

with
θ :=

d− 1√
2
(2‖ω̂1/2

0 K(t)‖ + ‖ω̂0K(t)‖).

Moreover
|q0(ω̂0K(t),K(t))| ≤ ‖ω̂1/2

0 K(t)‖2 := η.

Using Proposition 3.4, we have

E(θ2) ≤ (d− 1)2(4E‖ω̂1/2
0 K(t)‖2 +E‖ω̂K(t)‖2)

≤ (d− 1)2(4tN2d‖ω1/2λ̂‖2 + tN2d‖ωλ̂‖2)
≤ 4tN2d(d− 1)2(‖ω1/2λ̂‖2 + ‖ωλ̂‖2),

and
E(η4) ≤ 6t2N4d2‖ω1/2λ̂‖4.

By the Schwartz inequality we have∣∣∣∣∫
M

(F0, [Hf ,Jt]Gt) dX
∣∣∣∣

≤ |e|
(∫

M

‖F0‖2θ2 dX

)1/2 (∫
M

‖(Hf + I)1/2Gt‖2 dX
)1/2

+
e2

2

(∫
M

‖F0‖2η4 dX

)1/2 (∫
M

‖Gt‖2 dX
)1/2

.

It then follows that(∫
M

‖F0‖2θ2 dX

)1/2

≤
(∫

Rd

(Eθ2)‖F (x)‖2L2(Q)dx

)1/2

≤
√
4tN2d(d− 1)2(‖ω1/2λ̂‖+ ‖ωλ̂‖)‖F‖,
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and (∫
M

‖F0‖2η4 dX

)1/2

≤
(∫

Rd

(Eη4)‖F (x)‖2L2(Q)dx

)1/2

≤
√
6t2N4d2‖ω1/2λ̂‖2‖F‖.

Thus ∣∣∣∣∫
M

(F0, [Hf ,Jt]Gt) dX
∣∣∣∣ ≤ C(

√
t+ t)‖F‖‖(Hf + I)1/2G‖ (3.9)

with

C := max
{√

4N2d(d− 1)2(‖ω1/2λ̂‖+ ‖ωλ̂‖), 1
2

√
6N4d2‖ωλ̂‖2

}
.

Hence we proved that

|(HfF, e
−t bHSG)| ≤

{
C(
√
t+ t) + 1

}
‖(Hf + 1)G‖‖F‖.

Then e−t bHSG ∈ D(Hf) by Lemma 3.1. Moreover, since

(F, [e−t bHS , Hf ]G) =
∫
M

(F0, [Hf ,Jt]Gt) dX ,

(3.8) follows from (3.9). �

Lemma 3.6 Let λ̂, ωλ̂ ∈ L2. Let Ψ ∈ D(Hf) and E > 0. Then, for all k > 0,
(ĤS + E)−kΨ ∈ D(Hf) and

Hf(ĤS + E)−kΨ =
1

Γ(k)

∫ ∞

0

t−1+kHfe
−t bHSe−tEΨdt, (3.10)

where Γ(k) :=
∫∞
0

e−xxk−1dx is the usual Gamma function.

Proof. Note that

(ĤS + E)−kΨ =
1

Γ(k)

∫ ∞

0

e−t bHSe−tEt−1+kΨdt

in the strong sense. We have

‖Hfe
−t bHSΨ‖ ≤ ‖[e−t bHS , Hf ]Ψ‖+ ‖e−t bHSHfΨ‖

≤ C(1 +
√
t+ t)‖(Hf + 1)Ψ‖ (3.11)

with some constant C. Let Φ ∈ D(Hf). It is obtained that

(HfΦ, (ĤS + E)−kΨ) =
1

Γ(k)

∫ ∞

0

(HfΦ, e−t bHSe−tEt−1+kΨ)dt
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=
1

Γ(k)

∫ ∞

0

(Φ, Hfe
−t bHSe−tEt−1+kΨ)dt.

By virtue of (3.11),

|(HfΦ, (ĤS + E)−kΨ)| ≤ 1
Γ(k)

∫ ∞

0

‖Φ‖‖Hfe
−t bHSe−tEt−1+kΨ‖dt

≤ 1
Γ(k)

∫ ∞

0

C(1 +
√
t+ t)e−tEt−1+kdt‖Φ‖‖(Hf + 1)Ψ‖.

