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1. Introduction

In this paper we consider the 2-dimensional incompressible Euler equations on the full space R?

Opu + div(u ® u) + Vp =0,
divu =0, (1)
u(+,0) = uo,

where u : R? x [0,1] — R? is the velocity field of some fluid and p : R? x [0,1] — R is the corresponding
(scalar) pressure.

It is well known that the system (1) is globally well posed in W*?2 for s > 2, in the sense that for initial
data ug € W*2 there is a unique solution u € C([0, 1], W*2(IR?)) defined on the whole time interval [0, 1]
(more precisely on the whole time half-line [0, +00)).

It is however of fundamental importance, both mathematically and physically, to understand what
happens in case of “rougher” initial data, and in particular if it is still possible, in case of rougher initial
data, to prove existence and uniqueness of (weak) solutions to (1).

1.1. Short Literature Overview

The starting point of this analysis is the observation that (1) can be formally rewritten as a transport
equation for the vorticity w = curl u via

2)

Ow~+u-Vw=0,
u=V+A tw.

From (2) it is clear that the LP norm of the vorticity of any smooth solution to (1) is conserved in time,
for any p € [1,00]. In the framework of weak solutions, it is thus natural to ask the following question:
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Q1: For ug € L*(R?) with curluy € L'(R?) N LP(R?) for some p € [1,00], does there exist a unique
solution u € C([0,1], L2(R?)) to (1) with curlu € C([0, 1], L*(R?) N LP(R?)) and initial datum ugy?
or, more generally,

Q2: For ug € L*(R?) with curlug € X for some Banach space X, does there exist a unique solution
u € C([0,1], L3(R?)) to (1) with curlu € C([0,1], X) and initial datum uy?

The first result in this direction is due to Yudovich [30,31] for the case p = oo and it states that
for any initial datum uy € L? with wy € L' N L™, there exists a unique global solution u € C;L? with
w € L(LL N L) to (2). Yudovich result is based on the observation that even though a bounded
vorticity w does not imply Lipschitz bound on the velocity field u (hence the classical “smooth” theory
can not be simply applied), nevertheless it is possible to deduce log-Lipschitz bounds on u, which are
enough to show well posedness.

For p < oo, the question turns out to be much more delicate (and still open in its generality to this
date): indeed, an L? bound on w implies, in general, only bounds on u in some C® space of Holder
continuous functions, and this is in general not enough to apply Yudovich techniques and show well-
posedness of (2) (some partial extension of Yudovich’s result appeared in [21], where functions with
vorticity in ﬂp <o LP were considered, with strong bounds on the growth of L” norms as p — o).

There have been however in the last years several important results, providing partial answers to
questions Q1 and Q2 above. We mention few of them, and in particular those concerning the problem of
non-uniqueness of weak solutions.

In [28,29] Vishik gave a negative answer to Q1, proving nonuniqueness in the class of solutions having
vorticity w € L{°(LP), however not for the Euler system (1) (or (2)), but for the Euler system (1) with a
L}(LL N LP) external force (thus allowing for an additional “degree of freedom”). Vishik’s proof is based
on a careful analysis of the linearized operator £ associated to (1) and on the construction of an unstable
eigenvalue for L.

Another approach based on numerical simulations has been proposed by Bressan and Shen in [2],
where an initial profile is constructed for which there is numerical evidence of non-uniqueness, but a
rigorous proof of this result is still missing.

Very recently, in [22], Mengual proved that for any 2 < p < co there exists initial data ug € L?(R?)
with initial vorticity curlug € L' N LP for which there are infinitely many admissible solutions u € C;L?
to (1) but with the drawback that curlu(t,-) does not belong to LP(R?) for any ¢ > 0. An admissible
solution is a weak solution that does not increase the kinematic energy, i.e. %|lu(t)||2. < 3|lu(0)||2> for
a.e. t.

Concerning the more general question Q2, Bru¢ and Colombo address this question in [3] for the
case that X is the Lorentz space X = LY. They construct a sequence (u,), of smooth “approximate”
solutions to (1), converging to an “anomalous” weak solution w of (1) (in the sense that u is nonzero,
but u|t—¢9 = 0, thus providing an example of non-uniqueness) and having the additional property that
the sequence of vorticities (curlu,), is a Cauchy sequence in L':°°. An adaptation of the proof shows the
same statement for X = L7 for ¢ > 4, see Remark 1.3 in [3].

The construction in [3] is based on an intermittent convex integration scheme. As we shall explain in
Sect. 1.2 below, it is expected that, in general, intermittent convex integration schemes in dimension d
can provide (“anomalous”) weak solutions to the Euler equations having vorticity in L? only if

2d
P a2 ¥

In particular, in dimension d = 2, it is not possible with the current techniques to construct solutions
with curlu € LP, not even for p = 1. This motivated the authors in [3] to look for velocity fields with
vorticity in L°°, a function space which is “weaker” than L' in terms of integrability, but which scales
as L1

It has however to be noted that, as we mentioned before, the result in [3] shows the existence of a
sequence {u,, },, of approximate solutions to (1) converging strongly in L? to an anomalous weak solution
u to (1) and whose corresponding vorticities {curlu, },, build a Cauchy sequence in L**° which thus has
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a limit w in L1°°. However, since L1'*° is not a space of distributions (precisely, it does not embed into
D’; neither does L7 for 1 < g < 00), it is not clear whether and in what sense the distributional vorticity
of the solution u (or, in other words, the distributional limit of curlu,,) coincide with the L+°° limit w.

Indeed, in general, there is no connection between distributional limit and limit in L9, ¢ € (1, 00].
Standard examples where this absence of connection can be explicitly seen can be constructed even in
one dimension, see, for instance, Sect. 1.4 below, where a sequence (f,) of piecewise constant maps is
constructed, with f,, converging to two very different “objects” in distributions and in L9 respectively:
a Dirac delta in D’ and the zero function in L%9. Similar constructions can also be done for smooth (f,,).

1.2. Our Result

The result by Brue¢ and Colombo [3] motivated us to see if the methods used in [3] could be adapted
to show non-uniqueness of weak solutions to (1) with vorticity in some other function space X that is
“weaker” than L' in terms of integrability, but at the same time it does embed into D’, avoiding the
issues connected to the L' topology.

The real Hardy spaces H? for p < 1 (thus matching with (3) in dimension d = 2) turns out to be a
natural choice, as H? does embed into D’ for any p € (0,00) (see Definition 2.3 for the precise definition
of the space HP). Precisely, we prove the following theorem.

Theorem 1.1 (Main Theorem). Let % < p < 1. For any energy profile e € C* ([O7 1]; [%, 1}) there exists
a solution u € C([0,1], L*(R?)) to (1) with
(i) Jgo lul?(t) dz = e(t),
(ii) curlu € C([0,1], HP(R?)).
In particular, there exist energy dissipating solutions u € Cy L2 to (1) with curlu € CyHP.
Furthermore, for energy profiles ey, es such that e; = es on [0,1o] for some tg € [0,1], there exist two
distinct solutions uy,us satisfying (i), (it) with uy(t) = ua(t) for t € [0,to].

Corollary 1.2. Let % < p < 1. There are two admissible (in the sense that the total kinetic energy is
non-increasing in time) solutions uy,us € C([0,1]; L?(R?)) with curluy, curlus € C([0,1]; HP(R?)) with
the same initial datum uq|i—g = usli—o.

Proof. The proof follows immediately from Theorem 1.1, picking two non-increasing energy profiles eq, eg
which coincide on [0,1/2] and are different from each other on [1/2, 1]. O

Remark 1.3. We add some remarks about the statement of Theorem 1.1.

(1) The solutions we construct are distributional solutions in the sense that

1
//—u~6t<p—u®u:V30:O, /u(t)~V1/):Oforallt€[0,1]
0 Jr2 R?

for any divergence-free ¢ € C°((0,1) xR?; R?) and any 1 € C'°(R?). Observe also that our solutions
belong to C([0,1], L?(R?)), in particular they achieve their initial datum in a strong sense.

(2) Differently from typical results in convex integration, we work on the full space R? and not on the
periodic domain T2. This is motivated by the fact that Hardy spaces are usually defined and studied
on the full space and it is quite hard to find references for Hardy spaces on T? (or T%). This creates
some technical troubles we are going to discuss in Sect. 1.3.

(3) The constraint p > 2/3 comes from the fact that working in real Hardy spaces requires to treat
the moments of the involved functions up to a certain order. In this paper we are only keeping
track of the Oth order moment of the vorticity, which is sufficient for p € (2/3,1), compare with
subsection 1.3.1 and Definition 2.4 for Hardy space atoms.

(4) Differently than in [3], condition (ii) in the statement of Theorem 1.1 means precisely that the
distributional curl of u(t) belongs to HP, for all ¢ (with continuous dependence on time).
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We wish now to spend some words in explaining why conditions (3) plays a fundamental role (both
in [3] and in our result), and therefore why we were able to show Theorem 1.1 only under the condition
p <l

As in [3], we use a convex integration technique in the spirit of De Lellis and Székelyhidi works on
the 3D Euler equations in the framework of Onsager’s Theorem (see [5,11-13,19]). Meanwhile, Onsager’s
Theorem has also been proven in the 2D setting by Giri and Radu using a combination of the aforemen-
tioned convex integration technique and a Newtonian linearization of the Euler equations, see [16]. Notice
that solutions constructed in [16] are Holder continuous and no bound on their vorticity is shown in the
mentioned paper.

The outline in all of these schemes is an iterative construction where, starting from an initial approx-
imate solution, one adds fast oscillating perturbations with a higher frequency A\, — oo with respect
to the typical frequencies \,,_; in the previous approximation. In case of the FEuler equation, given an
approximate solution (u,—1,pn—1, Rn—1) with error term on the right hand side

Optty—1 + div(tup—1 @ up—1) + Vpp_1 = —divR,_1, (4)

one makes the Ansatz

Up(t, ) = up—1(t, ) + wy(t, x) + lower order corrector terms
with

Wy (t, ) = ap—1(t, )Wy, ,
Wy, () = W(A,x) : fast oscillating building block,
an_1 : slowly varying coefficient, an_1 ~ |Rp_1|"/2.

The interaction of w,, (having frequencies A,) with itself from the nonlinearity of the equation produces a
term having frequencies &~ \,_1 and it allows therefore for the cancellation of the previous error, provided

a’_, /T Wy, @ Wy, do ~ R, . Wy, @ Wy, dz ~ R,_;.

In particular, this forces us to choose a building block W such that

WeWdr= [ Wy, @Wy,dz ~ 1, (5)
T2 T2

which in turn implies (taking the trace in the above relations) that
Wz = [Wa,llZ: ~ 1. (©)

Clearly, since W), is fast oscillating with frequency A,, > 1 one expects very little control on the first
derivative of Wy, (and thus also on curlu, ). In particular, one can not expect that [|[VW) || or even
VW, ||z stays bounded as n — oo.

