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Solving Continuous Time Leech Problems
for Rational Operator Functions

A. E. Frazho, M. A. Kaashoek and F. van Schagen

Abstract. The main continuous time Leech problems considered in this
paper are based on stable rational finite dimensional operator-valued
functions G and K. Here stable means that G and K do not have poles
in the closed right half plane including infinity, and the Leech problem
is to find a stable rational operator solution X such that

G(s)X(s)=K(s) (se€Cy) and sup{||X(s)|:Rs>0}<1.

In the paper the solution of the Leech problem is given in the form of
a state space realization. In this realization the finite dimensional oper-
ators involved are expressed in the operators of state space realizations
of the functions G and K. The formulas are inspired by and based on
ideas originating from commutant lifting techniques. However, the proof
mainly uses the state space representations of the rational finite dimen-
sional operator-valued functions involved. The solutions to the discrete
time Leech problem on the unit circle are easier to develop and have
been solved earlier; see, for example, Frazho et al. (Indagationes Math
25:250-274 2014).
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1. Introduction

Throughout this paper U, £ and Y are all finite dimensional Hilbert spaces.
Furthermore, H* (U, )) is the Hardy space formed by the set of all operator
valued functions F(s) mapping U into ) that are analytic in the open right
half plane Cy = {s € C: R(s) > 0} and

[Flloc = sup{[|F'(s)]| : R(s) > 0} < oc. (1.1)
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Moreover, L2 (i) is the Hilbert space formed by the set of all Lebesgue mea-
surable functions ¢(t) with values in ¢, t > 0 and such that

o0
lgll7: = lg(®)[|Zdt < oc.
+ 0

Let G in H*®(U,Y) and K in H*>(&,)) be rational functions. Let T
and Tk denote the corresponding Wiener-Hopf operators,

Te: L3U) — L3(Y) and Tk : L3(E) — LL(Y).

To be precise,
t
(Tqu)(t) = Dru(t) + / go(t — T)u(r)dr (for 0 <t < o0)
Jo

(Tkv)(t) = Dao(t) + /Ot ko(t — T)v(r)dr (for 0 <t < 00)
G(s) = D1+ (£g0)(s) and K(s) = D2+ (Lko)(s) (for s€ Cy). (1.2)

Here £g, and £k, denote the Laplace transform of the functions g, and k.,
respectively, that is,

(£90)(s) = /000 go(t)e 5tdt (for s € Cy)

(Lko)(s) = /000 ko(t)e Sdt (for s € Cy). (1.3)

It is emphasized that in our problems g, and k. are integrable operator valued
functions over the interval [0, 00). Following engineering notation, the time
function ¢(t) is denoted with a lower case, while its Laplace transform G(s)
is denoted by a capital.

A function X in H*>(E,U) is called a solution to the Leech problem
associated with data G and K whenever

G(s)X(s)=K(s) (s€Ci) and | X[ <1. (1.4)

The Leech problem is an example of a metric constrained interpolation prob-
lem, the first part of (1.4) is the interpolation condition, and the second part
is the metric constraint.

In an unpublished note from the early 1970’s (and then eventually pub-
lished) [20] Leech proved that the problem is solvable if and only if the oper-
ator TgTy — T T} is nonnegative. Later the Leech theorem was derived as
a corollary of more general results; see, e.g., [21, page 107], [9, Sect. VIIL.6],
and [1, Sect. 4.7]. But in Leech’s work and in the other results just mentioned
the problem was solved for H*° functions in the open unit disc. In that case,
Tq and Tk are Toeplitz operators. Here we are working with H* functions
in the open right half plane.

One can use a Cayley transform to obtain a right half plane solution from
an open unit disc solution. Moreover, one can directly use the commutant lift-
ing theorem with the unilateral shift on the appropriate H? space determined

by the multiplication operator zfi, to arrive at state space solutions to the
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Leech problem. However, these methods usually lead to cumbersome formu-
las, that are not natural. Motivated by commutant lifting techniques in the
discrete case we will derive a special state space solution for our continuous
time Leech problem, which avoids all the complications associated with the
Cayley transform.

In what follows it is assumed that G and K are stable rational finite di-
mensional operator functions. In other words, G and K are rational operator-
valued H*® functions. In that case, if the Leech problem associated with G
and K is solvable, one expects the problem to have a stable rational finite
dimensional operator solution as well. However, a priori this is not clear, and
the existence of rational solutions in the discrete time case was proved only
recently in [25] by reducing the problem to polynomials, in [24] by adapting
the lurking isometry method used in [2], and in [15] by using a state space
approach.

The special case of Leech’s theorem in the discrete time setting, with
€ = Y and K identically equal to the identity operator Iy is part of the
Toeplitz-corona theorem, which is due to Carlson [7] for Y = C, and is due
to Fuhrmann [16] for an arbitrary finite dimensional ). The least squares
solution of the Toeplitz-corona version of the equation can be found in [13]
and a description of all solutions without any norm constraint in [14].

References [22,23] present a nice state space approach based on loss-
less systems to provide all solutions to a general or two sided continuous
time Leech problem. These papers rely mainly on state space and algebraic
techniques. Our approach is different, that is, we use operator methods to
develop a solution to the Leech problem. Inspired by the central solution for
the commutant lifting theorem, we present a solution to the Leech problem
by using the corresponding Wiener—Hopf operators; see Theorem 1.1 below.
Then we apply classical state space methods to convert this operator for-
mula to a state space solution and prove some stability results. To keep the
presentation simple, we only concentrated on one solution.

For an engineering perspective on discrete time Toeplitz-corona and
related problems with applications to signal processing we refer to [22,23,
26,27] and the references therein. See [3] for a nice state space presentation
of many classical interpolation problems in both the discrete and continuous
time. However, [3] does not treat Leech or Bezout type problems.

Now let X in H*°(€,U) be a solution to our Leech interpolation problem
with data G and K. Since ||Tx|| = || X||co, We see that T'x is a contraction.
Because GX = K is equivalent to TgTx = Tk, we have

TaTe — T Ty = To (I — TxT%)TE > 0.

In other words, ToT¢ — Tk T} is a positive operator.

In this paper we will provide an explicit state space solution when the
operator TgT¢5 — T Ty is strictly positive, that is, TgT§ — TrTy positive
and invertible. In this case T¢T¢; is strictly positive too.

In general, when M is a positive and invertible operator, then M is called
strictly positive, and in that case we write M > 0. Thus TgTg — TrTw >0
if and only if TGT¢ — TTy is  strictly positive.
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Assume that the operator T is onto, or equivalently, assume that TgT¢
is strictly positive. In particular,

A= TH(TaTs) Tk (1.5)

is a well defined operator mapping L? (£) into § = ker(Tg)* and satisfying
TeA = Tk. Tt is noted that |A|| < 1, that is, A is strictly contractive if and
only if T¢T¢ — Tk T} is strictly positive. Notice that A is strictly contractive
if and only if

1> Tspec (A*A) = opec (T;; (TGTg)‘lTK) = Topec ((TGTg)‘lTKT;g)

—1/2
= Tspec ((TGTé) /
In other words, A is strictly contractive if and only if

I — (To1g) P (To1) 2

T Ty (TaTe)?).

is strictly positive. Multiplying both sides by (TgTé)l/ 2, we see that A is
strictly contractive if and only if TTE — Tk Ty is strictly positive.

Throughout this paper we assume that A defined in (1.5) is strictly
contractive, or equivalently, TGT¢ — Tk Tj; is assumed to be strictly positive.
In fact, we will develop a state space method involving an algebraic Riccati
equation to determine when A is strictly contractive. Then motivated by
the central solution for the commutant lifting theorem, we will compute a
solution X for our Leech problem with data G and K. In fact what we shall
present is an analog of Theorem IV.4.1 in [10], which uses a central solution
based on a discrete time setting. For the non-discrete time setting the null
space for the backward shift in Theorem IV.4.1 in [10] is replaced by the
Dirac delta function. An explanation of the role of the Dirac delta is given in
Sect. 14 “(Appendix 2)”. We will directly show that our solution is indeed a
solution to our Leech problem. The next theorem is our first main result for
the non-discrete case.

Theorem 1.1. Let G in H>®(U,Y) and K in H*(E,Y) be two rational func-
tions. Assume that TaTE — TkTye is strictly positive, or equivalently, A =

T¢ (TC;Té)_1 Tk is a strict contraction. Let X be the function defined by
X(s)=U(s)V(s)™? (1.6)
where U(s) and V(s) are the functions defined by
U(s) = (EA (I— A A 5) (s)
V(s) = (£ = A0 48)(s). (1.7)

Here 6(t) is the Dirac delta function and £ is the Laplace transform.

(i) Then X is a solution to our Leech problem. To be precise, X is a function
in H>®(E,U) satisfying G(s)X (s) = K(s) and || X|leo < 1.

(ii) Moreover, V(s) is an invertible outer function, that is, both V(s) and
V(s)~! are functions in H>®(E,E). In fact, the function

O(s) = V(c0)/2V (s)~* (1.8)
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is the outer spectral factor for the function I — X*(—3)X(s), that is
I—-X(—3)"X(s) =0(—3)"0(s). (1.9)

In this paper we shall derive state space formulas for X(s) and O(s).
Furthermore, we will directly show that X (s) is indeed a strictly contractive
solution to our Leech problem, that is, G(s)X (s) = K(s) and || X||cc < 1 and
O is the outer spectral factor for I — X (—3)* X (s).

