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Abstract. We study the two-dimensional Muskat problem in a horizontally periodic setting and for fluids with arbitrary
densities and viscosities. We show that in the presence of surface tension effects the Muskat problem is a quasilinear
parabolic problem which is well-posed in the Sobolev space H"(S) for each r € (2,3). When neglecting surface tension
effects, the Muskat problem is a fully nonlinear evolution equation and of parabolic type in the regime where the Rayleigh—
Taylor condition is satisfied. We then establish the well-posedness of the Muskat problem in the open subset of H?2 (S)
defined by the Rayleigh—Taylor condition. Besides, we identify all equilibrium solutions and study the stability properties
of trivial and of small finger-shaped equilibria. Also other qualitative properties of solutions such as parabolic smoothing,

blow-up behavior, and criteria for global existence are outlined.
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1. Introduction and the Main Results
In this paper we study the coupled system of equations
1 T () (14 t3) (Tl g f (1) + tig (1 — (T 5 F(£))?
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for t > 0! and = € R, which is supplemented by the initial condition

f(0) = fo. (1.1Db)

The evolution problem (1.1) describes the motion of the boundary [y = f(¢,z) + tV] separating two
immiscible fluid layers with unbounded heights located in a homogeneous porous medium with perme-
ability k& € (0,00) or in a vertical/horizontal Hele-Shaw cell. It is assumed that the fluid system moves
with constant velocity (0,V), V € R, that the motion is periodic with respect to the horizontal variable
x (with period 27), and that the fluid velocities are asymptotically equal to (0,V) far away from the
interface. The unknowns of the evolution problem (1.1) are the functions (f,@) = (f,@)(t,z). We denote
by S := R/2x7Z the unit circle, functions that depend on = € S being 2m-periodic with respect to the real
variable x. To be concise, we have set

Owsf = f(2) = flx=s),  Tayf=tanh <5[,,281f) -t =tan(3)

and (-)" denotes the spatial derivative d,. We further denote by g the Earth’s gravity, o € [0, 00) is the
surface tension coefficient, x(f(¢)) is the curvature of the free boundary [y = f(¢, ) + tV], while py and
p+ are the viscosity and the density, respectively, of the fluid 4+ which occupies the unbounded periodic
strip

QY (t) == {(z,y) € R? : +(f(t,x) +tV —y) < 0}.
Moreover, the real constant © and the Atwood number a,, that appear in (1.1a), are defined by

H— — By H—— By
—V a, = .
k T
The integrals in (1.1a) are singular at s = 0 and PV denotes the Cauchy principle value. In this paper
we consider a general setting where

©:=g(p- —p4) +

pe = Pty p— — P4 €R.
The observation that |a,| < 1 is crucial for our analysis. This property enables us to prove, for suitable
f(t), that the Eq. (1.1a)s has a unique solution @(¢) (which depends in an intricate way on f(t), see
Sects. 4 and 5). Therefore we shall only refer to f as being the solution to (1.1).

The Muskat problem, in the classical formulation (2.1), dates back to M. Muskat’s paper [52] from
1934. However, many of the mathematical studies on this topic are quite recent and they cover various
physical scenarios and mathematical aspects related to the original model proposed in [52], cf. [6,7,9,11-
18,21-25,27,30,32,36,38-43,48,49,49,53,54,58,60-62] (see also [55,56] for some recent research on the
compressible analogue of the Muskat problem, the so-called Verigin problem).

Below we discuss only the literature pertaining to (1.1) and its nonperiodic counterpart. In the presence
of surface tension effects, that is for o > 0, (1.1) has been studied previously only in [7] where the author
proved well-posedness of the problem in H" (with r > 6) in the more general setting of interfaces which
are parameterized by curves, and the zero surface tension limit of the problem has been also considered
there. The nonperiodic counterpart to (1.1) has been investigated in [48] where it was shown that the
problem is well-posed in H"(S) for each r € (2,3) by exploiting the fact that the problem is quasilinear
parabolic together with the abstract theory outlined in [4,5] for such problems. Additionally, it was shown
in [48] that the problem exhibits the effect of parabolic smoothing and criteria for global existence of
solutions were found. We showed herein that the results in the nonperiodic framework [48] hold also for
(1.1). Besides, this paper provides the first full picture of the set of equilibrium solutions to (1.1)—which
are described by either flat of finger-shaped interfaces—and the stability properties of the flat equilibria
and of small finger-shaped equilibria are studied in the natural phase space H"(S). For the latter purpose
we use a quasilinear principle of linearized stability established recently in [50].

I'When o = 0 we require that the Eq. (1.1a) are satisfied also at ¢t = 0.
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The first main result of this paper is the following theorem establishing the well-posedness of the
Muskat problem with surface tension in the setting of classical solutions and for general initial data
together with other qualitative properties of the solutions.

Theorem 1.1. Let o > 0 and r € (2,3) be given. Then, the following hold:
(i) (Well-posedness in H"(S)) The problem (1.1) possesses for each fo € H"(S) a unique mazimal
solution
f= (3 /o) € C(0, T4 (o)), H"(S)
with T, (fo) € (0,00], and [(£, fo) — f(
(i1) (Global existence/blow-up criterion) I,

sup £t fo)llar < o0 for all T > 0,
[O’T+(f0))ﬂ[0’T]

) N C((0, T4 (fo)), H*(S)) N C((0, T (fo)), La(S)),
t; fo)] defines a semiflow on H"(S).

then T4 (fo) = oo.
(iii) (Parabolic smoothing) The mapping [(t,z) — f(t,x)] : (0,T+(fo)) x R — R is real-analytic. In
particular, f(t) is a real-analytic function for all t € (0,T+(fo))-

Remark 1.2. (i) Despite that we deal with a third order problem in the setting of classical solutions,
the curvature of the initial data in Theorem 1.1 may be unbounded and/or discontinuous. Moreover,
it becomes instantaneously real-analytic under the flow.

(ii) Solutions which are not global have, in view of Theorem 1.1, the property that
sup ||f(t)[|ms =00  for each s € (2,3).
(0,74 (fo))

Concerning the stability of equilibria, we also have to differentiate between the cases ¢ = 0 and o > 0.
Before doing this we point out two features that are common for both cases. Firstly, the integral mean of
the solutions to (1.1) (found in Theorems 1.1 or 1.5 below) is constant with respect to time, see Sect. 6.
Secondly, (1.1) has the following invariance property: If f is a solution to (1.1), then the translation

faclt,z) == f(t,x —a) +c, a, c € R, (1.2)

is also a solution to (1.1). For these two reasons, we shall only address the stability issue for equilibria to
(1.1) which have zero integral mean and under perturbations with zero integral mean. However, because
of the invariance property (1.2), our stability results can be transferred also to other equilibria, see
Remark 1.4.

To set the stage, let

07(§) = {he 1) : (h) = %/j hde=0},  r>0.

In Theorem 1.3 below we describe the stability properties of some of the equilibria to (1.1) when o > 0.
In this case the equilibrium solutions to (1.1) are either constant functions or finger-shaped as in Fig. 1.
The finger-shaped equilibria exist only in the regime where © < 0, that is when either the fluid located
below has a larger density or when the less viscous fluid advances into the region occupied by the other
one with sufficiently high speed |V|. Furthermore, these equilibria form global bifurcation branches (see
Sect. 6 for the complete picture of the set of equilibria).

Theorem 1.3. Let o > 0 and r € (2,3) be given. The following hold:
(i) If © + o > 0, then f = 0 is exponentially stable. More precisely, given
w € (0,k(0 +O)/(1— + p)),

there exist constants 0 > 0 and M > 0, with the property that if fo € IAIT(S) satisfies || follur < 6,
the solution to (1.1) exists globally and

£t fo)llar < Me™ | follar  for all t > 0.
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(i1) If O+0 < 0, then f = 0 is unstable. More precisely, there exists R > 0 and a sequence (fo.n) C Hr (S)
of initial data suc}AL that:
* fon — 0 in H"(S);
o There exists t, € (0,74 (fon)) with || f(tn; fon)llar = R.
(iii) (Instability of small finger shaped equilibria) Given 1 < £ € N, there exists a real-analytic bifurcation
curve (Ag, fo) : (—ee,e0) — (0,00) x H3(S), g0 > 0, with
.38, 4y
Ae(s) =02 — ' +0(s*) inR,
fo(s) = scos(lx) + O(s?) in H3(S)

such that fi(s) is an even equilibrium to (1.1) if © = —aXi(s). The finger-shaped equilibrium f,(s),
0 < |s| < ey, is unstable if ey is sufficiently small in the sense there exists R > 0 and a sequence
(fom) C HT(S) such that:

o fon — fo(s) in H™(S);

o There exists t,, € (0,T(fo,n)) with || f(tn; fon) — fe(s)

With respect to Theorem 1.3 we add the following remarks (Remark 1.4 (i) remains valid for Theo-
rem 1.6 below as well).

for s — 0,

e = R.

Remark 1.4. (i) If f is an even equilibrium to (1.1), the translation f(- —a) + ¢, a, ¢ € R, is also an
equilibrium solution. In fact, all equilibria can be obtained in this way (see Sect. 6). The invariance
property (1.2) shows that f and f(- — a) + ¢ have the same stability properties.

(ii) Tt is shown in Theorem 6.1 that the local curves (Mg, f¢) can be continued to global bifurcation
branches consisting entirely of equilibrium solutions to (1.1). The stability issue for the large finger-
shaped equilibria remains an open problem.

When switching to the regime where o = 0, many aspects in the analysis of the Muskat problem with
surface tension have to be reconsidered. A first major difference to the case o > 0 is due to the fact that
the quasilinear character of the problem, which is mainly due to the curvature term, is lost (except for
the very special case when p_ = p., cf. [47]), and the problem (1.1) is now fully nonlinear. The second
important difference, is that the problem is of parabolic type only when the Rayleigh—Taylor condition
holds. The Rayleigh-Taylor condition originates from [59] and is expressed in terms of the pressures py
associated of the fluid + as follows

Oyp— < al/p-i- on [y = fo(x)]v (13)

with v denoting the unit normal to the curve [y = fo(z)] pointing towards QY (0) . The first result in this
setting is a local existence result in H¥(S), with k > 3, established in [21] in the more general setting
of interfaces parametrized by periodic curves (for initial data such that the Rayleigh-Taylor conditions
holds). The particular case of fluids with equal densities has been in fact investigated previously in [60]
and the authors have shown the existence of global solutions for small data. The methods from [21] have
been then generalized in [22] to the three-dimensional case, the analysis leading to a local existence result
in H* with k > 4. More recently in [15] the authors have established global existence and uniqueness of
solutions to (1.1) for small data in H?(S) together with some exponential decay estimates in H"-norms
with r € [0,2). For the nonperiodic Muskat problem with ¢ = 0 it is moreover shown in [15] there
exist unique local solutions for initial data in H?(R) which are small in the weaker H3/?*¢-norm with
e € (0,1) arbitrarily small. The latter smallness size condition on the data was dropped in [48] where it is
shown that the nonperiodic Muskat possesses for initial data in H?(R) that satisfy the Rayleigh-Taylor
condition a unique local solution and that the solution depends continuously on the data. Lastly, we
mention the paper [37] where the existence and uniqueness of a weaker notion of solutions is established
for the nonperiodic Muskat problem with initial data in critical spaces, together with some algebraic
decay of the global solutions. In this paper we first generalize the methods from the nonperiodic setting
[48] to prove the well-posedness of (1.1) for general initial data in H?(S) and instantaneous parabolic
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smoothing for solutions which satisfy an additional bound. Before presenting our result, we point out
that if © = 0, then (1.1) has only constant solutions for each fy € H"(R), with » > 3/2, as Theorem 3.3
shows that in this case @ = 0 is the only solution to (1.1a)s that lies in Lo (S). When © # 0, the situation
is much more complex. Letting

O:= {fO € Hz(S) D Op- < auer on [y = fo(QT)]}

denote the set of initial data in H?(S) for which the Rayleigh-Taylor condition holds, it is shown in Sect. 5
that O is nonempty precisely when © > 0. This condition on the constants has been identified also in the
nonperiodic case. In fact, we prove that if © > 0, then O is an open subset of H%(S) which contains all
constant functions. Using the abstract fully nonlinear parabolic theory established in [26,46], we prove
below that the Muskat problem without surface tension is well-posed in the set O, cf. Theorem 1.5.
Physically, in the particular situation when gravity is neglected © > 0 is equivalent to the fact that the
more viscous fluid enters the region occupied by less viscous one, while in the case V = 0 the condition
O > 0 means that the fluid located below has a larger density.

Theorem 1.5. Let 0 = 0, u_ # juy,? and assume that © > 0. Given fo € O, the problem (1.1) possesses
a solution
feC(0,11,0)nCH ([0, T, H'(S)) N C((0, T), H*(S))
for some T > 0 and an arbitrary o € (0,1). Additionally, the following statements are true:
(i) f is the unique solution to (1.1) belonging to
U c(o,71,0)nC ([0, 7], H'(S)) N C5((0,T], H*(S)).
pe(0,1)
(i) f may be extended to a mazimally defined solution
(-5 fo) € C([0, T4 (f0)), 0) N CH([0, T4 (fo)), H'(S) N () C((0,T], H(S))
Be(0,1)

for all T < T1(fo), where T1(fo) € (0, 00].
(i11) The solution map [(t, fo) — [f(t; fo)] defines a semiflow on O which is real-analytic in the open set

{(t, fo) : foe O, 0<t <Ty(fo)}
() If f(-; fo) : [0, T (fo)) N[0, T] — O is uniformly continuous for all T > 0, then either Ty (fo) = oo,
or
T1(fo) < oo and dist(f(t; fo),00) — 0 fort — Ty (fo).
(v) If f(-; fo) € B((0,T), H**=(S)) for some T € (0,T+(fo)) and € € (0,1) arbitrary small, then
feCv(0,T) x R,R).
The assertions of Theorem 1.5 are weaker compared to that of Theorem 1.1. For example the unique-

ness claim at (¢) is established in the setting of strict solutions (in the sense of [46, Chapter 8]) which
belong additionally to some singular Holder space

[#7u(t) — s"u(s)|
C5((0,T, H*(S)) := {u € B((0,T), H*(S)) : sup I <0
with 8 € (0,1). This drawback results from the fact that in the absence of surface tension effects we deal
with a fully nonlinear (and nonlocal) problem. We also point out that the parabolic smoothing property
established at (v) holds only for solutions f(-; fo) € B((0,T), H**¢(S)) for some & > 0. This additional
boundedness condition is needed because the space-time translation

[u— [(t,2) = u(at,z + bt)]]

2Theorem 1.5 is still valid if u— = u4, however its claims can be improved, cf. [47, Theorem 1.1], as the problem (1.1) is
under this restriction of quasilinear type.
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does not define for a, b > 0 a bounded operator between these singular Holder spaces. This property
hiders us to use the parameter trick from the proof of Theorem 1.1 to establish parabolic smoothing
for all solutions in Theorem 1.5. However, the boundedness hypothesis imposed at (v) is satisfied if
fo € O N H3(S) because the statements (i)—(iv) in Theorem 1.5 remain true when replacing H*(S) by
HFL(S) for k € {1,2} (possibly with a smaller maximal existence time).