There is however some hope in controlling [[VW),, || L» if p < 2, or, more precisely, if (3) holds. Indeed,
for those p’s for which (3) does not holds, we have the embedding W1? < L? and thus (6) combined
with the Sobolev inequality gives

L~ [WEs < VW2

so that there is no hope in showing smallness of ||[VW/||r». On the other side, if (3) holds, the Sobolev
inequality fails and thus it is possible to construct a sequence of building blocks W), oscillating with
frequencies \,,, satisfying (6) and, at the same time, having

IVWy, llzr — 0 as n — oo.

This was the crucial observation of Buckmaster and Vicol in the groundbreaking work [7], where the
authors apply a convex integration scheme to the Navier—Stokes equations and need therefore to control
higher order derivatives of the perturbation, because of the presence of the dissipative term in the system.
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Similar observations were used also in [4,9,10,17,23-26] for constructing counterexamples to uniqueness
for the transport equations with Sobolev vector fields and other more recent works (see e.g. [6,8,14,15]).

As we observed before, in dimension d = 2, condition (3) corresponds to p < 1, hence preventing the
possibility of estimating curlu in L' with the current techniques. On the other side, the key observation
in [3] is that for the Lorentz space L1'*°, the Sobolev embedding fails,

V| 10 # |lul|z2 in general, for u € C°°(T?),

and this made the construction in [3] possible.
If one were allowed to choose p < 1 in (3), the embedding

IVulle 2 llull >

would also fail. Even though L? spaces are defined also for p < 1, they do not embed continuously into D’,
hence a construction with vorticity in LP for p < 1 would suffer from the same issues as the construction
in Lorentz spaces.

It turns however out that a feasible subsitute for L? in the range p € (0,00) is the Hardy space H?.
Indeed, on one hand, we have HP(R?) = LP(R?) for p > 1 and HP(R?) C L'(R?) for p = 1. On the other
hand, H? embeds into D’ for all p € (0,00) (e.g. [18], Proposition 6.4.10) and, finally, functions in H?
scale like L (also for p < 1), in the sense that

IV ()l = 1 2 |V 0l o r2) (7)

for ¢ € C2°(R?) and any 0 < p < oo, so that one can hope to have a sequence of building blocks which
have L? norm of order 1 (as in (6)) and, at the same time, having vorticity with H? norm arbitrarily
small, if p < 1.

1.3. Technical Novelties

We briefly explain now the two main technical novelties of this paper compared to previous works on
convex integration. They concern

(1) how elements in Hardy spaces can be estimated and, in particular, how to exploit the scaling
properties (7) in Hardy spaces;
(2) how to do the construction on the full space, where also decay at oo has to be taken into account.

1.3.1. Concentration in Hardy Spaces. As we mentioned before, in order to control the quantity || curl w|| g»,
we use the mechanism of concentration or intermittency that was also used in [3] for the control of the
norm in LY. The building blocks are defined via concentrated functions,

W= W, = pu(a)€

where ¢ € C(R?), ¢, is the periodization of the concentrated function up(uz) and ¢ € R? is some
given direction. The scaling is such that we keep (6), i.e. ||[W,[/z2 1. The main problem in exploiting
concentration in the framework of Hardy spaces (with p < 1) is that there is no Holder inequality available:
in general

lafllme & llallLe |l fllze-

Hence the estimate for || curlw||g» is more subtle and we cannot use (7) directly.

To deal with this issue, one could use the definition of Hardy norm (see (10)), but this turns out
to be extremely difficult. We use therefore the notion of atoms, which are typical functions f in Hardy
space that have support in a ball B and satisfy the cancellation property [ pfdz = 0 and an L™
estimate, see Definition 2.4. Indeed, thanks to the intermittency, one can view the perturbation w(xz) =
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Xno()a(z)W (x) as a finite sum of functions, each of them supported on a very small ball of radius ﬁ,

ie.
w = Z 0;,
0) =1, (@,
for some x1,...,x,. The curl of each 0, satisfies the cancellation property fBl(mj) curlf;dz = 0 as a

F
derivative of a compactly supported function. Therefore, curl w is a linear combination of atoms and thus
curlw € HP. One can use a standard estimate for atoms (see Lemma 2.5) on each 6;, balancing ||6;]| -
(estimated by (7)) and the size of its support.

1.3.2. Full Spaces Versus Periodic Domain. Since we are constructing solutions in L?(R?) and not in
L?(T%), we need to implement a convex integration scheme that differs from previous ones in at least two
more ways:

(i) As fast oscillating perturbations are used to reduce the error, T? is the natural habitat for solu-
tions constructed by convex integration schemes. We want to keep the advantages from using fast
oscillations, while also ensuring the decay at infinity.

(ii) On a more technical side, there is no bounded right inverse

div™!': LY(R%R?) — L'(R?%; Symy,»(R))
(here Sym, . »(R) is the space of real symmetric 2 x 2 matrices) for the divergence. In order to reduce
Ry, it is crucial to construct an antidivergence for functions of the form fuy with f € C>(R?),u €
C°(T?) that takes advantage of the oscillation with an estimate of the form | div ™' (fuy)|z: =~
s fullze
Non-periodic solutions to the 3D Euler equations (with Hélder regularity) were already constructed in

[20]. Compared to [20], we take here a different route, as we better explain below.
We deal with (i) by using that if Ry € L!(R?)

Jim [[Rol[L1 2\ B,) =0

and reduce the error only on a compact set By, such that [|Ro| 11 g2\5,,) < 1, using a cutoff x,, in our
perturbations

w(t, x) = Xuo ()alt, 2) Wi (z).

Therefore, the support of w consists of a (possibly very large) finite number (which is of order x3) of
periodic boxes of the form [0,1]? + k for some k € Z? that is fixed at the start of each iteration. This
allows us to have similar estimates as for periodic functions on T? with a factor depending on g, while
also having perturbations in L?(R?).

Concerning (ii), we gain the factor % by using integration by parts: On T2, we have the bounded (in
LY) operator div™" : C§°(T% R?) — C5°(T?; Sym,,(R)) that satisfies ||div_1u>\||L1(T2) < Clullzr(r2)
(see Lemma 2.7 below or also, for instance, [8, Proposition 4]). Defining

Ry(f,ux) = fdivuy,
we have ||Ry||p: < M||f||c(R2)||UHL1(T2) and this matrix satisfies
div Ry = fuy + (di‘f1 uy) - Vf.

Since div™' is not bounded from L!'(R?;R?) — L'(R?;Symy,,(R)), we can not write the last term as
a divergence of a tensor field whose L' norm is bounded by the L' norm of (div_1 uy) - Vf. Hence we
simply set

r = —(div tuy) - Vf

) Birkhauser
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so that
P+ div Ry = fuy and |[Rallprs 1l < % (8)
We therefore work with approximate solutions that satisfy
Optty—1 + div(up—1 @ up—1) + Vpp_1 = —rp_1 — div R,

instead of (4). In order to cancel this additional error term, we include in our definition of u,, a corrector
of the form

v(z,t) = /Ot rn—1(x,s)ds

such that 0;v —r,,_1 = 0. Since in this way r,,_1 enters into the definition of the perturbation through v,
we have to make sure to control || curl fot Tn—1(x,s)ds|| ge. We do this by carrying out the “integration
by parts” N times, yielding (ry, Ry) with

. 1
ry +div Ry = fuy and ||Vry|pe < T

instead of (8). We then make sure that rn has compact support, so that we can again use the standard
estimate for atoms mentioned above (L bound together with a bound on the size of the support).

This is quite different from the approach in [20]. As in the present paper, also in [20] the authors
have to deal with the absence of a bounded right inverse div™' : L' — L' with values in the symmetric
matrices. This issue is solved in [20] by constructing an antidivergence operator which is defined only on
the subset of L!(R?; R?) consisting of elements which are orthogonal to translation and rotational vector
fields. Therefore, the construction in [20] becomes in a sense more complicated than in the present paper
(because one has to check every time that div™! is applied to an vector field in the domain of definition of
divfl)7 but, on the other side, it allows the authors of [20] to construct solutions which have well defined
and conserved angular momentum, a property we are not at all considering in the present work.

1.4. An Explicit Example Comparing Distributional and Lorentz Space Convergence

We conclude this introduction with an example of a sequence (f,),, of 1D piecewise constant maps (but
similar constructions can be done with smooth maps) converging to different limits in LY9, q € (1, 00]
and in D’. In particular, f, — o in distributions, whereas f,, — 0 in L4 for all ¢ € (1, 00]. Set

n—1

fn= % Z 2" Ly (nti) - (nti— )]
7=0
Then [, f, dz =1 and it is not difficult to see that
fn — 6 in D'(R).
On the other hand, it holds
2-n+l e (0,27,
9-n, te (2n, 2],
[{Infnl >t} <
9-(2n=2) ¢ (9272 92n-1]
0, t> 221
This yields

Infallzia < Clg)ns

T Birkhauser
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and therefore
”anLlﬂq(lR) < C(Q)n%71 — 0 for n — oo,

as far as ¢ € (1, 00].

1.5. Notation

We fix some notation we are going to use in the paper.
e We denote by e, es the standard basis vectors of R?.

e For any vector ¢ = (£1,&;) € R?, we will denote by &+ the orthogonal vector £+ = (&3, —&1).
e We denote by Sym,,,,,(R) the set of real symmetric n x n matrices.

e For a quadratic 2 x 2 matrix T, we denote by T' =T — %trTId its traceless part.

e For a function f € C'(R?) we denote by V* f = (0o f, —0: f) its orthogonal gradient.

e For dy,dy € N we write f : T% — R for a function f:R% — R? defined on the full space that is
periodic with period 1 in all variables, i.e. f(z +lex) = f(z) forall k =1,...,dy, l € Z.

e For a periodic function f as above, we denote del fdx = f[o,l]dl fdx, i.e. the integral over just one
periodic box.

o C5°(T%RY) = {f : T? — R? smooth, [, fdz = 0} is the space of smooth periodic functions on R?
with zero mean value on one periodic box.

e For a function g € C°(T?) and A € N, we denote by gy : T? — R the 1 periodic function

gr(z) = g(Ax).
Notice that for every | € N, s € [1, 0]
(23N

e S(R?) denotes the space of Schwartz functions.
e HP(R?) is the real Hardy space, see Definition 2.3.
o LZ(R?) = {f € L3*(R?) : div f = 0 in distributions} is the space of divergence-free vector fields in

Ls(T2) = /\l||Dlg|

Ls(’]I‘Z).

L?(R?).

e For a function f : [0,1] x R? — R? and s € [1,00], we write | - lo,Ls for the norm ||fllc,zs =
maXefo,1] ||f(t)||LS(R2)-

e For any function ¢ : R — R with supp (¢) C (—%, %) and p > 1 we write ¢, for the periodic extension

of the function /ﬁ(p(,u (x — %))7 whose support is contained in intervalls of length i centered around
the points % + Z. Note that

1_1
leullzrry = w2~ [lollLr @) 9)

and in particular |@ullz2(my = [|¢llL2(R)-

e Let A€ N, f:T? — R% We will sometimes write fy for the oscillating functions fy(z) = f(\z).
On the other hand, for f : R — R with compact support, we will oftentimes write f, for its
concentrated version. To avoid confusion, we will only use the parameter A\ for oscillations and p
(or w1, pa, respectively) for concentration.

e P denotes the Leray projector L?(R%;RY) — L2(R?; R?) onto the space of divergence free (in the
sense of distributions) vector fields.

