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Abstract. In this paper, we study the regularity of R-differentiable func-
tions on open connected subsets of the scaled hypercomplex numbers
{H:},cp by studying the kernels of suitable differential operators {V¢}, g,
up to scales in the real field R.
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1. Introduction

In this paper, we study differentiation on scaled hypercomplex numbers scaled
by an arbitrary quantity ¢ € R. Roughly speaking, scaled hypercomplex num-
bers are the ordered pairs of complex numbers under an arbitrary fixed real
number. We let C? be the usual 2-dimensional Hilbert space over the complex
field C, and understand each vector (a,b) € C? as a hypercomplex number
(a,b) € Hy, inducing the algebraic triple,

Ht = ((C27 +a 't)a
with the usual vector addition (+) on C2, and the t-scaled vector multiplica-
tion ('t)7
(a1,b1) ¢ (az,b2) = (aras + thiba, arbs + biaz) ,
for all (a;,b;) € C?, for [ = 1,2, forms a well-defined unital ring with its unity
(or, the (-¢)-identity) (1,0), where Z mean the conjugates of z € C (e.g., see

[2]).

From the Hilbert-space representation (C?,m;) of the t-scaled hyper-
complex ring Hy, introduced in [2], a hypercomplex number h = (a,b) € H,
is realized to be a (2x2)-matrix, or a Hilbert-space operator acting on C2,

enote e tb .
o (h) 920 p), & <Z a) in M (C),
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where Mj (C) is the matricial algebra (which is -isomorphic to the operator
C*-algebra B ((Cz) of all bounded linear operators acting on the Hilbert space
C?) over C, for t € R. The construction of such rings {H;},. provides the
generalized structures of well-known quaternions (e.g., [5-8,12,15,18,21]),
and split-quaternions (e.g., [4,9,14]). Indeed, the ring H_; is nothing but the
noncommutative field H of all quaternions, and the unital ring H; is the ring
of all split-quaternions (e.g., [1-3]). The algebra, spectral theory, operator
theory, and free probability on {H;}, p are studied in [1,2], under the above
representation ((C2, 7rt). Different from the approaches of [1,2], we study those
on {H;},cp by defining suitable bilinear forms {(,),},.p on {H;},cp, in [3].
In the approaches of [3], the pairs {(Hy, (,),)},., form (definite) inner prod-
uct spaces over R, meanwhile, the pairs {(H,(,),)},-, become indefinite
semi-inner product spaces over R, inducing the complete semi-normed spaces
{(E, [I]l;)},cg»> having their semi-norms,

Ill, =1/ I(h, h),|, Vh eHy, VEeR,

where |.| is the absolute value on R. (e.g., [3]). Meanwhile, it is considered in
[3] that each t-scaled hypercomplex number h € H is regarded as a multipli-
cation operator M), acting on (Hy, ||.|,),

My, (W) =h- b € (H,|.|,), VA €H,,
with its adjoint,
M(tz,b) - M(a7_b)7 V(a, b) S Ht’

where (a, —b) e (a,b)Jr is the hypercomplex-conjugate in Hy, i.e., M} =
M+ in the operator space By (H;) of all bounded linear operators acting on
H; “over R,” for all scales ¢t € R, which is a Banach space equipped with the
operator semi-norm,

1T = sup {\Th|, - [[2]l, =1}, ¥T' € Bg (Hy).

Furthermore, the subset,

SN, € By (H,) : h e Hy}

of Bg (H;) forms a complete semi-normed x-algebra over R of the adjointable
operators { My}, cp in Bg (H;) (e.g., see [3]), for t € R. i.e., case-by-case, we
understand the set H; of t-scaled hypercomplex numbers as a unital ring H;
with its unity (1,0) algebraically; or, as a complete semi-normed R-vector
space (Hy,||.||;), which is either a R-Hilbert space if ¢ < 0, or an indefinite
semi-inner product R-space if ¢ > 0, analytically; or as a complete semi-
normed *-algebra M, over R, operator-algebra-theoretically, for all ¢ € R.

In this paper, we regard H; as a complete semi-normed R-vector space,
and act a differential operators V; on the R-differentiable functions on H;,
where

Vt:i—i—ii _sgn(t)o ksgn(t)a’ £t 40,

8.131 8%‘2 T \/H8CC3 - m&u
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and
0 0 0 0
= — 44—+ jo— + kog—, ift=0 1.1
8m1+2(’)x2+‘708x3+ 06.134’ ! ’ ( )
for an arbitrarily fixed scale ¢t € R, where
def [ 1 ift>0
sgn () = {—1 ift <0,

Vo

for all t € R\ {0}, and

i? = —1, and jZ = k? = 1t, (1.2)
satisfying the commuting diagrams,
i i
/00N and P N (1.3)
gt — ke Jto— ke .

1 —1
Here, the first diagram of (1.3) means that
iJe = ki, jikr = —ti, and kyi = jy,
while the second diagram of (1.3) means that
iky = —ji, kijp = ti, and jyi = —ky,

for t € R.

We study the left, or right t-regular functions contained in the kernel,
kerV, of V4, and the t-harmonic functions determined by the ¢-regular func-
tions, by defining t-scaled Laplacians,

0? 9% sgn(t)0?  sgn(t)0® .
At_aixf—’_@ia?%_ 83:% - 856?1 , it #0,
and
H? 02 0? 0? 0? 0? .
=gt i 0 (53t 5 ) = g+ ey 1120
for all t € R.

2. Scaled Hypercomplex Numbers

In this section, we review scaled hypercomplex numbers. For details, e.g., see
[1-3].
2.1. Scaled Hypercomplex Rings
Fix an arbitrarily scale t € R. Define an operation (-;) on C? by
def — _
(al, bl) t ((IQ, bg) = (a1a2 + tb1bo, a1bs + blag) s (211)
for (a;,b;) € C%, for all [ = 1,2.

Proposition 2.1. The algebraic triple (CQ, +, ~t) forms a unital Ting with its
unity (1,0), where (+) is the usual vector addition on C?, and (-;) is the
operation (2.1.1).
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Proof. See [1] for details. O

One can understand these unital rings {((CQ, +, -t) as topological

e
rings, since the operations (+) and {(-;)},cp are continuous on C2.

Definition 2.2. For ¢ € R, the ring H; denote ((CQ, +, -t) is called the t-scaled
hypercomplex ring.

For t € R, define an injective map,
m: Hy — My (C),
by

™ ((a,b)) = (Zt;) , ¥ (a,b) € H,. (2.1.2)

Such an injective map m; of (2.1.2) satisfies that
7y (h1 + ho) = w1 (ha) + m (he) ,
and
7t (hy ¢ ha) = 7 (he) me (h2) (2.1.3)

in My (C), for all hy,hy € H;, where m; (hy)m (he) is the usual matricial
multiplication (e.g., see [1] for details).

Proposition 2.3. The pair ((Cz, 7rt) forms an injective Hilbert-space represen-
tation of our t-scaled hypercomplex ring Hy, where m is an action (2.1.2).

Proof. Tt is shown by (2.1.3), and by the continuity of m; (e.g., [1,2]). O

By the injectivity of 7, one can understand H; as its realization m; (H;)
as matrices of M; (C).

Definition 2.4. The subset,

0 (H,) = {(‘;iﬁ’) € My (C) : (a,b) th}, (2.1.4)

of My (C), denoted by Hb, is called the t-scaled (hypercomplex-)realization
of H; (in M5 (C)) for t € R. For convenience, we denote the realization m; (h)
of h € H, by [h], in Hb.

If Hy denote H,\ {(0,0)}, where (0,0) is the (+)-identity of Hy, then, it
is the maximal monoid,
Htx degte (Hf, 't),
in Hy, with its (-;)-identity (1,0), the unity of H; (e.g., [2]).

Definition 2.5. The monoid H; = (HJ, ;) of Hy is called the t-scaled hyper-
complex monoid.
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2.2. Invertible Hypercomplex Numbers of H;

For an arbitrarily fixed ¢t € R, let H; be the corresponding ¢-scaled hypercom-
plex ring, isomorphic to its t-scaled realization HY of (2.1.4). Observe that,
for any (a,b) € Hy, one has

daqmwﬂgzdd(22>::MF—th. (2.2.1)

where det is the determinant, and |.| is the modulus on C.
Recall that an algebraic triple (X, +,-) is a noncommutative field, if it
is a unital ring, containing (X*,-) as a non-abelian group (e.g., [2,3]).

Lemma 2.6. If (a,b) € Hy, then |a|> # t|b|* in C, if and only if (a,b) is
invertible in H; with its inverse,

_ a —b
a,b = , in Hy,
a Qﬁmﬁm2ﬂw> '

satisfying
[(a, b)—l] = [(a,b)]7" in ML (2.2.2)
t
Moreover, we have the algebraic characterization,

t <0inR <= H; is a noncommutative field. (2.2.3)

The proof is straightfoward; see [1].

By the proof of the above proposition, {H,},_, are noncommutative
fields, but, {H;},-, cannot be noncommutative fields by (2.2.3). For any
scale t € R, the t-scaled hypercomplex ring H; is decomposed by

H, = H{™ U H;™
with
Hinv = {(a,b) o £t |b|2} : (2.2.4)
and
B0 = {(a,0) : ol* =t}
where U is the disjoint union.

Proposition 2.7. The subset Hi"™ of (2.2.4) is a non-abelian group in the

monoid H). Meanwhile, the subset H,*™9 depote HE ™\ {(0,0)} forms a
semigroup without identity in H* .

Proof. Note that, in general, det (AB) = det(A)det(B), for all A, B €
M, (C), for all n € N. See [2] for details. O

Definition 2.8. The block H}™" of (2.2.4) is called the group-part of H; (or,
of H;), and the other algebraic block H,*""? of the above proposition is called
the semigroup-part of H;* (or, of Hy).
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By (2.2.3), if t < 0 in R, then the semigroup-part H*""? is empty in
H;*, and hence,
H = Hi" <= H, = H" U {(0,0)},

X sing

Meanwhile, if ¢ > 0 in R, then the semigroup-part H; is non-empty, and
is properly contained in the ¢-scaled monoir H;*, satisfying (2.2.4).
2.3. Scaled-Hypercomplex Conjugation
In this section, we define a suitable R-adjoint on {H;}, p, as in [3]. For a
scale t € R, define a unary operation (f) on the ¢-scaled hypercomplex ring
H; by

(a,0)" (@, —b), VY(a,b) € M. (2.3.1)

This operation (f) of (2.3.1) is indeed a well-defined unary operation on
H;, inducing the equivalent operation, also denoted by (t), on the t-scaled
realization HY of Hy,

(a0} [(@.0)1], = 1@ -0, (232)

for all (a,b) € H;. Since the action m; : H; — H% and the operation () of
(2.3.1) are bijective, the function (2.3.2) is also a well-defined bijection on
HE.