Finally, we point out that in the case when o = 0 the equilibrium solutions to (1.1) are the con-
stant functions. Theorem 1.6 states that the zero solution to (1.1) (and therewith all other equilibria) is
exponentially stable under perturbations with zero integral mean.

Theorem 1.6 (Exponential stability). Let 0 = 0 and © > 0. Then, given w € (0,kO/(u— + py)), there
exist constants § > 0 and M > 0, with the property that if fo € H?*(S) satisfies ||follgz < 0, then
T (fo) = co and®

1F @)+ 1f @)l < Me™ | follz for all t > 0.

Before proceeding with our analysis we emphasize that the periodic case considered herein is more
involved that the “canonical” nonperiodic Muskat problem because abstract results from harmonic analy-
sis, cf. [51, Theorem 1], which directly apply to the nonperiodic case (in order to establish useful mapping
properties and commutator estimates) have no correspondence in the set of periodic functions. However,
we derive in Appendix A, by using the results from the nonperiodic case [48,49], the boundedness of
certain multilinear singular integral operators which can be directly applied in the proofs. A further
drawback of the Eq. (1.1a) is that some of the integral terms are of lower order and some of the argu-
ments are therefore lengthy. Finally, we point out that the stability issue remains an open question for
the nonperiodic counterpart of (1.1).

2. The Equations of Motion and the Equivalence of the Formulations

In this section we present the classical formulation of the Muskat problem (see (2.1) below) introduced
in [52] and prove that this formulation is equivalent to the contour integral formulation (1.1) in a quite
general setting, cf. Proposition 2.3.

We first introduce the equations of motion. In the fluid layers the dynamic is governed by the equations

divuy(t) =0,

v (t) = _% in QY (1), (2.1a)

(Vp+(t) + (0, p19))

where vy (t) := (vl (t),v3 (t)) denotes the velocity field of the fluid 4-. While (2.1a); is the incompressibility
condition, the Eq. (2.1a)s is known as Darcy’s law. This linear relation is frequently used for flows which
are laminar, cf. [10]. These equations are supplemented by the following boundary conditions at the free
interface

p+(t) = p-(t) = or(f (1)), _
{ <J+(t)|y(t)> S Wp@)y b= rEa) v, (2.1b)

where v(t) is the unit normal at [y = f(¢,z)+¢V] pointing into QY (¢) and (- |-) the inner product in R?.
Additionally, we impose the far-field boundary condition

vy (t,z,y) — (0,V)  for |y| — oo (uniformly in z). (2.1¢)
The motion of the free interface is described by the kinematic boundary condition

Ouf(t) = (u(OI(=f'(£),1)) =V on [y = f(t,z) +tV], (2.1d)

3We write f to denote the derivative df/dt.
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and, since we consider 2m-periodic flows, f(t), v4(t), and p4(t) are assumed to be 2r-periodic with respect
to x for all ¢ > 0. Finally, we supplement the system with the initial condition

£(0) = fo. (2.1¢)
It is convenient to rewrite the Eq. (2.1) in a reference frame that moves with the constant velocity
(0,V). To this end we let

Qu(t) = {(2,y) € B : £(f(t,2) — ) < 0} = QL(E) — (0,47,

and
Py(t,z,y) = pe(t,z,y +tV),
{Vi(tw,z)zqzji(t,x,gz//—i—tV)—(O,V) for t > 0 and (x,y) € QL(t). (2.2)

Direct computations show that (2.1) is equivalent to

divVi(t)=0 in Q4(1),

ps (Ve (t) + (0,V)) = =k(VP(t) + (0, p=g)) in Qu(2),

(Vi (1)) = (V- ()|v()) on [y = f(t,z)],

Py(t) = P_(t) = or(f(?)) n [y = f(t )], (2.3)

Vi(t,z,y) — 0 for |y| — oo,

O f(t) = (Ve ()| (=f'(), 1)) on [y = f(t,z)],

f0) = fo

In Proposition 2.3 we establish the equivalence of the two formulations (1.1) and (2.3). It is important
to point out that the function @ in (1.1a); is uniquely identified by f in the space Lo (S) (this feature
is established rigorously only later on in Theorem 3.3). This aspect is essential at several places in this
paper, see Proposition 2.3 and the preparatory lemma below.

Lemma 2.1. Given f € H(S) and @ € Ly(S) let

L[ tanh((y )/ (e s)/2)]
Viz,y) = 47 Jg tan?((x — s)/2) + tan h2((y — £(s))/2) ds, (2.4)
Vo) = L [oty 2=/ i),
Ar tan?((x — s)/2) + tan h2((y — £(s))/2)

for (z,y) € R?*\[y = f(x)] and set V := (V1,V?) and Vi := V|q, , where
Qs = {(z,y) €R* : £(f(x) —y) < 0}.
Then, there exists a constant C' = C(||f]looc) > 0 such that
Vi (z,y)| < Cllw|lre”1¥12
for all (z,y) € Qx satisfying |y| > 14 2| f|loo-
Proof. Let first f # 0. Taking advantage of

max {tanh (Hf2”°°> ,tan h <|4y|>} <

for |y| > 2||fllco, it follows that

V2 T,y §¢ 1—tanh2 (y/4 _ﬂ —lyl/2
Vi, y)l tanh(||f||oo/2)| /9l = tan A(|[ floo/2)

In order to estimate V! we use the fact that (@) = 0 to derive, after performing some elementary estimates,
that

tanh (y‘;(s)ﬂ for ly| = 2/l

tanh y £(5))/2)[1 + tan?((z — 5)/2)]
|Vi z,y)| < /‘ tan?((z — s)/2) + tan h2((y — f(s))/2)
< OHle(l - tanh(|y|/4)) < COllw]|re~ 172

:F1’d5
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for all |y| > 2||f|lcc- The claim for f = 0 follows in a similar way. O

In Proposition 2.3 we show that, given a solution to (1.1), the velocity field in the classical formulation
(2.1) at time ¢ can be expressed in terms of f := f(t) and @ := @(t) according to Lemma 2.1, provided that
f and @ have suitable regularity properties. We point out that a formal derivation of the formula (2.4) is
provided, in a more general context, in [21, Section 2]. In Lemma 2.2 we establish further properties of
the velocity field defined in Lemma 2.1.

Lemma 2.2. Let f € H2(S) and @ € H(S). The vector field Vi introduced in Lemma 2.1 belongs to
C(Q1) NCL(Qy), it is divergence free and irrotational, and

. 1 T ( - (,T[x,s]f)(]- + t[%g])at[s] [1 - (T[x,e]f)Q])
Vi(z, f(x)) = EPV /_Trw(ac —9) tﬁg] T Tpaf? ds .
1w(2)(1, f'(z))
§W, r eR.
Letting further
Pale)imes - B [ Vizas - B2 [ v2eooas (et 20 )y 20
0 +d

for (z,y) € Q, where cx € R and d > || f||co, it holds that P+ € C1(Qx) N C*(Qx) and the relations
(2.3)1(2.3)3, (2.3)5 are all satisfied.

Proof. The theorem on the differentiation of parameter integrals shows that V. is continuously differen-
tiable in Q4 , divergence free, and irrotational. In order to show that Vi € C(Q4) it suffices to show that
the one-sided limits when approaching a point (zq, f(xo)) € [y = f(x)] from Q_ and Q, respectively,
exist. To this end we note that the complex conjugate of (V},VZ) satisfies

5~ 1
VIV = 1 [ niegg % o= e gl =16
with T" being a 27-period of the graph [y = f(x)] and with g : T' — C defined by

_ W)X —if'(s)

o) = - L e~ (s o) e

Given z = (z,y) € [y = f(x)], it is convenient to write
T oo L 1 1 1 g(&)
(Vi VE)(2) = e /Fg(f) [tan (€= 2)/2) = z)/2} d¢ + i /F g_izdﬁ,

because Lebesgue’s theorem now shows that if z,, approaches zo = (o, f(20)) from Q4 (or Q_), then

1 1 1 1 1 1
e Kl )~ Eaa Lol Ep) G

Moreover, using Plemelj’s formula, cf. e.g. [45, Theorem 2.5.1], we find that

1 1
N 9(§) & L 9G0) | —,PV/ 9(§) d&e,
2m Jp € — 2z, ~ n—oo 2 211 ré&—=2o
where the PV is taken at & = zp, and we conclude that
—Ton 1 9(§)
VI V(2 4 9G0) | —PV/ AV
(Ve VE)(= )njo)o 2 4mi r tan ((£ — 20)/2) ¢
The formula (2.5) and the property Vi € C(€24) follow at once. The remaining claims are simple conse-
quences of Lemma 2.1 and of the already established properties. (I

Using Lemmas 2.1 and 2.2, we conclude this section with the following equivalence result.
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Proposition 2.3 (Equivalence of formulations). Let T' € (0, 00] be given.

(a) Let o = 0. The following are equivalent:
(i) the problem (2.3) for f € C1([0,T), L2(S)) and

o f(t) € H*(S), D(t) = ((V-(t) = Vi (8)|y=r e (1 £/ (1)) € HY(S),
o Vi(t) € C(Qx(t)) N CH(Que(1), Pr(t) € CH(Q (t)) ( +(t))
for allt €10,T);
(ii) the evolution problem (1.1) for f € C1([0,T),Ls(S)), f(t) € H%(S), and w(t) € H'(S) for all
te[0,7).
(b) Let o > 0. The following are equivalent:
(i) the problem (2.3) for f € C*((0,T), Lo(S)) N C([0,T), L2(S)) and

)
o £(t) € HY(S), () i= ((V-(t) = Vi (D)l erian| (L, F(1)) € A (S),
o Vi(t) € C(Q:(1) N CHQL()), Px(t) € CT (2 () N C*(Q(#)
for allt € (0,7T);
(ii) the Muskat problem (1.1) for f € C*((0,T), L2(S))NC([0,T), L2(S)), f(t) € HX(S), and ©(t) €
HY(S) for all t € (0,T).

Proof. To prove the implication (i) = (i) of (a), let (f, V4, Py) be a solution to (2.3) on [0,T) and
choose t > 0 fixed but arbitrary (the time dependence is not written explicitly in this proof). Letting

wi=0,V?%— 8yvl € D/(Rz)
denote the vorticity associated to the global velocity field
VLV :=V_1qg +Vilg,,
where 1q, is the characteristic function of Qu, it follows from (2.3)3 and Stokes’ theorem that
W = Woy=f(x));
where

@ = (Vo = Vi)l sy | (L ) € HY(S).

Similarly as in the particular case p_ = pu, cf. [47, Proposition 2.2], we find that the global velocity field
(V1,V?) is given by (2.4). Lemma 2.2 now shows, together with the kinematic boundary condition, that
f solves the Eq. (1.1a);. Besides, differentiating the Laplace—Young Eq. (2.3)4, the relations (2.3)3 and
(2.5) finally lead us to (1.1a)s, and the proof of this implication is complete.

For the reverse implication, we define V1 according to (2.4), and the pressures by (2.6). For suitable
¢y, it follows from (1.1a)s and Lemmas 2.1, 2.2 that indeed (f, V4, Py) solves (2.3).

The equivalence stated at (b) follows in a similar way. O

3. The Double Layer Potential and Its Adjoint

We point out that the Eq. (1.1a)s is linear with respect to @(t). The main goal of this section is to address
the solvability of this equation for @(¢) in suitable function spaces, cf. Theorems 3.3 and 3.5. To this end
we first associate to (1.1a) two singular operators and study their mapping properties (see Lemmas 3.1
and 3.2). Finally, in Theorem 3.6 and Lemma 3.7 we study the properties of the adjoints of these singular
operators.

To begin, we write (1.1a)s in the more compact form

2 o
(1+%A(f))[w]—7ﬂ7+u+( (H—oer, (3.1)
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where A(f) is the linear operator

SRV gy f’<$)t[s][1—<T[x’s1f)2]—<1+tfsl)T[x>S]fwx_s s
A(DEI@) = 5PV [ R T (w-9)ds (32)

T or

Given f € H"(S) with r > 3/2, we prove in Lemma 3.2 that A(f) € L£(L2(S)). Then, it is a matter of
direct computation to verify that A(f) is the Lo-adjoint of the double layer potential

L by /’T L+ ) (T ,0)f) = /(@ = 8)t5)[1 = (T1a,6)./)?]
- t[25] + <T[11S]f)2
A main part of the subsequent analysis is devoted to the study of the invertibility of the linear operator

1+a,A(f) in the algebras L(Ly(S)) and L(H(S)). These invertibility properties enable us to solve (3.1)

and to formulate (1.1) as an evolution equation for f only, that is
k /
ohf = B(f)[(1+ a A() " [(or(f) — ©F) ], (3.4)
P+

where we have associated to (1.1a); the operator B(f) defined by
1 /’T F(@) X+ 88) (T, ) + s [L = (T, )]

(A()"E)(x) :

= o &(x — s)ds. (3.3)

B(f)[@](z) :== PV - 2+ (T s /)

As a first result we establish the following mapping properties.

w(x — s)ds. (3.5)

Lemma 3.1. Given r > 3/2, it holds that

B € C*(H'(S), L(Lx(S))) N C¥(H*(S), L(H'(S))). (3.6)
Proof. Let us first assume that

B € C¥(H"(S), L(L2(S))) N CY(H*(S), L(H'(S))). (3.7)
Given f, w € C>(S) with (@) = 0 let V_ be as defined in Lemma 2.1. Observing that

B(H)E) = 2(V-|y= syl (=1, 1)) € C(S),

Stokes’ formula together with Lemmas 2.1, 2.2 yields

3ENED = [(V-pdr= [ vV dtey) o

and therefore B(f)[@] € Ly(S). This immediately implies (3.6).
Hence, we are left to establish (3.7). To this end it is convenient to write

B(f) = f'Bi(f) — Ba(f) + Bs(f),

where

1™ T f
BNEI) = g [ e o

1 /7 Tip,s) f (Oa,51f/2) B
’ 2 - [t[Qs] + (T[waS]f)2 - (s/2)% + (5[%5]]0/2)2}&](‘% — s)ds,

1 T ts T;Es 2 _
B ) = g [ e e s

_i " bs) — 8/2 w(z — s)ds
]l O G G )P~ o

—m )
1oy /" s+ ' (2)(0[a,5 f)
™ — 52+ (5[x,€]f)2

By (f)[0)(2) = W(x — s)ds.
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Taking advantage of the relations
tanh(z) <z, = >0, z < tan(z), z € [0,7/2),
|tan h(z) — x| < |z|®, = € R, |tan(x) — z| < |z|tan®(z), |z| < 7/2,
it is easy to see that B;(f) € L(La(S), Loo(S)) for i € {1,2} (and that PV is not needed). In fact these
mappings are real-analytic, that is
B, € C*(H"(S), L(L2(S), Lo (S))), i€ {1,2}. (3.9
Furthermore, given 7 € (1/2,1), classical (but lengthy) arguments (see [47, Lemmas 3.2-3.3] where similar
integral operators are discussed) show that
B; € C¥(H"(S),L(H"(S),CL(S))), i€ {1,2}, (3.10)

and we are left to consider the operator Bs.
Recalling Lemma A.1, we see that

B3 (f)[@] = Coa(N[@] + fCra(HIf, @],
and Lemma A.1 (¢) immediately yields B3(f) € L(L2(S)). Moreover, arguing as in [49, Section 5], it
follows that