2. Preliminaries

We now provide the technicals tools that are needed for the proof of the Main Theorem 1.1 and we start
this section with two useful estimates for functions of the form fgy, where f € C>®(R?), g € C°°(T?).

) Birkhauser
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For these estimates it is crucial that f is compactly supported. Note also that the size of supp f enters
the estimate.

Proposition 2.1 (Improved Holder). Let k,A € N, f : R? — R smooth with supp f C [k, k]* and
g: T? — R smooth. Then it holds for all s € [1, ]

C(s)(2k)*
I farllzs @2y < 1 fllzs®2)llgllLs () + THJC||CI(R2)||9||LS(T2)~
Proof. This is an adaptation of Lemma 2.1 in [24], which can be proven in the same way. O

Lemma 2.2. Let k,A € N, f : R2 — R smooth with supp f C [~k,k]?> and g : T> — R smooth with
Jp2 gda = 0. Then

4/2k2
/ F@)r(a) do| < Yool .
[—k,K]? \

Proof. This is an adaptation of Lemma 2.6 in [24] with the same proof. O

Definition 2.3 (Hardy spaces on R?). Let U € S(R?) be a Schwartz function with [, ¥(x)dz # 0 and
let . () = L U(%). For any f € 8'(R?), we define the radial maximal function

my f(x) =sup |f * Ve(x)]. (10)
¢>0

Let 0 < p < co. The real Hardy space HP(R?) is defined as the space of tempered distributions
HP(R®) = {f € S'(R*) : my f € LP(R?)}
and we write
[ zre(r2) = llmow fll Lo m2)-

Note that || - ||ge(r2) is only a quasinorm. The definition of HP(R?) does not depend on the choice
of the function ¥ and the quasinorms are equivalent. For p > 1, the space HP(R?) coincides with
the Lebesgue space LP(R?). For p < 1, HP(R?) is a complete metric space with the metric given by
d(f,9)=|f — 9”11){?(]1@2) and the inclusion HP(R?) — &’(R?) is continuous, see [18], Proposition 6.4.10.

Definition 2.4 (Hardy space atoms). For p < 1, a Hardy space atom is a measurable function a with the
following properties:

(i) suppa C B for some ball B,
(i) Jal <|B|™
(iii) [z 2"a(x)dz =0 for all multiindices 8 with |3] < 2(p~" —1).

Lemma 2.5 (Estimate for Hardy space atoms). There is a uniform constant C' such that for all atoms a
1t holds

llall e g2y < C.
Proof. We refer to [27], see 2.2 in Chapter I11.2. O

Remark 2.6. (1) We will use that for a function f satisfying (¢#¢) in Definition 2.4 with support in a
ball B, we have by Lemma 2.5

£l e m2y < C|B|7 [ f]| oo (r2)-

(2) Since 2 < p < 1 in our case, we only need to check the Oth moment in (iii), i.e. [;a(x)dz = 0.

T Birkhauser
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Lemma 2.7 (Standard antidivergence). There exists a linear operator
div™" : O5°(T% R?) — C5°(T?; Symy 5 (R))
such that divdiv™' u = u and

IV div™ a2y < C()]|V | e (r2),

C(s)
N

[V div " u | peerey < V'l e (p2y for all 1A € N, s € [1, o).

For the proof see Proposition 4 in [§].
For N > 2 we inductively define

div Nu= E div? (divNﬁ1 u - ek) .
k=1,2

With that standard antidivergence operator, we will define an improved antidivergence operator for
functions of the form fuy, f € C°(R?), u € C§°(T?;R?), on the full space.

Lemma 2.8 (Improved antidivergence operators).
(i) For any N € N, there exists a bilinear operator
Sy : O (R%R) x C5°(T% R?) — C2°(R* R?) x C2°(R?; Symy 5 (R))
such that for Sy(f,u) = (r, R) it holds
r+divR = fu
with
V'l L 2) < Csupp £V div™N ul| oo (2| fll o g2y for all 1 € N,
IRl L1 z2) < C(supp f)|l div™ " ul| L1 o2yl fllen—1 re)-
(i1) For any N € N, there exists a bilinear operator
Sn : O (R%:R?) x C5°(T% Symy 5 (R)) — C°(R% R?) x CZ°(R?; Symy 5 (R))
such that for Sy (f,T) = (r, R) it holds
r+divR=Tf
with
IV' 7|l L 2y < Csupp f)IIV! div ™™ Tl Lo r2y || fll ov g2y for alll € N,
[R]| L1 g2y < C(supp )] div™" Tl pagre || fllon-1g2)-
where, by a slight abuse of notation, we define

NT—Zle (Tey).
k=1,2

Proof. Let us inductively define
ro : C2°(R*R) x C5°(T* R?
ro(fu
Ry : C°(R%R) x C5°(T? R?
Ro(f,u

) Birkhauser
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and for N > 1
rn : O (R%R) x C5°(T% R?) — C°(R*; R?),
ry(fu) = — Z 7"N—1((9kf,div_1 U-eg),

k=1,2
Ry : CZ(R%R) x C°(T% R?) — C°(R%; Symy, 5 (R)),

Ry(f,u) = fdivtu— Z Ry_1(0kf, divtu- ek)-
k=1,2
It is clear that
ro(f,u) + div Ro(f,u) = fu.
Let us assume that
rv(f,u) +div Ry (f,u) = fu
for some N € N for all f € C(R?), u € C§°(T?;R?). Then we also have

rv(frw) +div Ry (fu) = Y rv(@Onf,div ! uep)
k=1,2

+div | fdiviiu— Y Ry(Of.div i u-er)
k=1,2

= fu+ (div'u)-Vf

- Z T’N(akf, div_1u~ek) —div Z RN(akf,diV_1u~€k)

k=1,2 k=1,2

= fu+ (div'u)-Vf— Z Ofdivu-ep = fu.

k=1,2
Therefore, we set
SN(fv u) = (TN(f7 U), RN(fa ’LL))
For the second operator, we simply set for f € C(R?*R?), T € C§°(T?; Symy,5(R))

S’N(f,T) = Z SN(fk,Tek).

k=1,2

The estimates follow by induction using the estimate for div—" from Lemma 2.7 and the standard estimate
for any f € C°(R?),u € C§°(T?;R?), s € [1, o0

Il fulle®2y < Jullnesupp (1) 1 |Loe @2y < C(supp f)l|wllnecr2) ||l oo (r2)

where in the first step we consider u as a (periodic) function on R2. O
Remark 2.9. In particular, if (ry, Ry) = Sn(f,uy), then

C(supp f)
)\Nfl

C(supp f)
RN Ly ge) < fHUHLl(Tz)Hf”CN*l(]RZ)

||Vl’I“N||Loo(R2) < HvluHLoo(jTZ)||fHCN+l(R2) foralll € N,

and the same holds for Sy.

T Birkhauser
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Lemma 2.10 (A helpful computation). Let f,g € C*(R). For any vector £ # 0 € R? it holds

i (fle-alglet o) o £ ) = e alglet e
. IS i _ s
i
v (Fle-alalet o) o ) = F6ala(e et
: €1 i i _ riel €
Proof. The proof is trivial. O
Definition 2.11. For 11, ¥2, ¥ € C*(R) with " = )5 and a vector £ # 0 we define
A = . ret. £ i i 5)
(2. 8) = e )W) (ot + i o
U mue 0 e
' €l lel”
and
P

B, 49, €) = 1 (€ - )W (€T f)m ®
By Lemma 2.10, these symmetric matrices satisfy
div A = (& - 2)a(ET - 7)€,
div B =11 (€ 2)ia(€F - 2)E

Let po > py. It is not difficult to see that for ¢y, 12, ¥ € C°(R) with zero mean value and ¥ = ),
supported in (—%, %), we have for their concentrated, fast oscillating extensions

A(¢17H1 ()")7 '(/J2,M2 ()")7 5) € 030(T27 SmeXQ(R)),
B(1, (), 2,0, (A), §) € CG°(T?, Symy 5 (R))
if ¢ € N? and the estimates

e

1
s

IV Ay (A)s 02,05 (A) )l (rzy S AT 0"y 27 j,hax | 1| e ) 1292 | ey,
o, i1 g1 1 ; :
IV By (), 2, (V) DLy < Xy #7007 o 189 ey, (1)

where one uses pio > .

3. Main Proposition
In this section we present the main proposition that is the key to prove Theorem 1.1. To this end, we
first introduce the Reynolds defect equation:

Definition 3.1 (Solution to the Reynolds defect equation). A solution to the Reynolds-defect-equation is
a tuple (u,p, R,r) of smooth functions

u € C([07 1]7L2(R2) n Lg(R2))7p € C([07 ”vLQ(RQ))vR € C([O7 1]7L1(R2;Sym2x2(R)))a
r € C([0,1], L*°(R?)), supp ta)" € [0,1] x R? compact,

) Birkhauser
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such that

Ou+ diviu @ u) + Vp = —r — div R,
divu =0

is satisfied in the classical sense.

Proposition 3.2 (Main Proposition). Let e € C*° ([0, 1]; [%, 1]) be an arbitrary given energy profile. There
exists a constant My > 0 such that the following holds: Choose 8,11 > 0 with

1
0<d<1,0<n< ==,
= 32
and assume that there exists a (smooth) solution (ug, Ry, ro,po) to the Reynolds-Defect-equation, satisfying
*(56 / luo (x, )% da < (56( ), (12)
1
40| Rollc,zy + lirolle.zz + 2lluo(®)ll2@s)llrolle. 2 < 556 (13)
Then there exists another (smooth) solution (ui, Ry,71,p1) such that
(i)
3 9 5
=de(t) <e(t) — |ug | (z,t) da < =de(t),
8 R2 8

(i1) 1 satisfies
Irille,zz + utlle, 2 llrille, 2 <

and

t
H/o curlry(s) ds||ZP(R2) <n

() (|- () Lr w2y <1+ 4lrollerz + 2llrolle, c2lluo(8)l| L2 e2),
(v) |lua () — uo(t)ll L2 g2y < Mod>,

t
(vi) |l eurl(us — o) (0 ey < 0+ || Jy curlro(s) sl -

Proof of the Main Theorem assuming Proposition 3.2. The solution to (1) is constructed iteratively. We
start with the trivial solution (ug,po, Ro,r0) = 0 and choose dy = 1. Then obviously (12) and (13) are
satisfied. Let §, = 27" for n > 0 and n,, = 161?;4 for n > —1. Assuming that the first n + 1 solutions
(uj,pj, Rj,7j)o<j<n are already constructed and that (u,,pn,Rn,7,) satisfies (12), (13) with §,, we
obtain (tn+1,Pn+1, Rnt1,Tne1) by applying Proposition 3.2 with d,,, 1,. We show that we can proceed
the iteration, i.e. that (unt1,Pnt1, Rnt1, ny1) satisfies (12), (13) with d,41. First, we note that by (i),

we have

Irille,z + lwillc, Lz Imjllo,z < mj—1 (14)

for all 0 < j < n+ 1. Now, by (i), the new solution satisfies

35.e(t) < e(t) —/ o1 (1)[2 dz < 26,e(t)
8 o 8
and therefore
Snie) <e(t) — [ fn(®F do < 2oe()
RQ

