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Abstract. This paper is concerned with the stationary Navier—Stokes equation in two-dimensional exterior domains with
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1. Introduction

Let Q be an exterior domain in the plane R? with C?*7-boundary I' with some v € (0,1). We are
concerned with the following stationary Navier—Stokes equation in €2:

—Aw(z) + (w(z) - V)w(z) + Vr(z) = f(z) in , (1.1)
V-w(z)=0 in §, (1.2)
w(z) = a(x) on I, (1.3)

where the vector-valued unknown function w(z), the scalar-valued unknown function m(z) and the vector-
valued given function f(x) stand for the velocity, the pressure and the external force respectively. As is
known in Russo and Simader [30], the solution does not satisfy the boundary condition

w(z) — 0 as |z] — o (1.4)
in general. Throughout this paper we assume that the external force f(x) is given by the formula

2
oF; k . . 2 4
flx)=V - -F(z Z ﬁxjj with a 2 x 2 matrix (ij(w))j’kzl € (LQ(Q)) )
Jj=1
In the pioneering work by Finn and Smith [9], the study on the stationary Navier—Stokes equation in
two-dimensional exterior domains started, first under the assumption that w(x) is close to a definite vector
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Woo # 0 at infinity with no external force. This problem was considered by Gilbarg and Weinberger [15,16]
and Amick [2,3]. In particular, [2,3] considered the case

Q is invariant under the mapping 71 : (21, z2) — (—21,22) (R2I)

and
w1(—$179€2) = —w1($1,$2), wz(—$1,$2) = wz(xhl‘z)a (R2E)

where wo, = (0, ¢) with some ¢ # 0. This result is improved by Russo [27]. Then Galdi and Simader [12]
considered the problem for external force f(xz) with little regularity, and Galdi and Sohr [13], Sazonov [31]

and Russo [26] obtained precise asymptotic behavior of w(x) and m(x). (For more complete references,
see Galdi [11].)

For the case wy, = 0 with external force, Russo [25] obtained the existence of weak solutions under
the assumption that || is sufficiently small. Here the total flux « is defined by o = / a(x) - n(x)ds(x),
r

where n(z) denotes the unit normal vector of I" at = outward of €.
Furthermore, Galdi [10, Section 3] and Pileckas and Russo [24], as well as [25], posed the condition

The set € is invariant under the mappings

D41
T : (@1, @2) = (=2, 22), T2t (21, 22) = (21, —22) (4D
with a specific coordinate variables (21, z2) on €2, and the condition
fil=z1,22) = —filzr,22),  fa(—21,22) = fo(m1,22), (D4E)
filer, —w2) = filzr,22),  falr, —22) = —fala1,22)

on the external force f(z) = (fi(z), f2(x)), and (D4E) on the boundary value a(x), and showed the
existence of a weak solution w(z) = (wy (), wa(z)) satisfying (D4E), which is exactly the same as [10,
(3.18)]. Furthermore, [25] showed that w(z) tends to 0 in the average, [Precise definition is given in (2.9).]
and that w(x) tends to 0 pointwise if the external force has compact support. We here regard this condition
above from the viewpoint of transformation groups, as is in Brandolese [6] which obtained sharp decay
order of solutions to the nonstationary Navier-Stokes equations in R? and R3. The condition (D4I) can be
described as m;(2) = Q for j = 1,2, and the condition (D4E) can be described as f(m;(z)) = m;(f(x)).
In other words, the domain € is invariant, and the vector field f(z) is equivariant, with respect to the
action of the group Dy = {id, w1, mo, m1ma}.
Later, Russo [28] relaxed the assumptions (D4I) and (D4E) to

The set € is invariant under the mapping

(C21)

T1Ty 1 X = (xl,xg) = —Tr = (—ﬁl,—xg),

and
fi(—x) = —f;j(z) for j = 1,2 and every z € Q, (C2E)

and showed the same property satisfying w(x) satisfying (C2E). Russo [29] studied the decay order of the

solutions at infinity in detail. In other words, €2 is invariant, and f(x) is equivariant, under the group Cs

generated by z — —z. Most of these works treated the solution (w(z),n(z)) satisfying Vw € (LQ(Q))4.

Recently, Korobkov et al. [20] proved, among others, the existence of the solution with no assumptions
on the flux of each boundary components for multiply connected exterior domains under the assumptions
(C2I) and (C2E) and some assumptions on the obstacles.

However, in the author’s knowledge, there are few results on the solutions decaying sufficiently so that
its stability for the nonstationary problem under initial perturbation is assumed, and the uniqueness in
these classes is obtained in this class for exterior domains is obtained only by [28] without the exterior
force.
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For these problems, the author [33] showed the existence, together with the uniqueness in the small,
of the solution of the stationary Navier—Stokes equation on the whole plane under the assumption that
the small external force f(x) = V - F(x) decays like |x|~2 as |z| — co and satisfies the condition

flat) = (f(2))"; namely, fi(z) = —fo(2), fo(at) = fi(a), (C4E)

where z —x9,21), as well as (D4E). The solutions decays like |z| ™! as x — oo; in other words, decays
like the derivatives of the fundamental solution of the Laplacian. This class is invariant under the scaling
wy(x) = pw(pzx) keeping (1.1) invariant with suitable scaling for p(x) and f(z). We call these solutions
critically decaying. (Its definition in somewhat generalized form, which does not imply pointwise estimate,
is given in Remark 2.13.) In the terminology of function spaces, critically decaying solutions belong to
the weak-L? space. It is also shown that, if F(x) decays more rapidly, then w(z) decays more rapidly (up
to |x|=2). This result is also obtained by Guillod [17, Section 3] without the assumption that f(x) is of
the form f(x) = V - F(x). Very recently, Decaster and Iftimie [8] obtained sharp decay and asymptotic
profiles of the solutions.

Then [34] showed that the same result as [33] holds for the exterior problem provided the domain
satisfies the symmetry condition

L=

The set  is invariant under the mapping o : x — =+ (C4I)

as well as (D4I), and the external force f(x) and the boundary value a(x) satisfies (D4E) and (C4E) with
a = 0. Recently, Guillod [17] obtained sharp asymptotic behavior at infinity of the solution above. Notice
that (D4I) and (C4I) imply the invariance of €2 for the square dihedral group D4, and (D4E) and (C4E)
imply the equivariance for Dy .

Then Nakatsuka [22] proved the weak-strong uniqueness; namely, he showed that, if the exterior
domain satisfies (D4I) and if there exists a sufficiently small critically decaying solution of (1.1)—(1.4)
with a(x) = 0 satisfying the condition (D4E), then every weak solution of (1.1)—(1.4) satisfying the
energy inequality and the same symmetry property coincides with the critically decaying solution. He
also showed that, if there exists a sufficiently small supercritically decaying solution of (1.1)—(1.4) with
a(x) = 0, every weak solution satisfying the energy inequality coincides with the supercritically decaying
solution. For the proof he first showed that the critically decaying solutions satisfy the energy identity.

Further, Galdi and Yamazaki [14] showed that the solutions above are stable under initial
L2-perturbation with the symmetry property (D4E) with no restriction on the size, and the author [35]
gave convergence rate in various function spaces. The author [34] also showed that, if f(x) decays more
rapidly, then the solution decays faster than the derivatives of the fundamental solution. We call these
solutions supercritically decaying. In this case the stability above holds true for initial L2-perturbation
without symmetry or size restriction. Very recently, Guillod [18] showed that the critically decaying so-
lution is stable under general initial L2-perturbation. (The precise definition of supercritically decaying
solutions, which does not imply pointwise estimate, is given in Remark 2.10 in somewhat generalized
form.) Note that the divergence theorem implies that the outflow condition @ = 0 is necessary for the
existence of supercritically decaying solutions.

On the other handy, the author [36] proved, assuming only (C4I) on the domain 2, and assuming only
(C4E) on a(z) and f(z) = VF(z), where a(z) and F(z) are small in appropriate function spaces, the
unique existence of small critically decreasing solutions satisfying the symmetry condition (C4E). In this
work we imposed the invariance and equivariance under the cyclic group Cy .

For the existence of critically decreasing solutions, the condition az = 0 is not necessary. The author [306]
also showed that the solutions above become supercritically decreasing if F'(z) satisfies a sharper decay
condition and if, as well as the outflow condition o = 0, the data a(x) and F(x) are sufficiently small. We
observe that the conditions (C4I) and (C4E) are independent of the choice of the coordinate axes, and
includes rotationally symmetric functions naturally. However, the results above implies only the unique-
ness of small solutions. The main difficulty in the two-dimensional case is that the function with finite
Dirichlet integral is not bounded in general, and we must modify Hardy’s inequality (see Propositions 3.5
and 7.1) in general. (see Adimurthi et al. [1].)



2022 M. Yamazaki JMFM

The purpose of this paper is twofold. The first one is a slight generalization of constructing weak
solutions with external force f(z) = V - F(x) with neither any sort of symmetry conditions nor the
smallness conditions. In order to treat large a(z), we construct a corrector potential G(x) so that there
exists a solution v(x) of the Stokes equation with given boundary condition and the external force VG(x)
is critically decreasing, and consider the equation for u(x) = w(z) — v(z) with homogeneous boundary
condition. The correction potential G(z) is a compactly supported function which cancels the angular
momentum of the boundary value, and the function v(z) is critically decreasing function whose profile
is determined by «, However, these functions do not cancel the momentum, and hence v(z) does not
describe the asymptotic profile of w(z). Indeed, for the steady flow w(z) = wg # 0 outside a disk with
F(z) = 0 and w(z) = wp on the boundary, we construct G(z) so that v(z) is supercritically decreasing,
and the asymptotic profile w(z) = wy at infinity reappears as the homogeneous boundary value problem
with external force —VG(z). This fact also implies that, even if the boundary value vanishes and the
external force is compactly supported, the asymptotic behavior of the solution may not be trivial. Hence
our existence theorem covers the case where w(x) is not decreasing as |z| — oco. We then apply the fixed
point theorem on disks, whose centers converge to the image of v(x) by the orthogonal projection to
Hj§ ,(€), which is denoted by v. In this case the solution does not necessarily satisfy (1.4).

If the domain 2 satisfies the symmetry condition (C2I) and the external force and the boundary
conditions satisfies (C2E), then we can construct a solution w(z) satisfying (C2E). Since C; is a subgroup
of C4, these conditions are also independent of the choice of coordinate axes. In this case the solution
satisfies (1.4) in the sense that w(z) tends to 0 in the average.

Moreover, the solution satisfies an energy inequality provided |« is bounded by an absolute constant.
This inequality is a generalization of the one employed in [22], where the case a(x) = 0. This inequality in
this paper seems to be new since it is applicable to solutions which fail to satisfy (1.4), and plays a crucial
role in the study of weak-strong uniqueness. In order to treat the case where the angular momentum of
the solution is not zero, we use the result of Coifman et al. [7].