Hence (ĤS + E)−kΨ ∈ D(Hf) by Lemma 3.1 and (3.10) holds by the strong
integrability of

∫∞
0 Hfe

−t bHSe−tEt−1+kΨdt. Then the lemma follows. �

Lemma 3.7 Let λ̂, ωλ̂ ∈ L2. Then H
1/2
f (ĤS + E)−1/2 is a bounded operator.

Proof. Since (G,HfG) ≤ (G,HSG) = (G, ĤSG) for G ∈ D(∆) ∩ D(Hf) ∩D(N),
we have

‖H1/2
f (ĤS + E)−1/2G‖ ≤ ‖G‖, G ∈ D(∆) ∩D(Hf) ∩D(N).

Thus the lemma follows, since D(∆) ∩D(Hf) ∩D(N) is dense. �

Lemma 3.8 Let λ̂, ωλ̂ ∈ L2. Then Hf(ĤS + E)−1 is a bounded operator.

Proof. Let Ψ ∈ D(Hf). From Lemma 3.6, it follows that (ĤS + E)−1/2Ψ ∈ D(Hf)
and (ĤS + E)−1Ψ ∈ D(Hf). Then we have

Hf(ĤS + E)−1Ψ =

(ĤS + E)−1/2Hf(ĤS + E)−1/2Ψ+ [(ĤS + E)−1/2, Hf ](ĤS + E)−1/2Ψ, (3.12)

and
[(ĤS + E)−1/2, Hf ](ĤS + E)−1/2Ψ =

1
Γ(1/2)

∫ ∞

0

1√
t
[e−t bHS , Hf ]e−tE(ĤS + E)−1/2Ψdt

holds. We have
‖[(ĤS + E)−1/2, Hf ](ĤS + E)−1/2Ψ‖

≤ C

Γ(1/2)

∫ ∞

0

√
t+ t√
t
‖(Hf + I)1/2(ĤS + E)−1/2Ψ‖e−tEdt

≤
(

C

Γ(1/2)

∫ ∞

0

(1 +
√
t)e−tEdt

)
‖(Hf + I)1/2(ĤS + E)−1/2‖‖Ψ‖.
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By Lemma 3.7, (ĤS + E)−1/2Hf(ĤS + E)−1/2 is a bounded operator. Hence, by
virtue of (3.12), we have

‖Hf(ĤS + E)−1Ψ‖ ≤ C′‖Ψ‖

with some constant C′. Since D(Hf) is dense, the lemma follows. �
Next we show a relative bound of Nf . The procedure is similar to that of Hf .

We define N0
f : L2(Q0)→ L2(Q0) by

N0
f :φ0(f1) · · ·φ0(fn):= n :φ0(f1) · · ·φ0(fn): .

N0
f 1 = 0.

Then
Ξ∗
tN

0
f = NfΞ∗

t . (3.13)

Let
π′

0(f) := i[N0
f , φ0(f)].

Thus we have
[φ0(f), π′

0(g)] = iq0(f̄ , g). (3.14)

For arbitrary l ≥ 0, Jt maps D(N l
f ) onto itself and

N l
fJt = Ξ∗

0e
−ieφ0(K(t))

{
−eπ′

0(K(t)) +
e2

2
q0(K(t),K(t)) +N0

f

}l

Ξt (3.15)

holds on D(N l
f ).

Lemma 3.9 Let λ̂, ωλ̂ ∈ L2. Then both of e−t bHS and e−t bHA leave C∞(Nf) invari-
ant.

Proof. Let F,G ∈ C∞(Nf). Then

(N l
fF, e

−t bHSG) =
∫
M

(F0, N
l
fJtGt) dX .

By (3.15), we easily obtain

‖N l
fJtGt‖ ≤ C1(X)‖(Nf + 1)lGt‖.

Here C1(X) = C1(X, t) is a constant depending on ‖K(t)‖n, n = 0, 1, 2, ..., l, and
satisfies by (3.4),

E(C1(X)2) ≤ P (t),

where P (t) = alt
l + · · ·+ a1t+ a0 with some aj ≥ 0. Hence

|(N l
fF, e

−t bHSG)| ≤ P (t)‖F‖‖(Nf + 1)lG‖.
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Thus e−t bHSG ∈ D(N l
f ). Since l is arbitrary,

e−t bHSC∞(Nf) ⊂ C∞(Nf).

Similarly we have

(N l
fG, e

−t bHAG) =
∫
M

(N l
fF0, e

−ieφ(L(t))Gt) dX =
∫
M

(F0, N
l
f e

−ieφ(L(t))Gt) dX .