T Birkhauser
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i.e. (12) is satisfied. Also, by (iv) and (14) we have

40[Ryt1lle,zr + Irntille, 2z + 2[un1(®) | L2 w2y lmn+1llo, L2
<40(nn +4llrnllc,zz + 2lrnlle, L2 lunllc,z2)

+lrnsille,zz + 2luns1 ()22 @2 lIrns1lle, L2

1
< 400y + 160051 + 20 = 3620, = o5

hence (13) holds. This shows that with our choice of (d,), and (1,), we can indeed construct a sequence
(Un, Py Ry Tn)nen of solutions to the Reynolds-defect-equation. By (v),

5n+17

sup |[un41(t) — un(t)||L2(R2) < M027%
te[0,1]

for all n € N, i.e. there exists u € C([0,1], L2(R?)) such that u, — u in C([0,1], L2(R?)). By (ii) and
(iv),

r, — 0in C([0,1], L' (R?)),

Ry R = 0 in C(0,1], L (B2, Symy. .o (R))).
showing that w is a weak solution to (1). By (i4i) and (vi), inductively we have
lcurl(un 1 — ) (O oy < o+ .
which shows that there exists v € C([0, 1], HP(R?)) such that
curlu,, — v in C([0, 1], H? (R?)).

But since HP(R?) — S’(R?) is a continuous inclusion, this shows that v = curl u. O

Remark 3.3. Notice that in the statement of our Main Theorem, Theorem 1.1, by solution we mean
distributional solution, see Remark 1.3, Point (1). For this reason, in the proof of the Main Theorem we
do not carry out any estimates on the sequence (p,,), of (smooth) approximate pressures, nor we claim
that (p,)n is converging (in any suitable sense). For the same reason, Proposition 3.2 does not contain
any estimates for the pressure.

On the other hand, the solutions to the Reynolds defect equation (un,pn, Rp,7r), introduced in
Definition 3.1 and used in the iteration steps, are smooth functions and they solve the Reynolds defect
equation in the classical sense. In particular they can be differentiated in space and time infinitely many
times.

4. The Building Blocks

We fix the vectors
§1=e,§o=e2,{3=e1+e, {4 =e1 — e

in R?. In the following, we will introduce several parameters that will be fixed in the course of this paper.
They will be fixed in the order given by Table 1.

Let @ : R — R be a smooth, odd function with support in (—%, %), and f ® dz = 0 such that ¢ := 3"

satisfies [ ¢? dx = 1. Furthermore, we denote by npl’j the translated function
k
ehle) =g (o= folesl).

) Birkhauser
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TABLE 1. Occuring parameters and their meaning

Parameter

Meaning

7,6
K

3
1
H2
w

A

Parameters in the main proposition that will ensure convergence
size of the ball where the error is reduced, Ry is small outside By

Smoothing of p (see Sect. 5)
Concentration

Very high concentration
Phase speed

Oscillation
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The translation will ensure the disjointness of the supports of different building blocks, we will prove this
in Lemma 4.3. Let o > p1 > 1 and A\,w > 1 with A € N to be fixed in Sect. 10. For & = 1,2, 3,4, let us

introduce

Lemma 4.1. It holds

wi (@) = @, (Az1)pp, (A22),
B (A7), (A2),
H2

1
W () = =, ) (), ),

qr(z) = ;(Sﬂﬁlf()\xl)sﬁig()@z)-

/ widz =1,
TQ

/wkdz:/ wzdx:/ wi’dz = 0.
T2 T2 T2

For any s € [1,00], we have the estimates

Proof. We have

1 1
[t = [ 20w dn - [ 6, 0w des =1
T 0 0

107 952w |
105 0% w || e (r2y < C
107 052 wif || pr vy < C

(|07 0% qi|| s (r2) < C(s)w

Ls(T?) < C(s

()
(s)
(s)
(s)w

)\l1+lz ll+2 S,U,lz—i_%_
/\ll-‘rlz l1+2 Tol—g—

>\l1+12*1 l1+ 5#12_

1All+l2 li+1— /J/l2+17

by (9) and since f 2 dx = 1. Similarly, one gets the zero mean values of wy,wj, and wi® by noting that

fT @dz =0 since o = @ is a derivative. The estimates can also be proven using 9).

For k = 1,2, 3,4 we define the linear maps

Ay i R? - R?,
w (G, &y ),

O

(15)

T Birkhauser
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Our main building block is now defined as

oo e-r))

= wy, (Apz — wteq) g—k

€k]’

i.e.

&k

WP, t) = W2, (ant) = (pﬁl()\(gk = W) ), (N :E)@»

which means that we first rotate w; and move in time in the direction of &;. This vector field is not
divergence free. We define the corrector W by

Wiz, t) .= W¢ (z,t) = wy (Ak <x —wt—fk )) 33
kA Shosbb1s 2, AW\ k e |€x]
= N — ) (8 (- 2) S
H2 ' ’ (34

and observe that div(W} + W) = 0, see Proposition 4.2. We introduce further building blocks by

wiol(@,t)y = weol (e t) = wie (Ak (x ot S )) Sk

|€k]2 1€k
= Lok (& a - wh) (@), (A 2) S
g T HASE g
Weert (z,4) = Wt (1) = wi® A RS &
R < ’“( . w)) &
=L M2 ) (@) )
Mg T H pa ok 1k

Finally, we introduce the building blocks for our time-corrector

Yk(.T,t) = Yﬁk,m,uz,/\,w(l”t) = dr <Ak (IIT B Wt|§kk|2)> S
Loy

(25 )2 A€k - & = wt)) (9 ) (N - )6

w

We note that our building blocks are again periodic functions on R? with period 1 in both variables since
& € N2,

Proposition 4.2 (Building blocks). The building blocks are A-periodic and satisfy

(i) div(W? @ W) = 0,

(i) Jra W @ W] (a,1) do = B ® 2y,
(@) |WE (-, t)llLs(r2) = llwgllLs(r2y for all s € [1,00],
(W) [ W (2, t)da = [, WE(z,t)de = [ W;;C’H(a:,t) dz = [ Wi (2,t)dz = 0,

(v) [p2 Yida = %fk.

) Birkhauser
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Furthermore, for all k € N,l € N they satisfy the following estimates:

Iv'we o < CORE N ™
_1_1
IV Wil Lo (—kppz) < C(s)k* N

haus U S
M2 9

(
)y < C(s)k

IV W e nagy < Cls)REA mi Ty
(5)k*

(

\w

1—< I+1-1
IV Yill e () < Cls)ETw™ Ny~ = iy

Proof. For (i), we have by Lemma 2.10 with f(z) = @ﬁl)Q( (z —wt)) and g(z) = @7, (A\z)

(v @ W) = div (e, NG — w0 ) 25 0 51 )
= 2 ((@.)7) (A6 - = — W)y, (NG - 2)é
= 8tYk;.
For (ii), this is immediate for k = 1, since by Lemma 4.1

Wp®Wpda:=/w2x—wte dz - €7k®§7k §7k®§7k
2 " F T2 A ) 16l 18kl 1€k]  1€k]

The same is true for & = 2 by switching the roles of x; and x5 in the definition of wy. For k = 3, we

calculate with the transformation rule by rotating the cube [—3, 3] by Ay
WP @Wlde = / wi(Apr — wtey) d - Sk ® Sk
T2 1.1 €kl 1€
! 2 Ero Sk
= —— | wi(z—wtey)dx ® =
| det DA / Ko et de 1] ® led
where @ = Ay([—3, 3]?) is the by 90 degress rotated and scaled cube with vertices {+eq, +es}. It is not

difficult to see that, by a geometric argument, it holds fQ wk dr = 2f1r2 w;C dz because wy is periodic.
Since | det DAg| = 2 for k = 3, we have

P D .. — 20, e o & &k &k
TQWk@)Wkdx_/Tzwk(I wtey) dx - |£k|®|£k| |£k|®‘£k‘

and the same reasoning holds for k& = 4. For (ii), we do a similar calculation and obtain

Wiy = [ (W21 o= [ fonte = wten)*de = o

for any s € [1,00), and the same calculations show (iv) and (v). The estimates follow directly from
Lemma 4.1 and exploiting the fact that po > p. (]
Lemma 4.3 (Disjointness of supports). We have

eIl = supp Wi = supp Yy,

supp W7 = supp Wy = supp W,
and for large enough p1 (independent of A, o) it holds
supp Wy Nsupp Wi =10
for kv # ko.
Proof. Looking at the definition, we see that the function wy (and also wf, w§®, g) is supported in small

balls of radius /\%n around the points 1 ((3,3) + Tkﬁ‘gkpel +72), ie.

1/(1 1\ Kk, ., )
supp wy CBTL(OH—X <(2,2> +1—6|§k| er+7Z >

T Birkhauser
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Therefore, for a fixed time ¢, we have since W} (z,t) = wy, (A;€ (x - Wt\ﬁng\?)) ]
1, ., ((11 k &k
D, ) a1 L Foe e 2 _Sk_
supka(,t)CBm(O)—&—)\Ak ((2’2>+16|€k| 61+Z)+wt
i.e. we calculate, using A,;l = %Ak,

11 1
& + ~7Z% + wt(1,0),

WY (,t)c B (0 T

Apq

supp W3'(-,t) € B (0) +

Apg

11, 1
—= ~7Z? + wt(0,1
+)\8£2+/\ +w(7 )a
2
1 /1 11
-2 (27 -z
+>\16€3+>\<2 ) +”t<2’2)’

)y 11,1 122+ (L1
o) XA T a2 Y2 2)
One can now check by hand that the supports are disjoint. We do this for W2 and W} as an example.
Assume there is an « € supp W2 (-, ) "WP2(-,t). Then there exists y1,y2 € B (0)and k € 72,1 € (37)?
w1

such that

7 N N 7N

N~ N~ N

supp W3'(-,t) € B_1_(0) +

Apq

e}
N———
[t
w

o
\

supp WY (-,t) C B (0) +

K1

P i L i e

T (U F Ay N BV SV Y (L
1oy \grg) T2 TRV T m =R A N T TR T T Ty

or equivalently

1/1 2 3 1 1 3
Yyr—v2 =—x (271> + A (8’_8> +X(l_k)+‘ﬂt (27—2)
€B » (0)
n1

1 /1 1 1/1 1 /1 3 1 3

€1(1z)? e{s(1,—-3):s€R}

large enough such that B_»_ 0)N(5(3Z)? + 5 (5,0) + {s(1,—3) : s € R}) = 0. This shows supp W5 (-, )N
w1
supp WJ (-, t) = 0. 0