The formula for X(s) = U(s)V(s)~! in Eq. (1.7) was motivated by
[10, Theorem IV.4.1], which is a consequent of the central solution to the
Sz.-Nagy—Foias commutant lifting theorem. It is emphasized that the setting
in [10, Theorem IV.4.1] was developed for the discrete time case, that is,
when the Hardy spaces are in the open unit disc, and the corresponding
operators are Toeplitz operators. Similar type formulas for U and V' are also
presented in the band method for the discrete time Nehari problem (see [18]).
To arrive at X (s) = U(s)V(s)~! in (1.7), we replaced the Toeplitz operators
by Wiener—Hopf operators and the kernel of the backward shift by the Dirac
delta function. This leads to the formula in (1.7) for our solution to the Leech
problem. Of course, there are several issues that arise when one makes these
adjustments to arrive at X (s) in (1.7). First and foremost is that the Dirac
delta function §(t) is not a well defined function. Moreover, we did not present
any justification on why replacing a Toeplitz operators with Wiener—Hopf
operators and using the Laplace transform instead of a Fourier transform
should lead to a solution X(s) = U(s)V(s)™! to our Leech problem with
data G(s) and K(s). However, we will put all of these issues to rest. First
we will use the formula X (s) = U(s)V(s)~! in (1.7) to derive the state space
realization for X(s) in Theorem 3.2. Then, once we have these state space
formulas, we will directly verify that X (s) = U(s)V(s)~! in Theorem 3.2 is
indeed a solution to our Leech problem. Moreover, we will also directly verify
that all the other results in Theorem 3.2 hold. This direct verification of the
solution should eliminate any doubt one may have concerning our solution
X (s) to the continuous time Leech problem. Finally, it is noted that we can
adapt Theorem IV.4.1 in [10] with the corresponding unilateral shifts on H?
of the right half plane to obtain Theorem 1.1. However, we decided to simply
give the result and verify directly that it holds on the Leech problem.

The paper consists of 14 sections including the introduction, which con-
tains the first main theorem (Theorem 1.1). Throughout, beginning in Sect.
2, the emphasis will be on Leech problems that are based on finite dimen-
sional state space realizations. In the third section the two main theorems
are presented, and the first one is proved in the fourth section. The Proof
of Theorem 1.1 and the proof of the second theorem in Sect. 3 are based on
Lemmas 5.1, 6.1 and 7.1, using formulas (5.3), (6.2), and (7.4). Furthermore,
the solution X is given by (8.2), and then Sects. 10 and 11 prove Theorem 3.2.
The Proof of Theorem 1.1 is presented in Sect. 12. The Appendices 1 and 2
in Sects. 13 and 14 respectively, present classical results that are used in the
paper. “Appendix 1”7 treats a Riccati equation. In “Appendix 2” the defini-
tion of the Dirac delta function § for the specific class of operators that we
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need is developed. In fact, the results in Sect. 14 are a special case of the
general theory of Dirac delta functions.

For completeness assume that TgT5 — TTy is a positive operator not
necessarily strictly positive, or equivalently, ||Tgy|| > [|[T5y| for all y in
L?(Y). Then there exists a contraction A mapping L2 (£) into § = ker(Tg)*
such that A*Tf = Tk, or equivalently, TeA = Tx. By choosing the ap-
propriate unilateral shifts one can use the Sz.-Nagy—Foias commutant lifting
theorem to show that there exists a function X in H*>°(&,U) such that

A=PyTx and || X = ||Tx| < 1. (1.10)

In particular, X is a solution to our Leech problem. So there exists a solution
to our Leech problem if and only if TgT4 — TkTj is positive. Finally, we
compute a solution to our Leech problem when TgT¢ — T T} is strictly
positive. The strictly positive hypothesis is due to standard numerical issues
with solving Riccati equations.

2. The State Space Setup

Throughout this paper, we assume that G and K are stable rational matrix
functions. Given this we will establish a state space method involving a special
Riccati equation to determine when the operator T — T T} is strictly
positive, or equivalently, A = T (TC;TE)*1 Tk is strictly contractive.

To develop a solution to our rational Leech problem with data G and
K, we use some classical state space realization theory from mathematical
systems theory (see, e.g., Chapter 1 of [8] or Chapter 4 in [4]). For our G
and K this means that the matrix function [G K ] admits a state space
representation of the following form:

[G(s) K(s)] = [Dy D2] 4+ C(sI — A)~' [B1 B . (2.1)

As expected, I denotes the identity operator. Throughout A is a stable opera-
tor on a finite dimensional space X. By stable we mean that all the eigenvalues
for A are in the open left half plane {s € C: (s) < 0}. Moreover, By, Bs, C,
Dy and D, operate between the appropriate spaces. Since G and K are sta-
ble rational operator valued functions, G and K have no poles in the closed
right half plane {s € C : R(s) > 0}. The realization (2.1) is called minimal
if there exists no realization of [G K| as in (2.1) with the dimension of the
state space X smaller than the one in the given realization. In that case, the
dimension of the state space X of A is called the McMillan degree of [G K].
If the realization (2.1) is minimal, then the matrix A is automatically stable.

We will use the realization (2.1) of [G(s) K(s)] to obtain alternative
formulas for the functions U(s) and V(s) in (1.7). These alternative state
space formulas will be given in Eqs. (6.2) and (5.3) below.

The observability operator W, mapping X into L2 () is defined by

(Wopsw) (t) = CeMa (v € X). (2.2)

If the realization is minimal, then the pair {C, A} is observable, and thus,
the operator W is one to one. We do not require the realization (2.1) to be
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minimal. All we need is that A is stable and the pair {C, A} is observable, or
equivalently, W, is one to one. However, from a practical perspective, one
would almost always work with a minimal realization. This guarantees that
A is stable, makes the state space computations more efficient.

As a first step towards our main result we obtain Theorem 3.1 below,
which presents a necessary and sufficient condition for ToT¢ — Tk T} to be
strictly positive in terms of the operators in (2.1) and related matrices. To
accomplish this we need the rational matrix function with values in Y given
by

R(s) = G(s)G(s) — K(s)K(s). (2.3)
Here G(s) = G(—35)* and K(s) = K(—5)*. Note that R has no pole on the
imaginary axis {iw : —0o < w < co}.

In Sect. 13 “(Appendix 1)” we will show that R admits the following
state space representation:

R(s)=C(sI — A)"'T' + Ry — (s + A*)~'C". (2.4)
Here Ry on Y and I' mapping Y into X are defined by
Ro = DD} — D2 D3, (2.5)

' = B1Df — BoD3 + AC™,
where A is the unique solution of the Lyapunov equation
AA + AA* + BB} — B3B3 = 0. (2.7)
Since A is stable, this Lyapunov equation is indeed solvable. The solution is
unique and given by
A= / "(B1Bj — ByBj) e dt. (2.8)
With our realization for R(s) we associate the following algebraic Riccati
equation:
A*Q+ QA+ (C-T*Q)*Ry*(C —T*Q) = 0. (2.9)

For the moment, let us assume that Ry is strictly positive. Then we say that
Q is a stabilizing solution to the algebraic Riccati (2.9) if @ is a strictly
positive operator solving (2.9) and the operator Ag on X defined by

Ag=A—-TCy, and Cy=Ry'(C-T*Q) (2.10)

is stable. If a stabilizing solution exists, then it is unique. If @ is a stabilizing
solution, then W is the observability mapping X into Lf_ (Y) corresponding
to the pair {Cy, Ao} defined by

(Woz) (t) = Coetoty (x € X). (2.11)

Finally, T denotes the non-causal Wiener—Hopf operator determined
by R, that is,

(TRy)() Roy(t) / CeAlt= T)Fy( )dT+/ F*GA*(T_t)C*y(T)dT
(2.12)
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where y(t) is a vector in L% ().

Remark 2.1. Theorem 13.4 in Sect. 13 “(Appendix 1)” shows that Tr is a
strictly positive operator on Li(y) if and only if Ry > 0 and there exists a
stabilizing solution to the algebraic Riccati Eq. (2.9). In this case, the unique
stabilizing solution @ is given by Q@ = W}, T "Wops.

obs

3. Main Theorems

The first main theorem presented in this paper is Theorem 1.1 in the In-
troduction. The two other main theorems are Theorems 3.1 and 3.2 in the
present section. The proofs of these three main theorems are given in different
sections. The Proof of Theorem 1.1 is given in Sect. 12, the Proof of Theorem
3.1 is the main issue of Sect. 4, and the Proof of Theorem 3.2 is based on the
results of Sects. 5-10 and 13 “(Appendix 1)” and is completed in Sect. 11.

Theorem 3.1. Let G and K be stable rational matrixz functions, and assume
that [G K] is given by the minimal realization (2.1). Let R be the function
defined in (2.4). Then the operator

TeTy — Tk Ty
is strictly positive if and only if the following two conditions hold.

(i) The operator Tg is strictly positive, or equivalently, Ry given by (2.5) is
strictly positive and there exists a stabilizing solution @ to the algebraic
Riccati equation (2.9), that is, Q > 0 and the operator Ay defined by
(2.10), i.e.,

Ag=A-TR;*C -T*Q) (3.1)
is stable.

(ii) The operator Q~—* — A is strictly positive.

In this case, the Wiener—Hopf operator T is strictly positive and the unique

stabilizing solution to the algebraic Riccati equation is given by
Q=W Tr Wops. (3.2)

obs

The inverse of the operator TgTE — TkTye is determined by
—1 _
(TaTe = TuTic) = Tg' + WoA (I - @A) ™' W (3.3)
Finally, R(s) = ®(s)®(s) where ® is the invertible outer function given by
®(s) = Ry* (I + Co(sI — A)~'T)
O(s) "t = (I — Co(sI — Ag)'T) Ry '/
Co= Ry (C—-T*Q). (3.4)

Equation (3.2) and the outer spectral factorization R(s) = ®(s)®(s)
with @ in (3.4) is a special case of Theorem 13.4 in Sect. 13 “(Appendix 1)”.
Using Theorem 13.4, we will directly prove the following result.
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Theorem 3.2. Let G and K be stable rational matrix functions, and let [G K}
be given by the minimal (stable) realization (2.1). Furthermore, assume that
TeT¢ — T Ty is strictly positive, or equivalently, assume that items (i) and
(i4) of Theorem 3.1 hold. Then the following holds.