(3.8)

By € C¥(H™(S), L(Lx(S))). (3.11)

In order to prove that B3(f) € L(H*(S)), when additionally f € H?(S), we let {7 }.cr denote the Cp-
group of right translations, that is 7.h(z) = h(x—¢) forx € Rand h € Ly(S). Givene > 0 and w € H(S),
it holds that

R LB Z Bl _ ¢ ) [22=2] — ot [ g 1 1.9
+ #Cl,l(Tsf)[Tafy Taw] + flcl,l(Tsf) [Tafy TSEE_ w}
1N 5] - posann [ 1 s 18],
Since
70— in HY(S), 7ef —f in HA(S),
BP0 i L(S), L2 - f — - i HY(S),

we may pass, in view of Lemma A.1 (7)—(4i¢), to the limit € — 0 in the identity above to conclude that

e BIED ZBEL g, (1)) — 20007, NIF 1,31+ £/ CoalPIE]+ £ O (DIF )

9 e—0
+ flcl,l(f)[f/aw} - 2f103,2(f7 f)[f/mﬂ f7w]
in Ly(S). This proves that B3(f)[w] € H'(S), with
m(Bs(f)[@]) = 7Bs(f)[@] — 2C22(f, HIf, £, @] + f'Cra()Lf, @]

PO - 20 Coal £ 1P 5. 1.3 12

Lemma A.1 and the arguments in [49, Section 5] finally lead us to
Bs € C¥(H*(S), L(H'(S))), (3.13)
and (3.7) follows now from (3.9), (3.11) and (3.13). This completes the proof. O

We now study the mapping properties of the operator A introduced in (3.2).
Lemma 3.2. Let r > 3/2 be given. It then holds
A€ C*(H"(S), L(L2(S))) N C*(H*(S), L(H(S))).- (3.14)
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Proof. Pick first f, w € C(S) with (@) =0 and let V_ € C(Q_) N CY(Q_) be as defined in Lemma 2.1.
It then holds

2(V_|y=s@nl(L, /1)) = (L + A(f))[@] € C(S),

and therefore A(f)[@] € Ly(S) if and only if (Voly=r@l(1, f) € Ly(S). The latter property follows from
the periodicity of f and P_, where P_ € C'(€2_) is given in (2.6), with respect to = and the relation

k _
Vo= _?(VP— + (07p—g)) - (O,V) in Q_.
We are thus left to prove that
A€ C¥(H"(S), L(L2(S))) N C“(H*(S), LIH'(S)))- (3.15)
We proceed as in the previous lemma and write

A(f) = —1'Ba(f) = Bu(f) + As(f), (3.16)

where, using the notation introduced in Lemma A.1, we have

mhAs(f)[@] = f'Coa(N@] = Cralf)Lf. D).

Similarly as in Lemma 3.1, we get

Az € C¥(H"(S), L(L2(S))) N C*(H*(S), L(H(S))), (3.17)
with
m(As(f)[@])" = mAs (/)@ + f'Con(N)@] — 2f'Coa(f, HIf, £,]
S o L (3.18)
- Cl,l(f)[f aw} + 2f C3,2(f7 f)[f afa faw]'
The properties (3.9), (3.10), and (3.17) combined imply (3.15), and the proof is complete. O

We now address the solvability of Eq. (3.1). To this end we first establish the invertibility of 14+a,A(f)

in E(EQ(S)). A similar property has been established, under stronger assumptions on f which are not
compatible with our approach, in [21].

Theorem 3.3. Let r > 3/2 and M > 0. Then, there exists a constant C = C(M) > 0 such that
[@ll2 < ClI(A = A(F)[@]Il2 (3.19)

for all X € R with |A| > 1, @ € Ly(S), and f € H"(S) with || f'||lse < M.
In particular, {\ € R : |A\| > 1} is contained in the resolvent set A(f) € L(L2(S)) for each f € H"(S).

Proof. In view of Lemma 3.2, it suffices to establish the estimate (3.19) for @, f € C*(S) with (@) =0
and || f/[|oc < M. Let V4 € C(Q4) N CL(Q4) be as defined in Lemma 2.1 and set

Fi = (Fi,Fi) = Vi|[y:f(z)] (320)

We denote by 7 and v the tangent and the outward normal unit vectors at 9Q2_ and we decompose F
in tangential and normal components Fy = F] + FY, where
Ax AU . B(f)@]
Fl=F—7——""-—(1 Fl = —"—
a0 BT m
cf. (2.5). Recalling the Lemmas 3.1, 3.2, we may view F and FY as being elements of Ly(S, R?).
We next introduce the bilinear form B : L (S, R?) x Lo(S,R?) — R by the formula

(—f1), (3.21)

B(F.G) = / G2(F|(— ', 1)) + FXG|(— ', 1)) — (FIG)dz
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for F = (F',F?), G = (G',G?) € Ly(S,R?). Inserting the vector fields Fly in (3.20), we find by using
Lebesgue’s dominated convergence theorem, Stokes’ formula, and the Lemmas 2.1, 2.2 that

s = [ (e oy ) I =7 [ 0 (0= igp) e =0 o

where T' denotes again a period of the graph [y = f(x)]. Moreover, in virtue of (3.21), we may write
(3.22) equivalently as

/S 7 (BB 72 BOE) T AR - (1 F A=) =0 (3.23)

and, recalling that || f'||cc < M, we infer from (3.23) that
11 £ A @2 < CIB) @2,

with a positive constant C = C(M). In particular we get

[@ll2 = %H(l + A+ (1 =AUz < CIBH ]2 (3.24)
Given A € R with |A] > 1, it holds that

[ F AN =10 = A)EIP - 200F DO - A E] + A F D2,

and eliminating the mixed term on the right hand side we obtain together with (3.23) that

| 708 = DI + BRI = 10~ AEIE - 27 (BE)E) G - AG)E]de =0

from where we conclude that
(A = D@l + BN @2 < ClA = A(f)@]l2,

with a constant C' = C(M). The latter estimate and (3.24) yield (3.19). That {\ € R : |A] > 1} belongs
to the resolvent set of A(f) € L(La(S)) for all f € H"(S) is a straightforward consequence of (3.19),
Lemma 3.2, and of the continuity method, cf. e.g. [5, Proposition I.1.1.1]. O

The following remark is relevant in Sect. 6 in the stability analysis of the Muskat problem.

Remark 3.4. The estimate
[@llz < CIB(f)[@]Il2

derived in (3.24) enables us to identify the equilibrium solutions to the Muskat problem (1.1) (see (3.4))
as being the solutions to the capillarity equation

(or(f) —©f) =0. (3.25)

We now establish the invertibility of 1 + a,A(f) in the algebra L(H(S)) under the assumption that
f e HS).

Theorem 3.5. Let M > 0. Then, there exists a constant C = C(M) > 0 such that
@l < ClIA = Al (3.26)

Jor all A € R with || > 1, w € HY(S), and f € H(S) with || f||g> < M.
In particular, {\ € R : |\ > 1} is contained in the resolvent set of A(f) € L(H(S)) for each
[ € H(S).
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Proof. Recalling (3.19), we are left to estimate the term ||[((A — A(f))[@])’||2 suitably. To this end, we
infer from (3.16) and (3.18) that

(AN ] = AN+ T (@), (3.27)
where the operator ﬂ‘gt( f) defined by
7oy (@] := f"Cor(f)@] = 2f'Coa(f, If', £, @] = CLa(HIf @]
+2f'Cap(f, O, £, 0] = 7 ((f'B2(H)@]) — f'Ba(f)[@]) (3.28)
—m((B1(H@) =B (@),
encompasses all lower order terms of (As(f)[w])’ with respect to @ as, for each 7 € (1/2,1) fixed, it holds
I8 (N@ll2 < Cll@l|la-  for all m € HY(S), (3.29)

with C' = C'(M). Indeed, letting r := (9 — 27)/4, it follows that r € (3/2,2) and 7 € (5/2 —r, 1), and the
estimates (A.1) and (A.3) yield

||f//00,1<f)[w} - 2f102,2(f7 f)[f/7 fv w] - Cl,l(f)[f/aw] + 2f/03,2(fa f)[f/7 f7 f7w]||2 S CHEHHT .
Moreover, it follows from (3.9), (3.10) and the compactness of the embedding H?(S) < H"(S) that also

I B2(H)@])ll2 + 1B (N @])ll2 < Cll@l -
Finally, using integration by parts in the formulas defining B;(f) and Ba(f) we get

1 B2 ()@ 2 + 1B (N @ Tll2 < Cll]l2,

and (3.29) follows.
Invoking (3.19) and (3.29) we find a constant ¢ = ¢(M) € (0,1) with

)
2[(A = AUMN@ Nz = (A = AU @2 + 1A = A ] ]l2
> [|(A = AU B2 + 1A= ANz — 1 Ti5 () @]l2

_ 1 _
2 cl@llm = @l
and since by (3.30)* and Young’s inequality
@z < @I @5 < < HWHH1 + @],

for some C' = C'(M), it follows that

_ _ 207
A=A 2 cl@lla — =[]
This estimate together with (3.19) leads us to (3.26) and the proof is complete. O

We conclude this section by considering the adjoints of the operators defined in (3.2) and (3.5).
Firstly we establish a similar estimate as in Theorem 3.5 for the operator P(A(f))*, where (A(f))* is the

double layer potential, cf. (3.3), and where P : Ly(S) — Ly(S), with Ph := h— (h), denotes the orthogonal
projection on Lo (S). This estimate is important later on in the uniqueness proof of Theorem 1.1. Recalling
that (A(f))* € L(L2(S)) is the Lo-adjoint of A(f) € L(L2(S)), we obtain for W, £ € La(S) that

(AN, €2 = (@, (Af))[E])2 = @, P(AF))"[E])2,
meaning that the adjoint (A/(?))* = (A(f)\iz(s))* € E(EQ(S)) is given by (@)* = P(A(f))".

4Letting [-, -]g denote complex interpolation functor, it is well-known that

[H50(S), H°1 (S)]g = H(1=9%0+0s1(5) 9 € (0,1), —o0 < 89 < 81 < 00. (3.30)



JMFM Well-Posedness and Stability Results for Some Periodic Muskat Problems Page 15 of 45 31

Theorem 3.6. Let M > 0. Then, there exists a constant C = C(M) > 0 such that

el < CIO = (A) ) el (3.31)
Jor all X € R with |\| > 1, ¢ € HY(S), and f € HX(S) with || f|y> < M.
In particular, {\ € R : |\| > 1} is contained in the resolvent set of (A(f))* € L(HY(S)) for each
f € H(S).

Proof. Let M > 0. Taking advantage of the fact that A — (@)* is the E(EQ(S))—adjoint of A—A(f) for
each A € R and f € H"(R), r > 3/2, it follows from (3.19) there exists a constant C' = C'(M) such that
l€ll> < ClIA = ()l (3:32)

for all A € R with [\ > 1, ¢ € HY(S), and f € H2(S) with [|f||z>= < M. In order to show that
(A(f))[€] € HY(S), we note that

*

(AD) €] = (AU)TIEl — (AU = Bi(HIE) + Ba(f)FE] + As e (H)IE] — (AL IED,
where By (f) and By(f) are introduced in the proof of Lemma 3.1 and where
A3 . (f)[€] = CLa(NIf. €] = Co (€]
The arguments used to derive (3.12) show that Az .(f)[¢] € H(S) with
T(As,(FE) = A5 L (NET+ CrLa(HF €] = Coa(NHIE] +2C22(f. IS £, £€]
= 2Cs2(f, NI 1.8,

and together with (3.9), (3.10) we conclude that indeed (A(f)) [¢] € H(S). Proceeding as in Theorem 3.5,
we may write

—

(AN = AU €T+ T (HIE] = (AD) €] + (AU ED + T (f)lel,

with
7T ()] == Cra(NIF €] — Con (NI € + 20 a(f, FIFs £, F1€)
= 2Cs(f, O £, €+ (B2 (HFED) = B I(€)])
+ (BN - Bi(HIED)
satisfying

173 (DNl < Cllélu- for all € € HY(S), (3.33)
for any fixed 7 € (1/2,1) and with a constant C = C(M). Moreover, since A(f)[1] € H(S), it follows
that

(AU D] < KAWYTEL Dl = e ANl = | [ €A
. - (3.34)
—| [ eayas| < [ella@mlm < Clel

again with C' = C(M). The desired claim (3.31) follows now from (3.32), (3.33), and (3.34) by arguing
as in Theorem 3.5. O

Finally, given f € H"(S), r > 3/2, let (B(f))* € L(L2(S)) denote the adjoint of B(f) € L(L2(S)). The
next lemma is also used later on in the uniqueness proof of Theorem 1.1.

Lemma 3.7. Given M > 0, there exists a constant C = C(M) such that for all f € H*(S) with || f|| g2 <
M it holds that (B(f))* € L(H(S)) and

B N ey <C.
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Proof. Given f € H?(S), it is not difficult to show that

(B(f))1€] = =B (N)f'E] + Baf)[€] — %(Co,l(f)[ﬂ +CLa(NIfFED), €€ LaS).

The desired estimate follows now by arguing as in Lemma 3.1. O

4. The Muskat Problem with Surface Tension Effects

In this section we study the Muskat problem in the case when surface tension effects are included, that
is for 0 > 0. The main goal of this section is to prove Theorem 1.1 which is postponed to the end of
the section. As a first step we shall take advantage of the results established in the previous sections to
reexpress the contour integral formulation (1.1) as an abstract evolution equation of the form

f) =@ (OO ¢>0,  f(0) = fo, (4.1)

with an operator [f — ®,(f)] : HX(S) — L(H?(S), L2(S)) defined in (4.7). The quasilinear character
of the contour integral equation for ¢ > 0—which is not obvious because of the coupling in (1.1a)y—is
expressed in (4.1) by the fact that ®, is nonlinear with respect to the first variable f € H2(S), but is
linear with respect to the second variable f € H?(S) which corresponds to the third spatial derivatives of
the function f = f(¢,z) in the curvature term in (1.1a)s. A central part of the analysis in this section is
devoted to showing that (4.1) is a parabolic problem in the sense that ®,(f)—viewed as an unbounded
operator on Lg(S) with definition domain H3(S)—is, for each f € H?(S), the generator of a strongly
continuous and analytic semigroup in £(Ls(S)), which we denote by writing

~®,(f) € H(H?(S), L2(S))- (4.2)
This property needs to be verified before applying the abstract quasilinear parabolic theory outlined in
[1-5] (see also [50]) in the particular context of (4.1).

We begin by solving the Eq. (1.1a) for @. We shall rely on the invertibility properties provided in
Theorems 3.3 and 3.5 and the fact that the Atwood number satisfies |a,| < 1. In order to disclose the
quasilinear structure of the Muskat problem with surface tension we address at this point the solvability
of the equation

h/// AN
P i
(1+ f2)3/2 (1+ f2)3/2
which for h = f coincides, up to a factor of 2, with (1.1a)y. The quasilinearity of the curvature term is
essential here. For the sake of brevity we introduce

(I +a,A(f)®] = bu o —on'|, (4.3)

k
Y =— (4.4)
P+
Since the values of ¢ > 0 and b, > 0 are not important in the proof of Theorem 1.1 we set in this section
b,=0=1

The solvability result in Proposition 4.1 (a) below is the main step towards writing (1.1) in the form
(4.1). The decomposition of the solution operator provided at Proposition 4.1 (b) is essential later on in
the proof of the generator property, as it enables us to use integration by parts when estimating some
terms of leading order.