5. The Perturbations

Before we can define the perturbations, let us decompose the error Ry in the following way. There are
smooth functions I'y with [I'z| < 1 such that for any matrix A with |[A —I| < §

&k &k
A=) T34 @ 2=
2Tk @ (19

see Section 5 in [3]. Let x € N such that

[ Ro ()]l 21 (r2\B,.) <

N3
—
[a—
N
~

) Birkhauser
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for all t € [0,1]. With condition (17), our choice of  is set. For e > 0 we further define

e(B)(1 = 2) = foa luol?(,t) do
2||Xn||L2(R2)

v(t) =

)

p(x,t) = 10\ €2 + [Ro(x,t)[2 + (1),
R

0($,t)

p(z,t) |’

Nl

ar(z,t) = xu(@)p? (z, )y | I +

noting that the decomposition (16) exists for I 4+ %. The function x, is a smooth cutoff with y,. =1 on
B, and x, =0 on R?\ B, ;. For later use, we note that

€k

X2 (z)p(z, )T + X2 (x) Ro x,t) Zak x,t) m ® Tl (18)
We define
t) &k
H(z,t) = (2, wi’ (Ak <x—wt>) .
1) = g €12
Let us define the perturbations as follows.
4
=YV H"(x,1),
k=1
4
Z]P’ (ai(z, t)Yi(z,1)),
k=1
v(x,t) = IP’/ ro(z,s)ds.
0
We note that
divw = 0, (19)
being an orthogonal gradient. We set
(5 :u0—|—w—|—ut+v.
By a simple calculation, we see that
v+ Jt
VA (,1) = ap (@, ) WP (1) + ax (@, ) WE (2, ) + wie (Ak <9: 5:2» Tgk(f )
= ap(z, )Wl (z,t) + ap(z, )W (x, t)
+ t) - ce + t
+ <V a’k(xaz) €k> Wk ’”(.ﬁ,t) + <V ak(.’lf 2) €k >ch L( )
1€k 1€k
and we set w = uP + u° with
4
up(l,7 t) = Z ak(gjv t)W,f(ZL', t)a
k=1
c Z ce,| 2 ce, L
ar (@, YWE(w,t) + by (2, )W (2, 8) + b3 (z, ) WO (2, t) (20)
k=1

T Birkhauser
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where we denote
<VLak(x, t) . €k>

o) =g
\as ) - &F
bi(x,t) = < ak|(;:|2) 3

Remark 5.1. We note several things:
(1) ag(x,t): Decomposition of the old error Ry, also pumping energy into the system.

(2) P denotes the Leray projector.

(3) Note that div(w + u' +v) = 0 and thus also divu; = 0.

(4) We will sometimes use w = Y, VXH"* as a whole and use estimates on H", whereas on other
occasions we have to decompose w = u? + u¢ and use certain properties of the individual parts.

3
4

Lemma 5.2. The function uy is smooth with uy € C([0,1], L*(R?) N L3(R?)), i.e. u; has the desired
regularity.

Proof. The function wg is smooth and in C([0, 1], L?(R?) N L3(R?)) by assumption. For w this is also clear
since it is smooth with compact support. For u?, we note that P : L*(R?) — L*(R?) is a bounded operator
for all 1 < s < oo, see for example Lemma 1.16 in [1]. Since the function inside P in the definition of u’
is smooth and compactly supported and therefore in C([0, 1], L?(R?) N L3(R?)), this also holds for u’. By
assumption, ry is smooth and ry € C([0, 1], L>°(R?)) with compact support in space, in particular also
ro € C([0,1], L2(R?) N L3(R?)) and therefore also v € C([0,1], L?(R?) N L*(R?)) by the boundedness of
P. U

6. Estimates of the Perturbations

In this section, we provide the necessary estimates on the perturbations. We start with a preliminary
estimate on the coefficients a; and then estimate the individual parts of the perturbations separately. After
that, we obtain an estimate on the energy increment and conclude the section by fixing the parameter €.

Lemma 6.1 (Preliminary estimates I). It holds

||ak||Cl(R2>< [0,1]) < C(R()v ug, €,0, K, €, l)? (21)
and
lar (-, t) | p2zey < V107 ((n+1)5% +5%) (22)

uniformly in t.

Proof. For the first part, we only note that by (12)
)
0 <e(t) <1 - > —/ luo|?(x,t) da < §6,
2 R2 4

so we have 0 < 5(t) < 26/(2|B.]). This together with the definition of aj implies the L>-estimates. For
the second part, we calculate using |T'y| <1

2 _ 2 () oz 2 éo(l‘,t)
[ etnar= [ d@port |1+ 000

<107 (k + 1)% + 20| Rollc, 11 + 107 (K + 1)%y
(k+1)°

)
< 107(k + 1)% + 20[[Rollo, Ly + 57— (e(t)(l ——)— / luo|? (x, t) dm) .
) ||Xn||L2(R2) 2 R2

dxg/ 10V/ €2 + [Ro(8)]2(, £) + 1(t) da
By
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Using again (12) and

1)? 1)?
s+ 1) _5(“+2) <20,
||XHHL2(1R2) K
and also that 20| Rol/c,z1 < d by assumption, we obtain
/ ai(z,t)der < 107 (k + 1)%e + 160. (23)
R2
From this (22) follows. O

Lemma 6.2 (Estimate of the principal perturbation). It holds

[[u?(2)

1
(ROau07e767KaE):u12 2

W [=

N ol
o [=

and for p = 2 more refined
C(R07 Up, €, 67 K, 6)
Az

[u? ()| L2 (r2) < V10r ((/@ + 1)5% 4 5%) + (24)

uniformly in t.

For the first estimate, we use Proposition 4.2, (21) and the fact that u? is supported in By1. For the
second estimate, we use Proposition 2.1, noting again that suppay(-,t) C [~k — 1,5 + 1]2, Lemma 4.1,
Proposition 4.2 and (22)

4

1Y ar( )WE (1)l 22y = ZH% SHlL2(mhe1,m1112)

=1
< Hak(' Ol L2 @2) [WE ¢ D)l L2 2
2k + 2
+CT||%( Oller @) IWE G )Lz (r2)

)+ C(Ro, ug, e, K, 0, /{,5)'

<V10r ((m +1)ez +47

Lemma 6.3 (Estimates of the correctors). We have

[[uc(?)

and

||ut(t) HLZ(RZ) S C(R()v Ug, €, 57 R, 6)
uniformly in t.

Proof. This proof follows by using Proposition 4.2 together with (21) and the fact that u® is supported
in [~k — 1,k + 1]2. For u!, we also use that P is bounded from L? to L? and the argument inside P in
the definition of u! is supported in [—x — 1,k + 1]%. O

Lemma 6.4. It holds

HVlHk(t)HLs(Tz) < C(Rop,ug, e, 0, K, €, l))\l_l,uléféul2 H
uniformly in t.
Proof. This follows immediately from Lemma 4.1, (21) and the definition of H*, exploiting also the fact
that pa > . O
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Lemma 6.5. It holds for all s € (1,00)
[[o()]

ro®2) < [IPllezs @2y lirolle, s
and for s = 2

lv(t)]|2®2) < lIrolle,z2
uniformly in t.

Proof. This follows using Minkowski’s inequality and the fact that P : L*(R?) — L*(R?) for all s € (1, 00).
For s = 2, P is an orthogonal projection, therefore ||P[|z(z2(r2)) < 1. O

Lemma 6.6 (Estimate of the energy increment). We have

e(t) <1 - g) - /R lur [2(z, t) da

1
< — 2
< 325+207T(/<L+1) €

1 1 7

+C(R0,7’0,U0,6,5,I€,5) (/1“1_6#2_6 + M

ol
+
‘7;
=
+
| =
N——
—~
[\
=

Looking at (18), we consider

4
k
k=1

We take the trace and use that Ry is traceless, hence we get

4
WP |? = 2x2(t) = 20x2 Ve + [Rol2 + Y af (W] — 1)

k=1

Integrating this and using /€2 + |z|? < & + |x|, we get

|uP|?(x,t) do — (e(t) (1 — g) —/ luo|? (x, 1) dx)‘ < 20m(k + 1)%e + 40| Roll ¢, 1
R2 R2

ak z,t) (|WP*(z,t) — 1) da|.

(26)

We can estimate each summand in the second line with Lemma 2.2, using that aj is supported in
[~k — 1,k + 1]2, (21) and Proposition 4.2 by

42(k + 1)2 a2 (-, )] en WP )2 =12
[ ety (7o 0) 1) ] < Y2 IR Ol OF Wy

- C(Ro,up,e,0,kK,¢€)
— )\ .

Writing u; = ug + u? + u¢ + ul + v, we have

/RQ Jus [* (2, 8) dz = [Juo ()2 g2y + 1 ()72 2y + ()] T2 r2y + Q/RQ ug - v(@,t) dx

—|—2/ uo-(up+uc+ut)(x,t)dm+2/ uf - (u€ 4+ ut 4 v)(z,t) dz

R? R?

—|—2/ v-(uc—i—ut)(x,t)dx—i—/ |u® 4 u®|?(x,t) dz,
R? R?
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where by Lemma 6.2, Lemma 6.3 and Lemma 6.5

2 < 2l|uo(t)llz2re) (Ilu® ()2 @e) + I’ (t)llz2(z2))

/ ug - (uP 4+ u€ + u')(x,t) dz
R2

+ 2ot 52 [0 (O] 3 g

¥
&

1
~1 1 2
< Cf(ROau076767l'i € <‘le1 + 1y 6/1/2 ¢ +M> )
(

2 < 2/[uP(t)l| 22y (Ilu® ()2 @e) + lu' (B)l|2(r2) )

/ uf - (u® +u' 4+ 0)(z,t) do
R2

+2|Pllee@en I @l g gs) lIrollo.rs
1 1
1 1 2.2
S C(RO,TO,UO,@,(S,H,f) (Iul +/’[’1 6/’(’2 g + M) 9
H2 w

< 2lv(t) || 2wz (Juf(#)]|L2r2) + |u'(£) ]| L2(r2))

11
2,2
S C(Ro,To,U0,6,5 K 6) (Iul Hils ) )

2

/ v (u +ul)(z,t)de
R2
w
[uf +u* (2, t) dz < 2 (HU ONZ2 2y + Il (Ol1Z2 g2y

< C(Ro,uo,€,0,K,¢€) (Nl M2 > (28)

w

]R‘Z

This yields

e(t) (1 - g) - /R up |2 (z,¢) da| < '/R WP |?(z, t) dz — (e(t) (1 - g) -/, lug|?(z, t) dx)‘

+ Ol Z2 2y + 2llwo(®)ll2@e) [0 22 w2)

M2

<| [P (e - g~ [ ule.na)