We also see that

‖N l
f e

−ieφ(L(t))Gt‖ ≤ C2(X)‖(Nf + 1)lGt(X)‖
with

E(C2(X)2) ≤ Q(t),

where Q(t) = blt
l + · · ·+ b1t+ b0 with some bj ≥ 0. Hence

|(N l
fF, e

−t bHAG)| ≤ Q(t)‖F‖‖(Nf + 1)lG‖.

Thus the lemma follows in the same way as with e−t bHS . �

4 Proofs of the main theorems

Lemma 4.1 Let λ̂/
√
ω, ωλ̂ ∈ L2. Then HS is self-adjoint on D(∆) ∩D(Hf).

Proof. Note that D(ĤS) ⊃ D(∆) ∩ D(Hf). Since e−t bHS leaves D(∆) ∩ D(Hf)
invariant, D(∆) ∩D(Hf) is a core of ĤS. By Lemmas 3.2 and 3.8, we have

‖∆Ψ‖+ ‖HfΨ‖ ≤ C(‖ĤSΨ‖+ ‖Ψ‖), Ψ ∈ D(ĤS), (4.1)

with some constant C, and by (1.8)-(1.10)

‖ĤSΨ‖ = ‖HSΨ‖ ≤ C′(‖∆Ψ‖+ ‖HfΨ‖), Ψ ∈ D(∆) ∩D(Hf),

with some positive constant C′. Hence ĤS is closed on D(∆)∩D(Hf). Thus ĤS is
self-adjoint on D(∆)∩D(Hf ). By Lemma 2.2, we have HS�D(∆)∩D(Hf)⊂ ĤS. Thus
HS is self-adjoint on D(∆) ∩D(Hf). �

Remark 4.2 Let λ̂/
√
ω, ωλ̂ ∈ L2. From the proof of Lemma 4.1 we conclude that

HS = ĤS. (4.2)

Lemma 4.3 Let λ̂, ωλ̂ ∈ L2. Then HS is essentially self-adjoint on C∞(∆) ∩
D(Hf) ∩ C∞(Nf).
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Proof. Note that D(ĤS) ⊃ D(∆) ∩D(Nf) ∩D(Hf). Since e−t bHS leaves C∞(∆) ∩
D(Hf) ∩ C∞(Nf) invariant, ĤS is essentially self-adjoint on C∞(∆) ∩ D(Hf) ∩
C∞(Nf). By Lemma 2.2, ĤS ⊃ HS�D(∆)∩D(Nf)∩D(Hf ). Thus HS is essentially self-
adjoint on C∞(∆) ∩D(Hf) ∩ C∞(Nf). �

Lemma 4.4 Let λ̂, ωλ̂ ∈ L2. Then HA is essentially self-adjoint on C∞(∆) ∩
C∞(Nf).

Proof. Note that D(ĤA) ⊃ D(∆) ∩D(N). Since e−t bHA leaves C∞(∆) ∩ C∞(Nf)
invariant, ĤA is essentially self-adjoint on C∞(∆)∩C∞(Nf). By Lemma 2.2, ĤA ⊃
HA�D(∆)∩D(Nf). Thus HA is essentially self-adjoint on C∞(∆) ∩ C∞(Nf). �

Lemma 4.5 (1) Let λ̂, ωλ̂ ∈ L2. Then Hspin +H(a) in the Schrödinger represen-
tation is infinitesimally small with respect to HS. (2) Let λ̂, ωλ̂ ∈ L2. Then V is
relatively bounded with respect to both HA and HS with the relative bound aV < 1.

Proof. Since for arbitrary ε > 0 we have

‖(Hspin +H(a))Ψ‖ ≤ ε‖(−∆/2 +Hf)Ψ‖+ bε‖Ψ‖
with some constant bε, (4.1) and (4.2) imply (1). (2) follows from [21, Lemma
5.10]. �

A proof of Theorem 1.3
By Lemmas 4.1 and 4.5,HS+V +Hspin+H(a) is self-adjoint on D(∆)∩D(Hf ) and
bounded from below. By Proposition 2.1, HPF is self-adjoint on D(∆) ∩D(Hrad).
The essential self-adjointness of HPF follows from Corollary 1.4. �

A proof of Theorem 1.5
By Lemmas 4.3 and 4.5, HS + V + Hspin + H(a) is essentially self-adjoint on
C∞(∆) ∩D(Hf) ∩C∞(N). Since the unitary operator T in Proposition 2.1 maps
T−1 : C∞(∆)∩D(Hf )∩C∞(Nf)→ C∞(∆)∩D(Hrad)∩C∞(N), HPF is essentially
self-adjoint on C∞(∆) ∩D(Hrad) ∩ C∞(N). �

A proof of Theorem 1.6
By Lemmas 4.4 and 4.5, HA + V is essentially self-adjoint on C∞(∆) ∩ C∞(Nf).
Since the unitary operator T in Proposition 2.1 maps T−1 : C∞(∆) ∩C∞(Nf)→
C∞(∆)∩C∞(N), 1

2

∑N
j=1

(
pj − eA(xj)

)2+V is essentially self-adjoint on C∞(∆)∩
C∞(N). �

5 Appendix

In this Appendix we prove Lemma 2.2. For the case when λ̂/
√
ω, ωλ̂ ∈ L2 and

ω2λ̂ ∈ L2, Lemma 2.2 has been proven in [21]. We want to remove the assumption
ω2λ̂ ∈ L2. We have

IF,G = (F,RtG).
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Here
RtG := E (JtG(Xt)) . (5.1)

Using Markov properties of Ξt [35] and the Brownian motion b(t), we can directly
prove that Rt has the semigroup property, i.e.,

Rt+sG = RtRsG.

Thus Rt defines the semigroup in HS. It is not easy, however, to see directly from
(5.1) that its self-adjoint generator is a certain extension of HS. So let us devote
a little more space to proving Lemma 2.2.

We define a contractive symmetric operator Qs as follows. For F ∈ HS, let
(Q0F )(x) := F (x), and

(QsF )(x) :=
∫
RdN

ps(|x − y|)e(−ie/2)Aµ(λ(·−xj)+λ(·−yj))(xj
µ−yj

µ)F (y)dy, s > 0,

(5.2)
for almost every x ∈ Rd, where ps(T ) := (2πs)−dN/2e−T 2/(2s), T ∈ R. Let λ̂, ω2λ̂ ∈
L2. For F ∈ C∞

0 (RdN )⊗̂L2
fin(Q) and G ∈ HS, a direct calculation shows that

g(s) := (QsF,G) is differentiable in s > 0 and lims→0+ g′(s) = −(HAF,G). Hence

lim
n→∞

(Qt/nF,G)− (F,G)
t/n

= −(HAF,G), t > 0.

Lemma 5.1 Let λ̂ ∈ L2 and F,G ∈ HS. Put fn(s) := (Qs/2n)2
n

. Then

(F, fn(s)fm(t)G)HS =
∫
M

(F (X0), e−ieφ(Lmn(s,t))G(Xs+t))L2(Q) dX . (5.3)

Here

Lmn(s, t) :=
N∑
j=1

⊕d
µ=1l

jµ
mn(s, t),

ljµmn(s, t) :=

1
2

2m∑
k=1

{
λ(· −Xj

sk/2m+t) + λ(· −Xj
s(k−1)/2m+t)

}(
Xjµ

sk/2m+t −Xjµ
s(k−1)/2m+t

)

+
1
2

2n∑
k=1

{
λ(· −Xj

tk/2n) + λ(· −Xj
t(k−1)/2n)

}(
Xjµ

tk/2n −Xjµ
t(k−1)/2n

)
In particular, if λ̂, ω2λ̂ ∈ L2, then

lim
m,n→∞(F, fn(s)fm(t)G) =

∫
M

(F (X0), e−ieφ(L(s+t))G(Xs+t)) dX . (5.4)

Proof. See [18, the proof of Lemma 4.6]. �
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Lemma 5.2 Let fn ∈ L2(P )⊗W . Assume that

lim
n→∞E

(‖fn − f‖2W
)
= 0.

Then s − limn→∞ eiφ(fn) = eiφ(f) on L2(P )⊗ L2(Q).