Proposition 4.1. (a) Given f € H(S) and h € H3(S), the function

B - B F R
w(f)[h] = (1 +a,uA(f)) ' (1+ f/2)3/2 N 1+ f’2)3/2

is the unique solution to (4.3) in Ls(S) and
we CY(HA(S), L(H(S), L2(S))). (4.5)

- Gh’}
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(b) Given f € H*(S) and h € H3(S), let
B B h h
P = 0+ b0 [~ () )
wa(F)h] = 1+ auA(F) 7 = Ok’ + @, Tigy (@1 ()R]
where T is defined in (3.28). Then:
(i) w1 € C“(HZ(S),E(H3(S),1£\11(S))) and Wy € C¥(H2(S), L(H3(S), EQ(S)));
(ii)

d
) = = om(f) + T
(1ii) Given T € (1/2,1), there exists a constant C' such that
[@1(H)[A]llz < CllA] a2

[@1 (D]l + lw2(F) Bl < CllAll g2+
Proof. Observing that the right hand side of (4.3) belongs to Ly (S), the claim (a) follows from Theo-

rems 3.3.
In order to prove (b) we first note that

h// h// " Y
{f = [he T <(1 - f’2)3/2>H € CU(H*(S), L(H™(S), H\(S))),
and since by Theorem 3.5 [f — (1 + a,A(f))"1] € C¥(H2(S), L(H(S))), we conclude that @, is well-
defined together with Wy € C¥(H?(S), L(H3(S), ﬁl(S))) Recalling (3.27) and (3.28), it holds
(1 + a, A(N)@(HIR] = @1(NHIR])] = —ON + a,Tig (N @1 ()R] = (L + anA(f))@2(f)[h].
This proves @y € C¥(H2(S), L(H3(S), Ly(S))) together with the claim (i).
As for (iii), we note that the Theorems 3.3 and 3.5 imply that
@ (A2 < Cllhllgz and (@ (F)A]llm < Cllhlgs for all h e H(S),

and the estimate ||w1(f)[h]||l g < C||h| g2+-, h € H3(S), follows from the latter via interpolation. Finally,
recalling Theorem 3.3 and (3.29), it holds

@2 (A)[RIl2 < CUBl + 1 Tis (N1 (HRIl2) < ClRlLan + @1 ()R] z-)
< C|\b]| g2+,
and the proof is complete. (I

for all h € H3(S). (4.6)

Proposition 4.1 enables us to recast the contour integral formulation (1.1) of the Muskat problem with
surface tension as the abstract quasilinear evolution problem (4.1), where

o (f)[R] = B(H@(f)IA]  for f € H*(S) and h € H*(S). (4.7)
Proposition 4.1 and Lemma 3.1 imply that
®, € C*(H?(S), L(H?(S), La(S))) N C¥(H*(S), L(H(S), La(S))). (4.8)

In the following f € H?(S) is kept fixed. In order to establish the generator property (4.2) for ®,(f)
it is suitable to decompose this operator as the sum

(I)U(f) = (I)U,l(f) + ‘I)U,Q(f)a

where

o1 (N =BA@1(HR)]  and  oa(f)[R] = B(f)[@2(f)[]]-

The operator @, 1(f) can be viewed as the leading order part of ®,(f), while ®,2(f) is a lower order
perturbation, see the proof of Theorem 4.3. We study first the leading order part ®,1(f). In order
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to establish (4.2) we follow a direct and self-contained approach pursued previously in [29,33,35] and
generalized more recently in [32,47-49] in the context of the Muskat problem. The proof of (4.2) uses a
localization procedure which necessitates the introduction of certain partitions of unity for the unit circle.
To proceed, we choose for each integer p > 3 a set {w? s 1< <Pty C%(S,0,1]), called

p-partition of unity, such that

e suppm; = U (27rn+]§’) and I7 :=[j —5/3,j — 1/3}2%;
ne”Z
op+1

o Z 7 =1in C(S).
j=1

To each such p-partition of unity we associate a set {x} : 1 <j < 2P T} C C°°(S, [0, 1]) satisfying

o suppx? = | (2mn+ JP) with I? € J7 = [j — 8/3,j + 2/3]2%;

neZ
e Xj=1lonl}.
As a further step we introduce the continuous path
[T = @00 (7)) : [0,1] — LIH(S), La(S)),
which connects the operator @, 1(f) with the Fourier multiplier
1 ™ W (g —
B O)H)2) = BO")(0) = 5PV [ =4~ o),
-7 [s]

where H denotes as usually the periodic Hilbert transform. Since H is the Fourier multiplier with symbol
(—isign(k))rez, it follows that ®,1(0) = —(92)%/4, that is the symbol of ®, 1(0) is (—|k|*)rez. In Theo-
rem 4.2, which is the key argument in the proof of (4.2), we establish some commutator type estimates
relating ®, 1(7f) locally to some explicit Fourier multipliers. The proof of this result is quite technical
and lengthy and uses to a large extent the outcome of Lemma A.1.

Theorem 4.2. Let f € H?(S) and yu > 0 be given. Then, there exist p > 3, a p-partition of unity {wf :
1 <j<2PT} ) a constant K = K(p), and for each j € {1,...,2PT} and 7 € [0,1] there exist operators

Ajr € LIH?(S), La(S))

such that
175 @1 ()R] = Aj 2[5 h]ll2 < pllmfhll s + Kb s (4.9)
forallj € {1,...,2P"1} 7 €10,1], and h € H3(S). The operator A; ; is defined by
1
Ajri= — ————— (3434 (4.10)

EEVECARE

where ¥ € I} is arbitrary, but fized.

Proof. Let p > 3 be an integer which we fix later on in this proof and let {wf 1< j< 2t Y bea
p-partition of unity, respectively, let {X? : 1 < j < 2Pt} be a family associated to this p-partition of
unity as described above. In the following, we denote by C' constants which are independent of p € N,
h € H3(S), 7 €[0,1], and j € {1,...,2P*!} while the constants denoted by K may depend only on p.
Step 1: The lower order terms. Using the decomposition provided in the proof of Lemma 3.1 for the
operator B, we write

Do (r)H] = F1B(£)[H] ~ Balfr)B] + ~Coa (7B + = fC AU, B], (411)
where, for the sake of brevity, we have set
w1 = w1 (7f)[h)] and fri=1f.



JMFM Well-Posedness and Stability Results for Some Periodic Muskat Problems Page 19 of 45 31

Using integration by parts, we infer from (4.6) that
7% [f7B1(f-) @] = Ba(fr)[@1]] 2 < Cll@illz < CllAll a2, (4.12)

and we are left to consider the last two terms in (4.11).
Step 2: The first leading order term. Given 1 < j < 2P*! and 7 € [0, 1], let

. LGN

JT T (1 + f2(z ))5/2
where :C? el ;’ . In this step we show that if p is sufficiently large, then

)

75 £r.Cua (fo) [ fr @] = wAS (75 R]|2 < %Hﬂﬁ*)h”hﬂs + K|[hl 1174 (4.13)
for all j € {1,...,2°PT1} 7 €[0,1], and h € H3(S). To this end we write
75 f1 O (fo) fry @) = wA L [7FR] = Ti[h] + Ta[h] + T3[h],

where

T [h] = W;?f;—CLl(f‘r)[fvaﬂ - f-zl—(x?)cl,l(fT)[fTa 7"?@/1]7

7 D D—t f‘ll'z(x?) p—/
Ty[h) := fr(5)Cra(fo)lfr, m5wn] — WCO’O[ijl]’
T J
F2(=]) ™

Ts[h] := m Co,o[mfwy] + W(34)3/4[ mihl| .

We first consider T [h]. Recalling that X? 77? = 7ij , algebraic manipulations lead us to
Tu[h] o= X5(fr = fr (@) Cra(fr)[fr, mi@h] + Tua[R],
and the term 771 [h] may be expressed, after integrating by parts, as
Tll[ ] f Cl 1(f7)[f7'a( )wl]_Zf CZ 1(f'r)[ ;')7.]07'7@1]+f.,/-0171(f7—)[71'§-),f;wl]
- 2f,,.03 Z(f‘rafr)[ j?fT?fT,f wl} + 2JE/C’4 2(f7’7f7')[7r]p7f7'7f7'af7'awl]
+ (f2(@5) = £)(1 = x)Cra(f2)fr, () '@1]
+ (f7(@5) = fC (F) G 8 o] = 2(f7(2h) = [)Coa (f7) X frymh@n]
- z(f'zl-(xp) - f/)cl’v Q(f‘ra fT)[vafTa f7'77rjf wl]
+2(f/(.23 )= Ir )042(fT7fT)[X]7fT?fT7fT?7T w1].
Lemma A.1 (i) together with (4.6) yields
170l < K@iz < KllA] g2, (4.14)
and
1C1 1 () s w24l < C 2, . (4.15)
Hence, we need to estimate the term |75} [|2 appropriately. The relation (3.27) and the definition of &,
(see Proposition 4.1 (b)), yield
7TI-]h/N 37Tpf7/—fql—lhl/ -
(1 +Jf42)3/2 - (1if’2)5/2 — a,my Tigy (f) @]
+ (L4 auA(f))(F) @] + ap (Af) [7f@1] — 7P Af) @),
and the last term on the right hand side of (4.16) can be recast as
(A PT] — 7P A@) = 7 fL (7B (/) [34] — Ba(f) (w0 ))
(i By (f-)[@)] — B (f7) [mf@n])

(1+ auA(fr))[(mfw1)'] =

(4.16)
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+ [1(Con (f)[m5@] = 75 Co.a (f-)[@1])
— (Coa(fr)[fr, 5@ ] — 75 C1a (o) fr, @1 ))-
Integration by parts and Lemma A.1 (7) lead us to
1£7B2(fo)[mf@n]ll2 + £ Ba (fr) @]l + (1B (£-) @ ]Il + 1By (f-) (5@ ]2
+ 17(Con (f) @] = 75 Coa (f) @Dl + 1CLa (F7) [fr, wj@h] — 7 Cra () f7 @ ]ll2 (4.17)
< K@z < KI|A] a2
Theorem 3.3, Lemma 3.2 (which can be applied as (7}@;)" € L2(S)), (3.29) and (4.6) (both for T = 3/4),
and (4.16), (4.17) combined yield
[(mi@1)ll2 < Clixfhllgs + KAl e + K@l gora < Cllwhllgs + KAl g,
and (4.6) now entails
5@ (|2 < (7w5@1) |2 + | (7F) @1 ll2 < Cllafhll s + KAl gaaie. (4.18)
Recalling that z € I} C JJ and supp x; = Unez(27n + J7), the embedding H*(S) — C/2(S) together
with (4.14) (4.15), and (4.18) finally yield
T3[Rz < ClXE = F/ @D locllms Pl 112 + K| 2ll granz <

*Ilﬂphllm + K[| Al gz,

=~ H7TthH3 +K||h||H11/12
2”/2 (4.19)

provided that p is sufficiently large.
Noticing that

HJC;Q()) 0.0[mjeh] = Cra(fr(2)idz)[f7 ()idg, 7704

we write the term Th[h] as
£2(at)

Ty[h] = fr(2F)Taa[h] — T+ 20

T22[h]v

where

Tor[h] = Cra(f)fr — f1(2)idg, 7jwy],

Tozlh] := Con(fr)[fr — fr(2h)idw, fr + fr(2])idr, 75w ].
Though f;(2})idg is not 27r-periodic, it is easy to see that the functions Ty;[h] still belong to Ly(S) for
i € {1,2}. Since 7} = 77, we have

To1[h] == Toralh] + To1p[h],

where
s (fr = fr(@h)idr) /s (7F@)) (- — s)
To14]h] := XIPV ds,
o N /|<2p 1—|— (5[ S]f-,—/s) S ’
8] fr—fr( Bidg)/s (5@ (- — s)
foult _XJPV/ peli<n L+ (0.fr/5)° s

0,5 (fr — 7/— i) 5) (O .5X; /8 —/
7/7 (0.4 (f f( 27)idg)/s) (3,515 / )(wﬁ?wl)(-—s)ds.

2
1+ (5[.73]]0-,—/8)
Integrating by parts we obtain in view of (4.6) that
[To1p[hlll2 < K[[@1]]2 < KI|A] >
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Since Th14[h] € La(S), it holds || To1a[h]ll2 = ([ T21a[h]|| s ((—r,m))- Clearly, if 2 € supp(1(—x x)To14[h]), then
x € (=m,m) N (Unez (2nm + J7)).

Letting JJ := [af,b%], p > 3,1 < j < 2P*!, we distinguish three cases.

(i) If 1 <j < 2P —1, then (—m,m) N (27n + JJP) # () if and only if n = 0 and

(=m,m)NJ7 = [af, ]
(i) If 27 + 3 < j < 2PF1 then (—m,7) N (27n + JF) # 0 if and only if n = —1 and
(=m,m) N (=2m + J7) = [a} — 27, % — 27].
(iii) If j € {27, 2P 4+ 1,27 + 2}, then (—m,7) N (270 + J7) # 0 if and only if n € {~1,0}, and
(=m,m)NJY = [af, ) and (=m,m) N (=27 + J}) = (—m, =27 + bY].

Assume that we are in the first case, that is 1 < j < 2P — 1. Let F; ; be the Lipschitz continuous function
given by

Frj=f, on[al W], Fl;=f.(a?) onR\a,bL].

rl;lhen [F; ;lloe < IIf'[|oo- Taking into account that (suppnf) N [af — m/2P, 0% + 7 /2P] C [af,bY], it follows
that

O.5)(Frj — fr(aF)idr)/s (mj@1)(- — s)
[s|< T 1-1—((5[ s]f-,—/S)Q S
=1 rmX;C11(fo)[Frj — fr(2h)idg, 78w
» 0.5 (Frj — f1(25)idg) /s (7fwy) (- — 5)
- 1(_7777r)XjPV 2
F<lsl<r 14 (8.,4fr/5) s
and, using integration by parts and (4.6), we arrive at
5 ! idg)/s (7P@")(- — s
PV/ . f()R)/(gl)( )dsH
p<lsl<r ( roifr/s)” ;
Moreover, combining Lemma A.1 (i) and (4.18), we find that
INECu () vy — Fo(a?)idi, 2T a(mimy) < CIEL — £ el 2
<O = F @) b vy (175 Rl s + KRl gria2)

< EHthHHs + KIIhHHu/m,

provided that p is sufficiently large. Altogether, we conclude that for 1 < j < 2P — 1 it holds

1(777,7r)T21a[h] = 1(77r,7r)X§PV

<K < Kl|h
pnmy S KBl < Kl

I Zoalh)ll2 < S5 lw0hllzs + K|A oo e (4.20)

Similar arguments apply also in the cases (ii) and (ii), and therefore the latter estimate actually holds
for all 1 < j < 2PTL. Since Tha[h] can be estimated in the same way, we obtain that

[ Ta[A]ll2 < %Ilﬁfhllm + KA a2, (4.21)

provided that p is sufficiently large.
With regard to T3[h], it holds

@] +

131112 < ||Co ol (@2 41atn |
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with
ph///

C()’[)[ ( )hll+3( )//hl ( ;-))”Ih]

_ ™ _
C0,0[ﬂ'pwll] + W(@‘l)?’/‘l[ ph] CO,Q 7T§-)w/1 —

J

_ 1

2(1 + f’i( Rk /: L[ls] - 5}2} (7?h)"(- — s)ds.