+lIrollg, 2 + 2lluo ()]l 2@2)lirolle, 22

+ C(Ry,ro, uo, €,06,K,¢€) (M Mz M152+lil>

1 1
~1 1 2u2
+C(R0,7‘07€,U07(5, "{76) (Ml GMQ ¢+ % + Zl> :
2

Let us combine the previous inequality with (26) and (27) and then use our assumptions (13) and
e(t) > 3, this yields

e(t) (1 - g) - /R ur | (z, t) dz

< 40| Rolle,zy + lIroll2, rz + 2lluo(®)|2@2)llrolle, 2

+ 207 (K + 1)%¢

1
_1 1 22 1
+ C(R077ﬁ07u07e765 K:7€) (:U/l 6/-1’2 ¢ + 21k + & + )
w e A
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1 2
< —
< 550 +20m(s + 1)%

1
—+ C(Ro,?”o,uo,e,5, /{,5) <ﬂ1 /1'2 :ul /1'2 + H1 + > ' 0
w p2 A

At this point, we fix € and choose this parameter so small such that
1
20 1)%e < =96,
m(k+1)%e T
VI0m((k + 1)e? +67) < 1067,

therefore (24) becomes

1)
[u? ()| L2 g2y < 106% + C(Ro,uo,le, K, €)

2

and (25) reduces to

e(t) (1 - g) - /R fur |2(z, ) da

1 1
< =30+ C(Ry,ro,un,e,0,k,€) | pg u26+ulu2 +/L+*
16 125 A

<

co| —

1
-3 M1M2 H1
5t CR» ) av(saa g -
e(t) + C(Ro, ro, ug, € ns)(ul - +M2+)\>

(29)

7. Estimates of the Curl in Hardy Space

In the following Lemmas, we prove that the curls of the perturbations are in the real Hardy space H?(R?)
for % < p < 1 and estimate their Hardy space seminorms in terms of A, 11 and po. We will use Remark 2.6;

therefore, we decompose the perturbations into finitely many functions that are supported on disjoint,

very small balls of radius )\%“

Lemma 7.1 (Curl of w). It holds curlw(t) € HP(R?) and
1_2 3
| curlw(t)|| e 2y < C(Ro,uo,e,0,k,e) Ay " pg for all t € [0,1].

By definition of H*, supp H* = supp W}, As seen in the proof of Lemma 4.3, for a fixed time ¢, the
perturbations are supported in small, disjoint balls of radius )\%“ around the points in the finite set

1 11
Mk(t){)\/\k <<2 2) +|5k|261+22) +wt|§|2,k1,2,3,4}mB,{+1.

Let us abbreviate By, = B_1_(wo) for zo € M(t), and let us decompose w as

Z 0o (2, 1)

CL‘()GM(
where
Oy (7,1) = 1 p(ay) (x)w(z, ).
Since 6, is smooth and has compact support, curld,, € HP(R?) since, as a derivative of a compactly

supported function, it satisfies fR2 curl0,, dx = 0. We estimate the HP-seminorm for each curlf,,. We

have
4

curl O (2, ) = Lz, (@) curlw(z,t) = =1, (z Z
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As already said, each 6, is supported on one ball of measure )%1 By Lemma 6.4,

- 2 7k 3,3
[ eurl Oy (8) || oo r2y < Y IVZHF ()| oo r2) < C(Ro, o, €, 6, 1, €) A o3
k=1
This gives us by Remark 2.6
1_2 3
” curl 0960 (t) ||HP(R2) < C(R(Jv Uo; €, 4, K, 5)>‘1_%Nf plu‘22 :
Since |M(t)] is of order £%\?, curlw is made up of ~ A2x?- many functions curlf,, and we obtain

2 3

p_ SP
leurlw(®)[hpmey < D lewlbug (O[5 g2y < C(Ro,uo, €,8, 5, ) NN 2~ puy?
xoEM(t)
3p
2

= C(R07 Ug, €, 57 Ky E)Apulgi%uﬂ
Lemma 7.2 (Curl of u?). It holds curlu®(t) € HP(R?) and
_z
| curlw! (¢) || g (r2) < C(Rmuo,e,é,fas)w_l)\ui 3 for all t € [0,1].

We write again

ul(x,t) = Z O, (2,1)

xo GIVI(t)

with the same decomposition as in the previous Lemma. Since curl(Pf) = curl f for all smooth f : R? —
R?, we have

4
A
curl O (z,1) = 1 p(a) Zai(x,t);(@ﬁly(/\(gk cr— Wt))(@iz)/()\&i‘ )&
k=1
4
= 1B(ay) Z ai(z,t)(Oaqr) (Mg — witeq).
k=1

Arguing in the same way as before, we just need to estimate with Lemma 4.1
|| curl 0y, ()| Loo (r2y < C(Ro,uo, €,0, K, 5)w71)\,u1u§,
hence
(| curlw! (¢) || gro 2y < C’(Ro,uo,e,&n,e)w*l)\pi_%u%. O
Lemma 7.3 (Curl of v). It holds
|| curlv(t) | e g2y = | /Ot curlro(s) ds|| gr @2y

This is true since curl(Pf) = curl f for all smooth f : R? — R2, which gives

t
curlv(t)z/ curlrg(s)ds. O
0

8. The New Error

This section is devoted to the definition of the new error (ry, Ry), which will be estimated in the next
section.
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8.1. The New Reynolds-Defect-Equation

Plugging u; into the new Reynolds-defect-equation and writing u; = ug + w + u’ + v, we need to define
(r1, R1,p1) such that
—r; —div Rol
= div(ug ® (u; —up) + (u1 — up) ® up)

+ div((ug — up — uP) @ uP) + div(v? ® (ug — ug — uP))

+ div((ug — up — uP) @ (ug — ug — uP))

+ Ou® + div(uP @ uf — ]:3)0)

+ O (uP + u®)

+ 0w — 1

+ V(p1 — po)- (30)

We will analyse each line in (30) in separate subsections.

8.2. Analysis of the First Three Lines of (30)

Let us define
R — 0 @ (uy — o) + (u1 — u) ® ug,
R'™2 = (ug —ug — uP) @ uP +uf ® (ug — up — uP),
RS = (ug —ug — uP) @ (ur —up — ),
ie.
div(uo ® (u1 — uo) + (u1 — ug) ® uo)
+ div((u1 — uo — u”) @ uP) + div(v” @ (ur — ug — u”))
+ div((u; —up — uP) @ (ug — ug — u?))

_ diV(Rlin,l + Rlin,Q + Rlin,S).
8.3. Analysis of the Fourth Line of (30)
8.3.1. Rewriting the Fourth Line of (30). Using that

u'(x,t) ZIP’ ap(z, )Yy (2, 1)) Zak z, )Yy (2, t) — Vp'
k=1 k=1

for some p' and (18), let us start by calculating

4 4
O’ + div(u? @ uP — Ry) = — Z@taiYk — Z a20;Yy
4
+ div (Z aGWP @ W,f)
k=1
+ div aj, ®
( Zk: §k|>
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+div(xiRo — Ro) — V(9:p") + V(xip)
We consider the second and third summand on the right hand side of the previous calculation. By
Proposition 4.2, we have
4 4 4
— ) ai0,Yy + div (Z Wi ® Wp> = a} (div (W} @ WE) — 0,Yy)

k=1 k=1 k=1

=0
4
+Y (WP @ W) Vaj
k=1

Also, we have

4
. &k ( &k & 2
div a2—®— =— — ® — | - Va;.
( Z “lE] 1kl ; Skl [€k] §
Putting together the previous two calculations, the fourth line in (30) equals

Opu® + div(uP @ uP — Ro ZatakYk + Z <Wp QWP — S ® & > -Vai
P Pt €kl 18kl

+ div(xz Ro — Ro) — V(8ip") + V(x2p)
=Y +divRY + 71 4 div R1 4 div R® — V7y,
where we can directly define
R = x2Ry — Ry,
™ = atpt - Xi/l
8.3.2. Definition of RI"29d and rau2d, We define R4vad, pauad ag
o & &
(raved, gavad) = 3 " Sy <va§, WEeW) - 2@ ’“)
2 AR

with an NV € N to be chosen in Sect. 10. Hence, by construction

4

rquad + div unad — Z (Wlf ® WP _ fik ® 51“) Vai
2 &l Te

8.3.3. Definition of RY and rY¥. We add and subtract

_Z(‘)tak 2, t)Yg(x, 1) Z@tak x,t) (Yk(l‘ t) §k> Z%

k=1 k=1

xt

E‘l\')

Noting that sz Yidx = %fk, see Proposition 4.2, we can define

4
1
Y1 pYy _ 2 o+
("1 RY) = =) Sn (i, Vi — — &)
k=1
so that by definition

4
1
Y.1 . Y 2
’ divR" = — 0 Y., — — .
b 4 div E tak(k wEk)

k=1
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We further define

11
- Z aata% (I7 t)fk
k=1

and set
PY =Yl g Y2

hence

4
Y +divRY == 014} Y5

8.4. Analysis of the Fifth Line of (30)

We will write the third line in the form
at(up + UC) _ ,rtime + div Rtime.

We will use the operators from Definition 2.11. Calculating, we see that

4
OpuP(x,t) = Z@takxt xt—l—Zakxt@t P(x,t)
k=1
- ¢
k
= Z Ouai(w, OWE (@,6) + whiin 3 an(@, )¢y (MEk - @ = wt)) 0 N~ @) 720
= k=1
w 4
= (r"™e! 4 div R + div ( |£M|1 > ar A (A = wt), @, ()\'),€k)>
k
k=1
~wA
|€:|1 ZA wt))? Pus ()‘)agk) : vak
_ (,rtime,l + div Rtlme,l) + div Rtime,2 + (T,time,2 + div Rtime,2).
with
4
(Ttime,I’ Rtime,l) _ Z SN(ataku W£)7
k=1
ptime,2 __ W)‘Ml
Rt - |§k| Za’kA ul ( Wt))v(pltz (A),fk),
A
(rtime2, jime?) = — ot ZSN Vai, A(9)f, (AC = wt), 91s (), €0)):
Analogously, let us write, using (20)
4
Opu(x,t) Z@tak x, Wi (x, t) + ap(x, )0 Wi (x, t)
k=1
+Zatbk (2, )W (2, 1) + bk (2, )0, W (2, 1))
4
+ > O} (x, YW (2, ) + B (2, )0, W (x, 1), (31)
k=1
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The first line of (31) can be written as

4

4
> Orak(@, OWi (@, ) + Y ar(a, )0, Wi (x,t)
k= k=
1 \ 1 " \ g
=" drare, HWE () + 5L S an (1)), (A6 - 0 — wh) (97, (AEE e
1 H2 h—1 k
= (e 4 div ROm) 4 diy [ Za B((¢")5, (AC = ), (87),1, (V). &)
M2|§k|
A
- ;"2|g‘;| Z — W), (D)1, (X), &) - Vg

— (rtime,B + le Rtlme,S) + div Rtime,él + (Ttime,4 + div Rtime74)
with

4
(ptime.3 ptime,3) _ Z SN (Orar, WE),
k=1

ptime, 4 § _ " .
R /1,2|£k| ag ( Wt))7((1) ),uz()‘ )agk)7
A 4
(Ttlme 4 Rtlme 4 :2|g€1 kz_: Vak, /I)ﬁl ()\( _ wt)), ((I)N);Lg ()\)»gl@)) )