The second purpose is to give a condition for the weak-strong uniqueness under non-homogeneous
boundary conditions and with external force under the assumption that a(x) is small and that w(z) decays
sufficiently fast. Namely, suppose that w(x) is a weak solution such that u(z) = w(z) — v(x) is small and
supercritically decaying. (This implies the smallness of a(x) and f(z).) Then every weak solution w’(x)
such that v/(z) = w'(z) — v(z) satisfies the energy inequality but not necessarily satisfies (1.4), however
large it may be, coincides with w(z). In particular, the weak solution constructed in the previous results
coincides with w(z). Under the symmetry condition the assumption on decay property can be relaxed.
Namely, suppose that (2 satisfies (C2I), and that VF and a(x) satisfies (C2E). Moreover, suppose that
w(x) is a weak solution such that u(z) = w(x) — v(x) is a small critically decaying function satisfying
(C2E). Then every weak solution w’(x) satisfying (C2E) such that w'(z) = w'(x) — v(x) satisfies (C2E)
and the energy inequality, must coincide with w(z). This result implies the uniqueness of the solutions
obtained in [36] as well as those in [33,34]. In particular, if w’(z) is the weak solution constructed in
the previous result such that v'(x) = w'(x) — v(x) satisfies (C2E), then w'(z) coincides with w(z). With
(C21) and (C2E) we have Hardy’s inequality. Notice that u(x) need not satisfy an assumption of pointwise
estimate in either case.

In the case Q satisfies (D4I), f(z) satisfies (D4E) and a(x) = 0, our assumption on the smallness
of the weighted LP-norm is a slight generalization of the assumption on the smallness of the pointwise
estimate in [22]. Moreover, we prove the energy identity under weaker assumption in which no pointwise
estimate is necessary. To this end we prove a sharp version of Hardy’s inequality.

In addition to the property above on the uniqueness, the results in [14,35] on the stability under
initial L2-perturbation with no restriction on the size holds, and we can replace the symmetry condition
(D4E) by (C2E) by applying the improved Hardy’s inequality. In other words, solutions in [33,34,36] have
similar property on uniqueness and stability as physically reasonable solutions in the three-dimensional
setting.
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This paper is organized as follows. In Sect. 2 the notation is fixed and main results are stated. In Sect. 3
we list up some facts necessary in the proof. Proof of some lemmata are given in the Appendix. Then
corrector potentials and weak solutions are constructed in Sects. 4 and 5 respectively. The uniqueness is
proved in Sect. 6. Finally in Sect. 7 we state the improvement in symmetric cases.

2. Notations and Main Results

We first introduce some function spaces. For a domain U C R?, let C§°(U) denote the set of infinitely
differentiable functions on U supported by a compact subset of U, and let C’gf’[,(U ) denote the set of
vector-valued functions (z) = (¢1(z), 2(z)) € (C’g"(U))2 such that V- ¢ = 0. Next, for a domain U in
R? and ¢ € [1,00], let L9(U) denote the standard Lebesgue spaces. The norm of (L4(U))™ with m € N
is denoted by |[|-[|,,. For p € (1,00) and r € [1, 00], let L%"(U) denote the set of Lorentz space. The norm
of (L4 (U))™ for m € N is denoted by ([

Then we have the following properties. (see Bergh and Lofstrom [4] or Triebel [32] for example.)
First, there exist a inclusion relation L®"(U) C L%*(U) provided r < s. Second, the space L%9(U)
coincides with the Lebesgue space LY(U), and the space L?°°(U) coincides with the weak-L? space on
U. Third, for 1 < r < oo, the space C3°(U) is dense in L?"(U), while this property fails if r = oo.
Let L%>°~(U) denote the closure of C3°(U) in L9*°(U). Fourth, if 1 < r < oo, we have the duality
property (L¢7(U))" = Lo/(a=1r/=1)(1)), while (L~ (U))" = L9/ D:1(U). Fifth, if 1 < gy < ¢ < 00,
1<r<ooand0<# <1, the real interpolation space (qu (U), Ln (U))a . coincides with L% (U) up to
equivalence of the norms, where 1/g = (1 —0)/q0 + 0/¢1. ’

Suppose that U is either a whole plane R?, a bounded domain or an exterior domain with C?*7
boundary, and let I' denote the boundary of U. Then, for every ¢ € (1,00), there exists a direct sum

decomposition (L‘I(U))2 =LI(U) & G4(U), where
LI(U) = {u e (L9())* ‘ V-u=0inU,n(z) - ulz) =0 on F}
and

G,(U) = { Vs € (L'W)*| f e LL )}

Let P, denote the projection on (L4(U ))2 onto LL(U) associated with the decomposition above. Then we
have Py, = P,, on (L% (U)N L™ (U))z. Hence we can define the projection P, on (L‘”(Q))2 for every
q € (1,00) and r € [1,00] by real interpolation. Let L™ (U) denote the range of P, ,..

For s € R, let H*(R?) and H*(R?) denote the Sobolev space and the homogeneous Sobolev space,
equipped with the norms

10l e oy = |77 [(1 4 16P)72 FLul(©)] |, < oo,
and
ol ooy = 17~ € FLul(©)]], < o0
respectively, and for ¢, € [1,00] and s € R, let B;T denote the homogeneous Besov space. (see [4] or [32]
for the definition.) In this paper we only use the inclusion relation By . C B ,itr<p, B, ,CH; CB,

for 1 < p <2 and B;Q C H; C B;p for 2 < p < oo, the embedding theorem B;S),r C B;;"/p+"/q
for ¢ > p, the characterization of homogeneous Besov spaces by the norm of differences, and the real

interpolation property B;q = (H;O,Hgl)e , where sg # s1, 0 < 0 < 1land s = (1 —0)sg + 0s1. In
q

general homogeneous spaces are defined onl}’l modulo polynomials, but if either s < n/p, or s = n/p and
q = 1 for the Besov space, the modulo classes in H; and B, , have a canonical representative which
decays as |z| — oo, and hence these spaces can be considered as function spaces on R™. For a domain U
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in R? and k € N, let H*(U) and H*(U) denote the set of the restrictions of the elements of H*(R?) and
H*(R?) on U equipped with the norms

’l~J,|U :u}

lull gy = inf{HﬁHHk(RZ)

and

el = 0 { Nl ey | @l =}
respectively, and let H¥(U) denote the closure of C3°(U) in H*(U). In particular, if U is bounded, the
space HE(U) is defined as a set of functions even if k > 1. Let H¥(U) denote this space. Furthermore, let
. ) 2
H{ ,(U) denote the closure of C§% () in (Hk(U)) , and we write it H§ ,(U) if U is bounded.

. 2 .
Remark 2.1. The functions u € (H&(Q)) satisfying V- u = 0 on © belongs to Hj ,(Q2), as is shown in
Heywood [19, Section 2] for example.

For a domain U and s > 0 such that s ¢ N, Let C*(U) denote the Holder space on U. For a closed
curve I' of C?%7 class and s > 0, let H*(I") denote the Sobolev space on I'.
Finally, for a scalar-valued function f(x) we write

Vi@ = (@ gt @), V@ = (5w, w)

0x, T 0xs COxo ) Oay
and a vector-valued function u(z) = (u1(z), uz(x)) we write

. Oouy Ous . Ous Ouy

V- u(x) = 6‘7561(30) + 8762(58)7 V xu(z) = 3751(95) - 67502(%)

Then we have Au(z) = V(V - u(z)) + V*(V x u(z)) for a vector-valued function u(z).
In the sequel let Q be a fixed exterior domain with C2*7-boundary I'. We introduce the notion of
weak solutions.

, 2
Definition 2.2. We say that w(x) € (Hl(Q)) satisfying (1.2)—(1.3) is a weak solution of (1.1)—(1.3) if it

satisfies the identity
(Vwu, V) + (F —w®@w, Vo) =0 (2.1)

2 and (F, Vw) denotes the sum

for every () € C5%, (). Here a ® b denotes the 2 x 2 matrix (ajbk)j 1

2 2 8’UJ
/ SN Eila) Gk (@) da
2 j=1k=1 i

We construct weak solutions of (1.1)-(1.3) by writing w(z) = v(z) + u(x), where v(z) € (HI(Q))2 is
a function satisfying the linear system

—Av(z) =V -G(x) in , (2.2)
V-v(x)=0 in Q, (2.3)
v(z) = a(x) onTl (2.4)

with a certain function G(z) € (L2(Q))4 with a bounded support of satisfying the estimate |G|, <
CHG‘”Hl/?(F) with some positive constant C. This function is the corrector potential.
Fix a positive integer J such that
B(0,27 7Y uQ =R, (2.5)
where B(a,r) denotes the open ball with center a and radius 7, and put Q = {z € Q| |z| < 2/*'} and
D = {z |27 <|z| <27*'}. We also fix a smooth function g(r) on (0, 00) such that g(r) = 0 for r < 27-!



Vol. 20 (2018) 2D Navier—Stokes Exterior Problem 2025

and g(r) = logr for r > 2. Furthermore, for g such that 2 < ¢ < oo, we define a function \,(¢) on [0, 00)
by Ag(t) = 12/ (log(t + €))7,
We now state the existence the corrector functions satisfying (2.2)-(2.4) with suitable G(z).

Proposition 2.3. Suppose that the exterior domain Q) satisfies (2.5). Then there exist a positive constant
. 2
C and a bounded linear mapping I, from (H1/2(I‘))2 to (Hl(Q)> and Iy from (H1/2(1"))2 to (Hl(Q))2

such that, for a(x) € (Hl/Q(F))z, the function v(x) = I[a](x) + I2]a](x) satisfies (2.2)—(2.4) with G(x) €
(L2(D))4 such that |G|y < Cllall g2y - Furthermore, for every q € (2,00), there exists a positive
constant Cy such that the estimate ||I[a](z)Aq(|2|)|, < Cqllall g/2(ry holds.

alz —c)

Moreover, we can write I1[a) + I3[a], where ¢ € R?\Q and there exists a positive number

B 2|z — ¢|?
C' such that we have |I3(x)| < TR
T —c
Furthermore, if Q satisfies (C2I) and a(z) satisfies (C2E), then I[a|(x) also satisfies (C2E), and
G(x) satisfies
G(—z) = G(x) for every x € Q. (C2AE)

In the sequel we write v/) = [;[a] for j = 1,2,3 and © = v + v,

Remark 2.4. Note that, as is stated in [30], the solution of the equation (2.2) does not decay as |z| — oo,
but here we construct G(x) so that there exists a solution v(x) which enjoys (2.3)-(2.4) as well. This
behavior is independent of the asymptotic profile of w(x) in general.

) 2
Then w(z) € (Hl(Q)) satisfying V - w(z) = 0 is a weak solution of (1.1)-(1.3) if and only if
_ 2
u(z) = w(z) — v(x) satisfies u(x) € (H(} (Q)) , V-u(z) = 0 and the identity

(Vu, Vo) — (u+v) ®@ (u+v), Vo) + (H,Vy) =0 (2.6)
for every ¢(x) € CF5, (), where H(z) = F(x) — G(r). Indeed, subtracting the equality (Vv,Vy) =
(—Av, ) = (V-G,p) = (—G, V) from (2.1) we obtain (2.6).

Then our result concerning the existence and the energy inequality is the following theorem.
Theorem 2.5. Suppose that 0 satisfies (2.5). Then, for every a(x) € (Hl/z(F))2 and every F(x) €
(L2(Q))4, there exists a weak solution w(x) of (1.1)—(1.3). Furthermore, if |a| < Cy, where Cy is an
absolute constant, then u(x) = w(x) — v(x) satisfies the energy inequality

IVull,> + (—u© 5 —v®v+ H,Vu) + ad(u,u) <0, (2.7)

1 2 2 a(pm 8wh .
where @(u,v)zﬁlogﬂx—d)zh:l Zm:l 02y 0z, r g, ¢ € Hj,(Q), and the estimate

|V (u—70)|y < Ry i, where 0 and R, g will be defined by (5.1) and (5.2) respectively.