Proposition 2.9. The bijection (1) of (2.3.1) is an adjoint on H; over R.

See [3] for details.

Note that the R-adjoint (f) of (2.3.1) (or, of (2.3.2)) is free from the
choice of scales t € R. So, we call (f) the hypercomplex-conjugate.
If h = (a,b) € Hy, then one obtains that

W}, = [(1aP =16, 0)] = 8], [nl] (233)
for all h = (a,b) € Hy, for “all” ¢ € R.

2.4. The Normalized Trace T on {H;}, . Over R

Recall that the t-scaled realization HY of the t-scaled hypercomplex ring H;
is an embedded ring of M, (C). So, the normalized trace 7 = $tr on M (C)
is naturally restricted to 7 |7—(§> also denoted by 7, on Hb, where ¢r is the
usual trace on M, (C). Observe that, for any [(a,b)], € H5, one has

rlanl) =50 ((35)) =5 @+a.

T ([(aa b)]t) =Re(a), V (aa b) € H,. (2.4.1)

Remark and Discussion. Since H} is a sub-structure of Mj (C), the linear
functional 7 = tr on My (C) is well-restricted to that on Hj. However, note
that, since 7 (H%) C R by (2.4.1), it becomes a linear functional “over R.” So,
in the following text, if we mention “7 is a linear functional,” then it actually
means that “this restriction is linear over R.” The construction of such a

i.e.
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R-linear functional on H} is motivated by free probability (e.g., [17,20]), and
such a free-probabilistic model is considered in detail in [1-3].00

By (2.4.1), one can define a (R-)linear functional, also denoted by 7, on
Hta by

7((a,0)) ¥ Re(a), V(a,b) € H,. (2.4.2)
By using this linear functional 7 of (2.4.2) on H;, we define a form,
<7>t:Ht XHt HR,

by

(h1, ha), 7 (h1 . h;) . Vhi, hs € Hy, (2.4.3)

where the linear functional 7 in (2.4.3) is in the sense of (2.4.2), whose range
is contained in R in C. Since the hypercomplex-conjugation (1) is bijective,
this form (2.4.3) is a well-defined function.

Lemma 2.10. The function (,), of (2.4.3) is a bilinear form on H; “over R.”

Proof. By the straightforward computations, one has

(h1 4+ ha, hg), = (b1, ha), + (h2, hs),,
(h1,ha + h3), = (h1, ha), + (h1, h3),,
and
(rhy, ha), = r(hi,ha),, (hi,7ha), =7 (h1,ha),,
for all hy, ho, hy € Hy, and r € R, where
rh=(r,0)+h, VheH,, reR.
See [3] for details. O

The above lemma shows that the forms {(,),},.p of (2.4.3) are well-
determined bilinear forms on {Hy}, g, induced by the linear functionals 7 of
(2.4.2) and the hypercomplex-conjugate (1) of (2.3.1).

Lemma 2.11. For all hy, hy € H;, we have
(h1, h2), = (ha, h1), inR. (2.4.4)
Proof. Observe that, for any hy, he € Hy,
(hi,he), =T (hl ¢ h;) =Re (hl o h;)
since 7 of (2.4.1) is a trace
=Re(hy - hi) =7 (h2 . h}) = (ha, ), -
O

The above lemma shows our bilinear form (,), of (2.4.3) is symmetric

by (2.4.4).

t
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Lemma 2.12. If hy, hy € Hy, then
(B ha) | < [(has ) | (s ) | (2.4.5)
where |.| is the absolute value on R.

Proof. See [3] for details. O
Observe now that if h = (a,b) € Hy, then

(hhy =7 ((@.0)« (@,0)) = Re (Jaf = ¢ pf*),

by (2.4.1) and (2.4.2), implying that

(hyh), = la|* = ¢ b* = det ([R],),
and hence,

(h,h), =0 <= det ([h],) =0inR,
if and only if

h = (a,b) € Hy, with |a]® =t |b]*. (2.4.6)
Proposition 2.13. Let h = (a,b) € H;. Then (h,h), = 0, if and only if la* =
t \b|2, if and only if det ([h],) = 0, if and only if h is not invertible in Hy, if
and only if h € H;"™Y. i.e.,

(h,h), = 0,<= h € H;'", in H,. (2.4.7)
Proof. The relation (2.4.7) is shown by (2.4.6). O

If either hy or ho is contained in Hfmg, then hq - h; € Hfmg in H;,
since

det ([hl . h;L) = det ([hl]t [hz]I) :
implying that

det ([hl . h;L) = (det ([h1],)) (det ([hQ]j)) = 0.

Definition 2.14. For a vector space X over R, a bilinear form (,) : X xX — R
is called a (definite) semi-inner product on X over R, if (i)

(@1, 2) = (@2, 1), V21,29 € X,

and (ii) (z,z) > 0, for all x € X. In such a case, the pair (X, (,)) is called
a semi-inner product space over R. If a semi-inner product (,) on a R-vector
space X satisfies an additional condition (iii) (x,x) = 0, if and only if z = Ox,
the zero vector of X, then it is called an (definite) inner product on X over
R, and the pair (X, (,)) is said to be an inner-product space over R.

Definition 2.15. For a vector space X over R, a bilinear form (,) : X xX — R
is called an indefinite semi-inner product on X over R, if (i)
(x1,79) = (22, 71), VI1,72 € X,

and (ii) (z,z) € R, for all z € X. In such a case, the pair (X, (,)) is called
an indefinite-semi-inner product space over R.



IEOT Regular Functions on the Scaled... Page 9 of 43 9

If an indefinite semi-inner product (, ) on a R-vector space X satisfies an
additional condition; (z,y) = 0 for “all” y € X, if and only if z = 0x, then it
is called an indefinite inner product on X over R, and the pair (X, (,)) is said
to be an indefinite-inner product space over R. i.e., an indefinite semi-inner
product is non-degenerated as above, then it becomes an indefinite inner
product.

By the above lemmas and proposition, one obtains the following result.

Theorem 2.16. Ift < 0 in R, then the bilinear form (,), of (2.4.3) is a con-
tinuous inner product on H; over R, i.e.,

t < 0= (Hy, (,),) isaR — inner product space. (2.4.8)

Meanwhile, if t > 0, then (,), is a continuous indefinite semi-inner product
on H; over R, i.e.,
t>0= (Hy, (,),) isaR — inde finite semi — inner product space.
(2.4.9)

However, ift > 0, then (Hy, (,),) is a R-indefinite inner product space, mean-
while, if t =0, then it is a R-indefinite semi-inner product space.

Proof. Assume first that a given scale ¢ is negative in R. Then the bilinear
form (,), forms a semi-inner product by the symmetry (2.4.4), and

((a,b), (a,b)), = la|* = t[b]* > 0,
since ¢ < 0, for all (a,b) € Hy. Also, recall that, if ¢ < 0, then H; = Him U
{(0,0)}, equivalently, H;"™ = {(0,0)}. It implies that
(h,h), = 0 <= h € H;"™ <= h = (0,0) € H,.

i.e., (,), is an inner product on H; over R, whenever ¢t < 0 in R. The continuity
of (,), is guaranteed by (2.4.5). So, if t < 0, then the pair (Hy, (,),) is not only
a R-semi inner product space, but also a R-inner product space. Therefore,
the relation (2.4.8) holds.

Assume now that a scale ¢ is nonnegative in R. Then the bilinear form
(,), forms an indefinite semi-inner product by the symmetry (2.4.4), and

(h,h), = det ([h],) € R,
since t > 0, for all h € H,. Note that if £ > 0, then the semigroup-part H**""
is not empty in Hy, satisfying
(h,hy, =0 <= h € H;",
by (2.4.7). However, if
<h7 q>t = 03 Vq S Ht7

then A = 0 in H. i.e., the indefinite semi-inner product (, ), is non-degenera-
ted. So, the form (,), becomes an indefinite inner product on H;, whenever
t > 0. Meanwhile, if ¢ = 0, then it is not non-degenerated. So, (Hy, (,),) is

a R-indefinite semi-inner product space. In conclusion, the statement (2.4.9)
holds. O
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The above theorem shows that {H;}, , are R-inner product spaces,
meanwhile, {H;},., form R-indefinite semi-inner product space, by (2.4.8)
and (2.4.9), respectively.

Definition 2.17. Let X be a vector space over R, and |.|y : X — R, a
function satisfying (i) |z||y > 0, for all z € X, and (ii) ||rz| v = |7|||z| x.

for all r € R and = € X, and (iii)
o1 + @allx < ol + 7ol o, € X.

Then the function ||.||y is called a semi-norm on X over R, and the pair
(X, |-l x) is said to be a semi-normed space over R. If a semi-norm ||.||y
satisfies an additional condition (iv) ||z||y = 0, if and only if + = O0x in X,
then it is called a norm on X over R, and the pair (X, ||.|| ) is said to be a
normed space over R.