For the second line of (31), we write

4
Zatbk e Wi, 1) + 3 bk (2, )0 W ()
k=1

4
=3 0k W (1) + 2L Z bh( MG = wt)(@)s (A - ) |§:|
k=1
= (r'me® 4 div RM™e5) 4 div <M2|§k Z bR A( —wt)), (®") 1 (X), 5k)>

e "k " 1
- /~L2|fk| kz:lA((@ )“1 ()\( o Wt))v ((I) )Mz ()‘)’gk) . ka

_ (Ttime,E) + div Rtime,5) + div Rtime,G + (,rtime,6 + div Rtime,G)
with

4
(Ttime,5’ div Rtime,5) _ Z S (6tbk7 wee H),
k=1

4
Rtime,ﬁ kz ;1,1 T Wt))v ((I)”)/LQ ()‘)a €k)a
4
(ptimes | gy Rrime.6) — M2|gk kZZ: N (Vb A )f“()\(. — wt)), (@), (A), &) -
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Similarly, we have for the third line of (31)

4 4
> 0t (@ )Wt () + )b (@, )9 Wi (1)
k=1 k=1

4 4 1
= 30, OWE (1) + LS8 (2, 1)), (M€ - 7 — ) (), (G - )
— pe €|

4
= (T 4 div RIT) - div | S S TR B, (AC = wi), (#7),, (1), &)
p2 Skl =

4
Wi Nk W I . o2
112 |€k| ; B((#') (N ) (") (A), &k) - VI,

_ (rtimej + div Rtime,?) + div Rtime78 + (,r,time,8 + div Rtime78)

with
4
(Ttime’7,div Rtime,?) _ Z SN(atbza W]:c,l_)’
k=1
Wit !
Htime 1
Rt S = ;U’Q|£k| Z biB(((p/)Zl ()‘( - wt))a ((I)N)NZ ()‘)7€k)7

Finally, we set

8 4
Rtime _ § :Rtime,i + § :étime,%
=1 i=1
8

Ttlme — § Ttlme,z.

i=1

8.5. Analysis of the Sixth and Seventh Line of (30)
Since Prg = ro — Vp” for some p”, we see that
Orv —rg = =Vp",
i.e. it only remains a part that can be put into the new pressure and we define

Ty = pr.

8.6. Definition of the New Error

Altogether, we define
Rl — (Rlin,l + Rlin,2 +R1in’3 4+ R® +unad + RY + Rtime) ,

ry=— (,,,quad + TY + ,r,tirne) ,

1
p1=Dpo+m +7T2+§trRl-
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9. Estimates of the New Error

We will now estimate the different parts of Ry and ry that were defined in the previous section.

9.1. Estimates of the Symmetric Tensor R,

Lemma 9.1 (Estimate of RU™1). It holds
11
11 13
w

. 1 1
||Rhn’1(t)||L1(R2) < C(RO,UO,@,CS,KZ,&‘) (:ul 6:“2 °+ > + 2||TO||CtLi||u0(t)||L2(R2)'

Using Holder’s inequality and Lemma 6.2, Lemma 6.3 and Lemma 6.5, we have
IR ()] £ g2y < 2lluo(B)l| 22y ([uf(b)ll 2 g2y + lu* ()]l L2 @2y + [0(8)]| L2 gy )
+ 2o ®) e 1 ()], 3 g
1

3 3
—1 _1
< O(Ro,up.e,0, ) (Z SNIRITEE “j) + 2rollo,z luo @z O

Lemma 9.2 (Estimate of RU™2). It holds

| 5 4
”Rhn,Q(t)HLl(R’z) < C(Ro,ro,e,é, H,E) (Zl + H;%M;% + :ulw/’62> .
2
Proof. We have
IR 2(8) 2 ey < 2P (8) L2y (a0 oy + ()] o)
+ 2P g gy IOl 2 (m2)
and this was already estimated in (28). O

Lemma 9.3 (Estimate of RU3). It holds
101y 2

2 = =
Rlin,3 t < C(R S & M12 M22 4 2
H ( )HLl(Rz) = ( 0, U0, €, 7’%75) L1 + w + ”TO”CtLg'

Proof. Since
R3S — (uy —ug — uP) ® (u1 — ug — uP) = (u€ +u' +v) @ (u +ul +v),
we have
IR ()l ey < 4 (IO sy + I O sy + 00 Fages )
hence the assertion follows from Lemma 6.3 and Lemma 6.5. O

Lemma 9.4 (Estimate of R"). It holds
IR () (re) < 5-
Proof. This holds because of our choice of  in (17). O

Lemma 9.5 (Estimate of R%4). [t holds

(VBN

C(RO,U(), €, 63 R, &, N)
A

Proof. This follows directly from Remark 2.9, the scaling of W} (see Proposition 4.2) and the estimates
on a in (21). O

[ R (t) || 11 (m2) <
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Lemma 9.6 (Estimate of RY). It holds
C(Ro, ug,e€,0,k,e,N)

IR ()] L1 m2) < )
Proof. As for R1"%d | this is a direct application of Remark 2.9. O
Lemma 9.7 (Estimate of RY™¢). It holds

: _1 1 13
|RE(0)]| 1 e2) < C(Royuoy ;6,6 N) (A g ™ +wmipg ).
By Remark 2.9 and the estimates for the operators A and B in (11), Proposition 4.2 and (21) we have

1
(1) HatakHcNfl(R?) < HWpHLl('[F?)

Ro,uo, e, 5,6, N)X "ty Mz ,
r)wAi [lakllo@2) A5, (AC = wt), @ (X)), &)l Li(re)

ell
(
C(Ro,uo, e, k,6,e, N)wpipy *,
(
ell
(

<C
| <C

oo ol A~ AU, A = 00) (0, €027

Ry, ug, e, k,0,¢€ N)w)\ M1M2 ,

(72 < C()Buanllon-1 e AlkaHmz

< C(R07U0,€, 5757E7N))\_ /1’1 /'I‘Q ’

lakllo) B ), (A = wt)), (87)u, (A), &)l 72

~,. /\’u2
Rtlme,4 < C(r w 1
| 12y < C(K) s
S O(R(),U(),e, H757€,N)UJ/JJ1%,U;%7
w)‘/‘% s o—1 1"\ k "
(%) s larllen @) [|[div" B(e")5, (AC = wt)), (2") (X, &)

s _s
< C(Ro,uo, e, k, 0,6, N)wA™ ud g 2,

(®2) < O(n)\|atb,1€||cN,l(R2)§HW;C,H”LW)
< C(Ro, uo, e, H,576,N))\*2u1’%u2*%’
(“)%Hbi\\cm?) AU, A = @), (@) (), 0]
< C(Ry, uo, e, H76’E’N)W)\_1M1%M2_%,
R ey < OO0 LBl s v AU A =0 (800, 66) 14

1 _5
< O(R07 Up, €, K, 57 &, N)WA72M]? Ha : )

1 ce, L
| (K)Hatb%||CN*1(R2)XHWk ||L1('Jl‘2)

1 s
< C(Ro,uq, e, k,0,& N))\_2u1 2y 2,

&) < COD LB e | By AL = ), () (31,60 3

1 _5
< C(RO7 6 K, 57 E)WAil.u“f Ha : )

| () oy i B, A = 8 (@)s (1), 60) 1
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1 s
< C(Ro,up, e, k, 0,6, N)wA ™22 iy 2. O
Putting those estimate together yields the claim.

9.2. Estimates of the Vector r;

In this subsection, we estimate the new error r;. Since r; also enters into the next iteration (see the
definition of v in Sect. 5), we need an estimate on fot curlry(z,s) ds in HP(R?) as well. The operators Sy
and Sy guarantee that all parts of r; have compact supports, therefore one can use Remark 2.6, and we
control the quantity Hfo curlry (- dsH by [|71]] Loo (r2).-

Lemma 9.8 (Estimate of r9%ad), The function rauad has compact support and satisfies

92 (8[| oo (g2) < C(Ro, o, €, 6, K, €, N) “;J’f

t 2
ua Hip
|| A curlr9 d(s) d3||Hp(R2) < C(RO,UO,ﬁ,(S,KZ,E,N) )\]1[,21 :

Proof. The compact support follows from the properties of Sy. By Remark 2.9, Proposition 4.2 and (21),
we can estimate

ua 1 é-k é.k
Il e < O lallon e [WE © W7 - 220 £

1€kl €]

Lo°(T2)
1 2
ANV

S C(R07 Ugp, €, 67 R, €, N)
For the curl, we use again Remark 2.9 and obtain

[| curl 74924 (5)[| o (r2) < C(k)||a*||ov+2(re)

‘v div™N (WP & WP)

L>(T?2)

< C(Ry,ug,e,0,k,e,N) ;ﬁfui for all s € [0,1]

and therefore also

t 2
||/O curl r9uad () ds||pee (r2y < C(Ro,uo,¢,0,K,€, N) 5;@21

Using that fot curl 714 (5) ds is supported in B, 1, we can apply Remark 2.6 and obtain

t {1143
||/0 Curquuad(s)dSHHp(Rz) < C(Ro,up,e,9,k,e,N) )\N_zl-

Lemma 9.9 (Estimate of rY'). The function r¥ has compact support and satisfies

Y pipe 1
7 (t)|| Lo (r2) < C(Ro,u0,€,0,k,e,N) (w)\N + w) ,

i [1 143 1
||/ curl ¥ (s) ds|| gr w2y < C(Ro,up,¢,0,k,6,N) (w/\Nfl + > .
0

w

The compact support follows from the properties of Sy for r¥-! and the compact support of ay for
r¥'2 respectively. By Remark 2.9, Proposition 4.2 and (21), we can estimate

1 1
177 (8)]] oo 2y < C(“)W||8taz||CN+1(R2) Y = —&

Lo (T?)

< C(Ro,uo,ej,m,a,N)Zl)\/jvz.
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For the curl, we use again Remark 2.9 and obtain

|| curl TY’1(8)||Loo(R2) < C(H)||ata2||cN+2(R2) ||V diV_N Yk HLOQ('[[‘Q)

2
< C’(Ro,uo,e,(S,/f,s,N)wl;\lﬁzl for all s € [0,1]

and therefore also

wAN-1 :

Using that fg curl 79424 () ds is supported in B, 1, we can apply Remark 2.6 and obtain

t 12
||/ curl ! (s) ds|| o g2y < C(Ro, uo, €, 0,5,¢, N) Ltas
0

t 2
||/0 curl P! (s) ds| o (re) < C(Ro7uo7€,5,f€7€7N)wl;\1]\l;El~

For Y2 we immediately get

1
H?‘Y’2<S>||Loo(R2) < C(Ro,uo,e,é,n,s,N);
and also
t
1
||/ curl r¥°2(5s) ds|| oo (r2) < C(Ro,uo,e,é,m,s,N)E
0

so that since supp (fot curl r¥>2(s) ds) C By+1, we have by Remark 2.6

t
1
||/ curl 7% (s) ds|| grorey < C(Ro,uo,€,6,k,6, N)—. O
0 w

Lemma 9.10 (Estimate of 7%™¢). The function r*™¢ has compact support and satisfies

1 1 3 _1
ime Bips | Wy
[P ()| Loe (r2) < C(Ro,u0,€,06,K,2,N) ( ;\N2 + ;\Ng ,

: 3881
. w
H/O curlrt‘me(s) dSHHp(]Rz) < C(R07U076,(5,I€,€7N) (i}\/ﬁ% + ;Lléflz > .