Note that o = 0 is necessary in general, at least formally, so that the term (u ® v, Vu) to be well-
defined. Thanks to the estimate (5.11) the term ®(u, u) is well defined for u € Hj ,(€). Although v(x) is
critically decreasing, the solution u(x) does not decay as || — oo in general. Hence v(x) does not describe
the asymptotic behavior of w(z) at infinity, but it plays a crucial role in the proof of the existence.

Although the choice of the pair (G(:c), v(:c)) is not unique, the validity of the energy inequality (2.7)
is independent of the choice of the pair. In fact, we have the following proposition.

Proposition 2.6. Suppose that Q satisfies (2.5) and that w(zx) is a weak solution of (1.1)—~(1.3) such
that u(z) = w(z) — v(z) satisfies (2.7). If (V'(z),G'(z)) is another pair satisfying the conclusion of
Proposition 2.3, then u'(x) = w(x) — v'(x) also satisfies (2.7) with u(x) and v(x) replaced by v'(x) and
v'(x) respectively.
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We next give a condition sufficient for the equality in (2.7).

Theorem 2.7. Suppose that w(x) is a weak solution of the system (1.1)—(1.3) satisfying Vw € (Lz(Q))4

and w € (L4(Q))2. Then u(x) = w(x) — v(z) enjoys (2.7) with equality, and in this case the left-hand
side of (2.7) can be written as

IVaul,? — ((u+v) @ v, V) + (H, Vu). (2.8)

Remark 2.8. If w satisfies Vw € (Lg(Q))4 and w € (L27°°(Q))2, then we have u € H&U(Q) N L2%(Q).

Hence the sharp Gagliardo—Nirenberg theorem (Lemma 3.2) implies u, w € (L4(Q))2. In this sense w(x)
enjoys (1.4).

Next we state our results on the uniqueness of the solutions for domains which do not necessarily
satisfy (C2I) or (C2E).

Theorem 2.9. Let Q be an exterior domain satisfying (2.5). Then there exists a positive constant Cq
such that, for q such that 2 < q < oo, there exists a positive constant 040 such that the following

assertion holds. Suppose that a(x) € (Hl/Q(F))2 satisfying the estimate ||al| /2y < Ca, and that w(z)
is a weak solution of (1.1)—(1.3) with v(x) above satisfying (1.4) in the sense that u(x) = w(x) — v(x)
satisfies [[u(x)Aq(|2]), < dq,0 and that w'(z) is another weak solution of (1.1)~(1.3) such that u'(x) =
w'(x) —v(x) satisfies the energy inequality (2.7). Then we have w'(x) = w(x). In particular, if w'(x) is
the weak solution given in Theorem 2.5, then we have w'(x) = w(x).

Here the smallness of a implies the smallness of |a|. Observe that there exists no restriction on the
size of w'(x).

Remark 2.10. The condition

lu(@)Aq(|2), < 00 (SCq)
with some g € (2, 00] is the precise definition of supercritically decaying functions. If go # ¢1, the condition
(SCy,) is neither necessary nor sufficient for (SCg, ). Indeed, suppose that 2 < gy < ¢1 < oco. Then the
function u(z) such that |u(z)| ~ (|z|log(e + |x\))71 (log(e + log(e + |2]))) ™ satisfies (SC,) for every
q € (qgo, 0] but not (SCg,). On the other hand, if p(z) € C§°(Q), ¢ € Q\{0} and ¢(c) # 0, the function
u(z) such that [u(z)| ~ |z — ¢|"Pp(x) with some 3 € (0,1) satisfies (SC,) for every ¢ € (2,2/a) but not
(SCa/p)-

We next consider the results in the class of functions satisfying (C2E) under the assumption that
Q) satisfies (C2I). In this case we modify the choice of I; as follows: If 0 € R?\(2, then we take ¢ = 0.
Otherwise, if ¢ € R?\(Q. In this case we take I1[a] = alz = c) + alz + ) + I3[z]. Then v\9)(z) satisfies
|z —c|?  Aw|x + ¢|?
(C2E). In this case we have the following existence theorem, which states that our solution decays in the
average as |z| — oo.

Theorem 2.11. In addition to the assumption of Theorem 2.5, we assume that Q satisfies (C21), a(z) sat-
isfies (C2E) and F(x) satisfies (C2AE). Then there exists a weak solution w(z) of (1.1)~(1.3) satisfying
the condition (C2E) and (1.4) in the sense that

27
/ |w(rcos®,rsin@)*>df — 0 as r — oc. (2.9)
0

holds. Moreover, if V - F(x) is of bounded support, then we have w(rcos@,rsinf) — 0 uniformly in
0 €10,27] as r — oo. If |a| < Cy, Then u(z) = w(x) — v(x) satisfies (2.7).

Note that the expression (2.8) makes sense in this case. For the uniqueness of solutions satisfying

(C2E), we have the following theorem. Note that, as in Theorem 2.9, there is no restriction on the size
of w'(x).
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Theorem 2.12. There exists a positive constant Cq such that, for every 2 < q < oo, there exists a
positive constant &, such that the following assertion holds. Suppose that ||aHH1/2(Q) < Cq and that 2

satisfies (C2I) and (2.5), and that a(x) € (Hl/Q(F))2. Suppose moreover that w(z) is a weak solution
of (1.1)~(1.3) with v(z) above satisfying (1.4) in the sense that u(x) = w(x) — v(z) satisfies (C2E)
and H|J;\1_2/qu(a:)Hq o < 0, and that w'(z) is another weak solution of (1.1)—~(1.3) such that u'(z) =
w'(z)—v(x) satz’sfyin}; (C2E) and the energy inequality (2.7). Then we have w'(x) = w(x). In particular, if
a(x) satisfies (C2E) and if w'(x) is the weak solution given in Theorem 2.11, then we have w'(z) = w(x).

Remark 2.13. The condition
[lal™2/1u(a)

< o0 (Cq)

q,00
with some ¢q € (2, 00] is the precise definition of critically decaying functions in the symmetric setting. If
(Cy) holds with some ¢g € (2, 00], then (C,,) holds for every ¢1 € (2,q), as we see from the estimate

” G qu,oo < CH |20 man) a0t ||qoq1/(q07q1)7oo ” [ =2/ () qu,oo

by way of Lemma 3.1. Hence we see that (C,,) is strictly more restrictive than (Cg, ). In particular, if
|z|u(z) is bounded, then u(z) satisfies (C,) for every g € (2, 00).

Remark 2.14. We cannot take ¢ = 2 in Theorems 2.9 and 2.12, since the estimate (6.3) fails in this case.

3. Preparatory Lemmata

We first give the sharp Holder estimate, which is stated by O’Neil [23] without rigorous proof. We give a
simple proof in Appendix A.

Lemma 3.1. Suppose that p, q, r € (1,00) satisfy 1/r = 1/p+ 1/q, and that o, B, v € [1,00] satisfy
1/y = 1/a + 1/3. Then there exists a positive constant C such that, if f(z) € LP and g(z) € L9,
then f(z)g(xz) € L™, and we have the estimate | fgl|, , < C||fl, .ll9ll, 5 -

We also have the generalized Gagliardo—Nirenberg inequality.

Lemma 3.2. Let U be a domain in R? with C? boundary, and suppose that p, ¢ € (1,00) and that
max{p,q} < r < oo. We also assume that 2/q — 1 < 2/r. Then there exists a positive constant C' such

that, for every u € LP>°(U) satisfying Vu € (Lq’oo(U))2, we have u € L™*(U) in the case r < oo, and

2/p—2
u € L®(U) in the case r = co. Furthermore, if we put 6 = M , we have the estimate
1+2/p—2/q
1-0 0
ull, 1 < Cllull, o IVUlly for r < oo,
1-6 6
Hu”oo S C||qu7oo HV’U’H%OO fOT 7 = OQ.

Proof. First, choose s such that max{p,q} < s < r. There exists a function @ on R? such that |y = u
and that the inequalities ||| < Cllull, o, and [|[Val|, ., < C|Vul, ., hold with a positive constant C'

p,o00 — q,00 —
Bf/oso_2/p with the estimate

independent of u. Hence, by the Sobolev embedding theorem, we have @ €

with a positive constant C independent of u, and u € B;ﬁ.ﬁ/s‘”q

@l grsz/a-2ra < ClIVall, o < CIVull, - (3.2)

with the estimate

In view of the equality

2 2 2 2 2 2 2 2 2 2 2 2
0 1+-——-)—-(-—-= +-——-=——-—4+-—=-=-—-,
s q s p p p r s p s T

@ |
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we can apply real interpolation to obtain
~ 1-0 0
[all g2rs=2rr < Cllully 0o VUl o0 (3.3)

from (3.1) and (3.2).
If » = oo, we obtain the conclusion from the estimate above and the inclusion relation B?/f C L>(R?).
If r < oo, put 6 = min{1/r,1/s — 1/r}. Then we have

BT (33/1872/%6 32/872/%5) ) (3.4)
, ) 1/2,1

1 s, 1

From the choice of §, we have 2/s—2/r—§ > 0 and 2/s — 2/r +§ < 2/s. Hence, putting ro = 2r/(2+ 0r)
and 1y = 2r/(2 — 0r), we have

2rs
s <

<rog<r<ry <2r<oo,
r+s

and the Sobolev embedding theorem implies
Bi/ls—Q/r—é - Hsz/sfz/rﬂs - LTO(R2)’ Bs,/1s_2/r+6 c HE/S,Q/H(; c L (RQ).
It follows from these facts and (3.4) that

BT C (Lo(R?), L7 (R?)) |, = LM (R?).

The conclusion follows from this inclusion relation and (3.3). O

We next recall the Bogovskii lemma, which is shown by Bogovskii [5].

Lemma 3.3. Suppose that D is a bounded domain with C**7 boundary for some v > 0. Then there exists

a constant C such that, if f(z) € L*(D) satisfies the condition / f(x)dx =0, then there exists a vector-
D

valued function u(z) € (H} (D))2 satisfying the estimate |Vul|ly, < C||f|ly and the equality V-u(x) = f(z)
holds on D. Moreover, the positive constant C' 1is invariant under conformal transformations of D.
Furthermore, if f(z) € H'(D), then we have u(z) € (Hg(D) OHQ(D))Q, and the estimate ||V2ul|, <
ClIV flly holds.

From this lemma we have the following decomposition. Put U = {z € R? | |z| > 27%2/3}. Then we
have the following lemma.

Lemma 3.4. There exists a positive constant C' such that the following assertion holds.

(i) For every u(z) € H} (), we have w(z) € HE ,(Q) and us(x) € H,(U) such that u(z) =
uy(z) +uz(x) on {x € R? [27713 < [z < 2771}, and we have the estimates ||Vu;l|, < C[|[Vull, for
J=1,2 and |jui|ly, < C[|Vul,.