(i) A solution X to the Leech problem with data G and K is given by the
following stable state space realization:

X(s) = DiDy + C, (s — A) "' (B, — BiDIDy)
C, = DIC+ (I - DD B;Q(I — AQ) ™
A=A-DBC,
D} = D;(D,D}) . (3.5)
The operator A s stable, and || X ||~ < 1. Finally, the McMillan degree
of X 1is less than or equal to the McMillan degree of [G K}.
(ii) Let ©(s) be the rational function in H>(E,E) defined by
O(s) = D;Y/? — D;Y2Cy(sI — A)~Y(By — B1D] D)
Co = (D3Co + B;Q)(I - AQ) ™
D, =TI+ D3Ry Ds. (3.6)
Then © is an invertible outer function, that is, both ©(s) and ©(s)~!

are functions in H>®(&,E). Furthermore, © is the outer spectral factor
for I — XX. To be precise,

O(s)0(s) =1 — X(5)X(s). (3.7)

Theorem 3.1 will be proved in the next section. The Proof of Theo-
rem 3.2 will be finished at the end of Sect. 11.

4. Proof of Theorem 3.1

Throughout the section G in H*(U,Y) and K in H>(&,Y) are rational func-
tions, and we assume that [G K ] is given by the minimal stable realization
n (2.1). We first prove three lemmas. The first deals with the rational matrix
function R(s) defined by (2.3).

Lemma 4.1. Let R be the L*°(),Y) rational matrixz function defined by (2.3).
If TeTE — T Ty is strictly positive, then Tg is strictly positive.

Proof. Assume that TgT¢ — TkT}; is strictly positive. For each o« € C set
©o(t) = et Notice that G(s) = Dy + (£g,)(s) where g,(t) = Ce'B;. For
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y in YV, we have
(Tgypa) (t) = Diye™' + / Gol(T — 1) ye™Tdr
t
= DIye_at + / go(T _ t)*ye—a(‘r—t)e_ath
' 00
= nye_at + (:’_at/ go(u)*ye—audu
0

= (D1 + (202) (@) ) ywalt) = G(a) yoalt).
In other words, for R(«) > 0:
(Teypa)(t) = pa(t)G(a)'y  (when u(t) =e ™ andy € ¥).  (4.1)
Using this with the corresponding result for K, we have
TEypa = paG(@)'y and Trypa = paK(a)y  (whenye)). (4.2)
Notice that

1
a+a’

o0
H@QHQ = (@av@a) = / e e =
0

Since TaTg — Ty, is strictly positive (by assumption), there exists n > 0
such that T¢TE — TkTi > nl. Hence for y in ), we have

(TeTE — T TR)yPas Yoa) = N(YPas YPa)-
This with (4.2) readily implies that

nllyll?

2
a+a ”

= nllyeall® < 1T¢ypal® — I Tikyeall?
= lpaGl@)yl* =~ llpak (@) y|?
= llgalZ: (IG()"ylE — 1K () y)?)

_ (G()G(@)y,y) — (K(a)K(a)y,y)
a+a

In other words, we have

G(a)G(a);jrg(a)K(a)* . . Za] (a € Cy).

Multiplying with a + @ and taking limits @ — iw on the imaginary axis,
shows
R(iw) = G(iw)G(iw) — K (iw) K (iw)
= G(iw)G(iw)* — K (iw)K (iw)* > nl, (for — o0 < w < o0).
This is equivalent to Tr being strictly positive. See [21, Chapter 3, Examples
and Addenda] and [21, Sect. 6.2, Theorem B]. O

Lemma 4.2. Let Wy be defined by (2.2), and let A be the unique solution of
the Lyapunov Eq. (2.7). Then

TGTCt‘ - TKTI*( =Tr — WobsAW;bs- (43)
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In particular, the operator TG —TkTy is strictly positive if and only if the
operator Tp — Wopc AW3, . is strictly positive.

S

Proof. We first recall some elementary facts concerning Hankel operators. To
this end, let

(Hew) (1) = / Tt w(r)dr (£ 0)

be the Hankel operator determined by G(s) = Dy + £g,(t). In a similar way,
let Hi be the corresponding Hankel operator mapping L3 (£) into L3 ()
determined by K. Let W, 1 mapping Lﬁ_(l/l) into X and Wqe, 2 mapping
L?% (€) into X be the controllability operators defined by

Wcon,jw = / eAtBjIU(t)dt (fOI'j = 1,2)
0

Let P; be the controllability Gramian defined by P; = Wee, WS, ; for

con,j
j =1,2. Notice that P; is the unique solution to the Lyapunov equation

AP]—FPJA*—FB]B;:O (forg:l,?)
Hence A = Py — P,. Using G(s) = Dy + (£4g,)(s) where go(t) = Ce?*B; and

the corresponding result K(s) = D + (£ko)(s) where k,(t) = Ce?' By, we
see that Hg = WopsWeon,1 and Hx = WopsWeon 2. Finally,

HcHE =W AW, and HiHpy = Wop PaW) .. (4.4)

The Wiener—Hopf operators Tag+ and Tk g+ are given by the following
identities:
Tocr =TeTa+ HoHf and Txg» =TkTi + HxHy. (4.5)
Using R = GG — KIN(, we have
Tr =TcTE — TkTi + HoHE — H Hye
=TcTE — TrTh + Wops(PL — Po)W5h s (4.6)

see (4.4). This with A = P, — P, yields (4.3). O

S

Lemma 4.3. Let M and T be self-adjoint operators on a Hilbert space $, and
let T be strictly positive. Assume that M =T — W NW?*, where N is a self-
adjoint operator on a Hilbert space X, and W 1is a one-to-one operator with a
closed range from X into $. Put Q = W*T—'W. Then Q > 0. Furthermore
M > 0 if and only if Q' — N > 0. In this case

M~ =T ' TUWN(T - QN) W T, (4.7)
Proof. Multiplying M =T — WNW?* on both sides by T—1/2 yields
TPMTV2 = [ - T VPWNWrT Y2,
Let P be the orthogonal projection onto the range of T~'/2W. Then
TY2MT V2 =T P4+ P - TV 2WNW* T2,
Notice that
P= Tﬁl/ZW(W*T71W)_1W*T71/2 — T*l/Qwalw*Tfl/Q.
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This readily implies that
TPMTV? =(I-P)+ T 'PW(Q™ = N)W*T~1/2.
The previous equation decomposes T~Y2MT~1/2 into the orthogonal sum
of two self-adjoint operators. Therefore M is strictly positive if and only if
T—Y2MT—1/2 is strictly positive, or equivalently, Q' — N is strictly positive.
Assume that M is strictly positive, or equivalently, @~ — N is strictly
positive. Then

M= (T-WNW*)"
— T (I - WNW*T )™
=T T (I - WNW T ) ' WNW T
— T+ T'WN(I - W T 'WN) " W
=T+ T 'WN(I - QN) ™ 'W*T 1,

1

In other words, M ! is given by the formula in (4.7). O

Proof of Theorem 3.1. Assume the operator TgT} — TkTy, is strictly pos-
itive. Then Lemma 4.1 tells us that Tg is strictly positive and item (i) in
Theorem 3.1 is fulfilled. Furthermore, applying Lemma 4.3 with

M = T(;Té - TKT;;-, T = TR, W = Wobs and N = A,

we see that the matrix Q! — A is strictly positive, and hence item (ii) in
Theorem 3.1 is fulfilled. Furthermore, in this case the inversion formula (4.7)
yields the formula to compute the inverse of T T} — T Ty, in (3.3).
Conversely, assume items (i) and (ii) are satisfied. Item (i) gives T > 0.
Then again using Lemma 4.3, we see that item (ii) implies that ToTE —Tr Ty
is strictly positive. (]

The rest of this paper is devoted to establishing the state space formulas
(3.5) for our solution X of the Leech problem and proving both Theorems
1.1 and 3.2.

5. A State Space Realization for V (s)

Our solution to the Leech problem is motivated by X (s) = U(s)V (s)~! where
U(s) and V (s) are defined in (1.7). The operator A is defined by

A=Te(TeTE) T and  ToA = Tk (5.1)

Recall that A is a strict contraction if and only if TeTE — T T} is strictly
positive. The following result provides a state space realization for V(s).

Lemma 5.1. Assume that TgT¢ — Tr'Tye is strictly positive, or equivalently,
that items (i) and (ii) of Theorem 3.1 hold. Consider the function V (s) de-
fined by

V(s) = (£(I —A*A) " 6)(s) (5.2)
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where 6(t) is the Dirac delta function. Then a state space realization for V(s)
is given by

V(s) = (I + DiRy ' Dy) + (D3Co + B3Q) (s — Ag) B,
B=(I-AQ) " (B2 . BID{DQ) (I + D§R51D2>, (5.3)

where DI = D}(D1D3;)~ ! and A is the unique solution of the Lyapunov Eq.
(2.7). Because Ag is stable, V' is a function in H*(E,E).

Recall that Ag and Cy are given by (2.10) and that @ solves (2.9).
Formula (5.3) for V(s) will play a fundamental role in computing our solution
X (s) for the Leech problem.