Let (H,(,),) be either a R-inner product space (if ¢t < 0), or a R-
indefinite semi-inner product space (if ¢ > 0), for an arbitrary scale ¢ € R.
Define a function,

[I-ll; - He — R,
by

12, 2\ J10 | = yIdet (B)] = \/Ir (B B1DL (2.4.10)

for all h € Hy, where |.| is the absolute value on R. Then it is not hard to
check that

hl|, >0, since |(h,h),| = ||a|* — ¢ |b]*| >0,
t t

”Th”t =/ ‘<Th»rh>t = Vr? \<h7h>t| = |r| Hh”t7

for all r € R and h € H;, and
17 + hall} = [(ha + hay ha + ha),| < ([[all, + [[h2]l,)*,
by (2.4.5) and the bilinearity of (,),, implying that
171 + helly < lhally + [[R2]l,, n R,
for all hy, ho € H; (See [3] for details).

and

Theorem 2.18. The pair (Hy, |.||;) of the t-scaled hypercomplex ring H, and
the function ||.||, of (2.4.10) forms a complete R-semi-normed space. In par-
ticular,

t < 0= (Hy,|.||;) is acomplete R — normed space, (2.4.11)
and

t > 0= (Hy,|.|,) isacompleteR — semi — normed space. (2.4.12)
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Proof. By the very above paragraph, the map ||.||, of (2.4.10) is a semi-norm
on Hy over R. In particular, the R-semi-normed space (Hy, |.||,) is complete by
(2.4.5) and (2.4.10), since H, is a subspace of the finite-dimensional R-vector
space R*. More precisely, if ¢ < 0 in R, then this semi-norm ||.||, satisfies the
additional condition,

|hll, = 0 <= (h,h), = 0 <= h € H;"™ <= h = (0,0),

implying that ||.|, forms a norm on H; over R. So, the statement (2.4.11)
holds true. Meanwhile if ¢ > 0, then this semi-norm ||.|[, cannot be a norm,
because,

|hll, =0 < h e H™,
by (2.4.7). Therefore, the statement (2.4.12) holds. O

Recall that complete inner product spaces (over R, or over C) are said
to be Hilbert spaces (over R, respectively, over C). So, the statement (2.4.11)
can be re-stated by that: if ¢ < 0, then (Hy,(,),) is a Hilbert space over R
(or, a R-Hilbert space).

3. Scaled Hypercomplex R-Spaces H

In the rest of this paper, we understand the t-scaled hypercomplex ring H;
denote

as the R-vector space Hy ~ =" (H,(,),), which is either a R-Hilbert space
if ¢t < 0, or a complete R-indefinite semi-inner product space (where the
completeness is up to that of the corresponding complete R-semi-normed
space, (H, ||.|[;) induced by the semi-norm ||.||, of (2.4.10)) if ¢ > 0. Remark
that if ¢ > 0, then H; forms a R-indefinite inner product space, while if ¢ = 0,
then it is a R-indefinite semi-inner product space. In this section, we consider
a suitable setting of H; to study the differentiation of the functions acting on
it. More precisely, to study how an operator,
0 e, .0 0
B R T TR T
under the conditions (1.2) and (1.3), acts on the set of R-differentiable func-
tions, we investigate an equivalent setting for H;, which is different from that
of Sect. 2, notationally.
Let

a=x+yi, and b=u+ vi

be complex numbers with ¢ = v/—1 and z,y,u,v € R, and let (a,b) € Xy,
whose realization is

b, — (Zf) - T4 yi tu+ tui o)

in the t-scaled realization H% of Hy. Then it is identified with

x<é(1)>+y<éfl>+u(?é>+u(fl’g> (3.2)

u—vi T —Yi
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(é?) = (L,0)L, (é _Oi) =160,

(00) 10 (25) -0

in H%. It means that every realization T' of H} is expressed by
T =z [(1,0)]; +y[(Z 0)]; + [0, D], + v [(0,9)],,
for some z, y,u,v € R. i.e., the t-scaled realization H’ is spanned by

{1 0)],5 [0, [0, )], [(0,9)],}

by (3.1), where

and

over R.

Lemma 3.1. Fort € R, the R-vector space Hy is spanned by the subset,
Bt = {(150)7 (Z,O), (071)7 (Ovl)}a (33)

over R, in the sense that: for every h € Hy, there exist x,y,u,v € R, such
that

h=xz(1,0)+y(,0)+u(0,1) +v(0,i),
where r (a,b) = (r,0) - (a,b) = (ra,rd), for all r € R and (a,b) € H;. i.e.,
H; = spang (B;) .

Proof. By the injective Hilbert-space representation ((CQ,m), the t-scaled
hypercomplex ring H; is isomorphic to the t-scaled realization H5. And since
H. and H; are isomorphic as R-vector spaces. Therefore, the subset By of
(3.3) spans H; over R, by (3.2). O

The R-basis B; of (3.3) satisfies the following properties in Xj.

Proposition 3.2. By i(t), j(t) and k(t), we denote the spanning vectors (i, 0),
(0,1) and (0,3) of By, where H; = spangBy. Then

i(t)" = (=1,0), j(t)* = (t,0) = k(1)*,
i(8)3(t) = k(t), k() = —ti (), and k()i (t) = j(1), (3.4)

k(t)j(t) =ti(t), j(t)i(t) = —k(t), and i (t) k(t) = —j(£).
Proof. By the above lemma, equivalently, one has that
HY = spang ({1, i, ji, ke}),
where
1=[(L0),, i=[0),,
and

jt = [(O’ 1)]t ) and k; = [(07 Z)]t .
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So, to prove the formulas of (3.4), it suffices to show that
i =1[(-1,0)],, i = [(t,0)], = k3,
ije = ke, ok = —ti, and ki = jy,

kije = ti, jid = —k¢, and ik; = —j,

in ‘HY, respectively. And they are proven by the straightforward computa-

tions. For instance,

ks = <th02> <thg> = (é(z) =[(t,0)], = t1;

= (3 %) (16) = (%0) =0l =,

e (‘Z)Ol) (Oztoz> B (Ol _ot) =~ 10, 1], = =,
ka=(45) (15) = (6 5) =10 -

ik, = (?é) (_(’Zt(j) - (‘0”2) — t[(3,0)], = —ti.

etc.. Therefore, the formulas of (3.4) are shown.

and

By the above proposition, one can conclude that

i(t)? = (~1,0), and j(t)* = (t,0) = k(t)%,

and the following commuting diagrams hold;

and

where, the first diagram of (3.6) illustrates that
i(t)j(t) = k(t), j@O)k(t) = —ti (t), and k(t)i () = j(t),
meanwhile the second diagram of (3.6) illustrates that
() k(t) = —j(t), k()j(t) =t (t), and j(t)i (t) = —k(t),

for t € R.
If we define a vector space 7 over R, by

= {x + yi +uj + vk s x,y,u,v € R}
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ie.
% = Spa’n]R {]wivjtv kt}v

where i = v/—1, j; and k; are certain imaginary numbers (as spanning vec-
tors) satisfying (1.2) and (1.3), then the morphism,

2 (1,0) +y(4,0) +uj(t) + vk(t) € Xy — x + yi + ujy + vk € H,

is a well-defined bijection preserving the formulas of (3.4) to the relations of
(1.2) and (1.3). Since H; = spanyBy, and

jﬁ = Spallg ({17i7jt7 kt}) 5

this bijection becomes a R-vector-space-isomorphism. More precisely, we have
the following structure theorem of the set 5 of (3.7).

Theorem 3.3. Let 77 be the vector space (3.7) spanned by {1,4, ji, ki }, satis-
fying the conditions (1.2) and (1.3), over R. Then

A is aunital ring with its unityl = 1+ 07 + 07, + Ok, (3.8)
algebraically, and
G is a complete R — semi — normed space, isomorphictoH;, (3.9)

analytically, especially, it is a R-Hilbert space if t < 0, while it is a complete
R-indefinite semi-inner product space if t > 0, and
A, is a complete semi — normed * —algebra over R, (3.10)

operator-algebraically, especially, it becomes a C*-algebra over R if t < 0,
meanwhile it forms a complete semi-normed x-algebra over R if t > 0.

Proof. By the bijection,
z(1,0) +y (4,0) + uj(t) + vk(t) € Hy — = + yi + uj, + vk, € A4,
two mathematical structures H; and 5% are isomorphic algebraically, and
analytically, because
H¢ = spang {(1,0), (i,0) , ji, k¢ }, and 4 = spang {1,4, jr, k¢ } ,

over R. So, the statements (3.8) and (3.9) hold, since H; is a unital ring
algebraically, and a complete R-semi-normed space analytically.

In [3], we showed that, on H;, one can define the operator space By (H;)
of all bounded linear transformation (simply, operators) acting on this R-
vector space H; “over R,” equipped with the operator “semi-norm,”

def
ITN= sup {IIT (W), - IRll, = 1},

for all T' € By (H;). Then one can canonically define multiplication operators
My, € Bgr (H;) with their symbols h € Hy, by

My () & hyneH, vyeH,.

And the subset,
Mt = {Mh S BR(Ht) : hth}7
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of Br (H;) forms a well-defined complete semi-normed x-algebra over R. In
particular, the operator semi-norm [|.|| becomes an operator “norm,” if ¢t < 0
(because if ¢ < 0, then |.||, is a norm induced by the inner product (,),),
meanwhile, it is a operator “semi-norm,” if ¢ > 0 (because if ¢ > 0, then
||.||, forms a semi-norm induced by the indefinite semi-inner product (,),).
See [3] for details. Since H; is isomorphic to .74, this complete semi-normed
x-algebra M, is isomorphic to H;, by a s-isomorphism,

M, € M; — h € H, 2 2,
operator-algebraically. Therefore, the statement (3.10) holds, too. g

The above theorem characterizes the algebraic, analytic, and operator-
algebraic structures of the set 4 of (3.7), for t € R. So, one can re-define
the set H; of t-scaled hypercomplex numbers by the equivalent set J#, i.e.,

z, Yy, u, vER,
Zt:Z:\/jle(C, and
@+ yi+ujy +oky | i =1, §f =t =k,
Z.jt - kt, jtkt == —tl7 kt’L == jt7
Jti = —ky, tky = —Jy, kyje = ti

def
Ht ==

For convenience, we call H;, the t-scaled hypercomplexes from now on. By
the above theorem, the t-scaled hypercomplexes H; is a unital ring with its
unity,

1:1+Ozt+ojt+0kt:(170) € Hy,

algebraically, and a complete R-semi-normed space analytically (in general,
for all ¢ € R), and a complete semi-normed x-algebra over R operator-
algebraically (in particular, it forms a C*-algebra over R if ¢ < 0). It is
not difficult to check that each hypercomplex number h = x + yi; + uj: + vk:
of H; has its hypercomplex conjugate,

B =x— Yty — ujy — vk, in Hy,
and one can have a well-defined R-linear functional 7 on Hy,
7(h) = x.
So, under this new setting, one can define the real part,
Re (z + yi + ujs + vk) = x,
and the imaginary part,
Im (2 + yi; + uje + vk) = yiy + ujy + vk,

for all x + yi; + ujy + vk, € H;, which are understood to be

(x 4+ yi) + (u + vi) ji, since ijy = ky,

where i = \/—1 = 44, for all t € R. Recall that, in [3], we generalized complex
numbers C, and hyperbolic numbers D in a similar way.
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Definition 3.4. Let ¢ € R, and H;, the corresponding t-scaled hypercomplex
ring. The subring,

Dy = {(z,u) € Hy : x,u € R},

is called the t-scaled hyperbolic (sub)ring, and all elements of D; are called
t-scaled hyperbolic numbers.