Integration by parts and Lemma A.1 (i) lead us to

Z?h///
_ i
HCO,O[WfWﬂ + W(34)3/4[ ph H /1 - WH + KA 2.

A straight forward consequence of (4.16) is the following identity

. ph/// 1 1 a
W;')wll (1+ f’2( ))3/2 = (14 f12)3/2 - (1+ f2(a? ))3/21 wfh/” - a#A(fr)[WfWﬂ
3t L fUN

Yo a, TG () [@1] + au (A(f) [mFwh] — 7F A @]).-

Using once more the Holder continuity of f’, (3.29) and (4.6) (both with 7 = 3/4) together with (4.17)
yields that for p sufficiently large

1 T5[h]ll2 < Cllf2Con(fr)[mf@i] = CLa(fo)lfr mjwi]ll2 + i\\ﬂfh\lm + KAl a1z (4.22)
We are left with the term
[7Co 1 (f) @] = Cra(fo)lfr, 7h@] = Taa[h] — Toa [R],
with Ty [h] defined above and with
T[] = (f; = £2(27))Coa (fr)[m7w].

Since

™ 5. axt /s
T [h] = x5 (f7 = f(25))Con(f-)[mf @) ] — (fi—fi(x?))/ %(Wﬁ’wi)('—@d&

—r 1+ ((5[.75]](‘-,—/8)
the estimate (4.18) and Lemma A.1 (¢) for the first term, respectively integration by parts for the second
term lead us, for p sufficiently large, to

ClITalhllla < L\l hll s + K|l 5o (4.23)

<k
Gathering (4.20) (which is valid also for C||T»;[h]||2 provided that we choose a larger p if required), (4.22),
and (4.23), we conclude that

[ Ts[R]ll2 < %HW?’LHHS + Kl|A g1z, (4.24)

provided that p is sufficiently large. The estimate (4.13) follows now from (4.19), (4.21), and (4.24).

Step 2: The second leading order term. Given 1 < j < 2Pt and 7 € [0,1], let
1
[y p——— S LS LT
JsT (1+f/2( ))5/2( )

where x§ el ;’ . Similarly as in the previous step, it follows that

for all j € {1,...,2P*1} 7 €0,1], and h € H3(S), provided that p is sufficiently large.

7 Co(Fr )] — wa3, [0h)| | < Sllathls + KAl iss (4.25)
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The desired claim (4.9) follows from (4.11), (4.12), (4.13), and (4.25). O
We are now in a position to prove (4.2).

Theorem 4.3. Given f € H?(S), it holds that
—P,(f) € H(H(S), L2(S))-

Proof. Let @5 (f) = @5 1(f) + @5 5(f) denote the complexification of ®,(f) (the Sobolev spaces where
o (f) acts are now complex valued). In view of [46, Corollary 2.1.3] is suffices to show that —®S(f) €
H(H3(S), L2(S)). Moreover, for the choice 7 = 3/4 in Proposition 4.1 (b), we obtain together with
Lemma 3.1, that ®C ,(f) € L(H'/4(S), La(S)). Since [Lo(S), H*(S)|11/12 = H'/4(S), cf. (3.30), by [5,
Theorem 1.1.3.1 (ii)] we only need to show that

=PG4 (f) € H(H?(S), La(S)). (4.26)
Recalling [5, Remark 1.1.21 (a) ], we are left to find constants w > 0 and x > 1 such that
w — <I>f,’1(f) € Isom(H3(S),L2(S)), (4.27)
RO = @5 L (M)Al 2 AL k2 + 1Rllrs - Vho € H?(S) and Red > w. (4.28)
Let a > 1 be chosen such that
l < —1 < a.
a = (L+]If13)%%
For each a € [a~',a], let A, : H3(S) — Lo(S) denote operator A, := —a(02)%/%. Then it is easy to see
that for &’ := 1 + a the following hold
A — A, € Isom(H?(S), Lo(S))  VRel > 1, (4.29)
KON = A)[B]ll2 > A |hllz + ||hllzs YR € H3(S) and ReA > 1. (4.30)

Taking p := 1/(2k’) in Theorem 4.2, we find p > 3, a p-partition of unity {wf 1 1< j <2PT1} a constant
K = K(p), and for each j € {1,...,2P"'} and 7 € [0,1] operators AS =€ L(H?(S), L2(S)) (A, is the
complexification of A; . defined in (4.10)) such that

175 @51 (7 £)[R] — AS (77 ]ll2 < pllwfhll s + K2l s (4.31)

J

for all j € {1,...,2PT1} 7 €[0,1], and h € H3(S). We note that the relations (4.29) and (4.30) are both
valid for AS as AS € {A, : a € [a™',a]}. It now follows from (4.30) and (4.31) that

K mf (A= @5 1 (r)[Rll2 = & I(A = AF - ())mF |2 — &' l|75 @G 1 (T )R] = Af - [77h]2
1
= A - llm5hlle + Sllm5hll s — & K| Al oo
for all j € {1,...,2P*1} 7 €0,1], and h € H3(S). Since for each k € N

D . gk
i g ] )
defines a norm equivalent to the standard H¥(S)-norm, cf. [47, Remark 4.1], Young’s inequality together
with (3.30) enables us to conclude from the previous inequality the existence of constants w > 1 and
k > 1 with

Kl|(A = @5 1 (Tf))[Rlll2 = [Al - Rl + (2]l zs Vh € H3(S), 7 € [0,1], and Re) > w. (4.32)

Choosing 7 = 1 in (4.32) we obtain (4.28). Moreover, the estimate (4.32) for A = w, (4.29) (@5 1 (7f) = Ay
for 7 = 0), and the method of continuity [5, Proposition I.1.1.1] ensure that the property (4.27) also holds
and the proof is complete. 0
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We now come to the proof our first main result which uses on the one hand the abstract theory for
quasilinear parabolic problems outlined in [1-5] (see also [50, Theorem 1.1]), and on the other hand a
parameter trick which has been employed in various versions in [8,34,47-49,57] in the context of improving
the regularity of solutions to certain parabolic evolution equations. We point out that the parameter trick
can only be used because the uniqueness claim of Theorem 1.1 holds in the setting of classical solution
(the solutions in Theorem 1.1 possess though additional Holder regularity properties, see the proof of
Theorem 1.1).

Proof of Theorem 1.1. Let Ey := H3(S), Eg := La(S), 8 := 2/3 and « := r/3. Then E; — Eg is a
compact embedding, 0 < 8 < « < 1, and it follows from Theorem 4.3 and (4.8) that the abstract result
[50, Theorem 1.1] may be applied in the context of the Muskat problem (4.1). Hence, given fo € H"(S) =
[La(S), H3(S)]a, (4.1) possesses a unique classical solution f = f(-; fo), that is
f € C0,T4(fo)), H™(S)) N C((0, T+ (fo)), H*(S)) N C*((0, T (fo)), L2(S)),
where T' (fp) < oo, which has the property that
fecB(0,T], H*S))  forall T < Ty (fo).

Concerning the uniqueness statement of Theorem 1.1 (7), it suffices to prove that if T > 0 and

f€C(0,T],H"(S)) N C((0,T), H*(S)) N C*((0,T], L2(S)) (4.33)
solves (4.1) pointwise, then
r—2
r+1’
cf. [50, Theorem 1.1]. Let thus f be a solution to (4.1) which satisfies (4.33). Since f € C([0,T], H"(S))

and r > 2, we deduce from the Theorems 3.3 and 3.5 via interpolation that

sup [|(1+ @A) v a(ey < C-

t€[0,7)

Since (k(f)) = 0 and SUPcio,7] ()]l zr—2 < C, it follows for wy := w1 (f)[f] = (1 + a,A(f)) " s(f)]
(see Proposition 4.1) that

fecn(o,T),H*S))  forn:= (4.34)

sup |[w1|gr—2 < C. (4.35)
te[0,7]
We next show that
sup || @o 1 (N1 + sup [0 2(H)flz- < C. (4.36)
te(0,T te(0,7T]

It follows from the definitions of ®,; and w; that

1
o1 (NI = BN = Bo(H@n] + — (Con(Hln] + FCralHIf.&]),  ¢€(0,T].
Using integration by parts, it is not difficult to derive, with the help of (4.35), the estimate

sup ||fBi(f)[@]ll2 + sup [Ba(f)[@i]lla < C, (4.37)
te(0,T] te(0,7T

and we are left to consider the terms Cp 1 (f)[@]] and f'Cy1(f)[f,@}]. Since wy € H'(S) for t € (0,77, it
is shown in Lemma 3.1 that Cy 1(f)[f,w1] € HY(S) with

f/CI,l(f)[fa wll] = fl(Cl,l(f)[fvwl])/ - flcl,l(f)[flvwl] + 2fl03,2(f7 f)[fl7 f7 f7 wl]'

We estimate the terms on the right hand side of the latter identity in the H~!-norm one by one. Given
o € HY(S), integration by parts, (4.35), and Lemma A.1 (i) yield

[ renuienesl<| [ rounitmlea]+ | [ rouninmlde] < o,



JMFM Well-Posedness and Stability Results for Some Periodic Muskat Problems Page 25 of 45 31

and therewith
sup || f(Cri(H)f,@1]) |z < C. (4.38)

te(0,T]

In order to estimate f'Cq1(f)[f’,w1] we write

C1,1(f)[f w] =T — Ty — T;,
where
T O f/s Wiz —s)—wi(z+s)
Ty := ds,
! /0 1+ (6[:r,s]f/s)2 s ’
T 1 flx+s)—2f(z)+ f'(x — s) wi(z + 5)
T5 := ds
’ /(; 1+ (5[z,s]f/s)2 5 5 ’
T — /F [(5[x,s]f/5) - (5[x,—5]f/s)] (5[x,—s]f,/s) f(l’ + 8) — 2f(x) + f($ — 8) wl(m + S)d
3= 2 2 S
0 [14 (O f/5) 1+ (Oz,-s1f/5)] 5 s

Given ¢ € H!(S), Fubini’s theorem yields for ¢ € (0, 7]

[ s <cClelm [
- 0 —7
T q T 1/2 T 1/2
<Cllglln [" 5 ([ 17 = nra) (/ oz as
0 - -

1/2
<Clelw [ (Zw 7o ||e““—1|2> (Dw ||e12k8—1|2) ds,

keZ kEZ

5[3:73]]”" ' ‘wl(x —s)—wi(z+s)

‘dxds
s

and since |e¢ — 1| < C[¢], respectively |e¢ — 1| < O[¢]772, for all £ € R, the latter inequality together
with (4.35) leads to

I£Ti -+ < Cl e [ 57 Ss <.
0

Arguing along the same lines we find for ¢ € (0,7, in view of |e¥* —2+e7%| < C|¢|"~! for all £ € R, that
1/2

s 1 i
/nggodx’<C||<pHH1||w1||2/ s(/ T_Sf/_gf/+fsf/|zdx> ds

1/2
<Clelw [ (Zw FoRle — 2+ ) ds

keZ
a -

< Cllgla |l / &3ds,
0

and therewith
1f T2l g < C.

Finally, the inequality |’ — 2 + e~%| < C[¢|? for all ¢ € R together with the Sobolev embedding
H"™(S) = C7=3/2(S) for r # 5/2, yield for t € (0,T)] that
1/2

| [ rTapas] < gl @l [ smv2e-rm ([ jr g 2p s npPan) s
—T 0 -7

. 1/2
< CHSO”HI/ gmin{—2,r—9/2} <Z |]?(k)‘2|€iks 24 6iks|2> ds
0

keZ
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< Cllellm [1f1l / gmin{0-5/2} g,
0

hence
1 Tsll -2 < C.
The latter estimate clearly holds also for r = 5/2. We have thus shown that
sup I Cra(HIf @il < C (4.39)
te(0
holds true. Similarly
sup_ 1 Ca2(fs DHU f fswlllm- < C. (4.40)
te(0
Gathering (4.38)—(4.40), it follows that
sup_ Lf CraHf @l < C. (4.41)
te(0
Similarly, we get
sup |[|Co,1 ()@ ]lz-1 < C, (4.42)
te(0,T]
and (4.37), (4.41), and (4.42) lead to
sup [ @61 (N)[f)lm— < C. (4.43)

te(0,T
We now consider the second term ®, 5. Given ¢ € (0,T], it holds
©,2(f)[f] = B(N)@2(N)f]] = —OB()(L + a,AF) 1] + auBHIL + anAU)) ™ [Tioy (H@ll],
and Lemma 3.1 together with Theorem 3.3 yields
IBAOIA + auAU)) Tl < CNA+ an AT N2 < ClIf 2 <€ VE€[0,T]. (4.44)

We now estimate ||B(f)[@s]||g-1, where @3 := @3(f) := (1+a,A(f) HTA (f)@1]] € Lo(S) for t € (0,T).
We begin by showing that the function Ti (f)[@1] € L2(S), see (3.28), satisfies

o ITi5 (H@llh < C. (4.45)

Firstly we consider the difference (f'Bo(f)[@1]) — f'B2(f)[@)], which we estimate, in view of (4.35) and
Lemma 3.2, as follows

1 B2(H)@1]) = fBa(H) @]l < 1 B2(H@allls + 1 lloo |(B2(f)[@1]) = B2(f) @11
< £ 121B2(f)@1]ll2 + CllB2(f)[@1])" — B2 (£l
< O+ |[Ba2(f)[@1]) = B2(H)[@1]1)-

Secondly, it is not difficult to see that

IB1(f)@1]) = Bi(£) @] + | Ba(f)@1])" = B2(H@i]lr < Cllwnl2 < C.

We still need to estimate the terms of T{4 (f)[@1] defined by means of the operators C,, ,,, introduced
in Lemma A.1. This is done as follows

1" Cor(H@illly < 1" 2Coa (f)[@]ll2 < Cll@il2 < C,
1f'Can(f; OUFs £l + N1CL (DI @il + £ Ca o (f, OIS £, f,@i]lls < C,

the last estimate following in a similar way as (4.39). Altogether, (4.45) holds true.
Given t € (0,T], we compute for ¢ € H*(S) that

anpts] =| [ (14 b)) AR Pods

—T
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= | / T ()1 + au(ALD) ) ' [Pelde)

< T (A + 0 (AD) ) a1 Pl i

where P is the orthogonal projection on ZQ(S). This inequality together with Theorem 3.6 and (4.45)
implies

sup ||ws|lg-1 < C. (4.46)
te(0,7)
Since for t € (0,7] and ¢ € Hl(S)
|| Bhmaots] =| [ @) lekde] < Ialla 1B e o ol
Lemma 3.7 together with (4.46) lead us to
sup [|B(f)[ws]|n— < C. (4.47)
te (0,7
In view of (4.44) and (4.47) we conclude that
sup |(|®o2(f)[fllr- < C, (4.48)
te (0,7

and the claim (4.36) follows from (4.43) and (4.48).