Proof. It is enough to prove the weak convergence of eiφ(fn)G for G in a dense
domain in L2(P )⊗ L2(Q). Note that

‖
(
eiφ(fn) − 1

)
Φ‖L2(Q) ≤ C‖fn‖W (‖N1/2

f Φ‖L2(Q) + ‖Φ‖L2(Q))

for Φ ∈ D(N1/2
f ) with some constant C. Thus it follows that, for

F ∈ L2(P )⊗ L2(Q) and G ∈ L∞(P )⊗̂D(N1/2
f ),

∣∣∣∣(F, (eiφ(fn) − eiφ(f))G
)
L2(P )⊗L2(Q)

∣∣∣∣
=
∣∣∣∣∫

P

db
(
F (b),

(
eiφ(fn) − eiφ(f))

)
G(b)

)
L2(Q)

∣∣∣∣
≤
∫
P

db‖F (b)‖‖fn(b)− f(b)‖W
(
‖N1/2

f G(b)‖ + ‖G(b)‖
)

≤ ‖F‖K
{
E
(‖fn − f‖2W

)}1/2
sup
b∈Rd

(
‖N1/2

f G(b)‖L2(Q) + ‖G(b)‖L2(Q)

)
.

Hence the lemma follows. �

Lemma 5.3 Let λ̂, ωλ̂ ∈ L2. Then there exists a nonnegative self-adjoint operator
ĤA in HS such that, for F,G ∈ HS,

I0
F,G = (F, e−t bHAG)HS . (5.5)

Proof. Let λ̂, ω2λ̂ ∈ L2. Define

StG := E
(J 0

t G(Xt)
)
.

Then ‖St‖ ≤ 1. From (5.4) it follows that

lim
n→∞(F, fn(t)G) = (F, StG) = I0

F,G. (5.6)

Thus it is seen that

(F, StSsG) = lim
m,n→∞(F, fn(t)fm(s)G)
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=
∫
M

(F (X0), e−ieφ(L(t+s))G(Xt+s)) dX = (F, St+sG).

Hence
StSs = St+s, t, s ≥ 0. (5.7)

Since fn(t), n ≥ 0, is symmetric, we have

S∗
t = St, t ≥ 0. (5.8)

Next we let λ̂, ωλ̂ ∈ L2 and ω2λ̂ �∈ L2. Let λ̂n be such that λ̂n, ωλ̂n, ω2λ̂n ∈ L2

and that λ̂n → λ̂ and ωλ̂n → ωλ̂ strongly in L2 as n → ∞. Let St(n) and Ln(t)
defined by St and L(t) with λ̂ replaced by λ̂n, respectively. We have

lim
n→∞E

(‖L(t)− Ln(t)‖2W
)
= lim

n→∞ tdN‖λ̂− λ̂n‖2 = 0. (5.9)

By Lemma 5.2 and the Lebesgue dominated convergence theorem, we obtain

s − lim
n→∞St(n) = St. (5.10)

We easily check that

StSr = s − lim
n→∞St(n)Sr(n) = s − lim

n→∞St+r(n) = St+r (5.11)

by (5.7),
s − lim

t→∞St = 1 (5.12)

by the definition of St, and finally

S∗
t = s − lim

n→∞St(n)∗ = s − lim
n→∞St(n) = St (5.13)

by (5.8). Then, (5.11), (5.12) and (5.13) imply that {St}t≥0 is a symmetric strongly
continuous one-parameter semigroup. Thus there exists a nonnegative self-adjoint
operator ĤA such that

e−t bHA = St, t ≥ 0.

Thus we get the desired results. �
Next we investigate the domain of ĤA.

Lemma 5.4 (1) Let λ̂, ωλ̂ ∈ L2. Then ĤA ⊃ HA�D(∆)∩D(Nf).

(2) Let λ̂/
√
ω, ωλ̂ ∈ L2. Then ĤA ⊃ HA�D(∆)∩D(Hf ).

Proof. Let G ∈ C∞
0 (RdN )⊗̂L2

fin(Q), F ∈ HS, and λ̂, ω2λ̂ ∈ L2. We have, by (5.2),(
1
t

(
e−t bHA − 1

)
G,F

)
= lim

n→∞

2n−1∑
j=0

1
2n

(
Qt/2n − 1
t/2n

G, (Qt/2n)jF
)
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= lim
n→∞

∫ 1

0

(
Qt/2n − 1
t/2n

G, (Qt/2n)[ns]F
)
ds =

∫ 1

0

−(HAG, e
−ts bHAF )ds. (5.14)