Note that, by definition, this t-scaled hyperbolic ring D; forms a closed
subspace of the R-vector space (Hy, (, ),), and it becomes a closed *-subalgebra
of the complete semi-normed *-algebra H; over R. By our new notational set-
ting, the t-scaled hyperbolic ring D; of [3] can be re-defined by

D; = {x + 0i; + uj, + Ok, € Hy : x,u € R}, (3.11)

in the t-scaled hypercomplexes Hl;. It is not hard to check that D_; is iso-
morphic to the complex field,

C= {erui:z,uG(C, i? = 71},
and D, is isomorphic to the classical hyperbolic numbers,
D:{x—l—uj:x,ueR, j2:1},
algebraically, and analytically (e.g., see [3] for details).
Theorem 3.5. Let h = x + uj; € Dy. Then there exists eh? e Dy, such that
h= b, in D,
where
|||, =1, with 6 = Arg((z,u)) € [0, 2], (3.12)

where [0,27] is the closed interval in R, and Arg ((x,u)) is the argument of
the vector (z,u) € R?, and

cos (\/mﬁ) + J (W) ift<0

elt? = +1 + ujy, ift=0

cosh (Vi0) + ji (””5{59)) it > 0.

Proof. In [3], we showed that if (z,u) € D in Hy, then it is expressed by

(z,u) = ||z, w)ll, exp™®, in Dy,

(cos <\/m0> , Siri/;9> ift<o0

exp’t? = (+1,u), forallu e R ift =0 (3.13)

where

(cosh (\/f@) , Sm}l(\/%/ge)) if t >0,
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where § = Arg ((z,u)) € [0,27] is the argument of the point (z,u) in R?. So,
the t-scaled polar decomposition (3.12) holds by (3.11) and (3.13). O

As in [3], if we construct the unit set Ty = {h € Dy : ||h]|, = 1} of all
units in the t-scaled hyperbolic ring Dy, then

Tt:{ej‘Q:OGR},

0

where €7¢? are in the sense of (3.12) in D).

4. Nonzero-Scaled Regular Functions
Let t € R be a fixed scale, and
Ht = SpanR ({1,it7jta kt}) )

the t-scaled hypercomplexes, where iy = /—1 =i, j; and k; satisfy (1.2) and
(1.3). We consider functions,

J i Hy — Hy,
in the t-scaled hypercomplex variable,
w = x1 + Toly + x37; + x4k, With z1, 29, 23,24 € R.

In particular, we are interested in the case where such functions f are R-
differentiable in an open connected set 2 C H;. Our study is motivated by
the main results of [4], [5], [6], [8], and [9].

4.1. Motivation: Hyperholomorphic Functions on H_4

For more about hyperholomorphic theory on the (—1)-scaled hypercomplexes
H_1, see e.g., [5], [6] and [8]. Recall that the (—1)-scaled hypercomplexes H_;
is the noncommutative field of the quaternions (e.g., see Sects. 2 and 3 above,
or [1], [2] and [3]). Recall that the quaternions H_; is noncommutative for the
(—1)-scaled multiplication (-_1), and hence, the hyperholomorphic property
is considered in two ways from the left, and from the right. Also, in this
quaternionic case, the differential operator D_; is called the Cauchy-Fueter
(differential) operator (e.g., see [5], [6] and [8]).
Define two operators D_; and DT_1 by

P P N B
-1 81‘1 6562 J713I3 -1 (91’47
and
0 0 0
Dl = — - i - —k
-1 8x1 8$QZ (9{,63] ! 0 4 b

on the set of all R-differentiable quaternionic functions.

Definition 4.1. A R-differentiable quaternionic function f : H_; — H_; is
left-hyperholomorphic on an open subset € of H_1, if

enoea a . a a
d:t 7f+27f+j_17f+k_ —f:

D_lf &rl 61‘2 6333 ! 8.1‘4

0;
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and f is said to be right-hyperholomorphic on €, if

denote af 8f af af
D_ —_— — —k_1 =0,
IO = oy ¥ B T By T 9y
in a H_;-variable w = x1 + x9i + x3j_1 + z4k_1 with x1,z2, 23,24 € R.
We simply say that f is hyperholomorphic on 2, if it is both left and right
hyperholomorphic on €.

Readers can verify that we later define the (left, and right) scaled-
hyperholomorphic property of R-differentiable functions on {H;}, p similarly
as above. In this section, we concentrate on the left-hyperholomorphic func-
tions on the quaternions H_1.

It is well-known that

DilDfl = A*la
with
def 82 82 32 82
A= —4+=—+-—+== 4.1.1
1 Ox 2 + or 2 + or 2 + 8 4 ( )
Thus, hyperholomorphic functlons are harmomc on H_;.

Proposition 4.2. A left hyperholomorphic function f : H_y — H_1 on an
open connected subset U of H_1 is harmonic on U, i.e.,

82f 0?f 0*f O0°f
= — = 4.1.2
T 522 T a2 T =0 U (4.12)
Proof. 1If f is left—hyperholomorphic on H_, then
Af=DY Dy f =D (D1 f) =0,

by (4.1.1). So, the harmonicity (4.1.2) holds for f. O

Af=

It is shown that every left-hyperholomorphic function f on an open
subset containing 0 is expressed by the form,

3
fw)=f(0)+ > o1 (w) Rysa f (w),

with

Cnt1 (W) = Tny1 — Tr€ny1, (4.1.3)
and

1
of
R w :/ tw) dt,

an( ) 0 6$n+1( )

where

€y = i, €3 — jfl, and €4 = k‘,l

(e.g., see [5], [6] and [8]). Note that the functions (2, (3, and (4 of (4.1.3)
are both left and right entire hyperholomorphic (on H_1), called the Cauchy-
Fueter polynomials on the quaternions H_;. Are the above harmonicity (4.1.2)
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and the expansion (4.1.3) generalized for arbitrary scales ¢t € R, under a cer-
tain “scaled” hyperholomorphic property?

Independently, in [4] and [9]., the hyperholomorphic property (called
the left, or right regularity there), and the harmonicity of R-differentiable
functions on open connected subsets of the split-quaternions H is studied
and characterized, under slightly different differential-operator and Laplacian
settings based on [9] and [14].

4.2. Discussion and Assumption
Let H; be the t-scaled hypercomplexes, for a scale ¢ € R.

Definition 4.3. Suppose 7; is the semi-norm topology on H; = X;, the t-
hypercomplex R-space induced by the semi-norm ||.||, of (2.4.10) under (3.7).
Define a set,

Fiu def {f :H; — H,|f is R-differentiable on U € 7; },

and the set F; df Fiu.
UeT;

Note that each R-differentiable-function family F;  is understood to
be

.!Tt’U = kgA:Ft’UW ifU = klglAUk S 7;, (421)

where Ll is the disjoint union, and {Ux},c, C 7; for an index set A, where
{Uk} rea are connected in 7. i.e., each R-differentiable-function family 7 ¢
for U € 7; is the disjoint union of the collection {7 17, }, ., of R-differentiable-
function families on open connected subsets {Uy }, o of Hy, as in (4.2.1). Of
course, if U is both open and connected in 7z, then the index set A in (4.2.1)
becomes a singleton set, and hence, F; iy becomes itself in the sense of (4.2.1).
Assumption. From below, if we take a R-differentiable-function family F; 1,
then the open subset U € 7; of H; is automatically regarded as a connected
subset, for convenience. O

It is not difficult to check that the R-differentiable-function family F; s
of U € T; forms a well-defined R-vector space. Also, the R-differentiable-
function family F; forms a R-vector space in the sense that: if 1,75 € R and
f1, fo € F, and hence, if r f1 € Fiy, and o fo € Fyy,, for Uy, Uy € Ty, then

rifi +rafe € Fruinu,, in Fr.

Before proceeding our works, we discuss the difficulties to maintain sim-
ilar settings of Sect. 4.1 for the cases where we replace the (—1)-scaled hy-
percomplexes (which is the quaternions) H_; to a general ¢-scaled hypercom-
plexes Hy, for t € R\ {—1}. Naturally, we want to extend the results (4.1.2)
and (4.1.3) of Sect. 4.1 to those on Hl, for any scales t € R. However, if we
use the operators,

of ~.of . Of af

Dy = 2 4i— 4 4 ke
¢ 8$1+Za$2+jt8$3+ t8x4’
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and
Dl = - i~ Ky, (4.2.2)
X

for a fixed ¢t € R, then one “cannot” have
0? 02 0? 0?
02 "o Yoz T o2
in general, like in Sect. 4.1, especially, where ¢t # —1 in R (e.g., see Sect. 4.3
below). In other words, one cannot have a natural Laplacian-like operator
from the operators (4.2.2). So, we need new settings for studying the hyper-
holomorphic property, and harmonicity of F; 7 on H.

Also, if a given scale ¢ is zero, i.e., t = 0 in R, then the analysis of Fy i/
on Hy, for U € 7y, seems totally different from those on {Ht}teR\{o}' So, in
the rest of Sect. 4 below, we first concentrate on the cases where t # 0 in R.