Recalling that f € C((0,T], Lx(S)) N C([0,T], H"(S)), (4.36) yields f € BC'((0,T], H~'(S)) and the
property (4.34) is now a straight forward consequence of (3.30). This proves the uniqueness claim in
Theorem 1.1 and herewith the assertion (i). The claim (4¢) follows directly from [50, Theorem 1.1], while
the parabolic smoothing property stated at (iéi) is obtain by using a parameter trick in the same way as
in the proof of [49, Theorem 1.3]. The proof of Theorem 1.1 is now complete. (I

5. The Muskat Problem Without Surface Tension Effects

We now investigate the evolution problem (1.1) in the absence of the surface tension effects, that is for
o = 0. One of the main features of the Muskat problem with surface tension, namely the quasilinear
character, seems to be lost as the curvature term disappears from the equations. Nevertheless, we show
below that (1.1) can be recast as a fully nonlinear and nonlocal evolution problem

f&)y=a(f(t), t=0,  f(0)= fo, (5.1)

with [f — ®(f)] € C*(H?(S), H'(S)) defined in (5.5). While the Muskat problem with surface tension
is parabolic regardless of the initial data that are considered, in the case when o = 0 we can prove that
the Fréchet derivative ®(fy) generates a strongly continuous and analytic semigroup in £(H*(S)), more
precisely that

~0%(fo) € H(H*(S), H'(S)), (5:2)

only when requiring that the initial data fo € H?(S) are chosen such that the Rayleigh-Taylor condition
is satisfied. Establishing (5.2) is the first goal of this section and this necessitates some preparations.
To begin, we solve the Eq. (1.1a)s, which is, up to a factor of 2, equivalent to

(1+a,A(f)@] = —cof', (5.3)
where
kO

Co '\ = ——.
H— + py
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It is worth mentioning that in order to solve (5.3) for @ in ﬁl(S) it is required in Theorem 3.5 that the
left hand side belongs to H'(S), that is f € H%(S), and this is precisely the regularity required also for
the function in the argument of A. Hence, (5.3) is no longer quasilinear, unless a, = 0, see [47].

Proposition 5.1. Given f € H(S), there exists a unique solution w := w(f) € H'(S) to (5.3) and
we CY(HS), H\(S)). (5.4)
Proof. Theorem 3.5 implies that
W(f) == —co(1+ a,A(f))'1f]
is the unique solution to (5.3) in H*(S), and the regularity property (5.4) follows from Lemma 3.2. [
In view of Proposition 5.1, (1.1) is equivalent to the Eq. (5.1), where ® : H(S) — H(S) is given by
O(f) = B(f)[@(f)] = —ceB(F(1 + a,A(f) 7 [f], (5.5)
and it satisfies
® € C¥(H*(S), H' (S)) N C¥(H*(S), H'(S)), (5.6)
cf. (3.6) and (5.4). With respect to our goal of proving Theorem 1.5, the fact that ® maps in H(S) is
not relevant, and therefore we shall not rely in this part on this property, but consider instead ® as a

mapping in H!(S). In view of Lemma 2.2 and Proposition 5.1 the Rayleigh-Taylor condition (1.3) can
be reformulated as

arr = co + a,P(fo) > 0. (5.7)
Indeed, recalling (2.1a)2 and (2.2)2, we obtain that

VPt z, f(ta) + 1V) = ~EE(Veltio, f(6.2)) + (0.V) = (O.pzg),  w€R

with V3 as defined in (2.5). The relation (5.7) follows now from (1.3), (5.3), and (5.5).

Since ®(fo) € H(S), it follows that (5.7) can hold only if © > 0. We also note that (5.6) ensures that
the set O of all initial data that satisfy the Rayleigh-Taylor condition (5.7), that is

O ={fo€ H*(S) : co +a,®(fo) > 0}

is an open subset of H?(S) which is nonempty as it contains for example all constant functions.
In the following we fix an arbitrary fo € O and prove the generator property (5.2) for the operator

9%(fo)[f] = IB(fo)[f1[wo] + B(fo)[0w(fo)[ 1], (5.8)
where
Wo :=w(fo) (5.9)

is defined in Proposition 5.1. In view of (5.3) and of Proposition 5.1, we determine 9Jw(fy)[f] as the
solution to the equation

1+ auA(f0)) [0 (fo)[f]] = —co ' — a,OA(fo)lf][wol,
where, combining the Lemmas 3.2 and A.1 (i), we get
OA(fo)lf][@o] = — f'B2(fo)[@o] — fo0B2(fo)[f][@o] — OB1(fo)[f][@o]
+ 77 [f'Co1(fo)[@o] — 2£5C2,2(fo, fo)lf: fo, o) — C1,1(fo)Lf, @o] (5.10)
+2C5.2(fo, fo)lf+ fos fo,wol], f e H(S).

Establishing (5.2) is now more difficult than for the Muskat problem with surface tension, because there
are several leading order terms to be considered when dealing with 0®(fy), see the proof of Theorem 5.2.
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Besides, the Rayleigh—Taylor condition (5.7) does not appear in a natural way in the analysis and it has
to be artificially built in instead. Indeed, let us first conclude from the Lemmas 3.1 and A.1 that

IB(fo)[f][@o] = f'B1(fo)[@o] + fo0B1(fo)[f][@o] — IBa(fo)lf][wo]
— 217 Ca.2(fo, fo)f, fo, o] + 7L f'C11(fo)[fo, Do) (5.11)
+ 7 f5Cra(fo)lf o) — 27 f6Cs 2(fo, fo)f, fo, fo, o,
and let
[r = W(r)] : [0,1] — LH*(S), H(S)),
denote the continuous path defined by
W(r)[f] == 7OB(fo)[fl[@o] + B(7 fo)[w(T)[f]],

where
w(T)[f] = = (1 + a,A(7fo)) " eo f' + Ta, dA(fo) [ f]wo]
+ (1= 7)au(f'®(fo) — (f'2(fo)))]-

The function defined in (5.12) is related to Jw(fy)[f]. We emphasize that the last term on the right
hand side of (5.12) has been introduced artificially with the purpose of identifying the function agr when
setting 7 = 0, but also when relating ¥(7) locally to certain Fourier multipliers, see Theorem 5.2 below.
If 7 =1, it follows that ¥(1) = 0®(fy), while for 7 =0 we get

(0)[f] = B(O)[w(0)[f]] = —H[f'arr — (f'arr)] = —H|f art], (5.13)
where we used once more the relation B(0) = H. We note that, since agr is in general not constant, the
operator ¥(0) is in general not a Fourier multiplier. However, we may benefit from the simpler structure
of ¥(0), compared to that of dP(fy), and the fact that the Rayleigh—Taylor condition holds to show that
large real numbers belong to the spectrum of ¥(0), see Proposition 5.3.

We now derive some estimates for the operator w € C([0, 1], L(H2(S), H!(S))), which are needed later
on in the analysis. Let therefore 7/ € (1/2,1). Since ®(fy) € H'(S), it follows from Theorem 3.3 and
(3.15) (with » = 1 4 7’) there exists a constant C' > 0 such that

(5.12)

lw(m)[fllz < Clfll gre (5.14)
for all f € H%(S) and 7 € [0, 1]. Furthermore, Theorem 3.5 and (3.15) show that additionally
w(m)[f]llm < Cllfl 2 (5.15)
Using the interpolation property (3.30), we conclude from (5.14), (5.15) that
[ [z < ClFll rvarr - (5.16)

for all f € H2(S) and 7 € [0, 1].
The following result is the main step towards proving the generator property (5.2). Below (—02)/2
stands for the Fourier multiplier with symbol (|k|)xez, and the following identity is used

(=0 2[f] = H[f'] =B(0)[f']  forall f € H'(S).

Theorem 5.2. Let fo € H%(S) and p > 0 be given. Then, there exist p > 3, a p-partition of unity
{mf 1< < 2Pt a constant K = K(p), and for each j € {1,...,2PT1} and 7 € [0,1] there exist
operators

Aj, € L(H?(S), H'(S))
such that
|75 (T)[f] = Aj o [7F Ly < pllrh fllaz + K| fl] s (5.17)



31 Page 30 of 45 B.-V. Matioc JMFM

for allj € {1,...,2P"1} 7 €10,1], and f € H(S). The operator A; , is defined by

Ajri= —ar (@) (=02 + B, ()0, (5.18)
where ¥ € I} is arbitrary, but fized, and where
14+ (1—=7)f2 w
Qr = 1(_|_f62)0aRT and /BT = T(Bl(fo)[wd + 7T Cl 1(f0)[f0,(.do] + CL# 1 T 02f/2>

Proof. Let p > 3 be an integer which we fix later on in this proof and let {Wf 1< j< 2t Y bea
p-partition of unity, respectively let {X? : 1 < j < 2PT!} be a family associated to this partition. We
denote by C constants which are independent of p € N, f € H?(S), 7 € [0,1], and j € {1,...,2PF1},
while the constants denoted by K may depend only upon p.

The lower order terms. We first note that

175 @ ()] = Ao (75 UL < NGO () [f] = Ao (75 fll2 + (75 ()] = Ag 2[5 1)1
< Nm ()] = Aj[mf flll2 + 7)) E () [£]]]2
+ 7 (RO = Ajr (75 ) ]2
The relations (3.6) (with r = 7/4) and (5.14) (with 7/ = 3/4) yield
175 @ () [fll2 + 175 T (@) [f]ll2 < KNCE) [z < Kl fll s,
and since max,c(o,1)(||ar ||z + [|B- ]| 1) < C, it also holds that
1A (7% flll2 < K| f|l -
Therewith we get
w2 @ ()] = Ajr w5 e < Amf (RO = Ay (@) 2 + Kl gresa-

Moreover, combining (5.11), (3.10) (with » = 7/4 and 7 = 3/4), Lemma A.1 (i7) (with 7 = 3/4 and
r =15/8), and (5.16) (with 7" = 3/4), we may write

(W (D)[f]) =Bs(fo) [(w(T) )]+ 7" (Br(fo)[@o] + 7 Cra(fo)lfo,@ol) + 77~ f5Co,1(fo) [(f'@0)’]
— 21 Cua( fo, fo)lfo, (f'@o)'] — 2rm ™ f5Ca.2(fo, fo)lfos fo, (f'@o)'] + TlftT[f],

where
1T 1 ll2 < ClLFllpronsse-
Consequently, we are left to estimate the Lo-norm of the difference
B3 (7 fo) [(w(T) )]+ 77} £ (B1 (fo) [@o] + 7~ Cra(fo)lfo. Wol) + 7~ 7% f5 Co,1 (o) [(F'@o)']
- 2T7T717T§C1,2(f07f0)[f07 (f'@o)] - QTﬂflﬂff(/)Cz,z(fo»fo)[fo»foa (f'@0)]— Ay (8 £)].
Higher order terms I. Given 1 < j < 2P+ we set
A} = (Bi(fo)[@o] + 71 Cra(fo)lfo, @o]) (4F) D

Since By (fo)[@ol, C1.1(fo)[fo,@o] € HY(S) — CY2(S) and x7¥ = 7, it follows that

78 £ (B1(fo) [@o] + 7~ Cr1(fo)[fo, @ol) — Aj (78 )]l

< K[ flla + [1x5 (B1 (fo) o] — Ba(fo)@ol (25)) oo I3 £l 2>
+ 10 (Cra (o) fos ol = Cua (fo)lfos Tl (@) o 12 2 (5.19)

I
< 7l fllee + K f |l aes

provided that p is sufficiently large.
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Higher order terms II. Letting
T+ R

it holds that
w7 Cr2(fo, fo)lfo, (f'@o)'] — mA (7} £)] = Trlf] + Ta[f] + T3],

where

Ti[f] = 7§ C12(fo, fo)lfo, (f'@0)'] = Cr2(fo, fo)lfo, 75 (f'@o)']

Ta[f] = Cr2(fo, fo)lfo, 7 (f'@0)'] — %Cw[ﬁf(]ﬂwo)/],
fo(ah)

T3[f] = WCO,O[Wf(f/WO)/] — A7 (7 F).
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The first term may be estimated, by using integration by parts, in a similar way as the term T71[h] in

the proof of Theorem 4.2, that is
IT1[f]ll2 < K|l f'@oll2 < K|l fllm2-

Besides, the same arguments used to derive (4.21) show that for p sufficiently large

IT2[f]ll2 < Ellﬂpflle + K[ fll

Finally, it holds that

15[ f]ll2 <[ICo,0l(m; f)" (@0 —wo( D2 + 11Co 0l f'@o]ll2 + 1|Coo[((75)" f + 2(nF) f1)@

)

@l [ [ = 75 mary = o

and, recalling that Xj =1 on supp 7rj, we obtain, by using integration by parts, Lemma A.1 (), and the

fact that @y € H'(S) — CY%(S) the estimate

1T [1ll2 < IICo ol(m5.£)"x5 @0 = @o(@))]ll2 + Kl fll < Cllmj fllzz211x5 @0 — Do (@)oo + K1 f ]l

< L fllas + Kl

provided p is sufficiently large. Summarizing, we have shown that
2|75 Ch2(fo, fo)[fo, (f'@0)') = wAT (7] ) ]l2 < %Hﬂﬁ-’f\\m + K| f]l a2
and similarly we get
175 £aCo.1 (Fo)l(f'@0)] — m(L + S5 (=) AT (] ]Il
+ 2|77 f5Ca2(fo, fo)lfo. fo(F'@o)'] — mf () AT - [(xF £) 2
< Bl fllae + KN -

Higher order terms III. We are left to consider the function

7B (7 fo) [(w(T)[f])] = 7 78 (Co1 (fr) [w'] + f1, Cr1 (fr) [ w']),
where, for the sake of brevity, we have set
fro=1fo and  w:=w(n)[f].
Let further
¢r = arr — 7a, f§(B1(fo)[@o] + 7 Cr1(fo)[fo. Wo]) € H'(S).

(5.20)

(5.21)

(5.22)
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We first derive an estimate for the Lo-norm of 77w’ To this end we differentiate (5.12) once to obtain,
in view of (3.27), (5.10), and Lemma A.1 ()—(i¢), that

(1 + apA(fr))(TFw)) = = drml £ + T [f] + Tam ™ (2£5C1 2 (fo, fo)lfo, 75 (£@0)']
+ Co.1(fo) 75 (f'@0)'] — 2Ca2(fo, fo)lfos fo, 75 (f'@0)']).