Proof of Lemma 5.1. By assumption, the operator TgT} — Tk T} is strictly
positive, or equivalently, conditions (i) and (ii) of Theorem 3.1 hold. Hence
Ty is strictly positive, the unique stabilizing solution to the algebraic Riccati
Eq. (2.9) is given by Q = W, Tr'Wyps and (see Remark 2.1) Q7! — A is

obs
also strictly positive. Moreover, Theorem 3.1 shows that

TeTE — TiTr =Tr — Wops AWy .
Furthermore, the inverse is given by
-1 -~
(TGT;; _ TKT;g) = T+ T W AT — QA) T Wi, T
Recall that A = T¢ (TgTé) 71TK is a strict contraction. Using this we obtain
-1
(1= A0) " = (1= T3 (TaTe) Tk
* * -1 -1 * * -1
=+ (1= T (TeTg) "' Tic)  Ti(TeTE) ™' Tic
* %\ —1 * -1 %) —1
— 4T (I — (TaTy) TKTK> (TaTe) ' Tx.
In other words,
_ -1
(I—AN) ' =T+T% (TGTg; - TKT;;) Tx. (5.4)
This readily implies that
(I—AAN) ' =T4T% (Tgl + T,glwobSQWO*bsTgl)TK
Q=A(-QA)"".

Recall that W, = Tngobs where (Wyz) (t) = Cpeo'x and = € X; see Part
(iii) of Theorem 13.4 in Sect. 13 “(Appendix 1)” for a discussion of Wy in
the general Riccati setting. In particular, W}, Wy = Q. Hence

(1= AN = 14 Ti (T + WoW5 ) T
Let us compute ((I — A*A)7'6) (t). By employing R(s) = ®(—5)*®(s),
with ®(s) ' = (I — Co(sI — Ag)'T) Ry /? [see (3.4)], we obtain
— — — % — —1/2 — —
T'6 =Ty ' T;"6 =Ty 'Ry /%6 = Ry'6 — WoI'Ry .
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The calculations involving the Dirac delta function 6(¢) are explained in Sect.
14 “(Appendix 2)”. Using this we have

(TGTg - TKT})ATK(S - (Tgl + WOQWS‘)TKé
= (7" + WoW5 ) (D26 + Won B2)
= T3"0D; + Ty Wops By + WoQW (D20 + Waps B )
= 6Ry "Dy — WoI' Ry ' Do + Wo By + WoQC§ Dy + WoQQ B
= Ry Dy + Wy (32 —TR;'Dy+ QC; Dy + QQBQ)
= 6Rg Dy + Wo(QC; Dy — TRy "Dy + (I + 0Q) By
In other words,
(TGTg, - TKT;;) T Th8(t) = OR; ' Dy + WoB

B = QCiDy — TRy Dy + (I +QQ)Bs
Q=A(I-QA)"". (5.5)

Let us simplify the expression for B. To this end,
I+0Q=T+A(I-QA)'Q=T+AQ(I-AQ) ' =(I-AQ)".
Using this and (5.5) gives

B— (C; ~TR;') D2+ (1 - QA) ' By,

and
(QC; —TR; ) Dy = (A(I - QA) ' (C* — QL) —T) Ry ' Dy
= (QC* — (I - AQ)"'T)Ry ' D,
= (I -AQ)'AC* — (I - AQ)™'TI') Ry ' D..
Thus

B=((I-AQ) 'AC* — (I —AQ)"'T)R;'Dy+ (I — AQ) 'B,
= (I —AQ) ' ((AC* —=T)Ry"'Ds + By).

Next

(AC* —T)Ry"'Ds + By = (AC* — (B1D} — BoDj + AC*)) Ry ' Do + B
= (B2D3 — B1D})Ry ' Dy + By = Bo(I + D3Ry ' Do) — B DRy ' Ds.

And therefore

B=(I-AQ)! (32 (I+ D5Ry'Dy) — BlD;RngQ). (5.6)
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Now observe that
DiRy'Dy(I+ D3Ry Dy) ™" = D5 (I + Ry DyD3) ™ Ry Dy
— Di(Ro+ DyD3) ' Dy
D;(DiD;) "' Dy = DIDs.
This readily implies that
DiRy'Dy(I + D3Ry Dy) ™" = DiD, (5.7)

where DI = D5 (DlDT)f1 is the Moore-Penrose inverse of D;. Using this in
(5.6), we obtain the formula for B in Eq. (5.3) of Lemma 5.1, that we have
been looking for, that is,

B=(I-AQ) " (B~ BiDID: ) (I+ DyR;'Ds). (5.8)
Now that we have a formula for B, notice that

(T WoB) (t) = D5 Wo(t)B + / B T C* CheoTBdr.
t
Further notice
/ BSBA*(Tft)O*CoeAOTBdT _ / B;eA*(-rft)C*COer('rft)erthT
t t

= / B3 6C* Coeote M BdE = BEWE, Woeto!B = BiQe !B,
0

For the last equality consult the formulas (13.16) and (13.17) in Sect. 13.
Thus we have

(T3 WoB) (t) = D3Wo(t)B + B3Qe'B (¢t > 0). (5.9)

This with (5.5) and (5.4) yields

(I —A*A)"16 =16 + T (TGTg - TKT;()ATK&
— 16+ T (53511)2 + WO]B%)
= (I+ D3Ry'D2)6 + (D3Co + B3Q)e™*'B.
By taking the Laplace transform of the previous result, we arrive at the state

space realization for V(s) = (£(I — A*A)710)(s) in Eq. (5.3) of Lemma 5.1
that we have been looking for, that is,

V(s) = (I + DsRy ' D) + (D3Co + B3Q) (sT — Ag) "'B.  (5.10)

This completes the Proof of Lemma 5.1. 0
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6. A State Space Realization for U (s)

The following result provides a state space formula for the function U(s).

Lemma 6.1. Assume that TgTE — Tk Ty is strictly positive, or equivalently,
that items (i) and (ii) of Theorem 3.1 hold. Consider the function U(s) de-
fined by

U(s) = (EA (I — A*A) 1 68)(s). (6.1)
Then a state space realization for U(s) is given by
U(s) = DiRy ' Dz + (DiCo + BiQ)(sI — Ag) ™"
B=(I-AQ)" (32 - BlDIDz) (I + D;Rngg). (6.2)
Because Ag is stable, U is a function in H*(E,U).

Once we have established our state space realizations for U(s) and V (s),
we will directly verify that U(s)V(s)~! is a stable rational solution to our
Leech problem, that is,

X(s)=U(s)V(s)™" and G(s)X(s)=K(s) and [ X[ <1. (6.3)

Proof of Lemma 6.1. By assumption TgT} — TkTy; is strictly positive, or
equivalently, conditions (i) and (ii) of Theorem 3.1 hold, or equivalently, A is
a strict contraction. By employing (5.4), we have

—1
AL = N AL = A+ AT (TGTg - TKT;;) T

—1
ToTE) i + Te (TaTE)  Ti T (TGTg _ TKT;;) W

*

G

ﬂ

—~ —~

* % _1
= T5(TeTE) ™ (I+TKTK(TGTG T T} )TK

* * * * %) —1
= T (TeTE)~ (TGTG TR T5 + TKTK) (TaTy — Tk T) Tk
= T4 (TeTs — Tk Ty) k.

In other words,
AT = NN = Tg (TeTh — T Ty) ™ Tk (6.4)
By consulting (5.5), we have
AL — A AL =T (TgTC*; - TKT}) "o
s (5R51D2 + WOIB%)
= DiRy ' Dyd + TEWoB. (6.5)

The last equality follows by using the properties of the Dirac delta function
in Sect. 14 “(Appendix 2)”. Replacing K with G in (5.9), we obtain

(TEWoB) () = (cho + B;Q) Aot (6.6)
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By taking the Laplace transform with (6.1), we have
U(s) = D{Ry "Dy + Cy (s — Ag)'B
C. = D;Cy + BLQ. (6.7)

Here U(s) = (£A(I — A*A)7'6) (s). This yields the state space realization
for U(s) in Eq. (6.2) above, and completes the Proof of Lemma 6.1. O

7. A State Space Realization for V (s)~!

To compute our solution X (s) = U(s)V(s)~! to the Leech problem, we need
to take the inverse of V(s). Recall that

V(s) = Dy + Cy(sI — Ag) ™ 'B
D, = (I + D3Ry " Ds)
C, = D5Co + B3Q
= (1-4Q) ™ (B = BiDID, ) D,
—(I-AQ)"" (7.1)

Using standard state space techniques,

&

(1]

V(s)"'=D;' - DO, (sT — A)'BD L (7.2)
The “feedback operator” A is defined by
A=Ay —BD;'C, = Ay — E(B2 - BID{DQ)CU. (7.3)
The following result expresses V (s)~! is a slightly different form.

Lemma 7.1. Assume that TaT¢ — Tr'Tye is strictly positive, or equivalently,
that items (i) and (it) of Theorem 3.1 hold. Consider the function V(s) in
(7.1), or equivalently, V(s) = (£(I — A*A) ! §)(s). Then a state space real-
ization for V(s)~! is given by

V(s)y™'=D
A

L= D;C,(I = AQ) M (sI — A) ™ (Ba — BiDIDy),
="'AZ = A - B,D|C - B, (I — D} D,) B; Q=. (7.4)

Moreover, the operator A is stable. In particular, V(s) is an invertible outer
function, that is, both V(s) and its inverse V (s)~1 are functions in H>®(E,£).