(ii) For every q € [2,00) there exists a positive constant Cy such that, if u(z) € LL(Q) as well as
u(x) € Hy ,(Q), then the function ug(x) in Assertion (i) satisfies ua(x) € LL(Q) with the estimate
luslly < llully + CollVull, -

(iii) For q € (2,00) and r € [1,00], there exists a positive constant Cy, such that, if u(z) € LL"(Q) as
well as u(x) € Hy ,(Q), then the function uy(x) in Assertion (i) satisfies up(x) € LL" () with the
estimate [z, < lul,, + CorlVal,.

ar =
Proof. We first prove Assertion (i). Let x(¢) be a monotone-decreasing C°°-function on R such that
x(t) =1 for t <5/3 and that x(¢) = 0 for ¢t > 11/6. Then we have

Ve (x (27 7z]) u(z) =27/ Vx 277 |2]) - u(z) = X (277 |2)) 2_‘]% u(x).
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In particular, V - (x (277]|) u(z)) # 0 implies 27713 < [z| < 2771, Since x (277|z[) =0 on |z| = 27!
and x (277[z]) =1 on |z| = 27713, we have

/2113< i V- (X (2_J‘x|) u(m)) dr = j{ (_n(x)) cu(z) ds(z)

|o|=27-13

T /wEQ,|x|S2J—13(_v ' u(m)) dx + f n(z) - u(x)ds(z) =0

r

in view of the fact u(z)|r = 0. It follows that there exists a function
() € (H ({z e R* 27713 < |a| < 2771 }))°
such that V- v(z) = V- (x (27/|z|) u(z)). Now put
uy(z) = x (277]z)) u(z) — v(z) and us(z) = (1 — x (277[2])) w(z) + v(z).

Then we have u;(x) € H&U(Q), us(x) € Hy ,(U) and uy (@) + uz(x) = u(x). We also have

X (2_J|a:|) 9-7 Ly,

V|, < C"

< Cllull g2
2

and
|V (x (277 [a]) u(=)) |, < ig£|xl(t)mu”L2(ﬁ) + ([ Vaulf,-

From these estimates we have
[Vuilly < [[Vully + Cllull 12 (q)- (3.5)

Since u|r = 0, we can apply the Poincaré inequality to u(z) on Q to conclude that there exists a positive
integer C' such that the estimate [ul;2@) < C[|Vull, holds. Substituting this estimate into (3.5) we
obtain |Vuy ||, < C||Vu||,. This inequality yields |Vus||, < C||Vul|, since us(x) = u(x) — ui(z).

We turn to the proof of Assertion (ii). Applying the Poincaré inequality and the Sobolev embedding
theorem to u (z), we obtain |lu1[|, < C[|Vu||, with a positive constant C' depending on ¢. If u(x) € LZ(€2)
as well, it follows that [ual|, < ||lull, + [luil[, < [Jull, + C|[Vull,.

Assertion (iii) follows from Assertion (ii) and real interpolation. O

At the end of this section we give a refined version of Hardy’s inequality, whose proof is given in
Appendix B.

Proposition 3.5. Suppose that 2 < p < co. Then, for every €y > 0, there exists a positive constant C, ¢,
such that, if Q0 is an exterior domain and if u(x) € H(SY), then we have u(x)/Aap)(p—2)(|z]) € LP(Q)
with the estimate ||u(x)/)\2p/(p_2)(\x|)“p < CpelVuly -

4. Construction of Corrector Functions

Let Uy,...,Ur denote the connected components of R*\Q. Since 2 is connected, every U, is simply
connected and arcwise connected. Let I'y be the boundary of Uy for £ =1,..., L. Next, for { =1,... L,
we put

ap = 7{2 a(x) -n(zx)de.

Then we have a« = a; 4+ -+ + a, . Then Proposition 2.3 follows from the following one.
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Proposition 4.1. Choose ¢, € U, for every £ = 1,...,L. Then we introduce a linear operator I1[a]
on (Hl/Q(F))2 as follows: Put vy e(z) = M for every € = 1,...,L, and put I[a] = v (x)
e —

L
= Ze—1 vo.e(z). Then we have the following assertions.

(i) The mapping I is bounded from (Hl/z(l“))2 to (Hl(Q))z, and the function vi(x) satisfies the
L
equality Avy(xz) =0 on Q and the estimate HVv(l)(z)Hz < Cze—l || Furthermore, for every r €
(2,00] there exists a positive constant C, such that o) € (LT(Q))2 and that
L

Hv(l)(z)’ ) <C, lel o]

(ii) There exists another bounded mapping Iz from (Hl/Z(F))2 to (Hl(Q))Q, and v (z) = L,[a] satisfies
the equalities ¥V -v® (z) =0 in Q, v (2) =0 on {z € Q| || > 2711} and v® (z) = a(z) — v (2)

on T. Moreover, the function v(x) = vM(z) + v®) () satisfies (2.2)~(2.4) with G(z) € (L*(D ))4
such that |G|, < C'||a||H1/z(F)

o T —C

(iii) For every c € R2\Q, the mapping I3[a] = —I1[a] satisfies A\g(x)I3[a](z) € L2(Q)NL>(Q)

o o — ¢f?
for every q € (2,00).

Proof. It follows from the constructions that V - vg¢(z) = 0 and that V x vge(x) = 0 outside Uy.

L
Moreover, we have % n(x) - vo m () ds(x) = Spmay . This implies that v(M)(z) = Ze . vo,¢(x) satisfies
I, =

VoM (2) = V x oM (x) = 0, and hence AvM(z) = 0, in Q. Furthermore, VoM (2) € (LZ(Q))4 holds,
and for every r € (2,00] there exists a positive constant C' such that v(!)(z) satisfies the inequality
va(l)HL2(Q) + ||o®] @) < CZngl |ag| . This completes the proof of Assertion (i).

We next prove Assertion (ii). Put b(x) = a(x) — v*) (x)|r. Then we have b € H'/?(T') satisfying with
the estimate [[b]| 1/2(py < Cllal| g1/2(p) With some positive constant C. Moreover, by construction, we see

that b(x) satisfies 7{ n(x) - b(x)ds(xz) =0 for every £ =1,..., L. It follows that the system

Iy
—Aw(z) +Vr(z) =0 in Q,
V-w(z)=0 in Q,
w(z) =0 on |z| = 27*1,
w(z) = b(x) inzel

admits a solution (w(x),w(z)) € H} (Q) x L2(Q), which is unique up to constant in 7(z), and there exists
a positive constant C' such that we have the estimate |Vw|ly, < C[[b]| g1/2ry < Cllall g2y We now put
w(z) = x (277|2]) w(x). Then we have

(z) in Q,

V-i(z) =g
w(z) =0 on |z| = 27F1,
w(x) = b(x) on I,

277X (277 z)) @ - w(z)

||

where g(x) = € H} (D) satisfies the estimate

IVall, +[[Vglly < ClIVwlly < Cllafl gz -
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Since w(x) = 0 on {z | |z| = 2771} and Vw(z) =0 on {x € Q| |z| < 27}, we have

RCCE /m_w n(z) - #(x) ds(z) — /|— n(x) - #(x) ds(a)
— /me n(z) - w(z) ds(:c)Jr/n(m)-b(x) ds(z)

T

z—/ V- w(z)dx = 0.
{zeQ||=|<27}

Hence Lemma 3.3 implies that there exists ¢ € (H}(D) N HQ(D))2 satisfying the equality V-¢(x) = g(x)
and the estimate |[V2¢||, < C[Vyl, < Cllall g1/2(ry - Moreover, since ¢(x) = 0 holds on |z| = 27 and
|z| = 27%1 we have V x p(x) = 0 on |z| = 27 and |z| = 271, This implies that V x ¢(z) € H(D) with
the estimate ||V(V x ¢)|l, < Cllallg1/2(ry - Putting v®) (z) = w(z) — (x), we see that v(?) () satisfies
the estimate

[V |, +[lo@] < I1vlly + 11, + 1Vel, + llell, < Cllallsa/aqy
and the system

~Av(2) = ~VH(V x (x) = V x p(2) = V(7 - vD(2))

=Vt (V x ¢(z) — h(z)) in Q,

V-o@(z)=0 in Q,
v (z) =0 on |z| = 2771,

v (x) = b(x) on T,

where h(z) € L*(D) with the estimate ||h|, < C||Vwl||, < Cllall g1/2(ry - Hence we have the equality
~Av®)(z) = V- G(x) with a matrix
_ 0 Vxp@) —h@)) o

G() = (h(z) -V X ¢(z) 0 € (L*(D))
with the estimate |G|, < Cllal[z1/2(r , and we see that v(x) = v (2)+v3) (z) satisfies the system (2.2)—
(2.4) with the estimate [[Vvl|, + [|G|l, < Cl|al| g1/2(r) - This completes the proof of Assertion (ii).
L Qg r—c xT—C
=121 \ |z —¢c]? |z —col?

Further, we have the expression I3[a] = Z ) It follows that there exists

a positive constant C' such that |I3[a]| < on , which implies Assertion (iii). O

|z —cf?

5. Construction of Weak Solutions

We now prove Theorems 2.5 and 2.11. Put Q; = {z € Q | [z| < 27 } for every j > J+1, and let v(9) = I,[d]
for £ = 1,2, where the operators I, are defined in Proposition 4.1. Next we define v; € Hj ,(€2;) and
R, i as follows:

Let v and v; denote the image of v by the orthogonal projection
with respect to the norm||Vu||, onto the closed subspace H&jU(Q) (5.1)
and onto Hy ,(€2;) respectively.

Ry = 2lolly/IVelly + 24/ 1 H1, + 3| 90| +2||ve]| (5.2)

Then we have the following proposition.
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Proposition 5.1. Suppose that H(z) € (LQ(Q))4 and that a(zr) € (Hl/Q(F))2. Then, for every j > J+1,
there exists a function u() € Hy () satisfying the estimate

o (s 4] < o o3

such that, for every ¢ € C§%,(€2;), we have the identity
(Vu(j),Vgo) = ((u(j) + v) ® (u(j) + v) — H,Vgp) . (5.4)

Furthermore, if Q satisfies (C21), H(z) satisfies (C2AE) and a(z), vV (x) and v?)(z) satisfies (C2E),
then we can take u') satisfying (C2E).

We now prove the above proposition. Since u € H&U(Q) with compact support, we obtain
(u+v) ®@u,Vu) =0,
(u+v)®@u, Vo) + ((u+v) @ v, Vu) =0,
(u X v, Vv) =0
by integrating by parts. Hence
[((wt0) ® (u+v), V(u+0)| = (0@ v, Vo)| < o]l *[[Volly:
It follows that
() @ (utv) = B,V (u+0))| < ol 2190, + [ H IV (u+ ),
IV (u+ )],
1 .

We next observe that, for every j > J+1 and every G € (L2 (Qj))4, the functional on H;(QJ) defined by

¢ — (G, V) is bounded. Hence we can define a bounded linear operator S; from (LQ(QJ-))4 to Hp ,(€;)
defined by the equality (V.S;(G], V) = (G, V) for every ¢ € Hj ,(€2;). We now introduce the mapping
T; from the space X; = L3(Q;) to Hj ,(;) by the equality Tj[u] = S;[(u+ v) ® (u+ v) — H]. Then T}
is a continuous mapping into the space Y; = X; N Hj ,(€;). Since the inclusion Y; — X is a compact
operator, the operator 7} restricted on Yj is a compact mapping into itself.

Then we have the following lemma.