Combining (3.10) (with 7 = 3/4 and r = 7/4), (3.29) (with 7 = 3/4), (4.17), (5.14) and (5.16) (both with
7/ =3/4), and Lemma A.1 (i)—(i7) (with 7 = 3/4 and r = 15/8) we get that

(5.23)

1o [f1llz < K |Lf | g (5.24)
The relation (5.23) together with Theorem 3.3, Lemma A.1 (7), and (5.14) (with 7/ = 3/4) now yields
[mfw'llz < [(w5w) ll2 + [1(7F) wll2 < Cllwl flla> + K1l oo (5.25)

We now consider the second term on the right hand side of (5.22). Letting

- 43(96 ) o ()

_JToN"g _9%)1/2 _ _ PNy
g T 1+ ( ) ¢T( )( aa:) Ta‘lt1_|_ 7/%(135) |

we write

7} Fro Cra(fro) [ frg, w') = wA3 (77 £)] = Tl f] + T5[f] + To ],

where

T4[f} = W;‘)fﬂl'(,CLl(fTo)[fTovwl] - f‘l/'[)(x§)clql(f7'0)[f7—0’ ﬂ—;’)wlL

12 (xp)
T5[f] = fio(wﬁ?)Cl,l(fTo)[fro»W?w] Hoi()co 0[77 w'],
7/'(2)(‘7; ) 3 P !
Ts[f] = ﬁcoo{ﬁ w'] —7Aj (78 f)].
The arguments that led to (4.19) together with (5.25) show that
ALl < Sllm? F e + K g s,
provided that p is sufficiently large, while arguing as in the derivation of (4.21) we obtain that
1T5f]ll2 < 24||7Tpf||H2 + K[| fll zrarsas-

Concerning Tg[f], we find, by using fact that the Hilbert transform satisfies H = —id Ls(s), the following
relation

@,
L+ f2(5)

and, since integration by parts and (5.14) (with 7/ = 3/4) yield
1Co,0[mjw'] = wH[mFw']ll2 + [Coolm} f7] = wH(7 ) M2 < Kllwlla < K[ £l z77/4,

we conclude that

1611112 < ||Coolmhuw') + mor (2 HI(x? )] H (=2 1)),

ITs1 1l < |20’ + 6@ (A2 1) = Tau st f°(,;() s HIGE D), + K s
< ) mhw' + o (xf)mh 7 — Ti“lj:(())co olmh ] , + K| fl gr/a-

Combining (3.16) and (5.23), we further get
ra, Wo(zh)

‘wfw’ + ¢ ()i 7 = 7“71 T ,gj(xp)Co,o[wff”] )
o\
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< G (67 = dr (@) oo llm7 £z + (1 + anA(fr,)[(75) w][l2

+ || foC1.2(fo, fo)lfo, 75 (f'@o)'] — MCOO[ pf"]

o () p pi
WQ](Z,?)CO,O[W]‘JC]

oy @o(@) [ (ah)
+1|C2,2(fo, fo)[fo, fo, 75 (f'@o)'] — m

+ (1 Co,1(fo) [ (f'@0)'] —

Coolm? f"] )

1T 12 + [ £ Ba(fro) 72w [l2 + By (fro) 77 w] 2
! 1,17

+ f;OCO,l(fTo)[ﬂ?w] 1+7'0( () )Coo[ﬂ' w] )
7o (@)

+ (1 Cra (fro) [ frg, Thw'] = ﬁCOO[W w'l||

and the estimates (4.17), (5.14) (with 7/ = 3/4), (5.24), together with the arguments used to estimate
IT2[f]]]2 show, for p sufficiently large, that

ITslflla < L\l Fllars + K[ £l grsssne.

o< 2
Altogether, we have shown that

175 £1,C11 (fro) [frgs '] = AT (78 £) ]2 < %Ilﬂffllm + K[ fll a2/
Letting

Wo(xh)

1 = ! Tai
- i 2 x|
L+ f22(2)

b T Tv D
we obtain in a similar way, that
7 Co (o)) = 7 72 1) le < Bl il + K|l g,
provided that p is sufficiently large, and therewith we conclude that
177 B (7 fo) [(w()[F])'] = (AT - + A )} )2 < %H?Tff\\m + K| fll oo (5.26)
Final step. Using the identity @y = —ce fy — a,A(fo)[@o], it is not difficult to see that
Ajr=T1[Aj, =287 + (1+ fP(28)AT ) — 2fF2 (28)AT ] + AS  + A

Jp
and (5.19), (5.20), (5.21), and (5.26) immediately yield (5.17). O

—¢r () (—00)"?

Making use of the fact that for fy € O the Rayleigh-Taylor condition agr > 0 is satisfied, it follows
from the general result in Proposition 5.3 below that ¥(0) contains in its resolvent set all sufficiently
large real numbers.

Proposition 5.3. Let a € H(S) be a positive function. Then, there exists wog > 1 with the property that
A+ H[ad,] € Isom(H?(S), HX(S)) for all X € [wg, 00).

Proof. Let m := minga > 0. We introduce the continuous path [r — B(7)] : [0,1] — L(H*(S), H(S))
via
B(7) := Hla,04] with a;:=(1—7)m+ 7a > m.

Since A+ B(0) is the Fourier multiplier with symbol (A+m|k|)kez, it is obvious that A+ B(0) is invertible
for all A > 0. If X is sufficiently large, we show below that A + B(1) = A + H[a0,] has this property too.
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To this end we prove that for each p > 0 there exists p > 3, a p-partition of unity {ﬂf D1 < <oty
a constant K = K(p), and for each j € {1,...,2P"!} and 7 € [0, 1] there exist operators

Bj. € L(H(S), H'(S))
such that
(7% B(T)[f] = By [7? flll e < pll7? fll oz + K| f[| /s (5.27)
for all j € {1,...,2P"} 7 €10,1], and f € H?(S). The operators B, . are the Fourier multipliers
B, = ar(¢})(-05)""?
with 2% € If. Indeed, given p > 3, let {z? : 1 < j < 2P*'} be a p-partition of unity and let {x} : 1 <
j < 2PT1} be a family associated to this partition. Integrating by parts we get
75 B(T)[f] = Bz (75 flll . <[l B(r)[f] = Bjr [ flll2 + 1(75) B() [£ll2 + 1By [(7F)" f]l]2
+ 77 (B()f]) — B[] ]2
<K|[fllm + 7y H[(ar f')'] = ar (@) H[(7? f)]||2
<K fllgra + |75 Hlar f] — ar (28) H 7% f"]]|2
< K| fllgra + |7§ Hlar f') = Hlar 7% f'Yl2 + | H[(ar — ar(2]))7% f7]]|2
S K| fllgrs + lar = ar(@)XE looll7? £l
< pllw} fllmz + K| fll e

provided that p is sufficiently large, and (5.27) follows.
A simple computation shows that there exists x > 1 such that

RO+ (=) ) [l = A 1f e+ 1 fllare (5.28)

for all f € H(S), o > m, and X € [1,00). Set p := 1/2xk in (5.27). Since a, > m, it follows from (5.27)
and (5.28) that

RO+ BE) Sl 2 RO+ By )la? Al — sl B — By
> Al f s + i Fllas = KK o

for all f € H%(S), A\ >1,7€10,1],and j € {1,...,2PT}. The arguments at the very and of the proof of
Theorem 4.3 enable us to conclude the existence of constants 5 € (0,1) and wy > 1 with

A+ Bl = Bl fll a2
for all f € H%(S), A > wo, and 7 € [0,1]. The continuity method [5, Proposition 1.1.1.1] and the previous
observation that A\ + B(0) € Isom(H?(S), H(S)) for A > 0 yield the desired conclusion. O

We are now in a position to derive the desired generator property (5.2).

Theorem 5.4. Given fo € O, it holds that
—09(fo) € H(H*(S), H'(S)).

Proof. Given fy € O and 7 € [0, 1], let a; and 3, denote the functions introduced in Theorem 5.2. The
Rayleigh—-Taylor condition agr > 0 ensures there exists a constant n € (0,1) such that

1 1

nSaTgf and |6T|S7

n n

for all 7 € [0,1]. Given « € [1,1/n] and |5] < 1/n, let A, s denote the Fourier multiplier

Aap = —a(=00)"? + p0,.
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It is not difficult to prove there exists 9 > 1 such that the complexification of A, g (denoted again by
A, ) satisfies

koll(A = Aa ) [f]Ilmr = (AL (1 f L + (11| (5.29)

for all « € [n,1/n], |B] < 1/n, ReX > 1, and f € H?(S). Observing that the operators A; , found in
Theorem 5.2 belong to the family {A, g : « € [n,1/7],]5] < 1/n} and that

A —U(0) = X\ + Hlarrd,] € Isom(H*(S), H'(S))

for all A € R which are sufficiently large, cf. Proposition 5.3, the arguments in the proof of Theorem 4.3
together with (5.29) and Theorem 5.2 lead us to the desired claim. O

We conclude this section with the proof of Theorem 1.5.

Proof of Theorem 1.5. The proof follows by using the fully nonlinear parabolic theory in [46, Chapter
8], (5.6), and Theorem 5.4. The details of proof are identical to those in the nonperiodic case, cf. [48,
Theorem 1.2], and therefore we omit them. (]

6. Stability Analysis

In this section we identify the equilibria of the Muskat problem (1.1) and study their stability properties.
The Muskat problem without surface tension We first infer from Remark 3.4 that f € H2(S) is a
stationary solution to (1.1) (with o = 0) if and only if f is constant also with respect to x. Besides, as
pointed out in Sect. 5, if f is a solution to (1.1) as found in Theorem 1.5, then ®(f(t)) € H(S) for all
t in the existence interval of f, hence the mean integral of the initial datum is preserved by the flow.
Recalling also the invariance property (1.2), we shall only address the stability issue for the 0 equilibrium
under perturbed initial data with zero integral mean. Hence, we are led to consider the evolution problem

fiey=2(f(t), t>0,  f(0)= fo, (6.1)
where
® € C¥(H*(S), HY(S)) (6.2)

is the restriction of the operator defined in (5.5). Recalling (5.8), it follows from the relations @w(0) = 0,
A(0) =0, and B(0) = H, that

9(0) = —coH 0 0, = —co(—02)"/? € L(H?(S), H'(S)),
which identifies the spectrum o(9®(0)) as being the set
o(90(0)) = {—colk] : k € Z\{0}}.
Moreover, it is easy to verify that this Fourier multiplier is the generator of a strongly continuous and

analytic semigroup in ﬁ(ﬁ 1(S)). This enable us to use the fully nonlinear principle of linearized stability,
cf. [46, Theorem 9.1.1], and prove in this way the exponential stability of the zero solution.

Proof of Theorem 1.6. The claim follows from (6.2), the property —0®(0) € H(H%(S), f]l(S)), and the
fact that ReX < —cg for all A € o(0®(0)) via [46, Theorem 9.1.1]. O

The Muskat Problem with Surface Tension For o > 0 the stability analysis is more intricate. Before
presenting the complete picture of the equilibria we notice that also in this case the mean value of the
initial data is preserved by the flow. This aspect and the invariance property (1.2) enable us to restrict
our stability analysis to the setting of solutions with zero integral mean.

In view of Remark 3.4, a function f € H* (S) is a stationary solution to (1.1) if and only if it solves
the capillarity equation

f//

(C]
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F1c. 1. The subcritical global bifurcation branches of (6.3) found in Theorem 6.1 (left) and the behavior of the
finger-shaped solutions along the first bifurcation branch (right) (A« < A2 < A1 < 1). The dashed curve is the graph of the
function limx~_x, fx and it has unbounded slope at 2 = 7/2 and height \/2/\

This equation has been discussed in detail in [28]. If A < 0, the Eq. (6.3) has by the elliptic maximum
principle a unique solution in H3 (S), the trivial equilibrium f = 0. However, if A > 0, there may exist also
finger-shaped solutions to (6.3), see Fig. 1, which are all symmetric with respect to the horizontal lines
through the extrema but also with respect to the points where they intersect the z-axis. In particular,
each equilibrium in H 3(S) is the horizontal translation of an even equilibrium. We now view A > 0 as
a bifurcation parameter in the Eq. (6.3) and we shall refer to (A, f) as being the solution to (6.3). The
following theorem provides a complete description of the set of even equilibria to the Muskat problem
with surface tension (and in virtue of (1.2) also of the set of all equilibria).

1 ,/3 1
Ae = —Bz(f 7)
272 4’2)’

where B is the beta function. The even solutions to (6.3) are organized as follows.
(a) If X < \.,° then (6.3) has only the trivial solution.
(b) Let X > ..
(i) The Eq. (6.3) has even solutions of minimal period 27 if and only if A, < X\ < 1. More precisely,
for each X € (A, 1), (6.3) has exactly two even solutions (A, £ fx) of minimal period 27. These
solutions are real-analytic, | fx,| < |fa,] for A2 < A1, [[fallee — O for X /1, and

[falloe = 1A 7 V2/Ass [ filloe = [fA(7/2)] /00 for AN As.

(ii) The Eq. (6.3) has even solutions of minimal period 2w /¢, 2 < £ € N, if and only if (?\, <
A\ < (2. More precisely, for each \ € (£2\.,€?), (6.3) has exactly two even solutions (A, £fr) of
minimal period 27 /¢ and

Theorem 6.1. Let

fx=0" a2 (L)
where fyg-2(L-) is the function identified at (i7).
(c) If we consider (6.3) as an abstract bifurcation problem in R x H3(S), where

H3(S):={f € HX(S) : [ is even},

5A rough estimate for A« is A« = 0.3.
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then the global bifurcation curve arising from (£2,0), 1 < ¢ € N, and described at (b), admits in a
neighborhood of (€2,0) a real-analytic parametrization

(Aes fo) : (—€a€0) — (0,00) x H3(S)
such that

304
Ae(s) =02 — ?32 +0(s?) inR,

D for s — 0.
fe(s) = scos(lx) + O(s?) in H2(S)

Proof. The claims (a) and (b) are established in [28]. The last claim follows by applying the theorem on
bifurcations from simple eigenvalues due to Crandall and Rabinowitz, cf. [19]. The details are similar to
those in the proof of [31, Theorem 6.1]. O

With respect to Theorem 6.1 we add the following remark.

Remark 6.2. (i) Because . ~ 0.3, for certain \ € (£2),,¢?) with ¢ > 2 there exist nontrivial solutions
to (6.3) with minimal period different than 27 /¢, see Fig. 1.
(ii) As pointed out in [28], these finger-shaped equilibria are in correspondence to certain solutions to
the mathematical pendulum equation

0" + Asinf = 0.

(iii) The global bifurcation curves may be continued beyond .2, but outside the setting of interfaces
parametrized as graphs.

(iv) Because A;(0) =0 > A\/(0), we may assume that sAj(s) < 0 for all s € (—eg,e¢)\{0}. This aspect is
of relevance when studying the stability properties of the finger-shaped equilibria identified above.

In order to address the stability properties of the equilibria to (1.1), we first reformulate the problem

by incorporating A as a parameter. To this end we define ® : R x H?(S) — L(H?(S), L2(S)) according to
1 h/// f/f//h//

(b()‘? f)[h] = UbNB(f> [(1 + G’P«A(f)) (1 4 f/2)3/2 - (1 + f/2)3/2

where b, is the constant introduced in (4.4). Then, it follows from the analysis in Sect. 4 that ® €

C¥(R x ﬁ2(S)7£(ﬁ3(S)722(S)))7 and the problem (1.1) is equivalent, for solutions with zero integral
mean, to the quasilinear evolution problem

+ Ah’} : (6.4)

f) =@\ f@O)F®], >0, f(0) = fo. (6.5)

It is not difficult to see that the linearization ®(,0) € L(H?(S), Ly(S)) is a Fourier multiplier with
spectrum o (®(),0)) that consists only of the eigenvalues {—cb,(|k|*> — A|k|) : k € Z\{0}}. Moreover,
®(\,0) generates a strongly continuous and analytic semigroup in £(L2(S)) for all A € R. We are now in

a position to prove Theorem 1.3 where we exploit the quasilinear principle of linearized stability in [50,
Theorem 1.3].