Since we show that, by (5.14) and

‖HAG‖ ≤ C‖λ̂‖(‖∆G‖+ ‖NfG‖+ ‖G‖), (5.15)

equation (5.14) extends to G ∈ D(∆) ∩D(Nf) and F ∈ HS. Suppose ω2λ̂ �∈ L2.
Let λ̂n be such that λ̂n, ωλ̂n, ω2λ̂n ∈ L2 and that λ̂n → λ̂ strongly as n → ∞.
ĤA(n) and HA(n) are defined by ĤA and HA with λ̂ replaced by λ̂n. Thus (5.18)
holds with ĤA(n) and HA(n) instead of ĤA and HA, respectively. Then, by the
definition of ĤA,

s − lim
n→∞ e−t bHA(n) = s − lim

n→∞St(n) = St = e−t bHA . (5.16)

Since
‖(HA(n)−HA)F‖ ≤ C‖λ̂n − λ̂‖(‖∆F‖+ ‖NfF‖+ ‖F‖), (5.17)

it is seen that HA(n)F converges to HAF strongly as n→∞, Hence, by a limiting
argument (

1
t

(
e−t bHA − 1

)
G,F

)
=
∫ 1

0

−(HAG, e
−ts bHAF )ds, (5.18)

holds for λ̂ with λ̂, ωλ̂ ∈ L2 and for G ∈ D(∆) ∩ D(Nf), F ∈ HS. Thus taking
t→∞ on both sides of (5.18), we see that, if λ̂, ωλ̂ ∈ L2, then

ĤA ⊃ HA�D(∆)∩D(Nf).

Next we let λ̂/
√
ω, ωλ̂ ∈ L2 and ω2λ̂ ∈ L2. We have

‖HAG‖ ≤ C1(‖∆G‖+ ‖HfG‖+ ‖G‖),
where C1 depends only on ‖λ̂/√ω‖, ‖λ̂‖, and ‖ωλ̂‖. Hence (5.18) extends to G ∈
D(∆)∩D(Hf). Suppose ω2λ̂ �∈ L2. Let λ̂n be such that λ̂n/

√
ω, λ̂n, ωλ̂n, ω

2λ̂n ∈ L2

and that λ̂n/
√
ω → λ̂/

√
ω, λ̂n → λ̂ and ωλ̂n → ωλ̂ strongly as n → ∞. ĤA(n)

and HA(n) are defined in the same way as above. It holds that

‖(HA(n)−HA)G‖ ≤ C2(n)(‖∆G‖+ ‖HfG‖ + ‖G‖),
where C2(n) depends on only ‖(λ̂n − λ̂)/

√
ω‖, ‖λ̂n − λ̂‖ and ‖ω(λ̂n − λ̂)‖ with

limn→∞ C2(n) = 0. Then (5.18) holds for G ∈ D(∆) ∩ D(Hf) and F ∈ HS. The
limiting argument similar to (5.16) leads to that, if λ̂/

√
ω, ωλ̂ ∈ L2, then

ĤA ⊃ HA�D(∆)∩D(Hf ).

Thus the lemma follows. �
Since D(ĤA) ∩D(Hf) is dense, ĤS := ĤA +̇Hf is well defined.
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Lemma 5.5 (1) Let λ̂, ωλ̂ ∈ L2. Then ĤS ⊃ HS�D(∆)∩D(Nf)∩D(Hf ).

(2) Let λ̂/
√
ω, ωλ̂ ∈ L2. Then ĤS ⊃ HS�D(∆)∩D(Hf).

Proof. It follows from Lemma 5.4. �
Next we construct a functional integral representation of e−t bHS .

Lemma 5.6 Let λ̂, ω2λ̂ ∈ L2. Then

(F, e−t bHSG)HS = IF,G, F,G ∈ HS. (5.19)

Proof. We show an outline of the proof. See [18] for details. By the Trotter-Kato
product formula and (2.1) we have

(F, e−t bHSG) = lim
n→∞(F, (e−t bHSA/2n

e−tHf/2
n

)2
n

G)

= lim
n→∞(F,Ξ∗

0(Ξ0e
−t bHSA/2

n

Ξ0)(Ξ∗
t/2ne−t bHSA/2

n

Ξt/2n) · · · (Ξte
−t bHSA/2

n

Ξ∗
t )ΞtG).

Using (5.2) and the Markov property [35] of Ξt, the right hand side above is

= lim
n→∞(Ξ0F0, e

−ieφ0(Kn(t))ΞtGt),

where

Kn(t) =
N∑
j=1

⊕d
µ=1

2n−1∑
i=0

∫ (i+1)t/2n

it/2n

ξit/2nλ(· −Xs)dbjµ(s).