Proof of (7.4). Let us derive the formula for A in (7.4). Later in Sect. 9, we
will show that A is stable. Recall that A is the solution to the Lyapunov
equation

AA + AA* + B\BY — BoB; =0



32 Page 18 of 37 A.E. Frazho et al. IEOT

and that @ is the stabilizing solution of the Riccati Eq. (2.9); see also (13.14)
in Sect. 13. To simplify (7.4), let us compute

ETTA-AET = (1-AQ)A - A(I - AQ)
= —AQA + AAQ
= AA*Q + AC;RoCy — AA*Q — B1B;Q + B2 B3Q
= AC;RyCy — B1B;Q + By B3 Q.
In other words,
E'A - A=t = ACERoCy — B1BfQ + B2 B3 Q. (7.5)
Using this we have
14y =214 -=711C
=A='+ ACiRyCy — B1B;Q + ByB;Q —=7'TCy
— Azl 4 (AC{;RO ST+ AQF) Co — B1BQ + B2 B3 Q.

[1]

Furthermore, using (2.10) (see also (13.9) in Sect. 13 “(Appendix 1)”) and
(13.4) yields the following

ACiRy — T+ AQI = A(C* —QI') =TI+ AQI' = AC* —
= —B1 D} + B2 Dj.
Thus,
E'Ag = A= — (B1D} — B2D3)Cy — (B1Bf — BoB3)Q.  (7.6)
Notice that
1Ay = A= — By (D;Co + BiQ) + B2 (D3Co + B3Q)
By applying the definitions of C,, and C,, in (6.7) and (7.1), we have
2714y = A=7' — B.C,, + B,C,. (7.7)
Using this we obtain from (7.3) that

(1]

=-1A =514, — (B2 - 31D{D2) c,

=A='~ B,C, + ByC, — (B2 - B@{DQ)CU
= A=7! - B,C, + B, D|D,C,.
In other words,
=lA=A="1_B, (Cu - D{DQQJ). (7.8)

A formula for C, — DIDQCD. To simplify the formula involving A in (7.8),
we need to work on C,, — DJ{DQC’U. To this end, notice that

Cyu — D]DsC, = DiCy + BiQ — D D5(D3Co + B3Q)
= Di (I — (D1 D;)"'DyD3)Co + (B — D] D2 B3)Q.
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To simplify the last expression, observe that
D (I~ (D1D}) ™ Do) C
= Di(I — (D1D}) ' Dy D3) Ry (C —T*Q)
= Di(D:D})""(D1D; — D2D3)Ry ' (C —T*Q)
_pl(c-17Q)
Using this in our previous formula, we have
Cy — DIDsC,, = D} (C —T*Q) + (Bf — D{D2B3)Q
= DIC + B{Q — D] (T* + D2B3)Q
= DIC + B{Q — DI(DyBf + CA)Q
- D}C(I - AQ) + (I - DIDy)B;Q.
In other words,

Cu = D D2C, = D{C(1 - AQ) + (I - DI D1) BiQ. (7.9)

Using 2 = (I — AQ)_l in (7.8), we obtain the result that we have been
looking for, that is,

=7'A =A=' - B,DICE"! - B,(I — D{D1)B;Q. (7.10)
Multiplying by = on the right, yields the following formula for A in (7.4):
=="'AE=A- B,DIC - B,(I - D|D,)B; QE. (7.11)

To complete the Proof of Lemma 7.1, it remains to show that A is stable.
This will be proved in Sect. 9. O

Because A is similar to A, it follows that the operator A is also stable.
In particular, V(s)~! is a function in H>(&, £). Using the state space formula
for V(s)~! in (7.2), with A defined in (7.11), we arrive at the state space
formula for V(s)~1 in (7.4).

8. The State Space Realization for X (s) = U(s)V(s)™!

We are now ready to compute X (s) = U(s)V(s)~!, which will turn out to be
our solution to the Leech problem. For convenience recall that V and U are
given by
U(s) = D{Ry "Dy + Cy (s — Ag) ' B
V(s) = Dy + Cy(sI — Ag)™'B
C, = DiCy+ BiQ
Cy, = D5Cy+ B5Q
D, = (I + D;Ry'Dy)

B=(I-AQ)" (B~ BiDID;)D,. (8.1)
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Proposition 8.1. Given the formulas for U(s) and V(s) in (8.1), and set
X (s) =U(s)V(s)~L. Then a state space realization for X is given by

X(s) = DIDy + C,(sI = A) "' (B, — Bi D D,)

where (8.2)
C, = DIC + (I - D{Dy)B{Q= = (C, — D{DC,)= (8.3)
A =A-BC,. (8.4)

Finally, the operator A is stable. In particular, X(s) is a rational function
in H*(E,U).

This establishes the formula for X (s) in (3.5) in Theorem 3.2. In Sect.
11 we will show that || X/ < 1.
Derivation X (s) in Proposition 8.1. To compute X(s) = U(s)V(s)~}, first
notice that

DiRy'DyD; " = DfRy ' Do (I + D5Ry ' Ds) ™"
= Di(I + Ry'D2D3) ™ Ry'Ds = Di (Ro + DyD3) ™' Dy
— D}(DyD;) "' Dy = D} D,.
In other words, the constant term X, of X (s) is
DiRy*DyD;t = DID,. (8.5)
By employing standard state space techniques, we obtain
V(s)™' =D;' - D,'C,(sI — A)"'BD, . (8.6)
This with the definition of A = Ag — BD, *C, in (7.3) yields
X(s) = (D;‘Rng2 +Cy(sI— AO)’1153> (D;1 — D70, (sI - A)’lza%D;l)
— DIDy + C,(sI — Ag) 'BD; " — D} D,C, (s — A)'BD; "
— Cu(sI — Ag) " 'BD;'C, (sI — A)'BD;!
— D{Dy — DID,C, (sT — A) " 'BD;?!
+Cu(sT — Ag) ((51 —A) - IB%D,leU) (sT —A)"'BD;
— DIDy + (C, — DID2C,) (sT — A)T'BD; .
Recall that Z = (I — AQ)~!. Using this we have
X(s) = DiDy + (Cy — DIDyC,) (s — A)T'BD; !
— DD, + (D{C + (I - D{D1) BiQ=)=7" (s1 - A) " 'BD;!

1

= DD, + (D{C + (I - D|D1)BiQ=) (sI - A) ' 'BD;

see (7.9) and (7.11). This yields the formula for X (s) in (8.2). In Sect. 9 we
will prove that A is stable.
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9. Proof of the Stability of A using a Lyapunov Equation

In this section, we will directly show that V! is analytic on the closed right
half plane. To accomplish this we will prove that A is stable. Since A is
similar to A, the operator A is also stable. This guarantees that V(s)~! is
a function in H*(&,£); see (8.6). Since Ay is stable, V(s) is also a function
in H*(&,€&); see (8.1). In particular, V(s) is an invertible outer function.
Because U(s) is in H*°(£,U), the function X (s) = U(s)V (s)~! is a function
in H°(€,U). In Sect. 11 we will show that || X||e < 1.

Recall
V(s) = Dy, + Cy(sI — Ag)™'B
V(s)™'=D;' - D;'C,(sI — A)"'BD,*, (9.1)
where
A=Ay~ BD;'C, = A — 5(32 - 31D{D2)cv,
B = 5(32 - BlDIDg)DU,

—
—

(I-2Q)"". (9.2)
Throughout this section @ is the stabilizing solution for the algebraic Riccati
Eq. (2.9).

In order to show that A is stable, we will first establish the following
lemma.

Lemma 9.1. Let P be the strictly positive operator defined by
P=Q—-QAQ=Q="". (9.3)
Then A satisfies the Lyapunov equation
A'P+PA+FF=0 (9.4)
where the operator F', the strict contraction Z and the isometry E are given
by

(I —z*7z)'/?C,
F = |(I-EE"'Y?C,|, (9.5)
ZC, — E*C,

Z = (Dy07) 2Dy and E=D;(DyD}) V2

(9.6)

Proof. Because Q™! — A is strictly positive (see item (ii) in Theorem 3.1),
the operator

P=Q-QAQ=Q(Q'-A)Q
is also strictly positive. The first step is to prove that
CCy — CLC, = Aj(Q — QAQ) + (@ — QAQ) Ao. (9.7)
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Using the formulas for C,, and C, in (8.1) and the definition of T in (2.6) we
have that
D,C, — D>C, = RyCo + D1 B{Q — D2B5Q

=C-T'Q+T"Q - CAQ =C(I - AQ) =C="".
Equation (7.7) states that

=714y = A= — B,C, + B-»C,.
Thus

Q="'Ap = QAE™" — QB Cy + QBC,
=QAE"' - CiC, +C;D,C, + C:C, — C;DoC,
= QA=+ C;C, — CiCy + C§ (D1Cy, — DCy)
=QA="'+C;C, — CiC, + C{CET.

(@ —QAQ)A,

Recall that @ = W}, . Wy. This identity is a consequence of the algebraic
Riccati Eq. (13.14); see the defination of Wy in (2.11), the Lyapunov Egs.
(13.20) and (13.23) with Theorem 13.4 in Sect. 13 “(Appendix 1)”. Because
Q is self-adjoint Q = WiWyps. This yields the Lyapunov equation QA +
A5Q + CyC = 0. Using this equation, we obtain

(@ — QAQ)Ag = QAZ ' 4+ CC, — C:C, — (QA+ AZQ)E
= CrC, — CiC, AOQ”_l
=C,C, — C, 0, — A5(Q — QAQ).

Therefore (9.7) holds.
Recall [see (9.3)] that P = Q — QAQ = Q="!, and observe that

PA =P(4o — BD,'C,)
= AP+ C:C, — CiC, — PE (32 - Blpipg)cv
= —AJP+C;C, — €10y — (QB2 -~ QBIDID: ) C,
= —A{P+C;C, - CiC, — (Cs = C3D2 = QBIDID; ) C,.