2 2
< vl IVolly + [[H]l," + (5:5)

Lemma 5.2. There exists at least one fized point of the mapping T; in the set Djg, .
{ueY; [IV(u+7)l, < Ro }-

Proof. Consider the mapping U defined by

Tj[u] if ||V(T5[u] +75) |, < Ro.m,

Ulul = § Ro,u(T5[u] + 7))

[V (T[] +75) |

Since Dj R, , is a convex closed set and U is a compact mapping from Y} into D; g, ,;,

implies that there exists at least one fixed point of U in D; g, ,,. If a fixed point u € D; g

the inequality ||V (7}[u] + v;) H2 > R, g, then we have

IV (u+25)l, = [V (ULl +25)[], = Ro.zr- (56)

On the other hand, we have 7; € Hj (). Hence, for every ¢ € Hj ,(€2;), we obtain (V (¢ +7;), Vv(l)) =
((p + 7, —Av(l)) = 0 by integrating by parts, and (V (ap + Ej),V (v(g) — Ej)) = 0. It follows that

(V(e+7;),V(u+v)) = (V(p+7;),V(u+7;)) (5.7)

—v; i || V(T5[ul +@)H2 > Ry

Schauder’s theorem
of U satisfies

vH * v, H
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and
V(e + )" = |V (e +7)|,” + HV ( @ —9; + v(l)) H
for every ¢ € Hj ,(€2;). Substituting (5.5) and applying (5.7) once again, we obtain
19+ )% = (VO] +75), V() + [ (0@ 75 +00)]

RUH
B ||V( +UJ)||2

(V(T5[u] +7;), V(u+0))
), e,
Ry u

= o o, VSl + 08 ) = H] Vi)

4 (V83,Vu+0) + 2| 7o) " 42 we] ]

||v<u+v>||f>

R'UH 2 2
—— ol IVolly + 17" +
v)H2 ( 4

~ V@l +

2
IVo®l," 19+ 0)l,"
2 2

=0 < R, g. Otherwise, the inequality R, g < HV(Tj [u] —1—@-) H2

2 2
+2HW<2>H +2Hvu(1)H
2 2

If |V (u+ )|, =0, then ||V (u+7;)

implies

I

IV + o), Ve
IV + o)l < ol Vol + 1H],* + S\l

4 2
2
L VGl HHV”@)H QHHV”(UH 2
2 2 2
2
3|V (u+v)|,° 5|| Vo2 2
_ Ve g 2ol + i, + A2 o )|

This implies
[Vt < IV @+ ol,’

2 2
< Allell Vol + 4l Hly + 5|90 "+ 4| 0@ "< B2 4

Hence we have ||V(u +Uj)||2 < R, g in either case. This contradicts (5.6). It follows that every fixed
point u of U satisfies ||V (Tj[u] + 7;)||, < Ry i, in which case T;[u] = Ulu] = u and hence ||V (u +7;) ||, <
Ry H. O

We return to the proof of Proposition 5.1. Let u(/) denote a fixed point of 7' given by Lemma 5.2.
Then Lemma 5.2 implies (5.3). Next, for every ¢ € Hy ,(€;), we have

(qu),w) - (VTj [u@} ,w)
(VS [( +v) ® (u(j) —I—v) —H] ,th)
- ((u(j) +v) ® (u(j) +v) ~H, Vgo) .

This implies (5.4). O
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Proof of Theorem 2.5. We first observe that v; converges strongly to v in H&U(Q) Next, since HVu(j) H2 <
o0
Ry 1+ ||VTj|l, < Ry +[|V]|, . there exists a subsequence {u(j(k)) } converging weakly in H&,a (Q)

k=1
0o

such that

Vu(j(k))H converges. Let u denote the weak limit of u(j<k))} . Then we have
2 k=1

|V (u+7) H2 < limg— oo HV (u(j(k)) - vj(k)> H < R, pr . Hence u(x) satisfies (5.3). We also see that the
2

sequence {u(j(k)) converges  strongly to wu(x) in (L4(Qj))2. Indeed, putting
1

k=
ﬂ(j(k)) (x) = X(Q’j|x|)u(j(k)) (), we have ﬂ(j(k)) (x) € (H&(Qj+1))2 and ﬂ(j(k))(x) = u(j(k))(m) on
;. Then we have

vili®)

‘ < Hx 2771+ Vu(j(k)) +277|y (279 |)) ﬁu(j(k)) ()
2 2 |Z‘| 2 (5 8)
< HVu(j(’“)) + o2 || i®)
2 L2({z||z|<2741 })

with a constant C' independent of k, where ﬂ(j (k)) (x) is identified with its zero extension to R?\(2. Since

ﬁ(j *) (0) = 0 outside 241, Poincaré inequality yields

Ha(j(k)) < 027 V’&(j(k))

L2({z||2|<27+1 })

L2({=z | |o|<2741 })

with a constant C' independent of k. Substituting this estimate into (5.8), we see that Vd(j(k))}
is bounded in (L2(9j+1))4. Then the sequence {ﬂ(j(k)) }OO converges weakly in (Hg(€41))", and
k=1
hence strongly in (L4(Qj+1))2, to x (2*j|m|) u(x). It follows that {u<j(k)) }OO converges to u strongly
in (L4(2;))°. =
We now show that this u(z) is a weak solution. Suppose that ¢(z) € C§%,(€2). Then there exists an

integer j > J+1 such that supp ¢ C €. Since v(z) € L*(2) and {u(j(k)) } converges to u(x) strongly

in (L4(Qj))2, it follows that the sequence {(u(j(k)) + v) ® <u<j(k)) + v)} converges strongly in
k=1

(LQ(Qj))4 to (u+v) ® (u+v), and hence limy_, o (Vu(j(k)) , V<p> = (Vu, V) and

k—oo

lim ((u(j(k)) —I—v> ® (u(j(k)) +v) ,V<P> = ((u+v) @ (u+v),Ve).
From these facts and the equality

(Vu(j(k)),Vga) - (<u(j(k)) +v> ® <u(j(k)) +v> ,w) + (H,Vp) =0 (5.10)

for every k such that j(k) > j, we conclude (2.6). Since ¢ € C§,(£2) is arbitrary, the function u(z) is a
weak solution.
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It remains only to show (2.7). Integrating by parts and substituting ¢ = u(j(k)) in (5.10), we obtain

wa)) . ( oo H7u<j<k>>) N (u@-(m) o M(ﬂk))) s <u<j<k>)7u<j<k>))

ST R (u(j(m)’u(j(k))) ,

2

where Il(k) = (v@v - H, Vu(j(k))>, IQ(k) = (u(j(k)) ®77,Vu(j(k))).

We easily see that Ifk) — (v®v—H,Vu) as k — oo.
We next verify that u(j(k)) ® v converges strongly to u® v in (L2 (Q))4. We first observe that Proposi-

(iw)
tion 3.5 implies that the set ur (@) JeENU { u(x) } is bounded in (L4(Q))2, and the estimate
Aa() Aa()

M (2)|5(2)] < Clz|~>/3 holds for |z| < 27. Hence, for every R > 27, we have
(469 @) - o) 560

u(j(k)) (z) —
Aa()
This implies that, for every e > 0, we can take R > 0 so large that
< € holds for every k. On the other hand, u(j (k)) converges

H <U(j(k)) ()= U($)> e L2 ({z||=z|>R}

strongly in (L*(Q N {z | |z| < R})2. Hence we have

H <u(j(k)) (z) — u(x)) I5()|

= H (U(j(k)) (=) - u(m)> LA({x|2|<R})
(40 @) — utw)) 150)

follows that u(j 0) ® ¥ converges strongly to u ® ¥ in (L2(Q))4. This implies that we see that I;k) —
(u®0,Vu) as k — oc.

We finally consider —a® (u(j (k)),u(j (k))>. Applying Fefferman-Stein duality and the result of [7],

L2({z]|z|=R})

< CR™?%/3.

LA({z]|z|=R})

<c

u(x) H|x|—5/3‘

L2({z||=|<R})

[o(@)lly — 0

as k — oo. This implies limsup,_, < e. Since € > 0 is arbitrary, it

2

we obtain the estimate

0oy, O
B0, )| < Cullog e — el pago | 222 242

< .
Oy Oxm, < Cof[ Vel VY, (5.11)

Hl
with absolute constants C; and Cy, where ¢ and v are identified with their zero extensions to R?. In the
sequel we assume that |a] < 1/Cs.

(o]
If limy oo ’Vu(j(k)) = || V|, holds, then {u(j(k)) } converges strongly to u in Hg ,(€), which
2 - k=1
implies that {—<I> (u(j(k)) , u(j(k))>} converges to —®(u, u). Hence
k=1
HVuH22 <(u®v+vev—H,Vu) — ad®(u,u) (5.12)

holds with equality.
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Suppose that limy_, o Hvu(j(k)) > ||Vu||, . Then there exist K € N and € > 0 such that £ > K
2

2

> ||Vu||22 + e. We next have
2

‘@ (u(j(k)),u(j(k))> — 20 (u(j(k))u, u) + B (u, )
‘q) (u i) i) )‘ <ollv (u(j(k)) _u>

9 (Vu(j(k)),Vu) + ||Vu|22} .

Since the mapping ¢ — ®(¢,u) is a bounded linear functional on Hy ,1(€2), we have ® (u(j(k)),u> —

vy, (10)

implies

2

2

-0, {Hvu J(k)

®(u,u) as k — oo. In the same way we have <Vu(j(k)),Vu) — ||Vu||22 as k — oo. By taking K larger

if necessary,, we may assume that & > K implies

a® <u(j(k)),u(j(k))> — a®(u,u)

2
1 —|a|Cy)e
< |alCs <‘ - ||w||22> 4 4= lalCo)e
2
for k > K.

3
By taking K larger if necessary, we may assume that k > K implies

vy (1)

(1 — |a|Co)e
3 )

1 —
(ng) - (u®17,Vu)‘ < U =lalC)e |§|C2)€.

‘Il(k) - (v@v—H,Vu)‘ <

It follows that

0= Hvu(a(k)) BTN R <u(j(k))7u(j(k)))
2
2
>Hvu(j(k)) —(v®U—H+u®ﬁ,VU)—w
2

(i)

+ a®(u,u) — |a|Cy ( Vu

2
o2 _ A= lalCo)e
I, ) ;

2
+ |e|Co|Vaull,? — (v @ v — H 4+ u®5,Vu)
2
+a®(u,u) — (1 — |a|Cy)e

> |Vl = (v@v+u®t— H,Vu) + a®(u,u).

— (1 - ||Cy) || vuli®)

This implies (5.12). O
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The existence in Theorem 2.11 can be proved in the same way, by observing the fact that |z|*/?v(z) -

Vu(z) € (LY31()) ? and replacing the weak convergence of Vu (34) ()/A4(Jz|) in (L4(Q))2 to the weak-

* convergence of Vu(j(k))(x)/|m|1/2 in (L47°°(Q))2.

/ u(j(k)) (x)dzx =0.
o] <29+1

The estimate (5.9) follows from the fact

6. Uniqueness of Weak Solutions

In this section we prove Theorems 2.7 and 2.9. We start with the following proposition, which provides a

series of test functions approximating weak solutions. This proposition corresponds to the result in [22,

Proposition 3.1], in which the existence of a sequence converging with respect to the weak-* topology of

L™ is proved.

Proposition 6.1. Suppose that 2 < g < co and that u € H&,U(Q). Then we have the following assertions.

(i) Suppose in addition that q # oo and that u(x) € LL(Q). Then there evists a sequence {p;(7)}32,
such that Vyo; — Vu in (Lz(Q))4 and @; — u in LL(Q) as j — oo.

(i) Suppose in addition that Ag(|z|))u(z) € (Lq(Q))Q. Then there ezists a sequence {p;(x)}52, in
C6%,(Q) such that Voj; — Vu in (LQ(Q))4 and that A\g(|z])p;(x) — Ag(|z]))u(z) as j — oo, weakly
if 2<q< oo and x-weakly if q = co.

(iii) Suppose in addition that q # oo, Q satisfies (C21), and that u(z) satisfies (C2E) and |z|'~2/9u(x) €
(Lq"’o(Q))Q. Then there erists a sequence {p;(x)}32, in C§%,(Q) such that p;(x) satisfies (C2E)
for every j, Vo — Vu in (LQ(Q))4 and that |z|'=/1p;(z) — |z|'~2/u(z) *-weakly in (L‘I’C’O(Q))2
as j — o0.