Hence we get (5.19). �
We want to extend (5.19) for the case when λ̂, ωλ̂ ∈ L2 but ω2λ̂ �∈ L2.

Lemma 5.7 Let λ̂, ωλ̂ ∈ L2. Then (5.19) holds true.

Proof. We put

Pn :=
(
e−t bHA/2

n

e−tHf/2
n
)2n

and Pn(m) :=
(
e−t bHA(m)/2n

e−tHf/2
n
)2n

.

Here ĤA(m) is defined by ĤA with λ̂ replaced by λ̂m.
From s − limm→∞ e−t bHA(m) = e−t bHA it follows that s − limm→∞ Pn(m) =

Pn. It is easily proven that

(F, Pn(m)G) =
∫
M

(Ξ0F0, e
−ieφ0(Knm(t))ΞtGt) dX .

Here

Knm(t) :=
N∑
j=1

2n−1∑
i=0

⊕d
µ=1

∫ t(i+1)/2n

ti/2n

ξti/2nλm(· −Xs)dbjµ(s).

Let

Kn(t) :=
N∑
j=1

2n−1∑
i=0

⊕d
µ=1

∫ t(i+1)/2n

ti/2n

ξti/2nλ(· −Xs)dbjµ(s).
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Since ξs is an isometry, we have

lim
m→∞E

(‖Knm(t)−Kn(t)‖2W0

)
= lim

m→∞

N∑
j=1

d∑
µ=1

2n−1∑
i=0

E

∥∥∥∥∥
∫ t(i+1)/2n

ti/2n

ξti/2n (λm(· −Xs)− λ(· −Xs)) dbjµ(s)

∥∥∥∥∥
2

W0


= lim

m→∞

N∑
j=1

d∑
µ=1

2n−1∑
i=0

E

∥∥∥∥∥
∫ t(i+1)/2n

ti/2n

(λm(· −Xs)− λ(· −Xs)) dbjµ(s)

∥∥∥∥∥
2

W


= lim

m→∞ dN

2n−1∑
i=0

t

2n
‖λ̂m − λ̂‖2 = lim

m→∞ tdN‖λ̂m − λ̂‖2 = 0.

Hence, by Lemma 5.2, we have

lim
m→∞(F, Pn(m)G) = (F, PnG) =

∫
M

(Ξ0F0, e
−ieφ0(Kn(t))ΞtGt) dX . (5.20)

Moreover by the triangle inequality,

E
(‖Kn(t)−K(t)‖2W0

)
≤

N∑
j=1

d∑
µ=1

E

∥∥∥∥∥
2n−1∑
i=0

{∫ t(i+1)/2n

ti/2n

ξti/2nλ(· −Xs)dbjµ(s)− ξti/2nλ(· −Xti/2n)δbjµ(i)

}∥∥∥∥∥
2

W0


+

N∑
j=1

d∑
µ=1

E

∥∥∥∥∥
2n−1∑
i=0

ξti/2nλ(· −Xti/2n)δbjµ(i)−
∫ t

0

ξsλ(· −Xs)dbjν(s)

∥∥∥∥∥
2

W0

 ,

(5.21)
where δbjµ(i) := bjµ(t(i+ 1)/2n)− bjµ(ti/2n). The first term on the right-hand side
of (5.21) is

lim
n→∞

N∑
j=1

d∑
µ=1

E

∥∥∥∥∥
2n−1∑
i=0

{∫ t(i+1)/2n

ti/2n

λ(· −Xs)dbjµ(s)− λ(· −Xti/2n)δbjµ(t, n)

}∥∥∥∥∥
2

W

 = 0.

Noting that

‖ξsλ̂− ξtλ̂‖2L2 = |(λ̂, (1− e−|t−s|ω)λ̂)| ≤ |t− s|‖λ̂‖‖ωλ̂‖,
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we see that the second term also converges to zero as n→∞. Thus, if λ̂, ωλ̂ ∈ L2,
then

lim
n→∞E

(‖Kn(t)−K(t)‖2W0

)
= 0.

Taking n→∞ on the both sides of (5.20), we obtain (5.19). �
A proof of Lemma 2.2

(1) follows from Lemmas 5.3 and 5.4. (2) follows from Lemmas 5.5 and 5.7. �
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[10] C. Fefferman, J. Fröhlich and G. M. Graf, Stability of ultraviolet-cutoff quan-
tum electrodynamics with non-relativistic matter, Commun. Math. Phys. 190,
309–330 (1997).
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