For the last equality in this calculation, we used the formula for C, in (8.1).
So we have

b= —AfP— CiC, + (C3Dz + QB D D3 ) C,. (9.8)
By taking the adjoint we see that
AP = —PAg — C3Cy + O3 (CyDa + QBlD{Dz)*. (9.9)
Note that (9.7) gives
0=PAg+ AP — C;C, + CC,. (9.10)
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Adding the equalities (9.8), (9.9) and (9.10) yields
AP+PA = —C:C, — C:Cy + (CgD2 + Q31D{D2)0U+
+;(Csms + QBJ){DQ)*.
Now observe that, using the formula for C,, in (8.1) with DlDJlr =1,
CiDa+ QB1DIDy = C5 Dy + (C;; — CyD1)DIDy = C DI D,
This yields the Lyapunov equation that we have been looking for, that is,
AP +PA + CiC, + CiC, = CDI DO, + O (DID2) 0. (9.11)

Next we will transform (9.11) into (9.4). Recall that D1 D} — D2D3 =
Ry > 0. Thus

—1/2 —1/2

I— (DyD}) '"DyD3(D1Df)” "~ > 0.

In other words, Z = (DlDT)fl/QDg is a strict contraction, that is, ||Z]| < 1.
The operator E given by
—1/2

E=Dj (DlD{)
is an isometry. Using, DIDQ = EZ, we see that DIDQ is a strict contraction.
Notice that
c:c,+c:c,—-CrEZC, — Co,Z*E*C,
=C:(I-72"Z)C,+C:(I — EE")C,
+Cyz2*zC,+C:EE*C, — Ci;EZC, — C, Z*E*C,,
=C:I-72"Z)C,+C:(I — EE")C,
+(zc, - E*C,)" (2C, — E*C,).
So we can rewrite the Lyapunov Eq. (9.11) as
ANP+PA+CII-Z"2)C, + Ci(I — EE*)C,y,
+(zc, - E*C,) (2C, — E*C,) =0, (9.12)
which can be rewritten as (9.4). O

Proposition 9.2. The operator A in (9.2) is stable.

Proof. Recall that A satisfies the Lyapunov equation
A*P+PA+ F*F =0, (9.13)

where P and F' are given by (9.3) and (9.5), respectively. Assume that A is
an eigenvalue for A with eigenvector z, that is, Ax = Az. Using this in the
Lyapunov Eq. (9.13), we have

0= (A*Px,2) + (PAz,z) + (F*Fz,z) = (A + \)(Px,2) + ||Fz|?.
Notice that P = Q(Q’l — A)Q is strictly positive. Hence (Px,z) > 0 and

1P|
(Px, )

2R(N) =
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We will prove that () is nonzero. Assume that $(A) = 0, then we have
that Fo = 0. So in particular (I — Z*Z)'/2C,x = 0. Because Z is strictly
contractive, (I — Z*Z)'/? is invertible, and thus C,,z = 0. Using this with the
definition of A, we see that

Ar = Ax = (AO — BD;ICU)QU = Apx.

Thus A is an eigenvalue for the stable operator Ay. But this means that
R(A) < 0, which contradicts the assumption that R(\) = 0.

We conclude that $8(A) < 0 and therefore ) is a stable eigenvalue for A.
This proves that the operator A is stable. O

Finally, since A is similar to A, the operator A is also stable.

10. A Direct Proof of G(s) X (s) = K(s)

So far we have derived a state space formula for X (s); see (3.5) in Theo-
rem 3.2. Because A is stable and A is similar to A, the operator A is stable
and X (s) is a rational function in H*°(&,U). In this section, we will directly
prove that G(s)X (s) = K(s). For convenience recall that

X(s) = DiDy + Cyp(sI — A) ™' (Bs — BiDIDy)
C, = DIC + (I - D{D)BiQ=
A=A-BC,
==(-AQ)"" and DI =D;(DD})"". (10.1)

Let & = (s — A)™! and ¥ = (s — A)~!. Then using D;C, = C with
B1C, = A — A, we obtain

GX = (D1 +C&B,) (DDs + C,T(B: — BiD{ D))
=Dy + CSB1 D] Dy + CY(By — B1D] D)
+C6B,C,Y(B; — BiD}D,)
=Dy + C&B D} Dy + CY (B, — B1D}Ds)
+C& (A - A>T<B2 - 311)11)2).
In other words,
GX = D3+ C&B; — C& (B, — BiD{D2) + CT (B, — BiDID,)
+C&(A~A)Y (B~ BiDIDy).
Using K = Dy + C&B, with Bs = By — By DI D, we have
GX =K —C6B3+CYB3+CS(A— A)YBs

=K—-CGB;+CYB; +C&(Y ' =& 1)TB;
=K —-C6B3+CYTB3+(C6B; —CYB3 =K.
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Therefore we have
G(s)X(s) = K(s).

So to show that X (s) is indeed a solution to our Leech problem, it remains
to show that || X[ < 1. In fact, we will show in the next section that
| Xloo < 1.

11. The Outer Spectral Factor for I — X (s)X (s)

In this section, we will show that ©(s) = D}/zV(s)_1 is the invertible outer
spectral factor for I — X (s)X(s), that is, @ = I — X X. (Recall that for an
operator valued H> function we defined F(s) = F(—5)*.) The state space
representations of U, V', and X are given by

U(s) = D{Ry "Dy + Cy (s — Ag) ' B
V(s) = Dy 4 Cy(sI — Ag)"'B
X(s) = DDy + Cy(sI — A) ™' (By — BiDIDy) (11.1)
where
A = A- B C,,
Cy, = DiCo+ B{Q,  C,=D;Co+ B3Q,
C, = (C, — DID,C,)E, where E=(I-AQ)",
D, = (I + D3Ry Dy),
- 5(32 - BlDIDz)Dv. (11.2)
Because V(s) is an invertible outer function, ©(s) is also an invertible outer

function, that is, both ©(s) and O(s)~! are functions in H*°(&, £). This sets
the stage for the following result.

Proposition 11.1. Assume that T¢T¢ — Tk T} is strictly positive, or equiv-
alently, that items (i) and (ii) of Theorem 3.1 hold. Consider the function
V(s) in (11.1) and set O(s) = D}/2V(5)71. Then © admits a state space
realization of the form
O(s) = D;Y2 — D7Y2C,=(sT — A)~H(By — BiDIDy)
CyE = (D5Cy + B;Q)=. (11.3)
Furthermore, ©(s) is the invertible outer spectral factor satisfying
O(s)O(s) = I — X (s)X(s). (11.4)
In particular, because ©(s) is an invertible outer function,
[ X]|oe < 1. (11.5)

Proof. The state space realization for O(s) = D}/zV(s)_1 follows from the
state space realization for V(s)~! in (7.4).
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To prove that (11.4) holds, set
U(s) = (sI —Ag)~" and W(s) = —(s] + A} "' = U(—3)*
B =BD,;' ==(B, — BiD|D>).

Using this notation, the state space formula for U(s) and V(s) in (11.1) and
DDy = D, = DID,, we see that
VD' =1+C,¥%B, and UD,'= D{D,+ C,UB. (11.6)
We claim that
Dt = D'V (=3)*V(s)D, ' — D, 'U(—3)*U(s) D, *. (11.7)

To verify this, notice that the formulas for V' (s) and U(s) in (11.6) yield
p;'vvp;t - prloup;t
= (I +B*IC)(I + C,UB) — (DyDI* + B*TCY) (DI Dy + C, T B)
= 1-D3(D1D}) ' D2+ B U(C} — CLD]D2)+(Co — D5 D" Cu)¥B+B"¥(Cy 0y —CLCu ) U B
=Dyt + BH(C] — OLD Do) + (G — D3 DT CL)UB + B E(CiC, — oo )ws. (11.8)
The last equality follows from
D' =1—D3(D,D}) ' Ds. (11.9)
To prove this equality, observe that
D' = (I 4+ D3Ry'Dy) ™' =1 — D3Ry Do(I + D3Ry  Dy) ™t
=1 D3(I+Ry'DyD3) 'Ry Dy
=1—D}(Ro+ DyD3) ' Dy = I — D3(D,D}) "' Ds.

This yields (11.9).
To complete the proof, it remains to show that the right hand side of
(11.8) is equal to D, !, or equivalently,

0=B"%(C — C:DIDy) + (C, — D3DI*C, ) B + %*\i(c:;a, - a;;cu) UsB.
By consulting the Lyapunov Eq. in (9.7), we obtain
%*@(C;j(]v - c;cu)xpes - EB*\I/(A (Q — QAQ) + (Q — QAQ)A())\IJ‘B

=B ¥ (- T7(Q-QAQ) - (Q-QAQ)Y ) us

= —B"(Q - QAQ)UB — B"U(Q - QAQ)B
Since Q — QAQ = Q=~1, we have

%*\T/(c;cv - Oj;cu) UB = B EQUB — B TQE1B.

Moreover, we also have

B'9(C; - C;DIDy) - BUQE B = B'Y(C; - CD] Dy - Q=71B).
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Now observe that
Cr—C:DIDy — Q'8
= Cy D2+ QBy — CyD1 DI Dy — QB DDy — Q= 'E(By — B1 D Ds)
= C();DQ + QB — CSDQ —QB; =0.

Therefore

B U (Cr — C:DIDy) — BUQE"1B = 0.
Likewise its adjoint

(C, — D3DI*C,)¥B — B*=*QUSB = 0.
This with (11.8) shows that

D' = D'V (=3)*"V(s)D, ' — D, 'U(—3)*U(s) D, *.

v
Recall that X (s) = U(s)V(s)~!. By applying D, to both sides, we see that
D, =V (=3)"V(s) = V(=3)"X(=3)" X (s)V(s).

By taking the appropriate inverse, we arrive at
I — X(=3)*X(s) = ©(—5)*0(s) (where O(s) = DL/?V(s)71).