Proof. Assertion (i) is proved in Kozono and Sohr [21, Theorem 2].

We next prove Assertion (ii). We first decompose u(x) = wuj(x) + uz(z) as in Lemma 3.4. Then
there exists a sequence {apy)(x)}‘;‘;o in ng:,(fz) such that V(pgl) — Vuq in (LQ(Q))4 as j — oo. Then
the Poincaré inequality yields gogl) — up in LL(Q) as j — oo. Since A\,(|z|) is bounded on Q, we have
A2l () — Ag(lzl)ur(x) in (L9(0))” as j — oo as well

We next consider ug(z). For every k € N, put @i (z) = x (277 |2|) ug (2"2), where x is the same
function in the proof of Lemma 3.4. Then we have

Viin(x) = (Vx (277 )2)) - ua(2F2) = X (277 |a)) 2—J% Cup(2%2),

which is supported in D = {z [ 27713 < |z < 2/*! }. Moreover we have/ V - dgk(z)dr =0
27 -13<|x| <2/ +1

in the same way as in the proof of Lemma 3.4. It follows that there exists a function 0y (z) € (H&(D))2
such that the identity V -0y (x) = —V - 1ig () holds, and that the estimate ||V ||, < C||V -tz x|, holds

with a positive constant C' independent of k. We also have ||V -tz ||, < C’”ml “uy (2F2) H . Now put
x
2

U () = Toye (27%2) = x (27F|2|) wa(z), wi(z) =B (27" 2)
Dk — {1’ |2J+k—13 < |3?| < 2J+k+l } ]
Then we have V (us,x(z) + v (x)) = 0. Moreover, we have
IV (uz = uzp)lly < [Vl oz jz)>or+s-13y) + |ua(2) @ V (x(27¥|z])) I,

< IVuzll 2 g s26+0-131) + C2F[ua (@) 12 (py



2038 M. Yamazaki JMFM

and

X (2] - us(2F )

1Yok, = 1okl < c‘ -

2

< CHUZ(Qkx = C2_kHu2”L2(Dk) (6.2)

ez

with a positive constant C independent of k.
For every k € N, put ¢ (|z]) = x (2757 |z]) — x (2'7*|2[). Then we have ¢i(|z|) = 1 on Dy. On the
other hand, Holder’s inequality implies

Pr(T
[uzllz2(p,) < CHA 2 [Aq (g ()], (6.3)
all2) llag/g—2)
Here Proposition 3.5 implies
1ok (@) /Aq(12)ll2g/(g—2) < ClIVer()ll, = C (6.4)

with a positive constant C' independent of k. Substituting this estimate into (6.3), we see that |luz||2(p,)
is bounded uniformly in k. Substituting this into (6.1) and (6.2), we see that V(ugx + vi) converges to

Vug in (L2(Q))4 as k — co. We also have
||/\q(|z|)(u2(z) - U2,k(x) - Uk(x)) ||q < ||/\q(|x|)u2(:17)||Lq({z [ |z|>28+73})
12D 2 @) g + a2k oy (6.5)
Here we have

(2+7713) " (log (2447134 ¢))" " < Ay )

1-1/
< (2“‘”1)172/(1 <log <2k+J+1 I 46)> q

3
= (2k+‘]+1)172/q (2log 2 — log 3 + log (2]“'”_13 + e))lil/q
<O (2M73) 72 (1og (26713 4 ) T (6.6)

for x € Dy. On the other hand, since vy, € (H&(D))2, (6.2) implies
1orll o(pyy < C22 U Vkll 2,y < C27F[luall 2(p,

272k/q‘|)‘q(‘x|)u2|‘Lq({$|‘w‘22k+J+l})
)\q(2J+k—13) :

< CQiQk/qHUQHLq,r(Dk) <C

From this estimate and (6.6) we conclude
H)‘q(|$|)vk”Lq(Dk) <A (2k+J+1) ||UkHL‘1(Dk) < COXg (2k+J_13) ||UkHLq(Dk)
< C‘|)‘q(‘x|)u2||Lq({x|\$\22k+(1+1})~
Substituting this estimate into (6.5), we obtain
H)\q(|x\)(u2(x) —uz k() — Uk(x)) Hq < CHAQ('xDuQ(x)||Lq({wH$|22k+J+l})'
Putting fi(z) = Ag(|@]) (uz,kx () +vi(x)), we see that the sequence {fi,}72; is bounded in L?(€2) and that

fr(x) = Ag(|x])uz(x) on the set {x XY | lz] < ok+J+1 } Put M = max {k sup ||fk||q, ||)\q(|x|)u2(x)\|q }
=1,2,...

Suppose that g(z) € (Lq/(q_l)(Q))2 and € > 0. (We put ¢/(¢ — 1) = 1 if ¢ = c0.) Then there exists a
positive integer ko such that the inequality Hg(m) (1—x(27%z])) ||Lq/(q,1) < &/2M holds for every k > k.
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Suppose that k > ko + 1. Then x (27%|z|) # 0 implies |z| < 2~Fo+/=13 < 27 which yields the
equality fi(z) = Ag(Jz|)ua(x). It follows that
(9, fir) = (9(2), Ag (2] )uz ()
< |(g(z) = x 27" |z) g(=), fi)|
+1(g(@) = x (27 |21) g(2), Ag(|2]yuz(2))|

< Jlo@) = x 2 lal) 9@,y (15l + PallaDuz(@)],)

< 2M||(1 - X(Z_k°|m\))g($)||q/(q_1) <e.
Since g(z) € (Lq/(q’l)(Q))2 and ¢ > 0 are arbitrary, we see that {fx(x)}72, converges weakly (x-weakly

if ¢ = 00) in (L9(2))” to Ag(|z|)ua(z) as k — oo.
Finally, let ¢ (x) be a function in C§°(R?) such that 1 (z) > 0, suppt) C {x c R2 ‘ 2| < 2J—1} and

that ¥(z)dz =1. For § € (0,1), we put
R2

ug,5(x) = . U(y)ua(z — oy) dy
and
pusta) = [ 000) (a4l = )+ il = b)) d
Then we have
Vogrs(e) = | vV (uz,e(z — 0y) + vi(e — dy)) dy = 0

and ||V (uz2 — ;)| < I1 + Iz, where

B = 1902 = ws)l = | [ 60Tl - Val- - a9)}

2
and

I = [|V(uz2,s — 956l

=| [, st Tt = 50 = Funat- = a1) = Tt~ sy

L < / $()[Vruz() — Vua(- — 8y |y dy < sup [Vuuz() — Vua(- — 1)]l,.
R2 ly|<é

2
Here we have

Hence we can take a monotone-decreasing sequence of positive numbers {d,}3°, such that the estimate
[Vua(-) — Vua(- — )|y < 1/2¢ holds provided |y| < d;. This implies I; < 1/2¢ provided § < &,. We also
have

I, < / Y(y)|[Vug — Vug ), — Vo, dr = [|[Vug — Vug p — Vugll,.
RQ

It follows that we can choose a monotone-increasing sequence of positive integers {k¢}72, such that
I, < 1/2¢ provided k > k¢. Hence, putting ¢y = ¢p,,5,, we have ||V(dy —us2)|l, < 1/¢ and ¢y €
C5o, ({x | 27718 < |z < 2871 1) It follows that {¢¢}32, is a sequence of C§%, () converging to us
in H&U(Q) as { — oo.

Suppose that the assumption of Assertion (ii) is satisfied. Let g(x) be an element of (Lq/(q_l)(ﬂ))Q.
Then we have
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) Ag(12)ua (@) — Mgl ])pr5(x))
- / No(Ja))us () da

. g(x)Aq(lmD/l li/) (J;gz) {us(2) + vp(2)} dzdw

2
Z|22J 5

\

. 2) {Aq(12]) (ua(2) — ua(2) — vr(2)) } dz
/ Ma(el) z4(2) + i)}

Ll (225 4
7 s 2 (% )d>d'

[ (9(), Aq(|2)uz(z) — Ag(|2)pr,6(2))]

Hence we have

< / 9(2) {Aq(l2]) (u2(2) — uzi(2) —vr(2)) } dz| + Cll fill %
|z|>27 (6.7)
L\
g9() - ( 5 ) g9(- = 6y) | ¥(y) dy
lyl<27-2 [+ =] a/(a—1)
Hence, for every € > 0, we can choose L so large that ¢ > L implies
-] 1-2/q c
)= - =9, d < . 6.8
[ (o0 () st )vma) <55 (6:5)
a/(q—1)
Furthermore, we can choose L’ > L so large that £ > L’ implies
‘/||>2J9(Z) {Na(l2D) (u2(2) — uzpm, (2) — vk, (2)) } d2| < 5 (6.9)

For every ¢ < L', we substitute the estimates (6.8) and (6.9) into (6.7) to obtain

|(9(), Ag(|lz))uz(z) = Ag(|z])r,.5,(2))| < €. This implies that the sequence {\q(|z|)¢(x)};, converges
to Ag(|z|)ua(x) weakly (+-weakly if ¢ = oo) in (Lq(Q))2 as ¢ — oo. This completes the proof of Assertion
ii).

( )We finally prove Assertion (iii). By the symmetry we can easily see that the sequence {—¢;(—2)}52,
satisfies all the requirements for —u(—z). Then, for every j € N, the function ®;(z) = (p;(z) —¢(—2)) /2
satisfies (C2E). Since u(z) = —u(—x), the sequence {®;(x)}32, converges to uy in H&U(Q) as j — oc.
It suffices to prove the -weak convergence of a subsequence of {|z|'=%/9®;(x)}°2, to |z|'~%/7u(z) in
(Lq"X’(Q))2 We can do this in the same way as Assertion (i), by replacing \,(|z|) by |z['=2/¢ and
g(x) € (L‘I/(‘Fl)(ﬂ))2 by g(z) € (Lq/(qflm(ﬂ))% This completes proof of Assertion (iii). O

We now prove Theorem 2.7. From the assumption, we can apply Proposition 6.1, (i) with ¢ = 4 to
obtain a sequence of functions {p;(7)}32, in C§%,(£2) such that p; — u in LA(Q) and Vy; — Vu in

(L2(Q))4 as j — oo. By assumption we have

(Vu(z), Voi(z) — ((u(z) +v(2) ®@ (u(z) +v(z)), 9 (2)) + (F(z), Vei(z)) =0 (6.10)
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for every j € N. Since the functions Vu, (u+v) ® (u+v) and F belong to (L? (Q))4 and since Vp; — Vu
n (LZ(Q))4 as j — 0o, we have
(Vu, Vi) = ((u+v) @ v, Vi;) + (F, Vi)
— [|Vully = ((u+v) @ v, Vu) + (F, Vu) as j — oo. (6.11)