The case where ¢ = 0 will be considered in Sect. 5, independently.
Assumption. In the following Sects. 4.3, 4.4 and 4.5, we assume ¢ € R\ {0}.00

DD, =

4.3. The Scaled Regularity

As we have seen in Sect. 4.1, the (—1)-scaled differential operator D_; satisfies
that
02 0? 02 0?
02 "o T 02 T oa3
by (4.1.1), allowing us to study harmonicity independent from the imaginary
R-basis elements {4,j_1,k_1} of H_;. In this section, let’s construct ideas
and approaches to extend the results of Sect. 4.1 to the general cases where
t € R\ {0}. Throughout this section, we let ¢ € R\ {0} as we assumed in
Sect. 4.2, and H;, the corresponding ¢-scaled hypercomplexes.

First, consider the case where we have operators D; and DZ on F; by

DI D_i=A_=

0 0 0 0
Dt—aizl‘i‘a +Jt83+kt671‘4
and
DZ dﬁ’fi,ii,i . ikt, (4.3.1)

0 0 . o . 0 0 .0 0 0
DIDt = <8331_8:E22_5503]t_81kt> <6x1 +1 87+]t8x +kt6‘z4>
o 0 0 0 0 0 0 0
T PR PO A L P P
o .0 0 , 0 o .. 0 o .. 0
T Ows 0w Ozs' Ovs  Ows 0w 0wyt oms
0,0 0,0 08,0 9, 0
T T T L R o L P L P
0 0 0 o0 0 0 0 o 0
F TR PO L P, P L, P AL
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0? o2 , o .. 0 o .. 0

= a—x% — a—x%z — T@Z]taixg — %zkta—m
o ..0 0 5 0 o ., 0
_871/3%%6‘732 - 871:3.7#, o915 T%]tktafm
g .0 o . 0 0 5 0

R I il L el P
B S P R R Y i
- 0x? 0z Oxs Oxy Oxy Oxs Ox? o3’
(4.3.2)

by (3.5) and (3.6), i.e

2 2 2 2
pippe B P00 00 @

4.3.
0z Ox% Oz Oxy  Oxy Oxs  Ox%  Ox¥’ (43.3)

by (4.3.2).

Proposition 4.4. If D; = 8%1 + ia%z + jta%g + ktaim on Fru, for U € Ty,
then

0? 0? g .0 g .0 02 0?

DiDy= =+ —— i — i — b —
EEET 942 i Ox3 - 81‘3231‘4 6x428:c3 ox3 Oz

on [4.3.4)

Proof. The proof is done by the straightforward computations (4.3.3). O

Motivated by (4.3.4), we define new differential operators V; and VI
by

0 .0 ,sgn()(’? ksgn(t)a

Vi= o i - ,
b ax It V]toz3 ! V]t0z4
and
0 0 . sgn(t)d. sgn(t)o
vT - i+ + , 4.3.5
63?1 (9332 \/mairg It \/male ‘ ( )
on Fyy, for any U € T;, where
sgn (t) 0 _ [ s9n (t) 0 for 1 —3.4
\/maxl \/m 81‘1 ) ) b
where
1 ift>0
sgn (t) = {_1 <0 (4.3.6)

for all t € R\ {0}. i.e., by (4.3.5) and (4.3.6),

o - 0 . o) o :
8.7701+23-7”£27‘7t\/28x37kt\/23904 ifz>0
def
V: = ) - ‘ 5 5 .
TM'FZTIQ "‘]t |t|8z3+kt\/m3f£4 1ft<0'
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Lemma 4.5. Let V; and VI be the operators (4.3.6) on Fy . Then

2 2 2 2
ViV, = ;x% + aaxg - sg%ga - 897226 : (4.3.7)
on Fiu.
Proof. Consider that,
0 0 . sgn(t)o. sgn(t)d
ViV, = <axlax2” Jiontt JTioes k:t)
0 e, _sgn(t)0 ok sgn (t)
a961 5902 o faxg t\/m&m
:ii+ 0 ,i_ijtsgn(t)a_i tsgn(t)a
Ox1 0x1 Oz Oxe Oz \/max3 01 \/mau
o 0 0 2 0 0 ,,sgn(t)@ 0 . sgn(t)o
R T A TR o oy P Ty
sgn()@ 0 sgn(t)@,, 0 Sgn(t)3 23gn(2€)6
faxg e * \/>8m3 57332_ \/m39€3 V|03
_sgn(t)0 . ik sgn (t)0
f@xg t\/\ﬂam
sgn( )0 i 4 sgn (t)@ktii _ sgn (t)aktjt sgn (t)0
f@m 3331 \/m&m 0z \/m&m \/Haxg
_sgn () 6k2 sgn (t) 0
Vt04 ! V|04
78727ii23 i,,sgn()8+ii sgn (t) 0
dx?  Ory Oxo 8332 t\fa% 0z t\/m&u
sgn(t)@,,@ 1 8,28 10 ., 0
Vlows ™" O~ T 05" 0wy~ 0w 0
sgn(t)o, . 0 10, . 0 1 0 5,0
s — — Tkt — A kA
VIoxy " Oxy [t 0wy T Oxs  t| 0w " Oxy
since(sgn (t)) (sgn (t)) = lin {£1}
02 0 2 0 1 0 ;2 0 10 ., 0
=07 By 0wy |05 Oy Jt] st B
1 2
19,0 10,0
[t| Oy tjt@mg |t| Oxy " Oy
0? 0? t 0? 1 0 0 1 0 0 t o2
od "o o Wow " on Wow o " 10d
2 2 2
:%+§mg—sg’gg}+39n(t)aa(')i
2
—sn0) g () 5 — 5
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since \tl = sgn (1)

02 9% sgn(t)0?  sgn(t)0?
=02 T a2 PR PR

7 x5 Oxs Oxy
by (3.5) and (3.6), implying that
0? 9% sgn(t)0?  sgn(t)0?
a3t 53~ 2 - 2
Oxy 0z} Ox3 Oy

ViV, =
O
The above lemma shows that if we define a t-scaled Laplacian operator
Ay on F; by
det 02 0% sgn(t)0 sgn(t)0
A= 55t s 5 T 3
Oxy  0x3 Oxs oxy

then we have the following factorization of A;.

Theorem 4.6. If A; def ‘92 402 sam()o” 39"(2?32 on Fy, then

Oz Ox3 ox3
A, = V|V, (4.3.8)
Proof. The formula (4.3.8) is shown by (4.3.7). O

Note that the above factorization (4.3.8) shows that if ¢ < 0, then
ViVi=—— >t ozt oz T o

meanwhile, if ¢ > 0, then
0? 0? ok 0?
0x2 " dx2  Oxl  0a2
for all t € R\ {0}. For example, if t = —1, then this formula (4.3.8) becomes
0? 0? 0? 0?
o2 "o "ol T al
as in Sect. 4.1. Meanwhile, if ¢ = 1, then the formula (4.3.8) goes to

02 o? 0? 0?

A= 22 9 _viv
' 02 i oz  0x%  0x3 b

as in [4]. Thus, the factorization (4.3.8) can be re-stated as

A ift<0
At‘{ Ay if > 0.

ViV, =

Ay = = VT_1V71»

We now consider how the new differential operator V; of (4.3.6) acts on
the functions,

CQ = X9 — xli, Cg = T3 — $1jt, and <4 = T4 — l‘1kt.

Observe that

Vit = v, = 22 4 06 smg (DG sgn (1) 9

+ -
oy 0wy M flloes " ]tl0w




9 Page 24 of 43 D. Alpay, I. Cho IEOT

_ O(xe —x1i) . 0(xa2—x19) . sgn(t) 0 (ze — x119)

0x1 e Jxs s \/H6x3
sgn (t) 0 (xg — x1i)
! \/ﬂau
= (=i)+ (1)i — (0) j — (0) ky = —i +1i = 0 (4.3.9)
Viis = GV = 3(3338— T1]t) n ia(ﬂ?:a — T1jjt)
T Ora

- sgn(t) 9 (zs —a1je) ., sgn(t) 0 (3 — 217t)

T o Y R

= (—jie) + (0)i — (Sgnﬁ)> o — (0) ky = (1 - 5%)) ju; (4.3.10)

and
0 (x4 — 21k O (xq — 21k
Vica = v, = Ak D o)

o sgn (t) 0 (x4 — x1ky) e, 39m (t) 0 (x4 — x1ky)

T ors T Vltlom

— (- i (0) i — sgn (t) o, sgn()),
= (—k¢) +(0)i —(0) jis ( w >k’t—< 1 i )kt,(4.3.11)

Proposition 4.7. Let V; be the differential operator (4.3.6), and let {Q}?zz C
Fim, be the functions introduced as in the very above paragraph. Then

Vile = (Ve =0,

and
ViCs = 3V = pji, V= UV = pky, (4.3.12)
where
sgn (1)
P = —-1- )
It]

Proof. The formula (4.3.12) is proven by (4.3.9), (4.3.10) and (4.3.11). O

The formulas in (4.3.12) show how the operator V; acts on the Fueter-
like functions {Cl}?=2 in Fym,.

Definition 4.8. Let V; be the operator (4.3.6) on F; y, for U € 7; in H;, and
f S ft,U~ If
w2 o Of . son(®0f | sn(D0f

=0,
O V]tozs V]toz,

then f is said to be left ¢(-scaled)-regular on U. If

py, = O OF sgn()of . sgn(t)of

dar T dws Jtows O /]]0ws

ks =0,
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then f is said to be right t(-scaled)-regular on U. If f € F, y is both left and
right ¢-regular, then it is said to be t(-scaled)-regular.
A function f € F, y is called a t(-scaled)-harmonic function, if
O%f  0%f sgn(t)0%f  sgn(t)0*f

Af=—5+—5— — -0
of ox? * 03 0% Ox3 ’

where

02 872 _sgn(t) 0? _sgn(t) 0?

A= 2
T 022 " Oad 0z3 0z3

is in the sense of (4.3.8).

By (4.3.12), one can realize that (o = xo — x1i is t-regular, but, (3 =
r3 — x1J: and {4 = x4 — x1k; are neither left nor right ¢-regular, in general,
especially, if ¢ # —1 in R\ {0}. As in Sect. 4.1, we concentrate on the left
t-regular functions. We finish this section with the following theorem.