Therefore © is the outer spectral factor for I — X (—3)* X (s). Finally, because
© is an invertible outer function, we also have || X||cc < 1. This completes
the Proof of Proposition 11.1. O

Since Proposition 11.1 is proved, we have also finished the Proof of
Theorem 3.2.

12. Proof of Theorem 1.1

The Proof of Theorem 1.1 concerns rational functions G in H>*(U,)) and
K in H*(&,)), which have the additional property that TeT¢ — T Ty is
strictly positive. Furthermore, X is a function in H>°(€,U) defined by (1.6)
where U(s) and V (s) are the functions defined by (1.7). Moreover, the rational
functions G and K admit a minimal stable realization (2.1). Given these data
we have to prove items (i) and (ii).

According to Lemma 6.1 the function U(s) has a realization (6.2) and
according to Lemma 5.1 the function V(s) has a realization (5.3). Thus it
follows from Proposition 8.1 that X (s) = U(s)V(s)~! has a realization (8.2)
and X(s) is analytic on C;. Moreover, by Sect. 10, we have GX = K.
Proposition 11.1 gives that || X || < 1 and completes the proof that X is
indeed a solution of the Leech problem for G and K. Thus item (i) is proved.
Finally, Proposition 11.1 also shows us that formula (1.9) holds true with ©
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given by (1.8). This tells us that item (ii) of the theorem is proved. Thus
items (i) and (ii) are proved, and hence Theorem 1.1 is proved. O
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13. Appendix 1: A Riccati Equation

In this section we bring together results from the existing literature on the
algebraic Riccati equation and factorizations and extend these results for our
use. The literature on algebraic Riccati equations is well established, and can
be found in many places. We will quote results from [5,17,19]. The literature
on stochastic realization theory is also quite useful; see for instance [6,11,12].
Recall that, see (2.3),

R(s) = G(s)G(s) — K(s)K(s), (13.1)
where G(s) and K(s) are given by (2.1), that is
G(s) =Dy +C(sI —A)"'B; and K(s)=Dy+C(sI — A)"'By. (13.2)
Moreover, A is stable and {C, A} is observable.

Lemma 13.1. Assume that G and K are given by (13.2) and R is determined
by (13.1). Then a state space formula for R(s) is given by

R(s) = C(sI — A)7'T' + Ry — T"*(sI + A*)~'C*. (13.3)
Here T' mapping YV into X is defined by
I'=B1D] — BsD; + AC* and Ro= DD} — DyDj, (13.4)
and A is the unique solution of the Lyapunov equation

AA + AA* + BB} — BoB} = 0. (13.5)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

IEOT Solving Continuous Time Leech Problems. .. Page 29 of 37 32

Proof. Tt is noted that A = P; — P, where P; and Ps are the unique solutions
of the Lyapunov equations

AP, + P A* + B1B>1k =0 and AP, + PA" + BQB; =0. (136)

Since A is stable, the Eq. (13.6) are solvable and the solutions are unique. To
see where the state space formula of R comes from notice that (13.6) gives

BB = (sI — A)P, — P(sI + A").
Thus
(sI — A) ™ 'ByBj(sI + A*) ' = Py(sI + A*)™! — (s — A)~'P,.
This gives that
G(s)G(s) = <D1 +O(sI — A)‘lBl) (D; — Bi(sI - A*)—lc*)
=D D} +C(sI — A)"'B D} — DB (sI + A*)~'C*
—CO(sI — A)™'BBj (s + A*)~'C*
=D D} +C(sI — A)"'B D} — DB (sI + A*)~'C*
+C(sI — A)'PC* — CPy(sI + A") 'O,
and therefore
G(s)G(s) = DD} + C(sI — A)~* (BlDT + P10*>
- ((JP1 + Dle) (sI + A")~LC™.
A similar calculation shows that
K(s)K(s) = DD + C(sI — A)~" (B2D§ + P2C*)
- (CP2 + DQB;) (sI + A*)~1C*,

Combining this with the definition of R in (13.1) and the definitions (13.4)
of T" and Ry, we arrive at (13.3). O

The first result that we quote is [5, Theorem 14.8]. We present this theorem
with the notation in [5, Theorem 14.8] replaced by the corresponding notation
of the current paper. To be precise: the replacing is, with in each case the
identifier in [5, Theorem 14.8] mentioned first

J— I, Cw Ry'?C, Bw—TRy"?

X Q, W(s)— RyPR(s)R; V2, L(s) > Ry *a(s).
Finally, recall that an operator T on X is strictly positive, denoted by T > 0,
if T is positive and its inverse exists and is also a positive operator.
Theorem 13.2. Let the rational function R be given by (13.3) and assume
that Ry > 0. Then Ral/2R(s)Ral/2 admits a left spectral factorization with

respect to the imaginary axis,

Ry PRGB! = Ry R0 (<) @(s)Ry 1, seC (13.)
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if and only if the algebraic Riccati equation
A*Q+ QA - QIR;'C — C*Ry'T*Q + QTR 'T*Q + C*Ry;'C =0 (13.8)
has a stabilizing solution. In that case the unique spectral factor ®(s) is given
by
®(s) = Ry (I + Ry H(C —T*Q)(sI — A)~'T).
Finally, both ® and ®~' are rational functions in H*(Y,)).

Here stabilizing solution means that ) > 0 and Ay is stable, where

Ag=A~-TCy and Cy= Ry (C-T*Q). (13.9)
Clearly, Ral/Q on both sides of (13.7) can be eliminated. We inserted Ral/Q
n (13.7) to match the hypothesis in [5, Theorem 14.8]. Notice that the Riccati
Eq. (13.8) can be rewritten as

A*Q+ QA+ (C—T*Q)*Ry ' (C —T*Q) = 0. (13.10)
or, using (13.9), as
A*Q+ QA+ CyRyCy = 0. (13.11)
We do not prove the above theorem, but we will verify that &)(S)CI)(S) = R(s).
To this end first notice that (13.11) is equivalent to
— CiRoCo = (sT + A")Q — Q(sI — A). (13.12)
Next observe that
B(s)®(s) = (I —T*(sI + A*)71Cg) Ro (I + Co(sI — A)~'T)
= Ry —T* (s + A*)"'C} Ry + RyCo(sI — A)~'T
—T*(sI + A*) 'CyRoCo(sI — A)~'T
Using (13.12) we get
B(s)P(s) = Ry — I'*(sI + A*)"'Ci Ry + RoCo(sI — A)~'T
£ D*(s] + A¥) 1( (sI + A")Q — Q(sI ))(SI—A)*lr
— Ry — T*(sI + A*)~ (CORO + QP) (P*Q + ROCO) (sI — A)°'T
)"

=Ry —T*(sI 4+ A*)7'C* + C(sI — A)7'T = R(s).

In other words, R(s) = ®(s)®(s).

Notice the similarity of this computation with the Proof of Lemma 13.1. We
mention that Theorem 13.2 also is a special case of [19, Theorem 19.3.1].
Next we quote [17, Theorem XIII.3.1], which is on canonical Wiener—Hopf
factorizations. A rational matrix function R by definition has a canonical
(left) Wiener—Hopf factorization with respect to the imaginary axis in the
complex plane if

R(s) = R-(s)R1(s), (s€C)
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where Ry ( R_ ) has all its poles and zeros on the open left (right) half plane
and both are invertible at co. Notice that a (left) spectral factorization is a
special case of a canonical (left) Wiener-Hopf factorization.

We rephrase [17, Theorem XII1.3.1] in terms of the current paper as follows.

Theorem 13.3. Let Tr be a Wiener—Hopf operator with rational symbol R.
Then Tg is invertible if and only if
(i) det R(s) # 0 for all s € iR and
(ii) R(s) admits a canonical (left) Wiener—Hopf factorization relative to the
1Maginary aris.

The following theorem provides the main result of this section and is used
on several places in this paper. It shows when Tk is strictly positive for any
rational function R(s) given by a state space realization (13.3).

Theorem 13.4. Let R(s) be any rational function given by the state space
realization

R(s) = C(sI — A)7'T + Ry — T*(sI + A*)~*C* (13.13)
where {C, A} is observable, A is stable and T" is an operator from Y into X.
Then the following statements are equivalent

(a) Tr is strictly positive operator on L2 ().
(b) Ro > 0 and there exists a stabilizing solution to the algebraic Riccati

equation

A*Q+ QA+ (C—T*Q)* Ry (C —T*Q) = 0. (13.14)
Here stabilizing solution means that @ > 0 and Ay, given by (13.9), is
stable.

(¢) The function R(s) admits an invertible outer spectral factorization of

the form R(s) = ®(s)®(s), where ® is the invertible outer function. By
invertible outer we mean that both ®(s) and ®(s)~! are functions in
H>(),Y).

Given the above, the following statements hold.

(i) The spectral factor ® and its inverse are given by
®(s) = Ry/* (I + Co(sI — A)~'T)
®(s)~! = (I - Co(sI — Ag)~'T) Ry /2. (13.15)

(ii) The stabilizing solution Q to the algebraic Riccati Eq. (13.14) is unique,
and given by
Q = :bsT]ngObS' (1316)
(iii) The operator Wy = TIngObS mapping X into L2 (Y) is determined by
T Weopsz = Woz = Coeolz (x € X). (13.17)
In particular, the pair {Cy, Ao} is observable.
(iv) The following holds

R(s)Co(sI — Ag) ™ = C(sI — A)7F —T*(sI + A*)7'Q.  (13.18)
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Proof. The proof of this theorem is split into 6 parts.

Part 1. We prove that statement (c) implies statement (a). We have R = ®®
and thus Tp = T3Te, with Ty invertible. Since Ty = Tg, we have that
Tr=TsTe and Tp' =Ty ' (T ')". We conclude that T > 0.