We estimate the different parts of 7'"™¢ separately. Again, by Remark 2.9, Proposition 4.2 and (21)
we have

1 1
. 1 2,,2
[P ()| poo (m2) < C(“)W||atak||CN(R2)HW]fHLOO(TQ) < C’(Ro,uo,eﬁ,ﬁ,&N)%

and

|| curl Ttime’l(t)HLoo(Rz) § C(n)Hﬁta||CN+1(Rz)

v div= wp|
Lo (T?)

N%N%
< C(Ryp,up,€,0,k,6,N) /\§V—21 for all t € [0,1]

and therefore also

o=
DN ojw

< O(R(),UO,@, 63 R7€7N) i]\fli
Hr(R?)

t
/ curl 7M1 (s) ds
0

—

by Remark 2.6. For r"™®2 we have, using (11)

||Ttime,2 (t) HLOC(Rz) < C(r)wAp|lag||cv+

divT ™M A((@)s, AC = @), 9, (V). k)

’Lw(R?)

11 3 _1
2 2 wpt 2
< C(R07U()7€,57"€757N)W)‘Nlu/\llff?-l = C(Ro,e,0,k, 6)%’
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|| curl Ttime’2(t)\|Loc(Rz) < C(k)wAp |lag||on+e

v div ™ A, (AC = 08), 9 (), &)

Lo (R2)

1

5i g wh
i\N2 = C(Ro,e,0, kK, €) N

< C(Ry, ug, €,0, kye, N)wApy
and therefore also

—aojw

1
2

M3

1

e wud il
H/o curl rtme2(5) ds|| g2y < C(Ro,uo,€,0,k,e,N) )\]\1,,12-
In the same manner, we estimate

ime 1 c
[[rm3 (1) || poo (m2) < C(K)Aw\|atak|\CN(R2)||WkHL°°(1R2)

3
3 _1
S C(ROau076757K'a‘€7N)M1 Fa

ime WAMQ
[P () || oo (m2) < C() L1 Hlakllone g2

div= B((p")k

£ G = wt), (@), (), &)

1 1
by 2 2,72
S C(R03u076767’%a57N)w SRS

Lo (12)’

w2 —2
po ANHL = C(Ro,e,0,5,¢) M;\xQ ;
ime 1 ce,
[ (1)l e a2y < ) 98Bk o sy W ] e e
ot
SC(ROaU/O76757Kﬂ€7N) ;Nil )

ime wH
7t ,G(t)||Loc(R2) < C(R)E”b}g”C’V“(RQ)

div™ A((6), (A = wt), (@) (A, &)

2, 2
S C(RQ,UO, 6757 KaE7N)w'u1 Hilts

Lo (R2)
3 -3
. WHT o
g ANHL _C(R076757f%5)w7
ime 1 L
7T (2) || oo (m2) < C(H)Aw\|3tbi||cN(R2)||W§c | oo (r2)
3
S C(ROau076767ﬁa€7N)u;]é:2,1 )
ime Wit v
748 (8[| Lo (2 S(jOQAEQﬂwi”CN+%R% div Nlﬂ(wUﬁAA('fuﬁ)%(¢”hm(kd,&0HLmam)
3 -4 :
S C(RQ,UO, 6757 HaevN)%Ml F
and

3 _3
_ WL g
Lo )\N+1 - C(R076767’€a5) >\N+1 )
t .

I [ curts () aslnn ey < OBl ssgee

0

‘de—Nmﬂ

Lo (T2)

1 ol

3
1 1

< C(R07u07 676a K757N) AN-

t

||/ curl P4 (s) ds|| o r2) < C(k)

0

)

[y

wApi

llarllon+2 2y

|7 @i B, A = 00, (@), (0), &)

Loo(T2)
i b s
S C(RO7 Ugp, €, 57 R, &, N)w ,ul M;x2 = C(R07 €, 67 R, 5) w/;}vli% )
M2
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t
I /0 curl 775 () ds|| o g2y < C(r)[|0sbE || v g2y |V div™N W[ Lo 2y

1 1
B 13
AN

< C(RO7 Uo, €, 67 K, €, N)
t
: w
I curls e (s) sy < € 222 B0 agen
0

|7 @i A, O = wt), (@) (1), &)

Loo (R2)
3,3 3 -3
< C(Ro,ume,d,/ﬁ,e,N)w—M% = 0(3076,5»575)7(”#1/;2 )
p2 A A
t
I /0 curl 77 (5) ds | e gty < () 0B o sy |V div= WE | e
1 1
I 1
SC(RO,UO,@,&,H,E,N) ;\N )
t
im w
||/ curl P8 (s) ds|| o 2y < C(H>ﬁ||bz||cN+2(R2)
0
v Bl ¢ —wn), @080
3,3 § -3
< C(Ro,uo,e,é,fﬁ,aN)wu—/le;xz = C(Ro7uo7€,5»’€75>N)%- O

10. Proof of the Main Proposition

Proposition 3.2 is proved by choosing all the parameters appropriately, which we do in this section. Let
us set

d ,ulz)\aa
o pg = Auyp = AT
o w=)\"

for some «, 3 > 0 to be chosen below. We collect the estimates from Sect. 6 and 7 where the parameters
W1, o and w need to be balanced in Table 2.

We choose «a, 8 and N such that all the exponents in the fourth column of the previous table are
negative. This is clear for the first and the third row. Since 2 — % < 0, we can choose o > 1 so large such
that

5 2

—4+al2--)<0

5 +o2=2)
i.e. we have negative exponents in Line 4. Furthermore, since 3 — % < 1, let us choose « large enough
such that

34+ a(3 2)< +1
a3 — - o+ —.
P 2

With this choice of «, we only need g to satisfy

2 1 3
3+a(3—};)<a+§<ﬁ<a+§.

With such a 3, Line 1-6 in Table 2 have negative exponents of A. Having « and § fixed, it only remains
to choose N. Since N enters all the remaining exponents with a negative sign, we can simply pick N € N
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TABLE 2. All quantities that have to be controlled in terms of oscillation and concentration parameters and the phase

speed
Lemma Term Order _
6.3 u® in L*(R?) pipg 1 A1
63 u'in () ey g
6.6 Energy increment py g © A s
1.2 3 ,
7.1 curlw in HP(R?) i " )\2+a(2**)
1—2 2
7.2 curlu® in HP(RQ) Wﬁl)\lh pug A\B—B+a3 2)
i 1
9.7 R"™ in L'(R?) Wi py ? APmed
9.8 rauad in L°°(R?) AN s A\2at1-N
9.9 ¥ in L™ (R?) WA N g o A~ B+2a+1-N
i i1 3 _1
9.10  r'™¢in L*(R?) NN ping +en N py AT =N | \BFe—i-N
9.8 S curl ravad () ds in HP(R?) A1~ Ml#g A\3a+3—N
9.9 Jg curlrY (s)ds in HP(B®)  w™ "N Npuapj \—B+3ats—N

) 31 5
9.10  [¥curlr®™°(s)ds in HP(R?) X'~ N/.Ll pi 4 wAtTN 22 N2t N
4ABt2eti-N

large enough such that all exponents are negative. Let
Yo = exponent in the table with the smallest magnitude

which satisfies 79 < 0 by our choice of «, 3, N. We can now verify the claims of Proposition 3.2. For (i),

we have by (29)
e(t) (1 _ 5) / a2 da
2) " Ja

and we can choose A large enough such that (¢) is satisfied. For (v), we use Lemma 6.2, Lemma 6.3 and
Lemma 6.5

1(ur = o) ()| 2y < [lu? ()| z2re) + [ (8) [l L2e) + [ ()| z2e) + 1B l|L2(ze)

< 5@( ) + C(Ro, 70, uo, €,0, i, €) A

C
< 1062 + (; ) + C(Ro,up,e,0,k,£)A7° + ||r0HCsz

2

Using that [[rollc,z2 < 3%5 by assumption, we can choose A large enough such that
lus — uo(t) ]| 2(ey < 1167,
i.e. (v) is satisfied with My = 11. For (vi), we use Lemmas 7.1, 7.2 and 7.3
| curl(uy — UO)(t)HHp(Rz) < [ curlw(t )H%p(Rz) + 1l curlut(t)H%p(Rz) + 1 Curlv(t)”?{p(w)
t
< C(Ry,ug, e, 8, k, &) AP0 + H/o curlro(s)dsH%p(Rg)
and we can choose A large enough such that (vi) is satisfied. For (iv), we have by Lemma 9.1, 9.2, 9.3,
9.4,9.5, 9.6 and 9.7
IR ()| 21 m2y < IB™H(0)l|21 (2 + IR 2 (1) ]| 1 r2y + 1R (2) | 21 m2)
IR ()21 g2y + R |1 2y + 1B (8) ]| p1re) + [ RC(1) |21 (s2)
g +4frollg, 2 +2lrollc,rz luo(t)l| 122y + C(Ro, uo, €, 8, K, e, N)A™.
Noting that ||r0(t)|\%2(R2) < |lro(t)|| 2 w2y since [|ro(t)][r2r2) < 1 by assumption, we can choose X large
enough to obtain (iv). For (i7), we have because of the compact support of r4

[r1()l|z2@2) < C(R)|Ir1 (D)l Lo r2)
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< O(r) ([[r9 ()| oo g2y + 17 ()] oo @2y + 1777 (8) ]| oo (m2))
< C(R07 Uo, €, 5a R, €, N))"YO7

and by the previous estimate on [lu1(t) — uo(t)|| z2(r2)

lulle, 2 lm1 (D)l 222y < lluollc,rz 1 ()2 @2y + lur — wolle, L2 171 ()] 22 (r2)
S O(R07 To, U0, 67 R, €, N)A’YO'

Finally, we also have
t t t
||/O curlry(s) dsH’;Ip(Rz) < H/o curl raU2d () ds||§’{p(R2) + ||/O curl ¥ (s) dst;Ip(Rz)

¢
+ || /0 curl 7me (s) ds||1;1p(R2)
S C(ROa Uo, €, 67 R, €&, N))\P’YO .

Again, A can be chosen large enough such that (7i7) is satisfied. Assume we have given two energy profiles
e1, e with e; = ez on [0,¢g] for some ¢y € [0,1]. The values that we add with w(t), u.(t),u’(t) depend
only on pointwise (in time) values of the previous steps, while v(t) depends only on values of the previous
steps on [0,¢]. Therefore, one can do the construction for e; and ep simultaneously, choosing the same
values for all the parameters in each iteration step, thereby producing two solutions u, us to (1) that
satisfy u; = ug on [0, to].
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