On the other hand, since V-u(z) = V-v(x) = 0, we can integrate by parts to obtain ((u+v)®¢;, Vi;) = 0.
Hence we see that

|((u+v) ®@u,Vg;)| = |((u+v) ® (u—¢;), Ve;)|
< (ully + llvlly) 1w = @il 41V esll,-
Since Vy; — Vu in (LQ(Q))4 as j — oo, the sequence {||V<pj||2};il is bounded. Since ¢; — u in L1(Q)
as j — oo, we have |((u +0) ®u, chj){ — 0 as j — oo. Substituting this formula and (6.11) into (6.10),

we obtain (2.8). Integration by parts yields — (u, 204(30)27 Vu) = ®(u,u), from which we obtain the
7|z
conclusion. (]
We next verify Proposition 2.6. To this end we assume that the pairs (v(z), G(z)) and (v'(z), G'(z))
satisfy the conclusion of Proposition 4.1, and that u(z) = w(z) — v(x) satisfies (2. ) Put t(z) = ( )
u(x) = v(z) —v'(x) = 9(z) — ¥(x). Then Proposition 4.1 implies that ¢(x) € HL(Q)N (L* ))2 It follows

from Proposition 6.1, (i) that there exists a sequence {¢;}32; in CF5,(2) such that ¢; — ¢ in (L4(Q))2
and Vo; — Vit in (LQ(Q))4 as j — oo. Then, for every j, we put
= (—(ute)®@—¢j) = (v—9;)®@v—9pj)+F -G, V(uty))
V(4 @h)lly" + a®(u+ 950+ )
=(~u®t—v@v+F -G, V(u+y;))
+ (9 © (0 =) + (u+0) ® 95, V(u+ @))) + |Vully* + 2(Vu, Vipy)
+ Hchj|\22 + a®(u, u)@Q + 2aP(u, p;) + a®(pj, ;)
=(—u®t—v@v+F -G, V(u+y;))
+ (—(u+v) ®u,Vy;) + [Vull,> 4+ 2(Vu, V)
+ Velly% + a®(u, u) + ad(u, p;)
= |Vull,> + (~u @5 —v@v+ F — G, Vu) + a®(u,u) + L1 + Ls + I3,
where
Iihn=(Vu—(u+v)® (u+v)+F—G,Vp;),
Iio=(G—G +Vg;,V(u+y,)),
Iis=(u®(v—"10),Ve;) + ad(u,g;).

Since u + v is a weak solution, the equality (2.6) implies I, ; = 0. Next we obtain I; 3 = 0 by integrating
in parts.
We finally consider ;> . From the equality

2= (Ve Vu+9)) = =(V- (G =G ut ;) = (A —v'),u+¢;)
= (V' =), V(u+¢j)),
Since @; — t in Hj ,(Q) as j — oo, we conclude that

lim I;5 = lim (V(~t +¢;), V(u+¢;)) = 0.
Jj—o0 J—0
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From these facts we conclude that
lim [; = ||Vu||22 +(~u®v—v®v+F -G Vu) + a®(u,u).
j—o0
On the other hand, since ¢; — t in Hj ,(€2) N (L4(Q))2, we obtain
lim I, = [V ||,> + (—v/ @7 —v' @' + F — G, V') + a®(u/, o).
j—o0

This completes the proof. (I
We next prove Theorem 2.9. We first observe that the assumption and Proposition 3.5 imply u(z) €
LA(Q), in view of the estimate

ulxr
) Nef@u(@)l, < Coe, [ Vulzbyn < oo
0@ llag/(4-2)
4

By Remark 2.1 we have a sequence {;}52, of the functions in C§%, (Q2) such that Vy; — Vu/ in (L*(Q))".
Since u is a weak solution, we have

—(Vu,Vg;) + (v@v+rv@ut+u®v+u®u—F),Ve;) = 0.
Integrating by parts, we obtain
(-Vu+v@v+u®i+v@ut+u®u—F),Ve;) —a®(u,p;) = 0.

ke[l <

Since
—Vu+v@uv+u®@i+vutu®u—Fe (LQ(Q))4,
we can let 7 — oo to obtain
(-Vu+v@v+u@v+v@utu®u—F),Vu') — a®(u,u) = 0. (6.12)
Next, from the assumption we can apply Proposition 6.1, (ii) to obtain a sequence {9, (x)}2, of functions
in CF%,(€2) such that Vi — Vu in (LQ(Q))4 and that A\, (|z])yw(z) — A\g(Jz])u(z) converges weakly (-
weakly if ¢ = 00) in (Lq(Q))2 as k — oo.
Since v/ (x) is a weak solution, we have
(-Vi' +v@v+u @v+veu +u @u' — F), Vi) = 0.
Integrating by parts, we have
(Vi +v@v+u @1 +vou +u @u' — F), Vi) — a®(u/, ) = 0. (6.13)
Adding the formulae (6.12), (6.13), (2.7) and the equality
[Vull,> = (v © v, Vu) — (u® 5, Vu) + (F, Vu) + a®(u,u) = 0,
which follows from Theorem 2.7, we obtain
L+ DL+I+1+15+ 1 <0, (6.14)
where
I = | Vull, = (Vu, V') = (V' Vi) + [ Ve[,
ILy=(F —-v®v,Vu) — (F—v®uv, Vi),
Iy =(v@u,Vu') + (v@u', Vi),
Ii=—(u®9,Vu)+ (u®v,Vu') + (v @ 0, Vipi) — (v @ 0, V'),
I = (u®@u,Vu') + (v @ u', Vi),
Is = a(®(u,u) — ®(u,u) — (v, v5) + P(u, u)).
We calculate each terms. First we see that
I = |[Vu— Vu/|,* + (Vu/, Vi — V).
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It follows that |I1 — ||[Vu — V' ||y| < [[VW/[|,]|V(w — ¢g)||5 . Since Vi), — Vu in (Lz(Q))4 as k — 0o, we
have

hm IL = HV(ufu)H2 . (6.15)
Next we see that
L] < |(F—ve o, Vu— V)| < (IFl, + [0],”) IV (e = ).
Hence, in the same way as (6.15), we have
lim I = 0. (6.16)

Third, we have I3 = (v® (u — %), Vu') by integrating by parts. Since v(z)/)\,(|z]) € (LQq/(q*Q)(Q))Z,

Vu' € (L? (Q))4 and Ay (2)1hy (z) converges weakly (+-weakly if ¢ = 0o) in (L9)° as k — oo, we obtain
lim I = 0. (6.17)
Fourth, we have
Ii=(u®o, Ve —u)+ (Vo V(g —u))
=W @0,V —u) + ((u—u) @0, V(U —u)).
Since A\g(x)0 € (Lq(Q))2, the estimate (6.4) implies v/ ® 0 € (LQ(Q))4. Hence, letting k — oo, we obtain
kllrrgo ILi=(u—v)®v,VH —u)). (6.18)
Fifth, we calculate
® (u— i), V') + (u @i, Vu') + (' @ ', Vi)
(u ® (u— i), V') + (u @ g, Vu') — (v @ g, V')
® (u =), V') + ((u — ') @ P, V(u' — u))
+ ((u—u') @ g, V(u— i)
(u® (u—1g), V') + ((u—u) @u, V(u' —u))
+ ((u—v) @ (W —u), V(' —w) + ((u =) ® oy, V(u— ).

It follows that

I — ((u—v)®@u, VU —u) = Jy + Jo + Js, (6.19)
where
5= (Aalle) ) = a0, (3459 ) @)
72 = (Al (o) = uto). (M V) (o) - o))
and

7= (At o), (U2 9) ) - wat0)).

Then we have J, — 0 as k — 0 for £ = 1,2, 3. Indeed, Lemma 3.1 and Proposition 3.5, (ii) imply

(=)o, =], o

a/(a-1) ‘Aq(ﬂ) 24/(42)
< O Vull,|IVa'||,




2044 M. Yamazaki JMFM

with a positive constant C. Since Aq(|z|)¥x(2) — Ag(|z])u holds weakly (x-weakly if ¢ = 0o) in (Lq(Q))z,
we have J; — 0 as k — oo. In the same way we can prove J, — 0 as k — oo. Finally, in view of
Proposition 3.5, (ii), we can estimate

u(z) — u/(z) "
)\q(|.'1,‘|) 2q/(q_2)”v( wk)“Q

< ClAG(2) ¥k (@)1 IV (w = w5V (= i) -

[J3] < ClAq(|2])¢n ()

I,

with a positive constant C. Since A\ (|z])¢r(xz) — Ag(|z|)u holds weakly in (Lq(Q))Q, the sequence
{H)‘q(|x|)¢k($)”qr}k ) is bounded. Since Vi, — Vu strongly in (LQ(Q))4, we have J3 — 0 as k — oo.
These facts imply
Jim T = (u—vu')@u,V(u' —u)). (6.20)
Finally, we have Is = a®(u' — u, v’ —u) + a®(u',u — 9. It follows that
klim Is = a®(u — u,u’ —u). (6.21)
Substituting (6.15)—(6.18), (6.20) and (6.21) into (6.14), we obtain
0> [V(u—u)ly" + ((u—u) &5,V —u)
+((u—v)@u, V(U —u) +2(u —u,u’ —u).

We can take Cq > 0 sufficiently small so that, if a(z) € (H1/2(§2))2 satisfies the estimate [|al| 1,2 (o) < Ca,
then we have

V(u—u')l,>
(= ) @ v}, + a® (@ — u, — ) < IVl

4
It follows that
%Vm—wmjg«w—m®%kum». (6.22)
We then apply Lemma 3.1 and Proposition 3.5, (ii) to obtain
(W = u) @u,V(u' —u))|
< el |5 196 - wll,
q 2q/(q—2)

2
< ClAG(I=Nu(@)]| IV (u" = w57,
where C' depends on ¢ and 2. Substituting this estimate into (6.22) we obtain
2 (3
96— (3= Claytishutal, ) <o

Hence, if [[Aq(z)u(z)]|, < Cq0 = 3/4C, we have ||V (u — u')[|, = 0. Since u, v’ € H&G(Q), it follows that
u(z) = u'(x) on Q. Hence we obtain Theorem 2.9 by putting d, o = 3/4C, which depends only on ¢ and
Q.

7. Results on Symmetric Solutions

In this section we prove the results on the situation when Q satisfies (C2I) and a(z) satisfies (C2E). Since
the argument is almost the same, we shall give main differences.
We first introduce Hardy’s inequality with symmetry, whose proof is given in Appendix C.
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Proposition 7.1. Suppose that 2 < p < co. Then there exists a positive constant C, depending only on p
such that, if u(x) € HJ(Q) satisfies

27
/ u(rcos,rsing) dd = 0 for almost every r > 0, (7.1)
0

then we have u(z)/|z|*/? € LP?(Q) with the estimate |u(x /|x|2/PH < Cpl|Vul, -
We next make a comment on the corrector function.

Proposition 7.2. Suppose that Q0 satisfies (C2I) and a(x) satisfies (C2E). Then we can construct I;[a]
so that they satisfy (C2E).

Proof. For each ¢, either U, is different from —U, or U, = —U,. Moreover, if U, = —U,, then 0 € U,.
Indeed, if C'is a curve contained in U, which connects P € U, to —P € —U; = Uy, then CU—C'is a closed
curve in Uy surrounding 0. Since Uy is simply connected, it follows that 0 € Uy,. In this case choose ¢; as

follows: If U,, = —U, holds for some ¢ and m such that ¢ # m, choose ¢,, = —c¢y, and if 0 € Uy, choose
¢¢ = 0. Moreover, if a(z) satisfies (C2E) as well, then the equality oy = a,, holds for £, m such that
U, = —Uy. In this case we have ay = a,, Hence vV (z) satisfies (C2E) in this case. Furthermore, in this

case b(x) satisfies (C2E), and so does w(x). It follows that g(z) satisfies (C2AE). Hence we can assume
that () satisfies (C2E), by replacing ¢(x) by (¢(z) — ¢(—x))/2 if necessary. In this case V x ¢(z) and
h(z) satisfy (C2AE). We thus conclude that G(z) satisfies (C2AE). The modification of I3 is given in the
introduction. g

We can prove Theorem 2.11 in the same way as Theorem 2.5. However, in order to obtain a solution
satisfying (C2E), we modify the proof. We replace the space X; by {f € L1(Q;) ’ [ satisfies (C2E) } and
making use of the fact that since u(x) satisfies (C2E) implies that so does Ulu] in Lemma 5.2.