Theorem 4.9. Let f € Fyy, for U € Ty in H,. If
f is left t-reqular,

then

f is t-harmonic on U. (4.3.13)
Proof. Suppose f is left t-regular in F; y7, ie.,, Vi f = 0. Then A, f = 0,
because

Aif =V (Vef) = Vi (0) =0,

implying that it is ¢~-harmonic on U. 0
4.4. Certain t-Regular Functions on H;

Throughout this section, we automatically assume that a given scale t is
non-zero, i.e., t € R\ {0}. Let V; and V] be the operators (4.3.6),

0 0 _sgn(t)0 i, 391 (t)o

74,@‘77 ,
oy ' '0xe ' f[fows /0w

V=

and

V - ? ’
¢ 3%1 (91'2 \/maxg, It \/m(‘)m !

on F; y, for any U € 7; in the t-scaled hypercomplexes H, and let

A _672+872_sgn(t)82 _sgn(t)82
"7 922 " 9a 0% ox3 7

t 0 0 _+sgn(t)8, sgn (t) 0

on F; y, satisfying
At = VIVt, on .F,zU,

by (4.3.8), where i = /—1 = iy € Hj, for all s € R. Motivated by (4.3.12)
and (4.3.13), define entire R-differentiable functions {m}?z2 on H; by

N2 (W) = x9 — 211,
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and

sgn (t)xy . sgn (t) z1

N3 (w) = T3+ (|t)|]ka T4 (’LU) _1:4+(t)|

in a Hj-variable w = x1 4+ 221 + x37J; + x4k, With 21, 29,23, 24 € R.
Observe first that

ke, (4.4.1)

N2 = X2 — 1% in Fy,,

is t-regular in F; g, i.e.,

12Vy =0= Vo, on Hy, (4.4.2)
by (4.3.12), since 7 is identical to the function (s introduced in Sect. 4.3.
Lemma 4.10. If o = xo — 10 € Fim, s in the sense of (4.4.1), then

12 is a t-harmonic t-reqular function on Hy. (4.4.3)

Proof. The function 7y is t-regular on H; by (4.4.2). Therefore, by (4.3.13),
it is t-harmonic on Hy, too. O

Let’s denote the quantity /|t| by p and sgn (t) by s, € {£}, and let
N3 = 3 + 285, € Fyu, be in the sense of (4.4.1). Observe that

)
0 (CUS + Stmljt) 0 (553 + Stmljt)
p Y P
61‘1 61‘2
5:0 (xg + “%ja 540 (3:3 + %j‘)

_j —k
Jt 09T3 t

Vins =

pOT4
S¢ . . . S St . St .
= (tjt) +4(0) — <t> — ke (0) = g — 2y =0,
P p p p
and

0 (953 + %jt) 0 <$3 + %jt) ' 50 (373 + %jt)

V= - '
M3 Ve 8x1 + 6‘:@ ! paxg Jt
50 (333 + L;:ljt)
_ kt
p8m4
S¢ . X S . St . St .
= (ptjt> + (0) 17— <pt> Jt— (0) ki = ;tjt - ;tjt =0; (4~4~4)

also, if n4 = x4 + sypr1ky € F1m, is in the sense of (4.4.1), then
O (s mmk) 0 (ra )

\VA _ P 4
¢4 8$1 e 8332
Sta (.’E4 + Mkt) Sta (1'4 + mkt)
. 14 _k 4
M o T pom

S . . S S S
= (tkt) +3(0) = ji (0) — ks (t) = — 2k =0,
p p p p
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and

0 (wa+22k) 0 (wa+ 22k

Vi = ]
Ve 8$1 + 8.132 !
Sta (1'4 + %kt) ] Sta (fE4 + %kt>
T pow T oo

- (S;kt) +(0)i — (0) ji — (Spt) ke = %kt = %kt =0. (4.4.5)

Lemma 4.11. Ifns = x3+m]’t} and Ny = x4—|—759’:/(%“

Vit
of (4.4.1) in Fim,, then

ki are in the sense

N3 and 1y are t-harmonic t-reqular on Hy. (4.4.6)

Proof. The functions ns,ns € F1 m, are both left and right t-regular on Hy,
by (4.4.4) and (4.4.5). Therefore, the functions n3 and 74 are t-harmonic on
H;, too, by (4.3.13). O

By the above two lemmas, one obtains the following result.

Theorem 4.12. The functions {m}?:z of (4.4.1) are t-harmonic t-regular func-
tions on Hy.

Proof. The proof is done by (4.4.3) and (4.4.6). O

The following corollary is an immediate consequence of the above the-
orem.

Corollary 4.13. Let f = sin2+ s2m3 + 5304 € Fru, be a R-linear combination
of the t-reqular functions {m}?:2 of (4.4.1), where s1, 82,83 € R. Then f is
t-harmonic t-reqular on Hy.

3
Proof. Let f = 3 spny1 € Fim, be a R-linear combination of {m}?zg, for
n=1
81, 82,53 € R. Then

3
th = an (thn+1) =0,

n=1

and
3
fvt = an (nn+1vt) = 07
n=1

by (4.4.2), (4.4.4) and (4.4.5). Therefore, this function f is t-regular on H;.
So, by (4.3.13), this function f is t-harmonic on Hy, too. O
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4.5. Left t-Regular Functions of F;

In this section, we consider left t-regular functions in F; more in detail. As
in Sects. 4.3 and 4.4, throughout this section, we assume that ¢t € R\ {0}.
Recall that the functions,

N2 (W) = x9 — x1i,
and
sgn (t) xy1 . sgn (t) x;
) =2y 4 LU ) = L

of (4.4.1) in a Hy-variable w = a1 + 29t + x3j: + 4k, with x1, 29, 23,24 € R,
are t-harmonic t-regular functions on H;. We first study ¢-regular functions
induced by {771}?:2- To do that we define a new operation (x) on the t-scaled
hypercomplexes Hi;.

Definition 4.14. Let hq,...,hxy € Hy, for NV € N. Then the symmetrized prod-
uct of hy, ..., hx is defined by a new hypercomplex number,

N denoe def 1
X Chix )by S S D o) ) ot ho(y, (45.1)

(TESN

where Sy is the symmetric (or, permutation) group over {1,..., N}, where
(¢) is the t-scaled multiplication (2.1.1) on Hj;.

Notation. From below, if there are no confusions, we denote the operation
(++) simply by (-) for convenience. i.e., the above definition (4.5.1) can be
re-written to be

N

1
>:< h, = ﬁ Z ha(l)ha(2)-~-ha(N)7 (452)

‘oeSyN
for hy,...,hy € Hy, for ¢ € R\ {0}.0
Remark. The above symmetrized product (x) of (4.5.1) is well-defined for
“all” t € R, including the case where ¢t = 0. As we assumed, we restrict our
interests to the cases where t # 0 in R in this section, but we emphasize that
the above symmetrized product of (4.5.1) is also well-defined where ¢ = 0
(See Sect. 5 below).O

Remark that, actually, the above definition (4.5.1) of the symmetrized
product implies the following case. If we consider

n=1

R 9% o hx ... x h, for n €N,
N——————
n-times

then, all permutations o of .S,, induce exactly same element, so,

W = ;Z ho(1)-ho(m)) » With k) = h, V],
oeS,

in Hg, implying that

n 1, o
= Z hoy--ho(n) = 7 (nth") = h", (4.5.3)
UES
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where A" = hh....... p denete p, t ht ... ¢ b, for all n € N, by (4.5.2). So, if we
N—— —_———

n-times n-times
consider “mutually distinct” hy and ho in H;, and

hgn) X h2 in Ht,

then
W™ X hy = hy X ... x hy X ha,
—_——
n-times
satisfying
(n) _ 1
WY e = 3 ((hl)o(l) (hl)g(n)) (h2) g sy
0ESH+1

and hence,

(n) __n n

hy” X hy = GRS > () (h2) g (nsn) -
0ESnt1

by (4.5.3). More generally, if hy,...,hy € H; are “mutually distinct,” and
ni,...,nn € N, then

by (4.5.3), where h,(;) € {h1,...,hn}, for all j € {1, - an}
j=1

Proposition 4.15. Let hy,...,hny be mutually distinct elements of the t-scaled
hypercomplexes Hy, for N € N\ {1}, and let ny,...,ny € N. If

N
denote
n = Enj:nl—l—...—i—nNeN,

j=1
then
N
o o
jilh Y= Z hoyho@)---hom) |
O'ESn

with

WY = by x by x .. x by =h¥, ¥j=1,.,N, (4.5.5)

k-times

for all k € {1,...,n}, where hy(jy € {h1,....hn}, forall j =1,...,n.

Proof. The refined computation (4.5.5) of the definition (4.5.1) is obtained
by (4.5.4). O



9 Page 30 of 43 D. Alpay, I. Cho IEOT

Let f1,..., fn : Hy — H; be functions for N € N. Then, similar to (4.5.1)
(expressed by (4.5.2)), one can define a symmetrized-product function of them
by

N 1
nilfn = ﬁ Z fﬂ(l)f0(2)"'f(7(N))
o€ESN

where
(foy o) fony) () = foqy (h) 4 oot fo(ny (B), (4.5.6)
simply denoted by
(foyfo@)-—fon) (B) = foy (R) .. fony (R),
as in (4.5.2), for all 0 € Sy and h € H,. Also, similar to (4.5.3), one write
= f % fx o fi = [, ¥neN,
—_—

n-times

in terms of (4.5.6). Then, for any h € H;, the image ( ]>\<[ T(Lnj)) (h) is ex-
pressed similar to (4.5.5), if we replace h,(;) to f,(;) (h) in (4.5.5). Without
loss of generality, let’s axiomatize that

f(O) =1, the constant 1-function on H,
for all functions f : H; — H;.