Part 2. Let us show that statement (a) implies statement (c). From Theorem
13.3 we conclude that since Tg is invertible, the function R has a canonical

Wiener—Hopf factorization, R = R_R. Without loss of generality we may
1/2

assume that Ry(oco) = Ry’ ”. Then Ry and R_ are uniquely determined.
Since Tg is strictly positive, we have that Tp = T = T T; and thus
R(s) = R, (s)R_(s). The uniqueness of the factorization yields that R_ =
R,. Put ® = R, and we conclude that the factorization

R(s) = ®(5)®(s) = D(—5)"®(s)

is a spectral factorization of R.

Part 3. In this part we show that the statements (b) and (c) are equivalent. We
apply Theorem 13.2. Note that if we have the spectral factorization R = <T>(I>,
then Ry > 0. But then we also have (13.7) and conclude that (13.8) has a
stabilizing solution. Therefore (13.14) has a stabilizing solution.

Conversely, according to Theorem 13.2, statement (b) implies (c).

Part 4. We have established the equivalence of the statements (a), (b) and
(¢) and note that statement (i) immediately follows from Theorem 13.2.
Part 5. Let us establish the identity in (13.18) in statement (iv). To accom-
plish this we employ the realization for R(s) in (13.3). Using I'Cy = A — Ay,
a standard calculation shows that

C(SI — A)_1FCO(SI — Ao)_l = C(SI - A)_l(A — AQ)(SI — Ao)_l
= C(sI — A) YA — s +sI — Ag)(sI — Ag)™*
=C(sI — A"t —C(sI — Ag) " (13.19)

As before, let @ be the stabilizing solution of the algebraic Riccati Eq. (13.14).
Recall that the operator Ag is stable and Ty is strictly positive. Using C
and Ap in (13.9), the Riccati Eq. (13.14) can be rewritten as

A*Q+ QA+ C*Cy = 0. (13.20)
Using the Lyapunov Eq. (13.20), we have
—T*(sl + A*)LC*Co(sI — Ag) ™

=T*(sl + A*) 71 (A*Q + QAp) (s — Ag) ™"

=T*(sI + A*) 7' ((sI + A")Q — Q(sI — Ag)) (sl — Ag)~"

=T*Q(sI — Ag) ™t —T*(sI + A*)7'Q

= C(sI — Ag) ™t — RoCo(sI — Ag) ™t —T*(sI + A*)'Q.
The last equality follows from I'*Q) = C' — RyCy; see (13.9). In other words,
(Ro —T™(sI + A*)71C*)Co(sI — Ag) ™' = C(sI — Ag) " —I*(sI + A*)~'Q.
Recall (13.3) that

R(s) =C(sI — A)7'T + Ry — T*(sI + A*)~'C*.
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This with the preceding identity and (13.19) yields the result that we have
been looking for, that is,

R(s)Co(sI — Ag) ™t =C(sI — A)~H = T*(sI + A") Q.

This proves (13.18) and statement (iv).
Part 6. The observability operator for the pair {Cy, Ap} is the operator Wy
mapping X into L2 ()) defined by

Wox = Coeolx (for z € X); (13.21)

(see also the identity (3.19) in [13]).

Recall that (13.18) has been proved. Note that C'(sI—A)~! is a stable rational
operator valued function, while I'* (s + A*)~1Q is a rational function, which
is analytic on the open left half plane {s € C' : £(s) < 0}. and has the value
zero at infinity. Moreover,

(EWops)(s) = C(sI — A)~" and  (£Wy)(s) = Co(sI — Ag)~".(13.22)

This with (13.18) implies that TrWpx is equal to Wypsa for each x € X.
Since T'r is invertible, we also have Wy = T, "Wops. Throughout we assumed
that {C, A} is observable, or equivalently, W, is one to one. Therefore Wy =
Ty "W, is also one to one. The Lyapunov equation in (13.20) implies that

Q= / eAtCCh et dt = W W,
0

In other words,

Q= W3 Wo. (13.23)
By employing Wy = Ty lWObS7 we see that Q = W3 Tr YWps. This proves
statements (ii) and (iii). O

14. Appendix 2: The Dirac Delta Function &

In this section we introduce a simple form of the Dirac delta for a specific
class of operators. The continuity properties of these operators allow for an
elementary definition of the Dirac delta.

Let §(U,Y) be the Hilbert space formed by the set of all linear operators
mapping U into ) under the Frobenius or trace norm, that is, if M is in
J(U,Y), then ||M||3 = trace(M*M). Moreover, L3 (§(U,Y)) is the Hilbert
space formed by the set of all square integrable Lebesgue measurable func-
tions over the interval [0, c0) with values in F(U, ).

Consider the state space systems {A;, By, Cy, D} and {Ag, By, Co, D}, where
for j = 1,2 the operator A; is a stable operator on &}, and B; maps U into
&, while C; maps X; into ) and D maps U into V. The state spaces X},
input space U and output space ) are all finite dimensional complex vector
spaces of possibly different dimension of the form C?. Let

F(s) =D+ Cy(sI — A)) "' By + Cy(sI + Ay) ' By. (14.1)
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We define the corresponding kernel function k(t) by

_ [ CieMiBy, t>0,
k(t) o {Cg@AZtBQ, t<O.

The corresponding Wiener—Hopf operator T mapping L% (§(U,U)) into the
space L% (F(U,Y)) is given by

(Tp h) (t) = Dh(t) + /Ooo k(t—T)h(r)dr  (for 0 <t < o0), (14.2)

where h € LA (F(U,U)). Let My y be the linear space consisting of all
Wiener—Hopf operators of the form (14.2). Now fix an operator valued func-
tion % in the space L2 (F(U,U)). Then h defines a linear transformation Ly,
from 9y y into the space L2 (F(U,Y)) by Ly(Tr) = Trh.

If in (14.1) we have D = 0, then the Dirac delta function Ls is formally
defined by

Ls(Tr)(t) = k(t) = Cre™'B;  (for 0 < t < 00).

Thus we defined the transformation Ls mapping 9,y into L2 (F(U,)).
The next step is to extend the definition of § to the case when D is not equal
to 0. We extend L% (F(U,))) to a direct sum

FU,y) P riEu.y). (14.3)

If his in L2 (§(U,U)), then Trh is in the second component L? (F(U, Y)) of
the previous space. For F(s) given by (14.1), we define the linear map LsTr
by

(LsTr)(t) = DEP Cre™'By € (U, V) P LIEU.Y)).
We denote this as
(Tré)(t) = D3(t) + Cre™'By  (t >0). (14.4)

Note that the sum is formal here and that the 6(¢) in DJ(¢) emphasizes this.
Finally, it is noted that formally, the Laplace transform of §(¢) equals one,
that is, (£6)(s) = 1.

Let F(s) = D+ Cy(sI — A1)~ 1By, with the operator A; a stable operator on
Xy, and By maps U into Xy, while C; maps X} into Y and D maps U into
Y. Then

(TEh)(8) = D*h(t) + / Ble=AU=DCh(r)dr, >0,
t

and the kernel function k* for this operator T} therefore is given by
R0 = {BfeA’ftc;, t<0

We conclude from that (T56)(t) = D*§(t) because k*(t) = 0 for ¢ > 0.

The Dirac delta function viewed as a limit For the classical approach to
the Dirac delta function, for any a > 0, let £, be the function defined by
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&a(t) = ae= for t > 0 and zero otherwise. Another way to define the Dirac
delta function is by

o(t) = lim &,(¢) (for a > 0).

a— 00

Notice that 6(¢t) = 0 for all £ > 0 and is undefined at ¢t = 0. As before, let
F(s) =D+ C(sI — A)7'B and let us formally define

(Trd)(t) = lim [Dga(t)+ / t Cer'"" Be,(1)dT| . (14.5)
0

a— 00

Then, using this we have

t
(Tré)(t) = D lim &(t) + lim [ Ce*~") Bae™"dr

a—00 0

t
= D§(t) + Ce? lim ae” @A B

a— 00 0

t
= Dé(t) + Ce lim {fa(aI i A)*le*(aHA)T} B

a—00 0

= Di(t) + Ce?t lim a(al + A)~! (I - e_“te_At)B

a— 00
= D§(t) + Ce'B.
So formally we have
(Trd)(t) = Do(t) + Ce B (when F(s) = D+ C(sI — A)7'B).  (14.6)
Finally, it is well know and easy to establish that the Laplace transform of
§(t) equals one, that is, (£3)(s) = 1. (This follows from the fact that (£&,)(s)
converges to 1 for fixed s.)

We will also check the expression for (T76)(t). In fact, we already defined
that

(T70)(t) = D*6(t)  (when F(s) =D+ C(sI —A)"'B).  (14.7)
To formally verify this, observe that

(TE6)(t) = lim D*¢,(t) + lim [ B*eAT-DC"¢,(r)dr

a— 00 t

oo
= D*4(t) + B lim e T gem (T great o

a—00 t

= D*0(t) + B* lim e Y ae” Wdve= " C*
a—00 0

— D*3(t) + B* [ lim a(al — A*)"le=t| C*

= D*5(1).

This yields (T70)(t) = D*§(t) in (14.7).
Finally let Fj(s) = D;+C(sI —A;)7'B; for j = 1,2. Then it is easy to verify
that the following holds assuming all the spaces are compatible:

o Tp,Tr,h =T, (Tr h) when his in L2 (F(Uy,Ur)).

b (TFZTF1)(6) = TF2 (TF16) :

o If Fi(s) = Dy, then Tr,Tr,6(t) = DaD16(t) + DoCaeA2' By Dy
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e For convenience we will denote D1§ also as §D1. So D>D16, DsdDq
and 6 D5 D1 all are notations for the same element in the first component
of a direct sum as (14.3).
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