Proof of Theorem 1.3. We first address the stability of the zero solution f = 0 to (1.1). Assume first that
A < 1. In this case all eigenvalues of ®(A,0) are negative, more precisely Rez < —ob, (1 — X) < 0 for all
z € 0(®(A,0)). The quasilinear principle of linearized stability [50, Theorem 1.3] applied to (6.5) yields
the first claim of Theorem 1.3.

In the second case when X > 1, the intersection o(9r®(X,0)) N [ReX > 0] consists of a finite number of
positive eigenvalues and we may apply the instability result in [50, Theorem 1.4] to derive the assertion
(#4) in Theorem 1.3.

In the remaining part we discuss the stability properties of small finger-shaped solutions. To this end
we denote by Ay(s) the linearized operator

Ag(s) = ®(e(s), fols)) + (BB (Ne(s), fe()[DIfe(s)] € LIHP(S), La(S)),
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where 07 € L(H%(S), L(H3(S), Ly(S))) is the Fréchet derivative of the mapping ® with respect to the
variable f. We point out that A,(0) = ®(¢2,0).

Let us first note that for £ > 2 the spectrum o (A(0)) contains a finite number of positive eigenvalues
(this number increases with £). Since a set consisting of finitely many eigenvalues of A,(s) changes
continuously with s € (—&,e¢), cf. [44, Chapter IV], we infer from [5, Theorem I.1.3.1 (i)] that —A(s) €
H(f[ 3(S), Ly (S)) and that o(A(s)) contains only finitely many eigenvalues with positive real part if e, is
sufficiently small. Thus, we may appeal to [50, Theorem 1.4] to conclude that if A = As(s), 0 < |s| < ey,
£ > 2, then fy(s) is an unstable equilibrium to (1.1).

The situation when ¢ = 1 is special, because o(A1(s)) has for s = 0, except for the eigenvalue 0, only
negative eigenvalues. We show below that when letting s vary in (—e1,¢;) the operator A;(s), 0 < |s| < 1,
has a positive eigenvalue z(s) which corresponds to the zero eigenvalue of A;(0). To this end we associate
to a periodic function h the function A defined by

h(x) := h(—z), z eR.
Observing that (B(f)[@])" = —B(f)[@] and (A(f)[@]) = A(f)[@], f € H%(S), w € La(S), and that
BN =-@NRYy,  feHS)heHYS),
of. Proposition 4.1, it follows that the operator ® introduced in (6.4) satisfies
@\, f)[B]) =D\, f)[A]  for A€ R, f e HX(S),h € H3(S).

Hence, letting Zgye(S) =
® € C¥(R x H2(S),L(H?

multiplier

{f € LQ(S) fis even} and H?(S) := H"(S) N Ly (S), r > 0, it follows that
(S), Ly (S))), the linearization A;(0) € L(H2(S),L2.(S)) being the Fourier

0) Z ay, cos(kx) = —ob,, Z(k?’ — A\k)ay, cos(kx).
k=1 k=1

Let W : R x H3(S) — Ly.(S) be the real-analytic mapping defined by W(X, f) := ®(), f)[f]. Noticing
that 95U (Ai(s), fi(s)) = A1(s), it follows that 0 is a simple eigenvalue of 9y¥(1,0) and Ker 0;¥(1,0) =
span{cos(z)}. Since additionally dx;¥(1,0)[cos(x)] = ob, cos(z) & ImO;¥(1,0), the principle of exchange
of stability, cf. [20, Theorem 1.16], together with Remark 6.2 (iv) implies that the zero eigenvalue of
0;¥(1,0) perturbs along the bifurcation curve through (A1, f1) into a positive eigenvalue z(s) of Aq(s),
0 < |s| < €1, and moreover

—s\i(s) 1
s—0  z(s)  ob,’
Hence, if 1 is sufficiently small, the operator A;(s), 0 < |s| < e1, has a positive eigenvalue z(s). Moreover,

A1 (s) has at most two eigenvalues with positive real part. [50, Theorem 1.4] yields now that if A = A\ (s),
0 < |s| < €1, then fi(s) is an unstable equilibrium. O
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Appendix A. Some Technical Results

In Lemma A.1 we establish the boundedness of a family of multilinear singular integral operators in
certain settings that are motivated by the analysis in the previous sections. The nonperiodic counterparts
of the estimates derived below have been obtained previously in [48,49].

Lemma A.1. (i) Given m, n € N and Lipschitz functions a1,...,am, b1,...,b, : R — R, the singular
integral operator Cyp (a1, ..., am)[b1, ..., by, -] defined by

Cn,m(ah---7am)[bla"-abnaw](x) = PV/ w(xis) Hi:l (5[x,3]bl/8) 2
- 5 TEL 1+ (Osgai/s)7]

satisfies ||Crm (a1, - am)[b1, - bns -l 2(a©),La((mmm))) < C Ty 16;]locs with a constant C' that
depends only on n, m and max;=1_ m ||a}||cc-
In particular, Cpm € C1~ (W5 (S))™, Lat1 (W (S))" x La(S), La(8))).

(i) LetmeN,1<neN,re(3/2,2), and 7 € (5/2—r,1). Then:
(ii1) Given aq,...,an, € H"(S) and by,...,b,, W € C=(S), there exists a constant C' that depends

only onn, m, r, T, and max;—1,... m ||a;| grs) such that

T

ds

.....

n
|Com (@, am)brs - b @ age) < Cl@la) 101l @) [T il o) (A1)
=2
and
1Crm (@1, am)[bry b0y @] = Crtm (@1, < @) [bay -y by B3] | L )
< Clls ey @l [0l (A2)
=2
In particular, Cp (a1, ..., am) has an extension in

L1 (HY(S) x (H"(S))" ™" x H'(S), La(8)).
(i12) Co € C1 (7 (S))™, Losa (HA(S) x (HI(S)"" x H™(S), Lo(S))).
(i1i) Let m, n € N, r € (3/2,2), and 7 € (1/2,1). Then:
(i1i1) Given ay,...,an € H'(S) and by,...,b,, w € C°(S), there exists a constant C' that depends
only on n, m, v, 7, and max;—1,...m ||lail|gres) such that

ICom (a1, - am)brs - - oo, Blloe < CI@ rs) [T 1103227 s)- (A.3)
1=1

In particular, Cp (a1, ..., am) has an extension in L,11((H™(S))" x H™(S), Loo(S)).
(iii2) Crm € C17((H"(S))™, L1 ((H"(S))" x H'(S), Lo (8)))-

61n [48,49] the operators
w(af) — 8) Hf?:l (é[x,s]bi/s)
s :_r;l [1 + (J[Z’S]ai/s)ﬂ

are considered. The functions ai,...,am, b1,...,bn : R — R are Lipschitz functions and w € L2 (R). It is shown in [48,49]
that these operators extend to bounded multilinear operators on certain products of Sobolev spaces on R.

Bnm(at,...,am)bi,...,bn,w0)(z) := PV/
R
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Proof. We first address (7). To this end we fix ¢ € C°(R, [0, 1]) with ¢ = 1 for |z| < 27 and ¢ = 0 for
|x| > 47. Then, it is easy to see that
Fae) < 1Bty < AlFliae for all 7 € Lo(S) (A1)
For |z| < m we have
Crm(ar,...,am)[b1, ... bn,@]|(x) = Bym(at, ... am)[b1, ..., by, pw](x)
B / (@)@ —5)  ITii (Oa,sbi/s)
whi<on 5 TIL [L+ (pgai/s)’]

87
and it follows from [48, Lemma 3.1] and (A.4) that

1Brm (@, am) by by @Bl La((—momy) < Clle@l o) [T 1Bl < Clolza) [T 101

i=1 i=1

Moreover, it holds that

H/ (g@)(- — s) ml_L-:1 (81 51bi/s) ; dSH SC”@HLQ(S)HW);HM.
n<|s|<5m $ | [1 + (5['781%/8) } = =1

Herewith we established the estimate stated at (i). If a1, ..., am, b1,...,b, are 2m-periodic, then so is also
the function Cy (a1, .., am)[b1, ..., by, |, and the local Lipschitz continuity property of C,, , follows
directly from the estimate.

In order to prove (ii) we start by noticing that for h € C*°(S) it holds that
2 (5[]"5]h) - h/(x - S) o 5[I7‘5]h _ 76@75]}7] B Sh,(x - 5)
Os N B 2

Using this relation we get

for z € R, s # 0.

S s 52 S

g s b 7‘1— 5w s bz
Cn,m(al’---7am)[b17"'7bn7w]($):PV/ 72] 1 mHl—Q( [ 7] /3) 3

= 5 I [T (Besgai/s)]
= Cn_l,m(al, NN 7am)[b2, ey bn,bllw](a:)

™ " (8 1bs
_pv / ﬁ(%,s}bl) mszz( (0.511/5) ~w(x — s)ds,
H’L:1 [1 + (6[I’S]ai/8) }

w(x — s)ds

and the estimate established at (7) yields

1Cn—1.m(ar, .y am) b2, - by B3 Ly(s) < CIB e (s 10122y [T 10l o)- (A.5)
=2

We are left with the singular integral term
T 5&6 s b ’(l— 5m s bz
PV §<[7]1> Hz-Z([v] /8)25(.%—8)(218
—r US S H -1 [1 -+ (§[I7s]ai/s) }
n HZL: 62?77T bl/ﬂ— _
= -y ALm Cenbd) g,
T2 [1+ (B mai/m) "]
(blc’nfl m(ah N am)[bg, N bn,wl](if) — Cn,1 m(ah N ,am)[bg, ey bn, blw/})(,f)

—I—Z Kljxs x—sds—QZ ngxs w(x — s)ds, (A.6)
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where
n* i F ] 6msbz (5$3b'— b/. —
Kl,j(f,s) — gz_l.,zséj ( [x,s] /8)2 [z,s]Y35 82](33 8),
[T 1+ (Osai/s)”] s
" 0 bz ) 25104 6:6 5] _
Ky j(x,s) := mszl( 101/ 5) . [2.5]%5 /8 [ 82aJ(x s)
[T2 1+ (Opmsai/s) ] 1+ (J[wys]aj/s) s

for z € R and s # 0. The relation (A.6) is obtained by using integration by parts. We next estimate the
terms on the right hand side of (A.6) separately. Firstly, it is easy to see that

H [Tis, (9. mbi/7) 2
[T [1+ (9. mai/m)"]

Secondly, concerning the last two terms in (A.6), we may adapt the arguments from the nonperiodic case
[48, Lemma 3.2], to arrive at

S T e (T (A7)

L2(S) =2

K

™ 2 1/2 n
([ | ] #sw 9t -9asas) < Clalalbalure [ Indare. 225 <n,
—m S i=2

a 7r 2 1/2 n (A.8)
([ | Kestwsmte-siaac) < Cllalialuro [[10rer 1< <m
S By . i=2
Indeed, since H™(S) — C7~1/2(S), we obtain after appealing to Minkowski’s inequality that”
T ™ 2 1/2 T T 1/2
(/ Ky j(z,s)w(z — s)ds‘ da:) < / (/ | K4 j(z, s)w(x — 5)|2dx> ds
n T T 1/2
< Cl@loolballz=e | TT Il / 571 (/ [bj = 7sbj = Sst}|2(iE)d$> ds,
i=2,i#j - -
where, taking into account that |e®® — 1 — iz| < 2|x|" for all # € R, we have
/ b — 7y — smb P (@)de =Y [b; (B)[*|e™* — 1 —iks|* < Cls|*" > 1b;(k)[2(1 + k2)"
- keZ keZ
= C|s)* 1|6 13(s)-
Since r +7 — 7/2 > —1, the estimate (A.8); follows immediately (similarly for (A.8)s.)
Thirdly, for the remaining term
T .= blCn_l,m(al, o ,am)[bg, RN bn,w,] - C’n_l,m(al, o ,am)[bQ, ey by, b1wl]
n (A.6) we obtain, in virtue of (4), that
1T as) < Cllwlla s 110 H 1bill v (), (A.9)

=2

and (A.2) follows from (A.7), (A.8), and (A.9).
In order to derive (A.1), we use the identity 0(d, q@)/ds = &'(z — s) and integration by parts to
recast T' as

n (5[x,ﬂ]w) H? 1 ac w]b /71—
T(x)=01-(-1)")—= Kl,y x, )0, s wds
[Tz, [1 + (5[91 7T]‘11/77) Z Ve

"Recall that 75 stands for the right translation. Moreover, ﬁ(k)7 k € Z, is the k-th Fourier coefficient of h € L1(S).
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—22 ng z, 5)0[5,5)0ds, (A.10)
with
8. mw) [T, (6 b
H( i @) [Ty (97 x /W)H < Cl@s, S)||b1||OOHHb o). (A.11)
IT2 [1+ (6. mai/m)’] 122 iz2

Concerning the integral terms in the last sum in (A.10), the embedding H'(S) < C"~3/2(S) together
with Minkowski’s inequality yields

T ™ 2 1/2 T T 1/2
(/ Kg’j(x,s)(S[m,S]wds‘ dx) §/ (/ |K2,j($,8)5[m,s]w|2dw> ds
n 1/2

sTT/2 </ @ — 7@ (z dsc) ds

<Cltulme | IT Wil ) [
n 1/2
=l | T1 Wi | [ 7 (le Ple =1 |2> ds

i=2,i#]
i=2,i] kez

n

<Cllme | I ¥/l
i=2,i#]

1/2
87+T 7/2 (Z |w 1+/€2) ) ds

kEZ

= Cl@l - llorllm [[1billare),  1<i<m, (A.12)

=2

where we have used the relation |e®® — 1| < Clz|™, x € R, when deriving the fourth line.
Similarly, we find for 2 < j < n that

K

T 2 1/2 n
</ Kl,j(%s)(s[x,s@ds‘ dfﬂ) < Cl@lla- @ Il [ 1billa-@)- (A.13)

=2

In the special case when j = 1, we use the procedure which led to (A.12) together with () to conclude

that

™ 2 1/2 n
[ s iegmas| da) < Clllaro Il TLI0drc
- =2

+ ||an,1,m(a1, ceey am)[bg, ey bn, b/1]||2
+ ||CYn,1’m((l17 e ,am)[bz, ey bn,wbll]”Q

< Cl@l - brll o) [ T il 27 s) - (A.14)
=2

The property (A.1) follows now from (A.5), (A.7), (A.8), and (A.11)—(A.14). The extension property left
at (i#il) follows from (A.1). The claim (i42) is a straight forward consequence of (A.1).
With respect to (iii) we decompose

Crm(a,...,am)b1,... by, w| =wA— B,
with

Alx) = PV /“1 [T (Ope,s10i/5) _ds and Bz = / (O, 519/5) [Ty (6[I,s]bi2/s) N
—m STIZ (14 (O ,sai/s)7] - T2 1+ (Ope,sai/s)”]
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Since 7 > 1/2 and H™(S) — CT~Y/2(S), it holds

IBllo < Cl@lla- ][] ||bz‘|\m(s)/ |s|77%2ds < C|@]| - s) [ ] I10: )1 7175 (A.15)

- i=1

i=1

and we are left with the function A. Taking advantage of the embedding H"(S) — Cr—'/2(S), the
arguments in the proof of [49, Lemma 3.1] show that indeed

llle < T I0:ll-o) (A.16)

i=1
The estimates (A.15), (A.16) lead us to the estimate (A.3). The last two claims follow directly from (A.3)
and the proof is complete. O
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