Definition 4.16. Let n 22" (n1,n2,n3) € N3 be a triple of numbers in Ny =

NU {0}, and let {771};1:2 be the t-harmonic t-regular functions (4.4.1). Define
a function n™ by

ndef1 n n n
U =E(n§ 1)><77§2)><77£‘°’)),

where
n! = (n1!) (na!) (n3!) € N, (4.5.7)
and

771(2[1) = M1 X Ma1 X e X Mg = nln_f_l, Vi=1,2,3.

n;-times

For an arbitrary n = (n1,n2,n3) € N3, let ™ : H; — H; be a function
(4.5.7). By the very construction, this function n™ is contained in Fj g,.
Observe that, if we let

t t
ey = —1i, e3 = sgn { )jt, and e4 = sgn { )kt,
v 1t
making
m =z + x1e€y, vl = 273747
then

1
(n!) Vin™ = (n!) V, (n, (ny™ x n3"? x nZ”‘”’))
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4
= Z Z Z No(1)--No(k—1)€1MNo (k+1)-+- X N (N)

oceSNI=2ke{l,....N},0(k)=L
4
- Z Z Z Mo (1) X No(k—=1)No(k+1)---TNo(N)» (458)
c€SNI=2ke{1,....N},o(k)=l
where
N =n1+ns+n3 in N.
Now, note that

4
0= Z Z Z ZiNo (1) No(k—1)No(k+1)--- X No(N)

o€SN I=2ke(1,...,N},0(k)=l
4
- Z Z Z No(1)-+ X No(k—1)TiMo (k+1)+No(N)s (4.5.9)
o€SNI=2ke{l,....N},0(k)=l

by the formula (7) in the page 99 of [8]. Let’s multiply x; to the formula
(4.5.8). Then

T (l’l') Vm“ =T (TL') th“ +0

4
= Z Z Z Mo (1) Mo (k—1) €1Mo (k+1) -+ X No(N)

oc€SNI=2ke{1,....N},0(k)=l

4
- Z Z Z eMo(1)-++ X No(k—1)No (k+1)-- o) | +0

oc€SNI=2ke{l,...,N},0(k)=L

by (4.5.8)

4
= Z Z Z No(1)-+No(k—1) (z1e) No(k41)+-+ X Mo (N)

a€$’Nl*2k€{1, LN} o(k)=l

- Z Z Z (T1€1) N (1) X Mo (k—1)No(k4+1) T (N)

oSy = 2ke{1 o (k)=l

+ Z Z Z LMo (1) No(k—1) Mo (k+1) -+ X Mo (N)

o0€SNI=2k€e{1,...,N},0(k)=l
4
- Z Z Z No(1)-++ X No(k—=1)TiMNo (k+1)--- Mo (N)
oc€SNI=2ke{l,...,N},0(k)=l

by (4.5.9)

4
= Z Z Z No (1) No(k—1) (Z1€1) No (k1) X N ()

oceSNI=2ke{l,...,.N},0(k)=l
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4
+ Z Z Z LMo (1) Mo (k—1)No (k+1) -+ X No(N)

oc€SNI=2ke{1,....N},0(k)=l

4
+ |- Z Z Z (xlel) No(1)+++ X No(k—1)No (k+1)---To(N)

oceSNnI=2ke{l,....,N},o(k)=l

4
— Z Z Z 770(1)... X nn(k,—l)xlna(k—‘rl)“'nn(l\/)

ceSnI=2ke{1,...,N},o(k)=l

4
Z Z Z No (1) No (k—1)MNNo (k+1) -+ X Mo (N)

oceSNI=2ke{l,....N},o(k)=I

4
- Z Z Z MNo (1) No(k—1)No (k+1) - X Mo (N)

oc€SNI=2ke{1,....N},0(k)=l
—0, (4.5.10)

under the sum over Sy.

Lemma 4.17. For any n = (ny,na,n3) € N3, the function n™ of (4.5.7) is
t-regular on Hy, i.e.,

V™ =0 ="V, (4.5.11)

Proof. The first equality of the formula (4.5.11) is obtained by (4.5.10). The
second equality is obtained similarly by (4.5.10), by the definition of the
symetrized product (4.5.2) and (4.5.7), with help of the t-regularity (4.4.3)

of {nl}?:2~ O

By the above lemma, we obtain the following result.

Theorem 4.18. Let n = (ny,n2,n3) € N3, and let n™ € Fyp, be the function
(4.5.7). Then it is a t-harmonic t-regular function, i.e.,

7"V = Vyn™ =0, and Ayp™ = 0, on H;. (4.5.12)

Proof. The t-regularity of n® on H; is shown by (4.5.11), for all n € N}.
Thus, by (4.3.13), the functions {n“}neNg are t-harmonic on H;. Therefore,

the relation (4.5.12) holds. O

By the above theorem, all functions {77“ 'n € NS} are t-harmonic t-
regular functions on Hi.

Now, recall the complete semi-norm ||.||, of (2.4.10) on the t-scaled hy-
percomplexes Hy,

)

Ill, = /1| = /i (Bl = [lal? = 1017

for all h = a + bj; € Hy, regarded as (a,b) € H; with a,b € C (in the sense
of Sect. 2) satisfying (2.4.11) and (2.4.12). i.e., if ¢ < 0, then it is a complete




IEOT Regular Functions on the Scaled... Page 33 of 43 9

norm on H, while if ¢ > 0, then it is a complete semi-norm on H;. If we
understand,

sgn (t) 21 sgn (t) 21

Mo =T — T1%, N3 = T3+ ————J, N4 = Tg +
vaul vald

as their images of H;, then they are regarded as

sgn (t) x1>

kt7

N = (22 — 214, 0), N3 = (563, i

sgn (t)xy .
Na = | T4, ﬁl ;

in “the t-scaled hypercomplex ring H; in the sense of Sect. 2.” So, one can
compute their norms on Hy,

lles =i 10| = [l + (2| = ot 4 a3

and

lIn2ll, =
sgn (t) z1
| e 75— sgn (1)),
and
(x|
sgn (t) 1
Inall, = | |lzal? W@ = /|22 —sgn (t)22]. (4.5.13)

Lemma 4.19. Let n™ € Fyy, be a function (4.5.7) for n = (n1,n2,n3) € N3.
Then

ni n2 ns3
el < (yag+at) " (Visg—sam@atl) (it —samatl)
(4.5.14)
Proof. By (4.5.7), for any n = (nq,na,n3) € N3,

n 1 n n n
Il = g (577 07 0

t

1 Tl1! ng! nz!
(n1!) (n2!) (na!) <( ) (n! g Z hf’(l)hf’(z)"'ho(n)>

ocES,,

t
where h,) € {n2,7m3,74}, for all o € S,,, with n =ny +no +n3 €N

ns

= lInz ng2ni®ll, < lnally™ [nslly™ lImall;
by (4.5.5)

- (V) (Vid—smat) (Vied-sm@at)

by (4.5.13). Therefore, the inequality (4.5.14) holds. O
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The above lemma shows that, for any arbitrarily fixed n € NJ, the
corresponding function ™ is bounded by (4.5.14).

Theorem 4.20. Let t # 0 in R, and f € Fiy, a R-differentiable function,
where U € T; containing 0 = 0 + 0i + 05, + Ok, € H,. If f is R-analytic on
U, then

f s left t-reqular on U,
if and only if

F=F0)+ > 1" fa, (4.5.15)
neNs
with
1 an1+n2+nsf

= (0), V N3,
Jn n! dxy' Oxy?Oxl)? (0), ¥n €

Proof. Clearly, if f = f(0) + > n™fn, then it is left t-regular, by the ¢-
neN3
regularity (4.5.12) of {n™ :n € Nj}.
Suppose f is left t-regular in F; 7, satisfying V;f = 0. Then
4
Fw)=£(0) =" (m (w)) (R f) (w)),
n=2

where

(Rnf) (w) = /01 825:")#, Vn = 2,3,4, (4.5.16)

in a Hi-variable w = a1 + x2t 4+ 3¢ + x4k, With x1, 22, 23,24 € R. Indeed,

df (tw)  8f (tw) . Of (tw)
a " 011 +Z$l ox;

=2
identical to

df (tw) L0 sgn(t)0 sgn (t) 0 af (tw)
T ( oy + ¢ NG + ki \/m3$4> f (tw) +Z$l )

implying that

7 ((jiw) Zm (w) 6fa(;flw).

Thus, by iterating (4.5.16), one can get that
F=FO)+ Y 0

neN3
where

1 an1+nz+nsf
hn=—m—r 7 (0), V N3,
f n! dxh Oxy?Oxly? (0), vn €
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Note that, such an iteration can be done by the assumption that f is R-
analytic on U, by the boundedness condition (4.5.14). Therefore, the charac-
terization (4.5.15) holds true. O

Remark that, if a given scale t is negative, i.e., t < 0 in R, then the
R-regularity automatically implies the R-analyticity by (4.3.5), (4.3.6) and
(4.5.14). So, if t < 0, then the above theorem holds without the R-analyticity
assumption for f € Fy .

5. 0-Regular Functions on H

In Sect. 4, we studied the t-regularity and the t-hamonicity of R-differentiable
functions of F; ¢, for U € 7; in the t-scaled hypercomplexes H;, where a given
scale is nonzero, i.e., t € R\ {0}. To do that, we defined the operators V;
and VI on F; by

0 .0 _sgn(t)0 i sgn (t) 0

Vi=—+iz—— - )
K 61'1 161'2 Jt \/maxg ! \/m(’)m
and
0 0 . sgn(t)o. sgn(t)o
Vie —— —i4 + ke, 5.1
T T A E Y >
satisfying
2 2 2 2
A, = 0% n iQ _sgn(t) 0% sgn(t)0 _viv,, (5.2)

ox3 03 o 03
in a H-variable w = x1 + z2i + x3J; + T4ks, with x1, 20, 23,24 € R, where
i =+v/—1 =1y in Hy. We showed in Sect. 4 that the functions,

sgn (t) x1 . sgn (t) xq
= Jt =
] 2l

are t-harmonic t-regular in F; g,, furthermore, all functions of F; g, formed
by

12 (w) = z2 — 214, M3 (W) = 23 + . (5.3)

3
n 1 n n n :
= o (ol o) withm =TT (54)
=1

are t-harmonic t-regular in F g, for all n = (n1, n2, ng) € N3, characterizing
the left t-regularity (4.5.13) on F;, whenever ¢ # 0 in R.