We derive (2.9) from the assumptions of Theorem 2.11. For every integer j > J + 1 we put
a; = |Vu(x)|? dz. Then we have

29 <[a|<2H1
2
de dr

2J+1

27
29+ Jo; /
271 Lox
<2/ /
27

Hence, for every j > J + 1, there exists a number r; € [27,277!] such that

2
/0 a0

In view of the assumption (C2E), we can apply the Sobolev embedding theorem to obtain

sup |u(r; cosd,7;sinf)|* < Ca; (7.2)
0e(0,27]

—u (rcos,rsinf)

2

1
—u (rcosf,rsinf) ;d@dr < 2a;.

2

u(r;jcosf,r;sin0)| df < 4a;.

with a positive constant C independent of u and j. Next, for every p, s such that 2/ < p < s < rj, we
have
27

2
lu(s cos 0, ssin 0)] df — / u(pcos @, psin )| do
/271’/6
27 ps
2y
0 Jp

—\u rcos®,rsind)|?| drdf

u(rcosf,rsin )| |u(rcos b, rsin )| dr df

ar



2046 M. Yamazaki JMFM

27 s 2 1/2
<2 / / dr df
0

27 ps 1/2
X (/ |u(r cos 6 Tbln9)|2d7‘d0>
0

1/2 1/2
<2l </ |Vu(z)? dx) (/ lu(x)|? dac) <C'aj
23 <[z <2i+1 23 <|z|<2i+1

with a positive constant C’ independent of u and j. Hence, for every p € [27,2771], the estimate (7.2)
implies

—u (rcosf,rsinf)

2m
/ lu(pcos B, psin6)|* dr
0
2m 2
<2nCa; + ’/ lu(r; cos B, r;sin0)|* df — / lu(pcos b, psin 6)|? d&‘
0 0
< (27C + C")aj.

2m
Since a; — 0 as j — 0o, we obtain / lu(r cos 0, rsin0)|? df — 0 as 7 — co. The conclusion (2.9) follows
0

from this fact and the fact

2
/ |v(rcosf,rsin)>df — 0 as r — oo.
0

If the inclusion relation supp V - F' C {x | |z| < 2K} holds for some K € N, we can regard w(zx) as the
solution of the system

—Aw(z) + (w(z) - V)w(z) + Vr(z)
V- w(z)

0 in {z | |2z > 2K},
0 in {z | |z| > 2X7}.

Hence [11, Theorem XII.3.4] and (2.9) imply that w(z) — 0 uniformly as |z| — oo.
The inequality (2.7) can be proved in the same way as in Theorem 2.5. O

We finally prove Theorem 2.12. In view of Remark 2.13, we may assume 2 < ¢ < oo. Then the
assumption and Proposition 7.1, together with Lemma 3.1, imply u(z) € L*(2), in view of the estimate

[, <
Hu 2 =

Next, in the same way as in the proof of Theorem 2.9, we employ (6.14), where {1, }7° ;| is a sequence of
functions in Cg<, (2) such that Vi, — Vu in (L2(Q))4 and that |z =2/, (x) — ||~/ %u(z) *-weakly
n (Lq"’o(Q))2 given by Proposition 6.1, (iii). The proofs of (6.15), (6.16) and (6.21) hold without change.
We can prove (6.17) and (6.18) in the same way, by replacing \,(|z|) by |z[*=2/¢ and L9/(@=1(Q) by
La/(a=1):1(Q),

For I5, we have (6.19). From the equality

Iy = (o129 (ul(a) = (@), (J2l1 u() - V) (@)

u(z)

a7

[l 22 (@)|| < Cpe, IVullydy < oo
/(a—2) 4

and the fact

| (27 () - 9)u (@)

< e/t ua) IV

q/(g—1),1 2q/(q—2),2
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together with the weak-+ convergence of |z|'~2/94(z) in (Lq’oo(Q))z, we see that J; — 0 as k — oco. In
the same way we see that Jo — 0 as k — oo. Finally, in view of Proposition 3.5, (i) we can estimate

sl < Ol = (a)| [l (uta) 1V — )l

(z)) H211/((1—2)72
< Cllla @) |9 () — ' @) 1V~ ),

The weak-* convergence implies the boundedness of H\x|1*2/q¢k (x)Hq -, - Hence the fact Vi), — Vu in

(L? (Q))4 implies J3 — 0. From these facts we have (6.20). It follows from Proposition 3.5, (i) that

vt = )l (§ - el mw)] ) <o

in the same way as in the proof of Theorem 2.9, where C' depends only on ¢. This estimate implies
u(z) = o/ (x) if H|a:|1_2/qu(x)quo < C, =3/4C. O
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Appendix A. Proof of Lemma 3.1.

We first choose pg, p1, go, g1 S0 that pg < p < p1 < 00, ¢ < ¢ < q1 < o0 and 1/p, + 1/gp < 1, and put

ik = p1qr/(p1 + qr) for j, k=0, 1.
We first consider the case f = oo and v = «. It follows from the Hoélder inequality || fgl] <

Tik =
||prj llgll,, for j,k=0,1 that the estimate

||fg||qu/(pj+q),oo < C||f||p7||g||q,oo

holds for j = 0,1 by real interpolation with respect to q. Applying real interpolation with respect to p,
we obtain

||fg||r’a S Cllf”p,a”gllq,oo

The case @ = oo can be proved in the same way. We next consider the case v = 1. It suffices to consider
the case a, 3 € (1,00). For every h € L"/("=1):°= e have

1fghlly < ClfllpalloPlly o101 (A1)

Since

-1 1 1 1 -1 1 1
P C ol -—ad =1 =,
p p g @ a B
we have [|ghll,/,—1).a/(a—1) < Cllgllg sllRll, (1) 00 - Substituting this estimate into (A.1), we obtain

I£ghlly < ClFN, o llgllg sl 1,00
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Since the norm of L™/ (r=1):= s [[l;./(r—1,00> We have fg € (LT/(T_l)"’O_)/ = L™ with the estimate

1£gll1 < Cllfllp.allglly,s

We finally consider the general case. It suffices to consider the case f < oco. Put § = 5/a(1 — 3). Since
B/(8—1) <a< oo, we have 0 < 0 < 1. Then we can write

1 1 0 1 1

Then the estimate

r/iro-ny < Ol 0.8

)
holds for the case # = 0 and 8 = 1. By complex mterpolatlon we see that (A.2) holds for every 6 € [0, 1]
This completes the proof. 0

Appendix B. Proof of Proposition 3.5.
Since C§°(9) is dense in H} (Q), we may assume that u(z) € C5°(Q). Put
1

v(x) =

2
and w(z) = u(x) — v(z). Then we have

2
/ u(|z|cos 8, |x| sin ) db
0

U(TCOSQ rsinf) ‘ ’ (rcos@ rsmﬂ)‘

0
Oz

dv(rcos @, rsinf)
dr
1 2m

~om

0 0

Ly
/271' ou
S -
o |0

T

—u(r cos @, rsin 9)‘ de.

”
2 27
1 ou
< — —
! —2w</o 9

r
2

It follows that
2

(rcos@,rsinf)

(rcos@,rsin 9)’ d@)

2
(rcos@,rsind) d9§/ |Vu(r cos 0,7 sin 0)|* db.
0

Integrating with respect to 7, we see that [|[Vv|l, < [[Vul,. Since w(z) = u(x) — v(zx), It follows
that [|[Vw|, < 2||Vuw]|,. Since w(z) satisfies the condition (7.1) and since Ay, (,—2)(t) = t**(log(eo +

e))1/2+1/p > t2/p, it follows that

@)/ Ao, < |l w@)]| | <26, 1Vul,. (B.1)
We now consider v(x). By the assumption we see that v(x) is radially symmetric, v(z) = 0 if |z| < &g.
Hence we can define f(t) defined on R such that v(z) = f(log |x|). Then we have f(¢) = 0 on (—oo, log&o].

We also have

/]1@2 (V’U(m))zdx > 27 /EO ar (Tw)‘ dr
_ > 8f ? 0 ? _ > ’ 2
=27 /50 5t —(logr) <8T(log r)) dr =27 /103;50 |f'(t)]” dt.

It follows that f(t) € H}(R) = B%Q(R) with the norm estimate |V f||, < |[|[Vvl|l, < |[Vul|,. Hence the
Sobolev embedding theorem implies that f € 81/2 5(R) C Bl/2 »(R) and

1l 2 < Gl V[, (B.2)
On the other hand, we have
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= FOlle\" dt
||fHBl/2 /0 t1/2 ) 7

(7
[ () 2 [ (i) 520
I (e
C.

\%

[v(reow)| "1 / |v(x)] r
—dr = C; d
Qoglai77r17) 7= 0 o \eprrtog e 7o 172 )

o G

Substituting this estimate into (B.2) we obtain
H />‘2p(p 2)(|£E|)|| < C; EUHVUHQ'

The conclusion follows from this estimate and (B.1). O

%

Appendix C. Proof of Proposition 7.1.

Since C§°(12) is dense in A2 (£2), we may assume that u(z) € C$°(Q). Put Dy = {z € R? | 2F—1 < |z| < 2%}

for every k € Z. Then the assumption implies that / u(z) de = 0. Hence, for every p € [2,00) and every
Dy

pE (2p/ (2 + p), p], the Poincaré inequality and the Sobolev embedding theorem imply

1/p 1/p
ok(2/p—2/p—1) </ |u(zx)|” dx) <C </ |Vu(z)|P dx)
Dk Dk

with a positive constant C' depending only on p and p. It follows that

</D (|332/p_2/p_1|U(x)|)pdx)1/ o[ Iz <x>pdx)””7

once again the positive constant C' depends only on p and p. Then we have

(/ (la>/ P27 u(e ))pdfﬂ>1/p
(; / (122722 Ju(2)))" d )w

o 1/p
2/p=2/p—1 ?d ol
Z Iw\ u(z)])" dzx

k=—o0

IN

IN

C {k_ZOO/D |Vu(x |pdx}1/p =C (/R |Vu(9c)|pdx>1/p. (C.1)

If p =2, we put p = 2. Then (C.1) implies H|x|_1u($)H2 < C||Vu(z)|, -
If p > 2, we put

2
POZP%, po=2,p1= _/)1 and p1 = 2p.

1
Then we have pg < 2 < p; and
2 2 2 2

1
—_——=2-—-=1=1—--=1--
Po Po P P PP pl /J’1
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Hence (C.1) implies

[al2/7=2/= (@)

< C’||Vu(x)||p_ for j =0,1. (C.2)
pj /

Moreover, if we choose 6 € (0,1) such that 6(1/pg — 1/p1) = 1/po — 1/p, then we have

11 1 1 1 11 11 1 1
9(>0<1+>9(>.
Po D1 p 2 2 2 2 2 p po 2

It follows that the real interpolation spaces (L (R?), LP*(R?)), , and (L (R?), L** (R?)), , coincide with
L??(R?) = L*(R?) and L*?(R?) respectively. Hence, applying real interpolation to (C.2), we obtain

[let=/out@)| |, < Glivutl,

with a positive constant C), . This completes the proof. O
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