In this section, we consider the case where the given scale t is zero in R,
i.e., we study O-regularity on Fy acting on the 0O-scaled hypercomplexes Hy.
Recall that if

h =a+ bi + cjo + dko € Hy, with a,b,c,d € R,
then
h = (a+bi) + (c+ di) jo = 21 + 22jo0,
with
z1 =a+bi, and zo = ¢+ di, in C,
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realized to be

2102 z1 0 .
[(21, 22)]p = (Z; 212> = (z;zl>’ in HY,

IH:[O = spalg {17 iaj()v kO} .
So, the R-basis elements {i, jo, ko} of Hy satisty

where

=-1, ji=0=kg, (5.5)
and the commuting diagrams,
i i
v/ N0 and Y S Nt
jo — ko Jo < ko

saying that
ijo = ko, joko = —0i =0, kot = jo,
and
joi = —ko, iko = —jo, kojo = 0i =0, (5.6)
by (3.4), (3.5) and (3.6).
Define first the operators Vo and VJ(S by
Vo = i-ﬁ- 0 +joaa +koaa4

and
0

—k 5.7
z 05 ( )

on Foy, for any U € 7; in Hy, similar to the differential operators of (5.1),
in a Hy-variable xy + x2i 4+ x370 + x4ko, with x1, 29, x3, x4 € R. Observe that

0 0 0 0 0 0 0 0
T _ (<< v <. Y
VoVo = ( 1 —~Jo 8x4k0> <8$1 —|—Zax +joa +k061‘4>
02 o .0 0 0 0 0

= 92 T om0y T 9500y T 0y 0 B

8,8 8,28 o .. 0 0 . 0

T Tl P el P LY il LD

0.0 0.0 05,0 0., 0
8%3]081'1 8%330 81'2 8%330 8:63 3$3JO 08.%4
0D 0,0 9D D0

LY T L il P UL il Pl
_i?+i2_il~ 9 90 .. 9
C0x?  Ox O Jo Oxs  Ozo Ox4

900,000
81‘330 8.132 6$3]O 81‘3 81‘3'70 0833‘4
0,0 0,0 0,0

—kgi— — ——kojo=— — —— ki ——
(9,%4 028.’172 8184 0]08.’173 8164 08374
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e 0,0 0., 0
©0x? Oz 8:E3‘70 Oxs 8x330 091,
I At
Oy 0 08$3 Oy 0(9334
0? 0? d d 0 L0
“ot "0 aws Vows on T s
o .. 0 0 0
o " on, " o Vo
02 0?
= 92 + Erel (5.8)
by (5.5) and (5.6).
Theorem 5.1. Let Vo be the operator (5.7) on Fy. Then
02 0?
T _ Y .Y
Proof. The formula (5.9) is obtained by the computation (5.8). O

One can recognize that the formula (5.9) is similar to the formula (5.2).
However, we do not have x;-depending double-partial-derivatives, for [ = 3,4,
n (5.9). It shows that, in the 0-scaled case, the Laplacian on F ¢y for an open
connected subset U C Hj is depending only on the first, and the second R-
variables 1 and xz. More generally, for any ug,us € R\ {0}, if we define
operators D, ., and D] by

uz,ua

0 0 uz0 ug0
Du‘ Uus — A~ a
® ox X1 u ox €T9 +j08 T3 + 81‘4

and

13} 0 uzd . ugd
pi =2 2 % 5.10
w5 Dpy  Ozy Ows?’ Omg (5.10)
as in (5.1), then, for any dilations (5.10) of Vi and VS, one has
0? 0?
DL wDPusus = 55+ 53 (5.11)
guaTTES N 92 Ol

similar to (5.8), by (5.5) and (5.6). It shows that, indeed, the Laplacian A,
on Fy can be well-defined to be

02 0?
A
07 922 - 0x2’
by (5.11).
Definition 5.2. Define an operator Ay on Fy ¢, for any open connected sub-
sets U of the 0O-scaled hypercomplexes Hy, by

92 92 92 o
Ay L 2 e 12
0= 92 T e T (a 2+8x2>+0 (ax3+a§> (5.12)



9 Page 38 of 43 D. Alpay, I. Cho IEOT

A function f € Fy p is said to be left 0(-scaled)-regular on U, if

_Of L OF L OF L 0F
VOf n 8331 +26JJ2 +]06$3 +k0 8334 B O’

and it is said to be right 0(-scaled)-regular on U, if

_of of, of . Of, _
fVO a 8561 + 8.Z’QZ + 8I3'70 + 8$4 ko =0

If f € Fo,uv is both left and right O-regular, then f is called a O-regular

function on U. Also, a function f € Fy p is said to be 0(-scaled)-harmonic
on U, if

Aof = 07
where Ay is in the sense of (5.12).

By definition, we have the following result.

Theorem 5.3. Let f € Foy, for an open connected subset U of Hy. Then
fisleft0 —regular = fis0 — harmoniconU. (5.13)
Proof. By (5.9), one has Ay = VI)VO, on Fy . So, if f is left O-regular on U,
then
Aof =V} (Vof) = Vi (0) =0,
and hence, it is O-harmonic on U. O
Similar to (5.3), we let
n2 (w) = 22 — 21,
and
3 (U)) = T3 — Iljo, and T4 (w) = T4 — Ilko, (514)
in a Hp-variable w = x1 4+ 221 + x3j0 + x4ko, with 21,29, 23,24 € R. Then
these functions {nl}?zz are contained in Fo g, .
Lemma 5.4. Let {m}?:2 be in the sense of (5.14). Then they are not only
0-regular, but also, 0-harmonic on the 0-scaled hypercomplexes Hy, i.e.,
{m}?:2 are0 — harmonic0 — regular functions onHy. (5.15)
Proof. If Ny = x2 — x11 € Fou,, then
0 (x2 — x11) n 1,8 (z2 — 11) n joa (z2 — x11) n koa (2 — x11)

81‘1 6952 8233 811?4
= (—i) + 1 (1) + jo (0) + ko (0) = —i + i = 0;

and if 93 = 23 — x1jo € Fo,m,, then

Vaonz = n2Vo =

0(x3 —x1jo) | .0(x3 — w1j0)

Vons = n3Vo = B, +1 92
O (x5 — 21jo) d (z3 — x1j0)
k
+Jo 92 + Ko 974

= (=jo) +1(0) + jo (1) + ko (0) = —jo + jo = 0;
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and if ny = x4 — x1ko € Fom,, then
(9 (334 — xlk’o) n 8 ($4 - xlk’o)

Vons =n3Vo = By i 02,
+]Oa (1'4 — .’Elko) + ko 8 ($4 - (Elko)
8333 6324

= (—ko) +i(0) + o (0) + ko (1) = —ko + ko = 0.
Therefore, the functions {m}?:2 of (5.14) are O-regular on Hy. Therefore,
these O-regular functions {m}?:2 are 0-harmonic by (5.13). O

By (5.15), we consider the symmetrized product ™, for n = (ny,na,n3) €
N3, defined by

1 n n n:
"= (775 Vo™ g 3)) € Fom, (5.16)

like (5.4), as in Sect. 4.5, where (x) is the symmetrized product (4.5.1),
expressed to be (4.5.2).
Theorem 5.5. The symmetrized products n™ € Fom, of (5.16) are 0-harmonic

0-regular functions on Hy, for alln € N3, i.e.,

n™ are0 — harmonic0 — regular functionsonHy,¥n € N3, (5.17)

Proof. The proof of the 0-regularity of n™ are similar to that of (4.5.11). In
particular, if we let

e1 = —i, ea = —jo, and ez = —ko,

and if we replace V; to Vg, then the formula (4.5.8) is obtained similarly,
and hence, the computation (4.5.10) holds by (4.5.9). i.e.,

xn!Von™ =0,= Von™ = 0.

So, the symmetrized products n™ are O-regular, for n € N3. By the 0-
regularity, n™ are 0-harmonic on Hy, too, by (5.13). Therefore, the relation
(5.17) holds. O

The above theorem shows that all symmetrized products 7™ of (5.16)
are O-harmonic O-regular functions on Hy by (5.17).

Now, consider that if {n2,n3,74} C Fom, are the 0-harmonic 0-regular
functions (5.14), then they are understood to be their images,

2 = (xQ - xlivo)v N3 = (x37 _‘Tl)v N = (IE4, _xli)7

as elements of the O-scaled hypercomplex ring Hy, having their norms,

ol =y [le2 — zail? — 0102| = /a3 + (- = o+ et

2 2
sl = yf|Jesl? ~ 0 1=z = fedl = e
L N e e (5.18)

and
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Lemma 5.6. Let n™ € Fom, be a function (5.16) for n = (ni,n2,n3) € NJ.

Then
n1
Il < (\/x% a2 ) (las™) (laal™). (5.19)

Proof. By (5.16), for any n = (ny,n9,n3) € N§,

o | Lm0 2 (e
17 IIO—‘H!(% Xn3 Xy ) .
1 (n1!) (n2!) (n3!)
= ho1yho(2)---h
(n1!) (na!) (ns!) ( n! > oo o)
oES, 0
where hyy € {12,13,m4}, for all o € Sy, with n =ny +ny +n3 €N
= [In3 n3*n5*llo < lm2llo" Inslle® Imallg®
by (4.5.5)
Uus
= /ot +a3 o] |z,
by (5.18). Therefore, the boundedness condition (5.19) holds. O

The above lemma shows that, for any arbitrarily fixed n € N3, the
corresponding function ™ is bounded by (5.19).

Theorem 5.7. Let f € Fou be a R-differentiable function, where U is an
open connected subset of Hy containing 0 € Hy. If f is R-analytic at 0 € U,
then

f is left O-regular on U,
if and only if
F=10)+ Y 0 fa, (5.20)
neNs3
with
1 an1+nz+n3f
n! dzh' 9y o’y
Proof. If f = f(0) + >_ n™fn, then it is left O-regular, by the 0-harmonic-
neN3
O-regularity (5.17) of {n™ : n € Nj}.
Suppose f is left O-regular in Fo ¢, satistying Vo f = 0. Then

Ja= (0),VII€N3.

4
fw)=f(0)=>" (nn () (Rnf) (w)),
where )
(Ruf) () :/ 6g(tw)dt, Wn = 2,3.4 (5.21)
0 Ln

in the H;-variable w = x1 + 2t + x3j: + T4ks, with 1,29, 23,24 € R. By
iterating (5.21) under the R-analyticity assumption, one can get the function
in (5.20), by (5.19). O
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